Module 1

Modeling with Differential
Equations

Prerequisites

e L. C. . . . . i . . . . Figure 1.1: Differentdal cquations can be used
I'he minimum prerequisites for Module |, “Modeling with Ditferential Equations.” are &

to madel oscillating systems like spring-mass

. . - R . . systems (see Section B3.1), .
¢ Single variable differentiation and integration. systems tsee Section B4

e Experience with modeling through related rates or optimization is helpful.
Learning Objectives
After successfully completing this module, the reader will be able 10

e Verity if a function is a solution of a differential equation, by hand or with a computer
algebra system (CAS).

e Model physical phenomena using difterential equations,

e State the differential equations that govern the phenomena discussed in this module.

Figure 1.2: ... circuits consisting of inductors,
registors and capacitors {sce Section B3.2), ...

Introduction

Differential equations are fundamental to mathematics, science and engineering. Many
muathematical models lead to equations that involve a quantity and its rates of change. After
introducing terminology in Section 1.1, this medule and its relatives “Before Module 37
{pp. 37-30), “Belore Module 6”7 (pp. 129-132) and “Belore Module 77 (pp. 191-198) ©
showcase the wide variety of medels involving diflerential equations.

1.1 Terminology

We start with the terminology. because it is always easier to talk about a subject once the
specialized vocabulary is available. The formal definitions may be a bit technical. but the
examples will show that the ideas are straightforward.

Definition 1.1 Informally, « differential equation is an equation that involves a func- | IFLI=mg &in(&) (m
tion and its derivatives. The order of the differential equation is the highest order of

a derivative that occurs in the equation. _ IF;l=
Formally, if F(u,vg,v1,-..,0) i5 a function of n + 2 variables that ex- mg cos(®)
plicitly depends on vy, then the statement F (x,y,y’, ...,y(’”) =0 is a dif- Fg=mé

ferential equation of order n. The formal definition of “F depends ex-
plicitly on v," means that there are u, vy, ..., Un-1 and vy and w, so thar | Figue L3 . ore simple pendulum {see
F(u,vp, ..., 01, V) # F (u,v0,..., 051, wy). This condition assures that the Section BA.3)

variable v, is actually used in whichever way F is defined.

A Workbook for Differential Equations. By Bernd 8. W. Schréder.
Copyright & 2010 John Wiley & Sons, Inc.



|. Modeling with Differential Equations

So the “big Idea” for
solutions of differential
equations is that the
equation must work out
when you put in the
solution.

Can you find other
solutions of the
differential equation in
Example 1.37

fic,x = C_ecas(x)

z—xf(c,x:] + sin(x) f(c,x}) = 0

Ligure 1.4: Using a CAS to check if every
function f-(x) = e solves the differ-
ential equation in Example 1.4, OF course, a
CAS 15 not necded for this computation, but
it demonstrales how to check solutions with a
CAS, Nore. All sample CAS computations in
this 1ext are done in MathCAD.

For the purpose of this ext, the informal definition will be sufficient, and we will not
work with the lformal delinition. As always in mathematics, & solution is an entily that,
when substituted into the equation, leads to a true statement.

Definition 1.2 A funcrion is a solution of a differential equation if and only if we
obtain a true statement upon appropriately substituting the function and its derivatives
into the differential equation.

Formally, f(x) is asolution of F (x,y,y', ..., ™)} = 0 if and only if for all x in the
domain of f we have F (x, f(x), f'(x),..., f"(x)) =0.

So checking if a function solves a dilferential equation is an exercise in differential
calculus. In this module, we will only check il given [unclions solve given differential
equations. In the remaining modules we explore how 1o find solutions.

Example 1.3 The equation ¥ = y is a dilferential equation of order |, or a first order
differential equation, because the highest order of a derivative in the equation is 1, '
The function f(x) = e is a solution, because f'(x) = ¢* = f(x). O

Example 1.4 The equation
¥y +sin{x}y =0

costn) e a solution

is a first order differential equation. We cluim that the funciion f{x) = e
of the differential equation.
To verify this claim, we compute f'(x) = —e*>* sin(x) and substitute f and f' into

the equation. We check
[ Fsin) flxy = 0
cos(x) L 0

0 = 0

Similarly, we can show that every function in the family f£.(x) = ce“®%) is a solution
of this differential equation. See Figure 1.4 for a check with a computer algebra system
(CAS). The letter ¢ denotes an arbitrary constant.

—e°9%) sin(x) + sin(x)e

Example 1.4 shows that differential equations can have many solutions. We have en-
countered this phenemenon before. Every time we solved an indefinite integral f A(x) dx,
we solved a first order differential equation of the form ¥’ = A{x}. Every possible choice
of the integration constant gives a different solution.

I, by some mistake, we try o check a function that is not a solution, we will get a
contradiction. This is how we can safeguard against computational mistakes as we solve
dilferential equations: Il the check does not work out, the function is not a selution.

Example 1.5 Determine if the function f(x) = e* is a solution of the differential equation
¥ 4 sin(xyy = 0. Justify your answer.
Substituting f and its derivative into the differential equation we abtain

" +sinlx)e* =0 or e* (1 + sin(x)} = 0.

Because the left side is not identical to zero, (his lunction is not a solution of the given
ditferential equation. Specifically, it does not matter that 1 + sin(x) = 0 for all x of the
form %’5 + # - 2, where n is any integer. As soon as the equation 1s viclated at one point,
the function is not a solution of the differential eguation. U

For antiderivatives, we were able to obtain unique solutions by specilying an initial
point yp = f{xp) for the function. Moreover, if a function is integrated twice, there are two
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integration constants. In this case we would need 1o specify the initial point and the deriva-
tive at the initial point o identify a unique solution. This idea is central to the definition of
an initial value problem.

Definition 1.6 An initial value problem consists of an n'™ order differential equation
F (x. e y(")) = 0 and of specified initial values (or initial conditions)
7D (x0) =yt

y(x0) = yo. ¥ (x0) = »,

for the first n — 1 derivatives of the function. (The function itself counts as the zeroth
derivative.) A function that satisfies the differential equation and the initial conditions
at xo is catled a solution of the initial value problem.

The models in the following sections will provide a physical context for initial condi-
lions in specific situations. For now, we simply note that we can check if a [unction satislics
an initial value problem.

Example 1.7 Determine if the function f(x) = 5e solves the initial value problem
¥ = 3y, YO = 5. Justify vour answer.

We must check the differential equation and (he initial condition. The function solves
the initial value problem, because f/(x) = 15¢™ = 3 f(x) and f(0) = 5¢° = 5. U

If a function does not satisfy the differential equation or if the function does not have the
right initial values (or both), then the function is not a solution of the initial value problem.

Example 1.8 Derermine if the function f(x) = &% satisfies the initial value problem
v =3y =1, y{0) = |. Justify your answer,

Although the function assumes the value 1 at xp = () the (unction does not satisty the
whole initial value problem, because f'(x) — 3f(x) = 3e¥ — 3™ =0 #£ 1. O

Under mild conditions on the differential equation each initial value problem has a
unique solution. That is, there will be exactly one function that satisfies the dilferential
equation and the initial conditions. Nonetheless, there are initial value problems for which
the solutions are not unique. We will not encounter such situations in this text, but Exercise
4 in Section 5.1 serves as 1 warning thal il might happen.

Convention 1.9 As long as every initial value problem has a unique solution, we call
a family of solutions with as many constants as the order of the differential equation
the general solution of the differential equation. This simple idea will suffice unnil
Example 5.16, which motivates a more formal approach.

In some models it is not possible or not appropriate to specify enough derivatives al one
point. Instead, the model might provide values at several (typically two) points. I( that is
the case, we speak of a boundary value problem,

Definition 1.10 A boundary condition for an ordinary differential equation specifies
a condition on the solution for a value of the independent variable x. A boundary
value problem censists of a differential equation and a set of boundary conditions at
two or more distinct values of the independent variable x. A function is a solution
of a boundary value problem if and only if it satisfies the differential equation and all
boundary conditions.

Again, in this module we will only check if certain functions solve given boundary
valuc problems.

So, for a first order
differential equation we
epecify the value of the
function at xp. For a
second order differential
equation ws specify the
value of the function and
the value of its derivative
at xo. For a third order
differential equation we
specify the value of the
function, the value of its
derivative and the value
of ite second derivative
at %o, and so on.

Remember that a solution
must eatisfy all parte of
the initial value problem.
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Yerify that f satlsfies all
other conditions,

Example 1.11 Perermine if the function f{x) = xcos{x) sarisfies the boundary value
probiem
] a . T
Xy —y = —x"sin(x), ¥ =0, v (—) =1.

2

A

Justify your answer.
We note that £'{x) = cos{x) - x sin(x), so that

xfy — Flx) = x(cos(x) —x sin(x)) —xcos{x) = —x? sin{x}.

Moreover, [0} =0cos{0) =0and f (F} = 5 cos (5) = 0. Thus the function solves
the boundary vaiue problem. Ll

As for imtial value problems, even if only one condition lails, the boundary value prob-
lem is nor satisfied.

Example 1.12 Determine if the function f(x) = x7 satisfies the boundary value problem
Wy =2y =0, 3= =32)=4, y)=1

Justify your answer,
Because f{() = O # 1, the lunction does nol sauisfy the boundary value problem. This

is despite the fact that the function satisfies all other conditions. O
Exercises
In each of the following excrcises. determine if the given function § s a solution 11, fixy = arctan{z), v ( 1412 Y4y =1, v =0
of the differential equanon. Justify yo;r answer 12. ftx) = xin(x) — x, ¥ —x =y y() = —1
e 'H _ M EAN . . . . e
1oy = xet, ¥ v+ i 0 13. Determine which of the functions f(x) = ¢85 and ga) = 052
2. f{x) = xsin{x), ¥4y = 2co8(x) satisfics the ditferential cquation ¥ — y cos(x) = 0. Show your work.
. ’ 14, Drecidenl the lunction fix) = x cosfx) sansfies eiher of the [ollowing
_ .3 Rt ot e 3 g <
3 Slo= ':' XyT Ay y = 10k two inigal value problems.
4. fixy=x", =12 y , ,
! \ {a) x¥" 12 L xv= Z2cosixh v =0,y (=1
5. Flxy = sin(2x), ¥—y=0 " , ,
) , by x¥" + 2y ay=2cosix), ¥} =1 v (=10
G fix)=3x+1, ¥y 43y =0x
7. F) = cosi). W ay =2 In gach of (he following, dn_:l‘cnnint if ihe given function f solves (he given
boundary value problem. Justifly your answer.
8. Match cach of the following functions with the differential equation(s) it ) ety e
solves (if any), 15, fle)y= > ,
Funciions:
[Z 2=+
¥y =0 = 1y =y b=
o e
(ub fixy= — o2y i
6. fit) = —rem—,

by fx)=+1—x2

wr fioy=e'
y flxy=-

Equations:
W= =
¥

-

(i} xv' + v =x2y2
; ] ¥

(i) 2vv+ {2 +1)y =0

ooy =0y =Lyl +v(— =0
17, fe)y =3 +4r + 1,
=2 v =Ly =4 vi—h =1, v (-4 = -4

18, f(x) =sin{x),
YAy =00 =00 =1 ym =0y =-1

19, frx) = sinf4x),
Yoy =0, y(0) = vim) =0, ¥{0) = ¥'(1) = 16

20. Tor the initial value problem

_ ¥4+dy = 10
(ivy xy —dy = x0F vi0) = &
In each of the Fullowing exercises, determine if the piven function f solves the assume that a solution of the form

given iniftal value problen. Justify your answer,

9. flx) =¥,
0. fixy =33,

¥=2y, ¥ =1

¥ o= 3y ) =2

yix) = Ae™ 4+ B

cxists. Find parameters A, 8. ¢ such that the above initial value problem
is satisfied.

Hint. Substitute v into the ditferential cquation and initial condition to
obtain a system of equations for A, # and ¢.
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As solution methods are introduced in later modules, we will frequently refer to spe-
cific models. When first reading the following sections, the reader should concentrate
on the modeling process, on verifying that the indicated functions really are solutions
of the differential equations and on the physical interpretation of the results. There
will be plenty of time to think about solution methods in the remainder of the book.
Frequently revisiting this module and its relatives “Before Module 3,” pp. 37-50,
*Before Module 6,” pp. 129-132 and “Belore Module 7.” pp. 191-198 will make the
reader very familiar with the models.

Because modeling is a universal activity for which too few good “practice problems”
exist, and because there can be surprising connections between seemingly dissimilar
systems (see the end of Section B3.2), readers should strive to understand all medels,
regardless of what their individual background is.

1.2 Differential Equations Describing Populations

We starl with a very general task. Ser up o mathematical model that describes the growth
of a population of simple organisms, such as bacteria.

Bacteria populations are usually assumed 10 grow at a rale that is proportional to the
size N of the population. The growth rate is the derivative ol the population function
with respect to time. Asswming unlimited resources (food, space) we obtain the following
differential equation.

Mathematical Model 1.13 The differential equation

dN
£ r
dr

with k > 0 is called the differential equation for exponential growth. This differ-
ential equation is a first, simple model for population growth under the assumption
that resources are unlimited and that the growth rate is proportional to the size of the
population. In such a model, the usual initial condition is the population at the start
of the observation. The constant k depends on the species under investigation.

The name of the equation is easily explained by the following.

Example 1,14 Determine if N(1) = e is a solution of the differential equation for expo-
nential growtit é_!rN = 2N, Justify your answer.

y d
Clearly, éN(f y= oo =2 = 2N (). O

We will ultimately show that all solutions of the differential equation for exponential
growth with & > 0 and positive starting value are exponential functions (see Exercise 36 in
Section 2.1).

Physical Interpretation 1.15 Physically, the above says that if the growth rate is propor-
tional to the size of the population, then the population grows exponentially. Because
exponential growth is so fast, it cannot be sustained indefinitely. Therefore our model ul-
timately leads to unrealistic results. This is because the assumplion of unlimited resources
is not realistic. Consequently, this simple model will only be valid for short time periods
of plentiful resources. For longer time periods, the model must be adjusied. il

To refine the model we can introduce a carrying capacity K for the population. The
carrying capacity shouid be so that growth slows as the population size approaches the
carrying capacity from below. Growth should be negative, that is, a decline, il the carrying
capacily was exceeded {also see Figure 1.5}. The simplest way to model this idea is 0

multliply the right-hand side by a term (1 — N/K). This term is positive for N < K,

N¢ need to read all
modeling sections right
away. But read at least
Sections 1.2—1.4 before
moving on to Module 2.
Then, at the start of
seach module, read the
modeling sections that
are referenced for
motivation and examples
for the module.

What does “proportional”
mean?

(H anything In a tachnical text Is uncisar
and you can't reselve the problam right
away, pul a question in tha margin and
anawer L later, as done below.)

“A quantity a is
proportional to a
quantity b if and only If
there i3 a k>0 so that
a=kb.”

Remember that we have
the whole remainder of
the text to discuss
solution methods. Here
we simply verify that
certain functions are
solutions, leaving details
about how to find them
for later,



6 1. Modeling with Diflerential Equations
it shrinks as N approaches K and it is negative for N > K. The resulting differential
N equation is the following.
negative
growth for N > K Mathematical Model 1.16 The differential equation
K lemrecmeen) d—N =kN|1— ﬁ
dt K
positive
with k > 0 is called the logistic equation. The logistic equation models growth
growth for N < K phenomena that ultimately encounter a threshold but in which the rate of change is
initially proportional to the dependent variable N. The usual initial condition is the
0 population size at the start of the observation.

Figure 1.5: Growth phenomena with carrying
capacity.

In many models that involve differential equalions, the independent variable is time
and initial conditions are specified at a4 certain time. To make computations easicr, initial

conditions arc typically given for ¢ = 0. This corresponds, in real life, to starting a clock at
the start of an experiment or an observation.

Exerciscs

For each of the following exercises, set up (do not solve) a differential cquation
and an initial value problem that governs the phenomenon.

I3

In amodel for economic grow(h, lel the gross national product of a coun-
try be given by p. Find a differential equanion that models a 2% growth
cvery vear.

. Tn a model for economic growth, let the gross national product of a coun-

try be given by p. Find a differential equation thar models growth by a
factor & every year. Then give a range of reasonable values for k.

. Inradioactive decay. during each tiine umit a certain (assumed o be con-

stant) fraction of the atoms of the radicactive substance decays. Find a
differential equation that models radioactive decay.

. Show that the inflection point in the solution of a logistic equation

‘% =kv{M — y)occursaty = f’} Whal can be deduced about a solu-

tion if the initial valoe yg is greater then —"’2{ ?

Hine. Ditferentiate both sides of the logistic equation. The logistic equa-
tion can also be used to determine for which values of ¥ we have ' =0,

5. The general solution of the ditferential equation for exponential growth

can basically be puessed onee we recall that the exponential function is
its own derivative. This 1ype of pattern recognition will be inportant
when we discuss elementary ways to solve linear differcntial equations
with constant cocfiicients in Module 3.

‘It practice pattern recognition. for (he following types of functions de-
cide 1 their defivatives are the sae (ype of function.

{a) Polynomials

{b) Rational functions

(c) Loparithms

{d) Lxponential functions

(e) Sine functions

{ty Cosunc functions

(g) Tangent functions

1.3 Remarks on Modcling with Differential Equations

At this stage, it is a good idea to think about modeling in general. Mathematical modeling
always starts with a question about a natural phenomenon or an engineering application.
In the modeling sections of this text, we simply designate this question as a task. Once
the task is given, mathematical wodeling involves the same guiding principles as problem
solving. These guiding principles are often ascribed to G, Pélya (see [217).

3. Carry out the plan.

Steps in problem solving.
1. Define the problem.

2. Devise a plan to solve the problem.

4. Test and evaluate the results.

These steps actually need to be as vague as given above, because they apply to any
mathematical modeling, and indeed to any problem. Anything more specific would imme-
diately limit the context. Because the beauty of mathematics is in its broad applicability,
any such limitation is inappropriate. So, because a more specific “modeling algorithm™ is
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not available, we must acquire the right skills so that the above sieps will lead us to a valid
model.

I.el us analyze how we set up the ditferential equations in Section 1.2, The initial task
did not specily thal we were supposed to use differential equations. Tt just turned out that
the proportionality between growth rate and population size led to the dillerential equation
for exponential growth. This ditferential equation defines the problem, because it provides
something mathematical that can be solved.

Because finding mathematical models is challenging, let us analyze the instruction “de-
fine the problem™ [rom a more general point-of-view. Defining the problem will always
require some knowledge of the context. In this context, there will be certain variable quan-
tities (like the population and the growth rate), there can be unknown conslant quantities
(such as the constant of proportionality &) and there will be an independent quantity on
which the other variable quantities depend (time in this case). Overall, the following is
important as we Lake stock ol the situation.

o Always remember what the underlying independent variable is (for differential
equations the independent variable often is time).

e Be aware which quantities in the model are constant and which quantities can
change. (Not all letters denote variable quantities.)

Once we have familiarized oursclves with the variables and constants involved in the
situation, we need o delermine how the quantities relate to each other. Here is where
background knowledge from the field in which the problem arises is helpful.

To relate the quantities to each other we can try to

e Use reasonable working hypotheses (for example, we can assume that the
growth rate of a bacteria colony is proportional to its size).

o Visualize (for example, with force diagrams or sketches of circuits).

¢ Use known laws (for example, Newton’s laws of motion or Kirchhoff’s laws).

Once we have defined the problem, we can devise a plan to solve it. With the way we
split up the steps so far, we need a plan to solve the differential equation. After we have a
plan, we execute it, that is. we solve the differential cquation. These two steps will nccupy
the other modules in this text,

But we are not done once we have found a solution. The last siep is to test and evaluate
the results. Remember that Physical Interpretation 1.15 showed that, for long periods of ob-
servation, the differential equation for exponential growth does not lead to a realistic model.
Evaluation of the results is 4 common step in science, especially when a phenomenon is
not yet fully expressed with reliable models, When the results obtained from a model differ
trom reality, we need to determine the problem (in this case, the model differs from reality
afier long time periods} and make adjustments. These adjusiments lead to a new model, the
logistic equation in our case, which is then solved and evalualed.

For the logistic equation, we can give a qualitative analysis. Because populations are
never negative (and because the future development of populations of size zero is not very
interesting), we concentrate on positive values of N. For 0 < ¥ < K the right side of the
logistic equation is positive. Therefore, for 0 < N <« K the population size has a positive
derivative, that is. the population is increasing. This property corresponds o the observable
fuct that a population will grow in a favorable environment. For ¥ > K the populalion size
has a negative derivative, that is, the population is decreasing. This property corresponds
to the observable fact that il a population reguires more resources than the environment
can provide, then the population will shrink. Overall, we can say that the logistic equation
should give results that qualitatively behave the right way.

Throughout this text we will ask ourselves if the solutions for mathematical models are

Remember that the first
model wag —=kN,
dt

What was the logistic
equation again?
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actually physically sensible. One impressive [act about differential equations is that the

mplementation models will give sensible results for the situation for which they were designed. We should

nd note that even though the differential equation for exponential growth is not a good model

Engirboring bssrvation for bacteria grc_;\?flh in all situati()nsf, i is 4 very good‘ mpdel as long as nuun'sh'mcnlvand

Beience space are plentiful. A small bacteria colony on a petri dish wil} grow exponentially for a

Solution while. So the model is valid until the underlying assumptions no langer hold, that is, vatil
of Model nourishment and space are no longer plentiful.

Equations Development In general, the modeling cycle (see Figure 1.6) beging with ohservations, in nature or

Mathematics | °" Refinement| in experiments. and ends with verification in experiments and in nature. It can be, and

of Model often is, traversed multiple times as the model is refined to give beuter results. Although

Figure 1.6: Visualization of the modeling cy-

cle.

Exercise

all disciplines contribuie 10 all stages, setting up 4 model based on observations is mainly
considered the domain of science, solving the model equations is mainly considered the
domain of mathematics and the implementation of the solution in devices and new experi-
ments is mainly considered the domain of engineering.

1. Comument on the following starement aboul a (Getitious) theory: “Confi- Does this stalement describe a sound scientific/fenginecring approach?
dence in the validity of this theory is so high that, if an experiment leads Would you trust a theory that is justiticd as above? Explain why or why
to dala contrary to the theoretical predictions, experimenters ook for and not,
find the Haw in the cxperiment and can thus correct their measurements.

In this fashion excellent agreement between theorenical and experimental
values is achisved.”

Ligure 1.7: Newton's Law of Cooling gov-
erns heat exchange in general. So it governs
the cooling of warm objects (right} as well as
the warming of cool objects (left).

Figure 1.8 Visuahzing Newtons Law of

Cooling.

tem per‘atu re

l falls for T > Tg

I temperature

rises for T < Tg

1.4 Newton’s Law of Cooling

Task. Ser up ¢ mathematical model that describes how the temperature of an object
changes if the object is surrounded by a medium whose temperature does not change.

Although this situation sounds abstract, it is encountered every day. A hot cup of coffee
(our object, also see Figure 1.7) lelt sitting on a table is surrounded by air (a medivm) whose
temperature we can assume (o be constant overall. We observe that the cup of coffee will
cool off until it reaches the lemperature of the surrounding air {the “room temperature”).
Similarly, if we leave a cold drink sitting on a table, the drink will warm up until it reaches
room temperature.

It seems reasonable 1o assume that the rate at which an object cools off or warms up
(that is, the derivaiive ol its temperature) is proportional Lo the difference between the
ohject’s temperature T and the temperature T of the surrounding space,

Mathematical Model 1.17 With T being the temperature of an object, T, being the
constant temperature of the surrounding environment and k > 0 being a proportion-
ality constant, the differential equation

d

—T =k(T; - T

o (-1
is called Newton’s Law of Cooling. The usual initial condition is the temperature of
the object at the start of the observation.

To at least qualitatively evaluale the model, note that for T > T, the right side of
the equation is negative, This means that for T > T the derivative of T is negative and
hence T is decreasing. This property reflects our everyday observation that warm objects
cool off unti} they reach the temperature of the surrounding space. Similarly, for T < T,
the derivative of 7 is positive and T is increasing. This property rellects our everyday
observation that cold ohjects warm up until they reach the temperature of the surrounding
space. Figure 1.8 gives a graphical representation of what is said above,

Overall, we can say that, at least qualitatively, solutions of Newton’s Law of Cooling
should behave the right way, A quantitative evaluation would require the comparison of
measurements with solutions of Newton’s Law of Cooling.
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Exercise

L. Is Ty = 293 a sensible valoe for Newton's Law of Cooling when we
consider the cooling of a cup of cottee?

1.5 Loaded Horizontal Beams

Note. Despite ils simplicity, the equation in Mathematical Model 1.20 requires sophis-
ticated results from mechanics in its derivaton. The interested reader should consider a
mechanics text for delails. The example was included in the text without the derivation, be-
cause il is one of the best ways to visualize boundary conditions for differential equations.

Task. Set up a mathematical model that describes how a horizontal beam bends when
a lpad is placed upon it,

Houses, bridges, and so on, are made up of beams that support the rest of the structure.
Because no malerial is absolutely rigid, any horizontal beam bends once a load is applied.
For example, when a picce of lumniture is moved into a house, the support beams in the floor
will bend. It is important to assure thal this displacement rom the original shape remains
within safe margins. This is achieved by choosing the right materials and dimensions for
the beam and the appropriale way to install it.

For the model, we envision (he loaded beam as a large number of thin surlaces that
are laminated together. As the beam is bent by a load, the surlaces on the inside of the
bend will be compressed, while the surfaces on the oulside will be stretched. I we assume
that the beam is a continuum of surfaces of differential thickness, then there must be one
surface which is neither stretched nor compressed.

comprenend

eutral

Definition 1.18 The neutral surface of a beam under a given load (see Figure 1.9) is
the unique surface that is neither stretched nor compressed.

stretched

To simplify the model, we will assunme that the load does not vary along the width of Figure 1.9: The neutral surface in 2 loaded
. Sy s . - - beam is neither compressed nor stretched.
the beam. Therefore, the displacement from equilibrium for each point on each surface will
only depend on how far away the point is from the ends of the beam. Viewing the beam

from the side (see Figure 1.9) shows that the surfaces, and in particular the neutral surface, loaded area,
can be modeled as curves. In particular, we can model the load one-dimensionally. length |
loaded loaded
Definition 1.19 The load on a beam (see Figure 1.10) is the function w(x) that gives u oaa,-:a :2;;5 =

the force per unit distance that acts on the beam. In particular, the integral of the load
over the length of the beam gives the total force acting on the beam. We will only
consider vertical loading. That is, all our loads will have the same direction.

1
force: given by the weight

load: only on loaded part,
equal to forcs/lsngth on the
loaded part, O otherwise,
If loading |s uniform

A rather intricate analysis of the mechanics involved now leads 1o the following model.

Mathematical Model 1.20 The differential equation

d4 Tigure 1.10x Vertical loading of a horizontal
Ef—vy = w(x) 5 &

dx4 bean.

describes the elastic ceurve, that is, the shape of the neutral surface of a horizontal
beam under a load w(x). In this equation, y is the neutral surface’s displacement
from equilibrium, where equilibrium is assumed to be at 0, E is Young's modulus of
elasticity and I is the moment of inertia of a cross section. The product EI is also
referred to as the beam’s flexural rigidity.

Beams are typically supported in fwo places. ‘I'herefore we must specify conditions in
two places, and we encounter boundary value problems in a very natural way. For supported
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% embedded free
hinged hinged
N AN
Figure 1.11: The three boundary conditions

for beans are embedded (top lett), frce (top
right) and hinged (bottom, both ends).  As
shown, they can be combined with either end
salisfying any of the conditions (also sce Lix-

z %

y=0.y"=0

Figure 1.12: Boundary conditions when the

hean: 15 loaded.

Check,

It is easy to see that
the differential equation
is solved and that
¥(O)=y(1)=0.

For the conditions on

¥ (x)=4x>-6x2 +4x-], we
see that y'(0)=-l and
y()=4-6+4-=1.

beams, we usvally specity boundary conditions at x = 0 and at x = L. Dillerent designs
lead (o different boundary conditions.

L1I).
End of beam is Boundary Condition at that end
embedded y=0y =0
free yﬂ =0, ym =0
simply supported y=0y" =0

Definition 1.21 The end of a beam can be embedded (also referred to as clamped),
free or simply supported (also referred to as pin supported, fulcrum supported or
hinged). This leads to the following boundary conditions at the ends (also see Figure

A beam can have any of the boundary conditions at either end. (Some combi-
nations will have unrealistic physical counterparts, see Exercise 3.} The only
combination with a special name appears to be a cantilever beam, which is
embedded at one end and free on the other end.

‘T'he boundary conditions can:be understood as follows {see Figure 1.12).

o Al a horizonlally embedded end {see Figure 1.12, top left), the neutral surface will
be horizontal and in the equilibrium position. Hence y = Qand y” = 0.

e At afree end (see Figure 1.12, top right) the neutral surface can be anywhere and at
any slope. Hence there are no conditions on v and y'. However, because there are no

forces to bend a free end, we have ¥ = O and ¥ = 0.

o A simply supported end (see Figure 1.12, bottom) sits on top ol a support. Hence
¥ = 0. Fhe support does not force any direction on the beam. Hence there is no
condition on ¥'. However, if the support does not force any direction on the beam, it

also cannot bend the beam at the end. Hence y” = 0.

With Definition 1.21 we can sel up the boundary conditions for any supported beam.
Because solving the differential equation only involves integration, we present some solu-

lions here.

Example 1.22 Solve the boundary value problem

L

Y

=24, y) =y()=0, yO)=-Ly()=1

Integrating four times gives the general solution of the differential equation as
y(x) = x*+ax? + bx? +cx +d. The boundary conditions provide the following equations

for the coeflicients.

|

d = 0 |usedy®=0 |
l+a+b+ec+d = 0 ‘usedy(l):() ‘
¢ o= —1 ‘ used y'(0) = -1 ]
443a+2b+c = | \usedy’(1)=1
I Now use the two known coefﬁcienls._]
a+b = 0
3a+2h = -2

‘ Now solve the system.

a=-2, b=72

The solution of the boundary value problem is y(x)} = x* — 2x* + 2x% — x. Double
checking is always a good idea (see margin).

[l



1.5, Loaded Horizontal Beamns

Example 1.23 State and solve the boundary value problem for a beam of lengih L. that is
embedded at both ends and under a constant foad wix) = wy.

By Mathematical Modet 1.20 the differential equation is EJy"™ = wg. The general
solution of this equation, since £, f and wyq are constants, is

wo g 3 2
x"Haxt +bhy +oex +d.
24E7

¥(x) =
By Definition 1.21 the boundary conditions are

) =10, Y0y =0, yiL)y=0, y()=0

Trom v(0) = 0 and v'{0) = 0 we obtain ¢ = d = (). "The remaining condilions yield

o o4 3 2
LY vald+bL = (L) = O,
aprc T y(L)
wy 3 2 ;
4 LY+ 3aL? +26L = v (L) = O,
SaE] +3a ¥ (L)
wy 3
LPval+b = O,
nEr- e
20 rr i 3an 42 = 0
6ET ‘ :
Wy a {m)
L2yar 2 g
e e '
Uy
a = —
12E7
h = - wo 12 —al = il LZ.
24E] 24E1

In advanced texts, steps that used to be a whole separate problem in calculus, Iike the
integration by parts above, may be skipped. The reader is expected to know calculus and to
fill in the gaps. In this text, the symbol (m) indicates that some skipped steps are explained
more fufly in the margin or that the reader should fill in these steps. Readers of advanced
texts showld always make sure they understand the transition from one line to the next.
Appropriate notes in the margin help with this task.

‘Thus the general solution of the boundary value problem is

iy a A

wo_ 4 L-x
24E1

X
24181

Ay 3
12E1

ylx)y =

I“or a double check, consider the margin, J

To avoid breaking beams, engineers need 10 compute the forces and moments in the
beam. If the bending moment |M| = Efy" is 100 large at one point. the beam will break.
Hence, it is important to know where (the maximum bending momeat is located and how
large it is. Aller computing the maximum bending moment, materials and designs can be
chosen to assure that the beam will support the desired load.

Example 1.24 for the beam in Example 1.23 find the maximum of the bending moment.

TR P YRR

Y a2\ 23" T 12 24
um ) (L] UH
= Mo My e T
SR I

The vertex of this parabola 1s at x = L /2, so the maximum bending moment occurs in
the middle of the beam. 1t 18 My, =~ urgL2f24.

LJ

Subtract twice the firset
equation from the
second.

Check. y(0)=y'(0)=0 ./

Ly = -——
y(t) 24E1  12El
+ L
24E|
= 0 \/
Finish the check.
y(x)=
y'(L)=
y,”l(x)=

This seems to make
sense. Embedded beams
should bend worst in the
center,
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Exercises

1. State the boundary value problem for a horizontal beam of length £ un-

der a constant load w(x) = wyg such that

(21 Ome end 15 emnbedded, the other 15 leee (cantilever beam).
{b} Both ends are simply supported.

(¢} One end is embedded, the other is simply supporied.

. lnterpret Example 1.22 as the boundary value problem for a loaded beam

and describe how the beam is supported at cither end. (The support is not
among the standard types given in Definition 1.21.} Sketch the support
if necessary. 1s this a realistic way to install a support beam?

. ‘There are nine possible combinations of boundary comditions for the

cnds of a beam (see Definition 1.21).

{a) Show that, taking sy@unetry inlo sccount, there are only six com-
binations that actually differ frow each other.

{b} Identify the four combinations that reflect a realistic situation.

module.

This module has given a brief introduction to modeling with differential equations and
it has established the fundamental terminology. We will return to modeling Before
Module 3, pp. 37-50, Before Module 6, pp. 129-132 and Before Module 7, pp. 191-
198 Lo introduce the reader to further models. These models are the reason why we
investigate certain types of equations. The presentation of the models will be similar to
what was established here: We set a task and we use physics to establish the modeling
equation(s). In this fashion the reader will be exposed to modeling multiple times and
the individual sections are less overwhelming than if all models were presented in this




