Part 1
Analysis of Functions

of a Single Real Variable



Chapter 1

The Real Numbers

This investigation of analysis starts with minimal prerequisites. Regarding sel theory,
the terms “set” and “element” will remain undefined, as is customary in mathematics
to avoid paradoxes. The empty set @ is the set thal has no elements. The statermnent
“e € S” says that ¢ is an element of the set 5. The statement “A C B™ says that every
etement of A is an element of B. Sets A and B are equal if and only if A € B and
B C A, The statement “A C B” saysthat A € B and A # B. Subsets will be defined
as “A = {x e§: {property}],” that is, with a statement from which set 5 the elements
of A are taken and a property describing them. The union of two sets A and B is
AUB ={x:x ¢ Aorx € B}, the intersectionis AN B ={x :x € Aand x € B}.

mn i
Union and intersection of finitely many sets are denoted U Aj and ﬂ Aj, respec-
: i=1 i=1

tively, and the relative complement of Bin Ais A\ B = {x € A : x € B}. Further
details on set theory are purposely delayed until Section 7.1. Until then, we focus on
analytical techniques. Any required notions of set theory will be clarified on the spot.

To define properties, sometimes the universal quantifier v (read “for all”"} or the
existential quantifier “3” (read “there exists™) are used. Formal logic is described in
more detail in Appendix A. Finally, the reader needs an intuitive idea what a funcuon,
a relation and a binary operation are. Details are relegated to Appendices B.2 and C.2.

The real numbers R are the “staging ground” for analysis. They can be charac-
terized as the unique (up to isomorphism) mathematical entity that satisfies Axioms
1.1, 1.6, and 1.19. That is, they are the unique linearly ordered, complete field (see
Exercise 1-30). In this chapter, we introduce the axioms for the real numbers and some
fundamental consequences. These results assure that the real numbers indeed have the
properties that we are familiar with from algebra and calculus.

1.1 Field Axioms

The description of the real numbers starts with their algebraic properties.
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Axiom 1.1 The real numbers [ are « field. That is, B has at least two elemenis
and there are two bindry operations, addition + : E x B — R and multiplication
R xR — R, sethar

I,

9,

Addition is associative, that is, for all x. v, 7 € B we have
Gy tz=x+{+2).

. Addition is commutative, that is, for all x. vy € IR we have

Xt+y=y+x.

. There is a neutral element O for addition, that is, there is an element 0 = R so

that for all x € R we have x + 0 = x.

. For every element x € R there is an additive inverse element (—x) so that

x4+ {—x)=0.

. Multiplication is associative, that is, for all x. y, z € R we have

(x-¥)-z=x-(y-2).

. Multiplication is commutative, that is, for all x, y € R we have

X-¥=y-x.

. There is a neutral element 1 for multiplication, that is, there is an element 1 € R

so that for allx € Rwe have | < x = x.

For every element x € R\ {0} there is ¢ multiplicative inverse element x ! so
-1
tharx -x~" =1.

Mulriplication is (left) distributive over addition, that is, forall w. x, v € B we
haveo - (x+y) = -x +a-y.

As is customary for multiplication, the dot between factors is usually omitted.

Fields are investigated in detail in abstract algebra. For analysis, it is most effective
to remember that the field axioms guarantee the properties needed so that we can per-
form algebra and arithmetic “as usval”” Some of these properties are exhibited in this
section and in the exercises. The exercises alsc include examples that show that not
every field needs to be infinite (see Exercises 1-7-1-9).

Theorem 1.2 The following are true in [R:

1.

Forall x ¢ B, we have Ox = (.

2021

3. Additive inverses ave witique. That is, if x € R and x* and X both have the

property in part 4 of Axiom 1.1, then x" =x.

4. Forall x e B, we have (—1)x = —x.
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Proof. Early in the text, proofs will sometimes be interrupted by comments in italics
to point out standard formulations and proof technigues.

To prove part 1, let x € R. Then the axioms allow us to obtain the following

equation. 0x "= (0 + 0)x "Z° (0 4 0) "% x0 + x0 “Z® 0x + Ox. This implies

0 "2 0x + (=000 " (Ox +0x) + (~0x) &' 0 4 (0x + (-0} EF 0 +0 2 0y

as was claimed. The proof of part { shows how every step in a proof needs to be
Justified, Usually we will not explicitly justify each step in a computation with an axiom
or a previous result. However, the reader should always mentally fill in the justification,
The practice of filling in these justifications should be started in the computations in
the remainder of this proof.

To prove part 2, first note that, because R has at [east two elements, there is an
x € R\ {0}, Now suppose for a contradiction {see Standard Proof Technigque 1.4
belowjthat 0 = 1. Thenx = 1-x = 0 x = 0is a coniradiction to x € R\ {(}}.

For part 3, note that if x” and X both have the property in part 4 of Axiom 1.1, then
X =xH0=u"+(x4%) = {x +x)+% = (s +x)+X = 04X =3+0 =7F. Note that
the statement of part 3 already encodes the tvpical approach to a unigueness proof (see
Standard Proof Technigue 1.5 below).

Finally, for part 4 note that x + {(—Dx = lx + (—1)x = (1 +(—D)x =0x =0
Because by part 3 additive inverses are unigue, (—1)x must be the additive inverse
—x of x. The last step is a typical application of modus ponens, see Standard Proof
Technigue 1.3 below. |

To familiarize the reader with standard proof techniques, these techniques will be
pointed out explicitly in the early part of the text. The techniques presented in Chapter 1
are general proof techniques applicable throughout mathematics. Techniques presented
in later chapters are mostly specific to analysis,

Standard Proof Technique 1.3 The simplest mathematical proof technigue is a di-
rect proof in which a result that says “A implies B” is applied after we have proved
that A is true. Truth of A and of “A implies B guarantees truth of B. This technique
is also called modus ponens. An example is in the proof of part 4 of Theorem 1.2, il

Standard Proof Technique 1.4 In a proof by contradiction, we suppose the contrary
{the negation, also see Appendix A.2) of what is claimed is true and then we derive
a contradiction. Typically, we derive a staternent and its negation, which is a contra-
diction, because they cannot both be true. For an example, see the proof of part 2 of
Theorem 1.2 above. Given that the reasoning that led to the contradiction is correct, the
contradiction must be caused by the assumption that the contrary of the claim is true.
Hence, the contrary of the claim must be false, because true statements cannot imply
false statements like contradictions (see part 3 of Definition A.2 in Appendix A). But
this means the claim must be true.

We will usually indicate proofs by contradiction with a starting statement like “sup-
pose for a contradiction.” Ll
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Standard Proof Technique 1.5 For many mathematical objects it is important to as-
sure that they are the only object that has certain properties. That is, we want to assurc
that the object is unique. In a typical uniqueness proof, we assume that there is more
than one object with the properties under investigation and we prove that any two of
these objects must be equal. Part 3 of Theorem 1.2 shows this approach. ]

Exercises
1-1. Provethat{—1!}-{—1y=1.
1-2. - is right distributive over +. Prove that forall x, v, 2 e R we have (x + y)r = x2 + yo.

1-3. Multiplicative inverses are unique. Prove that if v < I and x” and X both have the property in part
%ol Axiom 1.1 thea x" = X.

1-4. Prove that ) does not have a multiplicative inverse.
1-5. Prove thatifx, y # 0, then {xy)~1 = y "!x~ 1. Conclude in particular that xv # 0.

1-6. Prove each of the binomial formulas below. Justify each step with the appropriate axiom.
(@) (a+m =a?+2ab+h° () (@~ 52 =a? « 2ub+ b2

(©) (a+&iag—b)y=a° —b°

1-7. Prove that the set {0, 1} with the usual multiplication and the usual addition, except that 141 := 0, 1%
a field. That is, prove that the set and addition and multiplication as stated have the properties listed
in Axiom 1.1,

1-8. Prove that the set |0, 1. 2] with the sum and product of two elements being the remainder obtained
when dividing the regular sum and product by 3 is a field.

1-9. A property and some finite fields.

{a) Let Fbeafieldandletx, v € £, Prove thatx - ¥y = Oifandonly tf x = Qor ¥y = 0.

{by Prove that the set {(, 1, 2, 3] with the sum and product of two elements being the remainder
obrtained when dividing the regular sum and product by 4 is not a field

{c) Prove that the set {0, 1...., p — 1] with the sum and product of two elements being the
remainder obtained when dividing the regular sum and product by p is a field if and only if p
is & prime nomber.

1.2 Order Axioms

Exercises 1-7-1-9¢ show that the field axioms atone are not enough to describe the real
numbers. In fact, fields need not even be infinite. However, aside from executing the
fariliar algebraic operations, we can also compare real numbers, This section presents
the order relation on the real numbers and its properties.

Axiom 1,6 The real numbers R contain a subset BT, called the positive real numbers
such that

I. Foralix.y € RY, we have x + y € Rt and xy € R,

2. Forall x ¢ R, exactly one of the following three properties holds.
Eitherx e RY or —x e RT orx =0,
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A real number x is called negative if and only if —x € RY.

Once positive numbers are defined, we can define an order relation. As usual,
instead of writing ¥ + (—x) we write y — x and call it the difference of x and y. The
binary operation *“—" is called subtraction.

The phrase “if and only if,” which is used in definitions and biconditionals, is not-
mally abbreviated with the artificial word “iff.”

Definition 1.7 Forx, v € B, we say x is less than y, insymbols x < y, iff v—x ¢ RT.
We sav x is less than or equal to ¥, denoted x < y, iff x < y or x = y. Finally, we say
x is greater than y, denoted x > ¥, iff y < x, and we say x is greater than or equal
to v, denoted x = v, iff y < x.

The relation < satisfies the properties that define an order relation.

Proposition 1.8 The relation < is an order relation on R. That is,
1. = isreflexive. Forallx € B we have x < x,

2. < is antisymmetric. For all x,y € R we have that x < v and ¥ < x implies
x=y,

3, = is tramsitive. For all x, v,z € R, we have that x < y and ¥ < z implies
X =g,

Moreover, the velation < is a total order relation, that is, for anvtwo x, y € R we
havethat x < yory < x.

Proof. The relation < is reflexive, because it includes equality.

For antisymmetry, let x < y and y < x and suppose for a contradiction that x # y.
Thenx — y € B and —(x — ¥) = v — x € R™, which cannot be by Axiom 1.6. Thus
= must be antisymmetric.

For transitivity, let x = y and y = 7. There is nothing to prove if one of the
inequalities is an equality. Thus we can assume that x < y and y < z, which means
y—x € Rt andz — y € R*, But then R¥ contains (z — y} + (y — x) = z — x, and
hence x < z. We have shown that for all x, y, z € R the inequalities x < yand y < ¢
imply x < z, which means that < is transitive.

For the “moreover” part note that if x, v € R, then y —x € R and we have
either y — x € R*, which means x < ¥, or y — x = 0, which means y = x, or
x—y=—{y—x) € Rt which means y < x. Therefore forallx,y e Roneofx = y
or y < x holds, and hence < is a 1otal order. [ |

Once an order relation is established, we can define intervals.

Definition 1.9 An interval is a set { € Rsothat forall e,d € I and x € R the
inequalities ¢ < x < d imply x € . In particular for a. b € Rwith a < b we define

L [a.b]l={xcR:a=x =¥k}

2 abhy=xeR:a<x<bllgx) =R :a<x}
(—oob)i={xeR:x <b), (—oo,00) =R,
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Flab)yi=lvrcR:g<x <bl[a.oo):={xeR:a<x),

4 (a,bli=xeR:a<x <b), (—x,bl:i={xeR:x <bh]

The points a and b are also called the endpoints of the interval. An interval that
does not contain either of its endpoints (where £00 are also considered to be “end-
points”) is called open. An interval that contains exactly one of its endpoints is called
half-open and an interval that contains both its endpoints is called closed.

For the first part of this text, the domains of functions will almost exclusively be
intervals. Because analysis requires extensive work with inequalities, we need to in-
vestigate how the order relation relates to the algebraic operations.

Theorem 1.10 Properties of the order relation. Let x, v,z € R,
1. The number x is positive iff x > 0 and x is negative iff x < 0.
2 KFx <y thenx+:=<v+z
3. Ifx <vandz = 0 then xz = yz.
4 Ifx <yandz <0 thenxz = yz
5. 0 <x <y theny !t <y L

Similar results can be proved for other combinations of strict and ronsirict inequalities.
We will not siate these here, but instead frust thar the reader can make the requisite
transiation from the statements in this theorem.

Proof. Parts [ and 2 are left to the reader as Exercises 1-10a and 1-10b. Throughout
this text, parts of proofs will be delegated to the reader 1o facilitate a better connection
to the material presented.

Forpart 3,letx < vandletz > 0. Then, v —x € Rt or y = x. Incase y = x,
we obtain yz = xz and thus, in particular, xz < vz. Incasey — x € BT, note that
z > Omeans 7 € BV, and hence vz — xz = (v — x)z € R™. By definition, this implics
xz < vz, and in particular xz < yz. Becanse we have shown xz < yz in each case,
the result is established. All proofs in this section are done with the above kind of case
distinction (see Standard Proof Technique 1.11).

For part 4. let x < yand let 7 < 0. Then, y —x € R* or y = x. Incase y = x,
we obtain yz = xz, and hence xz > yz. Incase y — x € R, note that z < 0 means
—z ¢ BT, und hence xz — yz = {x — ¥}z = {y — x)(—z) € B*. By definition, this
implies vz < xz, and hence ¥z < xz, which establishes the result.

For part 5, first note that there is nothing 1o prove if x = y. Hence, we can assume
that x < y. Suppose for a contradiction that x~1 < y~1. Then by part 3 we have that
l=x"!x < y'x, andhence x < y . | < yy~lx = x, contradiction. ]
Standard Proof Technique 1.11 When several possibilities must be considered in a
proof, the proot usually continues with separate arguments for each possibility. The
proof is complete when each separate argument has led to the desired conclusion. This
type ot proot is also called a proof by case distinction. L]



1.2. Order Axioms 7

We conclude this section by introducing the absolute value function and some of
its properties.

ifx =0,

- and we call it the absolute
ifx <0,

Definition 1.12 Forx € R, we set x| = lix

value of x.

Theorem 1.13 summarizes the properties of the absolute value. The numbering is
adjusted so that properties 1, 2, and 3 correspond to the analogous properties for norms
(see Definition 15.38). We will formulate many results in the first part of the text fo
be analogous or easily generalizable to more abstract settings, but we will usuaily do
so without explicit forward references. In this fashion many abstract situations will be
more familiar because of similarities to situations investigated in the first part.

Theorem 1.13 Properties of the absolute value.
0. Forall x ¢ R, we have |x} = 0,
L Forallx e R, we have [x| =0 iffx =0,
2. Forall x, vy € R, we have |xy| = |x|]y|,
3. Triangular inequality. For all x, y € R, we have |x + y| < [x]| + |¥].
4. Reverse triangular inequality. For all x, y € R, we have |Ix| — | y|| < |x —¥|.

Proof. Forpart 0, letx € K. Incase x = 0, by Definition 1.12 we have |x| = x = 0,
In case x < 0, we have x € RT and by part 2 of Axiom 1.6 we conclude —x = 0.
Because in this case {x| = —x > 0, part 0 follows,

Throughout the text, the two implications of ¢ biconditional “A §f B” will be re-
Jerred to as “=>." denoting “if A, then B” and “<," denoting “if B, then A.”

For part 1, note that the direction “<" is trivial. because |0] = 0. For the direction
“="let x € R be so that [x| = 0 and suppose for a contradiction that x % 0. If x > 0,
then { < x = |x| = 0, a contradiction. (Nofe that the previous sentence is a short proof
by contradiction that is part of a longer proof by contradiction. ) Therefore x < (0. But
then 0 < —x = jx| = 0, a contradiction, Hence, x must be equal to 0.

Forpart 2,let x,¥y € B. If x = O and y = 0, then by part 3 of Theorem 1.10
xy = 0, and hence |xv| = xv = |x||¥]. If x > Oand y < 0, then by part 4 of
Theorem 1.10 we infer xy < 0. Hence, {x¥| = —xy = x(—¥) = Ix||y]. The case
x < 0 and y = 0 is similar and the reader will produce it in Exercise 1-11a. Finally,
if ¥ < 0and y < 0, then by part 4 of Theorem 1.10 we obtain xy > 0. Hence.
lxyl = xy = (=I{(=Dxy = (=x}=y) = |x{ly|.

To prove the triangular inequality, first note that for all x € R we have that x = [x].
This is clear for x = 0 and for x < 0 we simply note x < 0 < —x = |x|. Morcover,
(see Exercise 1-11b) for all x € R we have —x < |x|. Now let x.y € R, If the
inequality x + ¥ > 0 holds, then by part 2 of Theorem 1.10 at least one of x. v is
greater than or equal to 0. (Otherwise x < Q¢ and ¥y < 0 would imply x + y < 0.}
Hence, by pari 2 of Theorem 1.10 [x 4+ y| = x4+ ¥ < x|+ y < [x|+ [y Ifx + ¥y < 0,
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then at least one of x and y is less than 0. Hence, by pait 2 of Theorem 1.10 we obtain
x+yi=—x+y)=—x+(=y) s|—x|+{=») =—x{+]—yl=ixl+ 13
Finally, for the reverse triangular inequality, fet x, vy € R. Without loss of generality
{see Standard Proof Technigue 1.14) assume that [x] > }y|. (The proof for the case
|x{ = |¥|is left as Exercise 1-11c.) Then [x| = |x — ¥ + ¥| = [x — ¥| + |¥|, which
tmplies [lx| — [yl} = Ix| = Iyl < [¥ — yl. -

Standard Proof Technique 1,14 If the proofs for the cases in a case distinction are
very similar, it is customary to assume without loss of generality that one of these
similar cases is true. This is not a loss of generality, because it is assumed that what is
presented enables the reader to fill in the proof(s) for the other case(s). In this text, the
omitted part is sometimes included as an explicit exercise for the reader. [

Exercises
I-10. Finishing the proof of Theorem 1.10.

{a) Prove part 1 of Theorem 1.10.
(by Prove part 2 of Theorem 1.1¢.

1-11. Finishing the proof of Theorem 1.13.

(a} Letx,y € R Provethatif x = Oand v < {i. then lxy| = |x]||¥|.
(b} Prove that for all x € I we have —x < x|,

{c} Prove thatif [x} < |y}, then | |x| =ty | = jx — ¥l

1-12. Let f, J < R beintervals. Prove that f N J = {x € K : x € I and x € F} is again an interval.
1-13. Letae < bandletx, ¥y ¢ [a, b]. Prove that |x — y| = b —a.

I-14. Prove that none of the fields from Exercisc 1-9¢ can satisfly Axiem 1.6 by showing thar for these
fields part 2 of Axiom 1.6 fails forx = 1.
Nene, This result shows that Axiom 1.6 distinguishes | trom the finite fields of Exercise 1-9¢.

1.3 Lowest Upper and Greatest Lower Bounds

A structure that has the properties outlined in Axioms }.1 and 1.6 is also called a
linearly ordered field. The rational numbers satisfy these properties just as well as the
real numbers. Thus we are not done with our characterization of R. The final axiom
for the real numbers addresses upper and lower bounds of sets,

Definition 1.15 Let A be a subset of R.

I. The number u € R is called an upper bound of A iff 4 > a foralla ¢ A If A
has an upper bound, it is also called bounded above.

2, The number i € R is called a lower bound of A iff{ < a foralla € A. If A has
a lower bound, it is also called bounded below,

A subset A C R that is bounded above and bounded below is also called bounded.
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Among all upper bounds of a set, the smallest one (if it exists) plays a special role.
Similarly, the greatest lower bound plays a special role if it exists.

Definition 1.16 Let A T R.

1. The number s € R is called lowest upper bound of A or supremum of A,
denoted sup(A), iff s is an upper bound of A and for all upper bounds u of A we
have that s = u.

2. The number i € R is called greatest lower bound of A or infimum of A, de-
roted Inf(A), iff i is a lower bound of A and for all lower bounds 1 of A we have
that{ < i,

Formally, it is not guaranteed that suprema and infima are unigque, but the next
result shows that this is indeed the case. Note that the statement of Proposition 1.17
follows the standard pattern for a uniqueness statement.

Proposition 1.17 Suprema are unique. That is, if the set A € R is bounded above
and 5.t € R both are suprema of A, then s = t.

Proof. Let A € R and s, ¢ € R be as indicated. Then s is an upper bound of A and,
because ¢ is a supremum of A, we infer s > ¢. Similarly, ¢ is an upper bound of A and,
because s is a supremum of A, we infer ¢ > 5. This implies s = r. ]

Standard Proof Technique 1.18 (Also compare with Standard Proof Fechnique 1.14.)
When, as in the proof of Proposition 1.17, two parts of a proof are very similar, it is
common to only prove one part and state that the other part is similar. Throughout the
text, the reader will become familiar with this idea through exercises that require the
constroction of proofs that are similar to proofs given in the narrative. O

The proof that infima are unique is similar {see Exercise 1-15}. Because suprema
and infima are unique if they exist, we speak of the supremum and the infimum.

The final axiom for the real numbers now states that suprema and infima exist under
mild hypotheses.

Axiom 1.19 Completeness Axiom. Every nonempty subset § of R that has an upper
bound has a lowest upper bound.

Although the Completeness Axiom formally only gurarantees that nonempty subsets
of R that are bounded above have suprema, existence of infima is a consequence.

Proposition 1.20 Let S © R be nonempty and bounded below. Then § has a greatest
lower bound.

Proof, Let L := {x € R : x is a lower bound of §}. Then L #= @. Let s € 5. Then
for all{ € L we have that/ < s. Because § # @ this means that £ is bounded above.
Because L % @, by the Completeness Axiom, L has a supremum sup(L). Every s € §
is an upper bound of L., which means that s > sup(L) and so sup(L) is a lower bound
of S. By definition of suprema, sup(L) is greater than or equal to all elements of L,
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that is, it is greater than or equal to all lower bounds of S. By definition of infima, this
means that sup(L) = inf(.S). [ |

We will see that suprema and infima are valuable tools in analysis on the real line,
The next result shows that in any set with a supremum we can find numbers that are
arbitrarily close to the supremumn. This fact is important, because analysis ultimately
is about objects “getting close to each other.”

Proposition 1.21 Let § < R be a nonemprty subset of R that is bounded above and ler
5 1= sup(S). Then for every & > O there is an element x € S so that s —x < &.

Proof. Suppose for a contradiction that there is an £ > 0 so that for all x € § we
have that s — x = ¢. Then for all x € § we would obtain s — ¢ > x, thatis, s — & would
be an upper bound of S. But § — ¢ < s contradicts the fact that s is the lowest upper
bound of S. [ ]

Although the supremum and infimum of a set need not be elements of the set, we
have different names for them in case they are in the set.

Definition 1.22 Let A be a subset of R,

1. I A is bounded above and sup(A) € A, then the supremum of A is also called
the maximum of A, dencied max(A).

2. If A is bounded below and inf(A)} € A, then the infimum of A is diso called the
minimum of A, denoted min(A).

Although the distinctions between suprema and maxima and between infima and
minima are small, the notions are distinct. For example, the open interval (0, 1) has a
supremum (1} and an infimum (0), but it has neither a maximum, nor a minimum.

Exercises
1-15. Let A € E be bounded below and let s, £ € £ both be infima of A. Prove thats = ¢.

1-16. Approaching infitma. State and prove a version of Proposition 1.21 that applics ta infima. Is the prool
significantly different from that of Proposition 1.217

1-17. Let § < IR be bounded above. Prove that s € R is the supremum of § it 5 is an upper bound of §
and forall £ = Othere js an x € S so that |s — x| = &.

[-18. Suprema and infima vs. containment of sets.

{a) Let A. 8 € [ be bounded above. Prave that A © B implies sup(A) < sup(8).
(b} Let A. B C R be bounded below. Prove that 4 € B implies inf(4) = inf(B).

i-19. Let A € R be bounded above. Prove that inf{x e F : —x € A} = —sup(4).

This section concludes the introduction of the axioms for the real numbers.
Exercise 1-30 after the next section shows that the axioms uniguely deter-
mine the real numbers. We will not explicitly construct a mathematical entity
that satisfies these axioms. Readers interested in the construction of R from
@ can revisit this idea after Theorem 16.89 (see Exercise 16-93). The con-
struction of the rational numbers from the axioms of set theory is sketched
in Appendix C.
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1.4 Natural Numbers, Integers, and Rational Numbers

Although Axioms 1.1, 1.6 and 1.19 uniquely describe the real numbers, they do not
mention familiar subsets, such as natural numbers, integers, and rational numbers. This
is because these sets can be constructed from the axioms as subsets of the real numbers,
We start with the natural numbers, which are the unique subset with properties as stated
in Theorem 1.23. While their existence is easy to establish, the uniqueness of the
natural numbers can only be proved in Theorem 1.28 after some more machinery has
been developed,

Theorem 1,23 There is a subset M C R, called the natural mumbers, so that
I lel’.

2. Foreachn € N the number n + 1 is also in I

3. Principle of Induction. [f'S C N is such that 1 € S and for eachn € § we also
haven+ 1€ S5, then § =HN.

Proof. Call a subset A € R a successor set iff 1 € A and for ali ¢ € A we also
have a + 1 € A. Successor sets exist, because, for example, R itself is a successor
set. Let ¥ be the set of all elements of R that are in all successor sets. Because 1 is
an element of every successor set, we infer 1 € N, Moreover, if n € N, then » is in
every successor set, which means n 4 | is in every successor set, and hence n +1 € M.
Finally, any subset § € N as given in the Principle of Induction is a successor set.
Because the elements of N are contained in all successor sets, we conclude that N € S,
and hence N = §. [ |

Of course, we will denote the natural numbers by their usual names 1,2,3. ...
As algebraic objects, patural numbers are suited for addition and multiplication (see
Proposition 1.24), but they are not so well suited for subtraction (see Proposition 1.25).
Although all results until Theorem 1.28 are stated for M, they hold “for every subset of
IR that satisfies the properties in Theorem 1.23.° The reader should keep this in mind
and double check, because we will need it in the proof of Theorem 1.28. To avoid
awkward formulations, the results up to Theorem 1,28 are formulated for N, however.

Proposition 1.24 The natural numbers are closed under addition and multiplication.
That is, if m.n € N, then m + n and mn are in N also.

Proof. The key to this resuit is the Principle of Induction. Let m < N be arbitrary
andlet S, '={n e N:m+n € N}. Thenm € Nimpliesm+1 € N,andhence 1 € §,,.
Moreover, if n € Sy, thenm +nr ¢ N andhencem +(n+ D) ={m+m)+1 e N,
which means that n + 1 € 5,,. By the Principle of Induction we conclude that S,, = M.
Because m « N wag arbitrary, this means that for any s, n € Nwehavem +n € N.

The proof for products is similar and left to the reader as Exercise 1-20. [ |

Readers familiar with induction recognize the part 1 € §,," of the preceding proof
as the base step of an induction and the part “n € S, = n+1 € §,;” as the induction
step. In this section, we use the “induction on sets” as done in the preceding proof,
The more commonly known Principle of Induction is introduced in Theorem 1.3%9,
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Proposition 1.25 Lerm,n € N besuchthatm > n. Thenm —n e N.

Proof. We first show that it m € N, thenm — 1 € Norm — 1 = 0. To do this,
letdA ={meN:m—-1¢c Norm—1=0},Thenl € Aand if m € A, then
im+1)—1=me A CHN, which means m + 1 € A, Hence, A = N by the Principle
of Induction.

Nowlet S:={n e N:(¥m e N:m > nimpliesm —n c N)}. Hn = landm € N
satisfies m > 1, thenm — 1 > 0 and so by the above m — 1 € N, whichmeans 1 € §.
letrneS. Ifm>n+1.thenm—1>n,andhencem —(n+1)=(m -1} —n N,
which means # + ] € §. By the Principte of Induction we conclude that § = N, and
hence for all m, n € N we have proved that m > n implies m — n € N. [ ]

Proposition 1.26 shows that the natural numbers are positive and the smallest dif-
ference between any two of them is 1.

Proposition 1.26 For all n € N, the inequality 1 = 1 holds and there is nom € N so
thar the inequalities n < m < n + 1 hold.

Proof. The proof that all natural numbers are greater than or equal to 1 is left to
Exercise 1-21,

Now suppose for a contradiction that there is an n € N and an m € N so that
n<m<n+1 Thenm —n € Nand m — n < 1, a contradiction. |

The Well-ordering Theorem torns out to be equivalent to the Principle of Induction
(see Exercise 1-22).

Theorem 1,27 Well-ordering Theorem. Every nonempty subser of N has a smaliest
element.

Proof. Suppose for a contradiction that B C N is not empty and does not have a
smallest element. Let § := [n eN:(¥meN:m=<nimpliesm ¢ B)} By Proposi-
tion 1.26, 1 is less than or equal to all elements of N, s0 1 € 8, and hence | € S. Now
letz € §. Thenallm € N withm < n are not in B. But then n + 1 € B would by
Proposition 1.26 irply that 2 + 1 is the smallest element of B, Hence, n 4+ 1 ¢ B and
we conclude n+1 € §. By the Principle of Induction, § = N and consequently B = @,
a contradiction. [

Now we are finally ready to show that the natural numbers are unique.

Theorem 1.28 The natural numbers M are the unique subset of R that satisfies the
properties in Theorem 1.23,

Proof. Examination of the proofs of all results since Theorem 1.23 reveals that any
set § C© IR that satisfies the properties in Theorem 1.23 must also have the properties
given in these results.

It may feel tedious to go back and verify the above statement. However, mathemati-
cal presentations more often than not will ask a reader to use a modification of a known
proaf to prove a result (also see Standard Proof Technique 1.14). When this occurs, the



1.4. Natural Numbers, Integers, and Rational Numbers 13

reader iy expected to verify that the resuli(s) can indeed be proved with similar methods
as were used for earlier results.

Now suppose for a contradiction that there is a set .S = N with properlies as in
Theorem 1.23. Then S is asuccessorset, soN € S. Let B:= S\ N=(s e §:5 € N}
Then B £ ¢, and hence by the Well-ordering Theorem, which is valid for S, B has a
smallest element b. Because 1 € N we infer b > 1, and hence by Proposition 1.25,
which is valid for §, we have b — [ € §. Butthen & — 1 € N, because this would imply
b=1(b—-1)+1 € N Hence, b — 1 € B, which is a contradiction to the fact that b is
the smallest element of 8. ]

Once we have constructed the natural numbers, the next number system ta consider
are the integers.

Definition 1.29 ThesetrZ .= {m e R :m e Norm =0 or —m € Nj is called the set
of integers.

We leave several proofs of natural properties of the integers to the reader.

Proposition 1.30 The integers are closed under addition, subiraction and multiplica-
tion. Moreover, for any two integers k, ! with k > [ we have that k — 1 = 1, every
nonempty set A C Z that is bounded below has a minimum, and every nonempty set
A C Z that is bounded above has a maximum.

Proof. To prove that 7 is closed under addition, let #:, n € Z. In case both are
natural numbers or in case one of them is zero, there is nothing to prove. Moreover,
in case —m, —n € N we have m + n = —((—m) + (—n)), which is in Z, because
(—m)Y +{—n) ¢ M. Now consider the case m € Nand —n € N, If m = —n, we
obtainm +n = 0 € Z. If m > —n, then by Proposition 1.25 we conclude that
m+n=m-{—n) € N C Z Finally, it m < —n again by Proposition 1.25 we
conclude that —(m + 1) = (—n) — m € N, which means by definition of Z that
m+n e Z The case —m € M and # € N is treated similarly (see Exercise 1-23a).

Closedness under subtraction and multiplication as well as the claim about differ-
ences are left to Exercises 1-23b—1-23d.

Now let A C Z be nonempty and bounded below. Then, because A € [, it has an
infimum a. By the version of Proposition 1.21 for infima, there s an integer m € A
with st —a =< 1. Because the absolute value of the difference between any two distinct
integers is at least 1, m is the only integer in [«, ¢ + 1). Hence, » is below all elements
of A that are not in {a, 2 + |}. Because m is the only element of A in [¢.a + 1}, m
must be the minimum of A.

The proof of the corresponding result for nonempty subsets A € Z that are bounded
above is left to Exercise 1-23e. |

A key property of the natural numbers is that any real number is exceeded by a
natural number. To prove this, we need the usual fractions, which are easily introduced.

1
Definition 1.3 For all a € R\ {0} we set — := ¢~ and call it the reciprocal of a.
o

b 1
ForbeRanda e R\ {M weset —:=b. — = ba~" and call it a fraction.
a a
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11
Becausei —1—5 =27'4+27 = (1 +1)-27" =2-271 = | we can now prove the

following.
Theorem 1.32 For every x € R, thereisann € N so that n > x.

Proof. For a contradiction, suppose that x is such thac for all # € N we have that
n<x. Then B:={y €R: (¥n € N:# < y)} is not empty. Moreover, B is bounded
below by all # € M. By the Completeness Axiom, B has an infimum, call it &, Then

1 1 1
h— 3 & B, which means there is anr € N withn > b — 3 Butthenn +1>= 5+ 2
is a lower bound of B, a contradiction to b = inf( B). |

Because I € Z and because subsets of Z that are bounded below have a minimum,
we infer that for every real number x there is a unique smallest integer that is greater
than or equal to x. Similarly there is a unique largest integer that is less than or equal

to x. These numbers are useful when we need integers instead of real numbers, so we
define the following.

Definition 1.33 For every x € R, let [x] be the smallest integer greater than or equal
to x. Moreover, let | x| be the largest integer less than or equal to x. As functions from
R 10 Z, -] is called the ceiling function and (-] is called the floor function.

The last subset of B that we introduce is the set of rattonal numbers. Rational
numbers are naturally defined as fractions.

Definition 1.34 The set ( := {3 nelZ,delN } is called the set of rational num-
bers. The set R\ Q = {x € R : x &€ Q} is called the set of irrational numbers.

Proposition 1.35 The rational numbers are closed under addition, subtraction and
multiplication. Moreover, ifg. v € Qandr # 0, then 4 e
r

Proof. Letm.n € Z, let ¢, d € N and consider the rational numbers i and 5
c
Then @ is ¢losed under addition because

m n
—+ 7 = mct4+nd t=mdd e + nee !
[
. md + ne
= (md +nc_}c_ld_] =,
cd
mn i
For multiplication. note that — 7= me tnd ™V = mne”'d™! = h The remain-
C [
der is left 1o Exercise 1-24. [ |

Rational numbers can be found between any two real numbers and Exercise 1-43
will establish a similar result for irrational numbers,

Theorem 1.36 Lera, b € B witha < b. Then there is a rational number g € Q such
thata < g < b,
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Proof. By Theorem 1.32, there is an n € N so that 0 < b < n. By part

1
5 of Theorem 1.10, we obtain = < b —a. Now let ¥ := min {m e 4 iid > b} and
Fr

{ 1
similarly let 7 := max {m ch: n = gay. Then Lz = b —a > —, which means
n n n H
[+1

n

+
< ¥, Hence, by definition of { and # we infera < —— < b. [ ]
n n

We conclude with a simple looking result that is actually at the heart of a standard
proot technique (see Standard Proof Technique 2.7). Exercise 1-25 extends Theorem
1.37 to inequalities.

Theorem 1.37 ferx € B Ifx = Qand forall ¢ > Owe have x < g, thenx = 0.

Proof. Let x be as indicated and suppose for a contradiction that x > 0. Then

x s X, . ..
£i= > is positiveand x < g = > implies 1 < 3 4 contradiction. |

Exercises
=200 Prove that if s, 5 & B, then mn € B
Hint. Same idea as the first part of the proof of Proposition 1.24 with sets Sy := {n € M ma € N}

1-21. Prove thatifn = M, thenn = L.
Hint. Use S :={nec M n=1].

1-22. Use the Well-ordering Thecrem to prove the Principle of Induction,
1-23. Finish the proof of Proposition 1.30 by proving the following.

(a) Finish the proof that Z is closed under addition. Fhat is, prove that il —m € M and n € N,

thenm +n g Z.
(b} Prove that Z is closed under subtraciion. That is, prove that m — s € Z forallm, n € Z.
(c) Prove that Z is closed under multiplication. That is, prove that ma € Z for all m, n € 7.

(d) Prove that for any two integers m, n withm > nwehavem —n = 1,
Hint. Find a contradiction ta Proposition 1.26.

{e) Prove that every nonempty set A € Z that is bounded above has a maximum.
1-24. Finish the proof of Proposition 1.35, That 1s,

{a) Prove that [ is closed uvnder subtraction.
(b) Prove thatif ¢, r € @ and r £ 0, then 4 e
r

a1 d
Hint. First show that forn = 2% [0} and 4 € M we have that (E) =
Ixs

1-25. Prove thatifa,. b € Rare such thattorall £ = Owehavea = b 4+ &, thena < b

1-26. Prove that for every real number x there is an integer » so that # < x.

i , x
1-27. Prove that for any real numbers ¥, & > {) there is an # € N so that — < £,
"

Hiny. Theorem 1.32.
1

1 1
128, Provethat — + = 4 - =1,
rove tha 3-i-3 5
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A rational namber 7 is calied a dyadic rational pumber iff there are p € Z and n ¢ N 30 that

F= -'% Dyadic rationad nurnbers are useful in analysis because they can provide a sequence of
“yrids” such that each new grd contains the old one (see part 1-29a below), the whole set is the
union of the “grids™ (see part 1-29b} and between any two real numbers there is a dyadic rational

number (see parl 1-29¢).

Let 2 be the set of dyadic rational numbers and for cach # M let Dy, = [ ;—; L pE Z]
(a) Prove that for all n & I we have Dy C Dy .
=] =]
(b Let U Dy = |xeR:i3neN:x gDy | andprove that I = U Dy.

n=I n=lI

{c) Prove that tor any x, v € E with x < y there is a dyadic rational number & sothat x < & =< v.

. In this exercise, we will prove that the resl numbers are the (up to isomorphism) unigue linearly

ordered complete field. That is. we will prove that every mathematical object that satisfics Axioms
1.1, 1.6, and 1.19 is in 4 certain sense {defined below) “the same as B

First notice that, similar to the proof of Theorem 1.28, aff results proved so far hold for any object that
satisﬂﬁes Axioms L.1, 1.6, and 1.19 (because the results are derived f_gom these axioms). That is, every
set | that satisfies Axioms 1.1, 1.6, and 1.19 contains subsets N, &, and (D that have the properties
that we have proved up to now for the natural numbers, the integers and the rational numbers.

(a) Prove that for all x € B we have that x = supfr ¢ 1 7 < x).

(b) Now let T be a set that satisfies Axioms 1.1, 1.6, and 1.19 and let H, Z, and @ be subsets of
[ that have the properties (hat we have proved up to now for the natural nutnbers, the integers
and the rational numbers, including Exercise 1-30a.

i. Define a function f : F — 3 as follows. For» & M, let f(l1} = 1 and once Fin)is
defined let f;(n + 1) = fim)F1. Alsolet f{—n) ;= Zf. Forp e Zand d € N let

H
f (}_f) iz % Prove that for all x € 0 the above definition is not self-contradictory by
[

proving that it assigns exactly onc valuc to cach x e . Then prove that f{x) Q for
each ¥ € (P und that f preserves the order, that is, if x < £, then f{x) = f(z).

ii. Forx e Blet f(x):=sup{ f(r):reQandr =x |. Prove that forall 1 & K the
above definition is not self-contradictory by proving it assigns exactly one value to cach
re R
(Formally this says that f is well-defined.)

iti. Prove that the above function does not map any two points (o lhe same image by proving
that for all x, ¥ = B the inequality x # v implies that f(z} & f(¥).
{Formally, this says that the function f is one-to-one or injective.)

iv. Prove that the above function “reaches” every element of 2 by proving that for all ¥ ¢ &
there is an x € [ so that f(x) = .
{Formally, this says that the lunction f is onto or surjective.)

v. Prove that the above tunction is consistent with the algebraic operations by proving that
forall x, v € | we have that fix + ¥} = f{x) X fO) and fix- ¥ = FxYF{y).
(Formally, this says that £ is a field isomorphism_)

vi. Prove that the above function is consistent with the order relation by proving that for all
x, ¥ & B we have that x = y implies that F{x)=f(y).
(Formally, this says that § is an order isomorphism.)}

The above steps show that the points and operations in B and in B can be identified with each
other in such a way that it does not matier if we are working in  or in E. Thus for all intents
and purposes.  and B are “the surne” This is (he essence of saying that the real numbers are
up to isomorphism the unique linearly ordered, complete field.
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1.5 Recursion, Induction, Summations, and Products

A recursive definition defines an entity X, that depends on a natural number # first for
n = | and then it defines X, in terms of X,,. By the Principle of Induction the set
§ = {n € N : X, is defined } is equal to M, which means that a recursive definition
defines the entity X, for all natural numbers ». In this fashion, the sum of finitely many
numbers can be defined.

1

Definition 1.38 For each j € N let a; € R. Define the sum Za j =y and for
j=1

A+l " —m
n € M define the sum Za_; = ayg + Za}-. For m N U {0}, set Zaj = 0. The
i=l j=1 i=l

parameter j is also called the summation index.

In particular, note that a sum whose index starts at 1 and ends at a number smaller
than 1 is always zero. It is also called an empty sum. Summations that start at numbers
other than | are defined similarly (Exercise 1-31). By their nature, recursive definitions
are closely linked to induction. Unlike what is stated in Theorem 1.23, induction nor-
mally is used to prove statements about natural numbers. This is possible, because a
proof that a statement is true for all patural numbers is the same as a proof that a certain
sef 1s equal to M.

Theorem 1.39 Principle of Induction. Let P(n) be a statement about the natural
number n. if P(1} is true and if for all n € N truth of P(n) implies truth of P{n + 1),
ther P(n) holds for all natural numbers.

Proof. Let P be as indicated and consider the set § = [n e M : P(n)istrue }
Then 1 € §. For every n £ § the statement P{#) is true, hence P(n + 1} is true, which
means # + 1 £ §. By Theorem [.23 we conclude .5 = N and thus P{x) is (rue for all
ne M. [}

Standard Proof Technigue 1.40 In the form of Theorem 1.39, induction is a standard
preof technique. It involves a two-step process. In the first step, called the base step,
P (1) is proved. Then, in the induction step, P(x) is used to prove P(n + 1). In this
context, P{n) is also called the induction hypethesis. All proofs in this section rely
on induction. Moreover, Exercise 1-32 exhibits another way to carry out an induction
(sometimes called strong induction). O3

"
. 1
Example 1.41 For all n € N, the summation formula E j= En(n + 1) holds.
J=i

11
]
Proof. The statementis Pin) = [ Y j = g+ 1D
j=1

1
Base step. We prove P(n) forn = 1. Zj =1= 5](1 + 1), so P(1) holds.
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"
1
Induction step. Under the induction hypothesis Z i= En(rz + 1) we must prove
j=l
1 ]
Z j= E(n + 1)({n + 1) + 1). A standard step in induction for recursively defined
i=1
quantities is to split off the last term. This is done in the first step here.

n+t1 H
Zf = (m+1}+ Z J Now we can apply the induction hypothe-
i=1 i=l sis to the sum and the rest is algebra.

= m+D+ %n(n + 1= %2(}1 + 1+ %n(n + 1)
= %(n + 2)(n + 1).

Further examples of similar inductions can be found in Exercise 1-33. 0]

Similar to sums we can define products. Although products oceur less frequently
than sums, they are usetul to define powers.

1
Definition 1.42 For cach j € N, ler a; € R, Define the product 1_[ aj :=a and
i=1
n+l 1"
for all n € N define the product n aj =gyl - ]_[ a;. For all m ¢ N {0}, set

i=l i=l1
—m
1_[ a; = 1. The parameter j is also called the product index.

Products that start at numbers other than | are defined similarly (Exercise 1-31).
Products that end at an index that is smaller than the starting index are set to 1 and are
also called empty producis.

i
Definition 1.43 Foralla € R, and all n € NU{0}, we define the n™ power ¢” = H a.
i=l1
Aside from integer powers of numbers, we want to work with rational powers. To
define rational powers, we need A% roots of nonnegative real numbers. To formally

prove their existence, we need the Binomial Theorem. As a start we need binomial
coefficients and one of their key properties.

H

Definition 1.44 For ali n € N U {0}, we define nl = ]_[ J and call it the factorial
j=t

of n. For all n,k € NU {0} with k < n, we define the binomial coefficient a5

il i n!
(k) TR~ B
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Theorem 1.45 The equation (kf | ) " (z) _ (Hi—l) holds for all n,k € N

with k < n.

Proof, This result can be proved by direct computation.

n )+(n) _ al + n!
(k-1 k)7 G—Dln—G&— DY ki —k)!

_ n'k ai(n+1—k) B nltk+n+1-5K
 kln+1=k)! Km+1—kY kWa+1—k)!
_ (n+1)

in+1-bt

Now we are ready to prove the Binomial Theorem.

Theorem 1.46 The Binomial Theorem, For gll real numbersa, b € B, andalin € N,

n

we have (a + B)" = Z (:) ayk.

k=0

Proot. Throughout the proof we will freely use the properties of sums proved in
Exercise 1-34. The proof is by inductior on », with P(n) being the statement about
(a4 b)",

Base step. For 1 = 1, note that

1
{a+b)'=a+b=(é)aﬂbi—0+( ) ip!- l:Z( )akbl"k,

k=0

which proves the base step,
Induction step. Assuming that the result holds for », we must prove it for 7 + 1.
First note that it follows easily from Definition 1.43 that forall x e Rand all mm € N

we have x - x™ = x™+1,

(a+by*!
‘ The first step is to split off the last term of the power. |
= {a+bla+b"
| Now we can apply the induction hypothesis to (a + #)". |

k=0)

Z(k) k+|bn L+Z( )akbn+1-—k

k=0
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After muitiplying out parentheses, we want to combine the
sums. In order to do this we shift the indices to obtain simi-
lar terms in both sums. In the first sum we set j := k£ + 1 and
in the second sum we set j ;= k.

n+l

n

n , . n , ;

— 2 : ) a_;bn-}—l b +§ :( .)ajbn-i-l—;
(1—1) Pl

i=1

To combine the sums, the indices must start and end at the same
. numbers. Thus we split off the last term of the first sum and the
| first term of the second sum. Then we can combine the sums.

. f ntlpntl—{rtl}) R Opnt+1-0 - " f Fpnt+l—j
= (nJermrmens(g)er o[ (12 ) (7)o
J:

Now we can apply Theorem 1.45. Moreover, by rewriting the
terms outside the sum, we see that they fit the requisite pattern
and can be absorbed into the sum.

H
A o) U YR P R DS O & ol B W PR LS O N PP
= (n+1)“ b +H Ty et +Z; i)alr
J:
+1
= "Z(njl)a-"b’””_j.

i=0

With the Binomial Theorem, we can prove that #' roots exist. The proof of The-
orem 1.47 is the first proof in this text in which we have to choose a number to make
another number smaller than a given bound. That is, this is our first proof with a distinct
analytical flavor.

Theorem 1.47 Let v € M. For every nonnegative real number a, there exists a unigie
nonnegative real number r such that v = a.

Proof, We first prove the existence of . Let R := {x e R: x > 0 and x” < a}.
Then ) € R and R is bounded above by max{1, a}. Let r := sup(R). To show that
r* = q, we will show that r® # a and r" # a. First, suppose for a contradiction that
r" = a. Then there is 2 8 > 0 so that #* + § < a. By Theorem 1.32 (or Exercise

1 &
1-2N, foreach &k € {1, ..., n} we can find an m; € N so that (") PR o D Let

k mk 113
&
m = max{my, ..., ny}. Then by the Binomial Theorem we conclude
I. n n 1 i
(,, +— = 2 By ok (_ ‘ Split off the zeroth term. i
m = k m

A
-
= ¢ E Ry =k Now use the definition of .
+ = (k I | I
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n
8
1Y S =rtté<a
L r k‘-ln r =

1
The above shows that ¥ + — € R, contradicting the fact that r = sup(R). Hence,

i
r" # a. The proof that ¥ # a is similar and left to the reader as Exercise 1-36.
For uniqueness, suppose for a contradiction that there is another # > 0 with
' = u. Then b < rocd > r. Butif b = r, then with § := b — r we obtain

n
a="=@F+8)"=r"+ Z (:) #**§% = 4, a contradiction. Hence, b < r. But
k=1

"
then with é ;== r —bwehave a=r"=(h+8"=b"+ Z (z) k8% = . a con-
f=1
tradiction. Therefore » is unique. [ ]

We conclude by defining rational powers of nonnegative numbers and by proving
some of their properties.

Definition 1.48 Lern € N and let a € R be nonnegative. The unigue nonnegative real
number r such that r* = a is called the n" root of a, denoted /a. Forn = 2 the root
is called the square root, denoted /a.

Existence of #™ roots is another property that distinguishes IR from @. Although
Theorem 1.36 indicates that there are “many” rational numbers, the rational number
system has some shortcomings when it comes to powers.

Proposition 1.49 There is no rational rumber v such that r> = 2.

Proof. We first prove by induction as stated in Exercise 1-32 (strong induction)
that if n”” = 2z for some z € N, then n = 27’ for some z/ € N. The base step
for # = 1 is vacuously true. That is, because the hypothesis 1° = 2z leads to the
contradiction | = 12 = 27 = z 4z > 1, the hypothesis is never true, which means that
the implication is automatically true (see Definition A.2 in Appendix A).

For the induction step, first note that the result is trivial for n = 2, because 2 = 2 1.
Now assume that n > 2 and the statement has been proved for all natural numbers less
than n. Then 2z = 2 = (n — 2+ 22 = (@ — 2) + 4(n — 2) + 4 implies that
(n — 2)= = 27 for some 7 € N. By induction hypothesis, we conclude thatn — 2 = 27
for some € N, and hence n = 2% + 2 = 27’ for some 7' € N. This proves that if
n? =2zforsomezc N, thenn =27 forz =341 N.

2
Now suppose for a contradiction that there are # € Z and d € N so that (E) =2
and such that there is no &k € N\ {1} such that n = ny - k and & = di - k. But by the
above 7% = 247 implies n = > - 2. Consequently, 2d° = (ny - 2)°, that is, d? = n3 - 2,
which implies 4 = 45 - 2, a contradiction. [ |

We conclude from Theorem 1.47 and Proposition 1.49 that /2 is irrationai.

For odd natural numbers {that is, natural numbers of the form n = 2k + 1), it is
possible to define the #" root of a negative number @ < 0 as %/« := — /Ja]. For the
most part, powers are considered for nonnegative numbers, though.
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Definition 1.50 For all real numbers a = 0, allm e NU([0), n ¢ Nand all g €
with ¢ > 0 we define

1 th
I a% = a. That is, the (—) power of a is the n™ root of a.
n

H

2. ar = (.a”"’)"l :
3 ai:= (a“‘)_1 = ;%fora # 0

Theorem 1.51 For alf positive numbers a and b and all rational numbers x and v, the
Jollowing power laws hold:

ata® =ag*mY {abY* = a™ b
X X
@ ey L (&) ==
a¥ ay—x b b*
¥ :
(ax). — ax)

Proof. We first prove (aby* = a*6*. For exponents » € [N, this is an easy in-
duction. The base step » = 1 is trivial and the induction step fromnrton + 1 18
(@by™™! = ab(ab)" = aba"b" = aa"bp" = a" ' p"t!,

n ‘!
For rational exponents i with n,d € [N, we have that ((ab)ﬁ)( = (ab)" and

(aﬁbﬁ')d = (aﬁ)d (bﬁ)d = a"b" = (ab)". Note that in both equalities we used the
definition of fractional powers, not the power law that we are currently proving. Be-
cause all numbers involved are positive and @ roots are unique, we conclude that
(ab)5 =adbd.

For x = 0, the equality {ab}* = a*b* is trivial. Finally, for all positive x € @ we
note (ab) Y a*b* = (ab) " (ab)* = 1. Therefore (@b}~ is the multiplicative inverse
of a*b*, thatis, (ab)™* = a~*b~*. Thus {ab)' = a*b* foralla,b > 0and all x € Q.

To prove that ¢*t¥ = a*a* we proceed similarly. For exponents m,n < N, the
proof for arbitrary m is an induction on n2. The base step a™a' = a™a = &' follows
straight from the definition of powers with natural exponents. For the induction step
from 2 to n + 1, note that a™a"*! = a™a"a = a™1"a = a™t®+D_which proves the
result for exponents m, 1 € B

For positive rational exponents x and y, note that there are m, n.d € N so that

x= n_: and v = 5. Then, using the equality we already proved, we obtain
¢

[T 4

axay —gdad = (am);} (an);:' — (aman);]g - (am+n);lf —=a 7 =a)(+y.

The equality is trivial if one of x and y is zero.
In case both expenents are negative, nete that for all positive x, y € @ we have
A ¥a¥a7Y = a*a¥a *a~¥ = 1, which means a ¥¢ ¥ = a > a5 was to be
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proved. This leaves the case in which one exponent is positive and the other is negative.
Let x, ¥ € () be positive and consider ¢* 7. If the inequality |x| > |y| holds we have

a* ¥a¥a™" = a*a~* = 1, which means that a*™¥ = a*a™¥. If |x| < |y| we have
@ *a*a™¥ = @¥e”Y = 1, which means that ¥ = a*a~*. If x| = |y| the claim is
trivial. Thus ¢* ¥ = a*aq* foralle > Oand all x, v € Q.

We leave the remaining three equalities as Exercise 1-37. ]

Power laws for @ < 0 and & < { (as applicable) can be proved similarly. To
conclude, note that the results presented in this chapter guarantee that the real numbers
have the properties we expect them to have. We will therefore use the usual notation
{fractions, etc.) and laws of algebra throughout this text without further qualms about
the need to justify that we are indeed allowed to do so,

Exercises

m HL
1-31. Letk,m € & and for cach j € Zleia; € . Define the sum Z a; and the product H aj.
=k =k
1-32. Let P(n) be astatement about the natural number #. Prove that if P{1}is une and if for all » £ M\ {1}
truth of P{1),..., P{n - 1) implies truth of Pin), then Pin) holds for all natural numbers. This
type of induction is sometimes called strong induction.

Hint. Consider § .= ln ceN: (Wc < Pik) holds ) l

1-33. Prove each of the following by induction.

ft
@ Y =2+ Dea+ D
j=

1 1
(b) Zj3 = 1::2(.*? + 12
o

"
4 1 . 2
(c) j_t !_; = %n(}lﬂ-})(ln-}-l) (3~ +3n-1)

{d}y Beronulli’s ineguality. Prove that for all real numbers ¥ = —1, v 3£ Oand n = 2 we have
that {1 + x3* = 1 4 px,

1-34. Properties of sums and products. L.et ¢ € R and forall j € Nleta; und b; be real numbers.

£ L n
(a) Prove that for all # € I we have Z(aj +&) = Zaj + ij-,
j=1 j=l j=1

n i
ib) Prove that for all n € M we have Z(caj) = E aj.
i=t J=i

n
{¢) Prove that for all # € I we have Z V==&,

=1
n n ﬂ'

(d) Provethat foralln ¢ Nwehave [ [(a; b3 = | []a; |- bi-
=1 j=I =i

LR H#+1
1-35. Reindexing sums. Lets € Z.n € Mand for j € Zieta; € R Prove that Za_} = Z [

j=s k=1
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1-36.

1-37.

1-38.
1-39.

1-45.

1, The Real Numbers

Finish the proof of Theorem 1.47 by showing that r™ # a.
Hint. Suppose r’* > a and prove that then for some £ = 0 and aff § € (0, ) we have #* —§ & K.

Finish the proof of Theorem 1.51. That is, let  and » be positive real numbers, iet x, y € ©) and
prove each of the following.

" x

o . 1 ) ayx  a oY xy
{a} = — oV = —= ) (3) = © (o) =a

Let? < a < b andlet ¢ > 0 be rational. Prove that a4 < b7,

Leta, x € (1), oo) and Jet x be a rational number.
{a) Provethatifg = 1 and x = 1, then &* = a.

Hine. Let p,g € Mbesothat x = 5 and compare a” and 9.

{b) Provethatifa = land x < 1, then a® > a.
{c} Provethatife = land x < I, thena* < a.

(dy Provethatife < |l and x = |, then a® = 4.

. Let n € M. Prove that (”) = { and that (::) =1

0

. Prove that there is no tational number r such that r2 = 3.

N

i=1

113
. Prove that for any # real numbers xq. ..., xp the inequality Z.t,- = E |%; | holds.
i=1

a+b

3. Prove that for all ¢, & = 0 the inequality vab £ > halds.

(@) Prove that for all &, & € IR we have v a2 + 2 < |a| + 15|

(b} Prove that for any gy, . ... ds € K we have

Leta, b € B witha = &, Prove that there is anirrational number x € R\ (P such thata < x =< b,
Hint. Use that /2 is irrational and Exercise 1-27 and mimic the proof of Theotem 1.36.





