CHAPTER 1

OVERTURE

This book 15 Jevoted to the analysts of multiway data. which have a richer and more
complex structure than just objects or subjects have scoces on d number of variables.
Such data are measurved zeveral imes andfor under several conditions, are ublguitous,
and are collected on a regular basis in many disciplines. They can, {or instance,
be found 10 Large-scale longitndinal studies and in agricalwral experiments and arc
routinely produced during the stady of chemical processes, especially in analytical
chemistry. Also, signal processing data and assessments of cracks in the surface of
paintings lend themselves to multivway analysis, In faci, 10 will be shown thai scientific
research cannot do withour moltiway analysis, even though not everybody knows this
yor. Multivway data can be found o every walk of science, if one anly Jooks, Onee
alerted to their existence, they can be seen evervwhers, in much the same way that
first-time prospective parents suddenly notice pregnant women everywhere,

To this introduction, multtway data, in particudar, three-way data, are presented and
A peperal introduction is given on how they can be tackled. By moeans of a dewiled
cxample, the value of multbway analysis is bronght to the tore as a tvpe of analysis
that cun be fraitfullv used in many disciplines. The introduction will close with a
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Figure 1.1 Storing several two-way data sels i tiree-way hox.

sketch of the origins of muliiway analvsis and its cxplosive development since around
19903, The presentation will use primarily threc-way examples because they are mare
eotumen and casier 10 understand, and becavse the general pracice in multiway Jata
walysls 13 to connt Cone, bwo, muju’.

1.1 THREE-WAY AND MULTIWAY DATA'

What are three-way dain? To put it at s simplest, three-way data are data that no
longer fit onto one index card. but need a box to contain chem. Looking, for instance,
al an esample from child stndies we note that many data sols there take the form of
the scores of a number of children on a nuimber of variables, such as imelligence, and
marks for English, arithmeric, and physical education (gym} (Fig. 1. 1{a}}

Such data may be writicn on one index card, in the Lorm of a table with the children
in the rows and the variables in the columms, We now have two “wavs™: Children and
virigbles. If the data form part of & longitudinal investigation in which the children
are measurad every year on the same variables, we have threc-way data, the “ways”
being children, variables, and years or occasions. One indes card will now ne longer
suftice. hat we necl a separate card for euch year, and the sel of cards is kepiin a box:
Three-way data it in boxes, as shown in Fig. 1.1{k).

1 the following sechion s largely based on Krounesbers (20050, whiclk agsa

of ulch thiee way researchers mentioned in the Foieword,  Available man
FEOL/T Accosed May 2007
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MULTIVESY DATA AMAITSIS 5

Once we have realized this, we suddenly notice data in boxes everyvwhere, A
plant breeder Tas planied several variclies of peanuts (first way) in ditferent locutions
(gecond way) and measures the characteristics of the harvested plants, such as yield,
guality, and the percentage of saiurated and of unsaturated oils tthird wav). A chesusi
has ten contginers with different sugar sotutions. sends lght of varying wavelengths
through the containers, and measures the excitation wavelengths emerging at the
other side. A medical pharmacologist has derived the spatial stroctures of a namber
of cosaing variants [om crystallographic measurements, ond wants 1o know o what
extent iheir spatial structures are the same. and o what extent they are different
The molecules form the first way. their constituent atems the second, and the spafial
coordinates the third.

It may seem a miracle that s vadio mast. which receives signals not only from
anc’s awn mobile phone but alse from covatless other cell phones, knows exactly
that the answer 1o a specfic person’s outpourings should be sent 1o hei, rather than
her neighbor who has nothing o do with the exchange, This process, too, may be
andvzed through three-way models,

Extending the conceptto multiway dara, one mighe think of the typical plant breed-
ing cxperiments, which are conduocted over a nuomber of vears so that four-way dats
are obtain: peanut vareties xatiribotes - locations » years. Similarly, any research in
which subjects are measured on several variables nnder various conditions at a nuin-
ber of points in rime generates fow-way data. Moreover, MR scans, which are
becoming more and more routine in hospitals and research. also provide multiway
dara, such as voxelsxiine paints > subjects cuaials < sk conditions. However, se-
fual situations in which higher-way datz are collected are sull few and fur between.
Analyses of such data in their foll muluway appearance are even rarer, but they ate
an the increasc.

1.2 MULTIWAY DATA ANALYSIS

Three-wayv analvsis is 1o more than the analvais of data that fitin boxes, and multiway
analysls is the apalyse of dute that fit in niore-dimensiona] boxes or fivperbraes,
This statement might not be very ealightening 1o the uninitiated and it is better o
Fephrase Icas “What tvpe of ressarch questions can be tackled via nmliiway analysis?™
Such a question hus the advantage that it is formolated in substantive rather than
methodelogical terms, and we will discuss this in the three-way context.

Jet va again look at the example of (he children tracked over o number of years.
What questions woudld the researchers bave had in mind when they started w col-
leet dats? Thore are of course sty possibilitics, but ler o contine ourselves to
those quesoions that may he handled via threg-way analysis. In this case the cenird
griesdions might he:

o What are the relations belwveen the variableg?
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s What trends may be discovered over tima?

& Are these difterent tvpes of children?

These ure three questions, one for cach way, Although these types of guesiions are
intcresting, they only apply to one way ata time. Three-wy apaivsis has been devised
especially to deal with more complex quastions such as:

o Duotherelagons betwesn e variables chunge over time? Forinstance. itis well-
known that in very young children tntelligence js stiil very amorphous, but that
iy they get older somme children develop hetrter on some aspects of intelligence
than on others. In other words, time brngs a change 1n the structure. that is,
the interrelations between the various parts, of an intelligence test.

* Apncven more commplex guestion js: Does the structure of the variables change
over time in a ditferest way tor different gromps of children, for instance. for
bovs aod for givls. or for childeen with different levels of mental handicap™

With such complex questions, smvolving all three aspects, or ways, of the dafa,
three-way analysis really comes into Hs own. Pland brecders, Tor instance, are in-
terested in the gpecific udaptation of creps: in other words, they ke to know which
varieties of a plant will pestorn well on spacific attribures in locations with specific
characteristics. In concrete terms. where should one geow what tvpe of peanut plands,
in order 1o oblain peanuts thal are specineally suitable for making peanut butter”?

One’s first acquaintance with lechnigues for muoltiway analvsis is ofien a bit of
a shock. becuuse of the compiications involved in the correct understanding and
inerprelavon of those techmigues. However, this is unavoidable, as we are dealing
with complex techoigues iptended to solve complex questions. Testing Jifferences
in average lengths beiween bays and girls is child's play tor the average student, but
three-way guesiions are more intricate. However, it 1s this complexity that can yield
deeper insights. The picture opposite the content page of this book. a woodout by
M.C. Escher”, shows a multiway data analyst intrigued by an apparently unselvable
three-mode probiem.

1.3 BEFORE THE ARRIVAL OF THREE-MODE ANALYSIS

How were three-way data analyzed before the arvival of thee-way data analysis rech-
algques? To put it beiefly: by flartening the box, or stringing ool its contenis. In borh
cases the idea is o make three-way data into two-way data by eliminating one of the
wayvs, Instead of looking at the interactions between three types of units (or waysh
une then only needs to analyze two.

ML Eschor, Mon wis Cnboid, Copyright (38 2007 The ML Bueher Company BV Boaarn, Helland.
fetpsenamees e comd. All nights moservad.
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Flattering consists of making & (wo-way matnix outof a three-way array by remoy-
g one of the ways, IUis ovpically done by takiug the averages over all cundy in the
box, so that one is lefl with one card containing means. These may be averages over
all years. so that one loses sight of rends over time, but one may slso take averages
over all subjects, s that individual differences disappeas below the horizon.

Stringing our 15 crealing a two-way matrix out of o three-way array by cither
taving ont afl the cards in one long row, so that the relation between simifar variables
al dilferend tme points is neglected, or laying cut all cards in one tall columin, so that
the cannections beiween people’s scores at different moments in tioe are fost. The
technical tzeo for this procedure is matricization. Lnall these cases, the data and dheir
analysis are shrunk from three-way to two-way,

Sometunes this may do no harm, becanse i s possible that a threc-way analy-
sis leads o the conclusion thai no threc-way apalysis is necessary: fov lnstance, if
nothing changes over tine. or it all subjects may be viewed as baving been randomly
drawn trom one single population. However, if this is not the case, the Hattening or
stinging oub of three-way data leads 1o an unmnecessary and sometimes unaceeptable
simplification.

1.4 THREE-MODE DATA-ANALYTIC TECHNIQUES

Singe the beginning of the 19608, a Reries of technigues have been devised spectlivelly
aimed at dolng justice to three-wayv data, and these technigues were later extended
ter fomr-way and higher-way data. They bear such intriguing names as three-mode
principal cormponent analysis, muliilinear component analysis. thrge-mode factor
analysis, throe-way cluster analyvsis, parallel factor analysis, multiway covarance
analysis, mullidinensional scaling techmques Tor individual ditferences. generalized
Procrustes aalysis, mualtivariate longitudinal anaivsis. and many maore of this kind.

Muost of these methods have a sivongly cxploraiory chargoner, which rmeans that
one tries 1o And the patterns wmoeng the cloments of the ibiree wavs, without o pri-
cri postulating specific eonfigurations and without applying tests to these patterns.
This is partly because 1t is difficalt to specify such palterns belorehand, and parily
becatse hypothesis testing supposes that something 1s known about ihe distributions
of the scores, which for molliway dala is only very rarely the case. 1t s, however,
perfectly passible to determine the stability of ihe estimated valoes of the parameters
via repeated sampling from the sample in question thoetsrrap method), bat these
developments are still in their infancy in three-way analysis.

1.5 EXAMPLE: JUDGING CHOPIN'S PRELUDES

In order 1o give an ides of moltiway anabvsis, we will ook, rather superficially, at a
three-miode analysis of data produced hy Japancse students, in reaction 1o listeunyg
1o {parts o) the 24 preludes by the Polish composer Chopin played by 4 French
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Figure 1.2 The Chopin prelude data set 24 preludes by 20 semantic scales by 3% stodents

pianist. The model used for this analvsis is the Tucker3 maodet. which is presented n
Section 4.5.3 (p. 540, und a furiher analysis of these data can be fovnd in Secien 8.9
(p. 1801 In this example a type of dats is vsed. called “semantic differentials”, that
actually fwitiated the developrene of three-mode analysis, a3 will be discussed in
more detail ater (p. 125

The research guestions were the following:

. Classical music may be characterized in fechnica! termy such s ke, tempu,
and moode (e, major/minon). o whal cxien are nonprafessionaly sensiuve 1o
these aspects when we ask them o dascribe imusic in evervday adjectives such
as loud, glovrny, md eader?

2. L= Jr possible at the same time to establish, by means of the same adjectives,
their prefercnce for specibe types of 1nusic expressed as ke signawire, lempo,
and mode”!

The study wos condoeted among 38 Japanese students who were Lamiliar with
classical music {the first wavy. The 24 preludes were plaved to them ithe sccond
wiy), and after every prelude for the tiest 30 scconds of 1) they were asked (o fill out
4 st of 20 semantiv reting scales {the third way ) these are given in Table 1.7, Noie
that these scales comsist of two complenmiantary concepts (restless — calm, fust — slow,
strong — weak, ew. b

Whit we are (evlag w lind s (he connection berwean the prelndes and the semantic
rating sciles as related to the individual differences between students. The main resuil
of the investigation was that the students largely agreed on the technical. cognitive
aspects of the preludes. but differed as o the affcctive elements, that 15, the sart of
musie they preferred. This will now be expluined in more deiail.

1.5.1 Consensus an the musical-technical aspects

Seafes. Tt us ook aihe Seneonic space (Fig. 1.3, in which we see the relaions
herwween the 20 hipolar scales as reflected in the students” assessments. Every scale
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Table 1.1 Sewantic differentials vsed mthe Chiopin prelude study

Cabim - Restiess {entle - Severc
Quict - Noisy i.yvical - Dramatic
Trapguil - Nehomant Weal - Nng
Sl - Fast Sl - Loud
Light - Heavy Cheeirful - Gilooimy
Brght . Ciark Sy - Ihand
Huappy - Sad Clear - Clondy
Warm - {oid , Small - larage
1a)icate - Coarse . Thin - Thick
Lnatiractive - Allractive .i Jnimteresting (nleresuny

Enzlish rranslatons of the Yapaness tarme; zeones tun from ¥io J

is represenied by an arrow, with one adjective al the Hip Cresrless) and its antonyu on
the oihier side icalp). [n the interest of clarity there are anly Tour arrows of which
boh poles have been drawn, What does it mcan i some ammows are close 1ogether,
anid that otherz are at wide angles to each other? Let ns lirst look ar vhe arrows
marked rexplesy and dramaric. These are close together, because students generally
cave preludes similar scores on these iwo seales. Tence, revtless preludes are also
dramatic, and cofm preludes are also fyrical, When the arrows are at right angles
o each other, such as, lor instance, fass and cold, this means that according Lo the
stidents those seales have 0o relaton 1 each other al all: fuss preludes may be fot
as well as cold, and the samie apphics to slow preludes.

Frefudes.  The Prolude space shows the configpuration of the preludes as a reflection
of the scores the students axsigned to tham (Fig. 1.4}, For a correct interpretation
ol the prelude space, one should Imagine the scale space as an overlay on wop of the
prefudes, with the same ovieniacion acd the axes aligned.

Using the information from the scales, we can deduoce that Prelude na. 16 in ba,
lempa indicativn presto, was judged especially nosy and fast. Prelude no. 20 in
¢, furgo, Jocated 1 the Dottom right-hand corner of the Prelude space, was judged
Iy the students as coarse, heavy, sud, and gloomy. However, Prelude ne. 13 in DYy,
sasteriita. i the botwan icti-hand corner of the Prelude space, was rated calm and
ivrical.

Technical merits.  1f wo now judee the configuration of the prelades i the Preluds
space on il technical merits. we note that the sindents have made a clew division
in lempo (fust and slow) and 1o Mode (uajor and minor). In other words. on the
basis of the semnanic seales ihe studenis have atranged the preludes in a partern that
is found o correspond to an artangement based on rusical-technical aspects. This
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Figure 1.3 Relatonships between the semantic differential scales. Nearrow angles indicate
high corrclations between scale; perpendicular scales are unrelated.

18 not all, however; closer inspection reveuls that the arrangement of key signatures
over the area largely corresponds to that of the cirele of fifths {see Fig. 1.5). We may
now even note two anomalies. These are Preludes nos. 9 and 13: Prelude no. 2 s in
a rajor key and is situated in the “minor”™ area, and Prelude no. 101z in & minor key
and 12 found in the “major” part of the Prelude space. The probuable causce 1s that in
some longer prefudes kev changas occor, and the students were oftered only the fivst
30 seconds, which may have given thom a distorted unpression of these prelodes.

1.5.2 Individual differences

Figure 14 showed the consensus among the stikdents, Whai still neads to be discussed
15 10 what extent the students differed. There is no pecd for a Agure (o illustrate this,
hecawse it may casily be said in words, The students espedially liked either st picces
in a rgjor key, or slow picces in aminor key, OF course, this is as one would expect.
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1.6 BIRTH OF THE TUCKER MODEL

The history of ectungues Loy three-way data analvsis starts witly ihe late Ledvard
R 'Tucker (120045, who, among other places, worked at the University of Diinnis
and ihe Educauoenal Testing Service in Princeton. Another prominent godlather is
Douglas Carroll, who spent a large pact of bis academic career at Bell Laborararies
and is now on the staft ar Rutgers Uaiversity. A third founding father of three-way
technigues is Richard Harshman, based at the University of Waterlow in Loodaon,
Canada.
In an intervicw with Neil Dorans 20045, Tucker bad the following to say on this

opic:

Three-way Tacwor anadyvais arow ot of this elidimensional sealing work, While

[ was ar TTS7, 1 had observad that Charles Osgocd of the Unrversity of Hlinois

had eodlectzd duwla from three modes— concepts, scales, and subjects I his

sematitie differcntial research. [thoughr thar the datac shoold be analyzed didfer-

ently than it wis. He collapsed over people and threw away individoat differences

data (e bz flatlened his dati box | So £ developed the S-omode facror analysis

npprtc R, very generad madel for evelaating ondividuel differences dan I

of people (p. 8y

vieers wible o dead with rhe variet

Tucker illustrated his objection to *llatiening” by the example of the car manutac-
wrer Chrvsler, wh desiglied a car tor the “average customer” without appreciating
the Impoertance ot individua) differences. Unforionately, the car did noc sell, bocanse
there was no such thing as the average cuslomer, and Chryvsler almost went busr on
this cnterprise. The necessity of paying altendion o individoal dilferenceas 1s sull the
euiding principle for almast all work in the area of three-way analysis.

1.7 CURHRENT STATUS OF MULTIWAY ANALYSIS

A jull and dewiled survey of the developrment of mulitway analysiz will nor ha an-
dertaken here; see. for instance, Section 2.4 (p. 20} and Smilde et ab. (2004, pp. 37,
S%, for o briet historicad introdoctions. Some idea of itz {osunes over the years Can
be seen an Fig, Lo, which shows the roughly calculawd citation curves Tor the main
protagzonisis, divided int founding fathers (Tocker, Carroll, and Harshiuang, ey cho-
melricians, and chemormetiicians, What is most striking in this figwre is e steep
incicase in the nomber of citations during the 1990s, and the fact that this ssedanan
t~ abmaost exclusively doe o the chemometricians. Moreover, the rising number of
citations for the psychomeiricians is olzo duc 1o the stonmy develepnienes in chcima-
wwirivs, because it was 1 pavchomelrics al the nital developmenis had aken
place. Lspevially the models dieveloped by the psychomeirician Richard Harshiman

Shote that B oes Tuckers middle rmee amd oo o aiial se it i shoald beoswerdien satbioun g Dol seep.

Reproducad wish kind perogission ror Meil Dorans,

“Educativnad Testing Service, Princelon,
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Figure 1.6 Popularity of moloeay analvais as exprossed imilie namber of citations per vear to
work by (he foending Fathers, three prychometnciang, amd twao chemometrician (196032004

corresponded direcily w physical models in use in analytical chemistry, What the
chemomeiricians needed were methods W estimale the paramclers of their muldway
medels and these hud been a subject of intensive research in the psyehomeiric field.
Moreover, new experimenis in chemisry could easily be designed (o ke advantage
ol the uniquencas propertics of Harshinan’s Parafac madel. Also, impoctant commer-
cial applicaiions immediately olfered themselves in the chemistry domaiu. Al these
factors led to an increase in publications on mudtivay analysis.,

An inieresting aspect of ihis developmient 15 the Tact thatl psychometricians aiso
started to publish In chemometrics lournals, becanse that was where their higgest
customers were located. Whereas 10 the garly 19%0s applications in the social and
behaviora) solences were al a rather low level, applications in applied chemistry
were soaring sad in other branches of scrence, such as agricalmre, signal processing.
maedicine, aod wmathematics, applications can now also be found, This increased
intarest in applving existing mulnway methods also created o considerable drive in
Turther developivg techuncal aspects of the technigues. Foundations were taid and are
beinyg laid for mathemahical and statistdcal extensions of what were imtially reladively
stratghtforwad three-way techniques, to soplusticared multiway methods in various
Farins,







