CHAPTER 1

FINITE DIFFERENCE

The finite difference method was one of the first numerical methods used to selve
partial differential equations (PDEs). h replaces differential operators by finite dif-
ferences and the PDE becomes a (finite) system of equations. Its simplicity and ease
of computer implementation make it a popular choice for PDEs defined on regular
geometries. One drawback is that it becomes awkward when the geometry is not
regular or cannot be mapped to a regular geometry. Another disadvantage is that
its error analysis is not as sharp as that of the other methods covered in this book
{finite element and spectral methods). A recurring theme is that the analysis of, and
properties of, discrete operators mimic those of the differential operators. Examples
include integration by parts, maximum principle, energy method, Green’s function
and the Poincaré—Friedrichs inequality.

1.1 SECOND-ORDER APPROXIMATION FOR A
Consider the Poisson equation

—Au = fon, u = 0 on J%2. (1.1)
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Here,
a2 9%
a2 T o

is the Laplacian in two dimensions. Throughout this chapter, except the sections on
polar coordinates and curved boundaries, €2 is the unit square (0,1)% = {(x,¥), 0 <
x,y <1}

The Poisson equation is a fundamental equation which arises in elasticity, elec-
tromagnetism, fluid mechanics and many other branches of science and engineering.
Because an explicit expression of the solution is available only in a few exceptional
cases, we often rely on numerical methods to approximate the solution. The goal
of the subject of numerical analysis of PDEs is to design a numerical method which
approximates the solution accurately and efficiently. Roughly speaking, a method is
accurate if the computed solution differs from the exact solution by an amount which
goes to zero as h, a discretization parameter, goes to zero. A method is efficient if the
amount of computation and storage requirement of the method do not grow quickly
as a function of the size of the input data, f, in the case of the Poisson equation. The
remaining pages of this book will be preoccupied with these issues and will culminate
in algorithms (multigrid and domain decomposition) which are optimal in the sense
that the amount of work to approximate the solution is no more than a linear function
of the size of the input.

We take a uniform grid of size h = 1/n, where n is a positive integer. Let

A=

Qh = {-'533 = ('&h,jh), 1< %s.? =n-— 1}
denote the set of interior grid points and
MKy, = {(Osjh)$ (Ljh)$ (jh,O), (Jhs 1)$ 1<jsn— 1}

denote the boundary grid points. [Observe that the comer points (0,0), (1,0}, (0, 1),
{1, 1) are not in 3Qy,.} Define Oy, = 4 U, which consists of (n+ 1)2 — 4 points.

The finite difference method seeks the solution of the PDE at the grid points in
§). Specifically, the (n — 1)? unknowns are u;; = u(ih,jh), 1 < i,j < n— 1
We obtain (n — 1)? equations by approximating the differential equation by a finite
difference approximation at each interior grid point. That is,

Qg — 1,5 = Ui-1,j — Uigal — U451
A2 = fij = flzy)-

(These equations will be derived later when we discuss the consistency of the scheme.)
The boundary values are wp; = #nj; = tip = Bin = 0, 1 < 4, < n —1; they are
known from the boundary condition. The system of linear equations is denoted by
the discrete Poisson equation

—Apun = fr-
Here, up, is the vector of unknowns arranged in an order so that A, is block tridiagonal:

_ T
Up = [uu,.‘. s Up—11,Ut2, 000 U112y, .. sun—l,n—ll s
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fa=1fi1,-- s famtn-1]" and
T =TI 4 -1
-1 T I -1 4 -1
An=— | . T= T
-I T I -1 4 -1
e I -1 4

Both T and I above are (n — 1) X (n — 1) matrices with I the identity matrix. An
alternative representation of Ay is given by the molecule

1
1 -4 1
1

1
h?
Before proceeding further, we define some norms which measure the size of vectors

and matrices. First consider the infinity norm on RY. For any x € R, define

|T]oe = Ry EAR

For any N x N matrix A, we claim that

N
Al '= sup AZlos _ max Z}a,-j{.

ZERN\D |2] o T 1<icN

In other words, | A|, equals the maximum row sum of the matrix. To see this, for
any x € RV \ 0,

N
Zj:]aljxj
. N
- max E @iy
N -
rm Yierangzy || RN d
= = < max E lexsz1-
|0 |fec |0 LN

j=1

Hence |A|oe € maxi<i<n Z?__zl laij{. To show equality, suppose A # 0 and the
maximum row sum occurs on row i. Define x; = sign(a;). Then |7| = 1 and
jAL|oo = Z;\;l lai;|. As an application, we note that |Ap |, = 8h72.

Another useful norm is the Euclidean (or 2-) norm defined by |z|3 = 7z and for
matrix A,

One useful property is | A|z = o1, where o} is the largest eigenvalue of AT A. If A is
symmetric, then [A|s = |A;| while |47 2| = |AR'], where A; and Ay are eigenvalues
of A of largest and smallest magnitude, respectively.
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Two norms || - ||1 and || - |2 in @ nommed vector space X are said to be equivalent if
there are positive constants ¢; such that forevery v in X, ejflv||1 < |lv]l2 € eallv|fs-
It is well known that any two norms on a finite-dimensional space are equivalent.
This means that we can use | - |3 or | - |, Whichever is more convenient. Although ¢;
and ¢; are independent of v € X, they do depend on N, the dimension of the space.

Finally, we define C" (Ql, for0 < r € o0, as the space of + times continuously
differentiable functions on £2 with norm

|| sy = max sup |[D™v{x)l.
Il (™ USIGIS'"zegl (=)

Here D*v denotes any derivative of v up to rth order, where o is a multi-index. For
instance, if o = (2, 1), then D®v denotes the 3rd derivative v,,,. We abbreviate
CQ) as C(Q). If v € CT(), then D*v € C(§) for every a such that Jof =
) + az < r. Define

|l @ = max sup | D*v(z)|. (1.2)
|a|=rI€n

This is not a norm but it comes up frequently in the analysis of finite difference
schemes. In the one-dimensional case,

I#lerqo.ap = Jnax ([o(z)), [ @) @D Nvlege, = Jnax, " ().
In this book, all functions are real unless otherwise specified. Also, c appears in many
places and denotes a positive constant whose value may differ in different occumrences.
The same remark applies to ¢4, ¢3, C, Cq, Ca, elc.

Next, we shall demonstrate several properties of —Ay,. These are crucial in esti-
mating the error of the approximate solution.

Positive Definiteness

Let (-, -) be the L? inner product defined by

(u,v)=/ﬂuv

for al square-integrable functions u and v defined on £2. It is well known that —A is
a self-adjoint and positive definite operator. This means that for all smooth functions
u, v, w vanishing on 9§ with w £ 0,

(—Au, v} = (u, —Av) and (—Aw,w) > 0.

(A rigorous justification of self-adjointness is non-trivial since it requires checking
the domain of the operator.)

We now show that the discrete operator has analogous properties. By inspection,
— Ay, is symmetric. We now show that it is positive definite. This is shown in two
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different ways. The first way uses summation by parts which is a discrete integration
by parts. Let v be any smooth function which vanishes at £ = 0 and =z = 1. Then
one form of integration by parts is

1 1 t 1
—] vizp" (x)dr = —v(z) () +/ (v'(z))dz =/ (v'(z))?dz.
0 o Jo 0

Now let v, be any non-zero vector defined on €, with coordinates v;;. Extend its
definition to be zero on 3¢},. Then

n—1
2T
—h vy Apuy = Z ’%‘»’a:j(‘lvéj — U1, — Vi1, — Yij+1 — 'vi,j—l)
i,=1
n—1
= > (v — vigrg) + v (Vs — vie1)
ij=1
+ v (Vi — v 1) +vig(vig — vii-1)
n—trn—1 n—2n—1
= DD wisloy — vy £ DD verr 5 (Rin s — vig)
i=1 j=1 =0 j=I
n—1n-—1 n—1n—2
+D0Y vyl —vigra) + ) D vl — vg)
=1 j=1 =1 j=0
n—-1n—1 n—1n—1
_ 2 2
= DY (v v+ DY (v — v
=0 j=1 i=1 =0

Define the discrete forward difference operators

Vitl,j — Vi o Vi5+1 — Vij
T — . I
ah‘vgj —_ "'_h““—, 6!1,’”‘.? - "“_h i
and
i T

5;'{}}1 = [‘sgvﬂlr me :6ﬁ1"n—1,1:6ﬁ1)0‘2a v !5ﬁﬂn—l,2! ey 6;:”0,1;—1, L :6}I;Un—l.n—1] P

Y — [A¥ T
thh = [5;},”10! R 16£U‘n—1,03 5%”11: e ségvﬂ—«l,ls e végvl,n—ls re aégvn—l,n—l] -

The above calculation can be compactly summarized by
—vf Apvn = [65vn|3 + [6Yuni3 (1.3)

for any vector vp. This is summation by parts, which is clearly a discrete version
of integration by parts. I v, is not the zero vector then —v Apvy, > 0 and so —A,
is positive definite.

A second method to show positive definiteness is by discrete Fourier analysis.
An explicit spectral decomposition for Ay is available:

—ARg" = 250", 1<ij<n-1, (1.4)
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where
Aij = % [Sin2 (%’i) +sin’” (g;_h)] ) ¢\ = 2hsinirz sin jmry,

with (z,y) € Q4. Note that the eigenvectors {g(*/’} are orthonormal. Since all the
eigenvalues are positive, — Ay, is positive definite.

The proof of the eigenvalue relation (1.4} is by a straightforward calculation. The
(r, 8) component of the vector —h/2A,¢"7) is

2sin¢rwh sin jsmh — sin(r + 1)ixh sin jsmh — sin{r — 1)inh sin jawh
+ finite difference of second y derivative
= 2sindrxh sin jswh — 2sindrxh cosirh sinjsrh + .-

= 2sindrah sinjewh (1 — cosimh) +---

= 4sinirzh sinjswh [sin2 (%) + sin? (?):‘

h ,
= g)\équ’)‘

Since — A, is symmetric positive definite, | Ap|2 is equal to its largest eigenvalue
while JA7 |2 is equal to the inverse of its smallest eigenvalue. Hence we obtain
|Aklz = 8k~ Zsin®((rn — 1)xh/2) < 8472 and

2
_p
8sin“(wh/2) ~ 8
if A < 1. This is because the middle expression in (1.5) is an increasing function
of h for 0 < h < 1. The condition number of —~A,, which is defined as the
ratio of the largest eigenvalue to the smallest eigenvalue of —Aj, is bounded above

by a constant multiple of £~2. The condition number is a fundamental quantity in
numerical analysis and we shall encounter it many times in this book.

A2 = (1.5)

Consistency

Let r be a positive integer. The discretization — Ay, is said to be consistent of order
rif

|Athv - RhAUlDO <e "U"Er+2(ﬁ}hr
holds for alt v € C"+2(1) vanishing on O and ¢ is a constant independent of A

and v. The restriction Ry, is an operator from C(82) to the (n ~ 1)2-vector whose
components are v(x;;}, where z;; € Qp:

(Ruo)}(P) =v(P), P Q.

In other words, R restricts a continuous function o the grid points. Consistency
is, roughly speaking, a measure of how good the discrete operator approximates the
continuous operator at the grid points.
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Theorem 1.1 Second-order conqistency of Ay, Forany v € C4($0) vanishing on 8Q, |AnRyv —

Proof:

RhAv100 S c "U"(-ra(g)

Let vy; = w(ih, jh). By Taylor’s Theorem,

v(zi) 6‘21,!(:17,,) R? L Bv(ziy) h® | Pola) &u(zF) bt

ild = Vg
Wix1.4 = Vi e 312 2 ox2 6 = o 24

for some riij € 1. Adding the above two equations and rearanging, we obtain

=20+ i _ a2 U(IU)

e = 502 By, |IE111C4(Q) < C"U”C"(ﬂ] 2

Adding a similar equation for the second y derivative, we have
* * 2
AnBrv = RaAv+ B, 1Bl < Cllollgh?.

This is the desired result. O

The domain of Ay, is R, where N = (n — 1)?. It can also be thought of as the
set of real-valued functions defined on £};. For a vector vy, we sometimes use the
notation v, () to denote the component of v, corresponding to the point P € ;. Yet
another equivalent description of the domain of Ay, is the set of real-valued functions
defined on 1}, vanishing on 8. Sometimes it is convenient if the domain can be
expanded to include vectors/functions which need not vanish at the boundary. For
such a vector v, define

—_ dyi; — V; —v — % .
_(Ahvh)w’j: i] i+l,7 = Yi—1,7 i,4+1 E3 B 1 153,351’1—1-

h2
(1.6)

That is, the domain of Ay, is R+D*~4 o1 equivalently, the set of functions defined
on €1y, and the range is the set of N-vectors comresponding to values of the discrete
Laplacian applied to vy, at Q5. For instance,

4vy1 — 121 — VgL — V12 — P10

—(Apvp)nn = %] :

and so the boundary values vg), v1q also contribute.
A more general definition of consistency does not require the function v to vanish
on the boundary, The condition for second-order consistency in this case is

|AthU - RhA'UIOO <e ”U"C‘t(g]

where Ry, testricts v onto $p,. In case v vanishes on 8}y, then Ap Ryt = Ay Rpv.
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Proof:

Theorem 1.3
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Stability

The discretization — Ay, is said to be stable with respect to |- oo if |A7 | oo is bounded
independently of h. Thus stability implies that for the scheme —Ajup = fp :=
Ry, £y, the ratio |up | over | faloo is bounded independently of h and is certainly a
very desirable property. It also means that a small change in the data leads to a small
change in the solution for all small h. Suppose the data f}, is perturbed by 6. The
new solution is v, = —Ay(fy +8). Then up — vp, = Ay 'S and consequently
lup — Ualoe < ]A;l|w|6|m. Thus a stable scheme means that the change in the
solution is bounded by a constant multiple of the size of the perturbation 4. We shall
discuss a technique catled the discrete maximum principle which can be used to show
stability of a scheme.

Discrete Maximum Principle

The (weak) maximum principle states that if u € C2(§})} N C{2) and Au > Don £,
then the maximum value of u is achieved on the boundary. Similarly, if Au < 0, then
the minimum value of u is achieved on the boundary. For the Poisscn equation (1.1),
this says that if « is smooth and f < O on £2, then ¢ < on §2. This information is
obtained without first solving the PDE. We shall show below that a similar statement
holds for the discrete problem,

If wy, is a vector, by wy, > 0, we mean that each component of wy, is non-negative.
Now we are ready for:

Discrete Maximum Principle, If Az > 0 on €, then the maximum value of vy,
is attained on 92y,

Suppose Apvy > 0. We emphasize that v, does not vanish on 8¢, in general. If
the maximum value of vy, occurs at a boundary point, then there is nothing to prove.
Otherwise, suppose the maximum value of v, occurs at z;; € §2;,. Now

—dvy + vy Vo1t Vigel F Vgt
h2

>0

implies that

Vipsj ¥ Vi-1j T Vg1 F g1 Vi + V5 V5 H 0y

i S 1 = 1

since v;; is maximum, It can now be inferred that vy; = vip1,5 = i1 = Vi 41
= ;1. Repeatedly applying this argument, we conclude that v, is constant on
and, in particular, also achieves the maximum on 842 O

The theorem below states that our scheme —Apuy, = fp isindeed stable. Actually,
this has already been proven for the 2-norm; see (1.5). Below, 1 stands for the vector
of all ones,

Stability of Ap. [A; e < 1/8.
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Proof: Given any fj, defined on €25, detine uy, = —Aglfh. The goal is to show that

1A; Faloo _ [unleo 1
| faloo [foleo — 8

Define w(z,y) = [(z — 1) + (y — 1)?]/4 and define the vector wy, on 2, by

w; = wlih, jh) = [(m - %)2 + (jh - %)Z] /4. (1.7)

We now show that Apwy, = 1. It is easy to see that Aw = 1, w, = Rpw and
1 — Apwn, = RaAw — ApRpw = 0 since the consistency error involves fourth
derivatives of w which all vanish. Hence A wy, = 1. Of course, one can also verify
this equality by a direct calculation, (The terms 1/2 in w give the smallest estimate
of |A; o)

Note that wy, is non-negative everywhere and its maximum occurs along 882, with
[wh|oo = 1/8. Now

Ap(|frlocton +un) = [frlecl — fr = 0.

By the discrete maximum principle, |fn]ootwa + w5, achieves its maximum on 9Q,.
For (ih, jk) € Qy, recalling that u;, vanishes on 8¢,
ful
U5 < | frloowis + i < | faloo [Whloo = lToo

Similarly,

Ap(|frlocwn — un) = | faloel + fa = 0,

which implies that

A
—ti5 < | frlooWij — tij € |frloc|Whloo = lfsloo-
These inequalities together mean (w40 < | fr)oo /B and hence the result. O

Convergence
The scheme ~Apup = fr := Ry f is said to be convergent of order r if
| Rrts — tploo < "u”;;rﬂ(ﬁ)hr

holds for some constant ¢ independent of h and 1. Here « is the exact solution of the
Poisson equation and is assumed to lie in C712(0).

The following is one of the main results of this chapter—our scheme for the Poisson
equation is convergent of order 2.
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Proof:
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Second-order convergence of Ay, Suppose the solution u of (1.1) is in C*(Q). Then
|en — Rauloe < "U’”Eyl(ﬁ)h2'

Let e), = up, — Rpu. Then

Apen, = Apup — ApBpu
= —fr— ApRpu

= —Rpf—-ApRpu
= RpAu— AxRpu,

and thus e, = A;l {RpAu — Ap Rpu). Since the scheme is stable and consistent,
c *
lealco < g”ullcd(ﬁ)hg'
O

Let u,v € C(f2) and up = Rpu, vn = Rpv. Define the discrete L? inner
product

n-1
(Uh,‘vh)h = hz Z Uity (18)
id=1
and the discrete L2 norm of v, by
[omln = (vh, vn}g " = B lonla. (1.9)

As the name implies, this discrete norm approximates the L?norm of v. An analogous
convergence result in the discrete L2 norm is

|eh|h < C||u||:j4(ﬁ)h2- (L.1O)

In the proof of Theorem 1.4, it can be seen that consistency and stability imply con-
vergence. This is a general principle which occurs frequently in numerical analysis.
It is of great practical importance since consistency is usually relatively easy to check
by a Taylor’s expansion while stability often follows from the analogous property
of the differential operator. These two properties are enough to yield convergence,
which is ultimately what we want to show and is non-trivial to show directly, An
abstract version of this principle will be given at the end of the next chapter, See
Exercise E1 for a converse of this theorem.

Note that a stable method need not be convergent. For instance, if the discrete
Poisson equation is solved using the identity operator (i.e., define uy, = I fr, = fa),
then this method is stable but not convergent.

Discrete Energy Method

Thus far, we have discussed two methods to show stability: the discrete maximum
principle and discrete Fourier analysis. In the latter case, stability is with respect to
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[+ |2; see (1.5). The discrete energy method is a third alternative. We first illustrate
the energy method for the continuous problem —Awu = f for a smooth function «
which vanishes on 9€2. Multiply the PDE by u and then integrate by parts to obtain

elulf? < ]Q (Vuld = [Q fu < £ Hull, R

where

lull? = [ o2
2

is the square of the L2 norm of the function «. The firstinequality of (1.11) is known as
the Poincaré-Friedrichs inequality and will appear again in the next and subsequent
chapters, The second inequality in (1.11) is the Cauchy-Schwarz inequality. From
(1.11}, we immediately obtain

ANl
flasl} < et

Using the summation by parts formula (1.3} and the discrete Poincaré-Friedrichs
inequality

2|vpl3 < |6Fvnl3 + |8Fval3,
which will be shown later, we have
2|onl3 < [85vnl3 + (65vnl3 = —vh Apve,

meaning that the smallest eigenvalue of —A, is at least 2. This follows from the

variational characterization of A,,, the smallest eigenvalue of a symmetric matrix
A:

Am = Min calli
=

(An analogous characterization holds for the maximum eigenvalue where min is
replaced by max.) Hence the stability result JA; |2 < 1/2 is obtained.

To show the discrete Poincaré—Friedrichs inequality, notice that for 1 < 4,j <
n—1,

i—=1

lvi;| = loij — voi] < Z ka1, — Ukl
k=0
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Recall that vy; = vy,; = 0 forall j. Hence

n—1 2
Ugj = (Zlvﬁc+l,j—vk,jjl)

k=0
n—1 2
= K (Z Ry f)
k=0
n-1 n—1
< AP (BFwg)? Y 17
k=0 k=0
n—1
= R (FFue).
k=0
Thus
n—ln-—1 n=-1n—1
DD ovh <Y Y (Bhu)

or [up3 < |6Fun|3. Adding this to a similar inequality for 5% vy, results in the desired

inequality.

Discrete Green’s Function

The final technique to show stability is now introduced. Recall that the solution of
—~Au = f on §, u=00nd0

can be written as

P = [ 6POI@ie.  Ped (1.12)
where G is the Green’s function, which is the solution of
—-AG(P,Q) = (P-Q), QeQ,
G(P,Q) = 0, Q € Q.

In the above, P € §2is fixed, A is with respect to @ and § is the delta distribution
defined by |, 6(P — Q)g(Q) dQ = g(P) for any continuous g. If P € 9, define
G(P,Q) =0forall @ € €L

We now discuss a discrete analog of the Green’s function, For a fixed P € €1,
define G, (P, -) as the solution of

—ARGH(P,)) = h™%5p, (1.13)

where dp is the vector with each entry equal to zero except for the one corresponding
to P, which takes on the value one. When P € 80, define G (P, @) = 0 for all
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Proof:
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@ € Qp. By the discrete maximum principle, G, {P,-) > 0. Another property is
Gr(P,Q) = Gu(Q, P) for P,Q € . It is not difficult to see that the solution of
—Apup = fris

up(P) = up - 8p = up - (~R2ARGL(P,)) = K% fr - Ga(P,) = (Gr(P,-), fa)s-
' (1.14)

[See (1.8) for the definition of the discrete inner product {-,-},.] Clearly, (1.14)is a
discrete form of (1.12).
Let 1 be the vector of all ones. The following fact is useful.

For any P € Q,

0 < Gy(P,), (Ga(P, )1}, < (1.15)

e

For P € , the inequality 0 < Gy (P, ) follows from the discrete maximum prin-
ciple. Define

va(P) = (Gh(P, "), 1), =h? > Gu(P.Q).
Qelh,

Observe that
Apv, = —1. (1.16)

By the discrete maximum principle, vy, > 0. Recall that wy, defined in (1.7) satisfies
Apwy, = 1. Thus Apon + wy)} = 0. By the discrete maximum principle, the
maximum of vy + wp, occurs at 982y, Since vy, vanishes at 382 and the maximum
of wy, is 1/8,

0 € vp{P} <€ (vn +wp)(P) £

e

O

Stability now follows easily. For P € £y, use (1.14) and the above proposition to
get

()| < (G(P,), Dy koo < 21,

recovering our earlier resuit,

‘We have discussed four techniques to show stability with respect to the norms |+ |
and | - {2 for the discrete Laplacian: discrete Fourier analysis, maximum principle,
energy method and Green’s function. For a more general (possibly nonlinear) differ-
ential operator with variable coefficients, typically only a small subset of these tools
is applicable.
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P4 0B 2
59—+
6 | 7 | 8

Figure 1.1  After a rotation by angle /4 about the origin, cell ¢ goestoi+ 1forl <4< 7
while cell 8 goes to cell 1. Of course, cell O retains its original position.

Rotationally Invariant Scheme

The Laptacian operator is rotationally invariant, meaning that /A and any rotation op-
erator commute. Fix any angle ¢ and define the rotation operator R4 by Ryv(r,8) =
v{r, & + ¢). Here v is a function defined in polar coordinates. Hence the statement
that Laplacian is rotationally invariant means that

R@A‘U = AR.{U

holds for all ¢ and all twice differentiable functions ». In some applications, image
processing to name one example, it is highly desirable to preserve this property as
much as possible. For a uniform discretization in both directions, this means that a
discrete Laplacian A,(,:) should satisfy the criterion for a rotation angle ¢ equal to
any integer multiple of = /4. In this section, we adopt the convention that v,; is the
approximation of the function u at the centre of the square cell with four corers
(( £ 0.5}, (7 £ 0.5)R). See Figure 1.1. Consider the infinite vectors wuj and vy,
defined by

wo L >0 oo 1 0>
¥ 71 0, otherwise; 771 0, otherwise.

Here i, 7 range over the integers so that we need not be concerned about boundaries.

Note that ), is v, rotated by an angle of 7 /4. It is simple to check that (Apug)oo =

h~% while (Apvp oo = 2h~2 Thus Ay, does not respect grid rotational invariance.
Observe that Ay, defined by the molecule

1 1 1

An=i | 4
2h% 1y 1
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is also second-order consistent. Consider a new discrete Laplacian defined by
A =an, +(1-a)A,,  O0<a<l.

Define e so that (Ag)uh)ug = (Af:)vh)oo for the same vectors uy,, vy, defined above.
A simple calculation shows that o« = 1/3. Consequently,

1 1 1
Al g 1| (L.17)
PUBR |y oy

It is now apparent that A,(;:) is grid-rotationally invariant.
We remark that a similar calculation leads to a second-order finite difference
scheme for the first derivative which is grid-rotationally invariant. For instance,

du o litls — Uil
+1 -3 i1, 541 — Ui—1,541 + Uiy1,5—1 — Wi=1,5~1
2 2h 2h
with 3 = /2 - 1.

The slight drawback with these schemes is the small additional complexity in both
implementation and running time. One bonus feature enjoyed by these schemes is
that they are less sensitive to noise. The reason is that the finite differences employ
more grid points (nine versus five for the discrete Laplacian ) and this has the effect
of smoothing the data.

1.2 FOURTH-ORDER APPROXIMATION FOR A

In this section, we consider two fourth-order consistent schemes for the Poisson
equation on the unit square. Provided that the solution is smooth, these schemes
converge faster than second-order schemes and thus are more efficient. An obvious
approach is to find a fourth-order consistent scheme for A. Unfortunately, this leads to
problems at the boundary. To see this, simply consider the one-dimensional case, The
stencil for a fourth-order consistent scheme for " spreads over five points. Applying
the scheme centered at xy requires the knowledge of u_. which is unknown, One
simple fix is to use a second-order three-point scheme at x; and z,_;. This new
scheme appears to have an overall error of O{A2) due to the larger consistency errors
at x) and at &,,_;. The surprise is that because there are so few points (namely, only
two in the 1D case) with the larger consistency error, the global error is still O(h4).
This can be shown using the discrete Green's function.

Define Qﬂ as the subset of £}, consisting of those points P & 3y, so that all four
nearest neighbours of P lie in 2. Thus points in £, \ 2 are adjacent to 98Yy,.
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Proposition 1.6 Let P € §3, and G, be the discrete Green’s function defined in (1.13). Then

> GaPQ) <L {1.18)
QemAny
Proof: Define
_ 1, Pelly;
wn(P) = { 0, Pea.
It can be checked that
= 0, Pe Q?ﬁ
(_Ahvh)(P) { > h'2, Pec Qh\ﬂ?,‘

Hence for P € 4,

1 = wvp(P)
= (—AaGr(P, ), vn)y
= {GalP,-), —Aptn)y,
= 12 ) GuP.QN-Arn)(Q)

QEQAND

S GuPQ).

Qenn\ng

IV

Denote the fourth-order discrete Laplacian for points in Q) by the molecule

-1
16

-1 16 -60 16 -1},
16
-1

1
Aht = 1573

and denote by Ay, the discrete Laplacian which is fourth-order consistent in 9 and
second-order consistent in {2y, \ Q9:

" 0.
(Ann)(@Q) = { o Geam an (1.19)

For P € {1, define another discrete Green's function G'p,, by

PN a
~AnGn(P,) = 75
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This discrete Green’s function enjoys the same properties as Gp [see (1.15) and
(1.18)):

0<Gu(P,),  (Ga(P,),1), < (1.20)

2| =

and

> GuPQ) <L (.21

Qe

The scheme Ahuh = R, f i3 fourth-order convergent because in Qﬂ, the consistency
error is O(h?) while in Q2 \ Q2 the error can be controlled by (1.21).

More precisely, define e, = 1 — Ryu, where Apun = Ry f. Using (1.19), (1.20)
and {1.21),forany P € Qj,

len(P)| = [Gn(P,),Anen)y]
< K mest |(Anacn) () Q% Gu(P.Q)
+h QB [(Arer)(Q)] Qenz,,\n" Gu(P,Q)
< g maxlBne)(@)+A° | mex [(hen)(Q)

1 * 4 2 * 2
< g €1 "“"Cﬂ(ﬁ}h + h%er "u”(;w(ﬁ) h=.
In the above, we used the fact that

|Apsen(PY = [(Apaun)(P) — {ApaRpu){P)|
{(=Bnf — ApaRpu)(P)|
[(BnAu — ApgaRpu)(P)|

€1 Hullz‘;ﬁ(ﬁ) !

il

1A

for P € QY and similarly,
|Anen(P)| = K Anun)(P) — (AnRat)(P)] < ez [0l age B

for P € Qp \ Qg. These are the consistency errors on §25. This completes the
demonstration that, despite having an O(h?) consistency error near the boundary, the
global error is still O(h*). Unfortunately, Ay, is non-symmetric.

Theorem 1.7 Fourth-order convergence of A,,. Suppose the solution « of (1.1) is in C®(£2) and

Ahuh = Rhf Then IR!'I-U' - u-'l|oo = C(“ull*cq(ﬁ) + Hu"Ert..(ﬁ)) hd‘
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A different approach to obtain a fourth-order scheme which is symmetric is to
change both the scheme and the restriction operator. Define

T R O

Ap=— 14 20 4
2

6R% 1 1 4 1

Note that for this scheme, the discrete boundary 8€), includes the four corners of
the square, namely, the points (0,0), (1,0}, (1,1),(0,1). Assume v € C%(f}) and
vanishes on 3Q. By Taylor’s expansion,

x h? g hYJL (8% BPv v &y
ApByv = Rplv + SRR A + o5 [ (@ + 3?;“) Fz10y° + axzayf;] ’

72
(1.22)

5

where the derivatives in the h* term are evaluated at some point in §2. Hence A, is
still an approximation of A with error O{h2). To obtain a fourth-order consistent
scheme, we use a slightly different right-hand side. Define a new restriction operator

by the molecule
1
1
1 ] +§ |: 1 —14 1 jl .

Note that th =Rpv+ %Athv and so by (1.6),

= 1

Rh:ﬁ 1

— O
—t
i

- h2__ _
RpyAv = RpAv+ EA},,R;,A‘U
h2
= RpAv+ ER,,A% + E,

where [Eloo < c|v|7, (ﬁ}h’4 since Ay, is consistent of order 2. We need to use the
more general definition (1.6) above since Av may not vanish along d€2;. Hence

{1.22) now becomes

- . Rt [1 (8% &5 iy v
Anftpe = Bpbw =B+ 75 [5 (a * @) datay? + axzay4] '

This means that the discretization .hAh is a fourth-order consistent one. The scheme
~Apun = fo = Raf (1.23)
can be shown (Exercise ES) to be fourth-order convergent:

Theorem 1.8 Fourth-order convergence of Aj,. Suppose the solution % of (1.1) is in C®(£2) and
up, satisfies (1.23). Then

4
[un — Rpttloo < c]}u||55(ﬁ)h .
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Error

n

Figure 1.2 Errors in the infinity norm of schemes Ay, (“o™) and A (“+™) as a function of
n=h"". Here, f(z,y) = 5n° sin 72 sin 27y.

Richardson extrapolation is yet another approach to obtain a fourth-order scheme;
see Exercise E7. Although slightly more complicated to implement, these fourth-
order schemes are more efficient than the second-order scheme, requiring fewer grid
points to obtain comparable accuracy. See Figure 1.2,

1.3 NEUMANN BOUNDARY CONDITION

In this section, replace the Dirichlet boundary condition & = @ on €2 by the Neumann
boundary condition:

v-Vuz-a;u = 0 on 24,
e

Here i is the unit cutward normal along 8€). Recall that the Neumann problem for
—Awu = f has a solution iff fn F = 0 and ali solutions differ by additive constants.
As we shall see, the discrete cases have a similar property. Throughout this section
fn = R f. Recall that 1 is the vector whose entries are all ones.

There are three common approaches to tackle the Neumann boundary conditions.
In the first two, the normal derivative is approximated by finite differences at 4(n — 1)
boundary points (excluding the comer points).
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First-Order Difference

In the first approach, the Neumann boundary conditions are approximated by a first-
order finite difference scheme. For instance, for 1 < j <n -1,

__bu . _Ou iy,
0= - (z0) = 5= (20;) = ZL50L 4 Ofh). (1.24)

The discrete Poisson equation at 7,5 reads

duyy —ugy — Uo; — Ung41 — Vg1 _

hz flj

Taking uo; = 15, the above equation becomes

Sty — Ugj — ULj+1 — Y11 _ Iy
h? 7

whenl < j <n—1and

Zuyy —ug — U2 _ i
h-z - 11

when j = 1. This approximation is repeated for the other three sides. The discrete
Laplacian operator becomes

Tr—-r -r
. —I T -I
(1) _ . . .
_Ah _EE ‘. . ‘. ’
-I T I
-1 T-1I
where
3 -1
-1 4 -1
T: '..
-1 4 -1
-1 3

Note that it is a symmetric, singular (n — 1)2 x (n — 1)? matrix.

—AMyy, = fy is solvable iff 1 - f, = 0. Any two solutions differ by a constant
cl, ceR.

By observation, ——AS)I = 0. In fact, we show later that the dimension of the
kemnel of ——Ag) is one and hence any two solutions of the discrete Poisson equation

—Agl)uh, = f;, must differ by a constant times 1. By the Fredholm Alternative (see
the appendix of Chapter 2), the discrete Poisson equation has a solution iff 1- f, = 0.
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To show that —&,&1) has a one-dimensional null space, take up(z11} = 0. Let Ly,
be A_El” except that the row and column with the index corresponding to xy; are taken
outso that Ly, is a [(n — 1)? — 1] x [(n — 1)? — 1] matrix. It can be checked that Ly,
is itreducibly diagonally dominant (see the appendix at the end of this chapter) and
so it is non-singular. Hence AL” has a cne-dimensional null space. a

Consistency is defined separately for points in €, and those in 98, This is
because the discretizations of the PDE and the boundary conditions are independent.
Forv e C4(Q?) and x € Qp,

(RuAv — AV Ryv)(z) = O(R?).

For z € 0%y, the consistency error is O(h) from (1.24). Hence the overall scheme
is consistent of order 1. It is first-order convergent.

The fact that A}ll] is singular causes computational difficulties. Since the solution
is defined only up to a constant, one simple solution is to prescribe a value, say, zero,
to the discrete solution at some point. For the one-dimensional case, w) can be taken
to be 0 and the resultant system can be written as

2 -1 ug f2
1 -1 2 -1 Uus f3
ﬁ e T e E = E . (1_25)
-1 2 -1 Up—2 fa2
-1 1 Un—1 } A

The new system is non-singular and thus standards methods can be used to solve it.
By the discrete energy method, the new scheme is stable and first-order convergent.
See Exercise E17.

Instead of setting one of the values of the unknown to be zero, another common
approach is to demand that the solution have a zero average: I-uy, = (. The extended

system becomes
~AP 1] [un] _ [fa
17 o] af [0]°

Since the null space of Ail) consists of constant multiples of 1, it is easy to show that
the new matrix is non-singular. Assuming that the compatibility condition 1 - f, = 0
is satisfied, o, the last component of the solution vector, must be zero. This scheme
is symmetric and is also first-order convergent.

Second-Order Difference

In the second approach, the Neumann boundary conditions are approximated by a
second-order finite difference. This requires the introduction of fictitious points
which lie outside of 2. Forinstance, for1 < j <n -1,

_Ou o _wy—uoy 2
0= == (z0;) = =L + O(h?).
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Here, x_) ; is afictitious point and we may take u_1 ; = uy;. Incontrast to previous
cases, apply the discrete Poisson equation at the boundary points as well. Forexample,
at xg4,

oy —U_1,j — U1y — U0 j+1 — Yo,4-1
h2

= fo;
for 0 < j7 < n becomes

duo; — 2wyj — up i1

h2

— Uo4-1 _ fo;
— S

and

400 — 2u1e — 2up _
hz - fOD-

This approximation is repeated for the other three sides. The discrete Laplacian
operator becomes

T =2I
. -I T -I
(2y . . .
-4y =5 e 1
~I T -I
=2r T
where
4 -2
-1 4 -1
-1 4 -1
-2 4

Note that both 7" and I are (n + 1) x (n + 1) matrices and A is a singular, non-
symmetric (r + 1)2 x {n + 1)% matrix. The unknowns include the values along
the boundary grid points 9§25, which includes the four corner points. This system is
consistent of order 2;

(Rpdv — AP Ryv)(z) = O(A?)

forv € C4(%2) and = € Q..
The system can be made symmetric by pre-multiplying by the diagonal matrix
D 1

4
i
2D l

o]
o
b=

=
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The resultant system becomes
— DA up = Dy fa, (1.26)

where up, fr include points on 983. It is a general principle of numerical analysis
that if the continuous problem has a special property such as symmetry, the discrete
problem should preserve that property.

Theorem 1.10 System (1.26) is solvable iff 17 Dy, f, = 0. Any two solutions differ by a constant
multiple of 1.

In practice, a particular entry such as 1y can be set to zero, or the solution vector
is required to have a zero average. The new system is stable and is second-order
convergent. See Exercise E19.

Offset Grid

The final approach considers a grid which is offset or staggered by h/2 in both

directions:
- o1 o1 .
Qh:{((t+§)h,(3+§)h),0§a,3<n}.

Consequently, there are n? unknowns. The PDE is discretized at each of these points
as before. A fictitious point and a second-orderboundary condition are used to handle
the points near the boundary. For instance, at (1, = j + %), l<j<n-1,

duy o —U_1 o — Uz ;

Fro. = 1. -3 IR T L B T
7 h2
L N i, Pl BT Bl ot
h? ’
where the second-order boundary condition
U1 o — u_ L, F
Nf“ =0+ O(h?)
has been used. Also,
e 1 it 10 B
f%% = B2 ;
The resultant discrete Laplacian operator is
r-r1 -1
—I Tr -I
@ _ 1 N
A, = 2 S '
-I T -7

-I T-I
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where

This n? x n? matrix is symmetric and singular. The theorem about solvability of this
system is the same as before. Again, a stable and second-order convergent scheme is
possible if some element such as 41 1 is assigned the value 0 or the solution vector
is demanded to have a zero average.

1.4 POLAR COORDINATES

We now consider € as the unit (open) disk centered at the origin in RZ2, Ttis of course
natural to work in polar coordinates (r, 8), in which the Laplacian operator can be

wrilten as
Trar \ o r2 592’

Suppose the radial direction is divided into n = 1/h grid points while the angular
direction is divided into m = 2m/k grid points. Let u;; = u(ih, jk), 1 <i<n—1
and 1 £ 7 < m. The point at the origin must be given special treatment and this is
discussed later. A second-order consistent discretization for A is

Yitl,y — %ij Ui — Ui-1j
Tl \— 7 ) Ty |\ ———
_1_ 2 h h + i Ui i+l — 2?13‘_-; + Ui j—1

L] h r? k2 !

1

(1.27

where r; = ihand r;; 3 = (i £ }) h. The boundary conditions are u,; = 0 and
Uip = Uim. The latter one is a periodic boundary condition for the # variable.

The above discretization can be derived as follows. In the first step, approximate
the outer r derivative by central differencing:

1 (T'Ur}§+% - (Tur')i—é
LiF h ’

Secondly, approximate once again the remaining r derivative by central differencing.
Note that we employed central differences of size %/2 in the above two steps. Had we
taken differences of size h, the stencil would have a width of five mesh points (rather
than three), which would have caused difficulties near the boundary. Note also that it
would not be prudent to apply the central difference scheme to 7~ v, + u,, (rather
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than the above form »~ ! (ru,.),) since the resultant scheme would be non-symmetric
due to the term u,..

The only remaining issue is the origin at which r = 0} and can give rise to problems
if not dealt with properly. Note that the origin is a singularity of the coordinate system
rather than that of the PDE. Let ug denote the value of u at the origin. Let —Auw = f,

where f is smooth. Fore = h/2,
m el f Ou 19%
- — = - | dr df
[ L (05) 5

I

2r e
f f Jrdrdo
0 0

€ 2 du T € 1 Ju 8=2n
O(R3) +2x Ofrdr: —/ r—| d8— - — dr
(h7) f()o A= o T 98y,
3 2 _ _2/2’@ h
OR*) + f(O)re® = 2 ) B 2,6’ de
hk o~ u (b 5
i=1
m
= Mmoo
24 ok

It

—g Zuu—mug +O(hk2}.
j=1

In the fourth equality above, we approximate the integral using the trapezoidat rule
with an error O(k?) for a twice continuously differentiable «. (If u happens to
be infinitely differentiable, then it is known that the integration error is spectrally
accurate, that is, it decreases faster than any polynomial function of m.) Rearranging,
we obtain

1 F(0)R? 3 2
o= ?‘;{ wrg + = — + O(h* + hk ). (1.28)

Since our scheme in the interior is consistent of order two, only the first term of
the right-hand side of the abeve formula is retained. In (1.27), replace ug; by this
approximation of ug for every j.

We have now a second-order accurate scheme but the resultant matrix is not sym-
metric. Since the original problem is self-adjoint, it is highly desirable for the discrete
scheme to respect this property. A simple way to accomplish this is to solve the equiv-
alent system —rAu = r f. The new discretization becomes

’”¢+%(Ue‘+1,j - Usj) - Ti-,_}{uij - Us‘—l,j) 1 w1 — 2055 +ui 50
- -—— e = 1y fij,
h2 T k2
{1.29)
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which is a symmetric system. The reason for the multiplication by r is that the inner
product for functions and the corresponding discrete inner product are

()= [ rorards, (£l =Y fugur.

4F

With respect to this discrete inner product, the negative discrete Laplacian is sym-
metric and positive definite.

While the above is a second-order accurate scheme, the singularity at the origin
makes it a clumsy one. Note that if the boundary condition is of Neumann type rather
than of Dirichlet type, then since the solution is defined only up to a constant, the
value of ug can be set to zero instead of using (1.28). Using fictitious points to handle
the Neumann boundary condition, this scheme becomes quite elegant,

Next, we derive another scheme which uses a simple trick to remove the coordinate
singularity. The idea is to define the radial grid points so that the coefficient for
up becomes zero. Toward this end, define s; = (i —0.5}h, ¢ = 1,... ,n with
h = 2/(2n — 1). Note that s, = 1 and so the cutermost grid point coincides
with the boundary. Define u;; = u(s;,jk), 1 £ i <n-1landl < j < mfor
a total of (n — 1)m unknowns. (Since u = 0 on the boundary, u,; = 0.) The
angular direction is discretized as before with m = 2z /k and the periodic boundary
conditions %j5 = tim and w; m41 = %;,1 must be imposed. The PDE —rAu = rf
is now discretized as

Si+é(ui+1,j - u%'j) - Si—%(uij - ui—l'j) 1 Ui 41 — 2u,tj + Ui, 51
h2 - ;; i3 = 8: fijs
(1.30)

which is also a symmetric system. Here s; _j = (i — L)h. The scheme wheni = 1is

Pgtiad _T§MI upgen — Dty — g1
- - = $1]15-
h? 51k? 4

The coefficient of ug is s 1 which is zero! This is a second-order scheme which
gracefully avoids the point at the origin.

1.5 CURVED BOUNDARY

In this section, we give two different ways in which the finite difference method can
be used to solve a PDE on an arbitrary domain. In the first method, a finite difference
scheme is applied on the physical domain. The issue here is how to define the scheme
for points near a curved boundary. In the second method, we perform a coordinate
transformation so that in the new coordinate systemn, the domain becomes a disk ora
rectangle. Usual finite difference schemes can then be applied to the PDE in the new
coordinates.
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Figure 1.3 Example of a curved boundary (thick line) which does not pass through the grid
points.

Finite Difference Scheme on Physical Domain

We define a second-order finite difference scheme for the self-adjoint PDE
-V {aVu} = fonQ, % = g on 84}, (1.31)

where a is a positive differentiable function on (. Here €} is no longer rectangular
or circular. Consider the case as shown in Figure 1.3, where P is a grid point with
its neighbors N, B, 5, W. As before, a uniform grid of size £ is imposed in both
directions. Suppose the boundary intersects the grid lines at B and C'. Let b be the
midpoint between B and P. The points ¢, s, w are similarly defined. Suppose the
lengths of the lines PB and PC are gk and +h, respectively. A difference scheme
can be constructed as follows:

a(w)ux(t%;fc:(c)ux(c) 4 a(s)uy(sl)%é f;(b)uy(b) _ f(P).

Using second-order central differences for the derivatives,

(C) —uw(P) _ g(C) — u(P)
+h ~vh

ug{e) = v

and

u(B) —u(P) _ g(B) —u(P)
Bh Bh

the difference scheme becomes
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yo(w)(u(P) — w(W)) + alcju(P)

f(p) = gy
(1.32)
4 Ba()(u(P) — u(S)) + a®)u(P) _a()g(C) _ a(b)g(B)
4L ghe vk L8 gn?

Unfortunately, the scheme is no longer symmetric in general. Neumann boundary
conditions can also be handled but it becomes awkward. The finite element method
(to be presented in Chapter 3) gives a much more elegant solution.

The above example also illustrates that finite difference schemes for PDEs with
non-homogeneous boundary conditions are really the same as those with homoge-
neous boundary conditions except for the addition of boundary terms on the right-hand
side of the linear system. The matrices in both cases are the same.

The scheme is second-order consistent away from the boundary. Unfortunately, for
nodes adjacent to the boundary, such as P in Figure 1.3, the scheme is only first-order
consistent. Thus overall scheme is first-order consistent, stable and thus convergent.
At first, it appears that the scheme is only first-order convergent. However, using the
discrete Green's function (1.13), it can be shown that the scheme is actually second-
order convergent. The argument is similar to the one used to show that the scheme
Ay (1.19) is fourth-order convergent despite a second-order consistency error near
the boundary.

For simplicity, assume ¢ = 1 and ¢ = @ in (1.31). A proof of stability of the
scheme with respect 1o | - | is the subject of Exercise E25.

Stability of Ay for general domain. Suppose € is bounded by a disk of diameter d.
Let Aj, be the discrete Laplacian with the above discretization near 3$2;,. Then

_ d?
1AL oo < T (1.33)

Let e, = up — Rpu, where Rj is the restriction to §3,. The following is a
generalization of (1.15) and (1.18) for a domain £2 which is not necessarily a rectangle:

Assume the hypotheses of the above theorem. For any P € (2,

0<ChP),  (GaPLD, <

<16 (1.34)

and

> Gh(PQ) <L (1.35)

Qe \DY

A proof of this proposition is the subject of Exercise E27.
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We are now ready for a convergence analysis. For any P € £y, use (1.34) and
{1.35) to obtain

lex(P)| = HGw{P ), Anen)y]
< A% max [(Anen)(@) 3 Ga(P.Q)
QEQU
+ R ol 1(Bren)(Q) > GuPQ)

Qeﬂ’l \ﬂ“
2

< T mux |(Quen)(@)+ 1 max [(Shen)(@)

d? . 2 p2 .
< g Iulum B e el

Thus, as claimed above, convergence rate is O (h?2), despite a O(h) consistency error
near the boundary.

Theorem 1.13 Second-order convergence of A, on general domain, Suppose u € C*(0) is the
solution of (1.1} with £ bounded by a disk of diameter d and —Apty, = By f. Then
|eh|m <c ||u||z;4(ﬁ) 2.

An analogous result in the discrete L2 norm is

lealn < ellull g, h?. (1.36)

We next introduce a superior scheme, known as the ghost finid method, which
yields a symmetric second-order method. Itis sufficient to examine the one-dimensional
case. Consider the ordinary differential equation (ODE) —(av’)’ = f on (0, .} with
0 < z. < 1 satisfying the boundary conditions w(0) = go, u(z.} = g.. Define a
uniform grid with nodes x; = jh, where h = 1/n and ,_1 < x. < n. The usual
second-order discretization yields

a; 1wy —ujy) — e a(uiy — uy)
i) 3 J i+ ) 2 .
2 i =f;, l<j<n~l,

where a; 1 = a(xj_%). Suppose the solution can be extended smoothly to the
fictitious or ghost point x, which is exterior to the domain so that the above scheme
holds for ; = n. The value of u,, is defined by a simple linear extrapolation:

Uy —Hp-1  Ueg —Up—)

h ~h

where z, — x| = yh for some -y satisfying 0 < v < 1. The scheme based at the
point £, now reads

By 3 {tn—1 = Un—2) + Gp_1Un_1/7 P Q1 9e
h? n

This scheme is symmetric and can be shown to be second-order convergent. The
extension to the two-dimensional case is straightforward.

+h2
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Finite Difference Scheme in New Coordinates

Suppose ? is a simply connected domain, that is, a domain with no holes in it.
Consider the same PDE (1.31). Suppose there is a smooth transformation taking
(x,y) — {&, 1) so that the domain becomes either a disk or rectangle in the new
coordinates {£, ). For a simple domain such as the interior of an ellipse, the trans-
formation in question is available analytically. In general, it must be approximated
numerically by level set methods or grid generators. Let

T = I(E! n)v ¥= y(f! 7?)
and u(z,y) = uw(z(€,n), y(&,n)) = U(£, n). Itis easy to see that

ug = EUe + .Uy, uy = &Ue + 1, Uy,

I R o R v R b

-1
-
Ne My Ye ¥y Jl-ve =z |’

where J = x¢yy, — Thy¢ which is assumed to be non-zero for all (£, 7). Hence

Since

we have

_ qug - ygUn e = —$,,Ug + :I:gU,,
J ' v J ’

It should now be clear how to write the PDE in the new coordinates (£, 17). Suppose
3 is transformed to £ = £;. Then the boundary condition in the new coordinates
becomes U (&1, n) = g{z(€1,7), y(&1, 7). Usual finite difference schemes can be ap-
plied to the PDE in these new coordinates. In general, the schemes are not symmetric
and have many more terms than the schemes in the original variables.

For special two-dimensional domains, techniques from complex analysis (con-
formal mapping) offer an elegant way to transform between different domains. See
Exercise E37.

Uy

1.6 DIFFERENCE APPROXIMATION FOR AZ

The biharmonic operator A = §2__ + 3ij + 23§xyy occurs in, for example, the

bending of a plate with its sides clamped down and subject to a vertical force f:

A% = fonQ, (1.37)

ou
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The biharmonic operator is a self-adjoint, positive definite operator. However, it does
not satisfy a maximum principle. Thatis, A%y > 0 does not imply, in general, that the
maximum of v is achieved on the boundary. To see this, consider the one-dimensional
example v{x) = —x7 on (—1,1). Note that o' = 0 but v achieves its maximum at
the origin and not at the boundary. A second-order consistent discretization of the

biharmonic operator is given by

1
1 2 -8 2
— 11 -8 20 -8 1 (1.38)
kA
2 -8 2
1

away from the boundary. As in the case of Ay, the discrete boundary includes the
four corners of the square. The boundary conditions are that up and its discrete
normal derivative vanish on 3¢, The normal derivative along 04}y, is approximated
by second-order finite difference with a fictiious point, As before, the value at
each fictitious point is equated to the value of the corresponding interior point and
the total number of unknowns is maintained at (n — 1)%. Let L, denote the above
discrete biharmonic operator. Note that it is symmetric. For the biharmonic operator,
the discrete 1.2 nomm (see (1.9)] is more convenient for showing the stability and
convergence of the scheme.

Theorem 1.14 Second-order convergence of L. For u € C’ﬁ(ﬁ) in (1.37), the scheme Lpuy =

Proof:

fr = Ry f is stable with respect to | - |2 and consistent of order 2. It is convergent of
order 2 in the discrete .2 norm.

Observe (after some work!) that Ly differs from AZ only at G := €25 \ 20 consisting
of all grid peints which are adjacent to the boundary 8€2y,. The reason for the differ-
ence is that Ay, assumes that the discrete function vanishes at the boundary, while for
Ly, both the function and its normal derivative must be zero at the boundary. Let G2
denote the set of four comer points of G and G; = G\ 3. Now

Fhan = ddnt 5 T d@+ 4 T i
2EG, €6,

|Anunl3 + h_4 Z uf(z) + g Z uj ()

zelry el

IV

clunl3

by the stability of A, in the 2-normm (1.5). Thus Ly, is symmetric positive definite with
its smallest eigenvalue bounded below by a constant and so |L; '3 < c. Therefore
the scheme for the bibarmonic operator is stable. The scheme at an interior point
can be shown to be second-order consistent by a Taylor’s series expansion. Since the
boundary condition has also been discretized by a second-order scheme, the overall
scheme is second-order consistent.
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Let ey, = up — Rpu. Then

Lpen = Lpup — LpRpu
= Rpf-LyRyu
= RyA%u—- LyRpu
= T,

where 7y, is the consistency error. Using the inequality
212 < VN 2|0, (1.39)

which holds for any V-vector z, we have

2 *
Imnloe _ P Nloog .
|?}h|2 < h < h - Ch"u’"(;e(ﬁ)'

Since the scheme is stable, |ep|s < |L,:1|2 [mnlz < chllull ooy and in the discrete
L2 norm,

lealn < ch®lullfem)-
g

See Exercise E21 for a simple but sub-optimal error estimate in the infinity norm.

Note that |Ly|o = O(h™?). This is in contrast to |Aj|s = O(h™2). Hence
the condition number of Ly, is O(h~*) versus O(h~2) for Aj. The consequence is
that the biharmonic system is subject to far greater roundoff errors in the Gaussian
elimination process or an iterative solution converges far slower. Higher-order PDEs
are, in general, much more difficult to solve than second-order ones.

We conclude by mentioning that other boundary conditions are possible. One
other example is 4 = Au = 0 on 8%, This problem can be reduced to two Poisson
equations:

—Av = fonf, v = 0 on 3

—Au = wonfl, u = 0 on A9
See Exercise E20. It is important to realize that the matrix of a discrete scheme
takes into account the boundary conditions. For instance, a scheme for the above two
Poisson equations reads Afuy, = f,. Observe that A? is different from Ly, even

though both discretize the bihammonic operator. The difference lies in the boundary
conditions in the two cases.

1.7 A CONVECTION-DIFFUSION EQUATION

So far, we have encountered only self-adjoint operators. Let ¢ be a positive constant.
The following convection-diffusion operator

Lu:= —eu” + 4/, u(0) = u(1) = 0, (1.40)
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is not self-adjoint because of the presence of the first derivative term. In the convection-
dominated case, i.e., 0 < ¢ < 1, the problem becomes a singular perturbation one
with a boundary layer of thickness ¢ near x = 1. A naive central difference scheme
can lead to a certain instability. (Note that in the literature, some authors use the term
advection in place of convection.)

First, by a direct computation, the eigenpairs of L are

1 p
Aj = £+j2?r26, ¢i(r) = e sin juz, i=123...,
where L¢J = )\jéj.
Suppose we discretize L by the usual second-order finite difference scheme to
obtain the discrete operator

2 Pe-1
—Pe—1 2 Pe—1

T h2 T .
—Pe-1 2 Pe—1
—Pe -1 2

where

__h

Pe = —
¢ 2e

is the (mesh) Péclet number. Note that Lj, is not a symmetric matrix.
The eigenvalues of L,, are

2e 2 .
h—Q—hfZVI—Pezoosjfrh, i=1...,n—-1,

Here we use the fact that the (n — 1) x (n — 1) tridiagonal matrix tridiag[a, b, ¢|
with constant subdiagonal a, diagonal b, and superdiagonal ¢ has eigenvalues

b—2\/acoos%, i=1,...,.n—1.

Hence, if Pe < 1, then all the eigenvalues of L, are positive. On the other hand,
if Pe > 1, then Lj has complex eigenvalues, which is in contrast to the situation
for L. In this case, spurious oscillations appear in the computed solution, which
grow in amplitude as e decreases (with A fixed). This is due to the instability of Ly,
whenever Pe > 1. The oscillations are also apparent from the explicit expression of
the analytical solution. See Exercise E32, where it is also revealed that a discrete
maximum principle holds when Pe < 1,

For a given ¢, one can always satisfy the condition Pe < 1 by making A sufficiently
small. However, this means that the discrete problem is larger, which is often not
feasible in 3D problems. Also it is a waste of resources when the solution is smooth
in most of the domain and a very fine grid there is unnecessary.
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Before we show how to overcome this stability problem, we digress to explain
about the hyperbolic PDE w; + auy = 0 with initial condition «(t = 0) = ug(x).
Here a is a given positive constant and the spatial domain is the entire real line. This
PDE can be solved by the method of characteristics. A characteristic is defined as
the solution of the ODE

d’;f) —a, #0)=f€cR,

which is 2(¢) = at + £. Along this characteristic, the total derivative

d
@) 1) = ue(@(6),8) 2 (£) + ue(2(2), 1) = ua((t), 1) @ + ue(x(t),8) = 0
by the PDE. Hence the solution is constant along this characteristic:

u(z(t), ) = u(z(0},0) = uo(£)-

Since £ = x(t) — af, the solution at any point (z,t) is ug(z — at). Observe that
information travels to the right along a characteristic. This means that the solution at
{z,t) for t > 0 only depends on the initial data at x — at.

One discretization of (1.40) which does not lead to spurious oscillations is an
upwind difference scheme for the first derivative;

U; — Uiy
-

Note that the PDE associated with the convection-diffusion operator (1.40) is

u'(z;) =

Ut — EUgr + Uy =0

when € > 0. The fact that information propagates in the direction of trave! of the right-
going characteristics of the associated hyperbolic operator 8; + &, (which dominates
the diffusion operator —ed,, away from the boundary) explains the choice of finite
difference of u'{xx;)—only take the point #;_; which is the value to the left of x;. The
problem with the central approximation to u'{x;} is that it uses both u;_; and w41
with the latter point to the right of x; and thus violating the physical principle that
information travels to the right. In case ¢ < 0, then information propagates to the left
and an appropriate upwind scheme is

Uip1 — Uy
—h .

Using upwind differencing for the first derivative and the usual second-order dif-
ference for the second derivative, a discrete maximum principle holds and the scheme
is stable (Exercise E33). Unfortunately, the order of convergence reduces to one. The
consistency error of the scheme is, for some £,7 € (0,1),

w'(xy) =

ut ( §) h2 t&” ( 7?} h
‘T4 T3

= O(h),
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which is sometimes called numerical viscosity. Roughly speaking, the viscosity
term increases the boundary layer to a thickness which is comparable to the grid size
and thus representable on the discrete domain,

There are several higher-order stable schemes which are free of oscillations for all
Pe. See Exercise E353 for one example. Alternatively, some sort of adaptive (non-
uniform) grid can be used, with more points inside the boundary layer. However, a
non-uniform grid means that second-order accuracy of the discrete Laplacian operator
is lost. Also, for nonlinear PDEs, the location of the boundary layer is unknown. In
the multi-dimensional case, upwind differencing can be performed in the direction
of convection; see Exercise E36. Convection-dominated differential equations are
extremely difficult to solve in general and they are still under active investigation.
For instance, the simple first-order upwind scheme fails for certain linear ODEs;
see Exercise PI1. Fer nonlinear equations, interior layers (regions where the solution
changes rapidly occurring in the interior of the domain) may appear and their locations
are usually unknown. They pose an even greater challenge.

1.8 APPENDIX: ANALYSIS OF DISCRETE OPERATORS

In this Appendix, we discuss some tools useful for analyzing discrete operators. First
consider an 1 x n matrix 4. We say that (distinct) indices ¢y and i; are connected
if there are indices ¢y, ... ,ix—1 suchthata;, , ;; #0, 7 =1,... ,k Theindexiis
connected to itself if a;; # 0. The matrix A is said to be irreducible if every index #
is connected to every index j.

The matrix A is defined to be diagonally dominant if forevery index ¢, 5 i 1851<
i ). It is irreducibly diagonally dominant if

1. it is irreducible, and

2. forevery index i, z#i |@:5] < |a;| and strict inequality holds for some index
q.

Let

The graphs corresponding to these matrices are shown in Figure 1.4. By inspection,
A is irreducible while B is not. While A is not diagonally dominant, it is irreducibly
diagonally dominant, <

Before proving the main result, we need the following result.



36 FINITE DIFFERENCE

DBH-E0 CO-@-GO

A B

Figure 1.4 Graphs corresponding to matrices A and B.

Theorem 1.15 Gerschgorin’s Theorem. All the eigenvalues of an irreducible matrix A lie in the
set

U Prlea)|J [ 2DPriass) |
i ¥

where D, (z) = {2 € C, |z —z| <r}andr; =}, layl-

Proof: Let Ax = Az, |2[oo = |2k| = 1. If A € |J); Dy, (@), then there is nothing to prove.
Suppose not. Now

Zakjl”j = /\:Bk
¥

implies that (A — axk )i = 3,4 ansT; oF

(A —apk| < Zakjirj < Z laks| = 7.
i#k i#k

Since A & Dy (axx), |A — agr] = r and hence A € 3D, (ay;}. We now show that
A€ 8D, {ay;) forevery i,

Since A is irreducible, there is a connection & = 4g,%1,... ,i, = 4 such that
@i;_y.4; 7 0. Now

T = |A — apk| € Ziﬂrkjﬂxﬂ <1y
F#k

implies that |z;| = 1 for every j # & with ag; # 0. In particular, ag ;, # 0, which
means that |z;, { = 1. Hence

1’\_051'51' < Z |a"-1,.f”$.f| <ry = IA_aih"ll =T
J#h

So A € 8Dy, (a4, i,). Now repeat the argument p — 1 more times to obtain A €
3D, (@ ). This establishes Gershgorin’s Theorem. O

Theorem 1.16 Diagonally dominant or imeducibly diagonally dominant matrices are invertible.
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Proof: Let A be diagonally dominant, Az = Az with |x|e = |2| = 1. Similar to the above
proof, we obtain

A — k] <) lars] < lawk
por

since A is diagonally dominant. Thus A can have no zero eigenvalue.

Now suppose A is trreducibly diagonally dominant. If 0 is an eigenvalue, then
according to Gershgorin’s Theorem, there are two possibilities. First, 0 € D, (a;;)
forsome i. Then [0—a;;| < r; < |ey| whichisacontradiction. The second possibility
is that 0 € 8D, (a;;) for every j. In particular, take j = ¢, where ry < |agq|. Now
[0 — agq| = rq < lagq| which is, again, absurd. 0

1.9 SUMMARY AND EXERCISES

The finite difference scheme replaces linear differential operators by finite differences,
with the PDE becoming a linear system of equations. The finite difference matrix
is sparse, meaning that it has O(h~!) non-zero entries, and has a condition number
which behaves like O{h~2) for second-order PDEs. The scheme is simple in concept
and implementation for regular geometry. However, its error analysis is not sharp in
the sense that it requires the solution to be smoother than necessary (C* for a second-
order scheme for the Laplacian and C® for a fourth-order scheme of the Laplacian or
a second-order scheme for the biharmonic operator). Also, it becomes clumsy when
the geometry is not regular, especially for Neumann problems. Discrete versions of
the maximum principle, integration by parts, Green’s function and energy method
are some of the techniques which are inherited from the continuous problem and are
useful for the stability analysis of the discrete problem. For a PDE meore difficult
than the Poisson equation, perhaps only one of the above tools is applicable and so
all these techniques are indispensable in a numerical analyst’s arsenal.

Exercise: E! Consider the scheme Apup, = fp := Rpf tosolve —Au = fon =
{0, 1) with w = 0 on 5. Assume that A is non-singular and that the
scheme is second-order convergent: |Rpt — up oo < ch?|jull Show

- E}4(ﬁ)'
that the scheme is stable: |A; ! < e
E2 Show (1.39). Use this result to show (1.10). Also show the discrete energy

error estimate |ep |15 < ch2||u||(';,4(ﬁ), where

fonl? 5 = 12 (1el3 + 1650nl3 + |8 unl3)

for any vector vy, which vanishes on 9€2p,.
E3 Show (1.20) and (1.21).
E4 Show (1.22),
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For Ay, the fourth-order difference approximation of the Laplacian, esti-
mate |Ag !|2 using a discrete Fourier analysis and |A} ' |, using a discrete
maximum principle. Show that the scheme —Apup = fh is convergent of
order4in | - |oo-

Use the discrete energy method to estimate |A} !]2. Show that the scheme
—Apuy, = fiis convergent of order 4 in the | - [, norm.

Consider the Poisson equation with a homogeneous boundary condition
and the usual finite difference scheme —Apup = Bp f. Show that

4‘&;;/2 _ u_h

< 4
3 3 < ch

-u

28
for some constant ¢ independent of h. Thus, a fourth-order solution can be
obtained by taking a linear combination of two solutions at two different
values of k. This is known as Richardson extrapolation. Hint: Define
—Av = F 1= (Upzze + Uyyyy)/12 with v = 0 along the boundary and
en = h™*(up, — Ryu— h%Rpv). Assume thatu € C%(Q) and v € CH(Q).
Show |eh|00 S c(”uﬁga(ﬁ] + ”U"Bqﬁ))'

Discretize the operator Lu = (pu')’ for u € C*(|0, 1]} vanishing at the
boundary using the usval second-order finite differences. (The difference
equation at node ; should only involve the values of w;_1, u;, #;4.1.) Find
an expression for the consistency of the scheme. Repeat for Lu = p'u’ +
pu”, Which scheme is better?

Suppose u = u(z,y) is a smooth function. Find a second-order differ-
ence approximation for 82, u. Assume an equally spaced grid of size k in
both directions. Hint: It is sufficient to take the four points u;41 ;11 and
Hit1,5-1-

Suppose u = u(r, y) is a smooth function. Find a second-order difference
approximation for ,, at the point {{i + 0.5)A, jh) in terms of « along the
grid points. Here, & is the grid size.

Suppose v = u{z,y) is a smooth function and we take a finite difference
approximation 3 ., . €% of Au(0,0). Find conditions on the co-
efficients c;; so that the scheme is second-order consistent. Show that the
scheme cannoi be third-order consistent.

Let 2 be a bounded domain in R? with a smooth boundary. Suppose
Au = 0on . Show that |Vu|3 achieves its maximum on 8. Prove a
discrete version of this fact.

Formulate and prove a discrete maximmum principle for the differential
operator A + §, discretized by second-order differences. A maximum
principle for A -+ ¢, where ¢ is a negative constant, is the following,
If Av + cv > Oon(, then maxgv < maxan vt, where v¥(z) =
max(0, v{z)) for v € C%(Q) N C(Q). Give an example in one dimension
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showing that the conclusien cannot be changed to maxg v = maxsg vt
or to maxg v < maXaq v. Formulate and prove a corresponding discrete
maximum principle.

The comparison principle states that if u,v € C%{(Q2) N C(Q) satisfy
—Au < —Avonand v < v on 1, then v < v on 2. Prove this. State
and prove a discrete comparison principle.

Let €2 be the unit square and a be a positive constant. Show that the
second-order finite difference scheme with a uniform grid for the operator
~QUgzy — Uy, satisfies the discrete maximum principle. Assume that u
vanishes on the boundary. Show that the scheme is symmetric positive
definite.

Prove the stability and first-order convergence of the Neumann scheme
Ay, = fr for up with a zero average.

Prove the stability and convergence of the scheme (1.25) using the discrete
energy method. Use a generalized (one-dimensional) version of the discrete
Poincaré—Friedrichs inequality [vn|a < |07vg|2 which holds for any vp
which vanishes at one end point (but not necessarily at the other end point).

Prove Theorem 1.10.

Repeat Exercise E17 for the one-dimensional version of the scheme (1.26).
Setug =10.

Find a second-order convergent scheme for the biharmonic operator with
the boundary conditions 4 = Aw = 0 on 5. Prove that it is second-order
COl'Wel‘gCl‘lt.

Show the error estimate |ep| < ch ||"'||E-<s(ﬁ) for the scheme Lpup =
fr. where L, is the discrete approximation of the biharmonic operator.

Hint: First show that any N x N matrix A satisfies the inequality [ 4|, <

VN |Ala.

Study the stability (boundedness of the discrete solution independent of i)
of the usual second-order finite difference scheme for the PDE —Au =
cosu on = (0,1)2 with v = 0 on Q. Suppose we solve the discrete
nonlinear equation by the simple iteration *AhuLkH) = COS ug‘). Show

that this iteration converges to some w;, for all initial iterate u_(.‘m. Study the
convergence of uy to Rpwas h — 0.

Repeat the above problem for the PDE —Awu = ™%,

For an arbitrary domain bounded by some disk of diameter d, show that the
scheme (1.32) is first-order consistent. (Take an arbitrary smooth diffusion
coefficient a.)

Show (1.33) using the discrete maximum principle. Hint: Define the dis-
crete function w;; = ((ih — p)? + (jh — ¢)?)/4 for some p,¢ € R and
show that Apwy = 1. Here Ay, in the same spirit as (1.6), operates on

39
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vectors defined on §2;, which now includes points on the curved boundary
such as points B and C in Figure 1.3.

E26 Consider the discrete Poisson equation —Apuy, = fi, on Z2 (h = 1). With
ui; = ufi, 7). show that

1 T T cos(ic + jy) — 1
= Go_ig—ifii, Gij = —— dr dy.
Ypa ”Zez p-ia-ifii Gij 16?1'2/_ _x sin? z +sin2g y

E27 Show (1.34) and (1.35) using the discrete Green’s function.

E28 For a non-rectangular {1, estimate the smallest and largest eigenvalues of
Ap. Hint: To estimate the largest eigenvalue, consider €, a square which
contains €. Recall that Amey (1) < Amax(S2).

E29 Discuss the consistency, stability and convergence of the ghost fluid method
for the 1D boundary value problem in the text.

E30 Recall the discrete Green’s function defined in (1.13). Show that G (P, Q)
= Gp{Q, P}, where P,Q € Q4. Show (1.16),

E31 Show that the discrete Green’s function satisfies 0 < Gp(P,Q} < —ClnA.
Hint: First show that

() ()9 n1
Cu(P,Q) = Zq’ /\)3‘1; (Q)SCZ

—;
ii=1 e

see (1.4). Estimate the right-hand side by an integral over a quarter disk.
Use the above result to show that for any vector v, vanishing on 9€2y,,

Iohloo < (A2 (18Fnl} + 155enf?) .

E32 Letebeapositive constant, Apply the usual second-order central difference
scheme to —eu” + u’ = 0 with boundary conditions ©(0) = 0, u(1) = 1.
Solve the resultant difference equation. Note the occurrence of oscillations
if Pe > 1. Now change the boundary condition at the right to «(1) = 0.
Show that if Pe < 1, then a discrete maximum principle holds and show
stability.

E33 Prove adiscrete maximum principle for (1.40) with ¢ positive. Prove stabil-
ity of the upwind scheme for the first derivative discussed in the text using
the discrete maximum principle.

E34 Consider the foowing scheme for the equation —eu” +4’ = 0 with bound-
ary conditions »(0} = 0, u(1}) =1and e > 0:
2uj — w1 =g (- O ujen — u) + 0y — v 0} _
€ 1 = 0.
h? h
Find the value of the parameter £, where 0 < § < 1, so that the scheme is
exact at the nodes (i.e., u; = u(jh), j =0,...,n).
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E35 Consider the following scheme for Lu = f, where L s defined in (1.40)
and f € C?*(J0,1]):

2+4+Pe £t Pe 5
Pe (1 +Pe)’? " 2{1 +Pe)”?™
2‘U,J' = Wj—1 — Uj+a Pe Us — Uj-1 1 ip1 — Uj—1

= h2 tirpe & 1+Pe 2k

Show that the consistency error is O(h?) for all ¢ > 0. Investigate the
stability and convergence of this scheme. It should be emphasized that all
constants in the analysis can be made independent of both h and ¢,

Note that when Pe >3 1, the discretization of the first derivative is essentially
an upwind scheme. An increase in the order of the consistency error comes
from a linear combination of f; and f;_;; the same idea was used in the
section on a fourth-order approximation of A.

E36 Consider the PDE
—eAu+b-Vu=f

on the unit square with a homogeneous Dirichlet boundary condition. As-
sume & is a constant vector such that by < 0, by > 0, [bloe = 1 and
P; = |bj| h/(2¢) > 1 for j = 1, 2. Consider the discretization

P Py
—e(Apu)i; + (b- i = ——fi i 1s
f( hu)‘?—'_( Vu)t} 2(1+P)f+13' 2(1+P)fs.1 L.
where
b1 X i
(b-Vu),; = 1+ 7 [Pl (wl vy + (1 —wy) 5.&“@',1—1)
Uip1,7 — i1,
AT ]
b
+ 7 5 [Pz(wz Shusj—1 + {1 — wa) 5}:“i+1.j——1)
Ui j41 — i j—1
M) ]
and
o wPg(l+Pl} w__l_P1(1+Pg)
! 2P (1 + Py)’ 2 2P(1+ P)

Show that the scheme is consistent of order two for alt e > 0. Show stability
and second-order convergence of this method.

Convection-dominated PDEs in higher dimensions are more complicated
to solve than their one-dimensional counterpart due to geometric reasons.
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For instance, it is desirable to increase the diffusion in the direction of b but
not in the direction perpendicular to b,

Consider the PDE A1) = 0 in the domain which is the region in between
the circles |z} = 1 and |2 — 1| = 5/2 in the complex plane. The boundary
conditions are 1 = 1 along the inner circle and ) = 15 along the outer
circle. Show that the conformal map w = f(2) = (2 + 1/4)/(2 + 4)
maps the above two circles into two concentric circles in the w-plane. Let
W(2) = ¢(f(2)). Show that 0 = Ay = |f'(2)|2(dee + ¢yn), where
w = £ + i1, Summarize your solution procedure for the original problem.

Consider the domain © which is nearly a disk with boundary given by
r = 1 + ecos 58 in polar coordinates with € a positive number. Consider
the transformation (r,8) — (R, &) with R = r(1 + €cos58)~! so that
in the new coordinates, the domain is the unit disk. Work out the Poisson
equation in the new coordinates.

Solve the Poisson equation on the unit square with ahomogeneous Dirichlet
boundary condition using the three fourth-order finite difference schemes
described in the text. Take f so that the exact solution is u(x, ) = z*(1 —
x)sin ry. Monitor the decrease of the error as a function of n = 1/h for
a = 1/2, 3/2 and 2. Explain the differences.

Solve the Poisson equation on the unit disk with 2 homogeneous Dirich-
let boundary condition using a symmetric second-order finite difference
scheme in polar coordinates. Take f so that the exact solution is u(r, #) =
cos (7r/2) sin 6.

Repeat the above exercise using the ghost fluid method.

Solve the Poisson equation inside the ellipse 22 + 4y% = 4 with a ho-
mogeneous boundary condition. Take as the exact solution u(x,y) =
z(z? + 4y° — 4)%

Solve the Poisson equation on £} defined in Exercise E38 with a homoge-
neous Dirichlet boundary condition and in the new coordinates so that the
computational domain becomes a disk.

Solve the biharmonic equation (1.37) with homogeneous Dirichlet bound-
ary conditions using a second-order finite difference scheme with exact
solution u(z, y) = sin® 7 sin? 2ry.

Solve the Poisson equation on £ which is a right-angled triangle with one
side along the x axis and another one along the y axis. Both these sides
have length one. Impose the homogeneous Dirichlet boundary condition
along these two sides and the homogeneous Neumann boundary condition
along the third side. Derive a second-order numerical boundary condition
on the third side using fictitious points and make sure that the final scheme
is symmetric.
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In polar coordinates, define the domain £ as all (r,8) so that 0 < r <
2+snf, 0 £ & < 2x. Plot €. Sclve the Poisson equation on 2
with a homogeneous Dirichlet boundary condition. Take the exact solution
u(r,8) = r4(2 +sin§)~* — 1. Use the scheme (1.30) in conjunction with
the ghost fluid method.

Consider the Poisson equation —Ax = f on € which is the sphere in R?
of radius one. Note that there is a solution iff the compatibility condition
fg f = 0 holds. The solution (if it exists) is unique up to an additive
constant. In spherical coordinates

o =sing cosd, y = sin¢ sin 8, z=cos¢
(0 <8 < 2x, 0 < ¢ < 7}, the PDE reads
1 8 (. ,8u 1 8%
~ sin¢ 8¢ (31n¢3—¢) " sin$ 062 f

Observe that there are coordinate singularities at the north and south poles.
Since the inner product for this problem has the form

2 w
(frg) = j; £ £(6,6) 9(6,6) sin§ dopde,

the discrete scheme will be symmetric if we discretize the PDE in the form

a (.  bu 1 &u
"E’E (snuj)g&) - m@ = f siné.

Let uji = u(¢;, ), where 8 = k7, + = 27/m for some positive m
with 1 £ k& < m and, because of the coordinate singularities at ¢ = 0, 7,
we offset the grid for ¢ by A /2, where h = « /n is the ¢ grid size for some
positive n:

1
¢j=(j“§)ha 1<j<n.
Of course, apply the periodic conditions ujo = jm and %5 m41 = Ug1.
Derive a symmetric finite difference scheme. How would you handle the
fact that the matrix is singular? Verify numerically that the error behaves
like O(k?) choosing m = 2n.

Solve the PDE
~eAu+bh Vu=f

on the unit square with a homogeneous Dirichlet boundary condition. As-
sume b is a constant vector such that by < 0, bs > 0, |blee = 1 and
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44 FINITE DIFFERENCE

Pj = {bj] h/(2¢) > 1 for § = 1,2. Use (i) central differencing for all
terms, (ii) central difference scheme for —A and the upwind scheme
(b-Vu)i; =b uﬁ-l'j}l i + by i hu%"?—l
and (iii) the scheme defined in Exercise E36. Compare (numerically)
the three schemes for h = 0.1 and ¢ = 0.1, 0.01 for the exact solution
u(@,y) = (1 -z — g(1 — 2))(y? — g{y)), where g(z) = (1 — e*/){1 -
el/€)~1, Explain the difference.

P11 Consider the ODE —eu” + (z — 0.5)v’ = x — 0.5 on (0, 1) with boundary
conditions :(0) = —0.5, u(1) = 0.5. The exact solutionis u(x) = x—0.5.
This ODE is said to have a turning point because the coefficient of u'
vanishes at x = 0.5. Solve this ODE using a simple first-order upwind
scheme for ¢ = 1,0.1,0.01,0.001 with n = 101. What happens? Next
try homogeneous boundary conditions. Describe the numerical solution.
Compare it with the solution of the usual central difference scheme with
n = 1001,

P12 Solve the Poisson equation on (0, 1)% with a homogeneous Dirichlet bound-
ary condition using cubic splines. We illustrate this method for the 1D case.
Consider a uniform grid with nodes «; = jh, 0 < j <n, where h = 1/n.
Onz;,x;44), for0 < j < n— 1, define the numerical solution as the cubic
polynomial u;(z) = a;(z—z;)3+bi(x—~z;)2+cj(z—~2;)+d;. Thecoeffi-
cients are determined by the boundary conditions ug(0) = 0, t,—1(1) = 0;
continuity of the solution and its derivative: uj(xj41) = w1 (x;41) and
wi{Zj+1) = iy (®j41) for 0 < j < n — 2; and satisfaction of the differ-
ential equation at the nodes: —uj(x;) = f(z;), —uj(zj41) = f{z;41)
for0 < j < n — 1. The coefficients a; and b; can be solved easily. After
solving the remaining system for ¢, write the final system Ad = F. How
does this differ from the usual finite difference equations? Demonstrate the
second-order convergence of the method numerically.

Notes: There are many good books on finite difference methods. We mention just a few: [3],
[54], [82], [99]. The books [81], [87] and [92] contain much more thorough studies
of convection-diffusion equations, Level set methods can be used to generate a grid
on an arbitrary domain. See [93] for an excellent introduction. A reference book
on grid generation is [104]). {6] and [23] offer nice discussions of the mathematics
involved in image processing. The article [73) introduces the elegant scheme for the
disk which avoids the origin, although that scheme is not symmetric. See [83] for
more on the ghost fluid method.





