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Transient to asymptotically stable
point attractor at x = x = 0
Subcritical damping ( ζ <1):
exponentially damped sinewave
of a focus
Supercritical damping (ζ>1):
non-oscillatory decay of a node
Structurally stable phase portraits

Damped
unforced
linear
oscillator

Power

~1

Decaying to zero

ω

ζ << 1

ζ = 0.03
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Starts x = 1, x = 0
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x + 2ζx + x = 0
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Node
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−1 −1
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2π

ζ = 1.52π

6π

t

200

t

Starts : (  1,0), (0,  1), (−0.25,1), (0.25,−1)
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nonlinear
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x + 0.03x Ix I +4π2 sin x = 0
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x

x

Power

Non-steady
Decaying to zero

ω
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(3.054, 0)
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−14

4

4

−4
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x

x2 drag

Transients to asymptotically
stable equillibrium state x = 0
Initial divergence from
adjacent starts
Point attractor at x = x = 0

x

x
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t

∆t = 0.05
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2 x
Unique periodic attractor

9

t

−2

2 x
Steady-state sinewave

Power

decaying

161

ωPI CF

Transient

9

t

∆t = 0.01−0.05

Damped high-frequency sinewave
(complementary function) plus 
steady sinewave of period 2π
(particular integral)
CF represents transients to the
unique periodic attractor
represented by the PI
Attractor has period of the
forcing with phase shift

x + 3.2x + 256x = 256 sin t

Damped
forced
linear
oscillator

ζ = 0.1

εx

Phase
projection

Starts A
(2, 0)

x

−2.5

Starts A
(−1, 0)

−2.5

−25

−25

2.5
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x25

A

A

B

B
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x

Poincare
points A,B
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Resonance response

Amplitude
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21

ω f/ωB

A
2.56x + 0.32x + x + 0.05x3

= 2.5 cos t

Damped
forced
nonlinear
oscillator

8

−8

−8

Transients to two coexisting periodic
attractors. A and B, of period 2π
The two drawn transient motions start
from close initial points straddling the
separatrix between the domains of
attraction (catchment regions) of A and B

ζ = 0.1

x

8

12

−12

B B

Transient to attractor A 2π

36π

24π

t

t

A A

Two alternative stable steady states, A and B

x

x
x

A starts x = 3.15 , x = 5.81

Starts x = 10 , x = 0

Transient to Attractor BStarts x = 11 , x = 0

B starts x = −1.63 , x = 0.34
12

x

12
x

0

26π

36π

∆t = 0.2

t

Due to the phase chosen, the larger
amplitude start leads to the smaller
amplitude solution

The domains of attraction have a spiral form in the [x0 , x0] space
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