Chapter 1

Introduction

Why do we process images?

Image Processing has been developed in response to three major problems concerned with
pictures:

e picture digitisation and coding to facilitate transmission, printing and storage of pic-
tures;

e picture enhancement and restoration in order, for example, to interpret more easily
pictures of the surface of other planets taken by various probes;

e picture segmentation and description as an early stage to Machine Vision.

Image Processing nowadays refers mainly to the processing of digital images.

What is an image?

A panchromatic image is a 2D light intensity function, f(z,y), where x and y are spatial
coordinates and the value of f at (z,y) is proportional to the brightness of the scene at that
point. If we have a multispectral image, f(z,y) is a vector, each component of which
indicates the brightness of the scene at point (x,y) at the corresponding spectral band.

What is a digital image?

A digital image is an image f(z,y) that has been discretised both in spatial coordinates
and in brightness. It is represented by a 2D integer array, or a series of 2D arrays, one for
each colour band. The digitised brightness value is called grey level.

Each element of the array is called pixel or pel, derived from the term “picture element”.
Usually, the size of such an array is a few hundred pixels by a few hundred pixels and there
are several dozens of possible different grey levels. Thus, a digital image looks like this
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with 0 < f(x,y) < G — 1, where usually N and G are expressed as positive integer powers of
2 (N =27, G=2m).

What is a spectral band?

A colour band is a range of wavelengths of the electromagnetic spectrum, over which the
sensors we use to capture an image have nonzero sensitivity. Typical colour images consist
of three colour bands. This means that they have been captured by three different sets
of sensors, each set made to have a different sensitivity function. Figure 1.1 shows typical
sensitivity curves of a multispectral camera.

All the methods presented in this book, apart from those in Chapter 7, will refer to single
band images.
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Figure 1.1: The spectrum of the light which reaches a sensor is multiplied with the sensitivity
function of the sensor and recorded by the sensor. This recorded value is the brightness of
the image in the location of the sensor and in the band of the sensor. This figure shows the
sensitivity curves of three different sensor types.

Why do most image processing algorithms refer to grey images, while most images
we come across are colour images?

For various reasons.

1. A lot of the processes we apply to a grey image can be easily extended to a colour image
by applying them to each band separately.

2. A lot of the information conveyed by an image is expressed in its grey form and so
colour is not necessary for its extraction. That is the reason black and white television
receivers had been perfectly acceptable to the public for many years and black and
white photography is still popular with many photographers.

3. For many years colour digital cameras were expensive and not widely available. A
lot of image processing techniques were developed around the type of image that was
available. These techniques have been well established in image processing.

Nevertheless, colour is an important property of the natural world, and so we shall examine
its role in image processing in a separate chapter in this book.



1. Introduction 3

How is a digital image formed?

Each pixel of an image corresponds to a part of a physical object in the 3D world. This
physical object is illuminated by some light which is partly reflected and partly absorbed by
it. Part of the reflected light reaches the array of sensors used to image the scene and is
responsible for the values recorded by these sensors. One of these sensors makes up a pixel
and its field of view corresponds to a small patch in the imaged scene. The recorded value by
each sensor depends on its sensitivity curve. When a photon of a certain wavelength reaches
the sensor, its energy is multiplied with the value of the sensitivity curve of the sensor at
that wavelength and is accumulated. The total energy collected by the sensor (during the
exposure time) is eventually used to compute the grey value of the pixel that corresponds to
this sensor.

If a sensor corresponds to a patch in the physical world, how come we can have
more than one sensor type corresponding to the same patch of the scene?

Indeed, it is not possible to have three different sensors with three different sensitivity curves
corresponding exactly to the same patch of the physical world. That is why digital cameras
have the three different types of sensor slightly displaced from each other, as shown in figure
1.2, with the sensors that are sensitive to the green wavelengths being twice as many as those
sensitive to the blue and the red wavelengths. The recordings of the three sensor types are
interpolated and superimposed to create the colour image. Recently, however, cameras have
been constructed where the three types of sensor are combined so they exactly exist on top of
each other and so they view exactly the same patch in the real world. These cameras produce
much sharper colour images than the ordinary cameras.

R|G|R|G|R|G
G|B|G/B|GB
R|G|R|G|R|G
G|B|G[B|GB
R|G|R|G|R|G
G|B/GB G B

Figure 1.2: The RGB sensors as they are arranged in a typical digital camera.

What is the physical meaning of the brightness of an image at a pixel position?

The brightness values of different pixels have been created by using the energies recorded
by the corresponding sensors. They have significance only relative to each other and they
are meaningless in absolute terms. So, pixel values between different images should only be
compared if either care has been taken for the physical processes used to form the two images
to be identical, or the brightness values of the two images have somehow been normalised so
that the effects of the different physical processes have been removed. In that case, we say
that the sensors are calibrated.
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Example 1.1

You are given a triple array of 3 x 3 sensors, arranged as shown in figure 1.3,
with their sampled sensitivity curves given in table 1.1. The last column of
this table gives in some arbitrary units the energy, £\, carried by photons
with wavelength \;.

Wavelength || Sensors B | Sensors G | Sensors R | Energy
Ao 0.2 0.0 0.0 1.00
A 0.4 0.2 0.1 0.95
A2 0.8 0.3 0.2 0.90
A3 1.0 0.4 0.2 0.88
A4 0.7 0.6 0.3 0.85
A5 0.2 1.0 0.5 0.81
A6 0.1 0.8 0.6 0.78
A7 0.0 0.6 0.8 0.70
As 0.0 0.3 1.0 0.60
A9 0.0 0.0 0.6 0.50

Table 1.1: The sensitivity curves of three types of sensor for wavelengths
in the range [\p, \g], and the corresponding energy of photons of these
particular wavelengths in some arbitrary units.

The shutter of the camera is open long enough for 10 photons to reach the
locations of the sensors.

1‘1113(‘; 1\21:;(\; 1‘11:3(‘1 1,0]1,2)[1,3)
R|G|R|G|R|G
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Figure 1.3: Three 3 x 3 sensor arrays interlaced. On the right, the loca-
tions of the pixels they make up. Although the three types of sensor are
slightly misplaced with respect to each other, we assume that each triplet
is coincident and forms a single pixel.

For simplicity, we consider that exactly the same types of photon reach all
sensors that correspond to the same location.
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Calculate the values that each sensor array will record and thus produce
the three photon energy bands recorded.

The wavelengths of the photons that reach the pixel locations of each
triple sensor, as identified in figure 1.3, are:

We denote by gx (i, 7) the value that will be recorded by sensor type X at location (i, j).
For sensors R, G and B in location (1,1), the recorded values will be:

2B, % 0.0+ 2E,, x 0.6 + 2E,, x 1.0+ 1E,. x 0.8 + 3E,, x 0.1

1.0x0.64+12x1.0+0.7x0.8+2.85x0.1

2.645

(1.2)

2By, x 0.0+ 2Ey, x 0.0+ 2E,, x 0.3+ 1E), x 0.6 +3E), x 0.2

1.2x0.340.7x0.6+2.85x0.2

1.35

(1.3)

28y, x 02+ 2Fy, x 0.0+ 2E,, x 0.0+ 1E), x 0.0+ 3E), x 04
2.0x0.242.85x04

1.54

Eg

Ep

2.645
1.167
4.551

1.350
2.244
2.818

1.540
4.995
0.536

2.670
4.053
1.716

4.938
4.176
2.532

5.047
5.902
4.707

3.729
4.576
1.801

4.522
4.108
2.612

1.138
0.698
5.047

(1.4)

Working in a similar way, we deduce that the energies recorded by the three sensor
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128 x 128 pixels

64 x 64 pixels 32 x 32 pixels

Figure 1.4: Keeping the number of grey levels constant and decreasing the number of pixels
with which we digitise the same field of view produces the checkerboard effect.

Why are images often quoted as being 512 x 512, 256 x 256, 128 x 128 etc?

Many calculations with images are simplified when the size of the image is a power of 2. We
shall see some examples in Chapter 2.

How many bits do we need to store an image?

The number of bits, b, we need to store an image of size N x N, with 2™ grey levels, is:
b=NxNxm (1.6)

So, for a typical 512 x 512 image with 256 grey levels (m = 8) we need 2,097,152 bits or
262,144 8-bit bytes. That is why we often try to reduce m and N, without significant loss of
image quality.
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What determines the quality of an image?

The quality of an image is a complicated concept, largely subjective and very much application
dependent. Basically, an image is of good quality if it is not noisy and

(1) it is not blurred;

(2) it has high resolution;

(3) it has good contrast.

What makes an image blurred?

Image blurring is caused by incorrect image capturing conditions. For example, out of focus
camera, or relative motion of the camera and the imaged object. The amount of image
blurring is expressed by the so called point spread function of the imaging system.

What is meant by image resolution?

The resolution of an image expresses how much detail we can see in it and clearly depends
on the number of pixels we use to represent a scene (parameter N in equation (1.6)) and the
number of grey levels used to quantise the brightness values (parameter m in equation (1.6)).

Keeping m constant and decreasing N results in the checkerboard effect (figure 1.4).
Keeping N constant and reducing m results in false contouring (figure 1.5). Experiments
have shown that the more detailed a picture is, the less it improves by keeping N constant
and increasing m. So, for a detailed picture, like a picture of crowds (figure 1.6), the number
of grey levels we use does not matter much.

Example 1.2

Assume that the range of values recorded by the sensors of example 1.1 is
from 0 to 10. From the values of the three bands captured by the three
sets of sensors, create digital bands with 3 bits each (m = 3).

For 3-bit images, the pivels take values in the range [0,2% — 1], ie in the range
[0,7]. Therefore, we have to divide the expected range of values to 8 equal intervals:
10/8 = 1.25. So, we use the following conversion table:

All pizels with recorded value in the range [0.0,1.25)  get grey value 0
All pizels with recorded value in the range [1.25,2.5)  get grey value 1
All pizels with recorded value in the range [2.5,3.75)  get grey value 2
All pizels with recorded value in the range [3.75,5.0)  get grey value 3
All pizels with recorded value in the range [5.0,6.25)  get grey value 4
All pizels with recorded value in the range [6.25,7.5)  get grey value 5
All pizels with recorded value in the range [7.5,8.75)  get grey value 6
All pizels with recorded value in the range [8.75,10.0]  get grey value 7
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This mapping leads to the following bands of the recorded image.
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Figure 1.5: Keeping the size of the image constant (249 x 199) and reducing the number
of grey levels (= 2™) produces false contouring. To display the images, we always map the
different grey values to the range [0, 255].
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256 grey levels (m = 8)

-

L

32 grey levels (m = 5)

4 grey levels (m = 2) 2 grey levels (m = 1)

Figure 1.6: Keeping the number of pixels constant and reducing the number of grey levels
does not affect much the appearance of an image that contains a lot of details.
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What does “good contrast” mean?

Good contrast means that the grey values present in the image range from black to white,
making use of the full range of brightness to which the human vision system is sensitive.

Example 1.3

Consider each band created in example 1.2 as a separate grey image. Do
these images have good contrast? If not, propose some way by which bands
with good contrast could be created from the recorded sensor values.

The images created in example 1.2 do not have good contrast because none of them
contains the value 7 (which corresponds to the mazimum brightness and which would
be displayed as white by an image displaying device).

The reason for this is the way the quantisation was performed: the look up table created
to convert the real recorded values to digital values took into consideration the full range
of possible values a sensor may record (ie from 0 to 10). To wutilise the full range of
grey values for each image, we should have considered the minimum and the mazimum
value of its pizels, and map that range to the 8 distinct grey levels. For example, for
the image that corresponds to band R, the values are in the range [1.167,4.576]. If we
divide this range in 8 equal sub-ranges, we shall have:

All pizels with recorded value in the range [0.536,1.20675) get grey value O

All pizels with recorded value in the range [1.20675,1.8775)  get grey value 1

All pizels with recorded value in the range [1.8775,2.54825)  get grey value 2

All pizels with recorded value in the range [2.54825,3.219) get grey value 3

All pizels with recorded value in the range [3.219, 3.88975) get grey value 4

All pizels with recorded value in the range [3.88975,4.5605)  get grey value 5

All pizels with recorded value in the range [4.5605,5.23125)  get grey value 6

All pizels with recorded value in the range [5.23125,5.902] get grey value 7

We must create one such look up table for each band. The grey images we create this
way are:

33 6 07 7 1 6 0
R=|0 6 7| G=(1 6 6| B=[6 7 0 (1.8)
711 3.2 2 0 6 6

Example 1.4

Repeat example 1.3, now treating the three bands as parts of the same
colour image.

If we treat all three bands as a single colour image (as they are meant to be), we must
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find the minimum and maximum value over all three recorded bands, and create a
look up table appropriate for all bands. In this case, the range of the recorded values
is [0.536,5.902]. The look up table we create by mapping this range to the range [0, 7] is

All pizels with recorded value in the range [0.536, 1.20675) get grey value 0O
All pizels with recorded value in the range [1.20675,1.8775)  get grey value 1
All pizels with recorded value in the range [1.8775,2.54825)  get grey value 2
All pizels with recorded value in the range [2.54825,3.219) get grey value 3
All pizels with recorded value in the range [3.219, 3.88975) get grey value 4
All pizels with recorded value in the range [3.88975,4.5605)  get grey value 5
All pizels with recorded value in the range [4.5605,5.23125)  get grey value 6
All pizels with recorded value in the range [5.23125,5.902] get grey value 7
The three image bands we create this way are:

3 3 4 1 6 5 1 6 0
R=|(15 6] G=(2 5 5| B=|[6 7 0 (1.9)
5 11 3 2 3 0 6 6

Note that each of these bands if displayed as a separate grey image may not display the
full range of grey values, but it will have grey values that are consistent with those of
the other three bands, and so they can be directly compared. For example, by looking
at the three digital bands we can say that pizel (1,1) has the same brightness (within
the limits of the digitisation error) in bands G or B. Such a statement was not possible
in example 1.3 because the three digital bands were not calibrated.

What is the purpose of image processing?

Image processing has multiple purposes.

e To improve the quality of an image in a subjective way, usually by increasing its contrast.
This is called image enhancement.

e To use as few bits as possible to represent the image, with minimum deterioration in
its quality. This is called image compression.

e To improve an image in an objective way, for example by reducing its blurring. This is
called image restoration.

e To make explicit certain characteristics of the image which can be used to identify the
contents of the image. This is called feature extraction.

How do we do image processing?

We perform image processing by using image transformations. Image transformations are
performed using operators. An operator takes as input an image and produces another
image. In this book we shall put emphasis on a particular class of operators, called linear
operators.
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Do we use nonlinear operators in image processing?

Yes. We shall see several examples of them in this book. However, nonlinear operators cannot
be collectively characterised. They are usually problem- and application-specific, and they
are studied as individual processes used for specific tasks. On the contrary, linear operators
can be studied collectively, because they share important common characteristics, irrespective
of the task they are expected to perform.

What is a linear operator?
Consider O to be an operator which takes images into images. If f is an image, O(f) is the
result of applying O to f. O is linear if

Olaf + bg] = aO[f] + bO|g] (1.10)

for all images f and g and all scalars a and b.

How are linear operators defined?

Linear operators are defined in terms of their point spread functions. The point spread
function of an operator is what we get out if we apply the operator on a point source:

O[point source] = point spread function (1.11)

Or
O[é(a_xvﬁ_y)] = h(m,a,y,ﬁ) (112)

where §(«a — 2z, 8 — y) is a point source of brightness 1 centred at point (z,y).

What is the relationship between the point spread function of an imaging device
and that of a linear operator?

They both express the effect of either the imaging device or the operator on a point source. In
the real world a star is the nearest to a point source. Assume that we capture the image of a
star by using a camera. The star will appear in the image like a blob: the camera received the
light of the point source and spread it into a blob. The bigger the blob, the more blurred the
image of the star will look. So, the point spread function of the camera measures the amount
of blurring present in the images captured by this camera. The camera, therefore, acts like
a linear operator which accepts as input the ideal brightness function of the continuous real
world and produces the recorded digital image. That is why we use the term “point spread
function” to characterise both cameras and linear operators.

How does a linear operator transform an image?

If the operator is linear, when the point source is a times brighter, the result will be a times
higher:

Olad(a —z, 0 —y)] = ah(z, o, y, B) (1.13)
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An image is a collection of point sources (the pizels) each with its own brightness value. For
example, assuming that an image f is 3 X 3 in size, we may write:

f(1,1) 0 0 0 f(1,2) 0 00 0
f=1 o oo]+fo o o]+-+[0o0 o0 (1.14)
0 00 0O 0 0 0 0 £(3,3)

We may say that an image is the sum of these point sources. Then the effect of an operator
characterised by point spread function h(z, «,y, 3) on an image f(x,y) can be written as:

N N
g(avﬁ):ZZf(xay)h(xvavyaﬁ) (1'15)

z=1y=1

where g(«, 3) is the output “image”, f(x,y) is the input image and the size of the image is
N x N. Here we treat f(x,y) as the brightness of a point source located at position (x,y).
Applying an operator on it produces the point spread function of the operator times the
strength of the source, ie times the grey value f(x,y) at that location. Then, as the operator
is linear, we sum over all such point sources, ie we sum over all pixels.

What is the meaning of the point spread function?

The point spread function h(x, «,y, 3) expresses how much the input value at position (z,y)
influences the output value at position («, 3). If the influence expressed by the point spread
function is independent of the actual positions but depends only on the relative position of
the influencing and the influenced pixels, we have a shift invariant point spread function:

h(z, oy, 3) = h(a —z, 8 —y) (1.16)

Then equation (1.15) is a convolution:

N N

r=1y=1

If the columns are influenced independently from the rows of the image, then the point
spread function is separable:

h(x,a,y,ﬁ) EhC(xaa)hT(yvﬂ) (118)
The above expression serves also as the definition of functions h.(z,«) and h,(y, ). Then
equation (1.15) may be written as a cascade of two 1D transformations:
N

N
g(a, ) = he(w, @)Y f(a,y)h(y, ) (1.19)
1

r= y=1

If the point spread function is both shift invariant and separable, then equation (1.15)
may be written as a cascade of two 1D convolutions:

N N
g(e,8) = > hela—2)> fl@y)h(5—y) (1.20)
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Box 1.1. The formal definition of a point source in the continuous domain
Let us define an extended source of constant brightness

6n(2,y) = n?rect(nz, ny) (1.21)
where n is a positive constant and

1 inside a rectangle |nz| < 3, |ny| < 3

0 elsewhere (1.22)

rect(nx,ny) = {

The total brightness of this source is given by

+oo ptoo +oo  ptoo
/ / On(z,y)dxdy = n2/ / rect(nz, ny)drdy = 1 (1.23)

area of rectangle

and is independent of n.

As n — +o0, we create a sequence, d,,, of extended square sources which gradually
shrink with their brightness remaining constant. At the limit, d,, becomes Dirac’s delta
function

#0 forz=y=0
JE) { =0 elsewhere 2

with the property:

+oo pt+oo
/ / O(z,y)dedy = 1 (1.25)
Integral
oo —+o00
/ / on(z,y)g(z, y)dzdy (1.26)

is the average of image g(z, y) over a square with sides I centred at (0,0). At the limit,
we have

+oo  pt+oo
/_ /_ §(z,y)g(x,y)dzdy = ¢(0,0) (1.27)

which is the value of the image at the origin. Similarly,

+oo ptoo
/ / 9(@,y)on(z — a,y — b)dxdy (1.28)
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is the average value of g over a square =
n

On(z—a,y—0)

1

= nPrect[n(z — a),

~ o

X % centred at x = a, y = b, since:

1
In(z —a)| < 3
elsewhere

n(y — b)]
In(y —

b)| < 3

(1.29)

We can see that this is a square source centred at (a b) by considering that [n(z—a)| < 1

means —3 < n(z —a) < 1,

have 0, (z

1e——<x—a<

—a,y—0b)=n? 1nthereg10na——<x<a+—

_ 1 1
,ora n<x<a+n

Thus we

—=<y<b I+ 5=
At the limit of n — 400, integral (1.28) is the value of the image g at rT=a,y= b ie:

“+ o0 “+o00
/ / 9(2,y)0n (v — a,y — b)drdy

This equation is called the shifting property of the delta function. This equation also
shows that any image g(a,b) can be expressed as a superposition of point sources.

g(a,b)

(1.30)

Example 1.5

The following 3 x 3 image

is processed by a linear

h(z,a,y, 3) defined as:
h(1, 1,1,1)_10 h(1,1,1,
h(1,2,1,2) = h(1,2,1,
h(1,3,1,3) = h(2,1,1,
h2,2,1,1) = h(2,2,1,
h(2,3,1,2) = h(2,3,1,
h(3,1,1,3) = h(3,2,1,
h(3,3,1,1) = h(3,3, 1,
h(1,1,2,2) = h(1,1,2,
h(1,2,2,3) = h(1,3,2,
h2,1,2,1) = h(2,1,2,
h(2,2,2,2) = h(2,2,2,
h(2,3,2,3) = h(3,1,2,
h(3,2,2,1) = h(3,2,2,
h(3,3,2,2) = h(3,3,2,
h(1,1,3,3) = h(1,2,3,
h(1,3,3,1) = h(1,3,3,
h(2,1,3,2) = 0 7 h(2,1,3,
h(2,2,3,3) = h(2,3,3,
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h(1,1,1,3) = 0.0
h(1,3,1,1) = 0.5
h(2,1,1,2) = 0.7
h(2,2,1,3) = 0.4
h(3,1,1,1) = 0.9
h(3,2,1,2) = 0.5
h(3,3,1,3) = 1.0
h(1,2,2,1) = 0.0
h(1,3,2,2) = 1.0
h(2,1,2,3) = 0.6
h(2,3,2,1) = 0.5
h(3,1,2,2) = 0.5
h(3,2,2,3) = 0.5
h(1,1,3,1) = 1.0
h(1,2,3,2) = 0.1
h(1,3,3,3) = 0.6
h(2,2,3,1) = 0.6
h(2,3,3,2) =0.9

h(1,2,1,1) =05
h(1,3,1,2) = 1.0
h(2,1,1,3) = 0.4
h(2,3,1,1) = 0.4
h(3,1,1,2) = 0.5
h(3,2,1,3) = 0.3
h(1,1,2,1)=1.0
h(1,2,2,2) = 0.2
h(1,3,2,3) = 0.6
h(2,2,2,1) = 0.6
h(2,3,2,2) = 1.0
h(3,1,2,3) =05
h(3,3,2,1) =05
h(1,1,3,2) = 0.6
h(1,2,3,3) = 0.6
h(2,1,3,1) =05
h(2,2,3,2) =05
h(2,3,3,3) = 1.0

(1.31)

hich has a point spread function
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h(3,1,3,1) =08 h(3,1,3, ) 0.5 h(3,
h(3,2,3,2) =05 h(3,2,3 3
h(3,3,3,3) = 1.0

Work out the output image.

The point spread function of the operator h(x, o, y, ) gives the weight with which the
pizel value at input position (x,y) contributes to output pizel position («, ). Let us
call the output image g(a, ). We show next how to calculate g(1,1). For g(1,1), we
need to use the values of h(x,1,y,1) to weigh the values of pizels (x,y) of the input
image:

3 3
g(1,1) = ZZf h(z,1,y,1)

L,1)A(1,1,1,1) + f(1,2)h(1,1,2,1) + £(1,3)h(1,1,3,1)
+£(2,)R(2,1,1,1) + £(2,2)h(2,1,2,1) + f(2,3)h(2,1,3,1)
+£(3,D)h(3,1,1,1) + £(3,2)h(3,1,2,1) + f(3,3)h(3,1,3,1)
= 2x1046x1.04+1x08+4x08+7x0.54+3x0.9
+5 % 0.7+ 7 x 0.8 =27.3 (1.32)

For g(1,2), we need to use the values of h(x,1,y,2):

3 3
DO f@y)hl(e,1,y,2) = 20.1 (1.33)
r=1y=1

The other values are computed in a similar way. Finally, the output image is:

27.3 20.1 18.9
g= 1194 160 184 (1.34)
16.0 29.3 33.4

Example 1.6

Is the operator of example 1.5 shift invariant?

No, it is not. For example, pizel (2,2) influences the value of pizel (1,2) with weight
h(2,1,2,2) = 0.7. These two pizels are at distance 2 — 1 =1 along the x axis and at
distance 2 —2 = 0 along the y axis. At the same relative distance are also pizels (3,3)

and (2,3). The value of h(3,2,3,3), however, is 0.8 # 0.7.
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Example 1.7

The point spread function of an operator that operates on images of size
3x3is

h(1,1,1,1) =1.0 h(1,1,1,2) =05 h(1,1,1,3) =0.0 h(1,2,1,1)=0.5
h(1,2,1,2) =00 £(1,2,1,3)=04 h(1,3,1,1) =05 h(1,3,1,2)=1.0
h(1,3,1,3) =0.6 h(2,1,1,1) =08 5h(2,1,1,2) =0.7 h(2,1,1,3)=0.4
h(2,2,1,1) =10 h(2,2,1,2)=05 h(2,2,1,3) =00 h(2,3,1,1)=0.5
h(2,3,1,2) =00 h(2,3,1,3) =04 h(3,1,1,1) =09 5(3,1,1,2) =0.5
h(3,1,1,3) =05 h(3,2,1,1) =08 h(3,2,1,2) =0.7 h(3,2,1,3) =04
h(3,3,1,1) =1.0 h(3,3,1,2)=05 h(3,3,1,3) =00 h(1,1,2,1)=1.0
h(1,1,2,2) =1.0 h(1,1,2,3) =05 5h(1,2,2,1) =00 h(1,2,2,2) =0.5
h(1,2,2,3) =0.0 h(1,3,2,1) =04 h(1,3,2,2) =05 h(1,3,2,3)=1.0
h(2,1,2,1) =08 £h(2,1,2,2) =08 h(2,1,2,3) =07 h(2,2,2,1)=1.0
h(2,2,2,2) =10 h(2,2,2,3)=05 h(2,3,2,1)=00 h(2,3,2,2) =05
h(2,3,2,3) =00 h(3,1,2,1)=0.7 h(3,1,2,2) =09 5h(3,1,2,3)=0.5
h(3,2,2,1) =08 h(3,2,2,2) =08 5h(3,2,2,3) =07 h(3,3,2,1)=1.0
h(3,3,2,2) =1.0 h(3,3,2,3)=05 h(1,1,3,1)=1.0 h(1,1,3,2)=1.0
h(1,1,3,3) =1.0 h(1,2,3,1) =05 h(1,2,3,2) =00 h(1,2,3,3)=0.5
h(1,3,3,1) =05 h(1,3,3,2) =04 h(1,3,3,3) =05 h(2,1,3,1)=0.5
h(2,1,3,2) =08 £h(2,1,3,3) =08 h(2,2,3,1)=1.0 5h(2,2,3,2)=1.0
h(2,2,3,3) =10 h(2,3,3,1) =05 h(2,3,3,2) =00 h(2,3,3,3) =05
h(3,1,3,1) =08 h(3,1,3,2)=0.7 h(3,1,3,3) =09 h(3,2,3,1)=0.5
h(3,2,3,2) =08 h(3,2,3,3) =08 h(3,3,3,1)=1.0 A(3,3,3,2) = 1.0
h(3,3,3,3) =10

Is it shift variant or shift invariant?

In order to show that the function is shift variant, it is enough to show that for at
least two pairs of pizels, that correspond to input-output pizels in the same relative
position, the values of the function are different. This is what we did in example
1.6. If we cannot find such an example, we must then check for shift invariance.
The function must have the same value for all pairs of input-output pixels that are in
the same relative position in order to be shift invariant. As the range of values each
of the arguments of this function takes is [1,3], the relative coordinates of pairs of
input-output pizels take values in the range [—2,2]. We observe the following.

Forx—a= -2 andy— = —2 we have: h(1,3,1,3) =0.6

Forx—a=-2andy— =—1 we have: h(1,3,1,2) = h(1,3,2,3) = 1.0

Forx —a=—-2and y — =0 we have: h(1,3,1,1) = h(1,3,2,2) = h(1,3,3,3) =0.5
Forx —a=—-2andy— =1 we have: h(1,3,2,1) = h(1,3,3,2) =04

Forx —a= -2 and y — f = 2 we have: h(1,3,3,1) = 0.5

Forx—a=—1 andy— = —2 we have: h(1,2,1,3) = h(2,3,1,3) = 0.4

Forx—a=—-1 andy— (= —1 we have:
h(1,2,1,2) = h(2,3,2,3) = h(1,2,2,3) = h(2,3,1,2) = 0.0
Forz —a=—1 and y — =0 we have:
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h(1,2,1,1) = h(1,2,2,2) = h(1,2,3,3) = h(2,3,1,1) = h(2,3,2,2) = h(2,3,3,3) = 0.5
Forx—a=-1andy— (B =1 we have:

h(1,2,2,1) = h(1,2,3,2) = h(2,3,2,1) = h(2,3,3,2) = 0.0
Forxz—a=—1 and y— 3 =2 we have: h(1,2,3,1) =0.5
Forz—a=0 andy — = —2 we have: h(1,1,1,3) = h(2,2,1,3) = h(3,3,1,3) = 0.0

Forz —a=0 and y— = —1 we have:
h(1,1,1,2) = h(2,2,1,2) = h(3,3,1,2) = h(1,1,2,3) = h(2,2,2,3) = h(3,3,2,3) = 0.5
Forx —a=0 and y — 8 =0 we have:

h(1,1,1,1) = h(2,2,1,1) = h(3,3,1,1) = h(1,1,2,2) = h(2,2,2,2) =

h(3,3,2,2) = h(1,1,3,3) = 7(2,2,3,3) = h(3,3,3,3) = 1.0

Forz —a=0 andy— [ =1 we have:

h(1,1,2,1) = h(2,2,2,1) = h(3,3,2,1) = h(1,1,3,2) = h(2,2,3,2) = h(3,3,3,2) = 1.0
Form—a—O and y — 3 =2 we have: h(1,1,3,1) = h(2,2,3,1) = h(3,3,3,1) = 1.0
Forx—a=1andy— = -2 we have: h(2,1,1,3) = h(3,2,1,3) =04

Forx—a=1 andy— 3= —1 we have:

h(2,1,1,2) = h(2,1,2,3) = h(3,2,1,2) = h(3,2,2,3) = 0.7

Forz—a=1 andy— [ =0 we have:

h(2,1,1,1) = h(2,1,2,2) = h(2,1,3,3) = h(3,2,1,1) = h(3,2,2,2) = h(3,2,3,3) = 0.8
Forx—a=1 and y— =1 we have:

h(2,1,2,1) = h(2,1,3,2) = h(3,2,2,1) = h(3,2,3,2) = 0.8
Forz—a=1andy— =2 we have: h(2,1,3,1) = h(3,2,3,1) =0.5

Forz —a=2andy— = —2 we have: h(3,1,1,3) =0.5
Forx—a=2andy— 3 = -1 we have: h(3,1,1,2) = h(3,1,2,3) = 0.5
Forx—a=2andy— 3 =0 we have: h(3,1,1,1) = h(3,1,2,2) = h(3,1,3,3) = 0.9
Forx—a=2andy— =1 we have; h(3,1,2,1) = h(3,1,3,2) = 0.7

Forz—a =2 andy— =2 we have: h(3,1,3,1) = 0.8

So, this is a shift invariant point spread function.

How can we express in practice the effect of a linear operator on an image?

This is done with the help of matrices. We can rewrite equation (1.15) as follows:

g(a, B) =

FL DAL, 0,1, 8) + f(2,D)h(2,0,1,8) + ...+ f(N,1)h(N,«, 1, 0)
F1(1,2)R(1,0,2,8) + £(2,2)h(2,0,2,8) + ...+ f(N,2)h(N, a, 2, 8)

...+ f(1, N)R(1, 0, N, B) + f(2, N)h(2,a, N, 3) +

+f(N, N)h(N,a, N, §) (1.35)

The right-hand side of this expression can be thought of as the dot product of vector

haﬁ =
[h(1,0,1,8),h(2,0,1,8),...,h(N,a,1,8),h(1,,2,8), h(2,, 2, 5), .. .,
h(N,c,2,08),...,h(2,a, N, ﬁ) ,h(N,a, N, 3)] (1.36)

with vector:



1. Introduction 19

T =

7f(N71)7f(172)’f(272)7""f(N72))
- f(N,N)]

[£(1,1), £(2,1),...
. f(,N), f(2,N),..

This last vector is actually the image f(x,y) written as a vector by stacking its columns one
under the other. If we imagine writing g(«, 3) in the same way, then vectors hgﬁ will arrange
themselves as the rows of a matrix H, where for § = 1, o will run from 1 to N to give the
first N rows of the matrix, then for g = 2, § will run again from 1 to IV to give the second
N rows of the matrix, and so on. Thus, equation (1.15) may be written in a more compact
way as:

(1.37)

g =Hf (1.38)

This is the fundamental equation of linear image processing. H here is a square N2 x N2
matrix that is made up of N x N submatrices of size N x N each, arranged in the following

way:
y=1 y=2 y=N
al< f—1 ) al< 51 > “l<ﬁ:1>
y=1 y=2 y=N
G ) a6
y= y= y=N
32y (2 - (2N

In this representation each bracketed expression represents an N x N submatrix made up
from function h(x, «,y, ) for fixed values of y and 8 and with variables 2 and « taking up
all their possible values in the directions indicated by the arrows. This schematic structure
of matrix H is said to correspond to a partition of this matrix into N2 square submatrices.

Example 1.8

A linear operator is such that it replaces the value of each pixel by the
average of its four nearest neighbours. Apply this operator to a 3 x 3 image
g. Assume that the image is repeated ad infinitum in all directions, so that
all its pixels have neighbours. Work out the 9x9 matrix H that corresponds
to this operator by using equation (1.39).

If the image is repeated in all directions, the image and the neighbours of its border
pizels will look like this:

933 | g31 g32 g33 \ g11
913 | 911 g12 G13 \ g11
g23 | 921 g2 g3 | gm (1.40)
933 | g31 932 gs3 \ g31
913 | gin g12 913 \ g11




(1.41)

g33+g11+923+9g12
9g13+921+933+9g22
g23+931+913+932
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g32+9g13+g20+911
g12+923+9g32+g21
g22+933+g12+931

g31+9g12+921+913
g11+9g22+931+g23

g21+932+911+933
In order to construct matric H we must deduce from the above result the weight by

which a pizel at position (x,y) of the input image contributes to the value of a pixel at
position (a, 3) of the output image. Such value will be denoted by h(x,a,y, ). Matriz

The result then of replacing every pixel by the average of its four nearest neighbours
H will be made up from these values arranged as follows:

20
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0
0
1/4
0
0
1/4
1/4 1/4
1/4
0

0
1/4
0
0
1/4
0
0

1/4
0
0
0
0
0
1/4
1/4 1/4 1/4

0
0
1/4

1/4 1/4 1/4
1/4
0
0
0

0
1/4
0
0
1/4
0
1/4
0

1/4
0
0
0

1/4

1/4

1/4
0
0

1/4
0
0
0

1/4
0
0

1/4

1/4 1/4
0

0

1/4

0

0

1/4

0

0
1/4
1/4 1/4
1/4
0
0
1/4
0
0

H =

By inspection we deduce that:
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Example 1.9

The effect of a linear operator is to subtract from every pixel its right
neighbour. This operator is applied to image (1.40). Work out the output
image and the H matrix that corresponds to this operator.

The result of this operator will be:

911 — g12 912 — 4913  g13 — 911
g21 — 922 g22 — Gg23 G23 — g21 (1~44)
931 — 932 932 — 0933 933 — g31

By following the procedure we followed in example 1.8, we can work out matriz H,
which here, for convenience, we call H :

[N eleNeoNel S —R=N_

SO O R, OO OO

(1.45)

—_— OO, OO0 OoOO0o

aafl

I
corocoooco o~

\

o OO0 OCOoCO RO
—Fo o0 O0COoOR~R OO
cCooco~ROoOORO
corocooroOoO

I
o oo~ OoOOCOO

Example 1.10

The effect of a linear operator is to subtract from every pixel its bottom
right neighbour. This operator is applied to image (1.40). Work out the
output image and the H matrix that corresponds to this operator.

The result of this operator will be:

gi1 —g22 gi2 — G923 913 — 921
921 — 932 Y22 — Y33 g23 — g31 (1.46)
931 — 912 932 — g1z 933 — g11

By following the procedure we followed in example 1.8, we can work out matriz H,
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which here, for convenience, we call H:

OO0 O OO O

O OO OO OO

OO DD OO~ MFH OO

oOorrococoroOoO
\
mFooOoORrROoOOOO

(1.47)

I
I
corrRrOoOoOOO

OO OO oo+~ OoO

OrRr oo+ OOo

]
I
=R =R =Rl

Can we apply more than one linear operators to an image?

We can apply as many operators as we like.

Does the order by which we apply the linear operators make any difference to
the result?

No, if the operators are shift invariant. This is a very important and convenient property of
the commonly used linear operators.

Box 1.2. Since matrix multiplication is not commutative, how come we can
change the order by which we apply shift invariant linear operators?

In general, if A and B are two matrices, AB # BA. However, matrix H, which expresses
the effect of a linear operator, has a particular structure. We can see that from equation
(1.39): the N? x N2 matrix H can be divided into N2 submatrices of size N x N each.
There are at most N distinct such submatrices and they have a particular structure:
the second column of their elements can be produced from the first column, by shifting
all elements by one position down. The element that sticks out at the bottom is put
at the empty position at the top. The third column is produced by applying the same
procedure to the second column as so on (see example 1.11). A matrix that has this
property is called circulant matrix. At the same time, these submatrices are also
arranged in a circulant way: the second column of them is produced from the first
column by shifting all of them by one position down. The submatrix that sticks out at
the bottom is put at the empty position at the top. The third column of matrices is
created from the second by applying the same procedure and so on (see example 1.12).
A matrix that has this property is called block circulant. It is this particular structure
that allows one to exchange the order by which two operators with matrices H and H,
respectively, are applied to an image g written as a vector:

HHg = HHg (1.48)
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Example B1.11

Write down the form you expect two 3 x 3 circulant matrices to have and
show that their product commutes.

A 3x3 circulant matriz will contain at most 3 distinct elements. Let us call them o, 3
and v for matriz A, and &, 3 and v for matrix A. Since these matrices are circulant,
they must have the following structure:

a v B B a 7 3
A=10 a 7~ A=18 a 7 (1.49)
7 B o« 5 B a

We can work out the product AA:

Cfa oy B\ (@ F B\ [ad+AB+B7 of +ra+B af -+ pa
AA=|B a | |B a F|=|BataB++7 Bi+aa+qB BB+aF+aa
v B a)\5 B a Ya+BB+aiy i+ Ba+aB ya+ B+ ad
(1.50)

We get the same result by working out AA:
i a 5 B\ fa v B aa+yf+py ay+ia+p8 af+yy+Pa
AA=|F a 7| |B a v|=|Ba+aB+7y By+aa+iB BA+ay+7a
vy B a)/ \v B «a Ja+ BB +ay v+ Pa+aB A6+ By + aa
(1.51)

We can see that AA = AA, ie that these two matrices commute.

Example B1.12

Identify the 3 x 3 submatrices from which the H matrices of examples 1.8,
1.9 and 1.10 are made.

We can easily identify that matriz H of example 1.8 is made up from submatrices:

0 1/4 1/4 /4 0 0
1/4 1/4 0 0 0 1/4
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Matriz H of example 1.9 is made up from submatrices:

. 1 00 R 0 0 0 X -1 0 0
H11 = 0 1 0 H21 = 0 0 O H31 = 0 -1 0 (153)
0 0 1 0 0 0 0 0 -1
Matriz H of example 1.10 is made up from submatrices:
: 1 00 B 0 0 0 3 0 -1 0
H11 = 0 1 0 H21 = 0 0 O H31 = 0 0 -1 (154)
0 0 1 0 0 0 -1 0 0

Thus, matrices H, H and H of examples 1.8, 1.9 and 1.10, respectively, may be written
as:

Hy Hzi Hgn R Hyy o Hzi Hy B Hyy Hs Hy

H=|Hy Hpy Hz H=|Hy Hy; Hs H=1Hy Hun Hs

Hsy Hyy Hyu Hy Hy Hyp Hsy, Hyy Hyy
(1.55)

Each one of the submatrices is circulant and they are arranged in a circulant manner,
so matrices H, H and H are block circulant.

Example 1.13

Apply the operator of example 1.9 to the output image (1.41) of example
1.8 by working directly on the output image. Then apply the operator of
example 1.8 to the output image (1.44) of example 1.9. Compare the two
answers.

The operator of example 1.9 subtracts from every pixel the value of its right neighbour.
We remember that the image is assumed to be wrapped round so that all pizels have
neighbours in all directions. We perform this operation on image (1.41) and obtain:

g31+912+921—932—9g22—4g11 932+913+922—9g33—ga3—gia 9g33+911+923—931—Gg21—4g13
4 4 4

g11+9g22+931—g12—gs2—ga1 9gi12+923+932—9g13—g33—ga2 g13+921+933—911—931—ga3
4 4 4

g21+9g32+911—g22—g12—gs1 g22+933+9gia—ge3—gi3—gs2 g23+931+913—g21—g11—gs3
4 4 4

(1.56)
The operator of example 1.8 replaces every pizel with the average of its four neighbours.
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We apply it to image (1.44) and obtain:

g31—gs2+gia—gi3+g21—g22+g13—gi1
4

932—933+913—9g11+922—g23+g11—gi2
4

g11—gi12+922—g23+9g31—g3a+9ga3—ga1
4

g12—g13+923—9g21+932—9gss+9go1—go2
4

921—922+932—9g33+g11—gi2+9gasz—gs1
4

g22—923+933—g31+912—9g13+931—ga2
4

933—9g31+911—g12+9g23—g21+9gi12—4gi3
4

g13—gi1+9g21—g22+933—g31+g22—gas
4

923—921+931—g32+913—g11+932—9gas
4

By comparing outputs (1.56) and (1.57) we see that we get the same answer whichever

is the order by which we apply the operators.

(1.57)

Example 1.14

Use matrix multiplication to derive the matrix with which an image (writ-
ten in vector form) has to be multiplied from the left so that the operators
of examples 1.8 and 1.9 are applied in a cascaded way. Does the answer

depend on the order by which the operators are applied?

If we apply first the operator of example 1.9 and then the operator of example 1.8, we
must compute the product HH of matrices H and H given by equations (1.43) and

(1.45), respectively:

1 1 1 1

DB TS 001 ol

% 4 4 4
7 000 % 0 0 z[]0
) 00 0 % 7 0 0[]0
HH = [0 1 0 % 0 3 0 % of]o0
0 0 1 7 000 % 0
$ 00 3 00 0 1 il
0+ 0 0 1 0 % 0 3110
o0+ o0 o0 1 1 3 0]|O
[ —-1/4  1/4  1/4  1/4 —1/4
/4 —1/4  1/4 -1/4 1/4
/4 1/4 —1/4 -1/4 -1/4
0 0 0 —1/4 1/4
= 0 0 0 1/4 -1/4
0 0 0 1/4 1/4
/4 —1/4 —1/4 0 0
-1/4  1/4 -1/4 0 0
| -1/4 -1/4  1/4 0 0

OO O OO+ Oo

-1
0
—1/4
~1/4

1/4
1/4
1/4
—1/4
0

0

0

cCoococor~OoOo
|
—_

I
—_
COoOO0C coocoOoORrR OO

1/4
—1/4
—1/4
—1/4

1/4

1/4

| o
iR

[N eNeNeNS ==

—1/4
1/4
—1/4
1/4
—1/4
1/4

I
L oo

S OO = OO

o O O

I
—_

|
—
T ococoo oco=oo

—1/4
1/4
1/4
1/4

ormoo |

~1/4 |

0 0
0 0
0 0
0 0
1 0
~1
0
0
1_
(1.58)
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If we apply first the operator of example 1.8 and then the operator of example 1.9, we
must compute the product HH of matrices H and H given by equations (1.43) and
(1.45), respectively:
HH =
(10 0 -1 0 0 0 0 0][0 j} % 1 00 1 0 0]
o 1 0 0 -1 0 0 0 0 % 0 ; 0200 5 0
0 0 1 0 0 -1 0 0 0}, 1000 % 0 0 1
o 0 0 1 0 0 -1 0 O0f|f 00002 4 100
o 0 0 0 1 0 0 -1 0[]0 3 0 % 0 % 0 1 0
o 0o 0o 0 0 1 0 0 -1/|0 0 % 3 1000 %
-1 0 0 0 0 O 1 0 Of|2 00 0 O0O0 % 7
o -1 0 0 0 0 0 1 o]0 2 0010 % 0 7
0 0 -1 0 0 0O O 0 1J[0 0 fF 00 5 5 35 0
[ —1/4 1/4 1/4 1/4 —1/4 -1/4 0 0 0]
1/4 —1/4 1/4 —1/4 1/4 —1/4 0 0 0
1/4 1/4 —-1/4 —-1/4 —-1/4 1/4 0 0 0
0 0 0 —1/4 1/4 1/4 1/4 —-1/4 —-1/4
= 0 0 0 1/4 —-1/4 1/4 —-1/4 1/4 -1/4 (1.59)
0 0 0 1/4 1/4 —-1/4 —-1/4 -1/4 1/4
1/4 —1/4 —1/4 0 0 0 —1/4 1/4 1/4
—1/4 1/4 —1/4 0 0 0 1/4 —-1/4 1/4
| —1/4 —1/4 1/4 0 0 0 1/4 /4 —1/4 |
By comparing results (1.58) and (1.59) we see that the order by which we multiply the
matrices, and by extension the order by which we apply the operators, does not matter.

Example 1.15

Process image (1.40) with matrix (1.59) and compare your answer with the
output images produced in example 1.13.

To process image (1.40) by matriz (1.59), we must write it in vector form, by stacking
its columns one under the other:




1. Introduction

27

T1r ] r—911+921+931+9i12—ga2—9gs2

i 1 7 1 —i —3 0 0 07 [m 1

1 _1 i 1 1 7i 0 0 0 go1 gi1—g21+931—gi2+g22—4gs2
4 4 4 4 4

i 1 _1 ,i _1 1 0 0 0 g31 911+921—9g31—gi12—g22+9a>
4 4 4 4 4

0 0 0 71 1 i 1 1 1 —9gi12+9g22+932+913—g23—9gas
1 1 4 1 1 4 912 1

0 0 0 1 _1 1 _1 1 _1 — | 912—922+932—g13+9g23—gas
4 1 1 PR 1| |922 1

0 0 0 1 1 1 1 1 1 g g12+922—9g32—gi13—g23+9ss
4 4 4 1 4 4 32 1

1 1 1 0 0 0 _ 1 1 1 9g11—9g21—931—gi13+9g23+4gss
1 1 g 1 4 4 913 1

_1 1 _1 0 0 0 1 _1 1 —9g11+921—931+913—9g23+g3s
O i 4 925 4

L™ 4 ~ 21 4 0 0 0 1 1 —24 1933 _*911*921+9314+913+923*933

(1.60)
To create an image out of the output vector (1.60), we have to use its first three
elements as the first column of the image, the next three elements as the second column
of the image, and so on. The image we obtain is:

—911+921+931+g912—g22—gs> —912+922+932+913—923—gss gi1—g21—g31—9g13+923+9s3
4 4 4
g11—g21+931—g12+9g22—gso g12—9g22+932—g13+923—4gss —911+921—931+913—9g23+4gss
4 4 4
g11+921—931—g12—ga2+gs2 g12+922—9g32—9g13—g23+gss —911—921+931+913+923—gs3
4 4 4
(1.61)

By comparing (1.61) and (1.56) we see that we obtain the same output image either we
apply the operators locally, or we operate on the whole image by using the corresponding
matriz.

Example 1.16

By examining matrices H, H and H given by equations (1.43), (1.45) and
(1.47), respectively, deduce the point spread function of the corresponding
operators.

As these operators are shift invariant, by definition, in order to work out their point
spread functions starting from their corresponding H matriz, we have to reason about
the structure of the matriz as exemplified by equation (1.39). The point spread function
will be the same for all pixzels of the input image, so we might as well pick one of them;
say we pick the pizel in the middle of the input image, with coordinates x = 2 and
y = 2. Then, we have to read the values of the elements of the matriz that correspond
to all possible combinations of a and (3, which indicate the coordinates of the output
image. According to equation (1.39), B takes all its possible values along a column
of submatrices, while o takes all its possible values along a column of any one of the
submatrices. Fizing the value of x = 2 means that we shall have to read only the
middle column of the submatriz we use. Fizing the value of y = 2 means that we
shall have to read only the middle column of submatrices. The middle column then of
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matrixz H, when wrapped to form a 3 X 3 image, will be the point spread function of the
operator, ie it will represent the output image we shall get if the operator is applied to
an input tmage that consists of only Os except in the central pizel where it has value 1
(a single point source). We have to write the first three elements of the central column
of the H matriz as the first column of the output image, the next three elements as
the second column, and the last three elements as the last column of the output image.
For the three operators that correspond to matrices H, H and H, we obtain:

0 1 0\ 00 0 ) -1 0 0
h=[1 0 1| = -1 10 h = 010 (1.62)
0 %0 00 0 000

Example 1.17

What will be the effect of the operator that corresponds to matrix (1.59)
on a 3 x 3 input image that depicts a point source in the middle?

The output image will be the point spread function of the operator. Following the
reasoning of example 1.16, we deduce that the point spread function of this composite
operator 1s:

~1/4  1/4 0
/4 —1/4 0 (1.63)
~1/4  1/4 0

Example 1.18

What will be the effect of the operator that corresponds to matrix (1.59)
on a 3 x 3 input image that depicts a point source in position (1,2)?

In this case we want to work out the output for x = 1 and y = 2. We select from
matriz (1.59) the second column of submatrices, and the first column of them and wrap
it to form a 3 x 3 image. We obtain:

1/4 —1/4 0
~1/4  1/4 0 (1.64)
~1/4  1/4 0

Alternatively, we multiply from the left input image
g"=(0 00 1 00 0 0 0 (1.65)
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with matric HH given by equation (1.58) and write the output vector as an image.
We get exactly the same answer.

Box 1.3. What is the stacking operator?

The stacking operator allows us to write an N x N image array as an N2 x 1 vector, or
an N2 x 1 vector as an N x N square array.
We define some vectors V,, and some matrices NN,, as:

0
rows 1 ton —1
0
Vo= | 1|} row n (1.66)
0
rows n+ 1 to IV
0

n — 1 square N X N ma-
O trices on top of each other
with all their elements 0

1 0 0

N = U1 L the n* matrix is the unit
n — . .
: matrix

0 0 1
N — n square N X N ma-
trices on the top of each
0 other with all their ele-

ments 0
(1.67)

The dimensions of Vi, are N x 1 and of N,, N? x N. Then vector f which corresponds
to the N x N square matrix f is given by:

N
f=> N.fVy (1.68)
n=1

It can be shown that if f is an N? x 1 vector, we can write it as an N x N matrix f,
the first column of which is made up from the first IV elements of f, the second column
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from the second NN elements of f, and so on, by using the following expression:

N
f=) NifvQ
n=1

(1.69)

Example B1.19

You are given a 3 X 3 image f and you are asked to use the stacking operator

to write it in vector form.

Let us say that:

fir fiz fis
f=\rfa fo fo
fa1 fa2 f33

We define vectors Vg, and matrices Ny, forn =1,2,3:

1 0 0
Vi=|0], Vo=[1], vs=10

0 0 1

100 00 0 00 0
010 00 0 00 0
00 1 00 0 00 0
00 0 100 00 0
N=]00 0], No=|0 1 0|, My=]0 0 0
00 0 00 1 00 0
00 0 00 0 100
00 0 00 0 010
00 0 00 0 00 1

According to equation (1.68):

f=NifVi+NofVa+ N3fVg

(1.70)

(1.71)

(1.72)

(1.73)
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1

0

0

0

N1fVy = 0
0

0

0

0

1

0

0

0

N1fVy = 0
0

0

0

0

Similarly:

N fVa =

OO OO OO OO OO oo+ Oo

fi2
S22

32
0

0
0

We shall calculate each term separately:

OO DD OO OH OO OO0 +=OO

)

fll f12 f13
f21 f22 f23
f31 f32 f33

Ju
fa ] =
fs1

N3fVs =

Then by substituting into (1.73), we obtain vector f.

1
0| =
0

(1.74)

(1.75)

Example B1.20

3 X 3 matrix.

Let us say that:

You are given a 9 X 1 vector f. Use the stacking operator to write it as a
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fi1
fa1
f31
fiz
f=1 fo
f32
f13
fa3
f33

According to equation (1.69)
f=NItvy T + NIEV,T + NIEvVg”

(where N1, No, N3, V1, Vo and V3 are defined in Box 1.3)
We shall calculate each term separately:

fll
fa1
f31
1 00 0000 0 0\]f
N{fvi=[0 1 00000 Offfef(T 00
001 0000 0 0/]f
f13
fo3
f33
fir 00
far 0 0
fai 0 0
1 0000 0 O0 OO fiz 0 0 fu
=[0 1.0 0 0 0 0 0 0] |[foxo 0 0|=/{Ffu
001 0O0O0TO0TUO0O0/|f 00 fs1
fiz 0 0
fo3 0 0
fzz 0 0
Similarly:
0 fiz O 0 0 fi3
NIfVI =10 fa O], NitVg =[0 0 fos
0 fs2 O 0 0 f33

Then by substituting into (1.77), we obtain matriz f.

(1.76)

(1.77)
0 0
0 0] (1.78)
00

(1.79)
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Example B1.21

Show that the stacking operator is linear.

To show that an operator is linear we must show that we shall get the same answer
either we apply it to two images w and g and sum up the results with weights o and (3,
respectively, or we apply it to the weighted sum aw + Bg directly. We start by applying
the stacking operator to composite image aw + Bg, following equation (1.68):

N

N
Z Np(ow+ 8g)Va = Z Ny (awVy + BgVn)

n=1 n=1
N

= Y (NpawVy + N, BgVa)

n=1
N N
= Y NpawVa+ Y NofBgVa (1.80)
n=1 n=1

Since a and 3 do not depend on the summing index n, they may come out of the
summands:

ZN (aw + Bg)V —aZN wVy —l—ﬁZNngV (1.81)

Then, we define vector w to be the vector version of image w, gwen by Z NpywVy

and vector g to be the vector version of image g, given by anl N, gV, to obtain:

n=1

N
ZNn(aw—Fﬁg)Vn =aw + g (1.82)

n=1

This proves that the stacking operator is linear, because if we apply it separately to
images w and g we shall get vectors w and g, respectively, which, when added with
weights o and 3, will produce the result we obtained above by applying the operator to
the composite image aw + Bg directly.

Example B1.22

Consider a 9 x 9 matrix H that is partitioned into nine 3 x 3 submatrices.
Show that if we multiply it from the left with matrix NI, defined in Box
1.3, we shall extract the second row of its submatrices.
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We apply definition (1.67) for N = 3 and n = 2 to define matriz Ny and we write
explicitly all the elements of matriz H before we perform the multiplication:

0O 0 01 0 0 0 0 O
NIH = [0 0 00 1 00 0 0]x

O 0 0 0 0 1 0 0O

hii hia his | hia his hie | hir his hig
hoi has hags | hos has has | hor hag  hog
hsi hsa hss | haa hss hss | hgr hss hsg
hai haz has | has has hae | har hag  hag
hsi hsa hss | hsa hss hse | hsy hsg  hsg
her hez hes | hes hes hes | her hes heo
h7i hza hzs | hma his hge | hyr hrg hrg
hgi hga hss | hsa hss hgs | hgr hss hso
hot hoa hos | hos hos hgs | hor hog hog

har hag hag | haa has hag | har has  hag
= |hs1 hse hss | hsa hss hse | hsy hss  hsg (1.83)
her he2 hes | hes hes hes | her hes heg

We note that the result is a matriz made up from the middle row of partitions of the
original matrixz H.

Example B1.23

Consider a 9 x 9 matrix H that is partitioned into nine 3 x 3 submatrices.
Show that if we multiply it from the right with matrix N3, defined in Box
1.3, we shall extract the third column of its submatrices.




1. Introduction

35

hs1

hi2
hao
h3o

hao
hs2

hi3
hos
h33

ha3
hs3

hos

hia
hay
h34

haa
hsa

his
has
h3s

has
hss

hos

hie
hag
h3e

hae
hse

hir
har
har

haz
hs7

hgr

hig
hog
h3g

hag
hss

h1g
hag
h3g
hag
hsg
heg
hzg
hgg
hog

hir
har
har
haz
hs7
her
her
hsr
hozr

HN; =
0 0 O
0 0 O
0 0 O
0 0 O
0 0 O
0 0 O
1 0 0
0 1 0
0 0 1
hig  hig
hag  hag
h3g  hsg
hag  hag
hsg  hsg
heg oo
hzg  hrg
hgs  hgg
hog  hog

We apply definition (1.67) for N = 3 and n = 3 to define matriz N3 and we write
explicitly all the elements of matriz H before we perform the multiplication:

(1.84)

We observe that the result is a matrix made up from the last column of the partitions
of the original matrixz H.

Example B1.24

Multiply the 3 x 9 matrix produced in example 1.22 with the 9 x 3 matrix
produced in example 1.23 and show that the resultant 3 x 3 matrix is the
sum of the individual multiplications of the corresponding partitions.
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har  haz  hag |
hs1  hse  hss |
he1  he2 hes |

harhi7 4 hashor + haghar 4 hashar + hashst 4 hacher + harhor 4 haghgr + haghor
hsihi7 + hsahor + hsshar + hsahar + hsshst + hscher + hsrher + hsghgr + hsghgr
he1hi7 + heahor + heshar + heahar + heshst + hecher + herhrr + heshgr + heghor

haihig + hashog 4 hashss + haahag + hashsg + haghes + harhrg + haghgg 4 haghgs
hsi1hig + hsahog + hsshss + hsahag + hsshss + hsches + hsrhrs + hsghss + hsghog
he1hig + heahog + heshas + heahag + heshsg + heshes + herhrs + heshgg + heghos

hathig + hashog + hazhzg + hashag + hashsg + hagheg + harhrg + haghgg + haghog
hsihig + hsahog + hszhag + hsahag + hsshsg + hsgheg + hsrhrg + hsghgg + hsghog
he1hig + heahag 4 heshag + heahag + heshsg + hesheo + herhrg + heshgg + heohog

hathi7 + haghoy + hyshgy
hsihi7 4 hsahor + hsshar
he1hi7 4 heahor + heshar

haahaz + hashs7 + hasher
hsaha7 + hsshsr + hseher
heaha7 + heshsr + hesher

hazhrr + haghgy + haghgr
hs7hrr + hsghgy + hsghgr
herher + heghsr + heghor

har hao  has
hsi  hsa sz
he1  he2 hes

has  has  hag | har
hsa hss hse | hsr
hes hes hes | her

harhig + haohog + haghss

hsihig + hsahog + hsshas  hsihig + hsahag 4 hsshag |+
he1his + heahog + heshas  he1hig + heahag + heshsg
hashag + hashsg + haghes  hashag + hashsg + haghey
hsahag + hsshsg + hsghes  hsahag + hsshsg + hscheg |+
heahas + heshsg + heshes  heahag + heshso + hesheg
ha7hzs + haghgg + haghos  harhrg + haghgg + haghgg
hs7hrs + hsghgg + hsghos  hsrhrg + hsghsgg + hsghgg | =
herhrg + heshgs + heohos  herhrg + heghgg + heghog
hiz hig  hig has  has  hae\ [har  hag  hag
hor  hog hog | + | hsa hss hse || hsr  hss  hsg
har  hssg  hsg hea hes hes) \her hes heo
har  hag  hag\ [hor  hrg hirg
+| hsr hss hso || her  hss  hsg
her hes heo/ \hor hgs hog

hiz  hig  hig
har  hog  hag
har  hsg  hag
h48 h49 h47 h48 h49
hss  hso || hsr  hss  hso |=
hes  heo ) | her hes heo
her hrg g
hg7  hgs  hso
ho7  hos  hgg

hathig + hashog + hazhag
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Example B1.25

Use the stacking operator to show that the order of two linear operators
can be interchanged as long as the multiplication of two circulant matrices
is commutative.

Consider an operator with matriz H applied to vector £ constructed from an image f,
by using equation (1.68):

f

N
Hf =HY» N,fVy (1.85)
n=1

The result is vector £, to which we can apply matrix H that corresponds to another
linear operator:

=hu
I

N
Hf =HHY N,fVy (1.86)

n=1
From this output vector £ we can construct the output image f by applying equation
(1.69):
= N ~
fo= Y N¥tvy," (1.87)
m=1

We may replace t from (1.86) to obtain:

N
NEHHY N, fVa Vi

n=1

NE

Fo=

3
l

(NZH)YHN,)f(VaVm') (1.88)

I
NE
WE

1

3
Il

n

The various factors in (1.88) have been grouped together to facilitate interpretation.

Factor (N,?Ll—fl) extracts from matric H the m'™ row of its partitions (see exam-
ple 1.22), while factor (HN,,) extracts from matriz H the n'" column of its partitions
(see example 1.23). The product of these two factors extracts the (m,n) partition of
matric I:IH, which is a submatriz of size N x N. This submatriz is equal to the sum
of the products of the corresponding partitions of matrices (Nnj;ﬂ) and (HN,,) (see
example 1.24). Since these products are products of circulant matrices (see example
1.11), the order by which they are multiplied does not matter.

So, we shall get the same answer here either we have (NTH)(HN,) or (NTH)(HN,),
ie we shall get the same answer whichever way we apply the two linear operators.
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What is the implication of the separability assumption on the structure of matrix
H?

According to the separability assumption, we can replace h(z,«,y,3) with the product of
two functions, he.(z,a)h,(y, ). Then inside each partition of H in equation (1.39), h.(z, «)
remains constant and we may write for H:

hcll e thl h(:ll v thl

hch e th2 h(:12 v th2
hrll : . s her

hclN . thN hclN .. thN

hcll e thl h(:ll v thl

hc12 .. th2 hc12 e th2
hrlQ : : o hTNZ :

hClN e h(:NN hclN e thN (1'89)

hcll e hCNl hcll s thl

heiz ... hene heiz «.. henz
hein | . : oo henn

heiv .. henn heinv .. henn

Here the arguments of functions h.(z,«) and h,.(y,3) have been written as indices to save
space. We say then that matrix H is the Kronecker product of matrices hl and hl and
we write this as:

H = hlenl (1.90)

Example 1.26

Calculate the Kronecker product A ® B where

(1.91)

b
I
[N RSN
— —= O
S W =




1. Introduction 39

1xB 2xB 3xB

AR B=|4xB 3xB 1xB]| =
2xB 4xB 1xB
2 0 1 2 0 1 2 0 1
1x]10 1 3 2x |10 1 3 3x |10 1 3
2 1 0 2 1 0 2 1 0
2 0 1 2 0 1 2 0 1

4x (0 1 3 3x |10 1 3 1x10 1 3 =
2 1 0 2 1 0 2 1 0
2 0 1 2 0 1 2 0 1
2x (0 1 3 4x 10 1 3 1x10 1 3
2 1 0 2 1 0 2 1 0

2 0 1 40 2 6 0 3

01 3 02 6 0 3 9

21 0 4 2 0 6 30

8 0 4 6 0 3 2 0 1

0 4 12 0 3 9 0 1 3 (1.92)

8 4 0 6 3 0 2 1 0

4 0 2 8 0 4 2 0 1

02 6 0 4 12 0 1 3

4 2 0 8 4 0 2 1 0

How can a separable transform be written in matrix form?

Consider again equation (1.19) which expresses the separable linear transform of an image:

N N

g(aaﬁ) = th(maa)Zf(xvy)hr(yaﬁ) (193)

=1 y=1

Notice that factor ijv:1 f(x,y)h.(y, B) actually represents the product fh, of two N x N
matrices, which must be another matrix s = fh,. of the same size. Let us define an element
of s as:

N
s(x,8) =Y f(@,y)he(y, 8) = fhy (1.94)
y=1
Then (1.93) may be written as:
N
9la, ) = he(w, a)s(x, 3) (1.95)

z=1
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Thus, in matrix form:

What is the meaning of the separability assumption?

Let us assume that operator O has point spread function h(z, «, y, 3), which is separable. The
separability assumption implies that operator O operates on the rows of the image matrix
f independently from the way it operates on its columns. These independent operations are
expressed by the two matrices h, and h., respectively. That is why we chose subscripts r and
¢ to denote these matrices (r = rows, ¢ = columns). Matrix h, is used to multiply the image
from the right. Ordinary matrix multiplication then means that the rows of the image are
multiplied with it. Matrix h. is used to multiply the image from the left. Thus, the columns
of the image are multiplied with it.

Example B1.27

Are the operators which correspond to matrices H, H and H given by
equations (1.43), (1.45) and (1.47), respectively, separable?

If an operator is separable, we must be able to write its H matrix as the Kronecker
product of two matrices. In other words, we must check whether from every submatriz
of H we can get out a common factor, such that the submatriz that remains is the
same for all partitions. We can see that this is possible for matrix f[, but it is not
possible for matrices H and H. For example, some of the partitions of matrices H
and H are diagonal, while others are not. It is impossible to express them then as the
product of a scalar with the same 3 X 3 matrixz. On the other hand, all partitions of
H are diagonal (or zero), so we can see that the common factors we can get out from
each partition form matrix

1 -1 0
A= 0 1 -1 (1.97)
-1 0 1

while the common matrix that is multiplied in each partition by these coefficients is
the 3 x 3 identity matrix:

100
I={(0 1 0 (1.98)
00 1

So, we may write:

H=A®I (1.99)
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Box 1.4. The formal derivation of the separable matrix equation
We can use equations (1.68) and (1.69) with (1.38) as follows. First, express the output
image g using (1.69) in terms of g:

N
> NlgVi (1.100)

m=1

Then express g in terms of H and f from (1.38) and replace f in terms of f using (1.68):

N
g = HY Nu.fVa (1.101)

n=1
Substitute (1.101) into (1.100) and group factors with the help of brackets to obtain:

N N
SO (NLHN,)f(VaVE) (1.102)

m=1n=1

H is a N? x N2 matrix. We may think of it as partitioned in IV x N submatrices stacked
together. Then it can be shown that N1 HN,, is the H,,,, such submatrix (see example
1.28).

Under the separability assumption, matrix H is the Kronecker product of matrices h.
and h,.:

H = hI®hl (1.103)
Then partition H,,, is essentially hl'(m,n)hI. If we substitute this in (1.102), we
obtain:

g = ZZ n) bl f(VaVE)

a Scalar

hLf Z Z hL (m,n)VaVE (1.104)

m=1n=1

=9

Product V, VL is the product between an N x 1 matrix with the only nonzero element
at position n, with a 1 x N matrix, with the only nonzero element at position m. So,
it is an N x N square matrix with the only nonzero element at position (n,m). When
multiplied with AL (m,n), it places the (m,n) element of the h? matrix in position
(n,m) and sets to zero all other elements. The sum over all m’s and n’s is matrix h,..
So, from (1.104) we have:

g=hrfh, (1.105)
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Example 1.28
You are given a 9 X 9 matrix H which is partitioned into nine 3 x 3
submatrices. Show that N2THN3, where Ny and N3 are matrices of the
stacking operator, is partition H.3 of matrix H.
hii hiz his | hia his hie | hir hig hig
hai haa has | hoa hos hog | hayr hag hag
hsi hsa hss | hsa hss hsg | hsr hss hag
har haz hazs | has has hae | har hug hag
H = |hsi hsa hss | hsa hss hsse | hsy hss hsg | (1.106)
heir hsz hes | hea hes hes | her hes heo
hei hra hys | hea hes hee | her hrg hig
hs1 hsa hgs | hsa hss hgs | sy hss hsg
hor hga hos | hoa hos hos | hor hog hog
000 1 0 0 O0O00O0
NfHN; = [0 0 0 0 1 0 0 0 0
000 0 01T 000
hir hi2 hiz hiy his hie hir hig hig 000
hoi haz  hag has has hag hay hag hag | [0 0 0O
hs1 haz hss hss has hss hsr hsg hi | [0 0 0O
har  hao haz has has hae har  hag  hag 0 0 0
hsi hsa hsz hsa hss hse hsy  hsg  hsg 0 0 0
her he2 hes hes hes hes her hes heg | [0 0 0O
h71 hra hzs hga hrs hre her heg hig 100
hg1 hsa hss hss hss hse hsr hss hgg | |0 1 0
ho1r  hoza hes hos hos hos hor hos hgg/ \O 0 1
hiz  hig  hig
ha7  hag  hag
hs7  hsg  hag
00 0 1 0 0 0 0 O har  hag  hag
= 00 0 0 1 0 0 0 O hsy  hss  hsg
00 0 0 0 1 0 0 O her hes hegg
h7z hrzg  hrg
hgr  hgs  hsg
ho7  hos hgg
har  hag  hag
= | hsr hss hsyo | = Has (1.107)
her hes  heo
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What is the “take home” message of this chapter?

Under the assumption that the operator with which we manipulate an image is linear and
separable, this operation may be expressed by an equation of the form

g=hrfh, (1.108)

where f and g are the input and output images, respectively, and h. and h, are matrices
expressing the point spread function of the operator.

Figure 1.7: The original image “Ancestors” and a compressed version of it.

What is the significance of equation (1.108) in linear image processing?

In linear image processing we are trying to solve the following four problems in relation to
equation (1.108).

e Given an image f, choose matrices h. and h,. so that the output image g is “better” than
f, according to some subjective criteria. This is the problem of image enhancement.
Linear methods are not very successful here. Most of image enhancement is done with
the help of nonlinear methods.
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e Given an image f, choose matrices h. and h, so that g can be represented by fewer
bits than f, without much loss of detail. This is the problem of image compression.
Quite a few image compression methods rely on such an approach.

e Given an image g and an estimate of h(x, a, y, 3), recover image f. This is the problem
of image restoration. A lot of commonly used approaches to image restoration follow
this path.

e Given an image f, choose matrices h. and h, so that output image g salienates certain
features of f. This is the problem of feature extraction. Algorithms that attempt to
do that often include a linear step that can be expressed by equation (1.108), but most
of the times they also include nonlinear components.

Figures 1.7—1.11 show examples of these processes.

— s i L. T N

Figure 1.8: The original image “Birthday” and its enhanced version.

What is this book about?

This book is about introducing the mathematical foundations of image processing in the
context of specific applications in the four main themes of image processing as identified
above. The themes of image enhancement, image restoration and feature extraction will be
discussed in detail. The theme of image compression is only touched upon as this could be
the topic of a whole book on its own. This book puts emphasis on linear methods, but several
nonlinear techniques relevant to image enhancement, image restoration and feature extraction
will also be presented.
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Figure 1.9: The blurred original image “Hara” and its restored version.

7
VARNY,

Figure 1.10: The original image “Mitsos” and its edge maps of decreasing detail (indicating
locations where the brightness of the image changes abruptly).
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(¢) Gradient magnitude (d) Region segmentation

Figure 1.11: There are various ways to reduce the information content of an image and
salienate aspects of interest for further analysis.
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