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1.1 INTRODUCTORY CONSIDERATIONS

A membrane can be regarded as a phase, finite in space, which separates two other
phases and exhibits individual resistances to the permeation of different species
(Schlogl’s definition cited in [1]). The membranes can be of different thickness, from
thin used typically for biological and artificial bilayers (in the range of a few nan-
ometers) to relatively thick (hundreds of micrometers) used typically in ion-selective
electrodes. A particular case is a membrane separating two electrolyte solutions,
where ions are transferable species. In such a case, different modes of ion transport
are possible: (i) Brownian motion; (ii) diffusion, resulting from concentration gradi-
ent; and (iii) migration as transport under the influence of an electrical field.

A general prerequisite related to the presence of charged species is electroneutrality
condition of the membrane. However, even if electroneutrality is held on a macroscopic
scale, charge separation effects appear, mainly at membrane/solution interfaces, result-
ing in the formation of potential difference. Taking into account possible chemical
and electrical forces present in the system, assuming for simplicity one-dimensional
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transfer along the x-axis only, the flux of ion “i,” J;, across the membrane can be
described as

O,
i =—kUici—— 1.1
Ji=—kUic N (1.1)

where k is a constant; Uj, ¢;, and g are electrical mobility, concentration, and
electrochemical potential of ion “i,” respectively; and x is the distance from the
membrane/solution interface. Using a well-known definition of electrochemical

potential and assuming that the activity of ion “i” is equal to the concentration, this
equation can be transformed to

RTdIn¢; dp
Ji = -kUiq (T +ZiF3_X) (12)

with ¢ as the Galvani potential of the phase.

Since mobility, Uj, is a ratio of the transfer rate, v, and potential gradient (d¢/dx),
while the flux under influence of the electrical force is J=vc, it follows from
Equation (1.2) that k = 1/Iz;|/F. Taking then into account the Einstein relation, concern-
ing diffusion coefficient, D; = U;RT/Iz;|F, Equation (1.2) can be rewritten as

o (deilxt)  GF de(x, 1)
Jl— Dl <T+ﬁcl(x,t)7 (13)

This is the Nernst—Planck equation, relating the flux of ionic species, “i,” to gradients
of potential and concentration, being generally functions of distance, x, and time, ¢.

The Nernst-Planck equation is a general expression describing transport
phenomena in membranes. Unfortunately, as differential equations deal with
functions dependent on distance and time, solving of this equation is neither easy
nor straightforward. However, under some conditions, simplifications of this equation
are possible.

(1) For the equilibrium case, summary fluxes of all ionic species are zero, J;=0.
In such a case,

dinc; _ zF do
ox " RT dx (14)

After rearrangement and integration across the whole membrane (of thickness d), the
well-known form is obtained:

RT CR

1.5
e (1.5)

PrR—PL= A(pmem =

where R and L refer arbitrarily to “right” and “left” hand side (membrane/solution
interface) and cr and ¢ are solution concentrations at “right” and “left” interfaces.
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This equation describing a membrane potential, A@,em, 1S equivalent of the typical
Nernst equation.

(ii) For the case of a neutral substance, z; = 0, or in the absence of electrical driving
force (dpldx) =0, the Nernst-Planck equation reduces to Fick’s equation, describing
diffusional transport:

Ji=-D; (i;’) (1.6)

Solutions of the Nernst—Planck equation can be more easily obtained for the steady
state, when the ionic fluxes J;=const and a time-independent version of the
equation can be used. In this case, the Nernst—Planck equation can be applied to
calculate potential difference in the membrane for given values of concentrations
and mobilities. However, this procedure also requires integration, which can be
difficult in some cases. Therefore, additional approximations are often used [2, 3].
The most known and used solutions are the Goldman and Henderson approximations.

1.1.1 Goldman Approximation and Goldman-Hodgkin-Katz Equation

This approximation assumes linearity of potential gradient across the membrane
(i.e., constant electrical field in the membrane). This approximation is usually
applicable to thin biological membranes, where charge prevails only in the surface
areas of the membrane. In such a case, the derivative (dp/dx) can be approximated
by the term (@r — ¢1)/d leading to the simplified Nernst—Planck equation:

dci  zF or—-op
J=-(DZ 45 1.7
( ox "RTT 4 (17)

Under constant field condition, a steady state is practically obtained (J; = const) and
the Goldman flux equation can be derived:

_aFDi(pr—¢1) ci(R)-ci(L)exp (- (zF(¢r—¢L))/RT)
dRT exp (= (zF (pr—e1))/RT)~1

J; (1.8)

In the absence of transmembrane potential, pr — @ ~ 0, this equation simplifies to the
well-known diffusion equation in a steady state.

Taking into account that the sum of individual ionic contributions to electrical
current is zero (denoting the absence of applied external current),

zn:ZiJi=0 (1.9)
i=1

further rearrangements are possible. For a simplified case of solution of ions
of %1 charge (e.g., Na*, K¥, CI7), the equation describing the potential difference
across the membrane (under steady-state conditions) can be obtained:
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Eln DNa* CNa+ (L) + DK+ CK+ (L) + DC]‘ ccr- (R)
F DNa* CNa+ (R) + DK+ CK+ (R) + DC]‘ ccr- (L)

Pr—L= (1.10)

It can be also assumed that ions take part in ion-exchange equilibrium, between the
membrane and bathing electrolyte solution (sol) from the right or left hand side,
(Eq. 1.11a) and (Eq. 1.11b), respectively:

¢i(R) =kici(sol, R) (1.11a)
¢i(L) =kici(sol,L) (1.11b)

with partition coefficients k; of the species “i” between the solution and membrane
phases. Then, introducing the permeability coefficient, P;, P;= Uk/lzlFd,
Equations (1.10) and (1.11) can be transformed to the Goldman—-Hodgkin—Katz
equation, expressing the membrane potential as a function of ion concentrations
in bathing solutions on both sides of the membrane and partition (permeability)
coefficients:

RTln PNa* CNa+ (L) +PK+ CK+ (L) +PC1— (el (R)

— 1.12
F Pna+CNa+ (R) + Pg+ck+ (R) + Pci-cor- (L) ( )

PrR—PL=

This equation is applicable, for example, to describe resting potentials of biological
membranes.

1.1.2 Henderson Approximation

This approximation assumes linear concentration gradient across the membrane,
while the electrical field need not be constant [4]. This approximation is usually
applied to describe diffusion (liquid junction) potentials, particularly for the case of
ion-selective electrodes. This potential can be approximated by the equation

RT ZZM(Q(R) (L)) Zz uici(R)
Apry=——-" > (1.13)
F Zzi ui(ci(R)—ci(L)) Zz uici(L)

where u; is Uj/IzIF.

Membrane processes related to charge separation and transport of charged
species concern both biological membranes in cell biology (or artificial membranes
having significant importance in separation processes) and membranes used in
electroanalytical chemistry, for example, in ion-selective electrodes. However,
in contrast to similarity of physicochemical phenomena occurring in all membranes
containing mobile charged species, the description related to biological or separa-
tion membranes is different from that applicable to membranes of ion-selective
electrodes. Therefore, the considerations in the following were divided into two
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sections: (i) related to more general description typical for separation and biological
membranes where typically the Nernst—Planck equation is applicable and (ii) related
to membranes used in ion-selective electrodes. In case (ii), practical and historical
conditions result in dominance of simple empirical equations for the membrane
potentials; however, in the last decade, the role of a more general theory using
the Nernst—Planck equation is increasing.

1.2 GENERAL CONSIDERATIONS CONCERNING MEMBRANE
POTENTIALS AND TRANSFER OF IONIC SPECIES

1.2.1 Boundary and Diffusion Potentials

Separation membranes are important both in biology and various technological
areas: fuel cells, dialysis, reverse osmosis, separation of mixtures components, etc.
These membranes can be generally described as neutral or charged membranes.
For the former class of membranes, size exclusion and specific chemical interactions
are the main factors responsible for selective permeability, while for charged
membranes with incorporated ionic sites, electrostatic interactions are of substantial
significance.

For the charged membranes, the membrane potential, understood as a potential
difference between two electrolyte solutions (of different concentration or/and
composition) separated by the membrane, is an important parameter characterizing
their properties [5]. Measurements of membrane potential offer also a straightforward
method for studying transport processes of charged species. Due to difficulties
in solving the Nernst-Planck equation in a general case, simplifications are used,
as they were shortly described in the previous section.

In the discussion given in the following, only cases with no external current
flow are considered. In the description of membrane potentials, mostly a simplified
formalism is used, expressed in terms of classical model proposed by Sollner [6],
Teorell, Meyer, and Sievers [7, 8]. This model postulates splitting the potential
prevailing in the system into three components: boundary potentials on the membrane
(left and right side)/bathing solution interfaces and membrane bulk diffusion
potential resulting from different mobility of ionic species as well as ion-exchange
reactions leading to inhomogeneities in the interior of the membrane. It should
be noted that the Teorell-Meyer—Sievers theory is applicable to fixed-site membranes
with one kind of monovalent cations and anions as transferable species. It can be not
valid for liquid membranes, where ionic sites are mobile.

Boundary potentials are regarded as equilibrium potentials resulting from
ion exchange on the interface between the charged membrane and solution. In the
case of equilibrium, assuming that activity coefficients are equal to 1, the change

T3 L]

of chemical potential of transferable ion, “i,” is equal to zero:

Ap; =0 (1.14)
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The chemical standard potentials, ,u?,m and ,u?w in the membrane and in the solution,

respectively, can be different, determining the value of the distribution coefficient of
species, “1” and k;:

o T (o) (1.15)

ki =exp RT

Then, assuming the existence of ion-exchanging sites in the membrane (unable to be
released from the membrane), the boundary potential at a chosen membrane/solution
interface can be represented by the Donnan potential, App = ¢™ — ¢° [9]:

m
kiCi

RTIn +ziFApp =0 (1.16)

1

where superscripts “m” and “s” relate to the membrane and solution phases,
respectively.

The dependence of the Donnan potential on the electrolyte concentration in solution
can be derived from Equation (1.16) taking into account electroneutrality condition in
the membrane phase. In the case of a membrane with fixed ionic site concentration, X,
and for 1:1 electrolyte (with cation M* and anion A”) of concentration ¢, assuming
the absence of specific interactions of ions with the membrane components (k;=1),
the Donnan potential is expressed by equation [10]

1=

RT | X x\*
App=¢"—@’=x—In |—+ | 1+ — 1.17
Po=0"-¢ |5 <2c> (1.17)
with sign “+” or “=” for anion- or cation-exchanging membrane, respectively.

From this equation, two limiting cases follow (Fig. 1.1). For dilute solutions, when
¢ < X, the concentration of counterions in the membrane is practically equal
to X (with negligible concentrations of coions, this is the so-called Donnan exclusion
case), and the Donnan potential becomes a linear function of In ¢ with positive
or negative Nernstian slope, for cation and anion exchanger, respectively. On the other
hand, for high electrolyte concentrations, when ¢ > X, concentrations of counter- and
coions in the membrane are almost equal; the Donnan potential is independent
of electrolyte concentration and close to zero (Donnan exclusion failure).

In contrast to the equilibrium state observed at the membrane/solution interface,
in the membrane interior, similar equilibria are typically not observed. In this
case, different rates of ion transfer in the membrane result in diffusion potential
formation, necessary to maintain a zero current steady state [1].

In order to calculate exact values of the diffusion potentials, knowledge about
concentration profiles of all species in the membrane is needed. However, for practical
purposes, some approximations can be used; the most popular is the Henderson



GENERAL CONSIDERATIONS CONCERNING MEMBRANE POTENTIALS 7

:% 0 - Donnan exclusion Donnan exclusion failure
—

£

% 2 +

e 7] X M =

o — ~

k= e

s 4 d

E 7

g -6 B e

= A //

8 s

=} -84 //

8 e

2-10 . . . . . . .
e -6 -5 -4 -3 -2 -1 0

Log (MA concentration in solution)

0-

>

E -50

]

=

2 1001 59 mV

(=%

=]

<

=

£ 150 1

a

-200 T T T T T T 1
-7 -6 -5 -4 -3 -2 -1 0

Log (MA concentration in solution)

FIGURE 1.1 Dependence of M" and A~ ions concentrations in the membrane (top figure) and
Donnan potential (bottom figure) on concentration of salt MA in solution, for cation-
exchanging membrane with ion-exchange site concentration X = 107> M.

approximation (see previous section). More advanced treatments are also available,
for example, the Planck and Schlogl description is based on a given model of diffusion
in the layer [1, 2], in contrast to the model of uniform mixing typical for the Henderson
approach. However, the classical Planck approach is less convenient for practical
applications than the Henderson approximation; thus, some simplifications facili-
tating calculations in terms of the Planck model have been proposed, and thus, iter-
ative calculations method can be used [11]. A significant simplification of the
Planck description is expected for the case of two equimolar solutions of 1:1
electrolytes, where the Planck equation simplifies to the Goldman equation. On the
other hand, the Planck approach and the Goldman equation can be considered
as special cases of a more general Teorell equation [7], applicable for any two classes
of diffusing ions and for additional fixed sites in the membrane [1]. Assuming that
all transferring ions have the same charge, the following equation for the diffusion
potential can be obtained:
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_RT Zu,—a,—(L)
ED_ZFIHW (1.18)

1.2.2 Application of the Nernst-Planck Equation to Describe
Ion Transport in Membranes

Knowledge about transfer of ionic species in membranes is crucial from the point
of view of some general issues concerning membrane potentials (without arbitrary
and sometimes controversial splitting into boundary and diffusion potential) and
practical applications of membranes in separation processes, dialysis, and selective
transfer of charged species. This requirement is connected with the solution of a sys-
tem of the Nernst—Planck equations for all ionic species, which can be transported
in the membrane. Due to mathematical difficulties, calculation of ion fluxes
or membrane potential accompanying ionic fluxes by solving the Nernst—Planck
equation is usually connected with application of numerical procedures. Additionally,
simplifying assumptions, as the aforementioned Henderson or Goldman approxima-
tions, are used. The proposed solution is related rather to the steady state (time-
independent phenomena).

In 1954, Schlogl proposed a general solution of the Nernst—Planck equation
under steady-state conditions, applicable also for thick membranes, for any number
of transferring ions, and for fixed ionic sites [1, 12]. He proposed to divide diffusing
ions into subgroups—so-called valency classes. For ion-exchanging membrane con-
taining only one class of ions, the equation proposed here simplifies to the Goldman
flux equation.

The first numerical solution of the Nernst-Planck equations coupled with the
Poisson equation

ax P p(en)=F zci(x) (1.19)

that is, taking into account the existence of noncompensated charge, was proposed
by Cohen and Cooley in 1965 [13] (p(x,?) is the charge density, E is the electrical field,
while ¢ is the dielectric permittivity). In this work, a solution of the Nernst—Planck—
Poisson equations has been proposed, taking into account also time influence;
however, this procedure was not explicit (nonpredictive). Authors have introduced
a system of reduced units, often used in electrochemical simulations.

Sandifer and Buck [14] have extended this method, and then a significant progress
has been achieved by Brumleve and Buck [15] who have discussed numerical solution
both for steady-state and transient phenomena, for species with arbitrary valence,
mobility, and interfacial charge transfer rate constants. These authors were using finite
difference method and applied iterative Newton—Raphson method coupled with the
Gaussian elimination to solve the nonlinear equations. This time also, some numerical
procedures for solving the Nernst—Planck—Poisson equation systems have been
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proposed by other researchers outside the area of membrane physical chemistry and
electrochemistry [16—18].

In 1984, Buck discussed critically limitations of the Nernst—Planck equation [19].
The first argument against this theory results from the macroscopic and smooth nature
of the medium considered in the model. The second argument arises from the
omission of “cross terms”—this means that the flux of any species is not only linearly
related to its activity gradient but also to the corresponding gradients of other mobile
species. Some alternatives and microscopic models have been discussed in terms
of atomic properties. For instance, percolation theory [20] has been presented
as complementary one to the Nernst—Planck model, as it provides values of transport
parameters in terms of structure and composition. However, in contrast to their
significant limitations, the Nernst—Planck equations are very useful, applicable
to describe transport in solids, liquids, and gels [19].

On the other hand, the use of transport equations of linear nonequilibrium
thermodynamics for the description of membrane transport is difficult owing to
a large number of coefficients present in the equations; these coefficients are also
functions of the composition of the solution being in contact with the membrane.
Due to these difficulties, fundamental classical works of Staverman [21] or Kedem
and Katchalsky [22, 23] are not used very often. Moreover, cross-coefficients should
be also considered, but there are approaches neglecting some of these coefficients
(e.g., [24]).

MacGillivray [25] has also proposed quasianalytical solutions of the Nernst—
Planck equations for time-dependent phenomena in the form of asymptotic solutions
based on assumptions consistent with reasonable experimental cases. This was ana-
lyzed on the example of studying instantaneous potential jump regarded as small com-
pared to potential difference existing before the experiment (e.g., method of “voltage
clamp”). MacGillivray [26] and later Seshadri [27] have analyzed also the problem of
electroneutrality condition using perturbation theory resulting in the electroneutrality
condition as a certain limiting case. It was found that the electroneutrality condition
is a consequence of the Poisson equation when a certain dimensionless parameter,
interpreted as a ratio of the Debye length and the membrane thickness, is small.
It was also shown that under such assumption the Donnan equilibrium can be derived
from the Nernst-Planck equation. Later, Mafé et al. [28] in their consideration have
taken into account electrical and diffusional relaxation times as alternative to the
approach with relation of Debye length to the membrane thickness.

Similar issues have been critically discussed by Kato [29] by relating also appli-
cability of simplifying assumptions with ratio of Debye length to the membrane
thickness. Castilla et al. [30] have used a network approach to obtain numerical
solutions based on the Nernst—Planck and Poisson equations under non-steady-state
conditions, in a liquid membrane. In this approach, the fluxes were regarded
as currents in electrical circuits and diffusion or electrical field influences were
regarded as circuit elements (resistors, capacitances), and electrical circuit
simulation program has been used to simulate concentration profiles, ionic fluxes,
and membrane potentials. Robertson et al. [31] have also used a model with hybrid
network description, using a network simulation program (SPICE). This procedure
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was applied to describe ion transport in bilayer lipid membranes tethered to a gold
electrode.

The most significant assumption concerning the charged membrane is homoge-
neous fixed-charge distribution. The role of charge distribution inhomogeneity has
been taken into account by Mafé et al. [32] as well as by Tanioka and coworkers
[33]. Tanioka et al. [33, 34] have shown that distribution of effective charge can
be nonhomogeneous even in the membrane with homogeneous fixed-charge distri-
bution, under conditions of ion-pair formation between counterions and fixed-charge
groups.

Besides inhomogeneity in charge distribution, also, the role of surface and bulk
parts of the membrane has been taken into account (e.g., [35, 36]). In the surface
region, the conductivity results from mobile counterions compensating charge of
fixed groups. In the central part, the conductive properties resemble those of the bath-
ing solution. For this system, the results of modeling have been presented showing a
clear difference between mechanisms typical for bulk and surface conductivity [37].

Takagi and Nakagaki [38] have analyzed two kinds of membrane asymmetry: with
respect to the partition coefficient and with respect to the charge density. For the first
case, when the ion concentration gradient within the membrane is larger than within a
symmetric membrane, facilitated transport will take place. However, when the direc-
tion of the ion concentration gradient within the membrane is opposite to that expected
from the concentration difference between two solutions separated by the membrane,
the reverse transport will take place. In the case of charge density inhomogeneity, the
difference in cation concentration between the two membrane surfaces is not equal to
the difference in anion concentration. Here, facilitated or reverse ion transfer can take
place. This model, with the Henderson assumption concerning the distribution of
ionic components, has been applied to the aforementioned nonhomogeneous systems.
Ion transfer against concentration gradient as a phenomenon related to the multi-ionic
transport in a membrane has been discussed in other papers (e.g., [39, 40]). Ramirez
et al. [41] have solved numerically the Nernst—Planck equations without invoking the
Goldman assumption for the case of pH difference as the driving force for ions.

Chou and Tanioka [42, 43] have discussed the role of organic solvent presence
resulting in ion-pair formation in the membrane between counterions and fixed-charge
groups. The effective membrane charge densities and the cation-to-anion mobility
ratios in the membrane were determined by a nonlinear regression method. This issue
can be analyzed in terms of Donnan equilibrium taking into account effective charge
concentration that is lower than the analytical one, due to interactions with membrane
charged groups [44, 45].

The role of acid/base (amphoteric) properties of polymeric membranes composed
of a weak electrolyte as well as acid/base properties of transferring species has been
also considered, mainly in papers of Ramirez and Tanioka with coworkers [46-50].
Some papers proposed solutions without invoking simplifying approximation as
Goldman constant field assumption [46—48]. The aforementioned, so-called continu-
ous models capable of describing ionic transport in membranes with wide pores have
been found useful for nanopore membranes [51] (being of special importance for
biomembranes).
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The Teorell, Meyer, and Sievers model (including Donnan potentials and diffusion
potential in the membrane) was used to describe processes of nanofiltration [52],
including also the extended Nernst-Planck equation and Gouy—Chapman theory
[53]. Nanofiltration membranes have a cavity structure with pore sizes approximately
1-2nm, where separation results mainly from size exclusion and electrostatic
interactions. Hagmeyer and Gimbel [54] utilized the zeta potential measurements
to calculate surface charges of nanofiltration membranes; this charge was then
incorporated in a model based on the Teorell, Meyer, and Sievers theory, and the
salt rejection effect by the membrane was described. Various models have been
proposed to describe rejection mechanism for salts and charged organic species
in nanofiltration membranes. These models are based mainly on the extended
Nernst—Planck equation, and one of the most popular models is the Donnan steric pore
model [55-58]. According to this approach, the membrane is considered as a charged
porous layer, characterized by average pore radius, volumetric charge density, and
effective membrane thickness. It is also assumed that partitioning effects are described
taking into account steric hindrances and the Donnan equilibrium. The role of mem-
brane porosity has been also discussed in papers of Revil et al. (e.g., [59, 60]). The
proposed model was based on a volume-averaging approach applied to the Stokes
and Nernst—Planck equations and uses Donnan equilibria. It can explain the influence
of pore water behavior and water saturation on the diffusion coefficient of a salt in the
membrane. As described in [61], selectivity of ion transport in nanopore systems was
based on charge repulsion [62], size exclusion [63, 64], and polarity [65].

Nanopore membrane mimicking biological ion channels have been also adapted and
developed for sensing purposes in chemical analysis ([66, 67] and review article [68]).

The description of transport phenomena and membrane potentials becomes more
complicated in the case of bi-ionic systems, where an ion-exchange membrane
separates two electrolyte solutions having the same coion but different counterions.
In this case, diffusion processes result in appearance of multi-ionic system because
the counterions will be present in both solutions. Many papers concentrate on potential
measurements (e.g., [44]), and due to system complexity, analysis of transmembrane
ionic fluxes is not often presented [69, 70].

Other more complicated systems are bipolar membranes. They consist of a cation-
exchange layer in series with an anion-exchange layer. The models describing poten-
tial of such membranes are typically extension of the Teorell-Meyer—Sievers model of
monopolar membranes [71-73], with application of the Nernst-Planck equation
[74, 75].

1.3 POTENTIALS AND ION TRANSPORT IN ION-SELECTIVE
ELECTRODES MEMBRANES

One of the most powerful and successful applications of artificial membranes perme-
able for ionic species are sensors or biosensors [76] and particularly ion-selective
electrodes, where the membrane composition is responsible for sensor’s sensitivity
and selectivity. The recorded response is open-circuit potential, representing, under
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typical conditions, the membrane potential as a function of sample composition and
concentration. This system and particularly the relation between membrane potential,
ion concentrations, and fluxes, as in the case of other membranes, are described by the
Nernst—Planck equation for a number of ionic species participating in transfer pro-
cesses. A simplification/condition required for this class of sensors is the summary
flux of ionic species (electrical current) equal to zero.

1.3.1 Equilibrium Potential Models

Taking into account all ionic mobile species, one obtains a system of nonlinear
differential equations that cannot be solved analytically. Therefore, for practical
purposes related to ISE applications, significant simplification of the rigorous
Nernst—Planck protocol or even empirical or semiempirical equations are typically used.

These simplifications are based on the aforementioned model of Teorell, Meyer,
and Sievers. Assuming then linear ion concentration profiles in the membrane,
integration of the electrical field [5] results in the diffusion potential. Then, the
Nernst-Donnan equations describing the ion-exchange equilibrium at membrane/
solution interfaces are added to obtain the membrane potential. In more general
treatments, differential diffusion potential is integrated and the interfacial components
can be added.

For practical purposes, the description of membrane potentials is usually based
on a simple phase-boundary potential model. Within this approach, the membrane
potential is equal to the equilibrium potential prevailing on the membrane/solution
interface. Migration effects in the membrane were ignored, and thus, diffusion
potential was assumed zero (or constant) (Fig. 1.2). Eisenman has extended this

Boundary

Potential

NPP

Inner solution Membrane Sample solution

FIGURE 1.2 Comparison of (a) boundary potential profile and (b) approached steady-state
Nernst-Planck—Poisson potential profile [77].
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model also for nonzero diffusion potential (so-called total membrane potential
approach).

Basing on works of Nicolsky and Eisenman, the IUPAC has recommended
the semiempirical Nicolsky—Eisenman equation to describe the potential, E, of
ion-selective electrode [78, 79]:

RT &
E=const+ —Fln (Ci +Kijcjj1) (1.20)

Zi

derived from separate Nicolsky and Eisenman models. In this equation, Kj; is
the potentiometric selectivity coefficient for the interferent ion, j. This treatment
was based on assumption that the membrane potential response is determined by
the sample/membrane interface potential and electrochemical equilibrium prevails
at this interface. Moreover, migration effects in the membrane are ignored by assump-
tion that mobilities of all ionic species are equal, and thus, diffusion potential can
be neglected.

This relatively simple phase-boundary (equilibrium potential) model is useful and
sufficient under typical conditions, denoting ion concentration above 107°M,
membranes saturated with primary ions, and fast ion-exchange processes. Significant
advantages of this models have been summarized in a review of Bakker et al. [80],
showing a series of its recent applications as a basis for understanding of membrane
selectivity, applications of the so-called sandwich membrane method, theoretical
advances in optimizing the lower detection limit of ISEs, understanding polyion
sensors, potential drifts in the case of ISEs with solid contact (replacing the inner
solution), as well as development of galvanostatic ISEs. The problem of selectivity
in terms of phase-boundary model has been also discussed in other papers of Bakker
et al. [81, 82].

1.3.2 Local Equilibrium Potential Model

However, under some conditions, this simplified description is not sufficient,
especially when time-dependent or nonequilibrium phenomena appear. This can con-
cern (i) membranes with low diffusion coefficient values (e.g., polyacrylate-based
membranes), where uniform distribution of ions is not attained within reasonable
experiment’s time; (ii) diluted sample solutions, close to detection limits; (iii) very
fast measurement protocols; and (iv) presence of thin membrane, thin transducer
phases placed between the membrane and electrode support, or presence of thin aque-
ous layers between the membrane and support, characterized by significant alteration
of their composition in course of measurements. In such cases, the role of transmem-
brane ion fluxes, under zero current conditions, can be no longer ignored. Moreover,
some applications of ISEs directly explore ion flow, for example, determination of
polyions as heparin or protamine [83], when the analyte ions are spontaneously
accumulated in the membrane phase. Due to the influence of mass transport, the slope
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of potential versus logarithm of activity is higher than expected from the Nernst
relation (concerning equilibrium conditions).

The evolution of models related to responses of ion-selective electrodes has been
presented in [84]. Compared to the simple phase-boundary potential model, a more
advanced description was offered by a local equilibrium model (or diffusion layer
models (DLM)), where a local equilibrium at interfaces was assumed but concentra-
tions of ions in the membrane and the contacting phases are dependent on the distance
but are independent of time. Any source of ion fluxes is concentration gradient
described by Fick’s law, that is, migration is ignored. Steady-state ion fluxes resulting
from linear concentration gradients between the interface area and bulk are also
assumed. Some cases with any number of ionophores and differently charged ions
have been discussed [85].

Steady-state concentration profiles accompanying ion fluxes can be also used in
the area of nonequilibrium potentiometry, where reproducible accumulation and
depletion processes at ion-selective membranes may be used to gain analytical infor-
mation about the sample [86].

The diffusion model has been developed to take into account the role of time, in
contrast to the equilibrium potential model. The time was introduced to describe
attaining of equilibrium via diffusion-controlled ion transport. The role of time can
be, for example, reflected in changes of selectivity coefficients [87-90]. The selectiv-
ity coefficient (within the frame of this model) can change from the value typical for
short times, when ion transport limitations are of crucial importance and the selectivity
coefficient represents the ratio of diffusion coefficients of interferent and analyte ion.
On the other hand, for a long time, when equilibrium is attained, the selectivity coef-
ficient is the same as predicted by equilibrium potential model.

In 1999, Sokalski et al. [91] used this model to interpret lowering of the detection
limit, taking into consideration ion fluxes in a system consisting of a plastic membrane
bathed by two solutions. Assumptions of steady-state and linear concentration
changes were used. This issue is described in detail in chapter 2 of this book.

Morf et al. [92-94]) have taken into account two monovalent ions (preferred and
interfering one) assuming equal diffusion coefficients of these ions. A finite difference
method was used in modeling ion fluxes. This approach was also extended assuming
that diffusion coefficients can have different values and with other boundary conditions.

1.3.3 Model Based on the Nernst-Planck Equation

A more advanced description, compared to local equilibrium model, accommodates
influence of electrical field, using the Nernst—Planck equation, and these approaches
do not require equilibrium or steady state as well as electroneutrality condition.

A more rigorous description of phenomena occurring in charged membranes
of ISEs can be based on pioneering works proposing first attempts to find numerical
solutions of the Nernst—Planck equations, as papers published by Cohen and Cooley
[13], Hafemann [95], and MacGillivray [25, 26]. The first important contribution
relating numerical solving of the Nernst-Planck equation for the case of ion-selective
electrodes, considering space-charge effects using the Poisson equation, has been
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published by Brumleve and Buck [15], where finite difference simulation method
has been used. This method has been developed also by other authors, for example,
Manzanares et al. [32, 96], Rudolph [97], Samson and Marchand [98], and Moya
et al. (network simulation [99]).

Sokalski and Lewenstam [77, 100] have developed the method proposed by
Brumleve and Buck [15] and have proposed a more advanced description useful to
numerical solving the Nernst—Planck equations in the case of ion-selective electrodes.
In this approach, diffusion and migration of ions were described by the Nernst—Planck
equation, while electrical interactions of ionic species were expressed by the Poisson
equation (Eq. 1.19).

These equations and the continuity equation (law of mass conservation) relating
fluxes, f;, and concentrations, c;,

dci(x, 1) dfi(x, 1)
g ox (121)

formed a system of partial nonlinear differential equations that were solved
numerically.

In all calculations, Chang—Jaffe boundary conditions expressing ion transfer kinet-
ics were used:

fio(1) =/;i 'Ci,bL—/;i -cio(1)

i i (1.22)
fia(t)=—ki-cipr +ki-cia(?)

where fio, fid, Cio, Ciq are the fluxes and concentrations of the ith component at x = 0 and

x =d (d: membrane thickness), I;i and l;i are the forward and backward rate constants,
and c¢; .. and c; g are the concentrations in the bathing solutions at the left (L) and
right (R) side of the membrane, respectively.

In the calculations, implicit finite difference method was used, and the resulting
system of difference equations was solved using the Newton—Raphson method,
expressed in the following form:

J(x<i>)Ax<i+1> = —F(x(i)) (1.23)

where J = VF, the Jacobian of F.

The authors managed to avoid splitting the membrane potential into boundary and
diffusion potential; it could be shown that both membrane/solution interfaces and the
membrane bulk contribute to overall membrane potential. Therefore, analyses of
membrane potential distribution and changes covered the whole membrane. The
Planck and Henderson equations for liquid junction and the Nicolsky—Fisenman
equations for membranes of ISEs were shown as specific cases of the Nernst—
Planck—Poisson approach. The former equations give the same results as the general
model but for infinite time.
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This model can predict significant influence of ion transport (diffusion), distribu-
tion and rate parameters, ion charges, dielectric constants, and thickness of the
membrane. This model provides also the profile of electrical potential in space and
time, which according to DLM (a steady-state model) cannot be modeled. Thus,
analyses of transient membrane potentials and its spatial distribution were possible.

The Nernst—Planck—Poisson model offers new solutions related to practical
problems of work with ISEs. It can successfully describe concentration and potential
profiles in the processes of electrode equilibration, for example, change of the shape of
potential profiles in the membrane can be followed, showing approaching a linear
dependence of potential on the distance from membrane surface (Fig. 1.2). Moreover,
under steady-state conditions (or equilibrium), it can show nonlinearity for ion-
exchanger sites, R™, and migrational effects, which could not be predicted using
earlier models (phase-boundary model or DLM). It can be shown that contribution
of “diffusion” potential before equilibrium is significant and changes with time;
moreover, it is dependent on the magnitude and relation of diffusion coefficients
of primary, interfering ions and ion-exchanger sites (Fig. 1.3), and thus, predictions
of the present and earlier models can be quite different. These effects are also reflected
in the shape of potentiometric calibration plots. Linearity of such plots depends on the
distance from the steady state or equilibrium state of the system. However, under
steady-state conditions, the shape of the plots can be to some extent affected by
diffusion potential.

This model has been later used to analyze time-dependent phenomena in the poten-
tiometric response of ion-selective electrodes related to the role of transmembrane
fluxes for the detection limit [101, 102] and selectivity of ISEs [103]. Particularly,
it was possible to analyze concentration profiles with time for membranes conditioned
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FIGURE 1.3 Contribution (in %) to boundary potential (black and horizontal lines) and inner
membrane potential (grey and vertical lines) calculated according to the Nernst—Planck—
Poisson model, for [M*]=10"* and [M*]=107'"M, in the presence of interfering ion ([N*]
=10">M) and in the presence of R™ anions in the membrane [77], for diffusion coefficients:
(@) Dy=Dg=1-10", Dy=110"%cm®s™; (b) Dy=110" Dgr=Dy=1-10"cm*s™";

km=kn=10"", ky = 1072 ky = 107", for X~ anions kx = X =0, kn/kn;=0.1.
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in solutions of highly interfering ions. Moreover, selectivity changes with time could
be effectively described. Following changes of concentration and potential in time
enabled quantitative explanation of observed selectivity coefficients changes. This
model was also used to explain the role of transmembrane ion fluxes and electrical
potential drops for the detection limit, its changes, and stabilization in time.

Recently, Morf et al. have analyzed behavior of very thin membranes [104] (below
1 pm), which cannot be regarded as electroneutral phases (as bulk membranes), but
they are distinct space-charge systems. The authors applied the theory based on the
Nernst-Planck equation and Poisson relationship between space-charge density
and electrical field gradient to analyze steady-state potentials and concentration pro-
files. Solid-contacted thin membranes exhibited sub-Nernstian response, while those
contacting aqueous solutions on both sides showed a theoretical Nernstian slope.

Gyurcsanyi with coworkers [105] has applied the Nernst—Planck—Poisson equa-
tions to describe potentiometric responses of permselective gold nanopore membranes
[61], using the surface charge density of nanopores as a fitting parameter.

Introduction of the Nernst-Planck equation to solve problems related to ion-
selective electrodes has brought significant progress in the theoretical description
and understanding of response mechanisms of potentiometric sensors. However, there
are still problems that could be analyzed in the nearest future as, for example,
modeling in 2- or 3-dimensional space, taking into account details of the membrane
structure, changes of experimental parameters in dependence on location in the
membrane, the role of the membrane inhomogeneity, the role of cross terms, and
details of ion-exchange mechanisms.

1.4 SUMMARY

Ionic fluxes and membrane potentials are coupled by the Nernst—Planck equation.
This equation is widely used to describe transport phenomena in biological and
artificial membranes. In biological membranes, most often, the Goldman approxima-
tion is used, assuming constant electrical field in the membrane. Generally, for the
description of transport processes in the membranes, also, numerical procedures were
proposed, enabling transport description without invoking the Goldman assumption,
taking into account, for example, acid/base equilibria, ion-pair formation, and
inhomogeneity of charge distribution.

A significant area of membrane applications are potentiometric ion-selective
electrodes. Although the nature of transport processes of charged species is similar
as for biological membranes, usually, a different method of description prevails in
the literature, based on simplified empirical description of boundary potentials
(Nicolsky—Eisenman equation), resulting from ion-exchange equilibria on the
membrane/solution interface. Additionally, diffusion potential can be taken into
account, described usually by considering the Henderson approximation (linear
concentration gradient). More advanced descriptions are also proposed as DLM
and recently the most advanced approach based on the Nernst-Planck—Poisson
equations, without splitting the membrane potential into boundary and diffusion
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potentials. The last theory is particularly useful to describe the phenomena in the case

of,

for example, dilute solutions, for short time scale of membrane potential

measurements and for thin or highly resistive membranes.
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