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1.1 INTRODUCTION

MIMO radar is an emerging technology that is attracting the attention of researchers
and practitioners alike. Unlike a standard phased-array radar, which transmits scaled
versions of a single waveform, a MIMO radar system can transmit via its antennas
multiple probing signals that may be chosen quite freely (see Fig. 1.1). This wave-
form diversity enables superior capabilities compared with a standard phased-
array radar. In Refs. 1-4, for example, the diversity offered by widely separated
transmit/receive antenna elements was exploited. Many other papers, including,
for instance, Refs. 5-29, have considered the merits of a MIMO radar system with
collocated antennas. The advantages of a MIMO radar system with both collocated
and widely separated antenna elements are investigated in Ref. 30.

For collocated transmit and receive antennas, the MIMO radar paradigm has
been shown to offer higher resolution (see, e.g., Refs. 6 and 9), higher sensitivity
to detecting slowly moving targets [11], better parameter identifiability [15,18],
and direct applicability of adaptive array techniques [15,26,27]. Waveform optimiz-
ation has also been shown to be a unique capability of a MIMO radar system.
For example, it has been used to achieve flexible transmit beampattern designs
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Figure 1.1 (a) MIMO radar versus (b) phased-array radar.

(see, e.g., Refs. 5, 12, 13, 17, and 23) as well as for MIMO radar imaging and
parameter estimation [10,19,29].

In this chapter we present more recent results showing that this waveform diversity
enables the MIMO radar superiority in several fundamental aspects. We focus on the
case of collocated antennas. Without loss of generality, we consider targets associated
with a particular range and Doppler bin. Targets in adjacent range bins can be viewed
as interferences for the range bin of interest.

In Section 1.3 we address a basic aspect on MIMO radar — its parameter identifia-
bility, which is the maximum number of targets that can be uniquely identified by the
radar. We show that the waveform diversity afforded by MIMO radar enables a much
improved parameter identifiability over its phased-array counterpart; specifically, the
maximum number of targets that can be uniquely identified by the MIMO radar is up
to M, times that of its phased-array counterpart, where M, is the number of transmit



1.1 INTRODUCTION 3

antennas. The parameter identifiability is further demonstrated in a numerical study
using both the Cramér—Rao bound (CRB) and a least-squares method for target
parameter estimation.

In Section 1.4 we consider nonparametric adaptive MIMO radar techniques that
can be used to deal with multiple targets. Linearly independent waveforms can be
transmitted simultaneously via the multiple transmit antennas of a MIMO radar.
Because of the different phase shifts associated with the different propagation
paths from the transmitting antennas to targets, these independent waveforms are
linearly combined at the target locations with different phase factors. As a result,
the signal waveforms reflected from different targets are linearly independent of
each other, which allows for the direct application of Capon (after J. Capon) and
of other adaptive array algorithms. In the absence of array steering vector errors,
we discuss the application of several existing data-dependent beamforming
algorithms, including Capon, APES (amplitude and phase estimation) and CAPES
(combined Capon and APES), and then present an alternative estimation procedure,
referred to as the combined Capon-—approximate maximum-likelihood (CAML)
method. In the presence of array steering vector errors, we apply the robust Capon
beamformer (RCB) and doubly constrained robust Capon beamformer (DCRCB)
approaches to the MIMO radar system to achieve accurate parameter estimation
and superior interference and jamming suppression performance.

In Section 1.5 we discuss parametric methods for parameter estimation and
number detection of MIMO radar targets. Cyclic optimization algorithms are pre-
sented to obtain the maximum-likelihood (ML) estimates of the target parameters,
and a Bayesian information criterion (BIC) is used for target number detection.
Specifically, an approximate cyclic optimization (ACO) approach is first presented,
which maximizes the likelihood function approximately. Then an exact cyclic optim-
ization (ECO) approach that maximizes the exact likelihood function is introduced for
target parameter estimation. The ACO and ECO target parameter estimates are used
with the BIC for target number determination.

In Section 1.6, we show that the probing signal vector transmitted by a MIMO
radar system can be designed to approximate a desired transmit beampattern and
also to minimize the cross-correlation of the signals bounced from various targets
of interest — an operation that would hardly be possible for a phased-array radar.
An efficient semidefinite quadratic programming (SQP) algorithm can be used to
solve the signal design problem in polynomial time. Using this design, we can sig-
nificantly improve the parameter estimation accuracy of the adaptive MIMO radar
techniques. In addition, we consider a minimum sidelobe beampattern design. We
demonstrate the advantages of these MIMO transmit beampattern designs over
their phased-array counterparts. Because of the significantly larger number of
degrees of freedom of a MIMO system, we can achieve much better transmit beam-
patterns with a MIMO radar, under the practical uniform elemental transmit power
constraint, than with its phased-array counterpart. We also present an application
of the MIMO transmit beampattern designs to the ultrasound hyperthermia treatment
of breast cancer. By choosing a proper covariance matrix of the transmitted wave-
forms under the uniform elemental power constraint, the ultrasound system can
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provide a focal spot matched to the entire tumor region, and simultaneously minimize
the impact on the surrounding healthy breast tissue.

1.2 PROBLEM FORMULATION

Consider a MIMO radar system with M, transmit antennas and M, receive antennas.
Let x,,(n) denote the discrete-time baseband signal transmitted by the mth transmit
antenna. Also, let 6 denote the location parameter(s) of a generic target, for
example, its azimuth angle and its range. Then, under the assumption that the
transmitted probing signals are narrowband and that the propagation is nondispersive,
the baseband signal at the target location can be described by the expression (see, e.g.,
Refs. 12 and 17 and Chapter 6 in Ref. 31):

M,
> e POy, (n) 22 O)x(n), n=1,...,N (1.1)

m=1

where f; is the carrier frequency of the radar, T,,(0) is the time needed by the signal
emitted via the mth transmit antenna to arrive at the target, (-)* denotes the conjugate
transpose, N denotes the number of samples of each transmitted signal pulse

x(n) = [x1(n)  x2(n) -+ xpr, (W] (1.2)

and

a(6) = [ePmm®)  pR2min®) . eﬂ"Tﬁ)TMr(e)]T (1.3)

where (-)” denotes the transpose. By assuming that the transmit array of the radar is
calibrated, a(0) is a known function of 6.
Let y,,(n) denote the signal received by the mth receive antenna; let

ym) =iy -y, I, n=1,...,N (1.4)

and let
b(0) = [ejz’”fo*l(ﬁ) 2 (0) | eijﬁ)?M,(ﬁ)]T 1.5)
where 7,,(0) is the time needed by the signal reflected by the target located at 6 to
arrive at the mth receive antenna. Then, under the simplifying assumption of point

targets, the received data vector can be described by the equation (see, e.g., Refs. 3
and 28)

K
y) = Bb (Ba’(0)x(n) + (). n=1,....N (1.6)
k=1
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where K is the number of targets that reflect the signals back to the radar receiver,
{B«} are complex amplitudes proportional to the radar cross sections (RCSs) of
those targets, {6;} are the target location parameters, €(n) denotes the interference-
plus-noise term, and (-)° denotes the complex conjugate. The unknown parameters,
to be estimated from {y(n)}f:/:], are {Bk}kK:1 and {Gk}szl.

The problem of interest here is to determine the maximum number of targets that
can be uniquely identified, to devise parametric and nonparametric approaches to
estimate the target parameters, and to provide flexible transmit beampattern designs
by optimizing the covariance of matrix of x(n) under practical constraints.

1.3 PARAMETER IDENTIFIABILITY

Parameter identifiability is basically a consistency aspect: we want to establish the
uniqueness of the solution to the parameter estimation problem as either the signal-
to-interference-plus-noise ratio (SINR) or the snapshot number N goes to infinity
[18]. It is clear that in either case, assuming that the interference-plus-noise term
€(n) is uncorrelated with x(n), the identifiability property of the first term in (1.6)
is not affected by the second term. In particular, it follows that asymptotically we
can handle any number of interferences; of course, for a finite snapshot number N
and a finite SINR, the accuracy will degrade as the number of interferences increases,
but that is a different issue — the parameter identifiability is not affected.

1.3.1 Preliminary Analysis

The “identifiability equation” is as follows:

K K
> Bib Boa’@x() =Y Bb (Ba“Ox(n), n=1,...,N (1.7)
k=1 k=1

For the identifiability of parameters to hold, (1.7) should have a unique solution:

Ek = By ék =0, k=1,..., K. Assume that the M, transmitted waveforms are
linearly independent of each other, which implies that

rank{[x(1) - - - x(\)]} = M, (1.8)

Then (1.7) is equivalent to

K K
D B (Ba B =Y BbBoa“(0) (1.9)
k=1 k=1
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or
AB =AB (1.10)

where

B=1[B, - Bxl" (1.11)

B=IB - Bxl" (1.12)

A =T[a(0;) @b°(8)) --- a°(Bk) ® b(0k)] (1.13)
and

A = [a°(B) ®b(B)) - - a°(Bx) @ b(Bx)] (1.14)

with the symbol ® denoting the Kronecker product operator, and a® ® b® denoting
the virtual steering vector of the MIMO radar.

In the next subsection we present conditions for the uniqueness of the solution to
(1.10). However, before doing so, we discuss some features of (1.10) based on several
examples of special cases of MIMO radar. First, consider the case where the transmit
array is also the receive array, which in particular implies that M, = M, £ M. Then
(1.10) may contain quite a few redundant equations. In such a case, we have

b(6) = a(6) (1.15)

and hence the generic column of A is the M? x 1 vector a(8) ® a“(8). For a uniform
linear array (ULA), the vector a’(8) ® a(8) has only 2M — 1 distinct elements: 1,
e, ..., e /PM=De where w = 27fyT(0), where T(0) is the inter-element delay differ-
ence. However, a nonuniform but still linear array may have up to (M? + M)/2
distinct elements. For example, this is the case for the minimum redundancy linear
array [32] with M =4 and a“(0) = [1 e /® e/ /50T,

Next, consider the more general case of M, # M, and of possibly different receive
and transmit arrays. When the transmit (receive) array is a ULA that is a contiguous
subset of the receive (transmit) ULA, b°(0) ® a“(0) has only M, + M, — 1 distinct
elements; in fact, this appears to be the smallest possible number of distinct elements.
When the transmit and receive arrays share few or no antennas, all equations of (1.10)
may well be distinct. For example, let

b@)=[1 e ... e dM—Doy" (1.16)

and
a’@®) = [1 e ™Mo ... MMl (1.17)

Then
b‘O) @a‘(@®) =[1 e/ ... e /MM—Dol (1.18)

which is a (virtual) ULA with MM, elements.
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1.3.2 Sufficient and Necessary Conditions

Let
]§[§ =Bp (1.19)

denote the system of equations in (1.10) from which the identical equations have been
eliminated. Let ¢(0) denote a (generic) column of B, and let L. denote the dimension
of ¢(0). Then, according to the discussion at the end of Section 1.3.1, we obtain

L. €M, +M, -1, MM,] (1.20)

Using results from Refs. 33 and 34, we can show that when the M, transmitted wave-
forms are linearly indepenent of each other [as assumed before; see (1.8)], a
sufficient and generically ( for almost every vector [3) necessary condition for para-
meter identifiability is

Lo—1
Lo+ 1>2K, ie., Kmax—{ 5 W (1.21)

where [-] denotes the smallest integer greater than or equal to a given number. In
view of (1.20), we thus have

M, +M, -2 MM, +1
r+ M, + ) (1.22)

Kmax E ’
2 2

depending on the array geometry and on how many antennas are shared between the
transmit and receive arrays [18].

Furthermore, generically (i.e., for almost any vector 8), the identifiability can be
ensured under the following condition [18,34]

3 2L, —3
Le>3K. i, Knu= { 3 W (1.23)

and, similarly to (1.22), we have

(1.24)

Ko c {Z(Mt M) -5 2M,M,>

3 3

[which, typically, yields a larger number K., than the one given in (1.22)].
For a phased-array radar (which uses M, receiving antennas, and for which we can
basically assume that M, = 1), the condition similar to (1.22) is

M, — ﬂ (1.25)

Kmaler )
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and that similar to (1.24) is

(1.26)

FM, - 3—‘
Kinax =

3

Hence, the maximum number of targets that can be uniquely identified by a MIMO
radar can be up to M, times that of its phased-array counterpart. To illustrate the
extreme cases, note that when a filled [i.e., half-wavelength (0.5\) inter-element
spacing] uniform linear array (ULA) is used for both transmitting and receiving,
which appears to be the worst MIMO radar scenario from the parameter identifiability
standpoint, the maximum number of targets that can be identified by the MIMO radar
is about twice that of its phased-array counterpart. This is because the virtual aperture
b‘(0) ® a“(0) of the MIMO radar system has only M, + M, — 1 distinct elements. On
the other hand, when the receive array is a filled ULA with M, elements and the
transmit array is a sparse ULA comprising M, elements with M,/2-wavelength
inter-element spacing, the virtual aperture of the MIMO radar system is a filled
(MM,)-element ULA,; that is, the virtual aperture length is M, times that of the
receive array [9,18]. This increased virtual aperture size leads to the result that the
maximum number of targets that can be uniquely identified by the MIMO radar is
M, times that of its phased-array counterpart.

1.3.3 Numerical Examples

We present several numerical examples to demonstrate the parameter identifiability of
MIMO radar, as compared to its phased-array counterpart. First, consider a MIMO
radar system where a ULA with M, = M, = M = 10 antennas and half-wavelength
spacing between adjacent antennas is used both for transmitting and for receiving.
The transmitted waveforms are orthogonal to each other. Consider a scenario
in which K targets are located at 6; =0° 6, = 10°, 63 = —10°, 64 = 20°,
0s = —20°, 0¢ =30° 067 = —307..., with identical complex amplitudes
B, =--- = Bgx = 1. The number of snapshots is N = 256. The received signal is cor-
rupted by a spatially and temporally white circularly symmetric complex Gaussian
noise with mean zero and variance 0.01 (i.e., SNR =20dB) and by a jammer
located at 45° with an unknown waveform (uncorrelated with the waveforms trans-
mitted by the radar) with a variance equal to 1 (i.e., INR = 20 dB).

Consider the Cramér—Rao bound (CRB) of {6;}, which gives the best per-
formance of an unbiased estimator. By assuming that {e(n)}ﬁ:’:1 in (6) are inde-
pendently and identically distributed (i.i.d.) circularly symmetric complex
Gaussian random vectors with mean zero and unknown covariance Q, the
CRB for {6;} can be obtained using the Slepian—Bangs formula [31].
Figure 1.2a shows the CRB of 8; for the MIMO radar as a function of K. For
comparison purposes, we also provide the CRB of its phased-array counterpart,
for which all the parameters are the same as for the MIMO radar except that
M, =1 and that the amplitude of the transmitted waveform is adjusted so that
the total transmission power does not change. Note that the phased-array CRB



1.3 PARAMETER IDENTIFIABILITY 9

1 :
@ 10 I I ,’ I ' [F=Phased array f
N / — MIMO radar [
100F / 3
E / E
- / -
107F / 3
E / E
E y E
T 102 / .
/
//
108/ 3
/
//
104g” 3
| | | | |
2 4 6 8 10 12
K
(b) 1.5 T T T T T T T T T

0.5

Modulus of complex amplitude

oLt T B . . . .
-80 -60 -40 -20 O 20 40 60 80
Angle (deg)

Figure 1.2 Performance of a MIMO radar system where a ULA with M = 10 antennas and
0.5-wavelength interelement spacing is used for both transmitting and receiving: (a) Cramér—
Rao bound of 8; versus K; (b) LS spatial spectrum when K = 12.

increases rapidly as K increases from 1 to 6. The corresponding MIMO CRB,
however, is almost constant when K is varied from 1 to 12 (but becomes
unbounded for K > 12). Both results are consistent with the parameter identifi-
ability analysis: Kp.x < 6 for the phased-array radar and Kp.x < 12 for the
MIMO radar.

We next consider a simple nonparametric data-independent least-squares (LS)
method [28] [see also Eq. (1.30)] for MIMO radar parameter estimation.
Figure 1.2b shows the LS spatial spectrum as a function 6, when K = 12. Note
that all 12 target locations can be approximately determined from the peak locations
of the LS spatial spectrum.
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Consider now a MIMO radar system with M; = M, = 5 antennas. The distance
between adjacent antennas is 0.5\ for the receiving ULA and 2.5\ for the trans-
mitting ULA. We retain all the simulation parameters corresponding to Fig. 1.2
except that the targets are located at 6; =0° 6, =8°, 063 = —8°, 64, = 16°,
05 = —16°, 66 = 24°, 67 = —24°,... in this example. Figure 1.3a shows the CRB
of 0, for both the MIMO radar and the phased-array counterpart, as a function of
K. Again, the MIMO CRB is much lower than the phased-array CRB. The behavior
of both CRBs is consistent with the parameter identifiability analysis: Kp,x < 3 for
the phased-array radar and Kp.x < 16 for the MIMO radar. Moreover, the

1
@ 10 I I I I " [=- Phased array
; — MIMO radar _f

100§— -

107" F

—~
=
=
N

1.8 b

|

Modulus of complex amplitude
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Figure 1.3 Performance of a MIMO radar system with M, = M, =5 antennas, and with
half-wavelength interelement spacing for the receive ULA and 2.5-wavelength interelement
spacing for the transmit ULA: (a) Cramér—Rao bound of 6; versus K; (b) LS spatial
spectrum when K = 16.
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parameters of all K = 16 targets can be approximately determined with the simple LS
method, as shown in Fig. 1.3b.

1.4 NONPARAMETRIC ADAPTIVE TECHNIQUES
FOR PARAMETER ESTIMATION

As shown in Refs. 26-28, a MIMO radar makes it possible to use adaptive localiz-
ation and detection techniques directly, unlike a phased-array radar. This is another
significant advantage of a MIMO radar system since adaptive techniques are
known to have much better resolution and much better interference rejection capa-
bility than their data-independent counterparts. For example, in spacetime adaptive
processing applications, secondary range bins are needed to be able to use adaptive
techniques [35-37]; however, selecting quality secondary range bins is in itself a
major challenge [38]. Since the MIMO-probing signals reflected back by the
targets are actually linearly independent of each other, the direct application of adap-
tive techniques is made possible for a MIMO radar system without the need for sec-
ondary range bins or even for range compression [19,29].
Let

A =[Bja®d) PBra®d) - Bravx)] (1.27)

Then the sample covariance matrix of the target reflected waveforms is A*RLA,
where

N

R, = }VZ x(n)x* (n) (1.28)

n=1

is the sample covariance matrix of the transmitted waveforms. When orthogonal
waveforms are used for MIMO probing, for example, and N > M,, then IAIXX is a
scaled identity matrix. Then A*lixxzi has full rank; in other words, the target reflected
waveforms are not completely correlated with each other (or coherent), if the columns
of A are linearly independent of each other, which requires that K < M;. The fact that
the target reflected waveforms are noncoherent allows the direct application of many
adaptive techniques for target localization [28].

Let 6 be the location parameter of a generic target, for example, the direction of
arrival (DOA) when the targets are in the far field of the arrays. We express the
signal matrix at the output of the receiving array in the form

Y = b°(0)B(®)a’ (0)X + Z (1.29)

where X = [x(1) x(2) --- X(N)], the columns of Y € C”*¥ are the received data

samples {y(n) }fle, and 3(0) € C denotes the complex amplitude of the reflected signal

from 6, which is proportional to the radar cross section (RCS) of the focal point 6.
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The matrix Z € CY~*V denotes the residual term, which includes the unmodeled noise,
interferences from targets at locations other than 6 and at other range bins, and inten-
tional or unintentional jamming. For notational simplicity, we do not explicitly show
the dependence of Z on 6.

The problem is to estimate (3(6) for each 6 of interest from the observed data matrix
Y. The estimates of {B(0)} can be used to form a spatial spectrum. We can then
estimate the locations of the targets and their complex amplitudes by searching for
the peaks in the so-obtained spectrum.

Note that in (1.29) we consider a particular range bin of interest, whose time of
arrival (TOA) is known a priori. This data model can be readily extended to the
unknown TOA case by including an unknown TOA parameter 7 in X. By estimating
B for each 6 and T using the presented methods, we can form a two-dimensional (2D)
radar image, whose peaks will indicate existence of targets and their locations (DOA
and TOA). Note also that, compared with the conventional techniques, where pulse
compression is done separately, the range compression step is implicit in the follow-
ing proposed methods.

1.4.1 Absence of Array Calibration Errors

A simple way to estimate [3(8) in (1.29) is via the least-squares (LS) method

N b7 (0)YX* a(0)
BLS(G) = 5 ~ (1.30)
N|{[b(®)]["[a*(B)Ra(0)]
where || - || denotes the Euclidean norm. However, as any other data-independent

beamforming-type method, the LS method suffers from high sidelobes and low res-
olution. In the presence of strong interference and jamming, this method completely
fails to work.

We present below several data-dependent beamforming-based methods, which, as
shown via numerical examples in Section 1.4.3, have much higher resolution and
much better interference rejection capability than does the LS method.

1.4.1.1 Capon The Capon estimator consists of two main steps: (1) the Capon
beamforming step [31,39] and (2) a LS estimation step, which involves basically a
matched filtering.

The Capon beamformer can be formulated as follows

min W*Iiyyw subject to  w'b°(0) =1 (1.31)

where w € CM*! is the weight vector used to achieve noise, interference, and
jamming suppression while keeping the desired signal undistorted; and R, is the
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sample covariance matrix of the observed data samples:

R 1
R, =YY’ (1.32)

Following Refs. 31 and 39, we can readily obtain the solution to (1.31) as follows:

R:'b¢(6)
WCapon = ———————— 1.33
Capo bT(G)Ry’}lb‘(e) ( )
The output of the Capon beamformer is thus given by
b7 (OR'Y
% (1.34)
b (B)R,'b(6)
Substituting (1.29) into (1.34) yields
b (OR.'Y b'(OR'Z
2 = B (OX + (1.35)
b (B)R,'b(6) b (B)R,'b(6)

Applying the LS method to (1.35), we get the Capon estimate of 3(0) as follows:

B b’ ()R, ;' YX" a(6)
~ NDT(OR,,'b(0)][a* ())Ra(0)]

Bcapon(®) (1.36)

where R, is defined in (1.28). Note that (1.36) is a function of 6. In practice, we need
to compute (1.36) for each 0 of interest to form a spatial spectrum.

1.4.1.2 APES The amplitude and phase estimation (APES) approach [40-42] is a
nonparametric spectral analysis method with superior estimation accuracy [43,44].
We apply this method to the proposed MIMO radar system to achieve better ampli-
tude estimation accuracy.

By following Ref. 41, we can formulate the APES method as

Iniél [| W'Y — B(6)a™ ()X ||2 subject to  w*b‘(0) =1 (1.37)

where w € CM*! is the weight vector. Intuitively, the goal of (1.37) is to find a
beamformer whose output is as close as possible to a signal with the waveform
given by a*(0) X.

Minimizing the cost function in (1.37) with respect to 3(0) yields

W YX*a(0)

Bares(®) = N—a*(e)lixxa(ﬂ)

(1.38)
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Then the optimization problem in (1.37) reduces to

min w*Qw subject to  w*'b°(8) =1 (1.39)
w
with
P YX* a(6)a*(0)XY*
Q=R — S0 (1.40)
N2 a*(0)Ra(0)

Solving the optimization problem in (1.39) gives the APES beamformer weight
vector [41]:

Q 'bé(®)

—_— 1.41
b'(OQ b (0) (4D

WAPES =

By inserting (1.41) into (1.38), the APES estimate of (3(0) is readily obtained as

b’ (0)Q'YX* a(0)
N [b7(0)Q 'b¢(8)] [a*(0)R.a(h)]

BAPES ) = (1.42)

Note that the only difference between the Capon estimator and the APES estimator is
that the sample covariance matrix ﬁyy in (1.36) is replaced in (1.42) by the residual
covariance estimate Q. However, this seemingly minor difference makes these two
methods behave quite differently (see, e.g., Section 1.4.3).

1.4.1.3 CAPES and CAML As discussed in Ref. 40 (see also Section 1.4.3), the
two data-dependent methods described above behave differently. Capon has high res-
olution, and hence can provide accurate estimates of the target locations. However,
the Capon amplitude estimates are significantly biased downward. The APES estima-
tor gives much more accurate amplitude estimates at the target locations, but at the
cost of lower resolution (i.e., greater minimum distance needed for two targets to
be resolved). To reap the benefits of both Capon and APES, an alternative estimation
procedure, referred to as CAPES, has been proposed [45]. CAPES first estimates the
peak locations using the Capon estimator and then refines the amplitude estimates at
these locations using the APES estimator. CAPES can be directly applied to the
MIMO radar target localization and amplitude estimation problem considered here.

Inspired by the CAPES method, we propose below a new approach, referred to as
CAML, which combines Capon and the more recently proposed approximate
maximum likelihood (AML) estimator based on a diagonal growth curve (DGC)
model [46]. In CAML, AML, instead of APES, is used to estimate the target ampli-
tudes at the target locations estimated by Capon. Since, unlike APES, AML estimates
the amplitudes of all targets at the given locations jointly rather than one at a time, the
latter can provide better estimation accuracy than can the former.
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Let ék(k =1,2,..., K) denote the estimated target locations, that is, the peak
locations of the spatial spectrum estimated by Capon. Here K is assumed known.
If K is unknown, it can be determined accurately using a generalized likelihood
ratio test (GLRT), the details of which are given in the Appendix 1A. Let

A, = [b(®)b(B2) --- b(Bx)] (1.43)

A, =[a®)) a®,) - adk)] (1.44)
and

B =[B(O)) BB - BBKI (1.45)

Then the data model in (1.29) can be reformulated as a DGC model [46]:
Y = AB(A’X) +Z with B = diag(B) (1.46)

In (1.46), diag(3) denotes a diagonal matrix whose diagonal elements are equal to the
elements of (3, and Z is the residual term, whose columns are assumed to be indepen-
dently and identically distributed (i.i.d.) circularly symmetric complex Gaussian
random vectors with mean zero and unknown covariance matrix. Since the
maximum-likelihood (ML) estimate of 3 in (1.46) cannot be produced in closed
form, we use the AML estimator [46] instead, which is asymptotically equivalent
to the ML for a large data sample number N.

By using the AML method in Eq. (18) of Ref. 46, the estimate of 3 can be readily
obtained as

o 1 A
Bav = [(ATT'AY) © (ATREAD)] ' veced (AT T 'YX"A,) (1.47)

where ® denotes the Hadamard product [47], vecd(-) denotes a column vector formed
by the diagonal elements of a matrix, and

. 1 .
T=NR, — S YX'AARLA)AXY (1.48)

1.4.2 Presence of Array Calibration Errors

The previous data-dependent methods assume that the transmitting and receiving
arrays are perfectly calibrated, that is, that a(0) and b(0) are accurately known as func-
tions of 8. However, in practice, array calibration errors are often inevitable. The pre-
sence of array calibration errors and the related small data sample number problem
[48] can significantly degrade the performance of the data-dependent beamforming
methods discussed so far.
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1.4.2.1 RCB We consider the application of the robust Capon beamformer (RCB)
(see Refs. 49-51 and references cited therein) to a MIMO radar system that suffers
from calibration errors. RCB allows b(0) to lie in an uncertainty set. Without loss
of generality, we assume that b(8) belongs to an uncertainty sphere

| b(®) —b(0) ||* < €, (1.49)

where both b (0), the nominal receiving array steering vector, and €, are given. (For
the more general case of ellipsoidal uncertainty sets, see Refs. 49-51 and references
cited therein.) Note that the calibration errors in a(0) will also degrade the accuracy of
the estimate of (3(0) [see (1.36)]. However, the LS (or matched filtering) approach of
(1.36) is quite robust against calibration errors in a(8).

The RCB method is based on the following covariance fitting formulation
[49,50,52]

max ¢’(0) subject to Ry, — o (B)b ()b (6) > 0
o OLbO (1.50)
I b(®) —b(®) || < e

where ¢?(8) denotes the power of the signal of interest and P > 0 means that the
matrix P is positive semidefinite. The optimization problem in (1.50) can be simpli-
fied as follows [49]:

min b’ (O)R;,'b(9) subject to || b(B) — b(0) ||*< €, (1.51)

By using the Lagrange multiplier methodology [49], the solution to (1.51) is found
to be

b(6) = b(6) — [1+ N(O)RS,]1"'b(6) (1.52)

where I denotes the identity matrix. The Lagrange multiplier A(8) > 0 in (1.52) is
obtained as the solution to the constraint equation

| [T+ MORE] ' bO) = e, (1.53)

which can be solved efficiently by using the Newton method since the left side of (1.53)
is a monotonically decreasing function of A(0) (see Ref. 49 for more details). Once

the Lagrange multiplier A(0) has been determined, B(G) can be obtained from (1.52).
To eliminate a scaling ambiguity [49], we scale b(8) such that I b(6) > =M,.
Replacing b(8) in (1.36) by the scaled steering vector f)(ﬁ) yields the RCB estimate
of B(0).
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1.4.2.2 DCRCB A doubly constrained robust Capon beamformer (DCRCB) has
been proposed [53]. In the DCRCB, in addition to the spherical constraint in
(1.49), the steering vector b(6) is constrained to have a constant norm:

I b(®) [|* = M, (1.54)

Then the covariance fitting formulation [see (1.50)] becomes

max o%(0) subjectto R, —a>(B)b(O)b’ () >0
a2(6),b(6) ’

| b(®) — b(®) ||> <e, (1.55)
| b(®) || =M,

The optimization problem in (1.55) can be simplified to [53]

min bT(e)lA{\fle(O) subject to Re[l_)T(O)bC(G)] >M, — &
b(6) hod 2 (1.56)
I'b(®) ||*= M,

where Re(-) denotes the real part of a complex number. Let u; be the principal eigen-
vector of R,,, and let

b(6) = M}/>u; exp{jarg[u;b(6)]} (1.57)
with arg(-) denoting the phase of a complex number. If b(0) in (1.57) satisfies
Re[b (B)b(0)] > M, — % (1.58)

then, obviously, l:)(ﬂ) = B(e) is the optimal solution of (1.56). Otherwise, by using the
Lagrange multiplier methodology [53], the optimal solution to (1.56) is

R ¢ I'b
) [R;* + \(O)I]"' b(6) (159)

ﬁ(e)z(M,—— o —

275 ()[R + NO)] " b(6)
where (-) ¢ = [(-)°] " '. The Lagrange multiplier A(0) in (1.59), which can be negative,
is obtained as the solution to the constraint equation

b7 (0) [R:! + MO 2be(6
@R, +AOINbO) M, (1.60)

(PO R, + 2O 13c(e)}2 (M, — (e,/2))?

As in the case of RCB, the constraint equation (1.60) can be solved efficiently by
using the Newton method since the left side of (1.60) is a monotonically decreasing
function of \(0) (see Ref. 53 for more details).
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We summarize the DCRCB estimator of 3(6) as follows:

1. Compute b(6) by (1.57).

2. Assuming that b(0) satisfies (1.58), estimate () by replacing b(8) in (1.36)
by b(6) = b(0), and stop. A

3. Assuming that (1.58) is not satisfied, solve (1.60) for A(0). Calculate B(e)
by (1.59) using the so-obtained \(6). .

4. Compute the DCRCB estimate of [3(0) by replacing b(0) in (1.36) by b(6),
and stop.

1.4.3 Numerical Examples

Consider a MIMO radar system where a uniform linear array with M, =M, =
M = 10 antennas and half-wavelength spacing between adjacent antennas is used
for both transmitting and receiving. The transmitted waveforms (rows of X) are
orthogonal quadrature phase-shift-keyed (QPSK) sequences, and hence we have
R,. = I (this choice of R, is optimal in a maximum-SNR sense [54]). Consider a
scenario in which K=3 targets are located at 6; =—40°, 6, =—25° and
03 =—10° with complex amplitudes B, =4, B, =4, and B3 =1, respectively.
There is a strong jammer at 0° with an unknown waveform and with amplitude
1000 (i.e., 60 dB above 3). The received signal has N = 256 data samples and is
corrupted by a zero-mean spatially colored Gaussian noise with an unknown covari-
ance matrix. The (p,g)th element of the unknown noise covariance matrix is
¢! /SNR)O,Q\p*q\eJ(pfq)w/Z_

We first consider the case of no array calibration errors. Let SNR = 10 dB. The
moduli of the spatial spectral estimates of 3(8), versus 0, obtained by using LS,
Capon, APES, CAPES, and CAML are given in Figs. 1.4ab,c.ef, respectively.
For comparison purpose, we also show the true spatial spectrum via dashed lines
in these figures. As seen in Fig. 1.4a, the LS method suffers from high sidelobes
and low resolution. In the presence of the strong jamming signal, the LS estimator
fails to work properly. Capon and APES possess great interference and jamming sup-
pression capabilities. The Capon method gives very narrow peaks around the target
locations. However, the Capon amplitude estimates are biased downward. The APES
method gives more accurate amplitude estimates around the target locations, but its
resolution is slightly worse than that of Capon. Note that in Figs. 1.4a—c a false
peak occurs at 8 = 0° owing to the presence of the strong jammer. Although the
jammer waveform is statistically independent of the waveforms transmitted by
the MIMO radar, a false peak still exists since the jammer is 60 dB stronger than
the weakest target and the data sample number is finite.

To reject the false peak, we use a generalized likelihood ratio test (GLRT) for each
angle of interest; the generalized likelihood ratio (GLR) is given by (see Appendix 1A
for details)

b’ (O)R,,'b%(0)

e = 1 - T A~ 1
P(©) b’ (6)Q b (6)

(1.61)
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Figure 1.4 Spatial spectral estimates and GLR in the absence of array calibration errors,
when 0; = —40°, 6, = —25° and 63 = —10°: (a) LS; (b) Capon; (c) APES; (d) GLR; (e)

CAPES; (f) CAML.
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where liyy and Q are as given in (1.32) and (1.40), respectively. Figure 1.4d gives the
GLR as a function of the target location parameter 6. As expected, we get high GLRs
at the target locations and low GLRs at other locations, including the jammer
location. By comparing the GLR with a threshold, the false peak due to the strong
jammer can be readily detected and rejected, and a correct estimate of the number
of the targets can be obtained. This information can be passed to CAPES and
CAML to obtain Figs. 1.4e,f. As seen from these figures, both CAPES and CAML
give accurate estimates of the target locations and amplitudes.

Next we consider a more challenging example where 65 is —21° while all the other
simulation parameters are the same as before. As shown in Fig. 1.5¢, in this example
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Figure 1.6 Empirical bias and MSE of the amplitude estimate for the target at 65 versus SNR,
in the absence of array calibration errors, when 6; = —40°, 6, = —25°, and 06; = —21°:
(a) bias; (b) MSE.
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the APES method fails to resolve the two closely spaced targets at 6, = —25° and
03 =—21°. On the other hand, Capon gives well-resolved peaks around the target
locations, but its amplitude estimates are significantly biased downward. On the
basis of the GLR in Fig. 1.5d, the false peak due to the strong jammer can be
readily rejected. Once again CAPES and CAML outperform the other methods and
provide quite accurate target parameter estimates. To illustrate the improvement of
CAML over CAPES for target amplitude estimation, we consider the amplitude esti-
mation performance of Capon, CAPES, and CAML as a function of SNR. All the
other simulation parameters are the same as in Fig. 1.5. Figures 1.6a,b show, respec-
tively, the bias and mean-squared error (MSE) of the amplitude estimate for the target
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Figure 1.7 Spatial spectral estimates in the presence of array calibration errors, when
0, = —40°, 6, = —25°, and 65 = —10°: (a) Capon; (b) APES; (c) RCB with €, = 0.1; (d)
DCRCB with €, = 0.1.
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Figure 1.7 Continued.

at 03. The results are obtained using 1000 Monte Carlo simulations. As seen from
these figures, the Capon estimate is biased downward significantly. Because of this
bias, an error floor occurs in the MSE of the Capon estimate. CAPES is also
biased downward at very low SNR. The CAML estimator is unbiased and outper-
forms CAPES for the entire range of the SNR considered, especially at low SNR.
We next consider the case where array calibration errors are present. To simulate
the array calibration error, each element of the steering vector a(0) = b(0), for each
incident signal, is perturbed with a zero-mean circularly symmetric complex
Gaussian random variable with variance 0.005 and then scaled to have norm /M,
so that the squared Euclidean norm of the difference between the true array steering
vector and the presumed one is about 0.05. We let SNR = 30dB. The other
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simulation parameters are the same as those in Fig. 1.4. For the sake of description
convenience, the moduli of the amplitude estimates, that is, the y axes of Figs.
1.7a—d, are on a dB scale. As shown in Fig. 1.7a, the Capon method fails to work
properly in the presence of array calibration errors, as expected: its amplitude esti-
mates at the target locations are severely biased downward (by >60 dB for some
of them). Although APES gives much better performance than Capon, its amplitude
estimates at the target locations are ~10 dB lower than the true amplitudes. On the
other hand, both RCB and DCRCB provide accurate estimates of the target ampli-
tudes as well as target locations, but their peaks are wider (and hence their resolutions
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Figure 1.8 GLRs and refined spatial spectral estimates in the presence of array calibration
errors, when 6, = —40°, 0, = —25° and 65 = —10°: (a) GLR of RCB; (b) GLR of
DCRCB; (c) refined spatial spectral estimate of RCB; (d) refined spatial spectral estimate of
DCRCB.
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Figure 1.8 Continued.

are poorer) compared to what is shown in Fig. 1.4b, as expected (robustness to array
calibration errors inherently reduces the resolution).
Figures 1.8a,b show the GLRs corresponding to RCB and DCRCB, as functions

of 8, which are obtained by replacing b(6) in (1.61) by b(0) and b(6) from Sections
1.4.2.1 and 1.4.2.2, respectively. As we can see, both RCB and DCRCB give high
GLRs at the target locations and a low GLR at the jammer location. From the
GLRs, we can again readily and correctly estimate the number of targets to be 3.
Plotting the spatial spectral estimates in Figs. 1.7c,d only for the angles at which
the corresponding GLRs are above a given threshold (say, 0.8), we obtain the
refined spatial spectral estimates in Figs. 1.8c,d. These refined spatial spectral
estimates obtained by RCB and DCRCB provide an accurate description of the
target scenario.
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1.5 PARAMETRIC TECHNIQUES FOR PARAMETER
ESTIMATION

Several nonparametric data adaptive target parameter estimation methods for MIMO
radar with collocated antennas have been presented in Section 1.4. We now consider
parametric techniques for target parameter estimation as well as target number detec-
tion for MIMO radar with collocated antennas. Cyclic optimization algorithms are
presented to obtain the maximum-likelihood (ML) estimates of the target parameters,
and a Bayesian information criterion (BIC) is used for target number detection.
Specifically, an approximate cyclic optimization (ACO) approach is first presented,
which maximizes the likelihood function approximately. Then an exact cyclic optim-
ization (ECO) approach that maximizes the exact likelihood function is introduced for
target parameter estimation. The ACO and ECO target parameter estimates are used
with the BIC for target number determination.

To remind the reader with some notation, we assume that the number of targets in
a particular range and Doppler bin is K. The received data matrix can be written as

K
Y = Zbc(ek)p,ksT(ek) +2Z, with s7(6) =a"(0)X (1.62)
k=1

where the parameters are defined similarly as in (1.6) and (1.46), and the column of

Z € CMN comprise independently and identically distributed (i.i.d.) circularly sym-
metric complex Gaussian random vectors with mean zero and unknown covariance
matrix Q. Our goal here is to detect the unknown target number K and estimate
the unknown target location parameters {Gk},’f:1 as well as complex amplitudes

B

1.5.1 ML and BIC

Consider first the ML estimation of the target parameters {B,}5_, and {6;}f_, by
assuming that the target number K is known a priori. The BIC estimate of the
unknown K is described later.

The negative loglikelihood function (LF) of {6;}f_,, {Bs}r_,, and the unknown
elements in Q for the data model in (1.62) can be written, to within a constant, as

[1Q. {04, B = NIn(|Q))

—|—tr{
K

Y-) b"(eusksT(ek)] Ql}

k=1

K
Y —

b“(ekmksT(ek)]

k=1 (1.63)

X

where | - | and tr(-) denote the determinant and trace of a matrix, respectively.
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The minimization of the negative loglikelihood function in (1.63) with respect
to Q yields the following concentrated negative log-LF of the unknown parameters

{ak’ Bk}:

L0, {B) = Nln

K
Y-) bC(ek)BksT(ek)]
! (1.64)

*

X

K
Y-) b”(ek)sksf(em}
k=1

The minimization of this cost function must be conducted with respect to 3K
unknown real-valued variables {Ok}kK:, and the real and imaginary parts of {Bk}kK:].
Because this optimization problem does not appear to admit a closed-form solution,
we present two cyclic optimization algorithms for target parameter estimation in the
following.

The estimates of the target parameters {3;} le and {0;} kK:1 are associated with the
assumed target number K. Once we got the estimates of {Bk}szl and {Gk}f:1 for
various values of K, the target number K can be detected by minimizing the following
BIC cost function (see, e.g., Ref. 55)

BIC(K) = 26((04X_,, BJX. ) +3KInN (1.65)

where 6; and Bk are the estimates of 6, and {3, respectively.

1.5.1.1 ACO ACO can be used to obtain initial target parameter estimates, which
can be refined via ECO. The received data matrix in (1.62) can be rewritten in the
form of the diagonal growth curve (DGC) model [46]. Using the AML estimator
in [83], we can then obtain an estimate of {3} le that can be used to further concen-
trate the negative log-LF in (1.64), at least approximately.

For convenience, let

B.(0) = [b°(6p --- b(6x] (1.66)
S(0) = [s(6) -+ s(6p]" (1.67)

and
0=1[0, - 0x]" (1.68)

Then, (1.64) can be rewritten as
f(B, 0) = NIn |[Y — B, diag(B)SI[Y — B, diag(B)S)]"| (1.69)

where B is as defined in (1.11). By using the AML estimator [46], we can estimate 3
approximately, for any fixed vector 0, as follows

B = [(B:Q B, (5ST)] 'vecd(B:Q ' YS") (1.70)
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where
. 1
Q=R, - NYS*(SS*)*SY* (1.71)

and IA{yy is given as in (1.31). Note that (1.70) is similar to (1.47). Note also that for
notational convenience we have omitted the argument 0 of B,, S, and Q in (1.70).
Substituting (1.70) in (1.69), followed by some straightforward manipulations,
yields the concentrated approximate negative log-LF of 0 as follows:

AO)=Nn|Q|+NIn {1 — M, +u(@Q Ry)
— %Vecd*(Bf(leS*)
X [(B:Q 'B,) © (ST 'vecd(B:Q YS! (1.72)

Note that by using AML, the number of unknowns in (1.72) has been reduced to K.
Cyclic optimization (CO) techniques can be used to minimize (1.72) with respect to
{04} kK:1 . Within each substep of the CO algorithm, we estimate one target location par-
ameter, say, 0, by using the most recent estimates of the other parameters. The iter-
ation of the CO algorithm is terminated when “practical convergence” is reached,
which may be determined by checking whether the relative change of the log-LF
between two consecutive iterations is less than some predetermined threshold e,.
The ACO algorithm can be described as follows:

Step 0: Initialization. Set i = 1.
Step 1: Cyclic Optimization:
(a) Do the following until “practical convergence” is reached. For k =1, 1,
2,...,i— 1 estimate 6, by searching the minimum of the cost function
(1.72) using the most recent estimates of {6,)}’1, 2k, =1

(b) Seti=1i+ 1 and go to step 2(a) until i reaches a prescribed maximum
number.

Step 2: BIC Order Selection. Find the minimum of BIC(i) = 2f2(éi) + 3ilnN
with respect to i.

The so-obtained i corresponding to the minimum of BIC(i) is the estimate of target
number K, and the corresponding {0;} are the estimates of the target location para-

meters with 6/ = {ék}f{:l. Once 6 has been determined, the corresponding G can
be obtained by using (1.70).

1.5.1.2 ECO Inspired by the RELAX method [56], ECO determines the para-
meters of each target iteratively. At each step, ECO estimates the parameters of
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one target by assuming that the other target parameters are given. Let

Yo=Y =) b6,)8,5" (6, (1.73)
p#k

Then, the cost function in (1.64) reduces to
FOk, B = Nln [[Y; — Bb (00)s" BI[Yx — B (00)s” (0] | (1.74)

Minimizing (1.74) with respect to 3, yields

~ 1~
N b’ (6 Ys(0
ML LA (175)
b (6:)Q; b (By) [ s(6x) |2
where || - || denotes the Euclidean norm, and
- o YisO0s 00Y,
0)=R ————*~ 1.76
Qi(0x) = Ry N 500 |2 (1.76)
and where
. Y,Y,
R, = % (1.77)

Inserting (1.75) into (1.74) and after some matrix manipulations (see, e.g., Ref. 30),
we obtain the following concentrated negative log-LF function of 0,:

£(00) = NIn |Re| + N In [b7(0)R; 'b°(8)] — N In [b70)Q; b®]  (1.78)

Then, 6, can be estimated by searching for the minimum of (1.78), and 3, can be esti-

mated by substituting the so-obtained By into (1.75).
Combining BIC and ACO with a RELAX-type procedure [56], whose main step is
as described above, leads to ECO, which can be summarized as follows:

Step 0: Initialization. Set i = 1.
Step 1: Cyclic Optimization:
(a) Obtain initial parameter estimates of {Bk}}'{zl and {Bk}};:1 by running step
1(a) of ACO and Eq. (1.70).
(b) Do the following until “practical convergence” is reached. For
k=i,1,2,...,i—1.
Compute Y, in (1.73) by using the most recent estimates of {3}
and {0,}, .4 p—1-

Estimate 6, by searching for the minimum of the cost function in (1.78);

i
p#kp=1

Estimate [3; by inserting the so-obtained B, in (1.75).
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Figure 1.9 Empirical MSEs of the estimates of target location and amplitude parameters
versus the number of data samples when SNR = 20 dB: (a) 6;; (b) 6,; (c) 03; (d) B1; (e) Bas
(f) Bs.
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(c) Compute BIC(7) using (1.65), and the so-obtained {Bk}f{:l and {ék};;:l.
(d) Set i=1i+ 1 and go to step 1(a) until i reaches a prescribed maximum
number.

Step 2: BIC Order Selection. Find the minimum of the so-obtained BIC(i) with
respect to i.

1.5.2 Numerical Examples

Consider a MIMO radar system where uniform linear arrays with M, = M, = 5 anten-
nas are used for both transmitting and receiving. The interelement spacing is 0.5\ for
the receive array and 2.5\ for the transmit array. The transmitted waveforms are
orthogonal QPSK sequences that satisfy R, 2 (1 /N)XX* =1 [see also (1.28)].

Consider a scenario in which K =3 targets are at 6; = —20°, 6, = —10°,
and 03 = —9° with the corresponding complex amplitudes B; =4, B, =4, and
B3z = 1, respectively. There is a strong jammer at 0° with an unknown waveform
and with amplitude 100 (i.e., 40 dB stronger than B3). The received signal is
corrupted by a zero-mean spatially colored Gaussian noise with an unknown covari-
ance matrix. The (p,q)th element of the noise covariance matrix is (1 /SNR) 0.9/~
/P~ D™/2 e choose the “practical convergence” threshold as e, = 10~ °.

We first determine the empirical mean-squared errors (MSEs) of the target location
and amplitude parameters estimated by ACO and ECO, as functions of the number of
data samples, when the number of targets is assumed to be known a priori. For com-
parison purposes, we also give the performance of a RELAX algorithm, which is
essentially a simplified version of ECO without the initialization step, namely, step
1(a). We also provide the corresponding Cramér—Rao bounds (CRBs) (see, e.g.,
Ref. 30), which represent the best possible performance of any unbiased estimators.
The empirical MSEs are all obtained by 100 Monte Carlo simulations. From Figs.
1.9a—f, we can see that RELAX suffers from an error floor problem. ACO and

—— RELAX
—— ACO -
-»- ECO

BIC

Figure 1.10 BIC cost functions obtained by RELAX, ACO, and ECO when N = 32 and
SNR = 20dB.
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ECO outperform RELAX significantly. Their MSEs approach the CRB as the
number of data samples increases. At a small number of data samples, ECO can
provide slightly better performance than does ACO.

Figure 1.10 shows the BIC cost function obtained by RELAX, ACO, and ECO in
one of the Monte Carlo simulations when N =32 and SNR = 20 dB. As shown,
ECO can be used with BIC to correctly detect the target number, while RELAX
and ACO fail to work properly. In fact, ECO detected the target number accurately
in all 100 Monte Carlo simulations.

1.6 TRANSMIT BEAMPATTERN DESIGNS

The probing signal vector transmitted by a MIMO radar system can be designed
to approximate a desired transmit beampattern and also to minimize the cross-
correlation of the signals bounced from various targets of interest — an operation
that, like the direct application of adaptive techniques, would be hardly possible
for a phased-array radar [12,13,17,23].

The power of the probing signal at a generic focal point with location 0 is given by
[see (1.1)]

P(6) = a"(6)Ra(6) (1.79)
where R is the covariance matrix of x(n):
R = E{x(n)x*(n)} (1.80)

The “spatial spectrum” in (1.79), as a function of 6, will be called the transmit
beampattern.

We assume in this section that the transmit and receive antennas are identically
located [b(8) = a(0)]. The received data vector in (1.6) can then be expressed as

K
Y = Bea‘®a‘(00x(m) +e(), n=1,....N (1.81)
k=1

1.6.1 Beampattern Matching Design

The first problem we will consider in this subsection consists of choosing R, under a
uniform elemental power constraint

, m=1,...,M;; withc,given (1.82)
where R,,,, denotes the (m, m)th element of R, to achieve the following goals [17,23]:

1. Control the spatial power at a number of given target locations by matching
(or approximating) a desired transmit beampattern.
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2. Minimize the cross-correlation between the probing signals at a number of
given target locations; note from (J.l) that the cross—corr;lation between the
probing signals at locations 6 and 0 is given by a*(6)Ra(0).

Let &(0) denote a desired transmit beampattern, and let {;,L,},L:1 be a fine grid of
points that cover the location sectors of interest. We assume that some of these grid-
points are good approximations of the locations {0} kK:l of the targets of interest, and
that we dispose of (initial) estimates {ék}f:1 of {ek}le, where K denotes the number
of targets of interest that we wish to probe further. We can obtain &(0) and 6 szl, for
instance, using the Capon and GLRT approaches presented in Section 1.4.

As stated above, our goal is to choose R such that the transmit beampattern,
a*(0)Ra(6), matches or rather approximates [in a least-squares (LS) sense] the

desired transmit beampattern, ¢$(60), over the sectors of inte_rest, and also such that
the cross-correlation (beam)pattern, a*(0)Ra(6) (for 6 # 0), is minimized (once

again, in a LS sense) over the set {ék},’;l. Mathematically, we want to solve the
following problem

1& .
min {Z ; wilad(p) — a*(n)Ra(w)]

oy, Kol K " s
+———=> Y |a’(bRa(b,)]
K — K= p=x+1
subject to
Rmm*C_pv mzl,'--,Mt
M, (1.83)
R>0
where « is a scaling factor, w; > 0, /=1, ..., L, is the weight for the /th gridpoint,

and w, > 0 is the weight for the cross-correlation term. The reason for introducing o
in the design problem is that typically ¢(6) is given in a “normalized form” [e.g.,
satisfying ¢(0) < 1, V6], and our interest lies in approximating an appropriately
scaled version of ¢(0), not &(0) itself. The value of w; should be larger than that
of wy if the beampattern matching at p; is considered to be more important than
the matching at . Note that by choosing max; w; > w,. we can give more weight
to the first term in the design criterion above, and vice versa for max; w; < w.. We
have shown [17,23] (see also below) that this design problem can be efficiently
solved in polynomial time as a semidefinite quadratic program (SQP).

Let vec(R) denote the M,2 x 1 vector obtained by stacking the columns of
R on top of each other. Let r, denote the M? x 1 real-valued vector made from
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Rym (m=1,...,M;) and the real and imaginary parts of R,,, (m,p=1,...,
M;; p > m). Then, given the Hermitian symmetry of R, we can write

vec(R) = Jr, (1.84)

for a suitable M? x M? matrix J whose elements are easily derived constants
0, +£j, £ 1). Making use of (1.84) and of some simple properties of the vec
operator, the reader can verify that (the symbol ® denotes the Kronecker product
operator):

a*(u)Ra(,) = vec [a"(u)Ra(p,)]

= [a"(n) ® a“(w)r, (1.85)

A T
=g

a*(0)Ra(b,) = [a’ (0,) ® a* (B,
2d;,r, (1.86)

Inserting (1.85) and (1.86) into (1.83) yields the following more compact form of the
design criterion (which clearly shows the quadratic dependence on r, and o)

1 <& ow, K1 K
ZZWzacb(mHg,n T : ZZ

1 <& al)?
e ]}
L= l{[ ) & r, (1.87)

dkpl%

2w, K-1 K . o 2
LT R Z [O dk,p}[ ]
K — K=l p=kr1 ry
A
=p'Tp
where
o
p= [l’u} (1.88)
and

ZWIP(M;)} (o) & ]

1=1 g

M~

K-1

+R{2W“ S ZK:[O][O d*]} (1.89)
( — = k, .
KZ_Kk:l v Ldiyp !
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where Re(-) denotes the real part. The matrix I' above is usually rank-deficient. For
example, in the case of an M, sensor uniform linear array with half-wavelength (or
smaller) interelement spacing and for w. = 0, one can show that the rank of I' is
2M,. The rank deficiency of I', however, does not pose any serious problem for the
SQP solver outlined below.

Making use of the form in (1.87) of the design criterion, we can rewrite (1.83) as
the following SQP (see, e.g., Refs. 57 and 58)

min S
3.0
subject to lle|l <38
c
Rmm(e)zﬁpt’ m:l,...,M,
R(g) >0 (1.90)
where (Fl/ 2 denotes a Hermitian square root of ')
e=T"%p (1.91)

and where we have indicated explicitly the (linear) dependence of R on .

In some applications, we would like the synthesized beampattern at some given
locations to be very close to the desired values. As already mentioned, to a certain
extent, this design goal can be achieved by the selection of the weights {wj} of the
design criterion in (1.83). However, if we want the beampattern to match the
desired values exactly, then selecting the weights {w;} is not enough, and we have
to modify the design problem, as we now explain.

Consider, for instance, that we want the transmit beampattern at a number of points
to be equal to certain desired levels. Then the optimization problem we need to solve
is (1.83) with the following additional constraints

a*"(i)Ra(i) =¢, [=1,....L (1.92)

where {{;} are predetermined levels. A similar modification of (1.83) takes place

when the transmit beampattern at a number of points {;1,}5‘21 is restricted to be
less than or equal to certain desired levels. The extended problems (with additional
either equality or inequality constraints) are also SQPs, and therefore, similarly to
(1.83), they can be solved efficiently using readily available software [57,58].

1.6.2 Minimum Sidelobe Beampattern Design
Another beampattern design problem we consider consists of choosing R, under the

uniform elemental power constraint in (1.82), to achieve the following goals [17,23]:

1. Minimize the sidelobe level in a prescribed region.
2. Achieve a predetermined 3 dB width of the mainbeam.
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This problem can be formulated as follows (where s.t. denotes “subject to””)

min —t¢
t,R

s.t. a’(Bp)Ra(bp) —a"(w)Ra(p) >, Vp, € Q
a*(0))Ra(0,) = 0.5a*(6p)Ra(6,)
a*(6,)Ra(0,) = 0.5a*(6p)Ra(6)

R>0

. om=1,...,M, (1.93)

where 0, — 0; (with 0, > 6y and 0; < 6y) determines the 3 dB width of the
mainbeam and () denotes the sidelobe region of interest. As shown in Refs. 17
and 23, this minimum sidelobe beampattern design problem can be efficiently
solved in polynomial time as a semidefinite program (SDP). Note that we can
relax somewhat the constraints in (1.93) defining the 3 dB width of the mainbeam;
for instance, we can replace them by (0.5 — d)a*(6p)Ra(6y) < a*(6;)Ra(8,) <
(0.5 4+ 8)a*(0p)Ra(8y), i = 1,2, for some small 8. Such a relaxation leads to a
design with lower sidelobes, and to an optimization problem that is feasible more
often than (1.93).

We can also introduce some flexibility in the elemental power constraint by allow-
ing the elemental power to be within a certain range around c,/M,, while still main-
taining the same total transmit power of c,. Such a relaxation of the design problem
allows lower sidelobe levels and smoother beampatterns, as we will show later via
some numerical examples.

1.6.3 Phased-Array Beampattern Design

Finally, consider the conventional phased-array beampattern design problem in
which only the array weight vector can be adjusted and therefore all antennas transmit
the same differently scaled waveform. We can readily modify the previously
described beampattern matching or minimum sidelobe beampattern designs for the
case of phased arrays by adding the constraint

rank(R) =1 (1.94)

However, because of the rank 1 constraint, both these originally convex optimization
problems become nonconvex. The lack of convexity makes the rank 1-constrained
problems much harder to solve than the original convex optimization problems
[59]. Semidefinite relaxation (SDR) is often used to obtain approximate solutions
to such rank-constrained optimization problems [58]. Typically, the SDR is obtained
by omitting the rank constraint. Hence, interestingly, the MIMO beampattern design
problems are SDRs of the corresponding phased-array beampattern design
problems.
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In the numerical examples below, we have used the Newton-like algorithm pre-
sented in Ref. 59 to solve the rank 1-—constrained design problems for phased
arrays. This algorithm uses SDR to obtain an initial solution. Although the conver-
gence of the said Newton-like algorithm is not guaranteed [59], we did not encounter
any apparent problem in our numerical simulations. An interesting detail here is that
the approach in Ref. 59 is for real-valued vectors and matrices; therefore we had to
rewrite the rank 1 constraint in (1.94) in terms of real-valued quantities

rank(R) = 2 (1.95)
where

& _ [Re(R} —Im(R}

~ |Im{R} Re{R} (1.96)

where Re{x} and Im{x} denote the real and imaginary parts of x, respectively. The
equivalence between (1.94) and (1.95) is proved in Appendix 1B.

1.6.4 Numerical Examples

We present several numerical examples to demonstrate the merits of the probing signal
designs for MIMO radar systems. We consider a MIMO radar with a uniform linear
array (ULA) constituting M, = M, = M = 10 antennas with half-wavelength
spacing between adjacent antennas. This array is used both for transmitting and for
receiving. Without loss of generality, the total transmit power is set to ¢, = 1.

1.6.4.1 Beampattern Matching Design Consider first a scenario where K = 3
targets are located at 6; = —40°, 6, = 0°, and 63 = 40° with complex amplitudes
equal to B; = B, = B3 = 1. There is a strong jammer at 25° with an unknown wave-
form (uncorrelated with the transmitted MIMO radar waveforms) with a power equal
to 10° (60 dB). Each transmitted signal pulse has N = 256 samples. The received
signal is corrupted by zero-mean circularly symmetric spatio temporally white
Gaussian noise with variance 0. We assume that only the targets reflect the trans-
mitted signals. In practice, the background can also reflect the signals. In the latter
case, transmitting most of the power toward the targets should generate much less
clutter returns than when transmitting power omnidirectionally. Therefore, a
MIMO radar system with a proper transmit beampattern design might provide even
greater performance gains than those demonstrated here.

Since we do not assume any prior knowledge about the target locations, ortho-
gonal waveforms are used for MIMO probing. (We refer to this as “initial
probing,” since after we get the target location estimates with this probing, we can
optimize the transmitted beampattern to improve the estimation accuracy.) Using
the data collected as a result of this initial probing, we can obtain the Capon
spatial spectrum and the GLRT function (see Ref. 28 and Section 1.4). An
example of the Capon spectrum for 0> = —10 dB is shown in Fig. 1.11a, where
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Figure 1.11 The Capon spatial spectrum and the GLRT pseudospectrum as functions of 6,
for the initial omnidirectional probing: (a) Capon; (b) GLRT.

very narrow peaks occur around the target locations. Note that in Fig. 1.11a, a false
peak occurs around 8 = 25°, due to the presence of the very strong jammer. The cor-
responding GLRT pseudospectrum as a function of 6 is shown in Fig. 1.11b. Note
that the GLRT is close to one at the target locations and close to zero at any other
locations, including the jammer location. Therefore, the GLRT can be used to
reject the jammer peak in the Capon spectrum. The remaining peak locations in
the Capon spectrum can be taken as the estimated target locations.

To illustrate the beampattern matching design, consider the example considered in
Fig. 1.11. The initial target location estimates obtained using Capon or GLRT can be
used to derive a desired beampattern. In the following numerical examples, we form
the desired beampattern by using the dominant peak locations of the GLRT
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pseudospectrum, denoted as 6], o, ) %» as follows (where K is the resulting estimate
of K, and K = K)

b(0) = 1, OE[G{{—A,Gk—f—A], k=1,....K (1.97)
0, otherwise

where 2A is the chosen beamwidth for each target (A should be greater than the
expected error in {ék}). Figure 1.12b is obtained using (1.97) with A =5° in the
beampattern matching design in (1.83) along with a mesh grid size of 0.1°, w; = 1,
I=1,...,L, and either w.=0 or w.= 1. Note that the designs obtained with
w. =1 and with w,. = 0 are similar to one another. However, the cross-correlation

(a) 09 WAL B B LA B |

0.8} —- 182
\ -e- 183
0.7f" > 283
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0.4
0.3
0.2
0.1

0

108 102 10~ 100 101 102 108
WC

Correlation coefficient

(b)

Beampattern

Angle (deg)

Figure 1.12 MIMO beampattern matching designs with A =5° and ¢, =1, under the
uniform elemental power constraint: (a) cross-correlation coefficients of the three target
reflected signals as functions of w.; (b) comparison of the beampatterns obtained with w,. =
0 and w.= 1.
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behavior of the former is much better than that of the latter in that the reflected signal
waveforms corresponding to using w,. = 1 are almost uncorrelated with each other, as
shown in Fig. 1.12a.

In practice, the theoretical covariance matrix R of the transmitted signals is rea-
lized via the sample covariance matrix Ry = (1 /N) Z;VZI x(n)x*(n), which may
cause the synthesized transmit beampattern to be slightly different from the designed
beampattern, unless lixx = R, which holds, for instance, if x(n) = R 2w(n) and
(1/N) ZnNzl w(n)w*(n) =1 exactly; in what follows, however, we assume that
{w(n)} is a temporally and spatially white signal for which the last equality holds
only approximately in finite samples. Let €(8) denote the relative difference of the

beampatterns obtained by using R, and R:

_ a’"(OR. — R)a(b)

2" (0)Ra(0) ,  0€[-90° 90°] (1.98)

€(0)

Figure 1.13a shows an example of €(0), as a function of 6, for the beampattern design
in Fig. 1.12b with w,. = 1 and for N = 256. Note that the difference is quite small. We
define the mean-squared error (MSE) between the beampatterns obtained by using
R, and R as the average of the square of (1.98) over all mesh gridpoints and over
the set of Monte Carlo trials. The MSE as a function of N, obtained from 1000
Monte Carlo trials, is shown in Fig. 1.13b. As expected, the larger the sample
number N, the smaller the MSE.

Next, we examine the MSEs of the location estimates {ék} obtained by Capon
and of the complex amplitude estimates {Qk} obtained by AML (see Ref. 46
or Section 1.4). In particular, we compare the MSEs obtained using the initial
omnidirectional probing with those obtained using the optimal beampattern matching
design shown in Fig. 1.12 with A =5° and w,. = 1. Figures 1.14a,b show the MSE
curves of the location and complex amplitude estimates obtained for the target at
—40° from 1000 Monte Carlo trials (results for the other targets are similar).
The estimates obtained using the optimal beampattern matching design are
much better; the SNR gain over the omnidirectional design is larger than 10 dB.

Now consider an example where two of the targets are closely spaced. We assume
that there are K =3 targets, located at 6; = —40°, 6, =0° and 63 = 3° with
complex amplitudes equal to B; = B, = B3 = 1. There is a strong jammer at 25°
with an unknown waveform, which is uncorrelated with the transmitted MIMO
radar waveforms, and with a power equal to 10° (60 dB). Each transmitted signal
pulse has N = 256 samples. The received signal is corrupted by zero-mean circularly
symmetric spatially and temporally white Gaussian noise with variance
o” =—10 dB. Figures 1.15a,b show the Capon spectrum and the GLRT pseudospec-
trum, respectively, for the initial omnidirectional probing; as can be seen from these
figures, the two closely spaced targets cannot be resolved. Using this initial probing
result, we derive an optimal beampattern matching design using (1.83) with a mesh
grid size of 0.1°, w;=1, I=1,...,L, and w,.= 1. Since the initial probing
indicated only two dominant peaks, only the locations of these two peaks
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(a) 0.5 T T T

Beampattern difference
o
3
1

-05 L ' '

Angle (deg)

(b) 1071

1072

1074

1075 =
10! 102 108 10* 10°

Sample number

Figure 1.13 Analysis of the beampattern difference resulting from using R, in lieu of R: (a)
beampattern difference versus 6 when N = 256; (b) average MSE of the beampattern difference
as a function of the sample number N.

are used in (1.83). The desired beampattern is given by (1.97) with A = 10° and K=
2. Figures 1.15c,d, respectively, show the Capon spectrum and the GLRT pseudo-
spectrum for the optimal probing. In principle, the two closely spaced targets are
now resolved.

To conclude this section, we consider an example where the desired beampattern
has only one wide beam centered at 0° with a width of 60°. Figure 1.16a shows the
result for the beampattern matching design in (1.83) with a mesh grid size of 0.1°,
w=1,1=1,...,L, and w, = 0. Figure 1.16b shows the corresponding phased-
array beampattern obtained by using the additional constraint of rank(R) =1 in
(1.83). We note that, under the elemental power constraint, the number of degrees
of freedom (DOF) of the phased array that can be used for beampattern design is
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Figure 1.14 MSEs of (a) the location estimates and of (b) the complex amplitude estimates
for the first target, as functions of —10 log; 0”, obtained with initial omnidirectional probing
and with probing using the beampattern matching design for A=15°, w.=1, and ¢, = 1.

equal to only M, — 1 (real-valued parameters); consequently, it is difficult for the
phased array to synthesize a proper wide beam. The MIMO design, however, can
be used to achieve a beampattern significantly closer to the desired beampattern
because of its much higher DOF value: M? — M,.

1.6.4.2 Minimum-Sidelobe Beampattern Design Consider the minimum side-
lobe beampattern design problem in (1.93), with the mainbeam centered at 6y =
0°, with a 3dB width equal to 20° (6, = —6, = 10°), and with ¢, =1, for the
same MIMO radar scenario as the one considered in Fig. 1.11. The sidelobe
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region is ) =[—90°, —20°] U [20°, 90°]. The MIMO minimum-sidelobe beam-
pattern design is shown in Fig. 1.17a. Note that the peak sidelobe level achieved
by the MIMO design is approximately 18 dB below the mainlobe peak level.
Figure 1.17b shows the corresponding phased-array beampattern obtained by using
the additional constraint rank(R) = 1. The phased-array design fails to provide a
proper mainlobe (it suffers from peak splitting), and its peak sidelobe level is
much higher than that of its MIMO counterpart.

Figure 1.18 is similar to Fig. 1.17, except that now we allow the elemental powers
to be between 80% and 120% of ¢,/M, = 1/10, while the total power is still con-
strained to be ¢, = 1. Observe that by allowing such a flexibility in setting the
elemental powers, we can bring down the peak sidelobe level of the MIMO beam-
pattern by ~3 dB. The phased-array design, on the other hand, does not appear to
improve in any significant way.

(a) 1.5 T T T
©
Q
Q.
2]
c
o
Q.
8 os5) -
0 J\JL .
-50 0 50
Angle (deg)
(b) 1.5 T T T
1k _
}—
o
—
(O]
05 B
0 L -
-50 0 50
Angle (deg)

Figure 1.15 The Capon spatial spectra and the GLRT pseudospectra as functions of 6:
(a) Capon for initial omnidirectional probing; (b) GLRT for initial omnidirectional probing;
(c) Capon for optimal probing; (d) GLRT for optimal probing.
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Figure 1.15 Continued.

1.6.5 Application to Ultrasound Hyperthermia Treatment
of Breast Cancer

Breast cancer is the most common nonskin malignancy in women and the second
leading cause of female cancer mortality [60]. There are over 200,000 new cases
of invasive breast cancer diagnosed each year in the United States, where one out
of every seven women will be diagnosed with breast cancer in her lifetime (the
American Cancer Society, 2006, URL: http://www.cancer.org).

The development of breast cancer imaging techniques, such as microwave
imaging [61,62], ultrasound imaging [63,64], thermal acoustic imaging [65], and
magnetic resonance imaging (MRI), has improved the ability to visualize and accu-
rately locate the breast tumor without the need for surgery [66]. The possibility of
noninvasive local hyperthermia treatment of breast cancer is also under investigation.
Many studies have been performed to demonstrate the effectiveness of local
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Figure 1.16 Beampattern matching designs under the uniform elemental power constraint:
(a) MIMO; (b) phased array.

hyperthermia on the treatment of breast cancer [67,68]. A challenge in the local
hyperthermia treatment of breast cancer is to heat the malignant tumors to a tempera-
ture above 43°C for ~30—60 min, and at the same time maintain a low temperature
level in the surrounding healthy breast tissue region.

There are two major classes of local hyperthermia techniques: microwave
hyperthermia [69] and ultrasound hyperthermia [70]. The penetration of microwave
in biological tissues is poor. Moreover, the focal spot generated by microwave is
undesirable at the normal—cancerous tissues interface because of the long wavelength
of the microwave. Ultrasound can achieve much better penetration depths than can
microwave. However, because the acoustic wavelength is very short, the focal spot
generated by ultrasound is very small (<1 mm in diameter) compared to the large
tumor region (centimeters in diameter, on the average). Thus, many focal spots are
required for complete tumor coverage, and this results in a long treatment time and
missed cancer cells.
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Figure 1.17 Minimum sidelobe beampattern designs, under the uniform elemental power
constraint, when the 3 dB mainbeam width is 20°: (a) MIMO; (b) phased array.

We apply below the MIMO (or waveform diversity based) transmit beampattern
designs to the ultrasound hyperthermia treatment of breast cancer.

1.6.5.1 Waveform Design We consider an ultrasound hyperthermia system as
shown in Fig. 1.19. Let ry denote the center location of the tumor, which is
assumed to be previously estimated accurately using breast cancer imaging tech-
niques. There are M, acoustic transducers deployed around the breast at locations
r,(m=1,2,...,M,). We assume that the transmitted acoustic signals {x,,(n)} are
narrowband and that each acoustic transducer is omnidirectional. The baseband
signal at a location r inside the breast can be described as

M 2ot ()

Z_irw/zxm(n), n=1,2,...,N (1.99)

¥, n) =
m=1 || T
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Figure 1.18 Minimum sidelobe beampattern designs, under a relaxed (+20%) elemental
power constraint, when the 3 dB mainbeam width is 20°: (a) MIMO; (b) phased array.

where fj is the carrier frequency

Il =il (1.100)

Tm(r) =
is the time needed by the signal emitted via the mth transducer to arrive at the location
r, where ¢ is the sound speed inside the breast tissues, and 1/(||r,, — rHl/ %) is the
propagation attenuation of the acoustic wave. Therefore the steering vector is

T

o2 () eI 2Thoma(®) o2, ()

a(r) = e -
fr—r |2 [r—r|2 | ey, —x [|'/2

(1.101)

Equation (1.99) can be rewritten as

y(r, n) = a*(r)x(n), n=12,...,N (1.102)
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Figure 1.19 Acoustic array and breast model.

The power of the transmitted signals at location r (i.e., the transmit beampattern) is
given by

P(r) = E{y(r, n)y*(r, n)} = a*(r)Ra(r) (1.103)

The transmit beampattern is a function of the location r.

The goal here is to focus the acoustic power onto the entire tumor region while
minimizing the peak power level in the surrounding healthy breast tissue region.
The corresponding MIMO or waveform diversity-based beampattern design
problem is to choose the covariance matrix R, under the uniform elemental power
constraint [see (1.82)], to achieve the following goals (see Ref. 71 and also (1.93)
for a related design problem):

1. Achieve a predetermind main-beam width that is matched to the entire tumor
region (be within 10% of the power deposited at the tumor center).

2. Minimize the peak sidelobe level in a prescribed region (the surrounding
healthy breast tissue region).

This problem can be formulated as
min —t
R
s.t.  a’(ro)Ra(rp) —a*(WRa(p) >1, Vpey
a*(v)Ra(w) > 0.9a*(ro)Ra(ry), Vv e Qr

a*(v)Ra(v) < 1.1a*(rp)Ra(ry), Vv EQ; (1.104)
R>0

Cc
Rmmzﬁpt, m=12, ..., M,

where ()7 and Qp, which are assumed to be given, denote the tumor region and the
surrounding healthy breast tissue region (sidelobe region), respectively.

As shown in Section 1.6.2, this beampattern design problem is a semidefinite
program (SDP) that can be efficiently solved in polynomial time using public-domain
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software. Once R is determined, a signal sequence {x(n)} that has R as its covariance
matrix can be synthesized as

x(n) =R"’wn), n=1,2,...,N (1.105)

where {w(n)} is a sequence of i.i.d. random vectors with mean zero and covariance
matrix I, and R'/? denotes a Hermitian square root of R.

By transmitting x(#) given in (1.105) using the acoustic transducer array, we can
approximately get a desired high acoustic power deposition in the entire tumor region,
and at the same time minimize the power deposition in the surrounding healthy breast
tissue region.

1.6.5.2 Simulation Examples For simulation purposes, the 2D breast model
shown in Fig. 1.19 is considered. This breast model is a semicircle with a diameter
equal to 10 cm, which includes breast tissues, skin, and chest wall. The acoustic prop-
erties of the breast tissues are assumed to be random with a variation of 4+ 5% around
the nominal values. A tumor with a diameter of 16 mm is embedded below the skin,
with the tumor center location at x =0 mm, y =50 mm. There are 51 acoustic
transducers deployed uniformly around the breast model. The distance between
two adjacent acoustic transducers is 1.5 mm (this is 0.5\ of the carrier frequency,
which is equal to 500 kHz).
The two basic linear acoustic wave generation equations are [72,73]

p%u(r, )= —-Vp(, 1) (1.106)
and
10
Veu(r, 1) = ——5=p(r, 1) + ap(r, 1) (1.107)
pc? Ot

where u(r, t) is the acoustic velocity vector, p(r, t) is the acoustic pressure field, p is
the mass density, V - u is the divergence of u, and « is the attenuation coefficient. The
nominal values of p, ¢, and « for different breast tissues are listed in Table 1.1
[64,74,75]. The values for the tumor are considered to be the same as those for the
chest wall, as tumor-specific values are not available in the literature. The finite-
difference time-domain (FDTD) approach is used to compute the acoustic field dis-
tribution based on Egs. (1.106) and (1.107). More details about FDTD for acoustic
simulations can be found in the literature [76,77].

TABLE 1.1 Typical Acoustic Parameters of Breast Tissue

Tissue p (kg/m?) ¢ (m/s) a (dB/cm)
Breast tissue 1020 1510 0.26
Skin 1100 1537 1.0
Chest wall 1041 1580 0.28

Tumor 1041 1580 0.28
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TABLE 1.2 Typical Thermal Parameters of Breast Tissue

Tissue K [W/(m-°C)] A (W/m3) B[W/(°C- m’)] C[J/kg-°0)]
Breast tissue 0.499 480 2700 3550
Skin 0.376 1620 9100 3500
Chest wall 0.564 480 2700 3510
Tumor 0.564 480 2700 3510

Once the acoustic pressure has been calculated, the acoustic power deposition at
location r, denoted as Q(r), is given by [73]

(1.108)

0r) = = | p(r)|?
pc
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Figure 1.20 Transmit beampatterns P(r) in (1.103) for (a) and in (1.111) for (b): (a) wave-
form diversity; (b) phased array.
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After obtaining the acoustic power deposition, a 2D thermal model is used to calcu-
late the temperature distribution in the breast tissues. The thermal model is based on
the bioheat equation [5]

V- (K@) VT(r, 1) + A) + Q) — Br)(T(r, 1) — Tg)
oT(r, 1)

= Cop(r)—5;

(1.109)

where K(r) is the thermal conductivity, A(r) is metabolic heat production, B(r) rep-
resents the heat exchange mechanism due to capillary blood perfusion, C(r) is the
specific heat, and T}y is the blood temperature, which can be assumed as the body
temperature. The thermal parameters used for our breast model are listed in
Table 1.2 (more detailed discussions can be found in Ref. 78).

The thermal model is also simulated using the FDTD method [79]. The body
temperature and the environmental temperature are set to 36.8°C and 20°C,

dB
1
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Figure 1.21 FDTD simulated power deposition: (a) waveform diversity; (b) phased array.
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respectively. The convective boundary condition is used at the skin surface. We
demonstrate the performance of the proposed waveform diversity-based method
via several numerical examples. The conventional delay-and-sum (DAS) [i.e., the
least-squares (LS) approach in Refs. 27 and 28] phased-array beamforming method
is also applied to the same model for comparison purposes. The DAS-based
phased-array beamformer transmits a single waveform using the following weight
vector:

W — /;719 [2mhm®  gimhm® g T (1.110)
t

The corresponding beampattern is

P(r) = |a*(r) w|* (1.111)
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Figure 1.22 Temperature distribution: (a) waveform diversity; (b) phased array.
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Figure 1.20 shows the transmit beampatterns within the breast model. Figure 1.20a is
the beampattern obtained with the waveform diversity technique, which is calculated
by using (1.103) with the optimal covariance matrix R determined by using (1.104).
The figure shows that the mainbeam is matched to the tumor region well, and the side-
lobe level is low. Figure 1.20b is the DAS beampattern, which is calculated using
(1.111). The DAS beampattern is very narrow, and is focused on the center of the
tumor. Figures 1.21a,b show the FDTD simulated acoustic power densities within
the breast model for the waveform diversity technique and DAS, respectively. The
acoustic power densities in Fig. 1.21 agree well with the beampatterns in Fig. 1.20;
the waveform diversity allows the focal spot to be matched to the entire tumor region.

Figure 1.22 shows the temperature distribution within the breast model.
Figure 1.22a is the result for waveform diversity, which shows that the entire
tumor region is heated to a temperature greater than 43°C while the surrounding
healthy tissues have a lower temperature (below 40°C). By comparison, DAS heats
only a very small region in the center of the tumor to a temperature greater than 43°C.

1.7 CONCLUSIONS

We have presented some recent results on the emerging technology of MIMO radar
with collocated antennas. We have shown that the waveform diversity offered by
such a MIMO radar system enables significant superiority over its phased-array
counterpart, including improved parameter identifiability, direct applicability of
adaptive nonparametric techniques for parameter estimation, enhanced performance
of parametric algorithms, as well as superior flexibility of transmit beampattern
designs. We hope that this presentation of our results on the MIMO radar, along
with the related results presented in the chapters that follow by our colleagues, will
stimulate the interest deserved by this topic in both academia and government
agencies as well as industry.

For the reader who wants to probe further, we mention here some ongoing research
results that have not been included in this chapter. Some initial results on waveform
optimization with respect to the covariance matrix of the transmitted waveforms for
MIMO spacetime adaptive processing (STAP) have been presented in Refs. 19 and
29. Given a covariance matrix of the transmitted waveforms, obtained in an optimiz-
ation stage such as the one described in Section 1.6, or in Refs. 19 and 29, or simply
prespecified, the problem becomes that of determining a signal waveform matrix
whose covariance matrix is equal or close to the given covariance matrix, and that
also satisfies some practically motivated constraints (such as constant-modulus or
low peak-to-average-power ratio constraints). In a previous paper we presented
[80] a computationally attractive cyclic optimization algorithm for the synthesis of
such a waveform matrix, which (approximately) realizes a given optimal covariance
matrix under various practical constraints. For MIMO synthetic aperture radar (SAR)
imaging, we presented [81] a related cyclic optimization algorithm for the synthesis
of constant-modulus transmit signals with good auto- and cross-correlation proper-
ties. In our earlier studies cited among the references for this chapter, we also
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discussed the use of an instrumental variables approach to design receive filters that
can be used to minimize the impact of scatterers in nearby range bins on the received
signals from the range bin of interest (the so-called range compression problem).

APPENDIX TA GENERALIZED LIKELIHOOD RATIO TEST

We assume that the columns of the residual term Z in (1.29) are independently and
identically distributed circularly symmetric complex Gaussian random vectors with
zero-mean and unknown covariance matrix Q. We derive the GLRT for each 6 of
interest. For notational brevity, we omit the argument 6 of p, a, b, and .
Following Kelly [82] (see also Ref. 83), we define the GLR as follows

B 1N
o1 maxq f(Y|B =0, Q) (1A.1)

maxg o f(Y[B, Q)

where

FOY[B, Q) = 7" |Q™ exp{~tQ (Y — bBa"X)(Y — b'Ba'X)"]} (1A2)

is the probability density function of the observed data matrix Y given the parameters
B and Q, and tr(-) and | - | denote the trace and determinant of a matrix, respectively.
From (1A.1), we note that the value of the GLR, p, lies between 0 and 1. If there is a
target at a 0 of interest, we usually have maxg o f(Y|B, Q) > maxqf(Y|B =0, Q)
(i.e., p = 1; otherwise p = 0).

Solving the optimization problems in (1A.1) with respect to Q yields

R, (1A.3)

mgxf (Y[ =0, Q) = (me) ™"

and

— —NM, : l _ h¢Ra*  hCRa*Y)* N
max f(Y[B, Q) = (we) {mBlnN(Y beBa*X)(Y — b°Ba X)} (1A.4)

Applying the technique used in Refs. 40 and 84, we obtain

%(Y — b*Ba*X)(Y — b°Ba*X)*

. YX*ap*b! b°Ba*XY*
B

. , YX*a : YX'a Y
_ Rua) (DB ————=— | (B~ ———
Q-+ @Ryua) ( b N(a*Rﬁa)> < b N (a*Rxxa))

+ |B|*b‘a*R,ab”
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S0l @ (ip - X0 (1 YRR )

N(a* R @) a N(a*ﬁma)
R . YX'a \*. YX*a
= 1 Rya) [ bB———— | QM bB—-——
|Q|[ @ a)< ¥ N(a*Rxxa)> Q ( b N(a* xxa)ﬂ

> Q| (1A.5)

*XY* . beT A—1
1+37AQ71 I—A—(ll YX*a
N2(a*R.a) b’Q 'pe

where we have applied the fact that |I + A;B;| = I+ B1A;| [31], and the equality
holds when B = 3 Apgs- Note that

. *XY* R NP
Q| [1 n hQ" (I - %) YX*a]
a*R,a c

T A1 Kk *
A YX XY
140! <I b‘b' Q ) aa

=1Q|

T b'Q b/ N2(a'R,a)
. bb’Q '\ YX*aa*XY*
=1Q+ | I 75 A
b’Q 'b°/) N2(a*Ra)
_lq bb”Q 'YX*aa*XY*
Y N2BTQ b)) @ Ra)
R R 'bb"Q 'YX*aa*XY*
= |RV)7 | I - = T 9 1 . ey
’ N2(b"Q 7 'b)(@ R ,a)
b'Q 'R, — QR,,'b°
=Ry |1 - -
’ b’Q 'b°
b'R_'b¢
D Yy
where again we have utilized the fact that |I + A;B;| = |I + BjA,|.
From (1A.5) and (1A.6), it follows that
1 TR —1nc
min|— (Y — bBa*X)(Y — b*Ba*X)"| = |R,,| —2— 1A.7
in | € Ba"X)( Ba'X)"| = IRyl et (1A.7)

By using (1A.3), (1A.4), and (1A.7) in (1A.1), we see that the GLR in (1.61) follows
immediately.
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APPENDIX 1B LEMMA AND PROOF

Lemma 1B.1 LetR € CMM: and let R € R*M>*M: be as defined in (1.96). Then

rank(R) = M, — m <= rank(R) = 2(M, —m) for m=0,...,M, (IB.1)

Proof: Letv € CY>1 v £ 0, be a vector in the null space of R, M(R):

Rv=0 (1B.2)
This implies that
~ | Re{v}|
R[Im{v}} =0 (1B.3)

Moreover, since (1B.2) also implies R(jv) = 0, we must also have

= | —Im{v} |
R[ Re (v} ] =0 (1B.4)

The vectors appearing in (1B.3) and (1B.4) are linearly independent of each other.
Indeed, if we assume that they were not, then there would exist a nonzero
complex-valued scalar, say, { # 0, such that

Re{v} —Im{v} |[Re{C}] _ B B
[Im{v} Re{v} ][Im{g}] =0=v{=0=v=0 (1B.5)

which contradicts the assumption that v # 0.

Thus, we have shown that from each v € A/(R) we can obtain [as in (1B.3) and
(1B.4)] two linearly independent vectors in A/ (R). Furthermore, we can use an argu-
ment similar to (1B.5) to show that if the vectors vy, va, ..., € N(R) are linearly

independent, then so are the corresponding vectors in A(R). It follows from these
observations that

rank(R) =M, —m — rank(R) <2M, —m), me€ [0, M,] (1B.6)

Conversely, for each v # 0 satisfying Rv = 0 [i.e., v € N(R)], we can write v as
[Re{vT} Im{ VT}]T, and therefore we can build a v such that v € AM(R). Furthermore,
owing the structure of R, it follows, as above, that also [—Im{v’} Re{v7}]T € N'(R)),
and that [Re{v’} Im{v’}]” and [ —Im{v”} Re{v”}]" are linearly independent of
each other. Therefore, for any two such linearly independent vectors in A (R),
there is one vector v € NM(R). Again, similar to what was shown above, the linear

independence of the vectors in M(R) implies that of the corresponding vectors in
MR). Therefore, we have shown that

rank(R) = 2(M, — m) = rank(R) <M, —m, m € [0, M,] (1B.7)
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The result stated in (1B.1) follows from (1B.6) and (1B.7). Indeed, if rank(R) =
M, — m, then we must have rank(R) = 2(M, — m) [otherwise (1B.6) and (1B.7)
would imply that rank(R) < 2(M, — m), by (1B.6), and thus that rank(R) <
M,; — m, by (1B.7), which is a contradiction]. Similarly, (1B.6) and (1B.7) can be
used to conclude that rank(R) = 2(M, — m) = rank(R) = M, — m. U

Lemma 1B.1 is related to a number of results reported by Goodman [85] for
matrices of the form of (1.96), but it does not appear in that cited paper. In fact,
while the result from Lemma 1B.1 may possibly be known, we have not been able
to locate it in the literature, and this is why we provided a proof for it in this appendix.
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