TWO APPROACHES TO
THE LEARNING PROBLEM

In this chapter we consider two approaches to the leamning problem—the
problem of choosing the desired dependence on the basis of empirical dala.

The first approach is based on the idea that the quality of the chosen
function can be evaluated by a risk functional, In this case the choice of the -
approximating function from a given set of functions is a problem of mip-
imizing the risk functional on the basis of empirical data. This problem is
rather peneral. It embeds maay problems of statistics. In this book we con-
sider three of them: pattern recognition, regression estimation, and density
estimation.

The second approach to the learning problem is based on estimating
desired stochastic dependencies (densities, conditional densities, conditional
probabilities). 1t requires solution of integral equations (deiermining these
dependencies) in situations where some elements of the equations are known
only approximately. Using estimated stochastic dependence, the pattern recog-
nition and repression cstimation problems can be solved as well. However,
the function obtained by solution of the integral equations provides much
more details than is required for these problems. The price we pay for these
details is the necessity to solve ill-posed problems,

1.1 GENERAL MODEL OF LEARNING FROM EXAMPLES

Consider the following model of searching for functional dependency, which
we call the model of learning from examples.

The model contains three elements (Fig 1.1):

1. The generator of the data (cxamples), G.
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b o

FIGURE 1.1. A mode! of learming from oxamples. During the leaming procass, the
learming mochine cbserves the pairs (x.y) (the braining set). After fraining, the machine
must on any given x relurn g value §. The goal i$ to return d value ¥ which is close to
the supervisor's response y.

Z. The target operator (sometimes called supervisors operator or, for sim-
plicity, supervisor), S.
3. The learning machine, LM,

The penerator €3 is a source of situations that determinegs the environment in
which the supervisor and the learning machine act. In this book, we consider
the simplest environment: (G generates the vectors x ¢ X independently and
identically distributed {1.1.d.) according to some unknown (but fixed) proba-
bility distribution function F{x).

These vectors are inputs to the target operator (supervisor); the target
operator returns the output values y. The target operator, which transforms
the vectors x into values y, is unknown, but we know that it exists and does
not change.

The learning machine observes £ pairs

(X1 Y1)y ons (X, Y6}

(the rraining sef) which contain input veciors x and the supervisor’s response
y. During this period, the learning machine constructs some operator which
will be used for prediction of the supervisor’s answer y; on any specific vector
x; generated by the generator G. The goal of the leamning machine is to
construct an appropriate approximation.

‘Fo be a mathematical statement, this general seheme of learning from
examples needs some clarification. First of all, we have to describe what kind
of operators are used by the supervisor. In this book, we suppose that the
supervisor returns the output y on the vector x according to a conditional
distribution function F{y|x) {this includes the casc when the supervisor uses
some function y = f(x)).

Thus, the learning machine observes the training set, which is drawn ran-
domly and indcpendently according to a joint distribution function F{(x,y)
F(x}F{yix}. (Recall that we do not know this function but we do know that
it exists.} Using this training sct, the learning machine constructs an approx-
imation to the unknown operator.

To construct an approximation, the learning machine chooses one of the
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two goals to pursue:

e To imitare the supervisor’s operator: Try to construct an operator which
provides for a given generator (3, the best prediction to the supervisor’s
outputs.

¢ To identify the supervisor’s operator: Try to construct an operator which
is close to the supervisor’s opcrator.

There exists an essential difference in these two goals. In the first case, the
goal is 10 achieve the best results in prediction of the supervisor’s cutputs for
the environment given by the generator (3. In the second case, to get good
results in prediction is not enough; it is required to construct an operator
which is ¢lose to the supervisor’s one in a given metric. ‘These two goals of
the learning machine imply two diffcrent approaches to the learning problem.

In this book we consider both approaches. We show that the problem
of imitation of the target operator is casicr fo solve. For this problem, a
nonasymptotic theory will be developed. The problem of identification is
more difficult. It refers to the so-called ill-posed problems. For these prob-
lems, only an asymptotic theory can be developed. Nevertheless, we show
that the solutions for both problems are based on the same gencral prin-
ciples,

Before proceeding with the formal discussion of the learning problem, we
have to make a remark. We have to explain what it means “to construct
an operator” during the learning process. From a formal poini of view, this
means that the learning machine can implement some fixed set of functions
given by the construction of the machine. During the learning process, it
chooses from this set an appropriate function. The rule for choosing the
function is one of the most importaut subjects of the theory and it will be
discussed in this book. But the general asscertion is:

The learning process is a process of choosing an appropriate function from
a given set of functions.

We start vur discussion of the learning problem with the problem of im-
itation, It is based on the general statistical problem of minimizing the risk
functiona! on the basis of empirical data. In the next section we consider a
statement of this problem, and then in the folowing sections we demonstrate
that different learning problems are particular cases of this general one.

1.2 THE PROBLEM OF MINIMIZING THE RISK FUNCTIONAL
FROM EMPIRICAL DATA '

Hach time the problem of selecting a function with desired guality arises, the
same model may be considered: Among the totality of possible functions, one
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looks for the one that satisfies the given quality criterion in the best possibie
manmner.

Formally this means that on the subset Z of the vector space R”, a set of
admissible functions {g(2)}, z € Z, is given, and a functional

R=R(g) (1)

is defined which is the criterion of quality of the chosen function. It is then
required to find the funetion g*(z) from the set {g(z}} which minimizes the
functionat {1.1). (We shall assume that the minimum of the functional corre-
sponds to the best guality and that the minimum of (1.1) exists in {g(z)}.}
In the case when the set of functions {g{z}} and the functional R{g(z)) arc
explicitly given, the search for the function g*{z} which minimizes R(g(z)) is
the subject of the calcutus of variations.

In this book, another case is considered, when a probability distribution
function F({z) is defined on Z and the functional is defined as the mathemat-
ical expectation

R(g(z)) = f Liz.g(2)) dF (), (12)

where function L(z, g(z}) is integrable for any g{z) € {g(z)}. The problem is
to minimize the functional {1.2) in the case when the probability distribution
F(z} is unknown but the sample

Ziyeen Tt (13}

of observations drawn randomly and independently according to F(z) is avail-
able.

Sections 1.3, 1.4, and 1.5 shall verify that the basic statistical problems
related to function estimation probiem can be reduced to the minimization
of {1.2) based on empirical data (1.3). Meanwhile, we shall note that there is
a substantial difference between problems arising when the functional {1.1} -
is minimtized directly and those encountered when the functional {1.2) is
minimized on the basis of empirical data (1.3).

.+ In the case of minimizing {1.1), the problem is to organize the search for

a function g*(z) from the set {g{z)} which minimizes (1.1). When (1.2} is
to be minimized on the hasis of empirical data (1.3}, the basic problem is
to formulate a constructive criterion for choosing the function rather than
organizing the search of the functions in {g{z)}. (The functional (1.2} by
itself cannot serve as a selection critcrion, since the measure F(z) involved
in it is unknown.) Thus, in the first case, the guestion is:

How can we obtain the minimum of the functional in the given set of func-
tions?

While in the second case the question is:
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What should be minimized in order to select from the set {g{z)} a function
which will guaranfee that the functional (1.2) is small? :

Strictly speaking, onc cannot minimize (1.2) based on (1.3) using methods
developed in optimization theory. The minimization of the functional (1.2) on
the basis of empirical data (1.3) is one of the main problems of mathematical
statistics.

When formulating the minimization problem for functional (1.2}, the set
of functions g(z) will be given in a parametric form {g(z,a), a € A}.! Here
- 15 a parameter from the set A such that the value a = o defines the
specific function g(z,a") in the set g{z, ). Finding the required function
means determining the corresponding value of the parameter « € A.

The study of only parametric sets of functions is not a restriction on the
problem, since the set A, to which the parameter « belongs, is arbitrary: It
can be a set of scalar quantities, a set of vectors, or a set of abstract elements.

In the new notation the functional {1.2) can be rewritten as

R(a) = f O,a) dF(z), ach, (1.4)
where

.Q(Z,ﬂ’) = L(ng(zaa))‘

The function Q{z, a), which depends on two variables z and «, is called the
loss function.

The problem of minimizing functional (1.4) admits a simple interpretation:
It is assumed that each function {{z,a*), a* € A (i.e., each function of z
for a fixed o = o*), determines the amount of the loss resulting from the
realization of the vector z. The expected loss (with respect Lo z} for the
function Xz, &) is determined by the integral

R@) = [0 @) dF ().

This functional is called the risk functional or the risk. The problem is to
choose in the set 0z, a), @ € A, a function Q{z, ay) which minimizes the
risk when the probabilily distribution function is unknown but random inde-
pendent observations zq, ..., 7 are given.

Remark. Let us clarify the phrase “probability distribution function is un-
known.” Denote by Py the set of all possible probability distribution func-
tions on Z and by P some subsel of probability distribution functions from
Ps.

tWe shall always omit the braces when wriling a set of [unctions, A single function is distin-
guished from a set of functions by indicating whether the parameter « is fixed or not.
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We will distinguish between two cases:

1. Case where we have no information about the unknown distribution
function. (We have only the trivial information that F(z) € 7g.)
2. Case where we have nontrivial information about the unknown distri-

bution function. We know that F(z) belongs to the subset P which does
not coincide with Py,

In this book, we consider mostly the first case, where we have no a priori
information about the unknown distribution function. However, we will con-
sider the general method for constructing a theory which is valid for any
given set of probability measures,

The problem of minimizing the risk functional (1.4) on the basis of empir-
ical data (1.3) is rather general. It includes in particular three basic statistical
problems:

1, The problem of pattern recognition
2. The problem of regression estimation
3. The problem of density estimation

In the next sections we shall verifv that all these problems can be reduced
to the minimization of the risk functional (1.4} on the basis of the empirical
data {1.3).

1.3 THE PROBLEM OF PATTERN RECOGNITION

The problem of pattern recognition was formulated in the late 1950s. In
essence it can be stafed as follows: A supervisor observes occurring situa-
tions and determines to which of k classes each one of them belongs. It is
required to construct a machine which, after observing the supervisor’s clas-
sification, carries ont the classification approximatcely in the same manuer as
the supervisor.

Using formal language, this statement can be expressed as follows: In a cer-
tain environment characterized by a probability distribution function F(x),
situation x appears randomly and independently. The supervisor classifies
cach situations into one of k classes. We assume that the supervisor car-
ries out this classification using the conditional probability distribution func-
tion F{w|x), where w € {0,1,...,k — 1} (@ = p indicates that the supervisor
assigns situation x to the class number p).!

tThis is the most general case which includes a case when a supervisor classifies situations x
using a function o = f{x}.
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Neither the properties of the environment F(x) nor the decision rule of
the supervisor F{wix) are known. However, we do know that both functions
exist. Thus, & joint distribution F{w,x) = F{w|x}F(x) exists.

Now, let a set of functions ¢(x,a), a & A, which take only k& values
{0,1,....&k — 1} {a set of decision rules}, be given. We shall consider the sim-
plest loss function

o ={] a4 09

The problem of pattern recognition is to minimize the functional
R@) = [ Lo, 8(5.0) dF(o,) 16)

on the set of functions ¢(x, @), a € A, where the distribution function F{w, x)
1s unknown but a random independent sample of pairs

(a’l!xl)'}‘“:((uf!xf) (1'7)

is given. For the loss function (1.5}, the functional (1.6) determines the prob-
ability of a classification error for any given decision rule ¢(x, ) .

'The problem, therefore, Is to minimize the probability of a classification
error when the probability distribution function #(w,x) is unknown but the
data (1.7} are given.

For simplicity consider the two-class classification problem (i.e., € {0,1})
where we use the simplest loss function (1.5).

Thus, the problem of patiern recognition has been reduced to the problem
of minimizing the risk on the basis of empirical data. The special feature of
this problem is that the set of loss functions Qfz, a), @ € A, is not arbitrary
as in the general case described in Section 1.2, The following restrictions are
imposed:

» The vector z consists of # + 1 coordinates: coordinate w, which takes on
only a finite number of values (two values for a two classes problem),
and s coordinates x', ..., x" which form the vector x.

o The set of functions Qfz,a), a € A, is given by

Q(Z, O:) D L('w: é)(xa a})s ac A

and also takes on only a finite number of values {zero and one for the
simplest foss function).

This specific feature of the risk minimization problem characterizes the pat-
tern recognition problem. The problem of pattern recognition forms the sim-
plest learning problem because it deals with the simplest loss fonction. The
loss function in the pattern recognition problem deseribes a set of indicator
functions—that is, functions that 1ake only two valucs, zero and one.
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1.4 THE PROBLEM OF REGRESSION ESTIMATION

Two sets of elements X and Y are connected by a functional dependence
if 1o each element x € X there corresponds a unique element y ¢ Y. This
relationship is called a function if X is a set of vectors and Y is a sef of
scalars. '

However, there exist relationships {stochastic dependencies) where to each
vector x there corresponds a number y which we obiain as a result of random
trials. For each x, let a distribution F{yx) be defined on Y according to which
the selection of the value of ¥ is implemented. The function of the conditional
probability expresses the stochastic relationship between y and x.

Now, let the vectors ¥ appear randomly and independently in accordance

“with a distribution F{(x). Then, in accordance with F(y{x), the vatues of y
are realized in random trials. In this case, there exists a joint distribution
function F(x,y). In accordance with this measure the observed pairs

(y%xl)! (y&xfj

are formed randomly and independently. Estimanng the stechastic depen-
dence based on this empirical daia means estimating the conditional distri-
bution function F{v|x), and this is indeed quite a difficult problem. As we
show, it ieads to the need to solve so-called ilb-posed problems.

However, the knowledge of the function F(y|x) is ofien not required; it is
sulficient to determine one of its characteristics, for example the function of
conditional mathematical expectation:

/@) [ydrol. (18)

This function is called the regression, and the problem of its estimation in
the set of functions f(x, &), e € A, is referred 1o as the problem of regression
estimation. We now show that under conditions

fyzdF(y,x) < %0, /rz(x)dF(y, X) < %0

the problem of regression estimation is reduced to the model of minimizing
risk based on empirical data.

Indeed, on the set f(x,a),a € A (fix, a) € Ly(P)), the minimum of the
functional

Ria) - / v - flx, ) dF(y,x) (1.9)
{provided the minimum exists) is attained at the regression funetion if the

regression r{x} belongs to f{x, @), « ¢ A. The minimum of this functional is
attained at the function f{x, @™}, which is the closest to regression r{x) in the
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meltric L;{F)

alfi fo) - \/ / (h(x) - folx))? dF(x)
if the regression r(x) does not belong to the set fix, o), ¢ € A.
To show this, denote
Bf(x.a) = fx, @) — r(x).
Then functional (1.9) can be written in the form
Re) = [o=rwfaro.n+ [@feafary.s
~2 [ Af(x, o)y ~ r(x)) dF (y, x).

In this expression, the third summand is zero, since according to (1.8)

[ At ) - e dr(,0
- / Af(x, @) [ f (- r(x)) dF[y[x)} dF(x) = 0.
Thus we have verified that
R@) = [t r)P droa s [0 - )P dr (o)

Since the first surnmand does not depend on «, the function f{x, ay),
which minimizes the risk functional R{«), is the regression if r{x} &
flx, e}, or the function f{x, ay) which minimizes the risk functional R{e)
is the closest function to the regression (in the metric Ly (£)), if r(x) does
not belong to fix, a). '

This equation also implies that if the repression function r(x) == f(x, )}
belongs to the given set of functions f(x, o}, & € A, and if for some func-
tion f(x, «*) the risk functional R{a*} is &-close to the minimal one

R{e*} — inf R(a) < &,
aeA

then the fonction f{x, a7} is \/e-close to the regression in the metrie L (P):

plF(x, @), r(x) = \/ f (Fx,a") — r(x))* dF (x) < V.
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Thus, the problem of estimating the regression may be also reduced to the
scheme of minimizing expected risk. The specific feature of this problem is
that the set of functions Q(z, ¢), @ £ A, is subject to the following restrictions:

+ The vector z consists of # + 1 coordinates: the coordinate y and # coordi-
nates x', ..., x* forming the vector x. However, in contrast to the pattern
recoguition problermn, the coordinate y as well as the function f(x, @) may
take any value in the interval (—oc, 00}

s The set of loss functions Q{z, &), & ¢ A, is of the form

Q(Z| ) = ()v' '_f(xsa))z'

The important feature of the regression estimation problem is that the loss-
function ({z, &} can take on arbitrary non-negative values whereas in pattern
recognition problem it can take only two values.

1.5 PROBLEM OF INTERPRETING RESULTS OF INDIRECT MEASURING

Along with the problem of regression estimation we consider the problem of
estimating functional dependencies from indirect measuring,

Suppose one would like to estimate a function f(1) that can be measured
at no point of 1. At the same time, another function F(x} which is connected
with f{¢} by operator

Af() = F(x)

may admit measurements. It is then required on the basis of measurements
(with errors £)

Fls oo Vo vi=Flx)}+ &

of function F{x} at points xi, ..., xy to obtain in a set f{¢, a) the solution of
the equation. This problem is called the problem of interpreting results of
indirect measurements.

The formation of the problem is as follows: Given a continuous operator
A which maps in one-to-one manner the elements f(¢, «) of a metric space
Ey into the elements F(x, o) of a metric space Fy, it is required to obtain a
solution of the operator equation in a set of functions {1, @), « € A, provided
that the function F{x} is unknown, but measurements yy, ..., y, are given.

We assume that the measuring F(x) does not involve systematic error, that
is, .

ny: = F(xi)
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and the random variables yy, and y,. (I # j) are independent. We also assume
that function is defined on the interval {a, bl. The points x at which measure-
ments of the function F(x} are carried out are randomly and independently
distributed on [a, b] according to uniform distribution.’

The problem of interpreting results of indirect experiments also can be
reduced to the problem of minimizing the expected risk based on empirical
data. Indeed, consider the funetional

R(a) = [ (v — AF(t, @) p(yx) dy dx

Using the same decomposition technique as in the previous section we obtain

Ra) = / (7 — F(x, )Y piylx) dy dx
. / (v — AF(O)2p(yix) dy dx + f (F(x,a) - Fx)Y dx

where f(r) and F{x) are the solotion of integral equation and its image in £,
space.

We have thus again arrived at a setup for minimizing expected risk on the
basis of empirical data. To solve this problem, we have to find function
flt. o), the image of which is the regression function in £, space.

s The vector z consists of 7+ 1 coordinates: the coordinate y and # co-
ordinates x*, ..., x" forming the vector x.

= The set of loss-functions Q(z, @), & € A, is of the form

Oz, a) =y - Af(t, ).

The specific feature of interpreting results of indirect cxperiments that the
problem of solving operator equation

Af(e) =Flx),  f) € flra)

may be ill-posed (we will discuss this problem below}. In this case not all
good approximations to the regression F{x) imply good approximations to
the desired solation f(z). In order to approximate the solution of the operator
equation well, one has to choose the function that not only provides a small
value to the risk functional, but also satisfies some additional constraints that
we will discuss later.

T'The points x can be defined by any nonvanishing density on [a, &].
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1.6 THE PROBLEM OF DENSITY ESTIMATION (THE FISHER-WALD
SETTING)

Let p(x, o), o € A, be a set of probability densities containing the required
density

' . IdF_(x)_
plx, a) - o
Consider the functional
Rn) = — /lnp(x?a)dF(x] . (1.10)

Below we show that:

1. 'The minimum of the functional (1.10} (if it exists) is attained at the
functions p(x, &*) which may differ from p(x, ey) only on a set of zero
measure,

2. The Bretagnolle-Huber inequality

f|p(x,a) - plx,a0) | dx <24/1— exp{Rlag) ~ R(@)}  (L11)
is valid.
Therefore, the functions pix,a”) which are g-close 1o the minimum

R{a™) - inf R(w) < &
aEA

will be 2+/1 - exp{—&}-close to the required density in the metric L.
‘The proof of the first assertion is bascd on the Jensen inequality, which

states that for a concave function i the inequality

[w o arw < ¢ ( [t dr(x)) (112)

is valid.
Consider the functions

p(x,a)

(n) = Inu, D(x) == px ).

Jensen's inequality implies

/1 P ao)) dF(x)<In p(( | J)P(x @) dx =1nl =0.



1.6 THE PROBLEM OF DENSITY ESTIMATION (THE FISHER-WALD SETTING) 31

So, the inequality

/I p((;f 6(;) ):/‘“P("“)df”(x}' 'flﬂp(x=ao)dF(x)§0

is valid. Taking into account the sign in front of the integral {1.10}, this
inequality proves our first assertion.
Te prove the Bretagnolle-Taber inequality, use the following identity:

frm 2~ fomi (52 )]
el (22 ]

We apply Jensen’s inequality to both terms on the right-hand side of this
cquality

fp(x, ap) In ;}g:ju)) de < In/min(p(x,a), plx, ap)) dx

+In/max(p(x,a), plx, N dx. (1.13)

Note that the following identities are true:

a+b--la—b|

min{a, b) = 5
1.14
a+b+la—Db (1.14)
max{a, b} = ——~ 5

Substituting {1.14) into {1.13), we obtain

/P(I ao) ln (x %) 4

Io)

<inf(1- ; [ ps,)-px,0) ) (1 [ c,0)pi, )l )
-ln( ( [ lptz.@)-pt, ao)ldx) ) (1.15)

'This inequality implies Bretagnolle Huber inequality.

Thus, the problem of estimating the density in L, is reduced to the min-
imization of the functional (1.10) on the basis of empirical data. We call
this setting of the density estimation problem the Fisher-Wald's setting. {In
Section 1.8 we consider another sctting of this problem.)

The special feature of the density estimation problem in the Fisher-Wald
setting is that the set of functions ({z, o} is subject to the following restric-
110n8:
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e The vector z coincides with the veetor x.
e The set of functions Q(z, &), a € A, is of the form

@z, @) = —logp(x,a),

where p(x, o) is a set of density functions. The loss function Q{z, a) takes
on arbitrary values on the interval (—oco, oo}, whereas in the regression
estimation problem it takes on only nonncgative valucs.

We will restrict our analysis Lo these three problems. However, many other
problems of estimating empirical dependencies can he reduced to the model
of risk minimization based on empirical data.

1.7 INDUCTION PRINCIPLES FOR MINIMIZING THE RISK
FUNCTIONAL ON THE BASIS OF EMPIRICAL DATA

"In the previous sections, we considered the problem of minimizing the risk
functional on the basis of empirical data. 1t was shown that different problems
such as pattern recognition, regression estimation, and density estimation can
be reduced to this scheme by specifying a loss function in the risk functional,

Now a main question arises:

fow can we minimize the risk functional?

We cannot minimize the functional directly since the probability distri-
bution function F(x) that defines the risk is unknown. What shall we do
instead? The answer to this question determines an induction principle for
solving learning problems.

In this book, two induction principles will be considered: (1) the classical
one which we introduce in this section and (2} a new one which we consider
in Chapter 6.

Principle of Empirical Risk Minimization. 1et us, instead of minimizing .
the risk functional

R@)= [0z a)dF@), ach,

minimize the functional

¢ .
Rcmp(ﬂ') == %Z Q(Zis Of), o C As {1']6)
Tl
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which we call the empirical risk functional. 'The empirical risk functional is
constructed on the basis of data

21, --Zg

obtained according to distribution function F(z}. This functionat is defined
in explicit form, and it is subject to minimization.

Let the minimum of the risk functional be attained at (z, ap) and let the
minimum of the empirical risk functional be attained at Q(z, ap). We shall
consider the function Q(z, &) as an approximation to the function Oz, ag).
This principle of solving the risk minimization problem is called the empirical
risk minimization {induction) principle.

The study of this principle is one of the main subjects of this book. The
problem is to establish conditions under which the obtained function Q(z, o)
is close to the desired one, Q{z, ag).

1.8 CLASSICAL METHODS FOR SOLVING FUNCTION
ESTIMATION PROBLEMS

Below we show that classical methods for solving our three statistical prob-
lems (pattern recognition, regression estimation, and density estimation) are
implementations of the principle of empirical risk minfmization.

Method of Minimizing Number of Training Error. In Section 1.3 we
showed that the minimization using empirical data {training data)

((b‘}, xl)a meey (“’fsxf}
of the risk functional

R(a) = j L, 0, a)dF(@,x), acA

on a sct of functions & (x, o), @ € A, that take on only a finite number of
values renders the pattern recognition problem.
Consider the empirical risk functional

tan |

Fa
Remp(@) = 2 > " L{my, #(x;,0)),  a €A
i=1

I the case when L{w;, ¢} € {0, 1} (Difw = ¢ and 1 if w £ &), minimization
of the empirical risk functional produced a function which has the smallest
number of errors on the training data,
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Least Squares Mefhod for the Regression Estimation Probiem. In

Section 14, we considered the problem of regression estimation as the prob-
lem of minimization of the functicnal

Rla) f(y )P dF(y.x), acA

on the set of functions f(x, ), @ ¢ A, on the basis of empirical data

(¥, %10, 000 s )

For this functional, the empirical nsk functional is

-

Rcmp(a) =

¢

Z(yf d_f(xfa a})zy LR A.
EET
According to the empirical risk minimization principle, to estimate the regres-
sion funciion we have to minimize this {unctional. In statistics, the method
of minimizing this functional is known as the “least-squares method.”

Maximum Likelihood Method for Density Estimation. In Scction 1.5,
we considered the problem of density estimation as the problem of minimiza-
tion of the functional

Rla)=— flnp{x, a) d;‘?(x), a €A

on the set of densities p{x,a), a ¢ A, using independent identically dis-
tributed data
Xy Xpe

For this functional, the empirical risk functional is

£
Remp(at) = — Y _ In p(x;, ).

Coi=t

According to the principle of empirical risk minimization, the minimum of
this functional provides an approximation of the density. It is the same solu-
tion which comes from the maximum likelihood method. (In the maximum
likelihood method, a plus sign is used in front of the sum instcad of a minus.)

Thus, we find that the classical methods of solving our slatistical problems
are realizations of the general induction principle of minimizing empirical
risk. In subsequent chapters, we will study the general methods of minimizing
the risk functionals and then apply them to our specific problems. But before
that, we will consider a second approach to the learning problems, which is
not based on the scheme of minimizing the risk functional from empirical
data.
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1.9 IDENTIFICATION OF STOCHASTIC OBJECTS: ESTIMATION OF
THE DENSITIES AND CONDITIONAL DENSITIES

1.9.1 Problem of Density Estimation. Direct Setting

Consider methods for identifying stochastic objects. We start with the prob-
lem of density estimation. Let £ be a random variable. The probability of
random event

Flxy o P <x}
is called a probability distribution function of the random variable £. A ran-
dom vector £ is a generalization of the notion of a random variable. The
function .

Fxy= P{¢ < x},
whete the inequality is interpreted coordinatewise, is called a probability
distribution function of the random vector E. -

We say that the random variable ¢ (random vector £) has a density if there

exists a noanegative function p(u) such that for all x the equality

F(x) =-f plu) du
is valid.
The function p{x} is called a probability density of the random variable

{random vector). So, by definition, to estimate a probability density from the
data we need to obtain a solution of the integral equation

fx plu, o) du = F(x) (1.17)

on a given set of densities p(x, o), @ € A, under conditions that the distribu-
tion function #{x} is unknown and a random independent sample

Kir ey Xy {1‘18)

obtained in accordance with ¥(x), is given.

Onc can construct approximations to the distribution function F(t)
using the data (1.18)—for example, the so called empirical distribution func-
tiont {1.18) {see Fig. 1.2}

£
Fy(x) = %Zﬁ(xvx;), (1.19)
i=I

where we define for vector! u the step function

f(u) = 1 all coordinates of the vector u are positive,
T 10 otherwise.

Pincluding sca'ars as one-dimensional vectars.
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/Ff(x}

iy Ty f

FIGURE 1.2. The empirical distibution funclion F,{x), conshucted from the data
X, ..., X%, approximates the probabitity diskribution function F(x),

In the next section, we will show that empirical distribution function Fg{x) is
a good approzimation to the actual distribution function F(x).

Thus, the problem of density estimation is to find an approximation to the
solution of the integral equation (1.17) if the probability distribution function
is unknown; however, an approximation to this function ¢an be defined.

We call this setting of the density estimation problem direct setting because
it based on the definition of density, In the following scctions we shall discuss
the problem of solving intcgral cquations with an approximate right-hand
side, but now we turn to a direct setting of the problem of estimating the
conditional probability. Using the conditional probablln y, one can easily solve
the pattern recognition problem.

1.9.2 Pro_blem of Conditional Probahility Estimation

Consider pairs (w, x), where x is a vector and e is a scalar which takes on
only &k values {0,1,..,k — 1}. According to the definition, the conditional
probability P (w|x) is a solution of the intcgral equation

/_ " Pl dF() = Flw,x), (120)

where F(x)} is the distnibution function of random vectors x, and F(o,x) is
the joint distribution function of paizs (w, x).

The problem of estimating conditional probability in the set of functions
P.(wlx), a €A, is to obtain an approximation to the selution of the inte-
gral equation (1.20} when both distribution functions F{x} and F(w,x) are
unknown but the data

. (ﬂ)l,xl), (wg, x;f)

15 given. As in the case of density cstimation, we can approximate the un-
known distribution functions F(x) and F{w, x) by the empirical distribution
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functions {1.19) and funetion

¢
. 1
f‘g(ﬁl,X) = f X_; Q{x - x;)ﬁ(m, xi.)a
where

5 ) { 1 if the vector x belongs to the class w,

(@,x) .
0  otherwise.

Thus, the problem is to obtain an approximation to the solution of integral

equation {1.20) in the set of functions P,{w|x), @ ¢ A, when probability

distribution functions ¥(x) and Ffw,x) arc unknown, but approximations

Fp{x} and Felw, x) are given.

Note thai estimation of the conditional probability function F{wlx) is a
stronger solution to the pattern recognition problem than the one consid-
ered in Section 1.3. In Section 1.3, the goal was to find the best decision
rule from the given set of decision rules; it did pot matter whether this set
did or did not contain a good approximation fo the supervisor’s decision
rule. In this statement of the ideniification problem, the goal is to find the
best approximation o the supervisor’s decision rule (which is the conditional
probability function according to the statement of the problem). Of course, if
the supervisor’s operator Flm|x) is known, then one can casily construet the
optimal decision rule. For the case where w € {0,1} and a priori probability
of classes are equal, it has the forin

F) = 0P (0 =1Jx) — ).
This is the so-called Bayes rude; it assigns vector x to class 1 if the probability
that this vector belongs (o the first class is larger than 1/2 and assigns 0
otherwise. However, the knowledge of the conditional probability not only

gives the best solution to the pattern recognition problem, but also provides
an estimate of the error probability for any specific vector x.

1.9.3 Problem ot Condifional Density Estimation

Finally, consider the problem of conditional density estimation. In the pairs
{y.x}, let the variables y be scalars and let x be vectors. Consider the equality

f [ p{tle) dF () dt = F(y,x), (1.21)

where F(x} is a probability distribution function which has a density, p{y|x}
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is the conditional density of y given x, and ¥(y,x) is the joint probability
distribution function® defined on the pairs (y,.x).

As before, we are looking for an approximation to the conditional density
p(¥|x) by solving the integral equation (1.21) on the given set of functions
when both distribution functions F(x) and F{y,x) are unknown; and the
random, ii.d, pairs

L X1) (}’p, Xg) (1 22)

are given, As before, we can approximate the empirical distribution function
Fy{x) and empirical distribution function

Fel(y, 1) = Zf}(y v {x — x;).

Thus, our problem is to get an approximation to the sclution of the integral
equation (1.21) in the set of functions p.(y{x), @ € A, when the probability
distribution functions arc unknown but we can construct the approximations
Fy(x) and F;(y,x) using data (1.22}).

Note that the conditionat density p{y}x) contains much more information
about the behavior of the random value y for fixed x than the regression
function. The regression function can be easily obtained from conditional
density {see the definition of the regression function (1.8)).

1.10 THE PROBLEM OF SOLVING AN APPROXIMATELY DETERMINED
INTEGRAL EQUATION

All three problems of stochastic dependencies estimation can be deseribed
in the following general way. It is necessary to solve a linear continuous
operator equation

Af «F, ferF (123)

if some functions which form the equation are unknown, but data are given.
Using these data the approximations to the unknown functions can be ob-
tained. Let Fp(x) and £ (v, x) be approximations to the distribution functions
F{x) and F(y,x} obtaincd from the data.

A difference exists between the problem of density estimation and the
problems of conditional probability and conditional density estinzation. In the
problem of density estimation, instead of an accurate right-hand side of the

T Actually, the solution of this equation is the definition of conditional density. Suppose that
pix} and ply,x} are the densities corresponding to probability disiribution functions Fix) and
F{y,x). Then equality {1.21} is equivalent to the equality p{y|xip{x) = p{y,x).
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equation we have its approximation. We would like to get an appfoximation
to the solution of Eq. {1.23) from the relationship

Af~F, feF.

In the problems of conditional probability and conditional density estimation,
not only the right-hand side of Eq. (1.23) is known approximately, but the
operator A is known approximately as well (in the left-hand side of integral
equations (1.20) and (1.21), instead of the distribution functions, we use their
approximations). So our problem is to get an approximation to the solution
of Eq. (1.23) from the relationship

Af=F, feF,

where A, is an approximation of the operator A.

The good news about solving these problems is that the empirical dis-
tribution function forms a good approximation to the unknown distribution
function, In the next section we show that as the number of observations
tends to infinity, the empirical distribution function converges to the desired
one. Morcover, we shall give an asymptotically exact rate of the convergence
for different metrics determining different definitions of a distance between
functions.

The bad news is that the problem of solving operator equation {1.23} is
the so-called ifl-posed problem. In Section 1.12 we shall define the concept of
“ill-posed” problems and describe the difficulties that arise when one needs
to solve ill-posed problems. In the appendix to this chapter we provide the
classical theory of solving ill-posed problems which is generalized in Chapler
7 to the case of stochastic ill-posed problems. The theory of solving stochastic
ill-posed problems will be used for selving our integral equations.

1.11 GLIVENKO-CANTELLI THEOREM

In the 1930s Glivenko and Cantelli proved one of the most important theo-
rems in statistics. They proved that when the number of observations tends

to infinity, the empirical distribution function F,(x) converges to the actual

distribution function F(x).

This theorem and its generalizations play an important part both in learn-
ing theory and in foundations of theoretical statistics. To discuss this theorem
and results related to it accurately, we need to introduce some general con-
cepts which describe the convergence of a stochastic variable.
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1.11.1 Convergence in Probability and Aimost Sure
Convergence

Note that an empirical distribution function is a random function because
it is formed on the basis of a random sample of observations. To discuss:
-the problem of convergence of this function we need to measure distance
between the empirical distribution function and the actual one. To measure
the distance between two functions, different metrics are used. In this book
we use three of them: the uniform metric C

P(R1(x), £2(x)) = sup lg1(x) — g2lx}l,

L;(F} metric

e (0,520 = [ - ga)p ar)
and £,(F) metric

p(81(x), £2(x)) = f lg1(x) — gax)| dF (x).

In the case when we measure the distance between random functions F,(x)
and some fixed function F(x), random variables

@y = (X1, - Xg) = p(l(x), Fe(x))
are considered. Consider a sequence of random variables
175 SN/ ¥ O

We say that a sequence of random variables a; converges to a random vari-
able aq in probability il for any 8 > 0 the relation

Pljac —ao} > 8} —0 (1.24)

is valid.

We say also that a sequence of random variables a, converges to the
random variable ay almost surely {with probability 1) if for any 8 > 0 the
relation

Plsup |a; —ay | > 8} —0 (1.25)
£5n e

1s valid.

It is easy to see that the convergence {1.25) implies the convergence (1.24)
which is a weaker mode of convergence. Generally, the convergence {1.24)
does not imply the convergence (1.25).
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‘The following classical lemma provides conditions under which conver-
gence in probability implies almost sure convergence (Shiryayev, 1984).
Let As, ..., Ay, ... be a sequence of events.! Denote by

A TimA,

[

the event that an infinite number of events from A4, ..., A, ... have occurred.

Lemma 1.1 (Bore!l Cantelli}. (a) If

Z P{As} < o0,
=\
then
P{EAH }=0.
(b} If
N P{A} =0
n=1

and Ay, ..., A, ... is sequence of independent evenis, then
P{limA,} =1.

Ceroftary 1. Jn order for a sequence of random variables a, fo converge to a
random variable ay almost surely, it is sufficient that for any 8 > 0 the inequality

ZP{]&,,—(;M =8} <

n—=1
be fulfilled.
This ineqguality forms necessary conditions if a, is a sequence of indepen-
dent random variables,

Corollary 2. Let g, n:-1,..., be a sequence of positive values such that s, »0
when n — oo, Then if

o
ZP{lan""aU| >£ﬂ}<003

n=1

the random variables a, converge to a random variable ay aimost surely.

See Chapter 2 for definition of events.
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Convergence in probability will be denoied by

P
iy — o .
f—oe
Almost sure convergence will be denoted by
&

U
iy o dp.

£—on

1.11.2 Glivenko-Cantelli Theorem

Now we can formulate the Glivenko--Cantelli theorem.
Theorem 1.1 (Glivenko-Cantelll). The convergence

sup [F(x) — Fy ()l 5 0
takes place.

In this formulation, the Glivenko Cantelli theorem asserts the conver-
gence in probability,! in the uniform metric, of the empirical distribution
function F;(x) to the actual distribution function F(x}.

We will not prove this thcorcm here, which was proved originally for
the one-dimensionat case. This theorem and its generalization for the multi-
dimensional ¢ase will be derived from the more general assertion, which we
shall prove in Chapter 4,

As soon as this theorem has been proved, the problem of the rate of
convergence Fy(x) to ¥{x) emerged.

1.11.3 Three Important Statistical Laws

Investigations of the rate of convergence of Fp{x) to F{x) for onc-dimensional
continucus functions F(x} resulted in the establishment of several laws of
statistics, in particular the following threc:

1. Kolmogorov-Smirnov Distribution. The random variable
& =Visup | Flx) - Fylx) |

has the following limiting probability distribution {Kolmogorov):

Jim P{VE sup | F(x) = Fi(x)] < 5} = 1 =2 (—1)FTe %,
e o %=1

(1.26)

I Below we will see that almost sure convergence takes place as well,



111 GUVENKO-CANTELL THEOQREM 43

The random variables

= VEsup(F(x) — Fe(x)),

& = VIsup(Fy(x) - F(x))
have the following limiting probability distributions (Smirnov}:

glim1P{\/E sup (F(x) - Fy(x)) < &} —1 - e,
. o .2
?iironcP {‘/E sup (Fp(x) — F{x)) < e} =1- o2

2. The Law of the Iterated Loguarithm. The cquality

. 7
P{hm sup supvlnl g P F{x}~ Fe(x) | - } -1 (1.28}

L S

holds truoe.
3. Smirnov Distribution. The statistic

o = [(F@) - Tty aF ()
{the so-called omega square statistic) has the limiting distribution

]im Pis f(F(x) — Fo(0))? dF(x) < e}

exp ﬁ—w}
~—— dA .

_1__ /
L (2 —1bar ——A&Ink

We shall not prove these statistical laws, For our purpose of constructing
the learning theory, we need more general laws which we shall derive in
Chapters 4 and 5. Now our goal is to use the laws above 10 estimate the
bounds for distribution function F{x) provided the cstimate Fy{x).

We derive these bounds from the Kolmogorov-Smirnov law {1.27). For
this purpose we consider for some n (0 < % < 1) the equality

1 '(3'2823"31‘ 7

which we solve with respect to &

Inn'
.
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Now {1.27) can be described as follows: With probability 1 -- % simultaneously
for all x the inequalities

In

Fy(x) - \/1‘2‘;’ < Fx) S B0 byf

(1.29)

are valid as £ — oo, _
Similarly, the iterated logarithm law {1.28) implies that when

£ — o

simultanecusly for all x, the inequalities

Foe). \/lnlnf<F(x)<ng) \/Inlnf

are valid. These inequalities are tight.

To estimate the density we have to solve an integral equation where the
right-hand side of the eguation is unknown, but approximations which con-
verge to the actual function are given. But even if the approximation £ {x}
tends to F(x) with a high asymptotic rate of convergence, the problem of
" solving our integral cquations is hard, since {as we will sce in the next sec-
tion) it is an ill-posed problem.

1.12 LE-POSED PROBLEMS
We say that the solution of the operator equation
Af(t) = F{x) (1.30)

is stable if a small variation in the right-hand side F(x) € F(x, o) resultsin a
small change in the solution; that is, if for any £ there exists 8(#) such that
the inequality

pe(f(t, ), flt,e)) < e

is valid as long as incquality
o, (Flx, )y Flx, ) < 8{e)

holds. Here the indices £, and K, denote that the distance is defined in the
metric spaces E; and ¥, respectively {the operator equation (1.30) maps
functions of space E; into functions of space F,).

We say that the problem of solving the operator equation (1.30) is well-
posed in the Hadamard sense if the solution of the equation
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® gXists,
» iy unigue, and
e is stable.

The problem of solving an operator equation is considered ifl-posed if the
solution of this cquation violates at Ieast one of the above-mentioned re-
quirements. In this book, we consider ill-posed problems when the solution
of the operator equation exists, is unique, but is not stable.

This book considers ill-posed problems defined by the Fredholm integral
equation of type It

f ’ K(t, x)f(6)dt = F(x).

However, all the results obtained will also be valid for equations defined by
any other linear continuous operator.
Thus, consider Fredholm’s integral equation of type I

f 1 K, x)f(e)dt = F(x) (131)
i3

defined by the kernel K{¢,x), which is continuous almost everywhere on
0t <1, 0<x< 1. This kernel maps the set of functions { £(1}}, continuous
on [0, 1], onto the set of functions {F{x)} also continuous on [0,1L

We shall now show that the problem of solving the equation (1.31) is an
ill-posed one. For this purpose we note that the continuocus function G, {x}
which is formed by means of the kernel K{z,x):

1
Gy(x):/o Kt x)sinvedt

possesses the property
Gol{x} - 0,
P —O0

Consider the integral equation

[ 1 K(t.x)f 8y dt = F(x) + G, (x).
¢

Sinee the Fredholm equation is linear, the solution of this equation has the
form

7y - F(t) +sinwy,
where f{f) is the solution of Eq. (1.31). For sufficiently large v, the right-hand
side of this equation differs from the right-hand side of (1.31) only by the
small amount (G, {x}, while its solution differs by the amount siner.
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The IFredholm integral equation is the cquation we shall consider in this
book. Here are some examples of problems connected with a solution of this
equation:

Example ¥ {The Probtem of Identifying Linear Dynamic Systems). It is
known that dynamic properties of linear homogeneous objects

y(t) = Ax(1)

with one output are completely deseribed by the impulse response function
f{r). The function f(r) is the response of the system to a unit impulse #(1)
served at the system at time 7= 0.

Knowing this function, one can compute the response of the system ic the
disturbance x(r} using the formula

30 = [ xte = fan

Thus, the determination of the dynamic characteristics of a system is reduced
to the determination of the weight function f(1).

It is also known that for a linear homogeneous system, the Wiener—Hopf
equation

/Um Ralt - Df(rydr = Ry:t) (132)

is valid.

Equaticn (1.32) connects the autocorrelation funclion R,,(u) of a station-
ary random process at the input of the object with the weight function f(7)
and the joint correlation function of the input and output signals R, {1).

Thus, the problem of 1dentifying a linear system involves determining the
weight function based on the known autocorrelation function of the input
signal and the measured {(observed) jouint correlation function of the input
and output signals; that is, it is a problem of solving integral equation (1.32)
on the basis of empirical data.

Example 2 (The Problem of Estimating Derivatives). Let measurements of a
smooth function F{x} at # points of the interval [0, 1] be given. Suppose that
the points at which the measurements were taken are distributed randomly
and independently according to the uniform distribution. The problem is to
estimate the derivative f{x) of the function F(x) on [0, 1].

It is easy 10 see that the problem is reduced to solving the Volterra integral
equation of type 1, .

&

[ roa=Fe - Fo,
0
under the condition that the £ measurements

Flew Vs
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of the function F{x) at the points
Xy weny Xy

are known. Equivalently, it is reduced to the solution of the Fredheolm equa-
tion of the type I,

1
fo 0(c- () dt - F(x) - F(0),

where

1 ifu>0,
0(u) — { 0 otherwise.
Note that in the casc when F(x) is a monotonically increasing function sat-
isfying the conditions F{0} =0, F{1} =1, we have the problem of density
estimation.
In the general case when the &th derivative has to be estimated, the fol-
towing integral equation has to be solved:

_ k-
| T I]:)f o 0f = F@ -3 - ‘”(“
ol YL !

=0

where in place of F(x) the empirical data yy, ..., v, are used. Here FU(0) is
the valuc of the jth derivative at zero.

The main difficulty in solving integral equations stems from the fact that
this is an ill-posed problem since the solution of the equation is unstable. In
the mid-1960s, several methods for solving unstable problems of mathemati-
cal physics were proposed. In the appendix to this chapter, we shall present
the so-called “regularization method” proposed by A. N. Tikhonov. This
method is applicable for solving integral equations when instead of knowing
the function on the right-hand side of an equation, one knows the sequence
of approximations which converges to an unknown function with probability
one.

In the 1970s we generalized the theory of the regularization method for
solving the so-called stochastic ill-poscd problems. We define stochastic ill-
posed problems ag problems of solving operator equations in the case when
approximations of the function on the right-hand side converge in probabil-
ity to an unknown function and /or when the approximations to the operator
converge in probability to an unknown operator. 'This generalization will
be presented in Chapter 7. We show that the regularization method solves
stochastic ill-posed problems as well. In particular, it solves our learning prob-
lems: estimating densities, conditional densities, and conditional probabilities.
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1.13 THE STRUCTURE OF THE LEARNING THEORY

Thus, in this chapter we have considered two approaches to learning prob-
lems. The first approach (imitating the supervisor’s operator) brought us to
the problem of minimizing a risk functional on the basis of empirical data.

The second approach (identifving the supervisor’s operator) brought us
to the problem of solving some integral equation when the elemems of an
equation are known ouly approximately.

It has been shown that the second approach gives more details on the
solution of pattern recognition and regression estimation problems.

Why in this case do we need both approaches? As we mentioned in the
last section, the sccond approach, which is based on the solution of the in-
tegra! equation, forms an ill-posed problem. For ill-posed problems, the best
that can be done is to obtain a sequence of approximations to the solution
which converges in probability to the desired function when the number of
observations tends to infinity. For this approach, there exists no way to eval-
uate how well the problem can be solved if a finite number of obscrvations is
" used. In the framework of this approach to the learning problem, any cxact
assertion is asymptotic.

That is why the first approach, based on rnmlrnmng the risk functional
from empirical data of the finite size £, may be more apropriate for our
purposes.

In the foltowing chapters, we show that in the framework of the first
approach one can estimate how close the risk functional of the chosen func-
tion is to the smallest possible one (for a given set of functions).

This means that if the function Q(z, @,) has been chosen via an appro-
priate induction principle (for example, the principle of empirical risk min-
imization), one can assert that with probability 1 — n the value of the risk
R{ey,} for this function does not exceed the smallest possible value of risk
inf,es R{a) (for a given set of functions) by more than £. Here £ depends
only on 7, £ and one more parameter describing some general properties
{capacity) of a given set of functions,

In other words, it will be shown that for algorithms selecting functional
dependencies based on empirical risk minimization induction principles, ane
can guarantee thai with probability at least 1 — % the inequality

R(ag) ~ inf R{a) < £l m, ) {133

holds true.

Recall that for the pattern recognition problem the goal is to obtain the
solution for which the value of risk is z-close to minimal (see Section 1.3).

For the regression estimation problem, the g-closeness of the risk func-
tional to the minimal one guarantees that the chosen function is 1/e-close to
the regression function in the L,{F) metric (see Section 1.4),

For the density estimation problem, the e-closeness of the risk functionals
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to the minimal onc implies the {2/T - exp{—¢})-closeness of approximation
to the actual density in the L, {F} metric (s¢e Section 1.5%

‘Therefore the main problem in this approach (both theoretical and prac-
tical) is to find the method which provides the smallest £ on the right-hand
side of inequality (1.33) {for a given number of observations).

To do this well, four levels of the theory should be developed. These are:’

1. Theory of Consistency of the Learning Processes. The goal of this part
of the learning theory is to give a complete description of the con-
ceptual {asymptotic) models of the learning processes—that is, to find
the necessary and sufficient conditions of consistency of the learning
processes. {Informally, the conditions for convergence to zero of the &
in {1.33) as the number of observations £ tends to infinity. The exact
definition of consistency is given in Chapter 3.) '

Why do we need this asymptotic (conceptual} part of the theory if our
goal is to obtain the best solution for a finite number of observations?
The conceptual (asymptotic) part of the lcarning theory is important
since to find the condition for consistency one has to introduce some
concepts in terms of which the theory can be developed. For example,
the concept which characterizes the capacity of a given set of functions
{(the dot 1 arguments of ¢ in the inequality (1.33)). Generally, it is
pussible to use several different constructions. Howevey, it is important
to develop the theory on the basis of such constructions which are not
only sufficient for the consistency of learning process, but are necessary
as well. This gives us a guarantee that the theory which we develop
using these constructions is general and from the conceptual point of
view cannot be improved.

2. Theory of Fstimating the Rate of Convergence of the Learning Processes.
This part of the learning theory is devoted to obiaining nonasymptotic
bounds on the generalization ability of the learning machines (& on
the ripht-hand side of inequality {1.33)). We obtain these bounds using
the eoncepts developed in the conceptual part of the theory. In this
book, we consider a theory of distribution-free bounds of the rate of
convergence (the theory that does not use a priori information about
the unknown probability measure). The main requirement of this part
of the theory is to find a way to construct bounds for different sets of
functions.

3. Theory for Controlling the Rate of Convergence of the Learning Pro-
cesses. The bounds on generalization ability will be used for developing
the new induction principles that guarantee the best solution of the
learning problem for a given finite set of observations.

These induction principles are based on the trade-off between com-

“plexity of the chosen function (capacity of the set of tunctions from
which the function is chosen) and the value of empirical risk which can
be achieved using this function. This trade-off led to some functionat
different from the empirical risk functional that should be minimized.
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Table 1.1. Structure of Learning Theory and lis Representation in this Book

Parts of the Theorv Chapters Lontent of the (‘hapterf;
1. Theory x}f Chapter 3 ' Re\qew of the theory
consistency Chapter 14 Proofs of the theorems
of the learning Chapter 15 Proofs of the theorems
_progesses Chapier 16 Proofs of the theorems
2. Theory of Chapter 4 For md:cator functmns
| bounds Chapter 5 If For real-valued functions
il 3 Theory of ! Chapter6 | SRM induction principle i
: controiling the - Chapter 7 r Stochastie ill-posed problems
i pencralization ' Chapter 8 I New setting of the problem
i 4 Theory : Chapter 9 . Classical approaches
of the learning | Chapter 10 SVM for pattern recognition
i algorithms o Chapter 11 SVM for function estimation
_1 and its Chapter 12 Examples of pattern recognition
] applications Chapter 13 Fxamples of function estimation

Obtaining these functionals in explicit form is the goal of this part of
the theory.

4. Theory of the Algorithms. Finally, there is a theory of learning algo-
rithms. The goal of this part of the theory is to develop tools for min-
imizing the funciionals describing the trade-off. In order to minimize
these functionals, it is necessary to devciop algorithms which can con-
trol both the minimization of empirical risk in a given set of functions
and the choice of a set of functions with appropriate capaeity.

I this book, we consider all parts of the theory of minimization of the
risk functional from empirical data,

We consider the theory of solving stochastic ill-posed problem as well, and
we apply it to cstimate density, conditional density, and conditional probabil-
ity. This theory describes sufficient conditions for consistency of the solution
and, for some cases, the asymptotic rate of convergence of the solution. Of
course, the results of asymptotic theory is not enough to guaramtee the suc-
cess if the algorithms use Hmited samples. In the framework of this theory,
our hope is that asymptotic properties established in the theory are also valid
for not very large £.

Table 1.1 shows the structure of the learning theory and its representation
in this book.

Chapier 2 is not indicated in this table. The content of that chapter goes
bevond the learning theory. It, however, is very important for the general
understanding of the nature of learning problems. We show in this chapter
how decply these problems are connected with fundamental problems of
theoretical statistics.



APPENDIX TO CHAPTER 1.
METHODS FOR SOLVING
ILL-POSED PROBLEMS

Al.1 THE PROBLEM OF SOLVING AN OPERATOR EQUATION

We say that two sets of elements f ¢ M and F ¢ A are connected by
Sunctional dependency if to each element f ¢ M there corresponds a unique
element F C WV,

This functional dependence is called a function if the sets M and A are
sets of numbers; it is called a fimctional if M is a set of functions and A is a
set of nambers, and it is called an operator if both sets are sets of functions.

Each operator A uniquely maps elements of the set M onto clements of
the set A" This is denoted by the equality

AM N

In a collection of operators we shall single out those which realize a one-to-
one mapping of A into A, For these operators the problem of solving the
operalor equation

Af() = F(x) (AL1)

can be considered as the problem of finding an element f(¢} in A to which
an element F{x) corresponds in A

For operators which realize a one-to-one mapping of elements M onto
A and a function F(x) € A, there exists a unique solution of the operator
.equation {A.1.1). However, finding a methed for solving an operator equation
of such generality is a hopeless task. Therefore we shall investigate operator
equations with continuous operators only.

Let the elements f C A belong to a metric space £ with metric py(-, -,
and the elements F ¢ A belong 1o a metric space £, with metric py(-, -). An
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operator A is called continuous if “close” elements {with respect to metric
/) in £ are mapped into “close™ elements {with respect to metric po} in E;.
We shall consider an operator equation defined by a continuous one-to-
one operator M onto A, The solution of such an operator equation cxists
and is unique, that is, therc exists inverse operator A ! from NV onto M:

M=A _1.!\(”.

The basic problem is whether the inverse operator is continuous.

If the operator A~ is continuous, then close preimages will correspond 1o
close function in A, that is, the solution of the operator equation (A1.1) will
be stable.

If, however, the inverse operator is not continuous, then the solution of
the operator equation can be nonstable. In this case according to Hadamard’s
definition {Chapter 1, Section 1.12), the problem of solving an operator equa-
tion is Hl-posed. .

. It turns out that in many important cases, for example, for a so-called
completely continuous operator A, the inverse operator A~ is not continuous

. and hence the problem of solving the corresponding operator equation is ill-

posed.

Definition. We say that a linear operator A defined in a linear normed space
E, with the range of values in a lincar normed space £» is completely con-
tinuous if it maps any bounded set of the functions in the space E; into a
compact set of the space E;—that is, if each bounded infinite sequence in E;

Firforfon il <6 (A12)
(here !ify| is the norm in F,) is mapped in £; into a sequence

Afr G Afin oy (A1.3)
such that a convergent subsequénce

Afos s Afio (AL4)
can be extracted from it.

We will show that if the space E| contains bounded noncompact sets, then
the inverse operator A~! for an absolutely continuous operator 4 necd not
be continuous: :

Indeed, consider 2 hounded noncompact sct in E,. Sclect in this set an
infinite sequence {Al1.2} such that no subseguence of it is convergent, An
infinite sequence {A1.3} from which convergent subscquence (A1.4) may be
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sclected {since operator A is absolutely continuous) corresponds in £, to this
sequence. If the operator A~ were continuous, then a convergent sequence

f;'ia'“tffp"w (A15)

would correspond o the sequence (Al.4) in 7, which is a subscquence of
{A1.2). This, however, contradicts the choice of {AT.2).

Thus, the problem of solving an operator equation defined by a completely
continyous operator is an ill-posed problem. In the main part of this book
we shall consider linear integral operators

Af s /bK(t,x)f(f)‘ﬂ

with the kernel K(f, x) continuons in the domainag < ¢t < b, o < x < b. These

operators are completely continuous from Cla, b] into Cla, b]. The proof of

this fact can be found in textbooks on functional analysis (see, for example,
" Kolmogorov and Fomin {1970}).

Al.2 PROBLEMS WELL-POSED IN TIKHONOV'S SENSE

Definition. The problem of solving the operator equation
Af=F (ALD)

is called well-posed (correct} in Tikhonov'’s sense on the set M* ¢ M, and
the set A" is called the set (clasy) of correctness, provided that:

1. The soluticn of (A1.6) exists for each FF ¢ AM* - A and belongs to
A

2. The solution belonging to AM* is unique for any &£ € A,

3. The solutions belonging 10 M* are stable with respect to F ¢ A,

If M* = M and N* - A, then correctness in Tikhonov’s sense corre-
sponds to correctness in Hadamard’s sense. The meaning of Tikhonov’s cor-
rectness is that correctness can be achicved by restricting the set of solutions
M to a class of correctness AT

The following lemma shows that if we narrow the set of solutions to a
compact set AM*, then it constitutes a correctness class.

Lemma. If A is a continuous one-fo-one operator defined on a compact set
M C M, then the inverse operator A™! is continuous on the set N* — AM*,
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Proof. Choose an arbitrary element Fy € A~ and an arbitrary sequence con-
vergent to it:

{F.} C N, Fy — K.
MG
Tt is required to verify the convergence

fr=A "‘an-_:‘*)A_lFo = fo-

Since {f,} C M*, and M* is a compact set, the limit points of the sequence
{f.} belong to M*. Let f; be such a limit point. Since fj; is a limit point,
there exists a sequence {f,, } convergent to it, to which there corresponds
a sequence {F, } convergent to f;. Therefore, approaching the limit in the
equality

A f”* =F,

and utilizing the continuity of the operator A, we obtain
Afa=Fy.

Since the operator A~! is unique, we have
AT Fy =1,

which implies the uniqueness of the limit point of the sequence {f, }.

I remains to verify that the whole sequence {f,, } converges to f;. Indeed,
if the whole sequence is not convergent 1o fp, one could find a neighborhood
of the point f» outside of which there would be infinitely many members
of the sequence {f,, }. Since M* is compact, this sequence possesses a limit
point fi which, by what has been proven above, coincides with £;. This,
however, contradicts the assumption that the selected sequence lies outside
a neighborhood of peint f;.

The lemma is thus proved.

Hence correctness in Tikhonov’s sense on a compactum M* follows from
the conditions of the existence and uniqueness of a solution of an operator
equation. The third condition (the stability of the solution) is automatically
satisfled. This fact is essentially the basis for all constructive ideas for solving
ill-pused problems. We shall consider one of them.

A1.3 THE REGULARIZATION METHOD

Al.3.1 Klea of Regularization Method
‘The regularization method was proposed by A, N, Tikhonov in 1963.
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Suppose that it is required to solve the operator equation
Af=F (ALT)

defined by a continuous one-to-one operator A acting from M into A Sup-
pose the solution of {A1.7) exists. '

Consider a lower semicontinuous functional W (f), which we shall call the
regularizer and which possess the following three properties:

1. The solution of the operater equation belongs to the domain of defini-
tion (W} of the functional W{f).

2. On the domain of the definition, functionai W{f) admits rcal-valued
nonnegative values,

3. The sets
M= {f W(fy<c}, >0,

are all compact,

The idea of regularization is to find a solution for (A1.7) as an clement
minimizing a certain functional. Tt is not the functional

p=m(Af, F}

{this problem would be equivalent to the solution of Eq. {A1.7} and therefore
would also be ill-posed} but is an “improved™ functional

RyF.FY=pl(Af, F)+ yW(P),  Fe D(W) (A1)

with regularization parameter y > 1. We will prove that the problem of min-
imizing the functional {A1.8) is stable, that is, to the close functions F and
Fy (where p(F, Fs) < 8) there correspond close elements f7 and £ which
mimimize the functionals R, (f, ') and Ry (f, F3).

Al1.3.2 Muain Theorems About the Regularization Method

The problem in the theory of regularization is to determine a relationship
between § and y such that the sequence of solutions £} of regularized prab-
lems R, {f, s} converges as 8 — 0 to the solution of the operator equation
(A1.7).

The following theorem establishes these relations.

Theorem 1. Let E; and E, be metric spaces, and suppose for F C N there
exists @ solution f € D(W) of Eq. (AL7). Let instead of an exact right-hand



b6 AT METHODS FOR SOLVING ILL-POSED PROBIEMS

side ¥ of Eq. (A1.7), approximations' Fy ¢ E, be given such that p){F, F3) <
8. Suppose rhe values of parameter vy are chosen in such 4 manner that

v(&) >0 for 8. 0,
2

&
1i .
i — 205y ° <r <. (A1.9)

Then the elements fg Y minimizing the functionals Ry (f, F5) on D{W) con-
verge to the exact wluaon fasd-—4.

Proof. The proof of the theorem utilizes the following fact: For any fixed
v > 0 and an arbitrary ¥ ¢ A an element f¥ ¢ D{W) exists which minimizes
the functional R, (f, F) on D(W).

Let ¥ and & satisfy the relation (A1.9). Consider a sequence of ¢clements

v (® minimizing R, (f, Fs), and show that the convergence

LGN
Y —of

is valid.
Indeed, by definition of £ ©® we have

y(ﬁ)(fb sy < Rynl{f, Fs) = p(ASf, F5) + y(OYW(f)
1 yEW) 7 (W (5))
Taking into account that

Ry (7P, Fp) = ol (AfTY  Fo) + y(OYW ()

we conclude "

WD) < W) + ?—3)

2 &
B < 4o (Wi + )

Since the conditions (A1.9) are fulfilled, all the clements of the sequence
f; ® foras>0 suffictently small belong to a compactum M., where ¢* =
W{Y+r+e>0,8 >0, and their images Fb?’{s) : :Afg{sj are convergent:

p(FF) < p(FY®, F)+

< 8+ \/52 + y( )W(f) 0.

I The elements Fs need not belong 1o the set A7
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‘This impties, in view of the lemuma, that their preimages
9 —sf  for 5-50

are also converged.
The theorem is thus proved.

In a Hilbert space the functional W(f) may be chosen to be equal to |{f}]*
for a linear operator A. Although the sets M, are {only) weakly compact in
this case, the convergence of regularized solutions—-in view of the properties
of Hilbert spaces—- will be, as shown below, a strong one. Such a choice of
a regularizing functionai is convenient also because its domain of definition
D{W) coincides with the whole space E;. However, in this case the conditions
imposed on the parameter y are more rigid than in the case of Theorem 1;
namely, v should converge to zero slower than 87,

Thus the following theorem is valid.

Theorem 2. f.et £, be u Hilbert space and W () = i|f][%. Then for v(8) sat-

isfying the relations (A1.9) with r — 0, the regularized elementy f;@ converge
as & 0 to the exact solution f in the metric of the space E.

Proof. 1t is known from the geometry of Hilbert spaces that the sphere
(1fll £ ¢ is a weak compactum and that from the properties of weak con-
vergence of elements f; to the element f and convergence of the norms ||fi||
to if]] there follows the strong convergence

i = £l 0
Moreover, it follows from the weak convergence f; — f that
I1A] < liminf[[£]]. (AL10)

Utilizing these properties of Hilbert spaces, we shall now prove the theoren:.
It is not difficult to check that for a weak convergence in the space Fy the

preceding theorem is valid: £ @) converges weakly to f as 8 - — 0, Therefore
in view of {AL.10) the inequality

[L£]] Sﬁﬂfgfﬂfg(s}[{

r: 0, we obtain

A A
imsup |77 7P < i (1191755} < 1AF:
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Henee the convergence of the norms is valid:
L Ll f
1= A

and along with it the validity of weak convergence implies, in view of the
properties of Hilbert spaces, the strong convergence

L pPE :
1h4 b 1 3‘_:"50‘
The theorem is thus proved.

The theorems presented above are fundamentals in regularization theory.
Using these theorems the feasibility of solving ill-posed problems is estab-
lished,

In Chapter 7 we consider the so-called stochastic it-posed problems and
generalize these theorems for the stochastic case. Using the method of regu-
farization for stochastic ll-posed problems we consider our learning problems
of estimating densities, conditional probabilities, and conditional densities.





