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Linear Analysis

1.1 INTRODUCTION

Fundamental to the study of many of the differential equations describing
physical processes in applied physics and engineering is linear analysis.
Linear analysis can be elegantly and logically placed in a mathematical
structure called a linear space.

We begin this chapter with the definition of a linear space. We then
begin to add structure to the linear space by introducing the concepts of
inner product and norm. Our study leads us to Hilbert space and, finally,
to linear operators within Hilbert space. The characteristics of these oper-
ators are basic to the ensuing development of the differential operators and
differential equations found in electromagnetic theory.

Throughout this chapter, we shall be developing notions concerning
vectors in a linear space. These ideas make use of both the real and complex
number systems. A knowledge of the axioms and theorems governing real
and complex numbers will be assumed in what follows. We shall use this
information freely in the proofs involving vectors.

1.2 LINEAR SPACE

Leta, b, c, ... be elements of a set S. These elements are called vectors.
Let«, B, ... be elements of the field of numbers F. In particular, let R and
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C be the field of real and complex numbers, respectively. The set S is a
linear space if the following rules for addition and multiplication apply:

I. Rules for addition among vectors in S:

a (a+b)+c=a+(b+c)

b. There exists a zero vector 0 suchthata + 0 =0+a = a.

c. For every a € S, there exists —a € S such that a + (—a) =
(—a)+a=0.

da+b=b+a

II. Rules for multiplication of vectors in S by elements of F:

a. a(Ba) = (aPla

b. la=a

c. a(a+b) =aa+ab
d. (¢ + B)a=aa+ Ba

EXAMPLE 1.1 Consider Euclidean space R,,. Define vectors a and b in R,, as
follows:

a=(al,a2,...,a”) (1.1)
b= (B1,B2 ..., 81 (1.2)
where oy and ¢, the components of vectors a and b, are in R, k = 1,2,...,n.

Define addition and multiplication as follows:

a+b=(als-'-!an)+(ﬁl"~"ﬂn)

=(a1+B1,-..,0n + Bn) (1.3)
aa = aay,...,0,)
= (xay, ..., doy,) (1.4)

where a € R. If we assume prior establishment of rules for addition and multipli-
cation in the field of real numbers, it is easy to show that R, is a linear space. We
must show that the rules in I and II are satisfied. For example, for addition rule d,

a+b=(a1+ B, ..., + Bn)

= (ﬁl +ah-"!ﬂn+an)
=b+a (L.5)
We leave the satisfaction of the remainder of the rules in this example for Problem
1.2. Note that R is also a linear space, where we make the identification R = R;.
n
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EXAMPLE 1.2 Consider unitary space C,. Vectors in the space are given
by (1.1) and (1.2), where o and By, k = 1,2,...,n are in C. Addition and
multiplication are defined by (1.3) and (1.4) where ¢ € C. Proof that C,, is a linear
space follows the same lines as in Example 1.1. Note that C is a linear space,
where we make the identification C = C;.

EXAMPLE 1.3 Consider C(0,1), the space of real-valued functions continuous

on the interval (0, 1). For f and g in C(0,1) and « € R, we define addition and
multiplication as follows:

(f+&)6E)=f&)+g6) (1.6)
(@f)(E) =af () 1.7

forall & € (0, 1). If we assume prior establishment of the rules for addition of two
real-valued functions and multiplication of a real-valued function by a real scalar,
it is easy to establish that C(0,1) is a linear space by showing that the rules in I and
II are satisfied. For example, for addition rule d,

(f+8)E) = f&)+8#)

=gE)+ f(§)
=@+ NE (1.8)

We leave the completion of the proof for Problem 1.3.
n

In ordinary vector analysis over two or three spatial coordinates, we
are often concerned with vectors that are parallel (collinear). This concept

can be generalized in an abstract linear space. Let x1, x2, ..., x, be ele-
ments of a set of vectors in S. The vectors are linearly dependent if there
existay € F, k=1,2,...,n,not all zero, such that
n
> oyx =0 1.9)
k=1

If the only way to satisfy (1.9)isox = 0, k = 1, 2, ..., n, then the elements
xy are linearly independent. The sum

n
Z Ok Xk
k=1

is called a linear combination of the vectors xg.
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EXAMPLE 1.4 InR,, letx; = (1, 3), x, = (2, 6). We test x; and x; for linear
dependence. We form

0= (Os O) = (X](l, 3) + a2(2’ 6) = (al + 2“2’ 3al + 6“2)

from which we conclude that

o) + 20y =0
30y + 60 =0
These two equations are consistent and yield oy = —2a,. Certainly, ¢y = a; =0

satisfies this equation, but there is also an infinite number of nonzero possibilities.
The vectors are therefore linearly dependent. Indeed, the reader can easily make
a sketch to show that x; and x, are collinear.

]
EXAMPLE 1.5 InC(0,1), letaset of vectors be defined by fi(§) = +/2sinkn&,
k=1,2,...,n. Wetest the vectors f; for linear dependence. We form
Y oyV2sinknt =0 (1.10)
k=1

where oy € R. The f;, defined above, form an orthonormal set on € € (0, 1).
That is,

! 0, k#m
fofmfkd§= | (1.11)

s k=m

Multiplication of both sides of (1.10) by /2 sin mné, m=1,2,...,n and inte-
gration over (0,1) give, with the help of (1.11), @, =0, m = 1,2,...,n. The
vectors f; are therefore linearly independent.

In Example 1.5, we note that the elements f; are finite in number.
We recognize them as a finite subset of the countably infinite number of
elements in the Fourier sine series fx, k = 1,2,.... A question arises
concerning the linear independence of sets containing a countably infinite
number of vectors. Let x1, x2 ... be an infinite set of vectors in S. The
vectors are linearly independent if every finite subset of the vectors is
linearly independent. In Example 1.5, this requirement is realized, so that
the infinite set of elements present in the Fourier sine series is linearly
independent.
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In an abstract linear space S, it would be helpful to have a measure
of how many and what sort of vectors describe the space. A linear space
S has dimension n if it possesses a set of n independent vectors and if
every set of n + 1 vectors is dependent. If for every positive integer k we
can find k independent vectors in S, then S has infinite dimension. The
set X1, X2, ...,X, is a basis for S provided that the vectors in the set are
linearly independent, and provided that every x € S can be written as a
linear combination of the xi, viz.

n
X =) o (1.12)
k=1

The representation with respect to a given basis is unique. If it were not,
then, in addition to the representation in (1.12), there would exist g; € F,
k=1,2,...,nsuchthat

n
x=) Bexe (1.13)
k=1
Subtraction of (1.13) from (1.12) yields
n
0= (o — Boxk (1.14)
k=1
Since the x; are linearly independent, we must have
o — By =0, k=12,...,n (1.15)
which proves uniqueness with respect to a given basis. Finally, if S is
n-dimensional, any set of n linearly independent vectors xi, X2, ..., Xx
forms a basis. Indeed, let x € S. By the definition of dimension, the set
X, X1, X2, ..., Xn 18 linearly dependent, and therefore,
n
ax+2akxk =0 (1.16)
k=1

where we must have a # 0. Dividing by o gives

x=z":(:9’_k)xk (1.17)

Therefore, the set x1, x2, ..., X, is a basis.
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EXAMPLE 1.6 Consider Euclidean space R,,. We shall show that the vectors
er = (1,0,...,0),e; = (0,1,...,0),...,e, = (0,0,...,1) satisfy the two
requirements for a basis. First, the set ey, ..., e, is independent (Problem 1.8).
Second, ifa € R,,,

a=(ot1,0{2,...,ot,,)
=o(1,0,...,0) +a2(0,1,...,0) +--- 4+ ,(0,0,...,1)
=oje; +azey + -+ agey (1.18)

Therefore, any vector in the space can be expressed as a linear combination of
the ex. A special case of this result is obtained by considering Euclidean space
Rj. The vectors ¢ = (1,0,0),e; = (0,1,0),e3 = (0,0, 1) are a basis. These
vectors are perhaps best known as the unit vectors associated with the Cartesian
coordinate system.

EXAMPLE 1.7 Itwould be consistent with notation if the dimension of R,, were,
in fact, n. We now show that both requirements for dimension » are satisfied. First,
since we have established an n-term basis for R, in Example 1.6, the space has a
set of n independent vectors. Second, we must show that any set of n + 1 vectors

is dependent. Let a;, a3, ..., an, a,+1 be an arbitrary set of n + 1 vectors in R,,.
We form the expression

n+1
> Ymam =0 (1.19)
m=1

where we must show that there exist y,, €e R,m = 1,2,...,n + 1, not all zero,

such that (1.19) is satisfied. We express each of the members of the arbitrary set
as a linear combination of the basis vectors, viz.

n
an=Y ae, m=1,2,...,n+1 (1.20)
k=1

Substitution of (1.20) into (1.19) and interchanging the order of the summations
gives

n n+1
> (Z yma,ﬁ'"’) e =0 (1.21)

k=1 \m=1

Since the ¢, are linearly independent,

n+1

D vme™ =0,  k=1,2...,n (1.22)
m=1



Sec. 1.3 Inner Product Space 7

Expression (1.22) is a homogeneous set of n linear equations in n + 1 unknowns.
The set is underdetermined, and as a result, always has a nontrivial solution [1].
There is therefore at least one nonzero coefficient among y,,, m = 1,2, ...,n+1.

The result is that the arbitrary set ay, ..., a,, @, is linearly dependent and the
dimension of R,, is n.

1.3 INNER PRODUCT SPACE

A linear space S is a complex inner product space if for every ordered pair
(x, y) of vectors in S, there exists a unique scalar in C, symbolized (x, y),
such that:

ey =,x)

- (x+y,2) = (x,2) +(y,2)

Aox, Yy =oalx,y), aeC

d. (x, x) > 0, with equality if and only if x = 0

o o P

In a, the overbar indicates complex conjugate. Similar to the above is the
real inner product space, which we produce by eliminating the overbar in
a and requiring in c that o be in R. For the remainder of this section, we
shall assume the complex case. We leave the reader to make the necessary
specialization to the real inner product.

EXAMPLE 1.8 We show from the definition of complex inner product space
that
0,y)=0 (1.23)
Indeed, the result follows immediately if we substitute o = 0 in rule ¢ above.
|

EXAMPLE 1.9 Given the rules for the complex inner product in a~d, the fol-
lowing result holds:

(x,ay) = alx,y) (1.24)
Indeed,
(x, ay) = (ay, x)
= a(y, x)
=a(y,x)
=a(x, y)
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EXAMPLE 1.10 Given the rules for the inner product space, we may show that

O awxi,y) = anlxi, y) (1.25)
k=1 k=1

The proof is left for Problem 1.9.
n

EXAMPLE 1.11 In the space C,, with a and b defined in Example 1.2, define
an inner product by

(a,by = exfu (1.26)
k=1

Then, C,, is a complex inner product space. To prove this, we must show that rules
a—d for the complex inner product space are satisfied. For rule d, there are three
parts to prove. First, we show that the inner product (a, a) is nonnegative. Indeed,

(a,a) =) lexl> 2 0
k=1

Second, we show that (a, a) = 0 implies that a = 0. We have

n

0=(a,a)=)_leul®

k=1

Since all the terms in the sum are nonnegative, oy = 0, k = 1,2,...,n, and
therefore a = 0. Third, we must show that a = 0 implies (a, a) = 0. We leave
this for the reader. We also leave the reader to demonstrate that rules a—c for the
inner product space are satisfied.

EXAMPLE 1.12 Let f and g be two vectors in C(«, 8). Define an inner product
by

B
(f. 8 =/ f(§)g®)ds (1.27)

Then, C(a, B) is a real inner product space. We leave the proof for Problem 1.10,
|

One of the most important inequalities in linear analysis follows from
the basic rules for the complex inner product space. The Cauchy—-Schwarz—
Bunjakowsky inequality is given by

[, Y < vix, )V {(y, ) (1.28)
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Herein, we refer to (1.28) as the CSB inequality. To prove the CSB in-
equality, we first note that for |(x, y)| = 0, there is nothing to prove. We
may therefore assume y # 0, with the result {y, y) % 0, and define
(x, )
a =
(¥, y)

from which we have the result

[, )2 (., 9) (0, %)
(y,¥) (v, y)
= a(y, x)

=ax,y)
= laf*(y, ) (1.29)
With the help of rule d, we form

0 < (x —ay,x —ay) = {x,x) + o}y, y) — @(x, y) — a(y, x)
RERG
(v, y)

from which the result in (1.28) follows.

Two concepts used throughout this book involve the notions of or-
thogonality and orthonormality. The concepts are generalizations of the
ideas introduced in Example 1.5. Two vectors x and y are orthogonal if

= (x,x)

(x,y)=0 (1.30)
The set zx, k = 1, 2, ... is an orthogonal set if, for all members of the set,
(zi, zj) = 0, i #j (1.31)
The set is an orthonormal set if
(zi, 7j) = &ij (1.32)
where
5ij = (1) z:j (1.33)

An orthogonal set is called proper if it does not contain the zero vector. We
can show that a proper orthogonal set of vectors is linearly independent.
Indeed, we form
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iakzk =0
k=1

Taking the inner product of both sides with z; gives
n
O ez, z) = (0, z)
k=1

Using (1.25) and (1.31), we obtain

@i{zi,zi) =0
from which we conclude thato; = 0,i = 1, 2, ..., n and the set is linearly
independent. Further, if the index # is arbitrary, the countably infinite set
k= 1,2, ...,1s linearly independent.

1.4 NORMED LINEAR SPACE

A linear space S is a normed linear space if, for every vector x € S, there
is assigned a unique number ||x|| € R such that the following rules apply:

a. ||x[| = 0, with equality if and only if x = 0
b. lax| = lof [|x]l,c € F
c. lxi +x2ll < Ixill + k2l (triangle inequality)

Although there are many possible definitions of norms, we use exclusively
the norm induced by the inner product, defined by

Ixll = v/ {x, x) (1.34)
Using (1.34), we find that the CSB inequality in (1.28) can be written
e, < Nixl iyl (1.35)

It is easy to show that the norm defined by (1.34) meets the require-
ments in rules a, b, and c above. We leave the reader to show that a and b
are satisfied. For c, for x and y in S, we have

Ix +yI° = (x +y,x +y)
= {x, x) + (¥, ¥) + {x, ¥) + (¥, x)
= |Ix* + IyI* + 2Re(x, y)

Since the real part of acomplex number is less than or equal to its magnitude,

lx + yI* < IxI* + Iyl + 21(x, y)|
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Using the CSB inequality, we obtain

llx +yI2 < 1x0? + Iy 1% + 20l 1yl
Taking the square root of both sides yields the result in c.

EXAMPLE 1.13 From the basic rules for the norm and the definition in (1.34),
we can show that

x4+ yI? + lx = y12 =2 (x> + Iy11?) (1.36)
Indeed,

lx +yl> +llx =yl = (x+y, x +y) + (x =y, x — y)
= 2{x, x) +2(y, y)

from which the result in (1.36) follows.
|

EXAMPLE 1.14 For unitary space C,, with inner product defined by (1.26),
the norm of a vector a in the space is easily found to be

lall = | > loul? 1.37)
k=1

Unitary space is therefore a normed linear space.
|

EXAMPLE 1.15 For the real linear space C(a, 8), with inner product defined
by (1.27), the norm of a vector f in the space is

B
Al = ,// fAE)dE (1.38)

The space C(«, B) is therefore a normed linear space.
|

One of the useful consequences of the normed linear space is that it
provides a measure of the “closeness” of one vector to another. We note
from rule a that ||x — y|| = O if and only if x = y. Therefore, closeness
can be indicated by the relation ||x — y|| < €. This observation brings us to
the notion of convergence. Among the many forms of convergence, there
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are two forms whose relationship is crucial to placing firm “boundaries”
on the linear space. The type of boundary we seek is one that assures that
the limit of a sequence in the linear space also is contained in the space.
In a normed linear space S, a sequence of vectors {x;}{2, converges
to a vector x € S if, given an € > 0, there exists a number N such that
llx — x¢ll < € whenever k > N. We write x; — x or
lim x, =x (1.39)
k— 00
Note that if x; — x, ||x — x¢|| = O.
Fundamental to studies of approximation of one vector by another
vector, to be studied later in this chapter, is the notion of continuity of the

inner product. We show that if {x;}22, is a sequence in S converging to
x € &, then

(xk, by — (x, h) (1.40)

where h is any vector in S. To prove (1.40), it is sufficient to show that
(X, h) — (x,h) = 0

or

(X —x,h) —> 0 (1.41)
By the form of the CSB inequality in (1.35), we have

ltxe = x, B < fle = x| 12112
But, since x; — x,
llxe — x|l — 0

so that (1.41) is verified. We remark that another useful way of writing
(1.40) is as follows:

lim {xg, h) = {lim xg, h) (1.42)
k— o0 k— 00

This relationship indicates that, given x, the order of application of the
limit and the inner product with 4 can be interchanged.

In S, a sequence {x;}32, converges in the Cauchy sense if, given
an € > 0, there exists a number N such that | x,, — x,|| < € whenever
min(m, n) > N. We write

JHm 1 — x| =0 (1.43)
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We can show that convergence implies Cauchy convergence. Indeed, let
x € S be defined as the limit of a sequence, as in (1.39). Then, by the
triangle inequality,

1Xm = xnll < lxm — x|l + llx — xnl

Since x; — x, there exists a number N such that forn > N

€
— x| < =
llx XII_Z

and therefore, for min(m, n) > N,
[1Xm — x|l <€

which proves the assertion. Unfortunately, the converse is not always true.
The interpretation is that it is possible for two members of the sequence to
become arbitrarily close without the sequence itself approaching a limit in
S. A normed linear space is said to be complete if every Cauchy sequence in
the space converges to a vector in the space. The concept of completeness
is an important one in what is to follow. Although it is beyond the scope of
this book to include a detailed treatment, we shall give a brief discussion.

In real analysis, the space of rational numbers is defined [2] as those
numbers that can be written as p/q, where p and q are integers. It is a
standard exercise [3],{4] to produce a sequence of rational numbers that has
the Cauchy property and yet fails to converge in the space. (We consider
an example in Problem 1.15.) This incompleteness is caused by the fact
that in between two rational numbers, no matter how close, is an infinite
number of irrational numbers; often, a sequence of rationals can converge
to an irrational. The solution to this problem is a procedure due to Cantor
[5] whereby the irrationals are appended to the rationals in such a manner
so as to produce a complete linear space called the space of real numbers
R. We shall assume henceforth that R is complete, and direct the reader to
the literature in real analysis for details.

EXAMPLE 1.16 We can show that Euclidean space R,, is complete. For vectors
a and b in the space, defined by (1.1) and (1.2), we define an inner product by

(a,b) = Zakﬂk (1.44)

Leta,,, m = 1,2, ... be a Cauchy sequence in R,,, where

am = ( ("'),rxzm ..,a,(,"‘))
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Then,

n 72 3
lam —apll = {3 [ — o]t <
k=1
for min(m, p) > N. Since all the terms in the sum are nonnegative, we must have

’a,‘f”—a,ﬁ’”’ge, k=1,2,...,n

for min(m, p) > N. Since the space of real numbers R is complete, then as
m — 09,
™ > a, k=1,2,...,n

and therefore a,, — a.

EXAMPLE 1.17 We can show that the normed linear space C(«, 8) with norm
given by (1.38) is incomplete. We shall consider a well-known [6],[7] Cauchy
sequence that fails to converge to a vector in the space. Without loss of generality,
let («, B) be (-1,1). Consider the sequence

0, 1<§<0
f® =14k, o0<g&<l (1.45)
1, P<&<1
where k = 1,2, .... This sequence is continuous, and therefore is in the linear

space C(-1,1). We show that this sequence is Cauchy. We form the difference
between two members of the sequence. Form > k,

0, ~1<£<0
m-kE,  O<g<i
fm_ﬁ<=
(1 —k§), <<y
0, P<E<1

We display the two sequence members f; and f,, in Fig. 1-1. Note that the
difference f,, — fi is always less than unity. It follows that unity is an upper bound
on (fn — f)?. We therefore must have

! 1
n&—ﬂW=[fhm—ﬂ@W@sz

Although the above result has been obtained for m > k, an interchange of m and
k gives the general result
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11
I fm = fill* < max (—, —)
m k
lim ||~ fill =0
m,k—»00

which proves that the sequence is Cauchy. However, it is apparent that the sequence
Jfx converges to the Heaviside function H (£), defined by

0, E<0
H() = (1.46)
1, E>0

But, H(£) ¢ C(-1,1). Therefore, the space C(«, f) is not complete.

—» <

} } —» X

1/m 1/k

Fig.1-1 Twomembers f; and f,, of sequence in (1.45) for the case
m > k.

1.5 HILBERT SPACE

A linear space is a Hilbert space if it is complete in the norm induced by
the inner product. Therefore, in any Hilbert space, Cauchy convergence
implies convergence. From Example 1.16, Buclidean space Ry, is complete
in the norm induced by the inner product in (1.44). Therefore, R, is a
Hilbert space. In a similar manner, it can be shown that unitary space C,
is complete. However, from Example 1.17, C(«, B) is incomplete. In a
manner similar to the completion of the space of rational numbers, C can
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be completed. The result is £, (o, 8), the Hilbert space of real functions
f (&) square integrable on the interval (¢, B), viz.

B
[ &g <o (1.47)

In (1.47), the integration is to be understood in the Lebesgue sense [8].
Although the Lebesgue theory is essential to the understanding of the proof
of completeness, in this book such proofs will be omitted. For discussions
of the issues involved, the reader is directed to [9],[10].

In linear analysis, we are often concerned with subsets of vectors in
a linear space. One such subset is called a linear manifold. If S is a linear
space and &, B € F, then M is a linear manifold in S, provided that ax + 8y
are in M whenever x and y are in M. It is easy to show that M is a linear
space. The proof is left for Problem 1.16.

EXAMPLE 1.18 1In R,, the set of all vectors in the first quadrant is not a linear
manifold. Indeed, for x and y in the first quadrant, it is easy to find «, 8 € R such
that ax + By is not in the first quadrant.

EXAMPLE 1.19 Letx, k = 1,2, ..., n be alinearly independent sequence of

vectors in the Hilbert space H. Define M to be the set of all linear combinations
of the n vectors, viz.
n
S
k=1

Then, M is a linear manifold. We leave the proof for Problem 1.17. M is called
the linear manifold generated by x¢, k = 1,2, ..., n.

The results in Example 1.19 raise an interesting issue. Can the same
linear manifold be generated by more than one sequence of vectors? We
shall show that indeed this is the case. We consider the Gram—Schmidt
orthogonalization process. Let {x1, ..., x,} be a linearly independent se-
quence of vectors generating the linear manifold M C H. The Gram—
Schmidt process is a constructive procedure for generating an orthonormal

sequence {ey, ..., e,} from the independent sequence. To begin, let
21 =x (1.48)
and
e = 2L (1.49)

flz1ll
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The next member of the sequence is generated by

22 = X2 — (x2, €1)e] (1.50)
and
e = 2 (1.51)
[lz21l

For the third member, we form

73 = X3 — (X3, e1)e; — (x3, e2)e; (1.52)
and
z
e3 = (1.53)
llzall

This process continues until the final member of the sequence is produced
by

n—1
Zn =Xn — Y _(Xn, €x)ex (1.54)
k=1
and
Zn
en = (1.55)
[z |l
We leave the reader to show that the sequence {ey, ..., e,} possesses the
orthonormal property. In addition, each ex, k = 1, ..., n is a linear com-
bination of x1, ..., xx. We conclude that any linear combination

n
D e
k=1
is also a linear combination
n
Y Bex
k=1

The original sequence and the orthornormal sequence obtained from it
therefore generate the same linear manifold.

EXAMPLE 1.20 Given the sequence {1,7,72,...} € £2(—1,1), we use the
Gram-Schmidt procedure to produce an orthonormal sequence. Indeed, we define
an inner product by

1
(f. 8) = /1 f(r)g(r)dr
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Then,
z(r) =1

er(v) = /|11l = 1/v/2
2@ =1 (1, 1/V2)(1/V2) =1
e)(t) =+/3/2¢

nr)=1>-1/3

es(t) = /45/8 (t* — 1/3)
This process continues for as many terms in the orthonormal sequence as we
wish to calculate. We remark that the members of the sequence so produced are

proportional to the orthogonal sequence of Legendre polynomials, whose first few

members are
Po(z) =1

P)(T.') =T
1
Py(t) = 5(3# -1
Pi(t) = %(5t3 -37)
Py(1) = %(351’4 —30t2 +3)

1
Ps(7) = §(631:5 — 707 4 157)

The Legendre functions, orthogonal but not orthonormal, are constructed in such
a way that P, (1) = £1.

We next discuss a characteristic associated with linear manifolds that
plays a central role in approximation theory. A linear manifold M is said
to be closed if it contains the limits of all sequences that can be constructed
from the members of M. It is easy to demonstrate that not all linear
manifolds are closed. For example, the space C(«, B) is a linear manifold
since a linear combination of two continuous functions is a continuous
function. However, in Example 1.17, we have given a sequence of vectors
in C that fails to converge to a vector in C. The linear manifold C is therefore
not closed.

An interesting result occurs if a closed linear manifold is contained
in a Hilbert space. Specifically, if H is a Hilbert space and M is a closed
linear manifold in 7, then M is a Hilbert space. Indeed, let {x}7; be a
Cauchy sequence in M. Then, since M is contained in the Hilbert space
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H, xp — x € H. But M is closed, and therefore x € M. We conclude
that M is a Hilbert space.

1.6 BEST APPROXIMATION

Within the structure of the Hilbert space, it is possible to generalize the
concepts of approximation of vectors and functions. Let x be a vector in a

Hilbert space H and let {z}}__, be an orthonormal set in H. We form the
sum

m
Xm = Zakzk (1.56)
k=1

This sum generates a linear manifold M C H. Different members of the
linear manifold are produced by assigning various values to the sequence
of coefficients {o };.,. We should like to determine what choice of coeffi-
cients results in x,, being the “best” approximation to x. Specifically, let us
make x,, “close” to x by adjusting the coefficients to minimize ||x — xp,||.
We expand the square of the norm as follows:

X = Xl = (X = X, X — Xpn)

= (%, %) + (Xm, Xm) = {Xm, X) — (X, Xm)
=[x+ ) leal® = Y onclr,ze) = Y @ x, z)
k=1 k=1 k=1

Completing the square, we obtain

Ix = xm I = Il + Y (o — (%, 2)) (o — (x, 2)) — Y e, zi)
k=1 k=1

(1.57)
Since the sum in (1.57) containing the coefficients oy is nonnegative, the
norm-squared (and hence the norm) is minimized by the choice

o = (x,zk), k= 1,2, NS () (1.58)

Expression (1.58) defines the Fourier coefficients associated with orthonor-
mal expansions. Note that once we have made the selection given in (1.58),
we can define an error vector e, by

=x— Z(X, )2k (1.59)
k=1
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Taking the inner product with any member z; of the orthonormal sequence,
we find that

m

(em zj) = (£, 7)) = Y (%, uMwz) =0, j=1,2,....m (1.60)
k=1

Since x,, is a linear combination of members of the sequence {z;}7_,, we
must have

(em, xm) =0 (1.61)

We summarize these results as follows:

a. The vector x € H has been decomposed into a vector x,, € M C
‘H plus an error vector e,,, Viz.

X =2Xn+en (1.62)

b. The error vector ey, is orthogonal to the approximation vector x,,,.

EXAMPLE 1.21 We consider the Fourier sine series in Example 1.5. Let f(¢) €
L£,(0, 1) with inner product

1
(f.g) = fo FE)gE)dE (1.63)

Let {+/2sinkn& }7, be an orthonormal set generating a linear manifold M C H.
Then, by (1.56) and (1.58), the “best” approximating function f,, € Mto f(§) is
given by

fu®) =) oV2sinkn (1.64)
k=1
where
1
o = f fm2sinkmndn (1.65)
0

which is the classical Fourier result.

The above results for the approximation of a vector x € H by a vector
Xm € M C H canbe generalized. We shall need the concept of a manifold
that is orthogonal to a given manifold. If M is a linear manifold, then the
vector e € H is a member of a set M if it is orthogonal to every vector in
M. The set M is a linear manifold since linear combinations of vectors
in M are also orthogonal to vectors in M. In fact, M is also closed.
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Indeed, let {e;}32, be a sequence in M converging to a vector e in H.
We have

(ex,x) =0

for all x € M. But, by continuity of the inner product,

lim (ex, x) = (e, x) =0

k—00

so that e € M, which is therefore closed. The closed linear manifold
M is called the orthogonal complement to M.

We now can produce a result called the Projection Theorem. Let x
be any vector in the Hilbert space H, and let M C H be a closed linear
manifold. Then, there is a unique vector yo € M C H closest to x in the
sense that |[x — yp|| < [lx — y|| for all y in M. Furthermore, the necessary
and sufficient condition that yo is the unique minimizing vector is that
e = x — yp is in M*. The proof of this important theorem is deferred to
Appendix A.1 atthe end of the chapter. The vector yy is called the projection
of x onto M. The vector e is called the projection of x onto M*. The
ideas inherent to the projection theorem have a well-known interpretation
in two- and three-dimensional vector spaces, as in the following example.

EXAMPLE 1.22 Leta = (a;, @y) be any vector in R,. Let M be the set of all
vectors b in R, with second component equal to zero, viz.

b=(p,0)

Since linear combinations of vectors in M are also in M, the set M is a linear
manifold. In addition, the manifold is closed. Indeed, let by, b;, .. . be a sequence
in M converging to b € H, where

m:@ﬁ@

Since by —> b e H, ﬂfk) - By. Therefore, b € M. By the projection theorem,
among all vectors b € M, the vector b closest to a can be obtained from

(a—b,b)=0
where ) .
b = (B1,0)

Solving this equation, employing the usual definition of inner product for R, we
obtain

(@1 — BB =0
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Since B; is arbitrary, B1 = ay. This result can be visualized (Fig. 1-2) by drawing
the vector a and noting that the vector b lies along the x-axis. The “best” b is then
obtained by dropping a perpendicular from the tip of a to the x-axis. The result is
a vector b, called the projection of a onto the x-axis. Note that the error vector e
is such that it is orthogonal to any vector along the x-axis and that a = b+e,as
required by the projection theorem.

a= (ay,ap)

Ky
>

b= (8, 0)

n \[_~__________

(a4, 0)

Fig. 1-2 Tllustration of the projection theorem in Rj, as given in
Example 1.22.

In (1.56)—(1.58), we introduced best approximation in terms of or-
thonormal expansion functions generating a linear manifold. With the aid
of the projection theorem, we next generalize the concept of best approxi-
mation to include expansion functions that are linearly independent but not
necessarily orthogonal. Let y € H, and let { y,} ; be a linearly indepen-
dent sequence of vectors in H. We form the sum

y=7) (1.66)
j=1

We wish to approximate y with y by suitable choice of the coefficients
a;. We have already indicated in Example 1.19 (Problem 1.17) that linear
combinations of the type in (1.66) form a linear manifold M. In fact,
since the limit of sequences of vectors in M must necessarily be in M, the
manifold is closed and therefore meets the requirements of the projection
theorem. Since y; € M, j =1,2,..., M, the projection theorem gives

(y=v,m) =0, k=12,....M (1.67)
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Substituting (1.66) and rearranging, we have

M
Sy =),  k=1,2...,.M (1.68)
j=1

We write (1.68) in matrix form as follows:

E)’I, yl; éyz, }’1; R gyM, )’1; o) Ey, Y1)

Y1, 2 Y2, »2 e YMm, Y2 o y, )
: : .. : :2 = :y2 (1.69)

i, ym) (Y, ym) - {ymym)d Lay (¥, ym)
Inversion of this matrix yields the coefficients o, j = 1,2, ..., M. These

coefficients then determine y in (1.66). The square matrix on the left-hand
side of (1.69) is the transpose of a matrix called the Gram matrix. In
addition to its appearance in best approximation, it also finds use in proofs
of linear independence (Problem 1.21). Note that the result in (1.69) is
a generalization of the Fourier coefficient result in (1.58). Indeed, for
cases where the independent sequence y;, j = 1,2, ..., M is orthogonal,
the matrix in (1.69) diagonalizes. Inversion then produces the Fourier
coefficient result.

One of the classic problems of algebra is the approximation of a
function by a polynomial. This problem is easily cast as best approximation
in the following example.

EXAMPLE 1.23 In the Hilbert space £;(0, 1), consider the approximation of
a function f(t) by a polynomial. Let {z"~!}"_, be a sequence in £,(0, 1). The
sequence is linearly independent. Indeed, by the fundamental theorem of algebra,
the equation

N
Zﬂ"tn—l =0
n=1

can have at most N — 1 roots. Therefore, the only solution valid for all T € (0, 1)
isB, =0,n=1,2,..., N. We wish to approximate f(t) by

N
f@) =) apr! (1.70)
n=1

All possible such linear combinations form a closed linear manifold so that the
projection theorem applies. Comparing (1.66), we identify

Ya=1""1 (1.71)
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Define an inner product for £;(0, 1) by

1
ff(f)g(f)dt
0
We then have
/1 m—1 n—-ldr 1
n) = T T = ——
(Ym> Yn) A mtn—1
1
o) = [ o f e
0
Substitution of (1.73) and (1.74) into (1.69) gives
R RN I
i3 i (|| | Jf@dr
v v o mwed bevd LN dr

Inversion of this matrix equation yields the best approximation.

1.7 OPERATORS IN HILBERT SPACE

Consider the following transformation in Rj:

{1 =ané +apé + a13é;
$ = a1 + aér + a3és
{3 = az1é1 + ané + a33és

Using the usual matrix notation, we let
2=l & &l
x=1& & &I

where T indicates matrix transpose. We then have

Ax =2z

o1 012 o]3
A=|ay an an

031 o33 (33

where

Chap. 1

(1.72)

(1.73)

(1.74)

(1.75)
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The solution is given formally by
x=A"lz
The matrix operation is linear. Indeed, given x;, x3, 71, and 22, we have by
ordinary matrix methods
A(axy + Bx2) = aAxy + BAx; = az1 + Bz

The concepts of linearity and inversion for matrices can be generalized to
linear operators in a Hilbert space.

An operator L is a mapping that assigns to a vector x € S another
vector Lx € S. We write

Lx=y (1.76)
The domain of the operator L is the set of vectors x for which the mapping
is defined. The range of the operator L is the set of vectors y resulting
from the mapping. The operator L is linear if the mapping is such that for

any x; and x; in the domain of L, the vector o;x; + x> is also in the
domain and

L (o1x1 + aax2) = a1Lxy + azLx; (1.77)

A linear operator L with domain D;, C H is bounded if there exists a real
number y such that

|Lull < ylul (1.78)
forallu € D;.

EXAMPLE 1.24 Let R, be the space of all vectors consisting of a countably
infinite set of real numbers (components), viz.

a=(a,0,0Q3...) 1.79)
where o € R. If b = (B4, B2, B3, . . .), define an inner product for the space by

o0
=Y b (1.80)
k=1
Let the norm for the space be induced by the inner product. We restrict Ry, to
those vectors with finite norm. Define the right shift operator Ag in Ry, by
Ara = (0, a1,a2,...)

The right shift operator Ay is linear. The proof is easy and is omitted. In addition,
Ar is bounded. Indeed,

lArall = | of = |al
k=1
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Therefore, the operator A is bounded in R,. Indeed, the least upper bound on y
is unity.

|
EXAMPLE 1.25 On the complex Hilbert space £,(0, 1), we consider the fol-
lowing integral equation:

1
fo u@EkE, §)ds = f(&) (1.81)

This equation can be written in operator notation as follows:
Lu=f

where L is the linear operator given by

1
L= fo k(. EdE’ (1.82)

We shall show that the operator L is bounded if

1 1
/0 /0 lk(€, &) 2 dEdE" < 00 (1.83)

This property of the kernel k(£, £') is called the Hilbert-Schmidt property, and the
operator L it generates is called a Hilbert—Schmidt operator. To show that L is
bounded, we form

1
\Lull? = fo f )P

where
2

1
If @)1 = I /0 WG, E)dE

1 1
< /0 (&) 2de’ fo kG, &) Pde’

1
= P /O Ik (&, £)PdE’

1 1
NLul? < ful? [ fo fo k&, S’)Izdédé’}

| Lull < M|lul|
where M is the bound on the double integral.

It follows that

and finally,
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A linear operator L with domain D;, C H is continuous if given an
€ > 0, there exists a8 > 0 such that, for every ug € Dy, ||Lug — Lu|| < €,
for all u € Dy satisfying |lup — u|| < 5. We can interpret this definition to
mean that when an operator is continuous, Lug is close to Lu whenever ug
is close to u. There is an important theorem on interchange of operators
and limits that follows immediately from the above definition. A linear
operator L with domain Dy, C H is continuous if and only if for every
sequence {u,}>> | € Dy converging to ug € Dy,

Lug=L lim u, = lim Lu, (1.84)
n—>0o0 n—> 00
The proof is in two parts. First, we suppose that L is continuous and
€ > 0is given. We may select a § according to the definition of continuity
and suppose that ||up — u,|] < 8. Since u, is a member of a converging
sequence, |[ug — u,|| < é for alln > N. Therefore,

ILug — Lu,| < €, n>N

and
Lug = lim Lu,
n-—»00

This first part of the proof shows that, if an operator is continuous, the
operator and the limit can be interchanged. In the second part of the proof,
we must show that if the operator and limit can be interchanged, the operator
is continuous. This part is not essential to our development and is omitted.
The interested reader is referred to [12].

We now give a theorem linking the boundedness and continuity of
operators. A linear operator L with domain D; C 'H is bounded if and
only if it is continuous. The proof is in two parts. In the first part, we show
that if the operator is bounded, it is continuous. Indeed, if L is bounded
and ug € Dy,

ILug — Lull = [|L(uo — w)l|
< 7lluo —ul
for all u € Dy. Then, given any € > 0, it is easy to find a § > 0 such that
|Luo — Lul| < €
whenever
fluo —ull <4

Indeed, the choice § = ¢/y is sufficient. In the second part of the proof,
we must show that if an operator is continuous, it is bounded. This part is
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not essential to our development and is omitted. The interested reader is
referred to [13].

It is straightforward to show that the differential operator L = d /dé
is unbounded. The proof is by contradiction. We suppose that d/d& is
bounded. Then, it is continuous. Therefore, for any u, — u, we must
have

Lu =L lim u, = lim Lu,
n—>oo n—oo

But, if we choose u, as a member of the sequence

cosnmé
Up = ————, n=12,...
n
we have
lim u, =0
n—00

and therefore,
L lim u, =0
n—oo
But,
lim Lu, = lim (—m sinnw§)
n—>oo n—>oo

and this limit is undefined. We therefore have arrived at a contradiction,
and we conclude that d /d§ is unbounded.

Given the concepts of continuity and boundedness of a linear operator,
we can show that a bounded linear operator is uniquely determined by a

matrix. Indeed, let {z}g2; be a basis for H. Let L be a bounded linear
operator with

Lu=f

We expand u in the basis as follows:
n
U= ngr&’;akzk (1.85)
Since boundedness implies continuity,
n n
Lu = Lnl_i;gol;akzk = lim L k;akzk
By the linearity of the operator L, we then have

n
lim I;aksz =f (1.86)
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We take the inner product of both sides of (1.86) with a member of the
basis set to give

n
(n[Lﬂgo];aksz,zj) = (f, zj), ji=12,...

By continuity of the inner product and the rules for inner products, we
obtain

n
nl_il'lgol;ak(LZk,Zj) =(fiyj), Jj=12,... (1.87)

Equation (1.87) is a matrix equation that can be written in standard matrix
notation as follows:

(Lzi,z1) (Lz2,z1) - [ (f,z1)
(Lz1,2) (Lzz,z2) -+ || o2 | = | (fi22) (1.88)
If this matrix can be inverted to give the coefficients o1, 3, . . ., substitution

into (1.85) completes the determination of u.

EXAMPLE 1.26 On the real Hilbert space £, (0, 1), consider the integral equa-
tion

1
F&) = —pu(®) + fo K(E, Eyu(E)dE’ (1.89)

where
k(E,E') = §1-§), 0<éc<¢ (1.90)
£1-6, §=<&<1
In operator notation,
(L —pDu = f, £e0,1) (1.91)

where [ is the identity operator. The operator L — wI is bounded. We leave the
proof for Problem 1.26. We wish to obtain the matrix representation and thereby
solve the integral equation. We define the inner product for the space as in (1.63).
For basis functions, we choose

Zn = sinnwé, n=1,2,... (1.92)

Then, operating on any member of the basis set, we obtain

1
(L — ul)z, = —usinnné +f k(¢, E')sinnn&'dg’ (1.93)
0
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But, using (1.90), we find that
1 £ 1
/ k(, &)y sinnng'dg’ = (1 ——E)j & sinnmE'dE’ +E/ (1 —¢&)sinnmt'dE’
0 0 13

After some elementary integrations, we obtain the general matrix element in the
square matrix in (1.88), viz.

1
(L — ul)zn, 2m) = [W - M] (Zns Zm)

1 1
=3 ‘:_—_(mr)z - p,] Snm (1.94)

where the inner product is the usual inner product for £,(0, 1) and §,,, has been
defined in (1.33). The matrix representation in (1.88) therefore diagonalizes, and
the inversion yields

2
o = ——(fia), k=1,2,... (1.95)
Gy — K
Substitution of (1.95) into (1.85) yields the final result, viz.
o0 1 4 H ! !
kr&'d
230 fo FE)sinkng'dg Gk

i
k=1 e — M

u) =

nk (1.96)

In the above example of representation of an operator by a matrix, the
choice of the basis functions resulted in diagonalization of the matrix and,
therefore, trivial matrix inversion. There are many operators, however, that
do not have properties that result in this diagonalization. These concepts are
better understood after a study of operator properties and resulting Green’s
functions and spectral representations in the next two chapters.

An important collection of operators for which there are established
convergence criteria are nonnegative, positive, and positive-definite oper-
ators. The reader is cautioned that there is little uniformity of notation
concerning these operators in the literature. For the purposes herein, an
operator L is nonnegative if (Lx, x) > 0, for all x € Dr. An operator is
positiveif {Lx, x) > 0,forall x # 0inD,. An operator is positive-definite
if (Lx,x) > c2||x||?, for ¢ > 0 and x € Dy. An operator L is symmetric
if (Lx,x) = (x, Lx). It is easy to show that nonnegative, positive, and
positive-definite operators are symmetric. In fact, any operator having the
property that (Lx, x) is real is symmetric. Indeed,

{x,Lx) = (Lx,x) = (Lx, x)
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A special inner product and norm [17], associated with positive and
positive-definite operators, are useful in relating convergence criteria. De-
fine the energy inner product with respect to the operator L by

[x,y] = (Lx, y) (1.97)

With this inner product definition, D;, becomes a Hilbert space H. The
associated energy norm in Hy is given by

|x] = VLx. %) (1.98)

We emphasize that the operator L must be positive for (1.98) to satisfy the
basic definitions of a norm. Indeed, the energy inner product and norm
defined in (1.97) and (1.98) must be shown in each case to satisfy the rules
for inner products and norms. For positive-definite operators, we can prove
the following important relationship between norms:

1
Il < =] (1.99)

Indeed,
2
|x|? = (Lx, x) > x|
Therefore, )
2 2
x| < = |x|

Taking the square root of both sides yields the desired result.

Among the many forms of convergence criteria, there are several types
that are particularly useful in numerical methods in electromagnetics. For
a sequence {u,} C H, u, converges to u is written

Uy = U (1.100)

and means that
lim {u, —ull =0 (1.101)
n—00

The statement u,, converges in energy to u is written
Up —> U (1.102)

and means that
lim Ju, —u]=0 (1.103)
n—>oo
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The statement u,, converges weakly to u is written

Up —> U (1.104)
and means that for every g € H

lim [(u, —u,g)| =0 (1.105)

n—oo

It is straightforward to show the following relationships among the types
of convergence:

A. If || Lu,|| is bounded, convergence implies convergence in energy.
B. Convergence implies weak convergence.

C. Convergence in energy implies Lu, —> f. The weak conver-
gence is for those g, defined by (1.105), in H .. If, however, || Lu,||
is bounded, then Lu,, 25 finH.

D. If L is positive-definite, convergence in energy implies conver-
gence.

We first prove Property A. We have

Ju = un|? = UL Gtn = w), tn — w)] < 1LGtn — W] l1tn — ]
= |Lutp — Lu| lltn — ull < (1Lt | + N Lu]) l1t — )

Since, by hypothesis, ||Lu,|| is bounded and u,, — u, a limiting operation
gives
. _ 2
i Jun = u]* =0
To prove Property B, we use the CSB inequality to give
un —u, g)| < llun —ullligll
for any g in H. Taking the limit yields the desired result, viz.
Jm [(u, —u,g)| =0
To prove Property C, we have
{Lun = f, &)1 = UL(n — ), g)| = |lun — u, g1l <|un —u]]g]

where we have used the CSB inequality on Hilbert space H . By hypoth-
esis, we have convergence in energy. Therefore,

lim |(Luy — f,8)| =0
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for g € Hy. This procedure proves the first half of Property C. The proof
of the second half is based on the Hilbert space H;, being dense in H and
is omitted. (See [17, p. 24-25].) To prove Property D, we write

1
llun — ull < ;|un —ul

Taking the limit as n — 00 yields the desired result.

1.8 METHOD OF MOMENTS

The purpose of this section is to introduce the Method of Moments in a
general way and develop various special cases. Emphasis is on convergence
and error minimization.

If L is a linear operator, an approximate solution to Lu = f is given
by the following procedure. For L an operator in H, consider

Lu—f=0 (1.106)

where u € Dy, f € Ry. Define the linearly independent sets {¢x};_, C
Dy and {wi};_,, where ¢ and wy are called expansion functions and

weighting functions, respectively. Define a sequence of approximants to u
by

n
Un =Y o, n=12,... (1.107)
k=1

A matrix equation is formed in (1.106) by the condition that, upon replace-
ment of u by u,, the left side shall be orthogonal to the sequence {wy}. We
have

{(Lu, — f, wp) =0, m=1,2,...,n (1.108)

Substitution of (1.107) into (1.108) and use of (1.25) gives the matrix
equation of the Method of Moments [18],[19], viz.

En:dk(Ldnc, Wm) = (f, Wm), m=12,...,n (1.109)
k=1

Note that the exact operator equation (1.106) in a Hilbert space H has been
transformed into an approximate operator equation on Hilbert space Cy,
viz.

Ax=b (1.110)

where, in usual matrix form,

x=(o1 oy -+ an)l (1.111)
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b=(({fiw) (fiw) - (frwa)) (1.112)
A = [am] (1.113)

where T denotes transpose and ap; are the individual matrix elements,
given by
ami = (L, W) (1.114)

We note the following interesting result. If the operator L is bounded, if
wr=¢, and if the sequence ¢, k = 1, 2, ... is a basis for the Hilbert space,
then taking the limit as n — oo in (1.109) reproduces the result in (1.87).
We therefore view the Method of Moments given by (1.109) as an extension
to the matrix representation result for bounded operators in (1.87). There
remains, however, a basic question concerning the convergence of (1.107)
when the sequence {o]} is determined by solution of the matrix equation
(1.110).

In the special case where the expansion functions are identical to the
weighting functions, the result is Galerkin’s Method [17], viz.

N (Lo bm) = (fidm), m=1,2,....n (1.115)
k=1

If nothing is known about the mathematical properties of the operator L
other than its linearity, nothing in general can be said concerning the con-
vergence of the approximants u, to the solution u. Unfortunately, most
of the interesting and practical problems in electromagnetics involve op-
erators that are neither positive nor positive-definite. Therefore, most of
the large body of solutions to electromagnetic problems by the Method of
Moments lack any sort of mathematical convergence criteria.

If, however, the operator L is positive, we may define the Hilbert
space H;, with the norm given by (1.98). We then write (1.115) as follows:

> oule, dml = U, dm), m=1,2,...,n (1.116)
k=1

We further assume that the sequence {¢} is complete in ;. We may show
that, under these circumstances, Galerkin’s Method results in convergence
in energy. Indeed, since the complete sequence {¢%} defines H, we may
apply the Gram—Schmidt orthonormalization procedure. Assuming that
the ¢,, are orthonormal in (1.116), we obtain

ay = [u, ¢l (1.117)
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Substitution into (1.107) gives

n

un =Y [u, pildn (1.118)

k=1

which is the Fourier series expansion in 7, of u, with Fourier coefficients
given by (1.117). Therefore,

ng%|un—u|=o (1.119)

By Property C, the resultin (1.119) implies that Lu, —> f. Unfortunately,
nothing can be said about the nearness of u,, to u. If, however, L is positive-
definite, Property D states that the approximants converge, viz.

n1—1->ngo lup —ull =0 (1.120)

In the Galerkin procedure, if the operator L is positive and the sequence
{¢x]) is complete in H;, the method is called the Rayleigh—Ritz method.
For a classical treatment of the Rayleigh-Ritz method, the reader should
consult [17],[20].

For the more general operators often encountered in electromagnetics,
a positive operator can be produced by the following procedure. Consider

Lu=f (1.121)
Let the adjoint operator L* be defined by
(Lu,v) = (u, L*v) (1.122)

for u € Dy, v € Dr+. Then, if the adjoint L* exists, operating on both
sides of (1.121) with L* produces

L*Lu=L*f (1.123)

for any f € Dy,. Provided that Lu = 0 has none but the trivial solution,
it is easy to show that the operator L* L is positive. Indeed, (L*Lu, u) =
NLu||> > 0, unless Lu = 0. But, Lu = 0 implies u = 0.

The Method of Moments applied to L*L gives

n
3 o(L*Log, wm) = (L* fiwm), m=1,2,...,n  (1.124)
k=1
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The Galerkin specialization follows immediately, viz.
n
> @ (L* Lo, bm) = (L* fodm), m=12,...,n  (1125)
k=1

Since L*L is positive, if the sequence {¢x} is complete in Dy+7, (1.125) is
the Rayleigh—Ritz method and convergence in energy u, 5 uis assured,
viz.

tim |u, —u|=0 (1.126)

n— 0o

where the energy norm is with respect to the operator L*L. By properties
of the adjoint, (1.125) can also be written

iak(L(f’kaL‘pm) = (f, Lém), m=12,...,n (1.127)
k=1

which is the result in the Method of Least Squares, more usually derived
[20] by minimization of
ILun — £1?

It is easy to show that (1.126) implies that
Jim ([Lu, — flf =0 (1.128)

so that Lu, — f. Unless the operator L*L is positive-definite, nothing
can be said concerning the convergence of u, to u.

A.1 APPENDIX—PROOF OF PROJECTION
THEOREM

In this Appendix, we prove the Projection Theorem, considered in Section
1.6. We restate the theorem here for convenience. Let x be any vector in
the Hilbert space H, and let M C 'H be a closed linear manifold. Then,
there is a unique vector yo € M C H closest to x in the sense that

8 = inf -yl =lx- .
Y lx =yl = llx — yoll (A.1)
where inf is the greatest lower bound, or infimum. In other words, yo
is closest to x in the sense that ||x — yg|l < |lx — y|| for all y in M.
Furthermore, the necessary and sufficient condition that yy is the unique
minimizing vector is that e = x — yp is in M. The vector yy is called the
projection of x onto M. The vector e is called the projection of x onto ML
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In proving the Projection Theorem, we begin by noting that the first
equality in (A.1) makes sense. Indeed, ||x — y|| is bounded below by zero,
and therefore has a greatest lower bound. We next show that there exists
at least one vector yg closest to x. We begin by asserting that there exists
a vector y, € M such that by the definition of infimum,

1
‘SS"x—yn"<8+; (A2)
Taking the limit as n — oo, we find that
Jimflx =yl = 6 (A3)

Therefore, we can always define a sequence {y,} € M such that ||x — y,||
converges to 8. In (1.36), if we replace x by x — y, and y by x — y,,, we
obtain [21], after some rearrangement,

1
1n = Ymll* = 201x = Yull* + 20 = yml® = 8llx — =0 + ym)I* (A4)
2

Since M is a linear manifold, (y, + ym)/2 € M, and we may assert that

1
lx — E()’n +ym)ll =8
Therefore,
1¥n = Yml2 < 20 = yull® + 2lx — ymlI? — 482 (A.5)

In the limit as m, n — o0, the right side goes to 282 +26% — 482 =0, and
we conclude that the sequence {y,} is Cauchy. Since H is a Hilbert space
and M is closed, M is a Hilbert space and Cauchy convergence implies
convergence. Therefore, y, — yo € M.

We next show that yj is unique [22]. Suppose it is not unique. Then,
we must have at least two solutions yy and yq satisfying [|x — yol =
llx — Yoll = 8. Then,

A A 1 A
llyo = Foll? = 2llx = yol> + 2llx = Joll” = 4llx = 5Go + Fo)I”

<282 +28%2-482=0
(A.6)
Therefore, yo = Yo.
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Finally, we show thate = x — yo € M. We must show that e is

orthogonal to every vector in M. Suppose that there exists a vector z € M
that is not orthogonal to e. Then, we would have [23]

(,2) = (x —y0,2) = A #0, zeM (A7)
We define a vector zg € M such that
A
ZO = Y0 + —_—Z (A8)
SRNTE
Then,
2
x—=l"=x—-—yo— —52.x —yYo— —352)
b=zl T ||2 HE
e 30l = A x — 3 2) — Ao x — yo + 1AL
=X — 0:2) — 754X —
ST n2 - uzu2 Iz
— I = yol? = AT
Izl
(A.9)
Therefore,
lx — zoll < llx — yoll (A.10)
which, by (A.1), is impossible.
PROBLEMS
1.1. Using the rules defining a linear space, show that 0a = 0 and —la = —a.
1.2. Show that R, is a linear space.

1.3.
14.

1.5.

1.6.

Show that C(0,1) is a linear space.

As an extension to Example 1.4, inR;, letx; = (1, 3), x; = (2, 6.00000001).
Show that x; and x; are linearly independent. Comment on what might
occur in solving this problem on a computer with eight-digit accuracy. (This
problem is indicative of the difficulties that can arise in establishing linear
independence in numerical experiments in finite length arithmetic.)

If x1, x2, . .., x,, is a linearly dependent set, show that at least one member of
the set can be written as a linear combination of the other members.

Show that if 0 is a member of the set xy, x3, ..., x,, the set is linearly depen-
dent.

. Show that if a set containing n vectors is linearly dependent, and if m addi-

tional vectors are added to the set, the resulting set of n + m vectors is linearly
dependent.
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1.8.

1.9.

1.10.

1.11.

1.12.

1.13.

1.14.

1.15.

Show that in R,, the set of vectors
e =(1,0,...,0),e,=(0,1,...,0),...,, = (0,0,...,1)

is linearly independent. Is the same conclusion valid in C,? Is the set of
vectors a basis for C,?

Given the basic definition of an inner product space, show that

QO ouxe, y) =D awlxi, y)
k=1 k=1

Show that C(«, 8) with inner product defined by (1.27) is a real inner product
space.

Consider the linear space of real continuous twice differentiable functions
over the interval (0, 1). As a candidate for an inner product for the space,
consider

1
(fLg)= fo f'(x)g" (r)dr

where f and g are members of the space and “primes” indicate differentiation.
Determine whether ( f, g) is a legitimate inner product.

Prove the following corollary to the CSB inequality in (1.35):
(e, )= llxll iyl

if and only if x and y are linearly dependent.
Prove the following identity:
il = liyll F < lle = yll

Consider a complex inner product space with norm induced by the inner
product. If x and y are members of the space, prove that

(. ) — (%) = ’—2- (Ix + iyll2 = Ilx — iyll?)
and {
(x, y) + (. x) = 5 (Ix + ylI2 = llx = ylI?)

Given the following sequence in the space of rational numbers:

noq
x"=2(k—l)!

k=1

First, show that the sequence is Cauchy; next, show that the sequence does
not converge in the space. (Indeed, it converges to e; the details can be found
in [4].)
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1.16.

1.17.

1.18.

1.19.

1.20.

1.21.

1.22,

1.23.

Problems Chap. 1

Show that if S is a linear space, a linear manifold M C S is also a linear
space.
Letx;, k = 1,2, ..., n be a linearly independent sequence of vectors in the

Hilbert space H. Define M to be the set of all linear combinations of the n
vectors. Prove that M is a linear manifold.

Let R, be the space of all vectors consisting of a countably infinite set of real
numbers (components), Viz.

a=(a,0,...)

where oy, € R. Let M be the set of vectors in Ry, with only a finite number
of the countably infinite number of components different from zero. Show
that M is a linear manifold. Show that M is not closed. Hint: Consider the
concept of closed as applied specifically to the sequence of vectors

11 1
=(1,2,%,...,-,00,...
n ( 2’3" )

The Legendre functions P,(§), n = 0,1,2,..., are orthogonal on § €
(=1, 1), but they are not orthonormal. Create a sequence of orthonormal-
ized Legendre functions P &),n=0,1,2,.

GiventhatinR3, x; = (1,2,0),x, = (0, 1 2) x3=(1,0,1).

(a) Prove that {x}, x, x3} is a linearly independent set of vectors.
(b) From the linearly independent set, produce the first two members of the
associate orthonormal set using the Gram—Schmidt procedure.

Show that the determinant of the Gram matrix in (1.69) is nonzero if and only
if the sequence of vectors {y;} 11<”=1 is linearly independent [11].

Let Ry be the space described in Problem 1.18. If b = (84, B, . . .), define
an inner product for the space by

(@, b) =) B
k=1

Let the norm for the space be induced by the inner product. We restrict Ry,
to those vectors with finite norm. Define the operator A in Ry, by

1 1
Aa = (al, 5(!2, 50[3, .. )

Test the operator A for boundedness.
On the Hilbert space £,(—a, a), with inner product

E

(£,8) = f(é)g(é) —
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consider the following integral equation:

[ xemin-61—=E = s

This integral equation occurs in diffraction by a slit in a perfectly conducting
screen. It can be shown [14] that the operator

L= (-)lnln—ﬁl*—‘g——

o [a? — £2

is bounded. Solve the integral equation by using the Chebyshev polynomials
T, (& /o) as a basis for £,(—a, o) and obtaining the matrix representation for
L. Hint: The following are useful integral relations [15]:

/“ T,(n/e)Injg — nldn _ | ~7In/0)ToE/a),  n=0
—a va? —n? ——%T,,(E/a), n>0
0, m#n
flT(s)T(S)——‘fg—= T m=n#0
LS e T =
T, m=n=0

1.24. Let L = d/d§&, and consider the sequence of partial sums

n
1
U, = Z P coskmé
k=1

It is well-known [16] that

lim u, = —1In (2 sin E)
n—00 2

Show that lim,_, o Lu, is undefined. The problem is that L is unbounded.

This result is an example of the fact that a Fourier series cannot always be
differentiated term by term.

1.25. Let L = d/dg, and consider the sequence of partial sums

n
1
u, = kz; = coskm§

Using well-known series summation results [16], show that, although L is
unbounded, in this case the operator and limit can be interchanged.
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1.26.
1.27.

1.28.

1.29.

1.30.

Problems Chap. 1

Show that the operator in (1.91) with kernel defined in (1.90) is bounded.
Consider Hilbert space £,(—1, 1) with inner product

1
(u,v) = f u(§)v()dé
-1
where all functions are real-valued. Consider the following function f(£):

f&) =¢—48

Construct a function g(§) orthogonal to f(§). Adjust g(§) such that it has
unit norm

lg@l =1
Given that, in R3, x; = (1,1,0), x2 = (0,1, 1), x3 = (1,0, 1).

(a) Prove that {x;, x3, x3} is a linearly independent set of vectors.

(b) Using the Gram-Schmidt procedure, produce the first two members
{e1, ez} of the orthonormal set obtained from this linearly independent
set.

Given Hilbert space £,(0, 27r) with inner product

2n
u, v) = fo u(&)o@)dE

where members of the space are complex functions.

(a) Show that the sequence
{ eint;‘ };o‘o: o
is an orthogonal sequence.
(b) Produce an orthonormal (O.N.) sequence from the orthogonal sequence.
(c) Using the members of the O.N. sequence contained on —N <n < N,
where N is a positive integer, find the best approximation to

£(€) =sin (‘E ‘22") . 4eR

in the sense given in Section 1.6, Best Approximation.

Consider the real Hilbert space £(—1,1). For f(£), g(&) € L(—1,1),
define an inner product

1 d&
(frg) = f JOs6)

Determine whether this definition results in a legitimate inner product.
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1.31. Consider the real Hilbert space £, (0, 1) with inner product

1
<ﬁgh=£.ﬂ9ma@

where f(£), g(&§) € £2(0, 1). Suppose that

—1-3
& =1-3

(a) By the method of best approximation, approximate f (§) by f (£€), where
f(&) is a linear combination constructed from the orthonormal set

{/€coskm&}_, in £2(0, 1). In the orthonormal set, € is 1 for k = 0
and 2 for k # 0.

(b) Calculate the norm of the error || f (§) — f ®.
1.32. Consider Euclidean space Ry4. Define vectors a and b in R4 by

a‘_‘(alv"'va4)
b=(ﬂlv"'sﬂ4)

Define an inner product for the space by

4
(a,b) =) By
k=1

Consider those vectors a in R4 restricted by
(2] —a2=a3—a4=0

(a) Show that all vectors with this restriction form a linear manifold M.
(b) Find all vectors b that are members of M.
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