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____________________________________________________ Introduction and Overview ____________________________________________________

Since the mid-1980’s applied economists attempting to estimate time series
econometric models have been aware of certain difficulties that arise when
unit roots are present in the data. To ignore this fact and to proceed to estimate
a regression model containing non-stationary variables at best ignores impor-
tant information about the underlying (statistical and economic) processes
generating the data, and at worst leads to nonsensical (or spurious) results.
For this reason, it is incumbent on the applied researcher to test for the pres-
ence of unit roots and if they are present (and the evidence suggests that they
generally are) to use appropriate modelling procedures. De-trending is not
appropriate (Chapter 2) and simply differencing the data1 to remove the
non-stationary (stochastic) trend is only part of the answer. While the use of
differenced variables will avoid the spurious regression problem, it will also
remove any long-run information. In modelling time series data we need to
retain this long-run information, but to ensure that it reflects the co-movement
of variables due to the underlying equilibrating tendencies of economic forces,
rather than those due to common, but unrelated, time trends in the data.

Modelling the long run when the variables are non-stationary is an ex-
panding area of econometrics (both theoretical and applied). It is still fairly
new in that while it is possible to find antecedents in the literature dating back
to, for example, the seminal work of Sargan (1964) on early forms of the error-
correction model, it was really only in 1986 (following the March special issue
of the Oxford Bulletin of Economics and Statistics) that cointegration became a
familiar term in the literature.2 It is also a continually expanding area, as
witnessed by the number of articles that have been published since the mid-
1980s. There have been and continue to be major new developments.

1 That is, converting xt to Dxt, where Dxt ¼ xt � xt�1, will remove the non-stationary

trend from the variable (and if it does not, because the trend is increasing over time, then

xt will need to be differenced twice, etc.).
2 Work on testing for unit roots developed a little earlier (e.g., the PhD work of Dickey,

1976 and Fuller, 1976).



The purpose of this book is to present to the reader those techniques that
have generally gained most acceptance (including the latest developments sur-
rounding such techniques) and to present them in as non-technical a way as
possible while still retaining an understanding of what they are designed to do.
Those who want a more rigorous treatment to supplement the current text are
referred to Banerjee, Dolado, Galbraith and Hendry (1993) and Johansen
(1995a) in the first instance and then of course to the appropriate journals.
It is useful to begin by covering some introductory concepts, leaving a full
treatment of the standard econometric techniques relating to time series data
to other texts (see, for example, Hendry, 1995). This is followed by an overview
of the remainder of the book, providing a route map through the topics
covered starting with a simple discussion of long-run and short-run models
(Chapter 2) and then proceeding through to estimating these models using
multivariate techniques (Chapters 5 and 6). We then cover panel data tests
for unit roots and cointegration (Chapter 7) before concluding with an in-
depth look at modelling and forecasting financial time series (Chapter 8).

SOME INITIAL CONCEPTS

This section will review some of the most important concepts and ideas in time
series modelling, providing a reference point for later on in the book. A fuller
treatment is available in a standard text such as Harvey (1990). We begin with
the idea of a data-generating process (hereafter d.g.p.), in terms of autoregres-
sive and moving-average representations of dynamic processes. This will also
necessitate some discussion of the properties of the error term in a regression
model and statistical inferences based on the assumption that such residuals are
‘white noise’.

Data-generating Processes

As economists, we only have limited knowledge about the economic processes
that determine the observed data. Thus, while models involving such data are
formulated by economic theory and then tested using econometric techniques,
it has to be recognized that theory in itself is not enough. For instance, theory
may provide little evidence about the processes of adjustment, which variables
are exogenous and indeed which are irrelevant or constant for the particular
model under investigation (Hendry, Pagan and Sargan, 1984). A contrasting
approach is based on statistical theory, which involves trying to characterize
the statistical processes whereby the data were generated.

We begin with a very simple stationary univariate model observed over the
sequence of time t ¼ 1; . . . ;T :

yt ¼ �yt�1 þ ut j�j < 1

or ð1 � �LÞyt ¼ ut

�
ð1:1Þ
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where L is the lag operator such that Lyt ¼ yt�1. This statistical model states
that the variable yt is generated by its own past together with a disturbance (or
residual) term ut. The latter represents the influence of all other variables
excluded from the model, which are presumed to be random (or unpredictable)
such that ut has the following statistical properties: its expected value (or mean)
is zero ½EðutÞ ¼ 0� fluctuations around this mean value are not growing or
declining over time ði.e., it has constant variance denoted Eðu2

t Þ ¼ �2Þ; and it
is uncorrelated with its own past ½Eðutut�iÞ ¼ 0�. Having ut in (1.1) allows yt to
also be treated as a random (stochastic) variable.3

This model can be described as a d.g.p., if the observed realization of yt
over time is simply one of an infinite number of possible outcomes, each
dependent on drawing a sequence of random numbers ut from an appropriate
(e.g., standard normal) distribution.4 Despite the fact that in practice only a
single sequence of yt is observed, in theory any number of realizations is poss-
ible over the same time period. Statistical inferences with respect to this model
are now possible based on its underlying probability distribution.

The model given by equation (1.1) is described as a first-order autoregres-
sive (AR) model or more simply an AR(1) model. It is straightforward to
derive the statistical properties of a series generated by this model. First,
note that (1.1) can be rearranged as:

yt ¼ ½1=ð1 � �LÞ�ut ð1:2Þ

It can be shown that 1=ð1 � �LÞ ¼ ð1 þ �Lþ �2L2 þ �3L3 . . .Þ, and therefore
the AR(1) model (1.1) can be converted to an infinite order moving average of
the lagged disturbance terms:5

yt ¼ ut þ �ut�1 þ �2ut�2 þ 	 	 	 ð1:3Þ

Taking expectations gives EðytÞ ¼ 0 ðsince EðutÞ ¼ 0 for all tÞ, thus the mean of
yt, when the d.g.p. is (1.1), is zero. The formula for the variance of yt is
varðytÞ ¼ E½fyt � EðytÞg�2. Since in this case the mean of yt is zero, the
formula for the variance simplifies to Eðy2

t Þ. Using this gives:

Eðy2
t Þ ¼ Eð�yt�1 þ utÞ2

¼ Eð�2y2
t�1Þ þ Eðu2

t Þ þ 2�Eðyt�1utÞ

¼ �2Eðy2
t�1Þ þ �2 ð1:4Þ
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3 In contrast, yt would be a deterministic (or fixed) process if it were characterized as

yt ¼ �yt�1, which, given an initial starting value of y0, results in yt being known with

complete certainty each time period. Note also that deterministic variables (such as an

intercept of time trend) can also be introduced into (1.1).
4 The standard normal distribution is of course appropriate in the sense that it has a

zero mean and constant variance and each observation in uncorrelated with any other.
5 This property is known as invertibility.



Repeatedly substituting for Eðy2
t�1Þ on the right-hand side of (1.4) leads to a

geometric series that converges to Eðy2
t Þ ¼ �2=ð1 � �2Þ.

The autocovariance of a time series is a measure of dependence between
observations. It is straightforward to derive the autocovariance for an AR(1)
process. Generally, the autocovariance is �k ¼ E½ðyt � �Þðyt�k � �Þ� for k 6¼ 0,
where � represents the mean of yt. When yt is generated by (1.1), since
EðytÞ ¼ 0, the autocovariance formula simplifies to Eðytyt�kÞ. Using this
formula, it can be shown that the kth autocovariance is given by:

�k ¼ �k�0 k ¼ 1; 2 . . . ð1:5Þ

The autocorrelation coefficient for a time series is a standardized measure of
the autocovariance restricted to lie between �1 and 1. The kth autocorrelation
is given by:

E½ðyt � �Þðyt�k � �Þ�
E½ðyt � �Þ2� ¼ �k

�0
ð1:6Þ

Thus the kth autocorrelation when yt is generated by (1.1) is given by �k. Note
that the autocovariances and autocorrelation coefficients discussed above are
population parameters. In practice, the sample equivalents of these amounts
are employed. In particular they are used when specifying time series models
for a particular data set and evaluating how appropriate those models are, as in
the Box–Jenkins procedure for time series analysis (Box and Jenkins, 1970).
These authors were the first to develop a structured approach to time series
modelling and forecasting. The Box–Jenkins approach recognizes the impor-
tance of using information on the autocovariances and autocorrelations of the
series to help identify the correct time series model to estimate, and when
evaluating the fitted disturbances from this model.

Another simple model that is popular in time series econometrics is the
AR(1) model with a constant:

yt ¼ 	 þ �yt�1 þ ut j�j < 1 ð1:7Þ

Adding a constant to (1.1) allows yt to have a non-zero mean. Specifically, the
mean of yt when (1.7) is the d.g.p. is given by EðytÞ ¼ 	=ð1 � �Þ. To see this
note that (1.7) can be written as:

ð1 � �LÞyt ¼ 	 þ ut ð1:8Þ

so that

yt ¼ ½1=ð1 � �LÞ�ð	 þ utÞ

¼ ð1 þ �þ �2 þ 	 	 	Þ	 þ ðut þ �ut�1 þ �2ut�2 þ 	 	 	Þ ð1:9Þ
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Since we are assuming that EðutÞ ¼ 0, the expected value of (1.9) simplifies to:

EðytÞ ¼ ð1 þ �þ �2 þ 	 	 	Þ	 ð1:10Þ
which is a geometric series that converges to EðytÞ ¼ 	=ð1 � �Þ. To calculate
the variance of yt when the d.g.p. is (1.7), it is easiest to work with the de-
meaned series xt ¼ yt � �. We can then rewrite (1.7) as:

xt ¼ �xt�1 þ ut ð1:11Þ
It follows that varðytÞ ¼ Eðx2

t Þ, and that Eðx2
t Þ ¼ �2=ð1 � �2Þ. Therefore yt

generated by the AR(1) model with a constant has a mean of
EðytÞ ¼ 	=ð1 � �Þ and a variance of varðytÞ ¼ �2=ð1 � �2Þ.

The simple time series model (1.1) can be extended to let yt depend on past
values up to a lag length of p:

yt ¼ �1yt�1 þ �2yt�2 þ 	 	 	 þ �pyt�p þ ut

or AðLÞyt ¼ ut

)
ð1:12Þ

where A(L) is the polynomial lag operator 1 � �1L� �2L
2 � 	 	 	 � �pL

p. The
d.g.p. in (1.12) is described as a pth-order AR model.6 The mean, variance and
covariance of AR(p) processes when p > 1 can also be computed algebraically.
For example, for the AR(2) model with a constant:

yt ¼ 	 þ �1yt�1 þ �2yt�2 þ ut ð1:13Þ
assuming �1 þ �2 < 1 and that ut is defined as before, the mean of yt is
EðytÞ ¼ 	=ð1 � �1 � �2Þ and the variance of yt is:7

varðytÞ ¼
ð1 � �2Þ�2

ð1 þ �2Þð1 � �1 � �2Þð1 þ �1 � �2Þ
ð1:14Þ

An alternative to the AR model is to specify the dependence of yt on its own
past as a moving average (MA) process, such as the following first-order MA
model:

yt ¼ ut þ �ut�1 j�j < 1 ð1:15Þ
or a model with past values up to a lag length of q:

yt ¼ ut þ �1ut�1 þ 	 	 	 þ �qut�q

or yt ¼ BðLÞut

)
ð1:16Þ

where BðLÞ is the polynomial lag operator 1 þ �1Lþ �2L
2 þ 	 	 	 þ �qL

q. In
practice, lower order MA models have been found to be more useful in econo-
metrics than higher order MA models, and it is straightforward to derive the
statistical properties of such models. For example, for the first-order MA
model (the MA(1) model) given by (1.15), the mean of yt is simply
EðytÞ ¼ 0, while the variance of yt is varðytÞ ¼ ð1 þ �2Þ�2. It turns out that,
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6 Hence, (1.1) was a first-order AR process.
7 The importance of the assumption �1 þ �2 < 1 will become clear in the next chapter.



for the MA(1) model, the first autocovariance is �1 ¼ ��2, but that higher
autocovariances are all equal to zero. Similarly, the first autocorrelation coeffi-
cient is �1 ¼ �=ð1 þ �2Þ, but higher autocorrelation coefficients are all equal to
zero.

Finally, it is possible to specify a mixed autoregressive moving average
(ARMA) model:

AðLÞyt ¼ BðLÞut ð1:17Þ

which is the most flexible d.g.p. for a univariate series. Consider, for example,
the ARMA(1, 1) model:

yt ¼ �1yt�1 þ ut þ �1ut�1 j�1j < 1; j�1j < 1 ð1:18Þ

As with the AR(1) model, note that the ARMA(1, 1) model can be rewritten as
an infinite order MA process:

yt ¼ ð1 þ �1LÞð1 � �1LÞ�1ut

¼
X1
j¼0

!jut�j ð1:19Þ

Since we are assuming that EðutÞ ¼ 0, it follows that EðytÞ ¼ 0. The variance
of yt is given by:

Eðy2
t Þ ¼ E½ð�1yt�1 þ ut þ �1ut�1Þ2�

¼ Eð�2
1y

2
t�1 þ 2�1�1yt�1ut�1 þ u2

t þ �2
1u

2
t�1Þ ð1:20Þ

Using the autocovariance notation, the variance of yt can be written:

�0 ¼ �2
1�0 þ 2�1�1�

2 þ �2 þ �2
1�

2 ð1:21Þ

which can be rearranged as:

�0 ¼
�

1 þ �2
1 þ 2�1�1

1 � �2
1

�
�2 ð1:22Þ

The higher autocovariances can be obtained in a similar way, and it can be
shown that:

�1 ¼ �1�0 þ �1�
2

¼
�
ð1 þ �1�1Þð�1 þ �1Þ

ð1 � �2
1Þ

�
�2 ð1:23Þ

�2 ¼ �1�1 ð1:24Þ

and �k ¼ �1�k�1 for k � 2. The autocorrelation coefficients are given by:

�1 ¼ �1

�0
¼ ð1 þ �1�1Þð�1 þ �1Þ

ð1 þ �2
1 þ 2�1�1Þ

ð1:25Þ

and �k ¼ �1�k�1 for k � 2.
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So far the d.g.p. underlying the univariate time series yt contains no
economic information. That is, while it is valid to model yt as a statistical
process (cf. the Box–Jenkins approach), this is of little use if we are looking
to establish (causal) linkages between variables. Thus, (1.1) can be generalized
to include other variables (both stochastic, such as xt, and deterministic, such
as an intercept), for example:

yt ¼ 
0 þ �0xt þ 
1yt�1 þ ut ð1:26Þ

Since xt is stochastic, let its underlying d.g.p. be given by:8

xt ¼ �xt�1 þ "t j�j < 1 and "t � INð0; �2
"Þ ð1:27Þ8

If ut and "t are not correlated, we can state that Eðut"sÞ ¼ 0 for all t and s, and
then it is possible to treat xt as if it were fixed for the purposes of estimating
(1.26). That is, xt is independent of ut (denoted E(xtut) ¼ 0) and we can treat it
as (strongly) exogenous in terms of (1.26) with xt being said to Granger-cause
yt. Equation (1.26) is called a conditional model in that yt is conditional on xt
(with xt determined by the marginal model given in (1.27)). Therefore, for
strong exogeneity to exist xt must not be Granger-caused by yt, and this
leads on to the concept of weak exogeneity.

Note, if (1.27) is reformulated as:

xt ¼ �1xt�1 þ �2yt�1 þ "t ð1:28Þ

then EðxtutÞ ¼ 0 is retained, but since past values of yt now determine xt the
latter can only be considered weakly exogenous in the conditional model
(1.26).9

Lastly, weak exogeneity is a necessary condition for super-exogeneity, but
the latter also requires that the conditional model is structurally invariant; that
is, changes in the distribution of the marginal model for xt (equation (1.27) or
(1.28)) do not affect the parameters in (1.26). In particular, if there are regime
shifts in xt then these must be invariant to (
i; �0) in (1.26).

All three concepts of exogeneity will be tested later, but it is useful at this
point to provide a brief example of testing for super-exogeneity in order to
make the concept clearer.10 Assuming that known institutional (e.g., policy)
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8 Note that "t � INð0; �2
"Þ states that the residual term is independently and normally

distributed with zero mean and constant variance �2
" . The fact that �2

" is multiplied by a

(not shown) value of 1 means that "t is not autocorrelated with its own past.
9 That is, xt still causes yt, but not in the Granger sense, because of the lagged values of

yt determining xt. For a review of these concepts of weak and strong exogeneity,

together with their full properties, see Engle, Hendry and Richard (1983).
10 This example is based on Hendry (1995, p. 537). Further discussion of super-

exogeneity can be found in Engle and Hendry (1993), Hendry (1995, p. 172) and

Favero (2001, p. 146).



and historical shifts (shocks) can be identified that affected xt, it should be
possible to construct a dummy variable (e.g., POLt) that augments (1.28):

xt ¼ �1xt�1 þ �2yt�1 þ �3POLt þ "t ð1:28�Þ

Assuming that the estimate of �̂�3 is (highly) significant in determining xt, then
super-exogeneity can be tested by including POLt in the conditional model
(1.26), and if this dummy is significant then super-exogeneity is rejected.11

The importance of these three concepts of exogeneity are discussed in
Favero (2001, p. 146): (i) if we are primarily interested in inference on the
(
i; �0) parameters in (1.26), then if xt is weakly exogenous we only need to
estimate (1.26) and not also (1.28); (ii) if we wish to dynamically simulate yt
and xt is strongly exogenous, again we only need to estimate (1.26) and not also
(1.28); and (iii) if the objective of modelling yt is for econometric policy evalu-
ation, we only need to estimate the conditional model (1.26) if xt has the
property of being super-exogenous. The latter is a necessary condition to
avoid the Lucas Critique (see Lucas, 1976). For example, suppose yt is a
policy variable of government (e.g., the money supply) and xt is the instrument
used to set its outcome (e.g., the interest rate), then xt must be super-exogenous
to avoid the Lucas Critique. Otherwise, setting xt would change the policy
model (the parameters of 1.26), and the policy outcome would not be what
the model (1.26) had predicted.12

As with the univariate case, the d.g.p. denoted by (1.26) can be generalized
to obtain what is known as an autoregressive distributed lag (ADL) model:

AðLÞyt ¼ BðLÞxt þ ut ð1:29Þ

where the polynomial lag operators AðLÞ and BðLÞ have already been
defined.13 Extending to the multivariate case is straightforward, replacing yt
and xt by vectors of variables, yt and xt.

The great strength of using an equation like (1.29) as the basis for econo-
metric modelling is that it provides a good first approximation to the
(unknown) d.g.p. Recall the above arguments that theory usually has little
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11That is, its exclusion from (1.26) would alter the estimates of ð
i; �0Þ. Note also that

the residuals "̂"t from (1.28*) should not be a significant determinant of yt in equation

(1.26).
12 For example, suppose the government uses the immediate history of yt to determine

what it wishes current yt to be; hence, it alters xt to achieve this policy outcome.

However, economic agents also ‘know’ the model (the policy rule) underlying (1.26) and

(1.28*). Thus when POLt changes, agents alter their behaviour (the parameters of 1.26

change) since they have anticipated the intended impact of government policy.

Econometric models that fail to separate out the expectations formulation by economic

agents from the behavioural relationships in the model itself will be subject to Lucas’s

critique.
13 While we could further extend this to allow for an MA error process, it can be shown

that a relatively simple form of the MA error process can be approximated by

sufficiently large values of p and q in (1.29).



to say about the form of the (dynamic) adjustment process (which (1.29) is
flexible enough to capture), nor about which variables are exogenous (this
model can also be used as a basis for testing for exogeneity). In fact, Hendry
et al. (1984) argue that the process of econometric modelling is an attempt to
match the unknown d.g.p. with a validly specified econometric model, and thus
‘. . . economic theory restrictions on the analysis are essential; and while the
data are the result of economic behaviour, the actual statistical properties of
the observables corresponding to y and z are also obviously relevant to cor-
rectly analysing their empirical relationship. In a nutshell, measurement
without theory is as valueless as the converse is non-operational.’ In practical
terms, and according to the Hendry-type approach, the test of model adequacy
is whether the model is congruent with the data evidence, which in a single
equation model is defined in terms of the statistical properties of the model
(e.g., a ‘white noise’ error term and parameters that are constant over time) and
whether the model is consistent with the theory from which it is derived and
with the data it admits. Finally, congruency requires the model to encompass
rival models.14

Role of the Error Term ut and Statistical Inference

As stated above, the error term ut represents the influence of all other variables
excluded from the model that are presumed to be random (or unpredictable)
such that ut has the following statistical properties: its mean is zero ½EðutÞ ¼ 0�;
it has constant variance ½Eðu2

t Þ ¼ �2�; and it is uncorrelated with its own past
½Eðutut�iÞ ¼ 0�. To this we can add that the determining variable(s) in the
model, assuming they are stochastic, must be independent of the error term
½EðxtutÞ ¼ 0�.15 If these assumptions hold, then it is shown in standard texts
like Johnston (1984) that estimators like the ordinary least squares (OLS)
estimator will lead to unbiased estimates of the parameter coefficients of the
model (indeed, OLS is the best linear unbiased estimator). If it is further
assumed that ut is drawn from the (multivariate) normal distribution, then
this sufficies to establish inference procedures for testing hypotheses involving
the parameters of the model, based on �2, t- and F-tests and their associated
probability distributions.

Thus, testing to ensure that ut � IN(0; �2
u) (i.e., an independently distrib-

uted random ‘white noise’ process drawn from the normal distribution) is an
essential part of the modelling process. Its failure leads to invalid inference
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14 A good discussion of congruency and modelling procedures is given in Doornik and

Hendry (2001).
15 Although not considered above, clearly this condition is not met in (1.1) and similar

dynamic models, where yt�1 is a predetermined explanatory variable, since Eðytut�iÞ 6¼ 0

for i � 1. However, it is possible to show by applying the Mann–Wald theorem

(Johnston, 1984, p. 362) that with a sufficiently large sample size this will not lead to

bias when estimating the parameter coefficients of the regression model.



procedures unless alternative estimators (e.g., generalized least squares—
GLS—or systems estimators) and/or alternative probability distributions
(such as the Dickey–Fuller distribution) are invoked.

FORECASTING

In applied economics, particularly applied macroeconomics and financial
econometrics, often the main reason for estimating an econometric model is
so that the estimated model can be used to compute forecasts of the series.
While any type of econometric model can be used to compute forecasts (e.g.,
multivariate regression model, ADL model), it is univariate time series models
such as the AR and ARMA models that have proved to be the most popular.
The forecasting theory for univariate time series models has long been estab-
lished (see in particular the work of Box and Jenkins, 1970) and univariate
Box–Jenkins methods have continued to be popular with econometricians.
Granger and Newbold (1986) set out a number of reasons why univariate
forecasting methods in particular deserve consideration. Perhaps the most
pertinent of these is the first reason they give:

They are quick and inexpensive to apply, and may well produce forecasts
of sufficient quality for the purposes at hand. The cost of making particu-
lar forecasting errors should always be balanced against the cost of
producing forecasts, for it is hardly worth expanding large resources to
obtain a relatively small increase in forecast accuracy if the payoff, in
terms of improved decision making is likely to be only marginally bene-
ficial (p. 151).

This is an important point, not just for forecasting but for econometrics as a
whole. There are usually a number of alternative models or techniques in
econometrics that could be employed to undertake any one task, ranging
from the simple to the very complex—and the complex techniques are typically
more costly to use than the simple. Granger and Newbold (1986) sensibly argue
that only when the benefits of the complex techniques outweigh the additional
costs of using them should they be the preferred choice. It is often the case that
forecasts made from simple linear univariate models such as AR models are
more accurate, or are only marginally less accurate than forecasts from more
complex alternatives.

In this section we will briefly review how to compute optimal forecasts
from some of the models discussed so far, beginning with the most simple
univariate time series model—the AR(1) model. Let the h-steps ahead forecast
of a time series yTþh be represented by ŷyTþh, where T is the sample size (thus we
assume forecasts of the series are from the end of the sample onward). The
forecast error eTþh ¼ yTþh � ŷyTþh plays a vital role in the literature on fore-
casting. Note in particular that the optimal forecast of yTþh is the forecast that

10 __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ Applied time series modelling and forecasting



minimizes the expected value of the squared forecast error E½e2
Tþh�. It can be

proved that the h-steps ahead forecast that minimizes the expected value of the
squared forecast error is simply the conditional expectation of yTþh:

16

ŷyTþh ¼ EðyTþh j yT ; yT�1; . . . ; y1Þ ð1:30Þ

which can be written more concisely as:

ŷyTþh ¼ EðyTþh jOTÞ ð1:31Þ

where OT represents the information set at time T . The forecast function will
include unknown population parameters, and in practice these parameters are
replaced with their estimated values.

If we assume that the d.g.p. is the AR(1) model given by equation (1.1), the
optimal h-steps ahead forecast is given by:

ŷyTþh ¼ Eð�yTþh�1 þ uTþh jOT Þ

¼ �yTþh�1 ð1:32Þ

where OT is the relevant information set at time T . So in the case of a 1-step
ahead forecast (h ¼ 1), the optimal forecast is simply �yT . Forecasts greater
than 1-step ahead are computed recursively. So, for example, in the case of 2-
steps ahead forecasts, the optimal forecast is:

ŷyTþ2 ¼ Eð�yTþ1 þ uTþ2 jOTÞ

¼ Eð��yT þ uTþ2 jOT Þ

¼ �2yT ð1:33Þ

and for 3-steps ahead forecasts ŷyTþ3 ¼ �3yT . It follows that the forecasting
function for the optimal h-steps ahead forecast (1.32) can be rewritten:

ŷyTþh ¼ �hyT ð1:34Þ

Clearly, assuming j�j < 1, as h ! 1 the forecast of yTþh converges to zero. In
fact, for this d.g.p., as h ! 1 the h-steps ahead forecast of yTþh converges to
the mean of yt, which in this case is zero. If the d.g.p. is the AR(1) model with a
constant:

yt ¼ 	 þ �yt�1 þ ut ð1:35Þ

where j�j < 1 and ut � IIDð0; 1Þ, then yt has a non-zero mean equal to
	=ð1 � �Þ. The 1-step ahead forecast is given by:

ŷyTþ1 ¼ Eð	 þ �yT þ uTþ1 jOTÞ

¼ 	 þ �yT ð1:36Þ
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16 The conditional expectation of yTþh is the expected value of yTþh conditioning on all

information known about y at time T .



and the h-step ahead forecast is given by:

ŷyTþh ¼ ð�h�1 þ �h�2 þ 	 	 	 þ �þ 1Þ	 þ �hyT ð1:37Þ

Again, for this d.g.p., as h ! 1 the forecast converges to the mean of yt. This
can be seen more clearly by noting that (1.37) is a geometric series, and as
h ! 1 it converges to:

ŷyTþh ¼
	

ð1 � �Þ ð1:38Þ

Both the forecast functions and properties of the forecasts depend on the exact
d.g.p. assumed for yt. For example, if the d.g.p. is the first-order MA model
given by equation (1.15) the 1-step ahead forecast is given by:

ŷyTþ1 ¼ EðuTþ1 þ �uT j OTÞ

¼ �uT ð1:39Þ

The optimal forecast of the first-order MA process when the forecast horizon is
greater than 1-step ahead is just the mean of the series, which in this case is
zero:

ŷyTþh ¼ EðuTþh þ �uTþh�1 j OT Þ h > 1

¼ 0 ð1:40Þ

For the ARMA(1, 1) model (1.18) the 1-step ahead forecast is given by:

ŷyTþ1 ¼ Eð�1yT þ uTþ1 þ �1uT j OTÞ

¼ �1yT þ �1uT ð1:41Þ

As with the AR model, when the forecast horizon is greater than 1-step ahead,
forecasts from an ARMA model are computed recursively. For example, the
2-steps ahead forecast from an ARMA(1, 1) model is given by:

ŷyTþ2 ¼ Eð�1yTþ1 þ uTþ2 þ �1uTþ1 j OTÞ

¼ E½�1ð�1yT þ �1uT Þ þ uTþ2 þ �1uTþ1 j OT �

¼ �2
1yT þ �1�1uT ð1:42Þ

(note that E(uTþ2 j OT ) ¼ 0 and E(�1uTþ1 j OT ) ¼ 0), and the h-steps ahead
forecast is given by:

ŷyTþh ¼ �h
1yT þ �h�1

1 �1uT ð1:43Þ

Assuming j�1j < 1, as h ! 1 again the forecast converges to the mean of the
series—zero.
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The forecasts referred to above are point forecasts; however, since the
forecast itself (and forecast error) is a random variable, it is often helpful to
compute interval forecasts. For the AR(1) model given by equation (1.1) the h-
steps ahead forecast error is:

eTþh ¼ yTþh � ŷyTþh

¼ �yTþh�1 þ uTþh � �hyT ð1:44Þ

which after repeated substitution can be rewritten as:

eTþh ¼ �hyT þ uTþh þ �uTþh�1 þ 	 	 	 þ �h�1uTþ1 � �hyT ð1:45Þ

Since it has a mean of zero, the variance of the h-steps ahead forecast error is:

Eðe2
TþhÞ ¼ ð1 þ �2 þ �4 þ 	 	 	 þ �2h�2Þ�2 ð1:46Þ

and thus, for a 1-step ahead forecast from the first-order AR model, the
variance of the forecast error is simply equal to the variance of the disturbance
term ut. Assuming that the forecast errors are normally distributed we can
obtain a 95% confidence interval for the 1-step ahead forecast by computing
ŷyTþ1 � 1:96�̂�, where �̂� is the estimated value of � obtained when estimating the
parameters of the fitted model. For the h-steps ahead forecast the 95% con-
fidence interval is:

ŷyTþ1 � 1:96�̂�
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ð1 þ �2 þ �4 þ 	 	 	 þ �2h�2Þ

q
ð1:47Þ

If yt is generated by the ARMA model (1.17) then computing forecast con-
fidence intervals is more involved. The relevant theory is given in Box 1.1.

As already mentioned, we can compute forecasts from any type of
econometric model. Consider a multivariate regression model:

yt ¼ x 0
tbþ "t ð1:48Þ

where x
0
t ¼ ðx1t; x2t; . . . ; xktÞ are explanatory variables and b is a vector of

parameters of dimension ðk� 1Þ. Subject to the standard assumptions of the
classical linear regression model, it can be shown the optimal forecast of yTþh is
given by the conditional expectation of yTþh:

17

ŷyTþh ¼ x 0
Tþhb ð1:49Þ

In practice b is replaced by the OLS estimator b̂b ¼ ðX0
XÞ�1

X
0
y where

y ¼ ðy1; y2; . . . ; yTÞ0, X0 ¼ ðx 0
1; x

0
2; . . . ; x

0
T Þ. Obviously, to compute this forecast

requires knowledge of the values of the explanatory variables at time T þ h.
Assuming these values are known, then (1.49) is the appropriate forecasting
function. However, if these values are not known, then the appropriate fore-
casting function is:

ŷyTþh ¼ x̂x 0
Tþhb̂b ð1:50Þ
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17 See Granger and Newbold (1986, ch. 6, sect. 6.2).
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Box 1.1 Interval forecasts for ARMA model

First, note that the ARMA model:

AðLÞyt ¼ BðLÞut ð1:1:1Þ

can be rewritten as an infinite-order MA model:

yt ¼ A�1ðLÞBðLÞut

¼ !ðLÞut

¼
X1
j¼0

!jut�j ð1:1:2Þ

It follows that yTþh is given by:

yTþh ¼ !0uTþh þ !1uTþh�1 þ 	 	 	 þ !h�1uTþ1 þ
X1
j¼0

!hþjuT�j ð1:1:3Þ

A candidate forecast of yTþh can be written:

ŷyTþh ¼
X1
j¼0

!�
hþjuT�j ð1:1:4Þ

in which case the forecast error is:

eTþh ¼ yTþh � ŷyTþh

¼ !0uTþh þ !1uTþh�1 þ 	 	 	 þ !h�1uTþ1 þ
X1
j¼0

ð!hþj � !�
hþjÞuT�j ð1:1:5Þ

It follows that the expected value of the squared forecast error is:

Eðe2
TþhÞ ¼ ð!2

0 þ !2
1 þ 	 	 	 þ !2

h�1Þ�2 þ
X1
j¼0

ð!hþj � !�
hþjÞ2�2 ð1:1:6Þ

which is minimized if !�
hþj ¼ !hþj. Thus the optimal forecast of yTþh is given

by (1.1.4) where !�
hþj ¼ !hþj . The variance of the forecast error associated

with the optimal forecast is:

Eðe2
TþhÞ ¼ ð!2

0 þ !2
1 þ 	 	 	 þ !2

h�1Þ�2 ð1:1:7Þ

and so the 95% forecast confidence interval is computed using the formula:

ŷyTþh � 1:96�̂�

ffiffiffiffiffiffiffiffiffiffiffiffiffiXh�1

j¼0

!2
j

vuut ð1:1:8Þ



where x̂x
0
Tþh are h-step ahead forecasts of the explanatory variables, which

could be obtained via univariate methods.

OUTLINE OF THE BOOK

The next chapter deals with short- and long-run models. Inherent in the dis-
tinction is the notion of equilibrium; that is, the long run is a state of
equilibrium where there is no inherent tendency to change since economic
forces are in balance, while the short run depicts the disequilibrium state.
Long-run models are often termed ‘static models’, but there is no necessity
to actually achieve equilibrium at any point in time, even as t ! 1. All that is
required is that economic forces move the system toward the equilibrium
defined by the long-run relationship posited. Put another way, the static equi-
librium needs to be reinterpreted empirically since most economic variables
grow over time. Thus, what matters is the idea of a steady-state relationship
between variables that are evolving over time. This is the way the term ‘equi-
librium’ is used in this book.

When considering long-run relationships, it becomes necessary to consider
the underlying properties of the processes that generate time series variables.
That is, we must distinguish between stationary and non-stationary variables,
since failure to do so can lead to a problem of spurious regression whereby the
results suggest that there are statistically significant long-run relationships
between the variables in the regression model—when in fact all that is being
obtained is evidence of contemporaneous correlations rather than meaningful
causal relations. Simple examples of stationary and non-stationary processes
are provided, and it is shown that whether a variable is stationary depends on
whether it has a unit root. Comparing stationary and non-stationary variables
is also related to the different types of time trends that can be found in
variables. Non-stationary variables are shown to contain stochastic (i.e.,
random) trends, while stationary variables contain deterministic (i.e., fixed)
trends. Since random trends in the data can lead to spurious correlations, an
example of a spurious regression is given together with some explanations of
why this occurs.

This leads naturally to the question of when it is possible to infer a causal
long-run relationship(s) between non-stationary time series. The simple answer
is: when the variables are cointegrated. The Engle and Granger (1987) definition
of cointegration is explained, alongside the economic interpretation of cointe-
gration that states that if two (or more) series are linked to form an equilibrium
relationship spanning the long run, then even though the series themselves may
contain stochastic trends (i.e., be non-stationary), they will nevertheless move
closely together over time and the difference between them is constant (i.e.,
stationary). Thus the concept of cointegration mimics the existence of a long-
run equilibrium to which an economic system converges over time. The absence
of cointegration leads back to the problem of spurious regression.

Introduction and overview ______ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ 15



Finally, Chapter 2 discusses short-run (dynamic) models. Simple examples
of dynamic models are presented and linked to their long-run steady-state
(equilibrium) solutions. It is pointed out that estimating a dynamic equation
in the levels of the variables is problematic and differencing the variables is not
a solution, since this then removes any information about the long run. The
more suitable approach is to convert the dynamic model into an error correc-
tion (sometimes called an equilibrium correction) model (ECM), and it is
shown that this contains information on both the short-run and long-run
properties of the model, with disequilibrium as a process of adjustment to
the long-run model. The relationship between ECMs and the concept of
cointegration is also explored, to show that if two variables yt and xt are
cointegrated, then there must exist an ECM (and, conversely, that an ECM
generates cointegrated series).

Having discussed the importance of unit roots, the next task (Chapter 3) is
to test for their presence in time series data. This begins with a discussion of the
Dickey–Fuller (DF) test for a unit root, showing that a t-test of the null
hypothesis of non-stationarity is not based on the standard t-distribution,
but the non-standard DF distribution. Assumptions about what is the most
appropriate d.g.p. for the variable being tested are found to be important when
performing the test; that is, should an intercept and trend (i.e., deterministic
components) be included in the test equation? Not only does inclusion and
exclusion lead to different critical values for the DF test, but they are also
important to ensure that the test for a unit root nests both the null hypothesis
and the alternative hypothesis. To do this it is necessary to have as many
deterministic regressors in the equation used for testing as there are determi-
nistic components in the assumed underlying d.g.p. In order to test what will
probably be in practice the most common form of the null hypothesis (that the
d.g.p. contains a stochastic trend against the alternative of being trend-
stationary), it is necessary to allow both an intercept and a time trend t to
enter the regression model used to test for a unit root.

To overcome the problems associated with which (if any) deterministic
components should enter the DF test (including problems associated with
test power), the sequential testing procedure put forward by Perron (1988) is
discussed. Then the DF test is extended to allow for situations when more
complicated time series processes underlie the d.g.p. This results in the aug-
mented Dickey–Fuller (ADF) test, which entails adding lagged terms of the
dependent variable to the test equation. A question that often arises in applied
work is how many extra lagged terms should be added, and there is some
discussion of this problem. This in turn leads to a consideration of the
power and size properties of the ADF test (i.e., the tendency to under-reject
the null when it is false and over-reject the null when it is true, respectively). In
finite samples it can be shown that any trend-stationary process can be
approximated arbitrarily well by a unit root process and, similarly, any unit
root process can be approximated by a trend-stationary process, especially for
smaller sample sizes. That is, some unit root processes display finite sample
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behaviour closer to (stationary) ‘white noise’ than to a (non-stationary)
random walk (while some trend-stationary processes behave more like
random walks in finite samples). This implies that a unit root test ‘. . . with
high power against any stationary alternative necessarily will have correspond-
ingly high probability of false rejection of the unit root null when applied to
near stationary processes’ (Blough, 1992, p. 298). This follows from the close-
ness of the finite sample distribution of any statistic under a particular trend-
stationary process and the finite sample distribution of the statistic under a
difference-stationary process that approximates the trend-stationary process.
Thus, Blough (1992, p. 299) states that there is a trade-off between size and
power in that unit root tests must have either high probability of falsely
rejecting the null of non-stationarity when the true d.g.p. is a nearly stationary
process (poor size properties) or low power against any stationary alternative.
This problem of the size and power properties of unit root tests means that any
results obtained must be treated with some caution, although we consider some
recent improvements that in principle have good size and power properties (cf.
Ng and Perron, 2002). We also cover recent developments such as asymmetric
tests for unit roots (panel tests are covered in Chapter 7).

There are further ‘problems’ associated with testing for non-stationarity. A
structural break in a series will have serious consequences for the power of the
test, if it is ignored. Taking into account the possibility that the intercept and/
or slope of the underlying d.g.p. has changed (at an unknown date or dates)
can be handled using the testing methods outlined in Perron (1994). Examples
are provided and discussed. Finally Chapter 3 discusses testing for seasonal
unit roots (including when there are structural breaks) and periodic integra-
tion. First of all, it is suggested that where possible seasonally unadjusted data
should be used when testing for unit roots, since the filters used to adjust for
seasonal patterns often distort the underlying properties of the data. In par-
ticular, there is a tendency of the DF test to be biased toward rejecting the null
hypothesis of non-stationarity substantially less often than it should when
seasonally adjusted series are tested. However, using unadjusted data that
exhibit strong seasonal patterns opens up the possibility that these series
may contain seasonal unit roots (i.e., the seasonal processes themselves are
non-stationary). Tests for seasonal unit roots are discussed based on the Hylle-
berg, Engle, Granger and Yoo (1990) approach, and an example is presented
using UK data on consumption, income and wealth. Structural breaks and
their impact on seasonal unit root-testing is covered next, and the chapter
concludes with a discussion of the situation where observations on a variable
yt can be described by a different model for each quarter, with the result being a
periodic autoregressive model.

After testing for unit roots in the data and assuming they are present, the
next task is to estimate the long-run relationship(s). Chapter 4 deals with
cointegration in single equations, while Chapter 5 considers the possibility of
more than one cointegration relationship. The most common single equation
approach to testing for cointegration is the Engle–Granger (EG) approach.
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This amounts to estimating the static OLS regression model in order to obtain
an estimate of the cointegration vector (i.e., the estimate of b that establishes a
long-run stationary relationship between the non-stationary variables in the
model). Such a simple and popular approach, which of course ignores any
short-run dynamic effects and the issue of endogeneity, is justified on the
grounds of the ‘superconsistency’ of the OLS estimator. The latter states
that the OLS estimator of b with non-stationary I(1) variables converges to
its true value at a much faster rate than the usual OLS estimator with station-
ary I(0) variables, assuming cointegration (Stock, 1987). The most common
form of testing for cointegration is based on an ADF unit root test of the
residuals from the OLS regression. The need to use the correct critical values
for testing the null hypothesis of no cointegration is discussed along with its
dependence on the presence or otherwise of I(2) variables in the regression. A
first potential problem with the test procedure is also discussed (namely, the
common factor restriction imposed on the long-run model by the ADF test for
cointegration). We also consider testing for cointegration using the EG ap-
proach with a structural break, using the procedure developed in Gregory
and Hansen (1996).

Despite the popularity of the EG approach, there are other serious prob-
lems such as small sample bias and the inability to test statistical hypotheses;
hence, the advent of alternative testing procedures. Testing whether the speed-
of-adjustment coefficient is significant in an error correction model is one
alternative, and this is comparable to estimating a dynamic ADL model and
testing whether the model converges to a steady-state solution. The major
advantage of the ADL approach is that it generally provides unbiased esti-
mates of the long-run model and valid t-statistics (even, on the basis of Monte
Carlo evidence, when some of the regressors in the model are endogenous). The
fully modified estimator is also discussed, but yields few advantages over the
standard OLS estimator.

However, there still remain several disadvantages with a single equation
approach. The major problem is that when there are more than two variables
in the model, there can be more than one cointegration relationship among
these variables. If there is, then adopting a single equation approach is ineffi-
cient in the sense that we can only obtain a linear combination of these vectors.
However, the drawbacks of the single equation model extend beyond its
inability to validly estimate all the long-run relationships between the variables;
even if there is only one cointegration relationship, estimating a single equation
is potentially inefficient (i.e., it does not lead to the smallest variance against
alternative approaches). It is shown that this results from the fact that, unless
all the right-hand-side variables in the cointegration vector are weakly
exogenous, information is lost by not estimating a system that allows each
endogenous variable to appear on the left-hand side of the estimated equations
in the multivariate model. Thus, it is only really applicable to use the single
equation approach when there is a single unique cointegration vector and when
all the right-hand-side variables are weakly exogenous. Before proceeding to
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the multivariate approach, Chapter 4 considers the short-run (EG) model
based on a single equation and in particular gives an example of Hendry’s
general-to-specific modelling approach using the PcGive software package.
The chapter then considers testing for seasonal cointegration and periodic
cointegration, using single equation techniques and concludes with asymmetric
testing for cointegration.

Chapter 5 is given over entirely to the Johansen procedure. Starting with a
vector error correction model (VECM), it is shown that this contains informa-
tion on both the short- and long-run adjustment to changes in the variables in
the model. In particular, the problem faced is to decompose the long-run
relationships into those that are stationary (and thus comprise the cointegra-
tion vectors) and those that are non-stationary (and thus comprise the
‘common trends’). To do this, Johansen specifies a method based on reduced
rank regressions, which is discussed in Box 5.1 used throughout the book to
present the more difficult material. Before using Johansen’s approach, it is
important to consider whether the multivariate model contains I(0) and I(1)
variables alone, in which case the modelling procedure is much simpler, or
whether I(2) variables are also present (i.e., variables that need to be differ-
enced twice to achieve stationarity). If the latter, then the situation becomes far
more complicated and Johansen has developed a procedure to handle the I(2)
model, although (at the time of writing) this is not fully available in PcGive.
Instead, current practice is to test for the presence of I(2) variables, and if they
are present to seek to replace them through some form of differencing (e.g., if
money supply and prices are I(2), we could reformulate the model to consider
real money mt � pt).

Since the Johansen approach requires a correctly specified VECM, it is
necessary to ensure that the residuals in the model have the appropriate,
standard Gaussian properties of being independently drawn from a normal
distribution. This, inter alia, involves setting the appropriate lag length in the
model and including (usually dummy) variables that only affect the short-run
behaviour of the model. It is pointed out that residual mis-specification can
arise as a consequence of omitting these important conditioning variables, and
increasing the lag-length is often not the solution (as it usually is, for example,
when autocorrellation is present). The procedures for testing the properties of
the residuals are discussed and illustrated through examples. We then consider
the method of testing for ‘reduced rank’ (i.e., testing how many cointegration
vectors are present in the model). This involves a discussion of Johansen’s trace
and maximal eigenvalue tests and consideration of the small sample reliability
of these statistics (at the same time an example of a likely I(2) system is
considered and the testing procedure for I(2) variables is discussed). At this
stage a major issue is confronted that presents considerable difficulty in applied
work (namely, that the reduced rank regression procedure provides informa-
tion on how many unique cointegration vectors span the cointegration space,
while any linear combination of the stationary vectors is itself also a stationary
vector and thus the estimates produced for any particular vector in b are not
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necessarily unique). To overcome this ‘problem’ will involve testing the validity
of linear restrictions on b. Before this, it is necessary to turn to the question of
whether an intercept and trend should enter the short- and/or long-run model.
Various models are presented and discussed along with the testing procedure
for deciding which should be used in empirical work. An example of the use of
the so-called Pantula principle is provided.

Weak exogeneity is considered next. This amounts to testing whether rows
of the speed-of-adjustment matrix 
 are zero, and if such hypotheses are
accepted the VECM can be respecified by conditioning on the weakly exogen-
ous variables. The reasons for doing this, as well as a discussion of conditional
and marginal models, are presented, while the concept of ‘weak exogeneity’ and
how it is defined in various contexts is also discussed. The actual procedures
that are used to perform tests of the null hypothesis that elements of 
 are zero
are discussed together with examples that use PcGive. This then leads on to
testing hypotheses about the cointegration relations involving b, which involves
imposing restrictions motivated by economic arguments (e.g., that some of the
�i j are zero or that homogeneity restrictions are needed such as �i j ¼ ��2j) and
then testing whether the columns of b are identified. The form of the linear
restrictions is discussed in some detail, along with various examples.

Lastly, the discussion moves on to testing for unique cointegration vectors
(and hence structural long-run relationships). This involves testing that the
restrictions placed on each of the cointegration vectors (the columns of b) in
fact lead to an identified system (i.e., a model where any one cointegration
vector cannot be represented by a linear combination of the other vectors).
Johansen’s method for identification is carefully discussed and illustrated by
several examples. The importance of this approach is stressed, since the un-
restricted estimates of b are often hard to interpret in terms of their economic
information.

One point that is worth emphasizing on testing for cointegration, and
which should be fairly obvious from the above overview of the book thus
far, is that an applied economist should really begin his or her analysis by
using a multivariate framework and not by using a single equation approach.
The exception will obviously be when only two variables are involved. The
main reason for taking a systems approach from the outset is that to do
otherwise restricts the practitioner to considering only one cointegration rela-
tionship when there may in fact be more, and even if he or she is only interested
in one vector, it is probable that he or she will not get consistent and efficient
estimates without allowing for the possibility of other cointegration vectors. Of
course, where tests for weak exogeneity permit, moving down to the single
equation approach can be justified after using the Johansen procedure.

Chapter 6 considers modelling the short-run multivariate system and
concludes with a short discussion on structural macroeconomic modelling.
First of all, it is stressed that obtaining long-run estimates of the cointegration
relationships is only a first step to estimating the complete model. The short-
run structure of the model is also important in terms of the information it

20 __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ __ __ __ __ _ __ __ __ _ __ __ Applied time series modelling and forecasting



conveys on the short-run adjustment behaviour of economic variables, and this
is likely to be at least as interesting from a policy viewpoint as estimates of the
long run. Another important aspect of modelling both the short- and long-run
structures of the system is that we can attempt to model the contemporaneous
interactions between variables (i.e., we can estimate a simultaneous system, and
this then provides an additional layer of valuable information). Based on the
example of a small monetary model for the UK developed in Hendry and
Mizon (1993) and Hendry and Doornik (1994), the following steps are illus-
trated: (i) use the Johansen approach to obtain the long-run cointegration
relationships between the variables in the system; (ii) estimate the short-run
vector autoregression (VAR) in error correction form (hence VECM) with the
cointegration relationships explicitly included and obtain a parsimonious
representation of the system; (iii) condition on any (weakly) exogenous vari-
ables thus obtaining a conditional parsimonious VAR (PVAR) model; and (iv)
model any simultaneous effects between the variables in the (conditional)
model, and test to ensure that the resulting restricted model parsimoniously
encompasses the PVAR.

Chapter 7 considers testing for unit roots and cointegration with panel
data (i.e., cross sectional time series data with i ¼ 1; . . . ;N ‘individuals’ in
each time period and with t ¼ 1; . . . ;T observations for each individual over
time). This offers the potential to increase the power of tests for integration and
cointegration, since adding the cross section dimension to the time series
dimension means that non-stationarity from the time series can be dealt with
and combined with the increased data and power that the cross section brings.
The latter acts as repeated draws from the same distribution, and thus while it
is known that the standard DF-type tests lack power in distinguishing the unit
root null from stationary alternatives, using the cross sectional dimension of
panel data increases the power of unit root (and cointegration) tests that are
based on a single draw from the population under consideration. The chapter
considers in detail the various panel unit root tests that have been developed
by, inter alia, Levin and Lin (1992, 1993); Im, Pesaran and Shin (1995, 1997);
Harris and Tzavalis (1999); Maddala and Wu (1999); and Breitung (2000). All
of these take non-stationarity as the null hypothesis and involve differing
alternatives (depending on differing assumptions about the homogeneity of
the cross sections in the panel) that all involve stationarity. The size and
power of these tests is discussed and examples are given from estimating a
well-known data set. Similarly, we consider the tests for cointegration and
methods for estimation of the cointegration vector that have been developed
in the literature. Cointegration tests using a single equation approach
developed by Pedroni (1995, 1999) and Kao (1999) are discussed, where the
null hypothesis is that there is no cointegration, while we also consider the
approach taken by McKoskey and Kao (1998), who developed a residual-
based test for the null of cointegration rather than the null of no cointegration
in panels. The Larsson, Lyhagen and Lothgren (2001) use of a multi-equation
framework to construct a panel test for cointegration rank in heterogeneous
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panels is considered, which is based on the average of the individual rank trace
statistics developed by Johansen (1995a).

In terms of estimating cointegration vectors using panel data sets, we look
at the various estimators available which include within- and between-group
fully modified (FMOLS) and dynamic (DOLS) estimators. In particular the
estimators devised by Kao and Chiang (2000) and Pedroni (2000, 2001) are
presented. In addition, some progress has recently been made toward develop-
ing a multivariate approach to panel cointegration estimation, with Breitung
(2002) having developed a two-step procedure that is based on estimating a
VECM. All of these estimators are compared using appropriate empirical ex-
amples.

Chapter 8 focuses on conditional heteroscedasticity models and forecast-
ing. It can be viewed as a stand-alone chapter of particular relevance to those
studying on courses in financial econometrics, although the reader will benefit
from having read previous chapters, as when we mention unit roots and co-
integration in Chapter 8 we do so assuming a good knowledge of the concepts.
Conditional heteroscedasticity models such as the autoregressive conditional
heteroscedastic (ARCH) model introduced by Engle (1982) and the generalized
version of this model (GARCH), introduced by Bollerslev (1986), have become
extremely popular in financial econometrics. For economists studying at
final year undergraduate or postgraduate level, hoping to pursue careers in
financial economics, an understanding of ARCH and GARCH models is
important given their widespread use. We begin the chapter assuming no
previous knowledge of conditional heteroscedasticity models and spend some
time introducing concepts. We work through the standard ARCH and
GARCH models and go on to discuss multivariate versions of these models.
The estimation of ARCH and GARCH models is then considered before
moving on to demonstrate the models with an empirical application to US
stock market data. Beginning with conventional ARCH and GARCH
models we then continue with the same data set to illustrate the main exten-
sions of these models, including the ARCH-M model in which the conditional
variance appears as a regressor in the conditional mean. A common feature of
financial time series is that negative shocks tend to increase volatility by more
than positive shocks of the same absolute magnitude—this characteristic has
been labelled the ‘asymmetry effect’ or ‘leverage effect’.18 A number of
GARCH specifications have been proposed to capture this effect, and we
consider the most popular. After briefly introducing integrated and fractionally
integrated GARCH models, we move on to discuss the impact of conditional
heteroscedasticity on conventional unit root and cointegration tests. In empiri-
cal analyses it is common practice to apply conventional unit root and
cointegration tests ignoring the presence of conditional heteroscedasticity,
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since conventional unit root tests have been shown to be asymptotically robust
to its presence. However, research has indicated that the finite sample proper-
ties of unit root tests can be adversely affected if ARCH or GARCH is present
and is ignored. Furthermore, recently it has been shown that if the model used
to compute a unit root test takes account of the ARCH effect and the param-
eters of this model are estimated simultaneously by maximum likelihood, the
unit root test statistic does not have its conventional distribution. While re-
search on these issues is still at a relatively early stage, we feel that they are
important issues and are likely to be the subject of considerably more research
in the future, hence we introduce the literature here.

The final part of this chapter considers some forecasting issues. We begin
by discussing forecasting from ARCH or GARCH models and illustrate with a
simple empirical application using the US stock market data previously em-
ployed. Forecasts are computed from ARCH and GARCH models and are
evaluated using conventional measures of forecast accuracy such as mean
squared error and graphical techniques. There have been a number of impor-
tant developments in forecast evaluation, primarily published in the specialist
econometrics and forecasting literature. In particular the development of tests
of equal forecasting accuracy by Diebold and Mariano (1995), Harvey,
Leybourne and Newbold (1997) and tests of forecast-encompassing of
Chong and Hendry (1986), Harvey, Leybourne and Newbold (1998) and
Clark and McCracken (2000, 2001). These tests allow the practitioner to test
whether apparent differences in forecast accuracy are statistically significant
and whether forecasts from one model contain information that is not present
in the forecasts from a competing model. We illustrate the application of some
of these tests using US stock market data (although they are applicable to
forecasts from any kind of econometric model).

Important Terms and Concepts

Differencing and levels d.g.p. Congruency

ADL models Strong, weak and super-exogeneity ‘White noise’ error term

Random (stochastic) variables AR processes MA processes

Polynomial lag operator Forecasting
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