Part I
Statistical Prediction Theory
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Statistical prediction

1.1 Filtering

Filtering is searching information provided by observed events on nonobserved
events. These events are assumed to be associated with random experiments.

To describe such a problem, one may define a *probability space* (Q, A, P)
and two sub-o-algebras of A, say B and C, respectively observed and non-
observed. ‘B-observed’ means that, for all B € B, the observer knows whether B
occurs or not. Information provided by B on C may be quantified by PZ, the
*conditional probability* with respect to B. In general the statistician does not
know P2,

In the following, we are mainly interested in prediction (or forecasting). This
signifies that B is associated with the past and C with the future. In practice one tries
to predict a C-measurable *random variable* Y from a B-measurable random
variable X.

If X is partly controllable, one can replace prediction by foresight, which
consists in preparing for the future by constructing scenarios and then by selecting
the most favourable option. It is then possible to make a plan for the future. We
refer to Kerstin (2003) for a discussion about these notions.

Predictions can also sometimes modify the future. For example the publication
of economic forecasts may change the behaviour of the economic agents involved
and, therefore, influences future data. This phenomenon is discussed in Armstrong
(2001), among others.
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Figure 1.1 Example of a time series.

In this book we don’t deal with this kind of problem, but we focus on statistical
prediction, that is, prediction of future from a time series (i.e. a family of data
indexed by time, see figure 1.1)."

1.2 Some examples

We now state some prediction problems. The following examples show that various
situations can arise.

Example 1.1 (The Blackwell’s problem)

The purpose is to predict occurrence or nonoccurrence of an event associated with
an experiment when n repetitions of this experiment are available. Let (x,,n > 1)
be the sequence of results (x, = 1 if the nth event occurs, = 0 if not) and note by
Pn = Ppn(x1,...,x,) any predictor of x,.;. The problem is to choose a ‘good’ p,.
Note that the sequence (x,) may be deterministic or random. &

Example 1.2 (Forecasting a discrete time process)

Let (X,,n>1) be a real square integrable *random process*. One observes
X =(Xy,...,X,) and intends to predict Y =X,4; (h>1); h is called the
forecasting horizon.

'Provided by the NOAA-CIRES Climate Diagnostics Center: http://www.cdc.noaa.gov
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This scheme corresponds to many practical situations: prediction of tempera-
ture, unemployment rate, foreign exchange rate, . .. &

Example 1.3 (Forecasting a continuous time process)
Let (X;,7 € R, ) be a real square integrable *continuous time random process*. One
wants to predict ¥ =X, (h > 0) from the observed piece of sample path
X=X,0<t<T)orX=(X,....Xs,)

The difference with the above discrete time scheme is the possibility of
considering small horizon forecasting (i.e. h — 0(+)).

Classical applications are: prediction of electricity consumption, evolution of
market prices during a day’s trading, prediction of the *counting process*
associated with a *point process®, ... &

Example 1.4 (Predicting curves)

If the data are curves one may interpret them as realizations of random variables with

values in a suitable function space. Example 1.3 can be rewritten in this new framework.
This kind of model appears to be useful when one wishes to predict the future

evolution of a quantity during a full time interval. For example, electricity consump-

tion for a whole day or variations of an electrocardiogram during one minute. <

Example 1.5 (Prediction of functionals)
In the previous examples one may predict functionals linked with the future of the

observed process. For instance:

e The conditional density f¥ or the conditional distribution P§ of Y given X.

e The next crossing at a given level, that is
Yy =min{t: t > n,X; = x},
and, more generally, the next visit to a given Borel set,
Yg = min{7: > n, X, € B}.
Notice that the forecasting horizon is not defined for these visit questions.
e Finally it is interesting to construct prediction intervals of the form
P(Y € [a(X), b(X)). o
We now specify the prediction model, beginning with the real case.

1.3 The prediction model

Let (0, A, Py,0 € O) be a statistical model, where A is the o-algebra of events on
Q and (Py) a family of probability measures on A indexed by the unknown
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parameter 6. B = o(X) is the observed *o-algebra* and C the nonobserved one. X
takes its values in some *measurable space* (Ey, Bo).

A priori one intends to predict a C-measurable real random variable Y.
Actually, for reasons that are specified below, we extend the problem by
considering prediction of g(X,Y,0) € Ny L*(Py), where g is known and Y
nonobserved.

If g only depends on Y we will say that one deals with pure prediction, if it
depends only on 6 it is an estimation problem; finally, if g is only a function of X the
topic is approximation (at least if g is difficult to compute!). The other cases are
mixed. So, prediction theory appears as an extension of estimation theory.

Now a statistical predictor of g(X,Y,0) is a known real measurable function of
X, say p(X). Note that the *conditional expectation® Ef{ ¢ 1s not in general a
statistical predictor. In the following we assume that p(X) € (,cq L?(Ps). unless
otherwise stated.

In order to evaluate the accuracy of p one may use the quadratic prediction
error (QPE) defined as

Re(P:é’) = EH(P(X) - g(X7 Y, 0))2a0 €0.

This risk function induces the preference relation

P1 = P2 Ro(p1,8) < Ry(p2,8),0 € O. (1.1)

If (1.1) is satisfied we will say that ‘the predictor p; is preferable to the predictor p,
for predicting g’, and write p; < p> (g).

The QPE is popular and easy to handle, it has withstood the critics because it is
difficult to find a good substitute. However, some other preference relations will be
considered in Section 1.7 of this chapter.

Now, let P be the class of statistical predictors p such that
p(X) € G=\yeo Go Where Gy is some closed linear space of L?(Py), with
*orthogonal projector* I1”, 6 € ®. The following lemma shows that a prediction
problem is, in general, mixed.

Lemma 1.1 (Decomposition of the QPE)
If p € Pg, its QPE has decomposition

Eo(p — )" = Eo(p — II'g)* + Eo(Il'g —5)*,0 € ©. (1.2)
Hence, p1 < p» for predicting g if and only if p1 < p» for predicting Hgg.

ProOOF:
Decomposition (1.2) is a straightforward application of the Pythagoras theorem.
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Therefore

Eo(p1 — 8)° < Eg(p2 — g)° < Eg(p1 — %) < Ey(p, — ’g)*,6 € ©.
[ |

Lemma 1.1 is simple but crucial: one must focus on the statistical prediction
error Eg(p — I1°g)%, since the probabilistic prediction error Eg(IT%g — g)* is not
controllable by the statistician.

Thus, predicting g(X,Y,6) or predicting II’g(X, Y, 0) is the same activity. In
particular, to predict Y is equivalent to predicting II’Y; this shows that a
nondegenerated prediction problem is mixed.

Example 1.6
Suppose that X7, ..., X, are observed temperatures. One wants to know if X, is
going to exceed some threshold 6; then g = 1x,. -4 and the problem is mixed. &

Let us now give some classical examples of spaces G.

Example 1.7
If G =)o L*(Q, B, Py), then 11° is the conditional expectation given B. &

Example 1.8
Suppose that X = (X;,...,X,) where X;€L*(Py), 1<i<n and G=sp
{1,X;,...,X,} does not depend on 6. Then 1% is the affine regression of g on X.<>

Example 1.9

If X=(X,...,X,) with X;€L*(Py), 1<i<n, (k>1) and G=
sp{1,X;,...,X* 1 <i<n} does not depend on 6. Then I1% is a polynomial
regression:

n k
Heg(xl7"'aXn) = do +ZzbﬂX{7

i=1 j=1

where ag and (bj;) only depend on 6. &

1.4 P-sufficient statistics

As in estimation theory, sufficient statistics play a significant role in prediction. The
definition is more restrictive.
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Definition 1.1
A statistic S(X) is said to be sufficient for predicting g(X, Y, 6) (or P-sufficient) if

(i) S(X) is sufficient in the usual sense, i.e. the conditional distribution Pf((x) of
X with respect to S(X) does not depend on 6.
(ii) For all 0, X and g(X,Y,0) are *conditionally independent* given S(X).

Condition (ii) means that

P (xeBgeC) =P (xeB)PY (g€ ),
0 €0,Bec By, C < Bg.

Note that, if g(X,Y,0) = g(S(X),6), (i) is automatically satisfied. Moreover
one may show (see Ash and Gardner 1975, p. 188) that (ii) is equivalent to

()P, =P, X 0 eo.

We now give a statement which connects sufficiency and P-sufficiency.

Theorem 1.1
Suppose that (X,Y) has a strictly positive density fp(x,y) with respect to a
*o-finite* measure u Q@ v. Then

(a)If S(X) is P-sufficient for predicting Y, (S(X),Y) is sufficient in the statistical
model associated with (X, Y).

(b) Conversely if fo(x,y) = ho(S(x),y)c(x)d(y), then S(X) is P-sufficient for
predicting Y.

Proor:

(a) Consider the decomposition

fo(x,y) = fo(x)fa (v[x),

where fy(-) is the density of X and fy(+|-) the conditional density of ¥ given X = -. If
S(X) is P-sufficient, the factorization theorem (see Lehmann and Casella 1998,
p. 35) yields fy = ¢y(S(x))¥(x), where ¢ does not depend on 6.

Now (i)’ entails fy(y|x) = y4(y|S(x)) where y,(-|-) is the conditional density of
Y given S(X) = -.

Finally fo(x,y) = @(S(x))ys(»|S(x))¥(x) and the factorization theorem gives
sufficiency of (S(X),Y) in the model associated with (X,Y).

(b) Conversely, the relation

fo(x,y) = hg(S(x),y)e(x)d(y)



P-SUFFICIENT STATISTICS 13

may be replaced by fa(x,y) = he(S(x),y) by substituting x and v for ¢ -y and d - v
respectively.
This implies

i) = [ Ro(S(0)5)dv) = (),
thus, S(X) is sufficient, and since

ho(S(x), y)

o) ="y

(ii)’ holds, hence S(X) is P-sufficient. [ |

We now give some examples and counterexamples concerning P-sufficiency.

Example 1.10
Let Xi,...,X,+1 be independent random variables with common density fe=%1,.
(0>0).SetX = (Xi,...,X,) and ¥ = X,,41 — X,,. Then Y| X; is sufficient for X
but (37, X;, Y) is not sufficient for (X, Y).

This shows that, in Theorem 1.1 (a), P-sufficiency of S(X) cannot be replaced by
sufficiency. &

Example 1.11
Let X = (X;,X) and Y be such that the density of (X,Y) is

_ N 22y
folx1,x2,y) = 62 P e 2 4,50, 1050,y50, (0 > 0).

Then (X;,Y) is sufficient in the model (X,Y) but X; is not sufficient in the model
(X1,X2).

This shows that, in Theorem 1.1 (b), the result is not valid if the special form
Jo(x,y) = he(S(x),y)c(x)d(y) does not hold. &

Example 1.12 (discrete time Gaussian process)

Let (X;,i > 1) be a *Gaussian process*, where X; g./\/'(9, 1), i>1 (6 €R).
Suppose that the covariance matrix C, of X = (Xj, ..., X,) is known and invertible
for each n, and set

Co v
Cn — n n+1 :l .
i |:Vn+] 1
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Then, in order to predict ¥ = X,,, the statistic

(Cn_]unX7 Cn_1 VnJrIX)v

where u, = (1,...,1), is P-sufficient. The statistic C; 'u,X is sufficient but not
P-sufficient. &

Example 1.13 (Poisson process)

Let N = (N,,t > 0) be a homogeneous *Poisson process* with intensity A, and
observed over [0, T]. Then N is sufficient. Now, since N is a *Markov process* the
o-algebras o(N;,s < T) and o(N;,s > T) are independent given Nr. Hence Ny is
P-sufficient for predicting Ny, (h > 0). O

Example 1.14 (Ornstein—-Uhlenbeck process)
Consider an *Ornstein—Uhlenbeck process* (OU) defined as

t
X, = / e*H(H)dW(s),t ER,(6>0),

oo

where W = (W,,t € R) is a *standard bilateral Wiener process* and the integral is
taken in *Ito* sense. (X;) is a zero-mean stationary Gaussian Markov process. Here
the observed variable is X(7) = (X;,0 <t < T).

The likelihood of X(7) with respect to the distribution of W7y = (W,,0<t<T)
in the space C([0, T]) of continuous real functions defined on [0, 7] with uniform
norm is

] 92 T
L(X(r),0) = exp (— 5 (XF—X5—T)— 3/0 X}dr), (1.3)

(See Liptser and Shiraev 2001). Then, the factorization theorem yields sufficiency
of the statistics (Xg,X%,fOTXIZdt). Consequently Zr = (XO,XT,fOTthdt) is also
sufficient.

Now, since (X;) is Markovian, we have

o(Xr)) L o(Xryn)|o(Xr),

then
T — T _ pXm
0Xrn = 70Xt T 0.X74n
hence (ii)’ holds and Zr is P-sufficient for predicting X7 &

The next statement shows that one may use P-sufficient statistics to improve a
predictor. It is a Rao—Blackwell type theorem (See Lehmann 1991, p. 47).
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Theorem 1.2 (Rao—Blackwell theorem)
Let S(X) be a P-sufficient statistic for g(X,Y,0) and p(X) a statistical predictor of
g. Then ESX)p(X) is preferable to p(X) for predicting g.

ProoF:

ng))(() does not depend on 6, thus g(X) = ES®p(X) is again a statistical predictor.

Furthermore

Eo(p —8)° =Es(p — q)” +Eolq — 8)° + 2Es((p — 9)(q — 8)).  (1.4)

Now, by definition of conditional expectation E¢((p — ¢)g) = 0 and, from condition
(i1) in Definition 1.1,

Eo[(p — q)g] = E4[By(p — q)g] = Ej(p — q)Ej(g) =0
since Ej(p) = ¢; thus (1.4) gives Eg(p — 9)? > Eo(qg—g)~. [ |
Note that, if (ii) does not hold, the result remains valid provided Ey[(p — q)g] =
0,0¢c0.

Finally it is noteworthy that, 1f S(X) is P-sufficient to predict g it is also
P-sufficient to predict E )( )(= EX(g)); actually this conditional expectation is a

function of S(X), hence X 1L ES(X (&)IS(X).

1.5 Optimal predictors
A statistical predictor pg is said to be optimal in the family P of predictors of g if
po=p,pcP

that is
Eo(po —8)* <Es(p—g)*; 6€®,peP.

Notice that, in the family of all square integrable predictors, such a predictor
does not exist as soon as Ef(g) is not constant in 6. Indeed, p;(X) = Ej (g) is
optimal at 6, when p,(X) = E¥ ,(g) is optimal at 6, which is impossible if
Ea(EX () — EX(2)® £ 0; i = 1,2.

Thus, in order ro construct an optimal predictor, it is necessary to restrict P. For
example one may consider only unbiased predictors.

Definition 1.2
A predictor p(X) of g(X,Y,0) is said to be unbiased if

Eﬁ(p(X)) :EG(g(X’ Y70))79€ 0. (15)

Condition (1.5) means that p is an unbiased estimator of the parameter Ey(g).
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Example 1.15 (Autoregressive process of order 1)
Consider an autoregressive process of order 1 (AR(1)) defined as

GeuiineZ (1.6)

7

i
=

Xn =
J

where (g,,n € Z) is strong white noise (i.e. a sequence of i.i.d. random variables
such that 0 < B2 = 0? < o0 and Ee,, = 0) and 0 < || < 1. The series converges
in mean square and almost surely.

From (1.6) it follows that

X, =60X, 1 +e,,ne’,
then

E”(Xiﬂfn) (Xn-H) _ 9Xn

0,02

For convenience we suppose that 0> = 1 — 6%, hence Ey 2 (X2) = 1. Now a natural
unbiased estimator of 6, based on Xi,...,X, (n > 1) is

1 n—1

— 1;Xixi+1,

hence a predictor of X, is defined as

6, =

Xn+1 = én)(n
Now we have
R 1— en—l
Ey(Xps1) =6 ——————Eo(X?
9( +1) (1_0)(’1_1) 9( ())7
thus X,H_l is unbiased if and only if (iff)
Ey(X;) =0,0 < |0] < 1. O

We now give an extension of the classical Lehmann—Scheffé theorem (see Lehmann
1991, p. 88).
First recall that a statistic S is said to be complete if

E¢(U) =0,0 € ©® and U = ¢(S) = U =0, Py a.s. for all 6.

Theorem 1.3 (Lehmann—Scheffé theorem)
If S is a complete P-sufficient statistic for g and p is an unbiased predictor of g, then
ES(p) is the unique optimal unbiased predictor of g (Py a.s. for all 6).
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Proor:

From Theorem 1.2 any optimal unbiased predictor of g is a function of S. Thus E*(p)
is a candidate since E4[E%p] = Ey(p) = g. But completeness of S entails uniqueness
of an unbiased predictor of g as a function of S, hence ES(p) is optimal. [ |

Example 1.13 (continued)
Nr is a complete P-sufficient statistic for N7, the consequently unbiased predictor

_T+h

p(Nr) —Nr

is optimal for predicting Nr.,. Its quadratic error is
2 h
E)\(p(NT) — NT+h) =Ah(1 + T .

It is also optimal unbiased for predicting
EQ/T(NT+h) = A+ Ny

with quadratic error

Ah2

Ei(p(Nr) — B} (Nr4))” = Tt <&

The following statement gives a condition for optimality of an unbiased predictor.

Theorem 1.4
SetU = {U(X) : EaU?(X) < 00,EgU(X) = 0;6 € O}. Then an unbiased predictor
p of g is optimal iff

Eo[p —g)U]=0;U €U,0 € 0. (1.7)
PrOOF:
If p is optimal, we set
g=p+aoaU,Ucl,ach,
then
Eo(p +aU —¢)* > By(p — g)’,
therefore

o*EyU? 4+ 20Ey((p — g)U) > 0,U e U, € R

which is possible only if (1.7) holds.
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Conversely, if p satisfies (1.7) and p’ denotes another unbiased predictor, then
p' — p € U, therefore

which implies

thus p is preferable to p'. [ ]

Note that such a predictor is unique. Actually, if p’ is another optimal unbiased
predictor, (1.7) yields

Ey((p' —p)U) =0,UcU,0 €0

which shows that p’ — p is an optimal unbiased predictor of 0. But 0 is an optimal
unbiased predictor of 0, with quadratic error 0, thus E4(p' — p)> = 0, 6 € ® hence
p' = p, Py as. for all 6.

Now, since an unbiased predictor of g is an unbiased estimator of Eyg, it is
natural to ask whether the best unbiased estimator (BUE) of Eyg and the best
unbiased predictor (BUP) of g coincide or not.

The next theorem gives an answer to this question.

Theorem 1.5
The BUE of Eyg and the BUP of g coincide iff

Eo(gU) =0,U € U,6 € O. (1.8)

Proor:
First suppose that (1.8) holds. If p is the BUE of Eyg, it is also the BUP of Eyg, then
Theorem 1.4 implies that, for all U € U and all 6 € ©, we have

Ey((p — Eeg)U) =0, (1.9)
therefore Eo(pU) = 0, and from (1.8) it follows that

Eo[(p —2)U] =0

then (1.7) holds and p is the BUP of g.
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Conversely a BUP of g satisfies (1.7), and, if it coincides with the BUE of Egyg,
(1.9) holds. Finally, (1.7) and (1.9) give (1.8). [ |

Note that, if Egg = 0, 0 € 0, the BUE of Eyg is p = 0. Thus 0 is the BUP of g if and
only if (1.8) holds. For example, if g is zero-mean and independent of X, O is the
BUP of g and its quadratic error is Eyg.

Example 1.13 (continued)
If X = Nr is observed we have U = {0}, hence p(Nr) = Nr(T + h)/T is the BUP
of Nryy, and the BUE of E; (Ny1,) = M(T + h). &

We now indicate a method that allows us to construct a BUP in some special cases.

Theorem 1.6
If g is such that

EX(g) = ¢(X) + ¥(6),6 € ©
where ¢ € L*(Py.) and yr are known, and if s(X) is the BUE of ¥/(0); then

p(X) = ¢(X) + s(X)
is the BUP of g.
ProoF:

First note that Ey(p — Egg)” = Eg(s — ¥(6))*. Now, let ¢ be another unbiased
predictor of g, then ¢ — ¢ is an unbiased estimator of ¥(0), hence

Eo(q — ¢ — ¥(0)) > Eqo(s — v(0))’
that is
Eo(q — Ej(g))° > Eo(p — E} (3))°

thus, p < ¢, for predicting Eg (g) and, from Lemma 1.1, it follows that p < g for
predicting g. |

Example 1.10 (continued)
Here we have Eg(Y ) =60 — X, and, by the Lehmann—Scheffé theorem, X, is the
BUE of 6. Thus Theorem 1.6 shows that p(X) = X,, — X,, is the BUP of Y. &

Example 1.16 (Semi-martingales)
Let (X;,r € R;) be a real square integrable process and m(6,t) a deterministic
function, such that

Yi =X +m(6,1),r € R (0 €0 CR)
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is a martingale with respect to F, = 0(X,;,0 < s <1),t € Ry, i.e.

E (Y,)=Y,0<s<t,60¢c0.

In order to predict X7, (h > 0) given the data X7y = (X;,0 < ¢ < T) we write

Ey " (Xr44) = E3T(Yrin — m(6,T + h))
=Xr+ [m(6,T) —m(6, T + h)],

and it is possible to apply Theorem 1.6 if ¥/(6) = m(0,T) — m(6, T + h) possesses a
BUE.

In particular if (X;) has *independent increments* then (X, — Ey(X;)) becomes a
martingale with m(6,t) = —Ey(X;).

A typical example is again the Poisson process: (N,;) has independent incre-
ments, then (N, — Af) is a martingale and EQ’T = Nr + Ah; applying Theorem 1.6
one again obtains that

Nr T+h
Ny +—h=="2N
T-I-T T T

is the BUP of Npy. &

The next lemma shows that existence of unbiased predictors does not imply
existence of a BUP.

Lemma 1.2
Let (X;,t € IN(I = Z or R) be a square integrable, zero-mean real Markov process
with

EGFT(XT+h) = wT(97X7)79 € 7

where Fr = o(X;,s <T).
Suppose that

(i) Eyor(0,Xr)] = 0,0 € 0,0 € 0O,
(ii) there exist 6y and 6, in © such that Py, x, and Py, x, are *equivalent* and
Pe, [or (61, X1) # 97(02,X1)] > 0.

Then, the class of unbiased predictors of Xrp, given X = (X,,0 <t < T) does not
contain a BUP.
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Proor:
Consider the statistical predictor p;(X) = ¢ (61, X7); from (i) it follows that it is
unbiased, and a BUP py must satisfy

po(X) =p1(X) Py, as. (1.10)
Similarly, if p,(X) = ¢;(02,Xr), we have

po(X) =p2(X) Py, a.s. (1.11)
and (ii) shows that (1.10) and (1.11) are incompatible. H

Example 1.14 (continued
For the OU process, X7 =N (0,1/26) and E}"(X7,,) = e ®Xr, then (i) and (ii)
hold and there is no BUP. &

Example 1.15 (continuded)
If (¢,) is Gaussian, X, =A(0, 1), and, since E; " (X74) = 6Xr, no BUP may exist.
In particular X7, is not BUP. &

1.6 Efficient predictors

Under regularity conditions it is easy to obtain a Cramér—Rao type inequality for
unbiased predictors. More precisely we consider the following assumptions:

Assumptions 1.1 (A1.1)

® C R is an open set, the model associated with X is dominated by a o-finite
measure /4, the density f(x, 6) of X is such that {x : f(x,6) > 0} does not depend on
0, Of (x,0)/00 does exist. Finally the Fisher information

a 2
Ix(0) = EO(%lnf(Xa 9))
satisfies 0 < Ix(0) < o0, 6 € ©.

Theorem 1.7 (Cramér—Rao inequality)
If AL.1 holds, p is an unbiased predictor, and the equality

[ plorx.0)u(x) = Eale(x,¥,0)
can be differentiated under the integral sign, then

/(6) — Eo(EX(2) 2 Inf(X,0)))
Ee(P—g)zzEe(g—Eé(g)z—F[y() (ijé)ae o) . (1L12)

where y(0) = Egg(X,Y,0).
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ProOF:
Clearly it suffices to show that Eq(p — Eg g)2 is greater than or equal to the second
term in the right hand side of (1.12).

Now the *Cauchy—Schwarz* inequality yields

Cov (p ~Ejs, %lnf> < [Eolp — E5e)")'1x(6)]?

moreover
0 0 0
—Ejg,—Inf | =By p=-Inf | —Eg| B} (g) 1
C0V<p m&agnf> 9<p69nf) e<fﬂg)89nf>
0
—/(0) ~ B (EX0) gyins ).
hence (1.12). [ |
The next statement gives an inequality very similar to the classical Cramér—Rao
inequality.

Corollary 1.1
If, in addition, the equality

76) = [ BN (@ x )au(y (113)
is differentiable under the integral sign, then
()]
B\ o0
X[ V)2
&Mﬂ-%@)z——g@——ﬁea (1.14)

PrOOF:
Differentiating (1.13) one obtains

dlnf(x,6)

(5. 6)du(x)

0 =x =x
V0) = [ S E @) + [E(e)
hence (1.14) from (1.12) where g is replaced by Eg‘g. [ |

Of course, (1.12) and (1.14) reduce to the classical Cramér—Rao inequality (see
Lehmann 1991, p. 120) if g only depends on 6. So we will say that p is efficient if
(1.12) is an equality. Note that p is efficient for predicting g if and only if it is
efficient for predicting E} (g).

We now give a result similar to Theorem 1.6.
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Theorem 1.8

23

Under Al.1 and conditions in Theorem 1.6, if s(X) is an efficient unbiased estimator
(EUE) of ¥(0), then p(X) = ¢(X) + s(X) is an efficient unbiased predictor (EUP)

of g.

PRrOOF:

Efficiency of s(X) means that ¥ is differentiable and

now we have

and

Noting that

and

we obtain

Ey(p(X)) = Eo(Ejg) = y(6)

Eq(p(X) — Ejf(8))* = Ea(s(X) — v(6))".

S Ee000) = [ o (x. o))
— s o) 20
B (o) "2 —o

8lnf(X,0)>

y(6) - B (BX0 20D) —v0)

(1.15)

(1.16)

then, the lower bound in (1.12) is [¢/(6)]*/Ix(6) and efficiency of p(X) follows
from (1.15) and (1.16).

Example 1.10 (continued)

It is easy to verify that X, — X,, is an efficient predictor of X, — X,,.

<
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Example 1.17 (Signal with Gaussian noise)
Consider the process

t
the/f(s)dS+Wt7t20
0

where 0 € R, f is a locally square integrable function such that fé f?(s)ds > 0 for
t > 0 and (W,) is a standard Wiener process.

One can show (see Ibragimov and Hasminskii (1981)) that the maximum
likelihood estimator of 6 based on X = (X;,0 <t < T) is

5 Jo SO o f(0dW,

- Iy f2(n)dr INEOLE

R -1
Or is an EUE with variance ( fOT fz(t)dt) .
Now, for 4 > 0, we have

T+h

E} (Xr4n) = X1 +6 | Fde = (X) + v 6).

Applying Theorem 1.8 we obtain the EUP

T T+h
XTJrh =Xr +W/ f([)dl
T

fg f2(n)de

with quadratic error

( fT”"f(t)dt) ’

. 2
Eo(Xrn — Xryn)” = W

+ h. &

The next example shows that Al.1 does not imply existence of an EUP.

Example 1.18

If X=(Xy,...,X,) i./\/(6, 1)®" (6 € R) and g = 6X,,, the Cramér-Rao bound is
6% /n. Then an EUP p(X) must satisfy Eo(p(X) — 0)* = 0 hence p(X) = 0 Py a.s. for
all 8, which is contradictory. [

We now study conditions for existence of an EUP, beginning with a necessary
condition.
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Theorem 1.9 (Extended exponential model)
If AL.1 holds, OInf /96 and Ee((0Inf/00)(p — EXg))/Ix(6) are continuous in 6
and if p is EUP for g with

Ey(p(X) — Ejg)* > 0,0 ¢

then
F(x,0) = exp(A(O)p(x) — B(x,0) + C(x)) (1.17)
where
P _ woE (o). (1.18)
ProoF:

If p is efficient for g, it is efficient for Eg(g) and the Cauchy—Schwarz inequality
becomes an equality. Hence d1nf(X,0)/06 and p(X) — E}(g) are collinear, and
since they are not degenerate, this implies that

IS X.0) _ o) (p(x) — EX(g)) (1.19)
00
where
Ix(0)
a(f) = :
Ey <ag;f (p— E§8)>

Using the continuity assumptions one may integrate (1.19) to obtain (1.17) and

(1.18). ]

Note that decomposition (1.17) is not unique. Actually one may rewrite it under
the form

f(x,0) = exp(A(0) (p(x) + h(x)) — [B(x,0) + A()h(x)] + C(x))

but the prediction problem is then different: p(X) + h(X) is EUP for Ej (g) + h(X).
The next statement gives a converse of Theorem 1.9 in a canonical case.

Theorem 1.10
Consider the model

f(x,0) = exp(Op(x) — B(x,0) + C(x)),0 € O.
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If A1.1 holds and the equality [f(x,0)du(x) =1 is twice differentiable under the
integral sign, then p(X) is an EUP of OB(X,0)/06.

PRrOOF:
By differentiating [ f(x,6)dsu(x) = 1 one obtains

[0~ 5 (.07 0)a0 =0

therefore

Egp(X) = Ey (g—’; (X, 9)).

Differentiating again leads to

[0 -2 o] s 0uo = [ 2 s oy oo,

that is

B (00 - G5 X, 9))2_ E(‘W}

it is then easy to verify that Ey(0*B(X,0)/06%) is the Cramér—Rao bound: p is
EUP. |

Example 1.13 (continued)
Here the likelihood takes the form

fi(Nr, &) = exp(—=AT + NrIn A + ¢(Nr)),
putting 6 = In A yields
f(Nr,0) = exp(6Ny — Te? 4 ¢(Nr))

hence Ny is EUP for 9(Te’) /06 = AT, thus (N7/T)h is EUP for Ah. From Theorem
1.8 it follows that (N7 /T)h + Nr is EUP for Ah + Ny = EQ’T (Nr.4) and for Ny . O

Example 1.14 (continued)
Taking into account the form of the likelihood we set

T — X2 XZ 92 T
p(X) = % and  B(X,0) = / X2dt,
0

then, Theorem 1.10 gives efficiency of p(X) for predicting 6 fOT X2dt.
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Taking ¢ = 6 as a new parameter, one obtains
/

o " X2-X2-T
A o) =esp( =5 [ e - 75T,
0

hence

1,
—= | X;dt
2 /0 !
is efficient for predicting

1 X2-X2—-7 1
r 0 = (X3-X-T).
2/ 2 460

This means that the empirical moment of order 2,

1 T
—/ XZdt
T Jo

i 1_X_72~+X_3
20 T T)

It can be shown that it is not efficient for estimating Eq(X2) = 1/26. In fact, its
variance is

is efficient for predicting

1 1 —20T
w7 T )
when the Cramér—Rao bound is 1/(26°T).
Note that the above predicted variables are not natural conditional expectations.
Of course the genuine problem is to predict Eefr (Xr4n) = e~ X7, but we have seen
in Section 1.5 that there is no BUP in that case. We will consider this question from
an asymptotic point of view in the next chapter. &

Example 1.19 (Noncentered Ornstein—Uhlenbeck process)
Consider the process

t
X, =m +/ e =AW (s),r € R(0 > 0,m € R)

oo

where W is a standard bilateral Wiener process.
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Suppose that 6 is known and m is unknown, and consider the process

t
Xo, = / e AW (s),1 € R.

oo

On the space C[0,7T] the likelihood of (X,,0<¢<T) with respect to
(Xo04,0 <t <T) has the form

9m2 T
FX,m) = exp[—T(Z—i—@T) +0m<X0 —|—Xr+9/ Xyds>],
0

(see Grenander 1981), therefore 9<X0 + X7 + QfOT Xsds) is EUE for 6m(2 + 6T)
and

1 T
— | X X X,d
<2+9T>[°+ T+/0 }

mr =

is EUE for m.

Now E}J"(Xryn) =e "Xy —m)+m=m(l —e ) +e%Xrn, and, from
Theorem 1.8 it follows that my(1 —e ) 4+ e Xy is EUP for E]’(Xry;) and
for X7y .

Finally, since 6 is known, the efficient predictor is

R oh l_efeh T
X =e X — | X X Xds|.
T+h = € T+2+9T|:0+ T+/0 ‘S]

Example 1.13 (continued)
Suppose that one wants to predict 1y, ,—o;. Then p = (—h/ T)™ is the unique
unbiased predictor function of N7. It is optimal but not efficient. Moreover the naive
predictor Tyy,—o) is not unbiased but preferable to p.

Thus an optimal predictor is not always efficient and an unbiased optimal
predictor is not always a good predictor. <&

1.7 Loss functions and empirical predictors

The quadratic prediction error is not the single interesting risk function. Other
preference relations are also used in practice.

Another matter is optimality; it is sometimes convenient to use predictors that
are suboptimal but easy to compute and (or) robust.

In the current section we glance at various preference relations and some
empirical predictors.
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1.7.1 Loss function

A loss function L:R xR — R is a positive measurable function such that
L(a,a) =0, a € R. It generates a risk function defined as

Ry(g:p) = Eg[L(g(X,Y,0),p(X))],0 € ©

which measures the accuracy of p when predicting g.
The resulting preference relation is

P1 =< P2 Ro(g,p1) < Ry(g,p2),0 € 0.

The following extension of the Rao—Blackwell theorem holds.

Theorem 1.11

Let < be a preference relation defined by a loss function L(x,y) which is convex
with respect to y. Then, if S is P-sufficient for g and p is an integrable predictor, we
have

S
E, <p. (1.20)

PrOOF:
We only give a sketch of the proof; for details we refer to Adke and Ramanathan
(1997).

First we have the following preliminary result:

Let (Q, A, P) be a Probability space; Fi, F,, F3 three sub-o-algebras of A,
then

.7:1JL.7:2|f3 = O’(f] Uf3)i|_0'(.7:2 U.7'-3|f3).

A consequence is:

if U, U, are real random variables such that U; € L'(Q,0(F; U F3),P),
U, € L°(0(F, U F3)), the space of real and o(F, U F3)-measurable applications,
and U U, € L'(Q, A, P), then

E73(U)) =0 = E(U,U,) = 0. (1.21)
Now, by using convexity of L, one obtains

L(g,p) = L(g,E*(p)) + L'(, E*(p)) (p — E*(p)) (1.22)

where L' is the right derivative of L(g, -).
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Choosing F| = 0(X), F2» = o(g), F3 = o(S) and applying (1.21) one obtains
(1.20) by taking expectations in (1.22). [ |

Note that an immediate consequence of Theorem 1.11 is an extension of the
Lehmann-Scheffé theorem (Theorem 1.3). We let the reader verify that various
optimality results given above remain valid if the quadratic error is replaced by a
convex loss function.

1.7.2 Location parameters

Suppose that L is associated with a location parameter p defined by

EL(Z,n) = minEL(Z, a)
ac

with Pz € P, a family of probability measures on R. Then, since

Eo[L(g,p)] = Bo[EfL(g, )], (1.23)

if Pé{g € Py, the right side of (1.23) is minimum for po(X) = py(X), where py(X)
is the location parameter associated with Pg‘, g I x— Wo(x) is measurable, one
obtains

EoL(g,po(X)) = min EyL(g,p(X)),0 € O.
peLO(B)

Three particular cases are classical:

o If L(u,v) = (v —u)?, no(X) = EX(g),

o if L(u,v) = |v—ul, y(X) is a median of P,

o if L(u,v) = 1j,_y> (€ > 0), py(X) is a mode of Py . Note that this last loss
function is not convex with respect to v.

In order to construct a statistical predictor based on these location parameters,
one may use a plug-in method: this consists of replacing 6 by an estimator 6(X) to
obtain the predictor

p(X) = Mé(x)(X)~

Such a predictor is not optimal in general but it may have sharp asymptotic
properties if 6 is a suitable estimator of 6. We give some details in Chapter 2.

In a nonparametric framework the approach is somewhat different: it uses direct
estimators of the conditional location parameter. For example the regression kernel
estimator allows us to construct a predictor associated with conditional expectation (see
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Chapter 6). For the conditional mode (respectively median) it may be estimated by
taking the mode (respectively median) of anonparametric conditional density estimator.

1.7.3 Bayesian predictors

In the Bayesian scheme one interprets 6 as a random variable with a prior
distribution 7.

Then if (X,Y) has density f(x,y,0) with respect to 4 ® v o-finite, (X,Y,6) has
density f(x, y, 0) with respect to 4 ® v ® 7. Thus, the marginal density of (X, ¥) is given
by

olx,3) = / £(5,,6)dz(0).

Now, if L is a loss function with risk Ry, the associated Bayesian risk for predicting
Y is defined as

H(Y,p(X)) = / Ro(Y, p(X))dz(6)
- / L(y, (o)) (2., 0)dpa (x)dv(y)dz(6)
- / L(y.p()e(x, y)diu(x)dv ().

As before a solution of min, (¥, p(X)) is a location parameter associated with P§.
If L is quadratic error, one obtains the Bayesian predictor

P =B ) = [ 3ei0d0) (1.24)

where ¢(:|X) is the marginal conditional density of ¥ given X.

Of course the recurrent problem is choice of the prior distribution. We refer to
Lehmann and Casella (1998) for a comprehensive discussion.

Now the Bayesian approach turns out to be very useful if X does not provide
enough information about Y. We give an example.

Example 1.20
Consider the model

Y=0X+¢(6<1)
where X and Y have distribution V'(0,1) and £ L X. Then (1.24) gives

Y =E(0)X = / | 6dz(6) - X,
-1

while no reasonable nonbayesian predictor is available if 6 is unknown. &
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1.7.4 Linear predictors

Let (X,,t>1) be a real square integrable stochastic process; assume that
X = (Xy,...,X,) is observed and Y = X,,;| has to be predicted.
A commonly used empirical predictor is the linear predictor

If > ;a; =1 and Xi,..., X, have the same expectation, p(X) is unbiased. A
typical predictor of this form is the simple exponential smoothing given by

_ Xn + /3anl +- 4+ ﬁn71X1

)

with 0 < g < 1.
If B =0, it reduces to the naive predictor

p()(X) = Xu,

if B = 1, one obtains the empirical mean
=33 x
P1 — n - iy
if 0 < B < 1 and n is large enough, practitioners use the classical form

Ps(X) = (1= B) (X + BXu1 + -+ B7'X1).

The naive predictor is interesting if the X,’s are highly locally correlated. In
particular, if (X;) is a martingale, we have

Xy = Eg(xr,fiﬂ) (

Xn+1)7 0ecO®
and X, is the BUP with null statistical prediction error. "
In contrast, the empirical mean is BUP when the X;’s are i.i.d. and (}_ X;)/n is

the BUE of E¢X, (cf. Theorem 1.5). =1
Finally, if 0 < 8 < 1, one has

Pp(X) = E" (Xut1)
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provided (X;) is an ARIMA (0,1,1) process defined by

Xi— X1 =¢ —Be—1; 122
X1 =£1.

and (g,) is a strong white noise. In fact this property remains valid for the wider
range —1 < B < 1, see Chatfield (2000).

Concerning the choice of 8, a general empirical method is validation. Consider
the empirical prediction error

n

5a(B) = Z |Xi —ppr1(Xi,... X))

k=kp,

where pgi_; is the simple exponential smoothing constructed with the data

Xi,...,Xx—1 and k, < n is large enough. Then an estimator of S is
B = argmin 8, (B).
0<p<1

If the model is known to be an ARIMA (0,1,1) one may also estimate § in this
framework. If in addition, (X,) is Gaussian, the maximum likelihood estimator
(MLE) of B is asymptotically efficient as n — 0o, see Brockwell and Davis (1991).
Finally, concerning the general predictor defined by (1.25) one may use linear
regression techniques for estimating (ay, .. ., a,). Similarly as above, specific methods
are available if (X;) is an ARIMA (p,d,q) process, see Brockwell and Davis (1991).

1.8 Multidimensional prediction

‘We now consider the case where 6 and (or) g take their values in a multidimensional
space, or, more generally, in an infinite-dimensional space (recall that X takes its
value in an arbitrary measurable space (Ey, By)).

For example X = (Xi,...,X,) where the X;’s are R¢-valued with common
density 6, and g is the conditional density f3(-).

A general enough framework is the case where 6 € ® C @ and g is B-valued
where @ and B are separable Banach spaces with respective norms || - || and || - ||.
Now, assume that Ey || g [|>< oo, # € ® and denote by B* the topological dual
space of B. Then a natural preference relation between predictors is defined by

p1 < p2 < Eo(x*(py —g))2 < Eg(x*(p2 — g))2,9 € 0,.x* € B".

This means that p; is preferable to p, for predicting g, if and only if x*(p;) is
preferable to x*(p,) for predicting x*(g) for all x* in B*, with respect to the
preference relation (1.1).
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Now let Pg(B) be the class of B-valued predictors such that x*(p) € Pg for each
x* € B*, where Pg is defined in Section 1.3. Then we have the following extension
of Lemma 1.1:

Lemma 1.3
If p € Pg(B), then

Eo(x"(p) —x"(8))" = Ba(x"(p) — I¥"(g))” + Eo(Ix"(g) — x"(8))",
0€0,x" €B". (1.26)

In particular, if 11° is conditional expectation, it follows that p; < p, for predicting
g if and only if p\ < p for predicting E} (g).

ProOF:
It suffices to apply Lemma 1.1 to x*(p) and x*(g) and then to use the property

x"(Ej(g)) = By (x"(8))(as.).

Now, if B = H (a Hilbert space) we have the additional property

Eolp—g|’=Es|lp—E}(g) > +Eo | Ef(g) —g >0 €0,

which is obtained by applying (1.26) to x* = ¢;, j > 1 where (¢;) is an orthonormal
basis of H, and by summing the obtained equalities.
In this context one may use the simpler but less precise preference relation:

pi=<ip2<EBo|lpr—g|’<EBollpo—g|*0€0.

Clearly
P1 = Pp2=p1 <1 P2

Now, the results concerning sufficient statistics remain valid in the multi-
dimensional case. In particular, application of Theorem 1.2 to x*(p) and x*(g)
shows that, if S(X) is P-sufficient, one has ES(p) < p. A similar method allows us
to extend the results concerning BUP. Details are left to the reader.

We now turn to efficiency. The next theorem gives a multidimensional Cramér—
Rao inequality for predictors. We consider the following set of assumptions.

Assumptions 1.2 (A1.2)
O is open in O, X has a strictly positive density f(x,0) with respect to a o-finite
measure, and
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@ (V€ ®), (JUg € Oy), (Vu € Uy), IVy, a neighbourhood of 0 in R:
(V8 € Vou), 0+ Su € O and Jf (x,0 + du)/0S does exist. Then, one sets

0
fu(x7 9) = %f(xv 0+ 8“)‘6:0'

(i1) The relation
/f(x,@—l—éu)d,u(x) =1, 0€0O,uclUyécVy,, (1.27)

is differentiable with respect to 6 under the integral sign.

(iii) The B-valued predictor p is such that
/ 2 (p())f (6, 0 + Su)dpa(x) = x* (4(8 + 8u)), (1.28)

x* €B*, ue Uy, §€Vy,, where y:0y+— B is linear. Moreover this
equality is differentiable with respect to § under the integral sign.
(iv) (VO € ©), (Yu € Uy),

2

fu(X’ 9)) c ]0,00[

e =5 (i

Then:

Theorem 1.12
If A1.2 holds, we have the bound

Eo(x*(p—8))* > Bo(x" (g — Efg))* +

0€0,uclUyx" €B" (1.29)

ProOF:
Differentiating (1.27) and taking § = 0, one obtains

B, (J;—,) = [hoau = o

the same operations applied to (1.28), and linearity of y give

() = [0 B0 0 opaut

=X (y(u))-
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Now the Cauchy—Schwarz inequality entails

i\ 7\
(v o- B0 )| <mici-Blorm(%).
f f
collecting the above results and using Lemma 1.3 one arrives at (1.29). [ ]

In a Hilbert space it is possible to obtain a global result.

Corollary 1.2
If B = H, a Hilbert space, then

| () — Es (g§) &

Eollp—gl*> Eollp—Ei(g) | 1.30
oIp =gl 2 Eollp—Blle) I s (130
0e®,uc U,.
PrOOF:
Apply (1.29) to x* =e;, j > 1 where (¢;) is a complete orthonormal system in H,
and take the sum. |

In (1.29) and (1.30), that are slight extensions of the Grenander inequality (1981, p.
484), the choice of u is arbitrary. Of course it is natural to choose a u that
maximizes the lower bound. If the lower bound is achieved p is said to be efficient,
but, in general, this only happens for some specific values of (x*, u), as shown in the
next example.

Example 1.21 (Sequence of Poisson processes)
Let (N,j,t>0), j>0 be a sequence of independent homogeneous Poisson
processes with respective intensity A;, j > 1 such that Zj Aj < 00.

Since EN7; = A;r(1 + A1) it follows that > N7 <oo as., therefore

M, = (N, il = 0) defines an 2-valued random variable, where ¢2 is the Hilbert

space {(x;) € [RRN,ij]z < oo} with norm || (x;) ||= (ij].z)l/z.

One observes M) = (M;,0 <t < T) and wants to predict My, (h > 0). It is
easy to see that My is a P-sufficient statistic, then one only considers predictors of
the form p(Mr).

Now let A/ C ¢2 the family of sequences (x;) such that (x;) € N™ and x; = 0 for
j large enough. This family is countable, hence the counting measure u on N,
extended by u (2 — N') = 0, is o-finite.
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Then, note that ZJ-N% j < oo as. yields Nr;j =0 almost surely for j large
enough. Thus M7 is A/-valued (a.s.). This implies that M7 has a density with respect
to p and the corresponding likelihood is

J(T,w)

)\ T) Nrj(@) o),
f(MT Z e Tﬁe Zf:“ /\jT,a) e
rj(®

where J(T, o) is such that Ny j(w) = 0 for j > J(T, w).
Hence the MLE of 6 = (4;) is

br(w) = (%o <j SJ(T,w>) = (N”T(‘”) J> 0).

Then, an unbiased predictor of My, should be
N T+h
Mryy = (—NT,]7J > 0)

In order to study its efficiency we consider the loglikelihood:

o0

Inf(Mr,6 + du) = Z (A + 8u))T + Np;In((3; + 8u;)T) + In(Ny,!)]

and

which belongs to ]0, oo if Y- u7 >0 and Y- u? /4; < oo.
Now, on one hand we have

o0
Egrou(x"(Mryn)) = (T +h) Y (A + uy)x;,
Jj=0

thus, in (1.28), y : £ — ¢? may be defined by

y(v) = (T + h)v,v € £,
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on the other hand
Eg(g) = Eg/lr (MTJrh) = (NTJ + )"jhaj Z 0)7

hence

and

Finally, since

[ (p E Z X ]7
(1.29) shows that MT+h is efficient if and only if

(Z xu;)?

Zu : (1.31)
j zx

In vparticular, if x*=(0,...,0,%,,0,...) efficiency holds, provided
0<>ui /2 <oo.

More generally, set x; = a;/+/A; and u; = /2, B;, j > 0. If (e;) and (f;) are in
22, (1.31) gives

D) B = ws)’

thus (o;) and (B;) are collinear, i.e. (A;x;) and (u;) are collinear. &

Notes

As far as we know a systematic exposition of the theory of statistical prediction is not
available in the literature. In this Chapter we have tried to give some elements of this topic.

Presentation of the prediction model is inspired by Yatracos (1992). Lemma 1.1
belongs to folklore but it is fundamental since it shows that the statistician may only
predict 1%, rather than g.
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Definition of P-sufficient statistics appear in Takeuchi and Akahira (1975). Also
see Bahadur (1954); Johansson (1990) and Torgersen (1977) among others.

Theorem 1.1 is simple but useful and probably new, while Theorem 1.2 is in
Johansson. The study of optimal unbiased predictors comes from Yatracos (1992)
and Adke and Ramanathan (1997).

Theorem 1.7 is also in Yatracos but the more compact Corollary 1.1 and results
concerning efficiency seem to be new.

Theorem 1.11 is taken from Adke and Ramanathan (1997) and other results of
Section 1.7 are classical.

The elements of multidimensional prediction theory stated in Section 1.8 are
natural extensions of the one-dimensional theory. The bound in Theorem 1.12 is an
extension of the Cramér—Rao type bound of Grenander (1981). The application to
sequences of Poisson processes is new.






