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Statistical prediction

1.1 Filtering

Filtering is searching information provided by observed events on nonobserved

events. These events are assumed to be associated with random experiments.

To describe such a problem, one may define a ?probability space? ðV;A;PÞ
and two sub-s-algebras of A, say B and C, respectively observed and non-

observed. ‘B-observed’ means that, for all B 2 B, the observer knows whether B

occurs or not. Information provided by B on C may be quantified by PB, the
?conditional probability? with respect to B. In general the statistician does not

know PB.

In the following, we are mainly interested in prediction (or forecasting). This

signifies that B is associated with the past and C with the future. In practice one tries

to predict a C-measurable ?random variable? Y from a B-measurable random

variable X.

If X is partly controllable, one can replace prediction by foresight, which

consists in preparing for the future by constructing scenarios and then by selecting

the most favourable option. It is then possible to make a plan for the future. We

refer to Kerstin (2003) for a discussion about these notions.

Predictions can also sometimes modify the future. For example the publication

of economic forecasts may change the behaviour of the economic agents involved

and, therefore, influences future data. This phenomenon is discussed in Armstrong

(2001), among others.
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In this book we don’t deal with this kind of problem, but we focus on statistical

prediction, that is, prediction of future from a time series (i.e. a family of data

indexed by time, see figure 1.1).1

1.2 Some examples

We now state some prediction problems. The following examples show that various

situations can arise.

Example 1.1 (The Blackwell’s problem)

The purpose is to predict occurrence or nonoccurrence of an event associated with

an experiment when n repetitions of this experiment are available. Let ðxn; n � 1Þ
be the sequence of results (xn ¼ 1 if the nth event occurs, ¼ 0 if not) and note by

pn ¼ pnðx1; . . . ; xnÞ any predictor of xnþ1. The problem is to choose a ‘good’ pn.

Note that the sequence ðxnÞ may be deterministic or random. ^

Example 1.2 (Forecasting a discrete time process)

Let ðXn; n � 1Þ be a real square integrable ?random process?. One observes

X ¼ ðX1; . . . ;XnÞ and intends to predict Y ¼ Xnþh ðh � 1Þ; h is called the

forecasting horizon.

1Provided by the NOAA-CIRES Climate Diagnostics Center: http://www.cdc.noaa.gov

Figure 1.1 Example of a time series.
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This scheme corresponds to many practical situations: prediction of tempera-

ture, unemployment rate, foreign exchange rate, . . . ^

Example 1.3 (Forecasting a continuous time process)

Let ðXt; t 2 RþÞ be a real square integrable ?continuous time random process?. One

wants to predict Y ¼ Xtþh (h > 0) from the observed piece of sample path

X ¼ ðXt; 0 � t � TÞ or X ¼ ðXt1 ; . . . ;XtnÞ.
The difference with the above discrete time scheme is the possibility of

considering small horizon forecasting (i.e. h ! 0ðþÞ).
Classical applications are: prediction of electricity consumption, evolution of

market prices during a day’s trading, prediction of the ?counting process?

associated with a ?point process?, . . . ^

Example 1.4 (Predicting curves)

If the data are curves one may interpret them as realizations of random variables with

values in a suitable function space. Example 1.3 can be rewritten in this new framework.

This kind of model appears to be useful when one wishes to predict the future

evolution of a quantity during a full time interval. For example, electricity consump-

tion for a whole day or variations of an electrocardiogram during one minute. ^

Example 1.5 (Prediction of functionals)

In the previous examples one may predict functionals linked with the future of the

observed process. For instance:

� The conditional density f X
Y or the conditional distribution PX

Y of Y given X.

� The next crossing at a given level, that is

Yx ¼ minft : t > n;Xt ¼ xg;

and, more generally, the next visit to a given Borel set,

YB ¼ minft : t > n;Xt 2 Bg:

Notice that the forecasting horizon is not defined for these visit questions.

� Finally it is interesting to construct prediction intervals of the form

PðY 2 ½aðXÞ; bðXÞ�Þ. ^

We now specify the prediction model, beginning with the real case.

1.3 The prediction model

Let ðV;A;Pu; u 2 QÞ be a statistical model, where A is the s-algebra of events on

V and ðPuÞ a family of probability measures on A indexed by the unknown
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parameter u. B ¼ sðXÞ is the observed ?s-algebra? and C the nonobserved one. X

takes its values in some ?measurable space? ðE0;B0Þ.
A priori one intends to predict a C-measurable real random variable Y .

Actually, for reasons that are specified below, we extend the problem by

considering prediction of gðX; Y ; uÞ 2
T

u2Q L2ðPuÞ, where g is known and Y

nonobserved.

If g only depends on Y we will say that one deals with pure prediction, if it

depends only on u it is an estimation problem; finally, if g is only a function of X the

topic is approximation (at least if g is difficult to compute!). The other cases are

mixed. So, prediction theory appears as an extension of estimation theory.

Now a statistical predictor of gðX; Y ; uÞ is a known real measurable function of

X, say pðXÞ. Note that the ?conditional expectation? EX
u;g is not in general a

statistical predictor. In the following we assume that pðXÞ 2
T

u2Q L2ðPuÞ, unless
otherwise stated.

In order to evaluate the accuracy of p one may use the quadratic prediction

error (QPE) defined as

Ruðp; gÞ ¼ EuðpðXÞ � gðX; Y ; uÞÞ2; u 2 Q:

This risk function induces the preference relation

p1 � p2 , Ruðp1; gÞ � Ruðp2; gÞ; u 2 Q: ð1:1Þ

If (1.1) is satisfied we will say that ‘the predictor p1 is preferable to the predictor p2

for predicting g’, and write p1 � p2 ðgÞ.
The QPE is popular and easy to handle, it has withstood the critics because it is

difficult to find a good substitute. However, some other preference relations will be

considered in Section 1.7 of this chapter.

Now, let PG be the class of statistical predictors p such that

pðXÞ 2 G ¼
T

u2Q Gu where Gu is some closed linear space of L2ðPuÞ, with
?orthogonal projector? Pu, u 2 Q. The following lemma shows that a prediction

problem is, in general, mixed.

Lemma 1.1 (Decomposition of the QPE)

If p 2 PG, its QPE has decomposition

Euðp � gÞ2 ¼ Euðp �PugÞ2 þ EuðPug � gÞ2; u 2 Q: ð1:2Þ

Hence, p1 � p2 for predicting g if and only if p1 � p2 for predicting Pug.

PROOF:

Decomposition (1.2) is a straightforward application of the Pythagoras theorem.
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Therefore

Euðp1 � gÞ2 � Euðp2 � gÞ2 , Euðp1 �PugÞ2 � Euðp2 �PugÞ2; u 2 Q:

&

Lemma 1.1 is simple but crucial: one must focus on the statistical prediction

error Euðp �PugÞ2, since the probabilistic prediction error EuðPug � gÞ2 is not

controllable by the statistician.

Thus, predicting gðX; Y ; uÞ or predicting PugðX; Y; uÞ is the same activity. In

particular, to predict Y is equivalent to predicting PuY ; this shows that a

nondegenerated prediction problem is mixed.

Example 1.6
Suppose that X1; . . . ;Xn are observed temperatures. One wants to know if Xnþ1 is

going to exceed some threshold u; then g ¼ 1Xnþ1>u and the problem is mixed. ^

Let us now give some classical examples of spaces G.

Example 1.7
If G ¼

T
u2Q L2ðV;B;PuÞ, then Pu is the conditional expectation given B. ^

Example 1.8
Suppose that X ¼ ðX1; . . . ;XnÞ where Xi 2 L2ðPuÞ, 1 � i � n and G ¼ sp

f1;X1; . . . ;Xng does not depend on u. Then Pug is the affine regression of g on X.^

Example 1.9
If X ¼ ðX1; . . . ;XnÞ with Xi 2 L2kðPuÞ, 1 � i � n, ðk � 1Þ and G ¼
spf1;Xi; . . . ;Xk

i ; 1 � i � ng does not depend on u. Then Pug is a polynomial

regression:

PugðX1; . . . ;XnÞ ¼ a0 þ
Xn

i¼1

Xk

j¼1

bjiX
j
i ;

where a0 and ðbjiÞ only depend on u. ^

1.4 P-sufficient statistics

As in estimation theory, sufficient statistics play a significant role in prediction. The

definition is more restrictive.
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Definition 1.1
A statistic SðXÞ is said to be sufficient for predicting gðX; Y; uÞ (or P-sufficient) if

(i) SðXÞ is sufficient in the usual sense, i.e. the conditional distribution P
SðXÞ
X of

X with respect to SðXÞ does not depend on u.

(ii)For all u, X and gðX; Y ; uÞ are ?conditionally independent? given SðXÞ.

Condition (ii) means that

P
SðXÞ
u ðX 2 B; g 2 CÞ ¼ P

SðXÞ
u ðX 2 BÞPSðXÞ

u ðg 2 CÞ;
u 2 Q;B 2 BR;C 2 BR:

Note that, if gðX; Y ; uÞ ¼ gðSðXÞ; uÞ, (ii) is automatically satisfied. Moreover

one may show (see Ash and Gardner 1975, p. 188) that (ii) is equivalent to

(ii) 0PX
u;g ¼ P

SðXÞ
u;g ; u 2 Q:

We now give a statement which connects sufficiency and P-sufficiency.

Theorem 1.1
Suppose that ðX; YÞ has a strictly positive density fuðx; yÞ with respect to a
?s-finite? measure m� n. Then

(a) If SðXÞ is P-sufficient for predicting Y, ðSðXÞ; YÞ is sufficient in the statistical

model associated with ðX; YÞ.

(b) Conversely if fuðx; yÞ ¼ huðSðxÞ; yÞcðxÞdðyÞ, then SðXÞ is P-sufficient for

predicting Y.

PROOF:

(a) Consider the decomposition

fuðx; yÞ ¼ fuðxÞfuðyjxÞ;

where fuð�Þ is the density of X and fuð�j�Þ the conditional density of Y given X ¼ �. If
SðXÞ is P-sufficient, the factorization theorem (see Lehmann and Casella 1998,

p. 35) yields fu ¼ ’uðSðxÞÞcðxÞ, where c does not depend on u.

Now (ii)0 entails fuðyjxÞ ¼ guðyjSðxÞÞ where guð�j�Þ is the conditional density of

Y given SðXÞ ¼ �.
Finally fuðx; yÞ ¼ ’uðSðxÞÞguðyjSðxÞÞcðxÞ and the factorization theorem gives

sufficiency of ðSðXÞ; YÞ in the model associated with ðX; YÞ.

(b)Conversely, the relation

fuðx; yÞ ¼ huðSðxÞ; yÞcðxÞdðyÞ
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may be replaced by fuðx; yÞ ¼ huðSðxÞ; yÞ by substituting m and n for c � m and d � n
respectively.

This implies

fuðxÞ ¼
Z

huðSðxÞ; yÞdnðyÞ :¼ HuðSðxÞÞ;

thus, SðXÞ is sufficient, and since

fuðyjxÞ ¼
huðSðxÞ; yÞ
HuðSðxÞÞ

;

(ii)0 holds, hence SðXÞ is P-sufficient. &

We now give some examples and counterexamples concerning P-sufficiency.

Example 1.10
Let X1; . . . ;Xnþ1 be independent random variables with common density ue�ux1x>0

ðu > 0Þ. Set X ¼ ðX1; . . . ;XnÞ and Y ¼ Xnþ1 � Xn. Then
Pn

i¼1 Xi is sufficient for X

but ð
Pn

i¼1 Xi; YÞ is not sufficient for ðX; YÞ.
This shows that, in Theorem 1.1 (a), P-sufficiency of SðXÞ cannot be replaced by

sufficiency. ^

Example 1.11
Let X ¼ ðX1;X2Þ and Y be such that the density of ðX; YÞ is

fuðx1; x2; yÞ ¼ u3=2e�uðx1þyÞe�
p2

4
x2
2
y1x1>0; x2>0;y>0; ðu > 0Þ:

Then ðX1; YÞ is sufficient in the model ðX; YÞ but X1 is not sufficient in the model

ðX1;X2Þ.
This shows that, in Theorem 1.1 (b), the result is not valid if the special form

fuðx; yÞ ¼ huðSðxÞ; yÞcðxÞdðyÞ does not hold. ^

Example 1.12 (discrete time Gaussian process)

Let ðXi; i � 1Þ be a ?Gaussian process?, where Xi ¼
d Nðu; 1Þ, i � 1 ðu 2 RÞ.

Suppose that the covariance matrix Cn of X ¼ ðX1; . . . ;XnÞ is known and invertible

for each n, and set

Cnþ1 ¼
Cn gnþ1

gnþ1 1

� �
:
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Then, in order to predict Y ¼ Xnþ1, the statistic

ðC�1
n unX;C�1

n gnþ1XÞ;

where un ¼ ð1; . . . ; 1Þ0, is P-sufficient. The statistic C�1
n unX is sufficient but not

P-sufficient. ^

Example 1.13 (Poisson process)

Let N ¼ ðNt; t � 0Þ be a homogeneous ?Poisson process? with intensity l, and

observed over ½0; T �. Then NT is sufficient. Now, since N is a ?Markov process? the

s-algebras sðNs; s � TÞ and sðNs; s > TÞ are independent given NT . Hence NT is

P-sufficient for predicting NTþh ðh > 0Þ. ^

Example 1.14 (Ornstein–Uhlenbeck process)

Consider an ?Ornstein–Uhlenbeck process? (OU) defined as

Xt ¼
Z t

�1
e�uðt�sÞdWðsÞ; t 2 R; ðu > 0Þ;

where W ¼ ðWt; t 2 RÞ is a ?standard bilateral Wiener process? and the integral is

taken in ?Ito? sense. ðXtÞ is a zero-mean stationary Gaussian Markov process. Here

the observed variable is XðTÞ ¼ ðXt; 0 � t � TÞ.
The likelihood of XðTÞ with respect to the distribution of WðTÞ ¼ ðWt; 0 � t � TÞ

in the space Cð½0; T �Þ of continuous real functions defined on ½0; T � with uniform

norm is

LðXðTÞ; uÞ ¼ exp � u

2
ðX2

T � X2
0 � TÞ � u2

2

Z T

0

X2
t dt

� �
; ð1:3Þ

(See Liptser and Shiraev 2001). Then, the factorization theorem yields sufficiency

of the statistics ðX2
0 ;X2

T ;
R T

0
X2

t dtÞ. Consequently ZT ¼ ðX0;XT ;
R T

0
X2

t dtÞ is also

sufficient.

Now, since ðXtÞ is Markovian, we have

sðXðTÞÞ ?? sðXTþhÞjsðXTÞ;

then

PZT

u;XTþh
¼ PXT

u;XTþh
¼ P

XðTÞ
u;XTþh

hence (ii)0 holds and ZT is P-sufficient for predicting XTþh. ^

The next statement shows that one may use P-sufficient statistics to improve a

predictor. It is a Rao–Blackwell type theorem (See Lehmann 1991, p. 47).
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Theorem 1.2 (Rao–Blackwell theorem)

Let SðXÞ be a P-sufficient statistic for gðX; Y ; uÞ and pðXÞ a statistical predictor of

g. Then ESðXÞpðXÞ is preferable to pðXÞ for predicting g.

PROOF:

P
SðXÞ
u;X does not depend on u, thus qðXÞ ¼ ESðXÞpðXÞ is again a statistical predictor.

Furthermore

Euðp � gÞ2 ¼ Euðp � qÞ2 þ Euðq � gÞ2 þ 2Euððp � qÞðq � gÞÞ: ð1:4Þ

Now, by definition of conditional expectation Euððp � qÞqÞ ¼ 0 and, from condition

(ii) in Definition 1.1,

Eu½ðp � qÞg� ¼ Eu½Es
uðp � qÞg� ¼ Es

uðp � qÞEs
uðgÞ ¼ 0

since Es
uðpÞ ¼ q; thus (1.4) gives Euðp � gÞ2 � Euðq � gÞ2. &

Note that, if (ii) does not hold, the result remains valid provided Eu½ðp � qÞg� ¼
0, u 2 Q.

Finally it is noteworthy that, if SðXÞ is P-sufficient to predict g it is also

P-sufficient to predict E
SðXÞ
u ðgÞð¼ EX

u ðgÞÞ; actually this conditional expectation is a

function of SðXÞ, hence X ?? E
SðXÞ
u ðgÞjSðXÞ.

1.5 Optimal predictors

A statistical predictor pO is said to be optimal in the family P of predictors of g if

pO � p; p 2 P

that is

EuðpO � gÞ2 � Euðp � gÞ2; u 2 Q; p 2 P:

Notice that, in the family of all square integrable predictors, such a predictor

does not exist as soon as EX
u ðgÞ is not constant in u. Indeed, p1ðXÞ ¼ EX

u1
ðgÞ is

optimal at u1 when p2ðXÞ ¼ EX
u2
ðgÞ is optimal at u2 which is impossible if

Eui
ðEX

u1
ðgÞ � EX

u2
ðgÞÞ2 6¼ 0; i ¼ 1; 2.

Thus, in order ro construct an optimal predictor, it is necessary to restrict P. For
example one may consider only unbiased predictors.

Definition 1.2
A predictor pðXÞ of gðX; Y; uÞ is said to be unbiased if

EuðpðXÞÞ ¼ EuðgðX; Y ; uÞÞ; u 2 Q: ð1:5Þ

Condition (1.5) means that p is an unbiased estimator of the parameter EuðgÞ.
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Example 1.15 (Autoregressive process of order 1)

Consider an autoregressive process of order 1 (AR(1)) defined as

Xn ¼
X1
j¼0

uj"n�j; n 2 Z ð1:6Þ

where ð"n; n 2 ZÞ is strong white noise (i.e. a sequence of i.i.d. random variables

such that 0 < E"2n ¼ s2 < 1 and E"n ¼ 0) and 0 < juj < 1. The series converges

in mean square and almost surely.

From (1.6) it follows that

Xn ¼ uXn�1 þ "n; n 2 Z;

then

E
sðXi;i�nÞ
u;s2 ðXnþ1Þ ¼ uXn:

For convenience we suppose that s2 ¼ 1� u2, hence Eu;s2ðX2
nÞ ¼ 1. Now a natural

unbiased estimator of u, based on X1; . . . ;Xn (n > 1) is

ûn ¼ 1

n � 1

Xn�1

i¼1

XiXiþ1;

hence a predictor of Xnþ1 is defined as

X̂nþ1 ¼ ûnXn:

Now we have

EuðX̂nþ1Þ ¼ u2
1� un�1

ð1� uÞðn � 1ÞEuðX3
0Þ;

thus X̂nþ1 is unbiased if and only if (iff)

EuðX3
0Þ ¼ 0; 0 < juj < 1: ^

We now give an extension of the classical Lehmann–Scheffé theorem (see Lehmann

1991, p. 88).

First recall that a statistic S is said to be complete if

EuðUÞ ¼ 0; u 2 Q and U ¼ ’ðSÞ ) U ¼ 0;Pu a:s: for all u:

Theorem 1.3 (Lehmann–Scheffé theorem)

If S is a complete P-sufficient statistic for g and p is an unbiased predictor of g, then

ESðpÞ is the unique optimal unbiased predictor of g (Pu a.s. for all u).
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PROOF:

From Theorem 1.2 any optimal unbiased predictor of g is a function of S. Thus ESðpÞ
is a candidate since Eu½ESp� ¼ EuðpÞ ¼ g. But completeness of S entails uniqueness

of an unbiased predictor of g as a function of S, hence ESðpÞ is optimal. &

Example 1.13 (continued)

NT is a complete P-sufficient statistic for NTþh, the consequently unbiased predictor

pðNTÞ ¼
T þ h

T
NT

is optimal for predicting NTþh. Its quadratic error is

ElðpðNTÞ � NTþhÞ2 ¼ lh 1þ h

T

� �
:

It is also optimal unbiased for predicting

ENT

l ðNTþhÞ ¼ lh þ NT

with quadratic error

ElðpðNTÞ � ENT

l ðNTþhÞÞ2 ¼
lh2

T
: ^

The following statement gives a condition for optimality of an unbiased predictor.

Theorem 1.4
Set U ¼ fUðXÞ : EuU

2ðXÞ < 1;EuUðXÞ ¼ 0; u 2 Qg. Then an unbiased predictor

p of g is optimal iff

Eu½ðp � gÞU� ¼ 0;U 2 U; u 2 Q: ð1:7Þ

PROOF:

If p is optimal, we set

q ¼ p þ aU;U 2 U;a 2 R;

then

Euðp þ aU � gÞ2 � Euðp � gÞ2;

therefore

a2EuU
2 þ 2aEuððp � gÞUÞ � 0;U 2 U;a 2 R

which is possible only if (1.7) holds.
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Conversely, if p satisfies (1.7) and p0 denotes another unbiased predictor, then

p0 � p 2 U, therefore

Eu½ðp � gÞðp0 � pÞ� ¼ 0;

which implies

Eu½ðp0 � gÞ2 � ðp � gÞ2� ¼ Euðp02 � p2Þ � 2Eu½ðp0 � pÞg�
¼ Euðp02 � p2Þ � 2Eu½ðp0 � pÞp�
¼ Euðp0 � pÞ2 � 0;

thus p is preferable to p0. &

Note that such a predictor is unique. Actually, if p0 is another optimal unbiased

predictor, (1.7) yields

Euððp0 � pÞUÞ ¼ 0;U 2 U; u 2 Q

which shows that p0 � p is an optimal unbiased predictor of 0. But 0 is an optimal

unbiased predictor of 0, with quadratic error 0, thus Euðp0 � pÞ2 ¼ 0, u 2 Q hence

p0 ¼ p, Pu a.s. for all u.

Now, since an unbiased predictor of g is an unbiased estimator of Eug, it is

natural to ask whether the best unbiased estimator (BUE) of Eug and the best

unbiased predictor (BUP) of g coincide or not.

The next theorem gives an answer to this question.

Theorem 1.5
The BUE of Eug and the BUP of g coincide iff

EuðgUÞ ¼ 0;U 2 U; u 2 Q: ð1:8Þ

PROOF:

First suppose that (1.8) holds. If p is the BUE of Eug, it is also the BUP of Eug, then

Theorem 1.4 implies that, for all U 2 U and all u 2 Q, we have

Euððp � EugÞUÞ ¼ 0; ð1:9Þ

therefore EuðpUÞ ¼ 0, and from (1.8) it follows that

Eu½ðp � gÞU� ¼ 0

then (1.7) holds and p is the BUP of g.
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Conversely a BUP of g satisfies (1.7), and, if it coincides with the BUE of Eug,

(1.9) holds. Finally, (1.7) and (1.9) give (1.8). &

Note that, if Eug ¼ 0, u 2 Q, the BUE of Eug is p ¼ 0. Thus 0 is the BUP of g if and

only if (1.8) holds. For example, if g is zero-mean and independent of X, 0 is the

BUP of g and its quadratic error is Eug
2.

Example 1.13 (continued)

If X ¼ NT is observed we have U ¼ f0g, hence pðNTÞ ¼ NTðT þ hÞ=T is the BUP

of NTþh and the BUE of ElðNTþhÞ ¼ lðT þ hÞ. ^

We now indicate a method that allows us to construct a BUP in some special cases.

Theorem 1.6
If g is such that

EX
u ðgÞ ¼ fðXÞ þ cðuÞ; u 2 Q

where f 2 L2ðPu;xÞ and c are known, and if sðXÞ is the BUE of cðuÞ; then

pðXÞ ¼ fðXÞ þ sðXÞ
is the BUP of g.

PROOF:

First note that Euðp � EugÞ2 ¼ Euðs � cðuÞÞ2. Now, let q be another unbiased

predictor of g, then q � f is an unbiased estimator of cðuÞ, hence

Euðq � f� cðuÞÞ2 � Euðs � cðuÞÞ2

that is

Euðq � EX
u ðgÞÞ

2 � Euðp � EX
u ðgÞÞ

2

thus, p � q, for predicting EX
u ðgÞ and, from Lemma 1.1, it follows that p � q for

predicting g. &

Example 1.10 (continued)

Here we have EX
u ðYÞ ¼ u � Xn and, by the Lehmann–Scheffé theorem, �Xn is the

BUE of u. Thus Theorem 1.6 shows that pðXÞ ¼ �Xn � Xn is the BUP of Y . ^

Example 1.16 (Semi-martingales)

Let ðXt; t 2 RþÞ be a real square integrable process and mðu; tÞ a deterministic

function, such that

Yt ¼ Xt þ mðu; tÞ; t 2 Rþðu 2 Q 	 RÞ
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is a martingale with respect to F t ¼ sðXs; 0 � s � tÞ, t 2 Rþ, i.e.

EF s

u ðYtÞ ¼ Ys; 0 � s � t; u 2 Q:

In order to predict XTþh (h > 0) given the data XðTÞ ¼ ðXt; 0 � t � TÞ we write

E
XðTÞ
u ðXTþhÞ ¼ EF T

u ðYTþh � mðu; T þ hÞÞ
¼ XT þ ½mðu; TÞ � mðu; T þ hÞ�;

and it is possible to apply Theorem 1.6 if cðuÞ ¼ mðu; TÞ � mðu; T þ hÞ possesses a
BUE.

In particular if ðXtÞ has ?independent increments? then ðXt � EuðXtÞÞ becomes a

martingale with mðu; tÞ ¼ �EuðXtÞ.
A typical example is again the Poisson process: ðNtÞ has independent incre-

ments, then ðNt � ltÞ is a martingale and ENT

l ¼ NT þ lh; applying Theorem 1.6

one again obtains that

NT þ NT

T
h ¼ T þ h

T
NT

is the BUP of NTþh. ^

The next lemma shows that existence of unbiased predictors does not imply

existence of a BUP.

Lemma 1.2
Let (Xt; t 2 IÞðI ¼ Z or RÞ be a square integrable, zero-mean real Markov process

with

EF T

u ðXTþhÞ ¼ ’Tðu;XTÞ; u 2 Q;

where F T ¼ sðXs; s � TÞ.
Suppose that

(i) Eu0 ½’Tðu;XTÞ� ¼ 0; u 2 Q; u0 2 Q,

(ii) there exist u1 and u2 in Q such that Pu1;XT
and Pu2;XT

are *equivalent* and

Pu1 ½’Tðu1;XTÞ 6¼ ’Tðu2;XTÞ� > 0:

Then, the class of unbiased predictors of XTþh, given X ¼ ðXt; 0 � t � TÞ does not

contain a BUP.
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PROOF:

Consider the statistical predictor p1ðXÞ ¼ ’Tðu1;XTÞ; from (i) it follows that it is

unbiased, and a BUP pO must satisfy

pOðXÞ ¼ p1ðXÞPu1 a:s: ð1:10Þ

Similarly, if p2ðXÞ ¼ ’Tðu2;XTÞ, we have

pOðXÞ ¼ p2ðXÞPu2 a:s: ð1:11Þ

and (ii) shows that (1.10) and (1.11) are incompatible. &

Example 1.14 (continued)

For the OU process, XT ¼
d Nð0; 1=2uÞ and EF T

u ðXTþhÞ ¼ e�uhXT , then (i) and (ii)

hold and there is no BUP. ^

Example 1.15 (continued)

If ð"nÞ is Gaussian, Xn ¼
d Nð0; 1Þ, and, since EF T

u ðXTþ1Þ ¼ uXT , no BUP may exist.

In particular X̂Tþ1 is not BUP. ^

1.6 Efficient predictors

Under regularity conditions it is easy to obtain a Cramér–Rao type inequality for

unbiased predictors. More precisely we consider the following assumptions:

Assumptions 1.1 (A1.1)
Q 	 R is an open set, the model associated with X is dominated by a s-finite

measure m, the density f ðx; uÞ of X is such that fx : f ðx; uÞ > 0g does not depend on

u, @f ðx; uÞ=@u does exist. Finally the Fisher information

IXðuÞ ¼ Eu
@

@u
ln f ðX; uÞ

� �2

satisfies 0 < IXðuÞ < 1, u 2 Q.

Theorem 1.7 (Cramér–Rao inequality)

If A1.1 holds, p is an unbiased predictor, and the equalityZ
pðxÞf ðx; uÞdmðxÞ ¼ EuðgðX; Y ; uÞÞ

can be differentiated under the integral sign, then

Euðp � gÞ2 � Euðg � EX
u gÞ2 þ

½g 0ðuÞ � EuðEX
u ðgÞ @

@u
ln f ðX; uÞÞ�2

IXðuÞ
; ð1:12Þ

where gðuÞ ¼ EugðX; Y ; uÞ.
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PROOF:

Clearly it suffices to show that Euðp � EX
u gÞ2 is greater than or equal to the second

term in the right hand side of (1.12).

Now the ?Cauchy–Schwarz? inequality yields

Cov p � EX
u g;

@

@u
ln f

� �
� ½Euðp � EX

u gÞ2�1=2½IXðuÞ�1=2

moreover

Cov p � EX
u g;

@

@u
ln f

� �
¼ Eu p

@

@u
ln f

� �
� Eu EX

u ðgÞ
@

@u
ln f

� �

¼ g 0ðuÞ � Eu EX
u ðgÞ

@

@u
ln f

� �
;

hence (1.12). &

The next statement gives an inequality very similar to the classical Cramér–Rao

inequality.

Corollary 1.1
If, in addition, the equality

gðuÞ ¼
Z

EX¼x
u ðgÞf ðx; uÞdmðxÞ ð1:13Þ

is differentiable under the integral sign, then

EuðpðXÞ � EX
u ðgÞÞ

2 �
Eu

@EX
u ðgÞ
@u

� �� �2
IXðuÞ

; u 2 Q: ð1:14Þ

PROOF:

Differentiating (1.13) one obtains

g 0ðuÞ ¼
Z

@

@u
ðEX¼x

u ðgÞÞf ðx; uÞdmðxÞ þ
Z

EX¼x
u ðgÞ @ ln f ðx; uÞ

@u
f ðx; uÞdmðxÞ

hence (1.14) from (1.12) where g is replaced by EX
u g. &

Of course, (1.12) and (1.14) reduce to the classical Cramér–Rao inequality (see

Lehmann 1991, p. 120) if g only depends on u. So we will say that p is efficient if

(1.12) is an equality. Note that p is efficient for predicting g if and only if it is

efficient for predicting EX
u ðgÞ.

We now give a result similar to Theorem 1.6.
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Theorem 1.8
Under A1.1 and conditions in Theorem 1.6, if s(X) is an efficient unbiased estimator

(EUE) of cðuÞ, then pðXÞ ¼ fðXÞ þ sðXÞ is an efficient unbiased predictor (EUP)

of g.

PROOF:

Efficiency of sðXÞ means that c is differentiable and

EuðsðxÞ � cðuÞÞ2 ¼ ½c0ðuÞ�2

IXðuÞ
; ð1:15Þ

now we have

EuðpðXÞÞ ¼ EuðEX
u gÞ ¼ gðuÞ ð1:16Þ

and

EuðpðXÞ � EX
u ðgÞÞ

2 ¼ EuðsðXÞ � cðuÞÞ2:

Noting that

@

@u
EuðfðXÞÞ ¼

@

@u

Z
fðxÞf ðx; uÞdmðxÞ

¼ Eu fðXÞ @ ln f ðX; uÞ
@u

� �

and

Eu cðuÞ @ ln f ðX; uÞ
@u

� �
¼ 0

we obtain

g 0ðuÞ � Eu EX
u ðgÞ

@ ln f ðX; uÞ
@u

� �
¼ c0ðuÞ

then, the lower bound in (1.12) is ½c0ðuÞ�2=IXðuÞ and efficiency of pðXÞ follows

from (1.15) and (1.16). &

Example 1.10 (continued)

It is easy to verify that �Xn � Xn is an efficient predictor of Xnþ1 � Xn. ^
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Example 1.17 (Signal with Gaussian noise)

Consider the process

Xt ¼ u

Z t

0

f ðsÞds þ Wt; t � 0

where u 2 R, f is a locally square integrable function such that
R t

0
f 2ðsÞds > 0 for

t > 0 and ðWtÞ is a standard Wiener process.

One can show (see Ibragimov and Hasminskii (1981)) that the maximum

likelihood estimator of u based on X ¼ ðXt; 0 � t � TÞ is

ûT ¼
R T

0
f ðtÞdXtR T

0
f 2ðtÞdt

¼ u þ
R T

0
f ðtÞdWtR T

0
f 2ðtÞdt

:

ûT is an EUE with variance
R T

0
f 2ðtÞdt

� ��1

.

Now, for h > 0, we have

EX
u ðXTþhÞ ¼ XT þ u

Z Tþh

T

f ðtÞdt :¼ fðXÞ þ cðuÞ:

Applying Theorem 1.8 we obtain the EUP

X̂Tþh ¼ XT þ
R T

0
f ðtÞdXtR T

0
f 2ðtÞdt

Z Tþh

T

f ðtÞdt

with quadratic error

EuðX̂Tþh � XTþhÞ2 ¼

R Tþh

T
f ðtÞdt

� �2

R T

0
f 2ðtÞdt

þ h: ^

The next example shows that A1.1 does not imply existence of an EUP.

Example 1.18
If X ¼ ðX1; . . . ;XnÞ¼

d Nðu; 1Þ�n ðu 2 RÞ and g ¼ uXn, the Cramér–Rao bound is

u2=n. Then an EUP pðXÞ must satisfy E0ðpðXÞ � 0Þ2 ¼ 0 hence pðXÞ ¼ 0 Pu a.s. for

all u, which is contradictory. ^

We now study conditions for existence of an EUP, beginning with a necessary

condition.
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Theorem 1.9 (Extended exponential model)

If A1.1 holds, @ ln f=@u and Euðð@ ln f=@uÞðp � EX
u gÞÞ=IXðuÞ are continuous in u

and if p is EUP for g with

EuðpðXÞ � EX
u gÞ2 > 0; u 2 Q

then

f ðx; uÞ ¼ expðAðuÞpðxÞ � Bðx; uÞ þ CðxÞÞ ð1:17Þ

where

@Bðx; uÞ
@u

¼ A0ðuÞEX
u ðgÞ: ð1:18Þ

PROOF:

If p is efficient for g, it is efficient for EX
u ðgÞ and the Cauchy–Schwarz inequality

becomes an equality. Hence @ ln f ðX; uÞ=@u and pðXÞ � EX
u ðgÞ are collinear, and

since they are not degenerate, this implies that

@ ln f ðX; uÞ
@u

¼ aðuÞðpðXÞ � EX
u ðgÞÞ ð1:19Þ

where

aðuÞ ¼ IXðuÞ

Eu
@ ln f

@u
ðp � EX

u gÞ
� � :

Using the continuity assumptions one may integrate (1.19) to obtain (1.17) and

(1.18). &

Note that decomposition (1.17) is not unique. Actually one may rewrite it under

the form

f ðx; uÞ ¼ expðAðuÞðpðxÞ þ hðxÞÞ � ½Bðx; uÞ þ AðuÞhðxÞ� þ CðxÞÞ

but the prediction problem is then different: pðXÞ þ hðXÞ is EUP for EX
u ðgÞ þ hðXÞ.

The next statement gives a converse of Theorem 1.9 in a canonical case.

Theorem 1.10
Consider the model

f ðx; uÞ ¼ expðupðxÞ � Bðx; uÞ þ CðxÞÞ; u 2 Q:
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If A1.1 holds and the equality
R

f ðx; uÞdmðxÞ ¼ 1 is twice differentiable under the

integral sign, then pðXÞ is an EUP of @BðX; uÞ=@u.

PROOF:

By differentiating
R

f ðx; uÞdmðxÞ ¼ 1 one obtainsZ
½pðxÞ � @B

@u
ðx; uÞ�f ðx; uÞdmðxÞ ¼ 0;

therefore

EupðXÞ ¼ Eu
@B

@u
ðX; uÞ

� �
:

Differentiating again leads to

Z
pðxÞ � @B

@u
ðx; uÞ

� �2
f ðx; uÞdmðxÞ ¼

Z
@2B

@u2
ðx; uÞf ðx; uÞ@mðxÞ;

that is

Eu pðXÞ � @B

@u
ðX; uÞ

� �2

¼ E
@2BðX; uÞ

@u2

� �
;

it is then easy to verify that Euð@2BðX; uÞ=@u2Þ is the Cramér–Rao bound: p is

EUP. &

Example 1.13 (continued)

Here the likelihood takes the form

f1ðNT ; lÞ ¼ expð�lT þ NT ln lþ cðNTÞÞ;

putting u ¼ ln l yields

f ðNT ; uÞ ¼ expðuNT � Teu þ cðNTÞÞ

hence NT is EUP for @ðTeuÞ=@u ¼ lT, thus ðNT=TÞh is EUP for lh. From Theorem

1.8 it follows that ðNT=TÞh þ NT is EUP for lh þ NT ¼ ENT

l ðNTþhÞ and for NTþh.^

Example 1.14 (continued)

Taking into account the form of the likelihood we set

pðXÞ ¼ T � X2
T þ X2

0

2
and BðX; uÞ ¼ u2

2

Z T

0

X2
t dt;

then, Theorem 1.10 gives efficiency of pðXÞ for predicting u
R T

0
X2

t dt.
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Taking u0 ¼ u2 as a new parameter, one obtains

f1ðX; u0Þ ¼ exp � u0

2

Z T

0

X2
t dt �

ffiffiffiffi
u0

p X2
T � X2

0 � T

2

� �
;

hence

� 1

2

Z T

0

X2
t dt

is efficient for predicting

1

2
ffiffiffiffi
u0

p X2
T � X2

0 � T

2
¼ 1

4u
ðX2

T � X2
0 � TÞ:

This means that the empirical moment of order 2,

1

T

Z T

0

X2
t dt

is efficient for predicting

1

2u
1� X2

T

T
þ X2

0

T

� �
:

It can be shown that it is not efficient for estimating EuðX2
0Þ ¼ 1=2u. In fact, its

variance is

1

2u3T
þ 1

4u2T2
ð1� e�2uTÞ

when the Cramér–Rao bound is 1=ð2u3TÞ.
Note that the above predicted variables are not natural conditional expectations.

Of course the genuine problem is to predict EF T

u ðXTþhÞ ¼ e�uhXT , but we have seen

in Section 1.5 that there is no BUP in that case. We will consider this question from

an asymptotic point of view in the next chapter. ^

Example 1.19 (Noncentered Ornstein–Uhlenbeck process)

Consider the process

Xt ¼ m þ
Z t

�1
e�uðt�sÞdWðsÞ; t 2 R ðu > 0;m 2 RÞ

where W is a standard bilateral Wiener process.
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Suppose that u is known and m is unknown, and consider the process

X0;t ¼
Z t

�1
e�uðt�sÞdWðsÞ; t 2 R:

On the space C½0; T� the likelihood of ðXt; 0 � t � TÞ with respect to

ðX0;t; 0 � t � TÞ has the form

f ðX;mÞ ¼ exp � um2

2
ð2þ uTÞ þ um X0 þ XT þ u

Z T

0

Xsds

� �� �
;

(see Grenander 1981), therefore u X0 þ XT þ u
R T

0
Xsds

� �
is EUE for umð2þ uTÞ

and

mT ¼ 1

ð2þ uTÞ X0 þ XT þ
Z T

0

Xsds

� �

is EUE for m.

Now EF T

u ðXTþhÞ ¼ e�uhðXT � mÞ þ m ¼ mð1� e�uhÞ þ e�uhXT n, and, from

Theorem 1.8 it follows that mTð1� e�uhÞ þ e�uhXT is EUP for EF T

u ðXTþhÞ and

for XTþh.

Finally, since u is known, the efficient predictor is

X̂Tþh ¼ e�uhXT þ 1� e�uh

2þ uT
X0 þ XT þ

Z T

0

Xsds

� �
:

^

Example 1.13 (continued)

Suppose that one wants to predict 1fNTþh¼0g. Then p ¼ ð�h=TÞNT is the unique

unbiased predictor function of NT . It is optimal but not efficient. Moreover the naive

predictor 1fNT¼0g is not unbiased but preferable to p.

Thus an optimal predictor is not always efficient and an unbiased optimal

predictor is not always a good predictor. ^

1.7 Loss functions and empirical predictors

The quadratic prediction error is not the single interesting risk function. Other

preference relations are also used in practice.

Another matter is optimality; it is sometimes convenient to use predictors that

are suboptimal but easy to compute and (or) robust.

In the current section we glance at various preference relations and some

empirical predictors.
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1.7.1 Loss function

A loss function L : R
 R ! R is a positive measurable function such that

Lða; aÞ ¼ 0, a 2 R. It generates a risk function defined as

Ruðg; pÞ ¼ Eu½LðgðX; Y; uÞ; pðXÞÞ�; u 2 Q

which measures the accuracy of p when predicting g.

The resulting preference relation is

p1 � p2 , Ruðg; p1Þ � Ruðg; p2Þ; u 2 Q:

The following extension of the Rao–Blackwell theorem holds.

Theorem 1.11
Let � be a preference relation defined by a loss function Lðx; yÞ which is convex

with respect to y. Then, if S is P-sufficient for g and p is an integrable predictor, we

have

ES
p � p: ð1:20Þ

PROOF:

We only give a sketch of the proof; for details we refer to Adke and Ramanathan

(1997).

First we have the following preliminary result:

Let ðV;A;PÞ be a Probability space; F 1, F 2, F 3 three sub-s-algebras of A,

then

F 1??F 2jF 3 ) sðF 1 [ F 3Þ??sðF 2 [ F 3jF 3Þ:

A consequence is:

if U1, U2 are real random variables such that U1 2 L1ðV; sðF 1 [ F 3Þ;PÞ,
U2 2 L0ðsðF 2 [ F 3ÞÞ, the space of real and sðF 2 [ F 3Þ-measurable applications,

and U1U2 2 L1ðV;A;PÞ, then

EF 3ðU1Þ ¼ 0 ) EðU1U2Þ ¼ 0: ð1:21Þ

Now, by using convexity of L, one obtains

Lðg; pÞ � Lðg;ESðpÞÞ þ L0ðg;ESðpÞÞðp � ESðpÞÞ ð1:22Þ

where L0 is the right derivative of Lðg; �Þ.
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Choosing F 1 ¼ sðXÞ, F 2 ¼ sðgÞ, F 3 ¼ sðSÞ and applying (1.21) one obtains

(1.20) by taking expectations in (1.22). &

Note that an immediate consequence of Theorem 1.11 is an extension of the

Lehmann–Scheffé theorem (Theorem 1.3). We let the reader verify that various

optimality results given above remain valid if the quadratic error is replaced by a

convex loss function.

1.7.2 Location parameters

Suppose that L is associated with a location parameter m defined by

ELðZ;mÞ ¼ min
a2R

ELðZ; aÞ

with PZ 2 PL, a family of probability measures on R. Then, since

Eu½Lðg; pÞ� ¼ Eu½EX
u Lðg; pÞ�; ð1:23Þ

if PX
u;g 2 PL, the right side of (1.23) is minimum for p0ðXÞ ¼ muðXÞ, where muðXÞ

is the location parameter associated with PX
u;g. If x 7!muðxÞ is measurable, one

obtains

EuLðg; p0ðXÞÞ ¼ min
p2L0ðBÞ

EuLðg; pðXÞÞ; u 2 Q:

Three particular cases are classical:

� If Lðu; vÞ ¼ ðv � uÞ2, muðXÞ ¼ EX
u ðgÞ,

� if Lðu; vÞ ¼ jv � uj, muðXÞ is a median of PX
u;g,

� if Lðu; vÞ ¼ 1jv�uj�" ð" > 0Þ, muðXÞ is a mode of PX
u;g. Note that this last loss

function is not convex with respect to v.

In order to construct a statistical predictor based on these location parameters,

one may use a plug-in method: this consists of replacing u by an estimator ûðXÞ to
obtain the predictor

pðXÞ ¼ mûðXÞðXÞ:

Such a predictor is not optimal in general but it may have sharp asymptotic

properties if û is a suitable estimator of u. We give some details in Chapter 2.

In a nonparametric framework the approach is somewhat different: it uses direct

estimators of the conditional location parameter. For example the regression kernel

estimator allowsus toconstruct a predictor associatedwith conditional expectation (see
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Chapter 6). For the conditional mode (respectively median) it may be estimated by

takingthemode(respectivelymedian)ofanonparametricconditionaldensityestimator.

1.7.3 Bayesian predictors

In the Bayesian scheme one interprets u as a random variable with a prior

distribution t.

Then if ðX; YÞ has density f ðx; y; uÞ with respect to m� n s-finite, ðX; Y ; uÞ has

density f ðx; y; uÞ with respect tom� n� t. Thus, the marginal density of ðX; YÞ is given
by

’ðx; yÞ ¼
Z

f ðx; y; uÞdtðuÞ:

Now, if L is a loss function with risk Ru, the associated Bayesian risk for predicting

Y is defined as

rðY ; pðXÞÞ ¼
Z

RuðY; pðXÞÞdtðuÞ

¼
Z

Lðy; pðxÞÞf ðx; y; uÞdmðxÞdnðyÞdtðuÞ

¼
Z

Lðy; pðxÞÞ’ðx; yÞdmðxÞdnðyÞ:

As before a solution of minp rðY ; pðXÞÞ is a location parameter associated with PX
Y .

If L is quadratic error, one obtains the Bayesian predictor

~Y ¼ EXðYÞ ¼
Z

y’ðyjXÞdnðyÞ ð1:24Þ

where ’ð�jXÞ is the marginal conditional density of Y given X.

Of course the recurrent problem is choice of the prior distribution. We refer to

Lehmann and Casella (1998) for a comprehensive discussion.

Now the Bayesian approach turns out to be very useful if X does not provide

enough information about Y . We give an example.

Example 1.20
Consider the model

Y ¼ uX þ "; ðjuj < 1Þ

where X and Y have distribution Nð0; 1Þ and "?? X. Then (1.24) gives

~Y ¼ EðuÞX ¼
Z 1

�1

udtðuÞ � X;

while no reasonable nonbayesian predictor is available if u is unknown. ^
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1.7.4 Linear predictors

Let ðXt; t � 1Þ be a real square integrable stochastic process; assume that

X ¼ ðX1; . . . ;XnÞ is observed and Y ¼ Xnþ1 has to be predicted.

A commonly used empirical predictor is the linear predictor

pðXÞ ¼
Xn

i¼1

aiXi: ð1:25Þ

If
Pn

i¼1 ai ¼ 1 and X1; . . . ;Xnþ1 have the same expectation, pðXÞ is unbiased. A

typical predictor of this form is the simple exponential smoothing given by

pbðXÞ ¼
Xn þ bXn�1 þ � � � þ bn�1X1

1þ bþ � � � lþ bn�1
;

with 0 � b � 1.

If b ¼ 0, it reduces to the naive predictor

p0ðXÞ ¼ Xn;

if b ¼ 1, one obtains the empirical mean

p1ðXÞ ¼
1

n

Xn

i¼1

Xi;

if 0 < b < 1 and n is large enough, practitioners use the classical form

~pbðXÞ ¼ ð1� bÞðXn þ bXn�1 þ � � � þ bn�1X1Þ:

The naive predictor is interesting if the Xt’s are highly locally correlated. In

particular, if ðXtÞ is a martingale, we have

Xn ¼ E
sðXt ;t�nÞ
u ðXnþ1Þ; u 2 Q

and Xn is the BUP with null statistical prediction error.

In contrast, the empirical mean is BUP when the Xt’s are i.i.d. and ð
Pn

i¼1

XiÞ=n is

the BUE of EuX1 (cf. Theorem 1.5).

Finally, if 0 < b < 1, one has

~pbðXÞ ¼ EF n

b ðXnþ1Þ
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provided ðXtÞ is an ARIMA (0,1,1) process defined by

Xt � Xt�1 ¼ "t � b"t�1; t � 2

X1 ¼ "1:

(

and ð"tÞ is a strong white noise. In fact this property remains valid for the wider

range �1 < b < 1, see Chatfield (2000).

Concerning the choice of b, a general empirical method is validation. Consider

the empirical prediction error

dnðbÞ ¼
Xn

k¼kn

jXk � pb;k�1ðX1; . . . ;Xk�1Þj2

where pb;k�1 is the simple exponential smoothing constructed with the data

X1; . . . ;Xk�1 and kn < n is large enough. Then an estimator of b is

b̂ ¼ argmin
0�b�1

dnðbÞ:

If the model is known to be an ARIMA (0,1,1) one may also estimate b in this

framework. If in addition, ðXtÞ is Gaussian, the maximum likelihood estimator

(MLE) of b is asymptotically efficient as n ! 1, see Brockwell and Davis (1991).

Finally, concerning the general predictor defined by (1.25) one may use linear

regression techniques for estimating ða1; . . . ; anÞ. Similarly as above, specific methods

are available if ðXtÞ is an ARIMA (p,d,q) process, see Brockwell and Davis (1991).

1.8 Multidimensional prediction

We now consider the case where u and (or) g take their values in a multidimensional

space, or, more generally, in an infinite-dimensional space (recall that X takes its

value in an arbitrary measurable space ðE0;B0ÞÞ.
For example X ¼ ðX1; . . . ;XnÞ where the Xi’s are Rd-valued with common

density u, and g is the conditional density f X
u;Yð�Þ.

A general enough framework is the case where u 2 Q 	 Q0 and g is B-valued

where Q0 and B are separable Banach spaces with respective norms k � k0 and k � k.
Now, assume that Eu k g k2< 1, u 2 Q and denote by B� the topological dual

space of B. Then a natural preference relation between predictors is defined by

p1 � p2 , Euðx�ðp1 � gÞÞ2 � Euðx�ðp2 � gÞÞ2; u 2 Q; x� 2 B�:

This means that p1 is preferable to p2 for predicting g, if and only if x�ðp1Þ is

preferable to x�ðp2Þ for predicting x�ðgÞ for all x� in B�, with respect to the

preference relation (1.1).
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Now let PGðBÞ be the class of B-valued predictors such that x�ðpÞ 2 PG for each
x� 2 B�, where PG is defined in Section 1.3. Then we have the following extension

of Lemma 1.1:

Lemma 1.3
If p 2 PGðBÞ, then

Euðx�ðpÞ � x�ðgÞÞ2 ¼ Euðx�ðpÞ �Pux�ðgÞÞ2 þ EuðPux�ðgÞ � x�ðgÞÞ2;
u 2 Q; x� 2 B�: ð1:26Þ

In particular, if Pu is conditional expectation, it follows that p1 � p2 for predicting

g if and only if p1 � p2 for predicting EX
u ðgÞ.

PROOF:

It suffices to apply Lemma 1.1 to x�ðpÞ and x�ðgÞ and then to use the property

x�ðEX
u ðgÞÞ ¼ EX

u ðx�ðgÞÞða:s:Þ:

&

Now, if B ¼ H (a Hilbert space) we have the additional property

Eu k p � g k2¼ Eu k p � EX
u ðgÞ k2 þ Eu k EX

u ðgÞ � g k2; u 2 Q;

which is obtained by applying (1.26) to x� ¼ ej, j � 1 where ðejÞ is an orthonormal

basis of H, and by summing the obtained equalities.

In this context one may use the simpler but less precise preference relation:

p1 �1 p2 , Eu k p1 � g k2� Eu k p2 � g k2; u 2 Q:

Clearly

p1 � p2 ) p1 �1 p2:

Now, the results concerning sufficient statistics remain valid in the multi-

dimensional case. In particular, application of Theorem 1.2 to x�ðpÞ and x�ðgÞ
shows that, if SðXÞ is P-sufficient, one has ESðpÞ < p. A similar method allows us

to extend the results concerning BUP. Details are left to the reader.

We now turn to efficiency. The next theorem gives a multidimensional Cramér–

Rao inequality for predictors. We consider the following set of assumptions.

Assumptions 1.2 (A1.2)
Q is open in Q0, X has a strictly positive density f ðx; uÞ with respect to a s-finite

measure, and
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(i) ð8u 2 QÞ, ð9Uu 2 Q0Þ, ð8u 2 UuÞ, 9Vu;u a neighbourhood of 0 in R:

ð8d 2 Vu;uÞ, u þ du 2 Q and @f ðx; u þ duÞ=@d does exist. Then, one sets

_fuðx; uÞ ¼
@

@d
f ðx; u þ duÞjd¼0:

(ii) The relationZ
f ðx; u þ duÞdmðxÞ ¼ 1; u 2 Q; u 2 Uu; d 2 Vu;u; ð1:27Þ

is differentiable with respect to d under the integral sign.

(iii) The B-valued predictor p is such thatZ
x�ðpðxÞÞf ðx; u þ duÞdmðxÞ ¼ x�ðgðu þ duÞÞ; ð1:28Þ

x� 2 B�, u 2 Uu, d 2 Vu;u, where g : Q0 7! B is linear. Moreover this

equality is differentiable with respect to d under the integral sign.

(iv) ð8u 2 QÞ, ð8u 2 UuÞ,

IuðX; uÞ ¼ Eu

_fuðX; uÞ
f ðX; uÞ

� �2

2 �0;1½:

Then:

Theorem 1.12
If A1.2 holds, we have the bound

Euðx�ðp � gÞÞ2 � Euðx�ðg � EX
u gÞÞ2 þ

x� gðuÞ � Eu EX
u ðgÞ

_fuðX; uÞ
f ðX; uÞ

� �� �2
IuðX; uÞ ;

u 2 Q; u 2 Uu; x� 2 B�: ð1:29Þ

PROOF:

Differentiating (1.27) and taking d ¼ 0, one obtains

Eu

_fu
f

� �
¼

Z
_fuðx; uÞdmðxÞ ¼ 0;

the same operations applied to (1.28), and linearity of g give

Eu x�ðpÞ
_fu
f

� �
¼

Z
x�ðpðxÞÞ

_fuðx; uÞ
f ðx; uÞ f ðx; uÞdmðxÞ

¼ x�ðgðuÞÞ:
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Now the Cauchy–Schwarz inequality entails

Eu x�ðp � EX
u gÞ �

_fu

f

� �� �2
� Euðx�ðp � EX

u gÞÞ2 � Eu

_fu
f

� �2

;

collecting the above results and using Lemma 1.3 one arrives at (1.29). &

In a Hilbert space it is possible to obtain a global result.

Corollary 1.2
If B ¼ H, a Hilbert space, then

Eu k p � g k2 � Eu k p � EX
u ðgÞ k2 þ

k gðuÞ � Eu g
_fu
f

� �
k2

IuðX; uÞ ; ð1:30Þ

u 2 Q; u 2 Uu:

PROOF:

Apply (1.29) to x� ¼ ej, j � 1 where ðejÞ is a complete orthonormal system in H,

and take the sum. &

In (1.29) and (1.30), that are slight extensions of the Grenander inequality (1981, p.

484), the choice of u is arbitrary. Of course it is natural to choose a u that

maximizes the lower bound. If the lower bound is achieved p is said to be efficient,

but, in general, this only happens for some specific values of ðx�; uÞ, as shown in the
next example.

Example 1.21 (Sequence of Poisson processes)

Let ðNt; j; t � 0Þ, j � 0 be a sequence of independent homogeneous Poisson

processes with respective intensity lj, j � 1 such that
P

j lj < 1.

Since EN2
t;j ¼ ljtð1þ ljtÞ it follows that

P
j N2

t;j < 1 a.s., therefore

Mt ¼ ðNt;j; j � 0Þ defines an ‘2-valued random variable, where ‘2 is the Hilbert

space fðxjÞ 2 RN;
P

j x2j < 1g with norm k ðxjÞ k¼
P

j x2j

� �1=2

:

One observes MðTÞ ¼ ðMt; 0 � t � TÞ and wants to predict MTþh ðh > 0Þ. It is
easy to see that MT is a P-sufficient statistic, then one only considers predictors of

the form pðMTÞ.
Now let N 	 ‘2 the family of sequences ðxjÞ such that ðxjÞ 2 NN and xj ¼ 0 for

j large enough. This family is countable, hence the counting measure m on N ,

extended by mð‘2 �NÞ ¼ 0, is s-finite.
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Then, note that
P

j N2
T ;j < 1 a.s. yields NT ;j ¼ 0 almost surely for j large

enough. Thus MT isN -valued (a.s.). This implies that MT has a density with respect

to m and the corresponding likelihood is

f ðMTðvÞ; ðljÞÞ ¼
XJðT ;vÞ
j¼0

e�ljT
ðljTÞNT ;jðvÞ

NT ;jðvÞ!
e
�
PJðT ;vÞ

j¼0
ljT ;v 2 V

where JðT;vÞ is such that NT ;jðvÞ ¼ 0 for j > JðT;vÞ.
Hence the MLE of u ¼ ðljÞ is

ûTðvÞ ¼
NT ;j

T
; 0 � j � JðT ;vÞ

� �
¼ NT ;jðvÞ

T
; j � 0

� �
:

Then, an unbiased predictor of MTþh should be

M̂Tþh ¼ T þ h

T
NT ;j; j � 0

� �
:

In order to study its efficiency we consider the loglikelihood:

ln f ðMT ; u þ duÞ ¼
X1
j¼0

½�ðlj þ dujÞT þ NT ;j lnððlj þ dujÞTÞ þ lnðNT ;j!Þ�

since if u ¼ ðujÞ 2 ‘2, then
P

ðlj þ dujÞ2 < 1. Therefore

_fuðMT ; uÞ
f ðMT ; uÞ

¼
X1
j¼0

uj

NT ;j

lj

� T

� �
;

and

IuðX;mÞ ¼ T
X1
j¼0

u2
j

lj

;

which belongs to �0;1½ if
P

j u2
j > 0 and

P
j u2

j =lj < 1.

Now, on one hand we have

Euþduðx�ðM̂TþhÞÞ ¼ ðT þ hÞ
X1
j¼0

ðlj þ dujÞxj;

thus, in (1.28), g : ‘2 7! ‘2 may be defined by

gðvÞ ¼ ðT þ hÞv; v 2 ‘2;

MULTIDIMENSIONAL PREDICTION 37



on the other hand

EX
u ðgÞ ¼ EMT

u ðMTþhÞ ¼ ðNT ;j þ ljh; j � 0Þ;

hence

Eu

_fu

f
EX
u ðgÞ

� �
¼ TðujÞ

and

x� gðuÞ � Eu

_fu
f
EX
u g

� �� �
¼ h

X
j

xjuj:

Finally, since

Eu½x�ðp � EX
u gÞ�2 ¼ h2

T

X
j

ljx
2
j ;

(1.29) shows that M̂Tþh is efficient if and only if

X
j

ljx
2
j ¼

ð
P

j

xjujÞ2

P
j

u2
j

lj

: ð1:31Þ

In particular, if x� ¼ ð0; . . . ; 0; xj0 ; 0; . . .Þ efficiency holds, provided

0 <
P

j u2
j =lj < 1.

More generally, set xj ¼ aj=
ffiffiffiffi
lj

p
and uj ¼

ffiffiffiffi
lj

p
;bj, j � 0. If ðajÞ and ðbjÞ are in

‘2, (1.31) gives

ð
X

a2
j Þð

X
b2

j Þ ¼ ð
X

ajbjÞ2;

thus ðajÞ and ðbjÞ are collinear, i.e. ðljxjÞ and ðujÞ are collinear. ^

Notes

As far as we know a systematic exposition of the theory of statistical prediction is not

available in the literature. In thisChapterwehave tried togive someelements of this topic.

Presentation of the prediction model is inspired by Yatracos (1992). Lemma 1.1

belongs to folklore but it is fundamental since it shows that the statistician may only

predict Pug, rather than g.
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Definition of P-sufficient statistics appear in Takeuchi and Akahira (1975). Also

see Bahadur (1954); Johansson (1990) and Torgersen (1977) among others.

Theorem 1.1 is simple but useful and probably new, while Theorem 1.2 is in

Johansson. The study of optimal unbiased predictors comes from Yatracos (1992)

and Adke and Ramanathan (1997).

Theorem 1.7 is also in Yatracos but the more compact Corollary 1.1 and results

concerning efficiency seem to be new.

Theorem 1.11 is taken from Adke and Ramanathan (1997) and other results of

Section 1.7 are classical.

The elements of multidimensional prediction theory stated in Section 1.8 are

natural extensions of the one-dimensional theory. The bound in Theorem 1.12 is an

extension of the Cramér–Rao type bound of Grenander (1981). The application to

sequences of Poisson processes is new.
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