CHAPTER 1

MATHEMATICAL
MODELS

1.1 APPLYING MATHEMATICS

Recent history has shown us that many problems of our technically oriented society
vield to mathematical descriptions and solutions. Problems as complex as sending
people into space or maximizing the profit of a giant industrial conglomerate and
preblems as simple as balancing our own monthly budget or winning al the game
of Nim are susceptible to mathematical formulations. This book is concerned with
two specific fields of mathematics, linear programming and game theory, that offer
insights into certain problems of the real world and technigues for solving some of
these problems,

To understand best how one goes about applying a mathematical theory to the so-
lution of some real-world problem, consider the stages that a problem passes through
from organization to conclusion. We list four:

o recognition of the problem;

« formulation of a mathematical model;

+ solution of the mathematical problem; and

» translation of the results back into the context of the original problem.

These [our stages are by no means exclusive or well defined. Other authors have
broken down the preblem-solving operation in different ways, but the four steps
listed indicate the framework in which the applied mathematician works.

The meaning of the first stage, recognition of the problem, is self-explanatory.
The meaning of the second stage, formulation of a mathematical model, can be
much more mysterious, conjuring visions of a precisely built representation of a
small, snow-covered village at a scale of % Actually, although the meaning of this
step can be made quite clear, it is usually the most critical and ditficult step to smple-
ment in the entire operation. The development of the mathematical model consists
of translating the problem into mathematical terms, that is, into the language and
concepts of mathematics. As an example of this process, consider what is called the
“word problem™ word problem of high school algebra. Here the mathematics is triv-
ial and the problems are unrealistic, but many sludents stumble over the difficulties
inherent in translating some concocted word problem into an algebraic equation, that
is. in formulating the mathematical model. Tt was not always easy to determine how
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much 40%: antifreeze solution o drain from the 20-gt cooling system to attain a 73%
solution by adding « 90% antifrecze mixture,

in the development of a mathematical model of a complex situation, two basic
and opposing elements are encountered. On the one hand, one seeks simplifying
assumptions and overlooks minor details so that the resulting mathematical problem
vields to a successful analysis. On the other hand, the model must adequately re-
lfect veality so that the knowledge gained from the study of the model can be applied
to the original problem. The ability to select those elements of a problem that are
of major importance and disregard those of minor importance probably comes best
from experience. Throughout the text and, in particular, in the next two sections, ex-
amples and problems requiring the development of a mathematical model are given.
Although in many instances problems from a text may immediately single oul the
important elements and may seem somewhat artificial, much skill is to be gained by
attempting them; practice model building and problem solving whenever possible,

Once the mathematical model has been formulated, one comes to the third stage
in the process, the solution of the mathematical problem. It should be emphasized
that this can entail much more than just computing the dificrence of a function at the
end points of an interval or finding the solution to a system of cquations. Even it the
known theory docs provide a complete (heorelical solution to the problem, the spe-
cific answer to the problem at band must still be caleulated. Tt could very well be that
further analysis does not provide any simplification of the problem, and only through
invelved computations can an estimate of the solution be made. Thus, finding a so-
tution 1o a problem could mean determining a techaique to approximate a solution
that is financially feasible to implement within a given computer’s capabilities and
provides error estimates within given tolerance limits.

The meaning of the fourth step of the operation, the translation of the results
back inio the context of the original problem, is clear. Of course, more than a simple
numerical answer is called for. The simplifying assumptions on which the solution
is based must be understood. and the changes in the problem that would invalidate
these assumptions should be considered.

We now give two examples of specific and well-known problems and begin the
development of the associated mathematical models,

1.2 THE DIET PROBLEM

The diet problem is one of the classical illustrations of a problem that leads to a
linear programming model. The problem is concerned with providing at minimal
cost 2 diet adequate for a person to sustain himself or herself. Simply stated, what
is the least expensive way of combining various amounts of avattable foods in a diet
that meets a person’s putritional requirements?

To develop a mathematical model of this problem, first the various aspecis of
the problem must be considered. Here the two competing needs for simplification
and realism come into play as cne attempts to state in precise terms the different
components of the problem. For example, just how does one determine the basic
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nutritional requirements? We must consider the age. sex. size, and activity of our
subject. We must determine what nutrients. among the many known nutiients such
as calorics, proteins, and the multitude of vitaming and minerals, are essential. Can
a need for one be met by a combinalion of others? Is it the case thal too much of
a certain nutricnt is harmful and therefore forces an upper bound on the intake of
that quantity? Should we provide for some variety in the diet, hopefully 1o meet
nutritional requirements unknown to us at the present time?

Another component of the problem requiring study is consideration of the foads
to be used in the diet. What foods can we assume are available? For example, can
we assume that fresh fish, fruits, or vegetables or frozen foods are available? Once
the Toods that can be used in the problem are established, the nutrient values of these
foods must be determined. Here again only approximations can be made, since the
nutrient value of a certain type of food, say apples or hamburger, not only varies
from sumple to sample because of lack ol uniformily, but is also contingent on the
conditions and duration of storage and the method of preparation lor consumption.
The cost of a food can also fluctuate duc to seasonal and geographical variunces.

Once suitable approximations for the nutritional requirements of our subject and
the nutrient values and cost of the available foods have been determined, a mathemat-
ical problem involving finding the minimum of a linear function can be formulated,
To demonstrate this, we will consider a much simplified version of the diet problem.

Suppose we wish lo mimimize the cost of meeting our daily requirements of pro-
teins, vitamin C, and iron with a dict restricled 10 apples, bananas, carrols, dates, and
eggs. The nutrient values and cost of a unit of cach of these five loods, along with
the meaning of a unit of each, are given in the following table.

Measure  Protein  Vitamin C fron Cost
Food of a Unir  (g/unit)  {(mg/unit)  (me/unit)  (cents/unit)
Apples 1 med. 04 6 0.4 8
Bananas 1 med. 1.2 10 0.6 10
Carrots | med. 0.6 3 0.4 3
Daes 1 cup 0.6 ! 0.2 20
Fogs 2 med. 12.2 0 2.6 15

Our daily diet requires at least 70 g of protein, 50 mg of vitamin C, and 12 mg of
iron. Since we are assuming that our supply of these foods is unlimited, it is obvious
that we can find a diet that meets our needs; for example, a diet consisting of & units
of eggs and 3 units of bananas would be more than adequate, as the reader can easily
verify.

Our problem then is to delermine the least expensive way of combining various
amounts of the five foods to mect our three daily requirements. Hence the decision
to be made involves the number of units of each of the five foods to consume daily.
To translate this question into a mathematical problem, introduce five variables A, B,
C, D, and E, where A is defined as the number of units of apples to be used in the
daily diet, B the number of units of bananas, C the number of units of carrots, D the
number of units of dates, and E the number of units of eggs. The cost in cents of
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such a diet is given by the function {4, 8,C.D E) =84 + 108+ 3C + 20D = 15E,
found by using the cost column in the above table. 1t is this function that we wish to
minimize.

However, there are clearly restrichions imposed by the problem on the possible
values of the variables A, B, C, I3, and £, that is, restrictions on the domain of the
function f. Fivst, all the variables must be nonnegative. And to guarantee that the
daily nutritional requirements are tulfilled, the following three inequaliiies must be
satisfied:

044 + 1.28 + 0.6C - 0.6D + 12.2F > 70
6A + 108+~ 3C+ 1D > 30
0.4A = 0.68 - 0.4C + 0.2D + 2.6£ > 12

These inequalities are determined by consideriag the total input of the three re-
guired nutrients in a diet consisting of 4 units of apples, B units of bananas, and so
on. For example, since | unit of apples contains 0.4 g of protein, A units contain
0.44 g. Similarly, B enits of bananas contain 1.28 g of protein, C onits of carrots
0.6 units, D units of dates 0.60 units, and E units ol eggs 12.2E units. Adding these
five terms gives the total intake of protein. Since our daily requirement of 70 g of
protein is a minimal requirement and more is allowable, we have the first inequality.
Similarly, the other two inequalitics follow,

In sum, the resulting mathematical problem is to determine the minimum value
of the function

J(AB,C,DE) =84+ 10B+3C+20D + I5E
with the possible values of A, B, C, 2, and £ restricted by the inequalities

0.44 + 1.2B + 0.6C + 0.6D + 12.2E > 70

64 + 0B+ 3C+ ID > 50
0.44 + 0.6B 4+ 0.4C + 02D + 2.6E > 12
A,B,C,D.E > 0

In 1945 George Stigler [ 17 considered the general diet problem. Stigler discussed
the questions we raised and others, and he justified modifications and simplifications.
For human nutritional requirements, Stigler decided on nine common nutricnts (calo-
ries, protein, calcium, iron, vitamins A, By, By, €, and niacin) and estimated their
needs from data supplied by the National Research Council, Stigler initiatly consid-
ered 77 types of foods and determined their average nutrient values and costs. From
this he was able to construct a diet that satisfied all the basic nutritional requirements
and cost only $39.93 a year (less than 11 cents/day) for the year 1939, The diet
consisted solely of wheat flour, cabbage, and dried navy beans.
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1.3 THE PRISONER’S DILEMMA

In the context of game theory, the word game in general refers 1o a situation or contest
involving two or more players with conflicting interests, with each player having
partial but not total control over the oulcome of the conflict, The following is an
example of such a situation. However. at this siage we are not yet able to translate the
conflicting interests represented in the example into a precise mathematical problem,
in contrast Lo the example developed in the previous section. Indeed, one of the major
contributions of game theory is the resulting study ol the question of what it means
to solve & gamce.

The situation we consider 15 as lollows. A certain democratic republic has a
unicamersl legislature with a membership drawn primarily from two major political
parties. Before the assembly is a bill sponsored by a citizens™ group designed to
restrict the power and influence of the senior members of each political party. On
this issue the legislators can be divided into three approximately equal groups — two
groups whose members will follow the directives of their respective party leaders and
a third group of responsible representatives who consider passage of the bill more
imporiunl than the maintenance of party loyalties and will support the bill regardless
of circumstances.

Consider now this situation from the viewpaint of the leaders of the two parties,
Due to the nature of things they would like to sce the bill defeated, but their con-
stituents overwhelmingly support the bill. However, an impending generai election
complicates matters. Because they are fairly adaptable people, the leaders know that
they could, in fact, work moderately well within the limits set by the bill, so each
aroup belicves that the most beneticial outcome of the vote on the bill would be for
their party to profess support for the bill while the opposition party opposes the bill.
Of course, this would mean that the bill would pass, but the wave of public support
generated for the one party voting for the bill would be a prevailing factor in the
impending election. Thus the problem is, how should each group of leaders direct
their respective faithful party members to vote on the bill?

To answer this question, the leaders of one of the parties gather to consider the
various possible outcomes of the vote on the bill. The most favorable outcome, as
(ar as they are concerned, is for their party to support the measure and the opposition
Lo oppose it. They denote this outcome by the ordered pair (¥, N) (they vote “yea”
and the opposition votes “nay™). The least favorable outcome is the reverse of this
situation, with their party members opposing but the opposition favoring passage of
the bill (the (¥,Y} outcome). The two remuaining possible outcomes are for both
parties to support the bill {outcome (¥.Y)} and for both parties to oppose the bill
(outcome (N, N)). Neither of these outcomes would be a factor in the election, since
the public reaction, either good or bad, would be balanced evenly between the two
parties. However, outcome {N,N) is preferred over outcome (¥,¥), on the grounds
that iI'both partics oppose the bill, it would be deleated and so the power of the party
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leaders would remain unaffected. Thus the ieaders ol the party linearly order the four
possible ouicomes, from most to least favorable, as follows:

(Y.N) = (NN} = (Y.V} = (NY)

Wishing to make this analvsis even more precise and, hopefully, instructive, some
of the leaders propose to assign numerical weights to each ol these outcomes. They
claim that such an assignment not only could reflect the above linear ordering, but
also could measure how much more one outcome is preferred over another. They
point out, for example, that a consideration in some contest of the three oulcomes
win $3, win $2, and win S1 would not be identical to a consideration of the three
outcomes win S100, win $2, und win $1. Seeing the merits of this proposition, the
{eaders continue their deliberations on the four possible outcomes of the vole on
the bill. Since outcomes (V. A}, (¥.Y}, and {N,Y} all result in passage of the hill,
their relative merits can be measured only by their effects in the impending election.
Moreover, because of the equivalent strengths across the country of the two parties,
the leaders believe that the advantage of (¥, N) over {¥,Y} is equal 1o the advantage
of (Y.Y} over (N,Y). In fact, they argue that public reaction to support of the bill
by only one party could be the determining factor in the election contests in up to
12 representative districts. Accepting this as a general unit and arbitrarily assigning
the value 0 to outcome (¥,¥}, they sct (Y, N} to be worth 12 units and (N,Y) to
be worth —12 units. There remains to be considered outcome (N, N}, which lies
between (¥.N) and (Y,Y} in the linear ordering. The assigning of a weight to this
outcome is not immediate but, after a subcommittee review, prolonged debate, and
various trade-otfs in other matters, the political leaders accept the value of 6 units for
this outcome.

Supposc that the leaders of the other party conduct similar deliberations and,
since the positions of the two parties are comparable, reach the same conclusions.
Then, to cach possible outcome is attached twe numerical weights, the value of that
outcome to cach parly. Let us denole this pair of weighls by an ordered pair of
numbers, with the first component being the vaiue of that particular cutcome to one
fixed party, called Party D, and the second component being the value to the other
party, Party R. Then this situation can be represented by the following tableau:

Party R
Vote “vea”  Vote “nay”
Party D Vore “vea" {0,0) (12,—12)
Vote “nay”  (—12,12) (6,6)

Thus, for example, the cutcome of a “nay” vote by Party D and a “yea” vote by
Party R is {—12,12); that is, that outcome is worth —12 units for Party D and 12
units for Party R.

This completes our analysis of this situation for the time being. Tt will be resurned
in Chapter 10. We have formulated a two-person, non-zero-sum game in which each
player has two possible moves, but we do not yet have a precisely stated mathe-
matical problem to be solved. A primary compouent of game theory is the analysis
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accompanying an altempl to deline exactly what one would mean by a solution o
the game or a reselution of the contlict. Such an analysis [or a certain type of gamce
is made in Chapter 9, where a complete mathematical model is formmulated for finite,
two-person, zero-sum games and the resulting mathematical problems are resolved
(terms such as zerp-sum are defined there).

The assigning of meaningful weights (o the various possible outcomes iy not
properly a part of game theory but is the function of utility theory (see Section 10.1).
In the example of this section the use of game theory actually begins with the above
tableau. Moreover, it is assumed in the theory that the information contained in
ihat tableau is known to both parties. However, the theory does distinguish various
interpretations of the conflict situation, such as whether or not the players can com-
municate with cach other before the event, whether or not they can cooperate with
each other, and whether or nol agreements made are actually binding.

A word of explanation as to thc meaning of the title of this scetion is in order.
The game that has been developed in the scction is an example of a certain type of
two-person game. The archetype of games in this category, and the game that lends
its name to the category, is the following example of a prisoner’s dilemma.

Two men are arrested on suspicion of armed robbery. The district attorney is
convinced ol their guilt bul lacks suthicient evidence for conviction at a trial. He
points out to cach prisoner separately that he can either confess or not confess. If one
prisoner confesses und the other does not, the distriet attorney promiscs immunity for
the confessor and a 2-year jail scntence for the convicted partner. T both confess, he
promises leniency and the probable result of a 1-year jail sentence for each prisoner.
If neither confesses, he premises to throw the book at each of them on a concealed
weapons charge, with a 6-month jail sentence resuliing for each.

The possible actions and the corresponding outcomes for the two prisoners are
given by the following tablcau. The outcomes are staled in terms of ordered pairs,
with the first component representing the length of a prison lenm in months for Pris-
oner 1 and the second component the length for Prisoner 2.

Prisoner 2
Confess Not Confess

Prisoner 1 Confess ._{— 12,—12) {0, —24)
Not Confess {—24.0) (—6,—6)

The negative signs indicate the undesirable nature of the outcomes (certainly a
12-month sentence is more (avorable than a 24-month senlence, that is, —12 > —24).
The similarity beiween this wblean and the previous one should be apparent, since
the positions of the numbers in the lincar ordering of the preferences and in the
tableaux correspond. Tn fact, in this particular case, all the corresponding entries in
the two tableaux differ by a fixed amount, 12.
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1.4 THE ROLES OF LINEAR PROGRAMMING AND
GAME THEORY

Using as a base the four-step description of the operation of applving mathematics
given in Section 1.1, an outline of how the fields of linear programming and game
theory fit into this general scheme can be given.

In Section 1.2 an example of a linear programming problem was given. Many
problems that occur i business, indestry, warfare, cconomics, and so on can be
reduced (o problems of this type, problems of finding the optimal value of some
given linear function while the domain of the function is restricted by a system of
linear equations or inequalitics. The major concern here is not to determine whether
or not an optimal value exists, but to develop a technique to determine quickly and
easily the optimal value and where it occurs. Thus, from a mathematical point of
view, we wish to develop for linear programming problems a method to use in the
third stage of the process, finding the solution of the mathematical problem: and
in particular, because realistic problems arising from a complex situation may have
many variables and many constraints, we need a computationally cfficient method of
solution. Moreover, since the users of an algorithm need to know if the algorithm
will always work, the question of completeness of the solution techrigue must be
addressed.

In Section 1.3 an example of a game theory problem was given. Our first concern
with games will be with two-person, zero-sum games. Although the extent of our
assumptions may seem to limit the applicability of the theory, this theory still serves
as the foundation for the study of more complex games. Moreover, two-person, zero-
sum games provide the opportunity to consider at a theoretical level the second stage
in the process of applying mathematics, the formulation of the mathematical model.
What onc means by the solution to a game is not al all apparent, and axioms musl
be established that define this concept precisely and adequately reflect the ecconomic
or social situations to which game theory might be applied. This is in contrast to
linear programming problems, where the desire to maximize profits or minimize
costs translates immediately into 2 problem of optimizing a particular function,

From our discussion so far, the problems of game theory and linear program-
ming may seem to be totally unrelated, but this is not the case. Once our mathemat-
ical model for two-person, zero-sum games is developed, the problems of existence
and calculation of a solution to a game will be related to the theory of linear pro-
gramming. Here the unifying concept witl be the notion of duality. Duality will be
introduced in Chapter 4, and the main theorem of that chapter, the Duality Theorem,
will provide the answer to the principal question of our study of games, that is, the
question of existence of a solution.





