COMPLEX ALGEBRAIC
VARIETIES

An algebraic variety 1s defined to be the set of complex zeros of homoge-
neous polynomials in projective space and may be viewed a priori as an
analytic subvariety of P”, In case the variety is smooth, we may consider
the associated abstract compact complex manifold, whose properties will
be intrinsic to—1i.e., not depending on the particular embedding of —the
variety. Broadly speaking, we will approach algebraic geometry as the
study of the interplay between the intrinsic and extringic or projective
properties of algebraic varieties.

In Section 1 we infroduce the notion of divisors and line bundles; the
material here is central for all that follows. Since a compact complex
manifold admuts no global holomorphic functions, we might rather expect
its structure to be reflected in the global meromorphic functions and
related linear systems of divisors on the manifold; this notion s a basic
one in classical algebraic geometry. Associated to a divisor is a holomor-
phic line bundie, to a meromorphic function a line bundle together with a
holomoerphic section, and to a line bundle its Chern class. The subsequent
formalism, developed by Kodaira and Spencer and others in the early
1950s, gives an extremely useful techmique for dealing with codimension-
one subvariefies (points on a curve, curves on a surface, etc) on an
algebraic variety.

The basic question of constructing meromorphic functions with pre-
scribed properties -e.g., the principal purts on a Riemann surface—is a
problem admitting local solutions where the obstruction te patching these
fogether globully may be measured by a sheaf cohomology group. The
Kodaira vanishing theorem provides the most useful condition under which
these higher groups are zero. It is a remarkable result, one which is proved
by potential theory and differential geometry, but which in the end turns
out to be equivalent to the Lefschetz theorem concerning the topological
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position of a hyperplane section of a complex algebraic variety. Explaining
these matters occupies Section 2.
In Section 3 we began the transition

abstract compact [ f algebraic variety

!
| complex manifold | ]L in projective space |

The intermediate step is an analytic variety in projective space; the Chow
theorem asserts that this must be an algebraic variety. The essential
phitosophical point here is illustrated by the identity of the two ohjects
“global meromorphic function on the Riemann sphere” and “rational
function of one complex variable.” The practical consequence 1§ that we
may work either locally complex analytically or globally algebraically with
the same end result. Our approach at this stage is analytic, as this ties in
more readily with the topological and metric properties of an algebraic
variety, but the understanding that in the end we are falking about
solutions of polynomial equations is fundamental.

In Section 4 we state and prove Kodaria’s characterization of those
compact complex manifolds which are derived from algebraic varieties,
thus providing the essential link hetween the intrinsic and cxtrinsic proper-
ties of a wvariety. This embedding theorem and Chow's theorem are
existence theorems—they do not by themselves provide a constructive
method for finding the equations defining the image of a variety under a
projective embedding—but together they form the philosophical corner-
stone for our analytic treatment of algebraic geometry.

In the final section of this chapter we explain in some detail the
Grassmannian, a variety whose points parametrize the linear subspaces of
some fixed dimension in projective space and whose internal structure
reflects the nongeneric Intersections of a variable linear space with a fixed
one. One reason for placing this discussion here 1s that the Grassmannian
tlustrates quite micely the general structure theorems of this chapter.
Another is that extensive use will be made in the following chapters of the
Schubert calculus, a quantitative expression of the nongeneric incidence
relations among linear spaces that is inherent in the structure of the
Grassmanmnian.

1. DIVISORS AND LINE BUNDLES

Divisors

Let M be a complex manifold of dimension #, not necessarily compact. We
recall from Section | of Chapter U some facts about analytic hypersurfaces
in M:
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Any analytic subvariety ¥V c M of dimension »—1 is an analytic hyper-
surface, 1.e., for any point p & V' C M, ¥ can be given in a neighborhood of
p as the zeros of a single holomorphic function f. Moreover, any holomor-
phic function g defined at p and vanishing on ¥ is divisihle by f in a
neighborhood of p. {is called a local defining function for V near p, and 1s
unique up to multiplication by a function nonzero at p.

If V* is a connected component of V*=V— V., then ¥* is an analytic
subvariety in M., Thus V can be expressed uniquely as the union of
trreducible analytic hypersurfaces

V=Wu---J¥

ik

where the Vs are the closures of the connected components of V*. In
particular, ¥ 1s irreducible if and only if ¥* is connected.
Now we define:

DrriNITION. A divisor 1 on M 1s a locally finite formal lincar combina-
tion

D=3aV,
of irreducible analytic hypersurfaces of M.

“Locally finite™ here means that for any p € M, there exists a neighbor-
hood of p meeting only a finite number of the ¥'s appearing in D; of
course, 1If M is compact, this just means the sum is finite. The set of
divisors in M is naturally an additive group, denoted Div(AM).

A divisor D=2Xq, ¥, is called effective if ¢ 20 tor all i; we write D 20
for I effective. An analytic hypersurface # will usually be identified with
the divisor 2 V; where the V)’s are the irreducible components of ¥,

Let ¥V M be an irreducible analytic hypersurface, p € F any point, and
F a local defiming function for V near p. For any holomorphic function g
defined near p, we define the order ordy (g) of g along V ar p to be the
largest integer @ such that in the local ring 9, .

g = f¢-h
By the result from p. 10 that rc¢latively prime elements of S, Sty
relatively prime in nearby local rings, we see that for g a holomorphic
function on M, ord . (g) i independent of p. Thus we can define the order
ordy(g) of g aiong V to be simply the order of g along ¥ at any pointpe V.
Note that for g4 any holomorphic functions, V any irreducible hyper-
surface,

ord, {gh) = ord, (g} + ord, (A).

Now let f be a meromorphic function on M, written locally as
£

f=_

’ h
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with g, 4 holomarphic and relatively prime. For ¥ an irreducible hyper-
surface, we define

ord {f) = ord . { g} —ord, (#).

We usually say that f has a zero of order 2 along V if ord {f}=a >0, and
that f has a pole of order a along V if ord { )= —a<0.
We define the divisor (fY of the meromorphic function f by

() = % ord, (f)- V.
If fi1s written locally as g /&, we take the divisor of zeros (), of f10 be
(o= EV ord,(g)-V
and the dinisor of poles (f),, to he
(e = 21/ ord, {h}- V.

Clearly these are well-defined as long as we require g and & to be relatively
prime, and
()= {DNer

Divisors can also be described in sheaf-theoretic terms, as follows: Let
“M* denote the multiplicative sheaf of meromorphic functions on M not
identically 0, and &* the subsheaf of nonzero holomorphic functions. Then
a divisor D on M is simply a glubal section of the quotient sheaf DT /8%, On
the one hand, a global section { f} of TR*/C% is given by an open cover
{U,} of M and meromorphic functions f, 20 in U, with

Lo onis s
E’:@'*(U“ﬂ Uﬁ);
for any Vo M, then,

ord,(f,} = Urdj/(]i-‘f)s
and we can associate to { f} the divisor

D= 2 ord, (f)-V,
¥

where for each V' we choose « such that ¥ n U, #@. On the other hand,
given

D=>aV,
¥

we can find an open cover {{,} of M such that in each U, every V;
appearing in D has a local defining function g, €O(U,). We can then set

S =gt € M¥(U)
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to obtain a global section of T(* /%, The f’s are called local defining
Junctions for D, Tt follows immediately from the definitions that the
identification

HOY M, D* /C*) = Div(M )
15 in fact a homomorphism.

Given a holomorphic map =: M— N of complex manifolds, we define a

map

7*; Div(N ) - Div(M )
by associating to every divisor D={{ U, },{f,}) on N the puilback divisor
o*D=({7"'U,}.{#7*£,}) on M; this is well-defined as long as =(M)z D.
Note that for a divisor on N given by an analytic hypersurface V' C N, the
pullback divisor #*V on M lies over ¥ but need not coincide with the
analytic hypersurface 7~ (V) C M —multiplicities may oceur.

We want to make one more remark before going on to consider line
bundles. On a Riemann surface M, any point is an irreducible analytic
hypersurface, and so clearly Div(M} is always large. This is, in a sense,
misleading: a complex manifold M of dimension greater than one need not
have any nonzero divisors on i af aff. 1f, however M is embedded in
projective space P, the intersections of A with hyperplanes in PV
generate a large number of divisors. In fact, among all compact complex
manifolds those which are embeddable in projective space can be char-
acterized by having “sufficiently many™ divisors, In a sense that we shall
make precise in later sections.

Line Bundies

All line bundies discussed in this section are taken to be helomorphic.
Recall that for any holomorphic line bundle £ 5 M on the complex
manifold M, we can find an open cover { ¥/} of M and trivializations
Pt Loy —> U X
of Ly =m (U)). We define the transition functions Za > U, Uy »C* for
L relative to the trivializations {g,} by
g«;{(z) = (‘Pu “Pg ]).LI SR

The functions g, are clearly holomorphic, nenvanishing, and satisfy

£

J gu{j"gﬁ:,: 1 ?
| Bas' 8y &yo = 15

conversely, given a collection of functions { g, €89*(U, N Uy)} satisfving
these identities, we can construct a line bundle 7 with transition funetions

(+)
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{ 8.5} by taking the umion of U, XC over all @ and identifying {z}XC 1n
U, X C and Uy X C via multiplication by g,5(2).

Now, given L as above, for any collection of nonzero holomorphic
functions f, € 0*(U,) we can define alternate trivializations of L over { U, }
by

@Ll’ =~f;¥-¢!3;

trapsition functions g5 for L relative to {g, ]} will then be given by
;e
(++) 8p = i, 8up

On the other hand, any other trivialization of Z over { I/} can be obtained
in tins way, and so we see that collections {g,,} and { g5} of transition
functions define the same line bundle if and only if there exist functions
L EOU,) satisfying (x*).

The description of line bundles by transition functions lends itself well
to a sheaf-theoretic interpretation. First, the transition functions { g, <
O U, m Uy)} for a line bundle L— M represent a Cech 1-cochain on M
with coefficients in J*; the relation (+) simply asserts that 8({ g,5})=0. i¢.,
{g.}isa Cech cocycle Moreover, by the last paragraph, two cocycles
{ 8.z} and { g,,} define the same line bundle if and only if their difference
{8585 isa Cech coboundary; consequently the set of fine bundles on M
is just H'(M, 9%).

We can give the set of line bundles on M the structure of a group,
multiplication being given by tensor product and inverses by dual bundles.
If L is given by data { g}, L’ by {g‘;p}, we have seen that

LO®L ~ {grrlig.:{i }a { Lap ]r

and so the group structure on the set of line bundles is the same as the
group structure on /7 (M, 0%). The group H'(M,8*) is called the Picard
group of M, denoted Pic(M).

We now describe the basic correspondence between divisors and line
bundles. Let D be a divisor on M, with local defining functions f, £
XU,y over some open cover { U} of M. Then the functions

g = 22
afl f;}

are holomorphic and nonzero in U, N Uy, and in U, N Uy U, we have

-~,|-:g~,

oejas

ga"? g[‘y gya =
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The line bundle given by the transition functions { g,,=f,/f,} is called the
assaciated fine bundle of D, and written [D]. We check that it is well-
defined: if {f!} are alternate local data for D, then h,=f, /£, €0¥(U),
and

_h_

g{xﬁ = ?(‘r gﬁxﬂ h

.)p

for cach &, A.

The correspondence | ] has these immediate properties: First, if D and
D' are two divisors given by local data {£,} and {f/}, respectively, then
D+ D’ is given by { £-£}; it follows that

"D+D' =[D]8 D]
s0 the map
[ Div(M)} > Pic(M)

is a homomorphism, Second, if P=(f) for some meromorphic function §
on M, we may take as local data for D over any cover { U, } the functions
=fly; then £ /fo=1 and so [D] is trivial. Conversely, if D is given by
Iocal data £} and the line bundle [D]1s trivial, then there exist functions
h, €6 U ) such that
A Ay
J{’i gﬂ’ﬁ hﬂ ,
Ff=Jfhi '=fyhg ' is then a global meromorphic function on M with
divisor D. Thus the fine bundle (D] associated to a divisor D on M is privial
if and only if D is the divisor of u meromorphic function. We say that two
divisors D, D’ on M are finearly equivalent and write D~ D" if D=D"+(f)
for some f € OR*(M), or equivalently if [D]=[D].
Also, note that [ ] is functorial: that is, if /1 M— N s a holomorphic
map of complex manifolds, 1t is easy to check that for any D & Div(N),

m (D) =_7D).
All these assertions are impIiCit in the following cochomeological interpre-
tation of the correspondence [ ] The exact sheaf sequence
O_)(n# \T?ak L':n_*/g* 0
on M gives us, in part, the exact sequence
HOM. O HOM, 00 9% S B (M. 8%

of cohomology groups. The reader may easily verify that under the natural
identifications

Div(M ) = HYM, S1*/0%) and Pic(M )= H (M, %)
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for any meromorphic function f on M,
Jef =),
and for any divisor D on M,
8D = D].
Indeed, we will generally violate the previous multiplicative notation and

write L.+ L' for the tensor product of two line bundles or mZ for the mth
tensor power %™ of L.

We now wish to discuss holomorphic and meromorphic sections of line
bundles. Let L—M he a holomorphic line bundle, with trivializations
G- Ly = U, X over an open cover {U,} of M and transition functions
{ &) relative to {g,}. As we have seen, the trivializations ¢, induce
isomorphisms

or s O(LHU) —> 8L,
we sce via the correspondence
sES{LYU ) {s,=gHs)eQ(UNU,})
that a section of L over &/ M is given exactly by a collection of functions
5, 80U~ U) satistying
Sy = Eup Sy
m U, U

In the same way, a meromorphic section 5 of L over &/—defined to be a
section of the sheaf 9(L)® O —is given by a collection of meromorphic
functions 5, € JR(U N U,) satisfying 5, =g,q4'5; In U U, Uy Note that
the quotient of two meromorphic sections 5,8'20 of L is a well-defined
meromorphic function.

If 5 is a global meromorphic section of L, 5,/3, €0%U, 1 Uy). and so
for any irreducible hypersurface V' C M,

ord, {s,) = ordy(.s'ﬁ).
Thus we can define the order of ¢ along V by

ord, {5} = ord,(s,)
for any « such that U~ V=@, we take the divisor (s) of the meromorphic
section s to be given by

(s) = 2;‘ ord {5}- V.

With this convention s is holomorphic if and only if (s} is effective.
Now if D €Div{M) is given by local data f €9U{{ ), then the func-
tions f, clearly give a meromorphic section 5; of [D] with (sp=D.
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Conversely, if L is given by trivializations g, with transition funcrions %z
and 5 is any global meromorphic section of 7., we see that
s

X
S Eepo
e

1.c., L=[(8)). Thus if D is any divisor such that [D]=1., there exists a
meromorphic section s of L with (8Y=D, and jor any meromaorphic section s of
L, L=[(s}]. In particular, we see that L is the line bundle associated to
some divisor 2 on M if and only if it has a global meromorphic section not
identically zero; it is the line bundle of an effective divisor if and only if it
has a nontrivial global holomorphic section.

We can also view this correspondence as follows: Given a divisor

D=3aV,
on M, let (D} denote the space of meromorphic functions f on M such
that

D+{f) =20,
ie., that are holomorphic on M — U ¥, with

ordy, (f} > —a.

We denote by |D,cDiv(M) the set of all effective divisors linearly
equivalent to D; if L=[D], we write L for 1D . Let 5, hc a global
meromorphic section of [D] with (s;}=D. Then for any global holomor-

phic section § of [£], the quotient
f==
50
is a meromorphic function on M with
(L)=0)—(s0) > - D,
ie.,
LELD)
and
(s) =D+ (f)s D]
On the other hand, for any f<i2{D) the section y=f-s, of [ D] is holomor-
phic. Thus multiplication by s, gives an identification
@y
B(D)—> HYM,8( D])).
Now suppose M is compact. For every D’€ D, there exists f€£(D)
such that
D= D+
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and conversely any two such functions f, f7 differ by a nonzero constant.
Thus we have the additional correspondence

|D = PE(D ) = P(HY (M I D))}

In general, the family of effective divisors on M corresponding to a
linear subspace of [*(H %M, O(L))) for some L. —M is called a linear system
of divisors; a linear system is called complete if it is of the form D, ie., if
it containg every effective divisor inearly equivalent to any of its members,
When we speak of the dimension of a lincar system, we will refer to the
dimension of the projective space parametrizing it; thus, when we write
dim D] for the dimension of the complete lincar system associated to a
divisor £, we have

dim D| = AYM,8(D)) — 1.
A linear system of dimension 1 is called a pencil, of dimension 2 a net, and
of dimension 3 a web.

We will mention here two special properties of linear systems. The first
is clementary: if E={D,},op. 13 a linear systen, then for any Ag,...,A,
linearly independent tn ¥,

Dy e Dy = () Dy
rg P

The common intersection of the divisors in a lincar system is called the
base locus of the system; in particular, a divisor £ in the base locus that
is, such that B, — F >0 for all A~ s called a fixed component of E.

The second property i1s more remarkable; like the first, it is peculiar to
linear systems and is not the case for general families of divisors, even
general families of linearly equivalent divisors. This is

Bertini’s Theorem. The generic element of a linear system is smooth away
Jrom the base locus of the system.

Proof. It the generic element of a lincar system is singular away from the
base locus of the system, then the same will be true for a generic pencil
contained in the system; thus it suffices to prove Bertini for a pencil.

Suppose { D}y I8 a pencil, given in a polydisc A contained in M by

o= (fzp ..,z A glzy...,z,)=0)
and suppose P, is a singular point of the divisor D, (A0, c0) but not in
the base locus B of the pencil. We have then
f(P) +2g(Py) =0

and

Y ipyal8(py= =
Szi(P")+A82i(P*)_U’ i=1,....n
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Since P, is not a base point of {D,3, f and g cannot both vanish at P,
and so neither one can; thus

_ Py
g(P,\)
and
S opy AP g
aZE(P.\) g(P\) 825(121) - O
Then

8 ('é)(PA) _ (@/32) (P~ [ A(R)/8(P) g /02)(P) _

2 g(P)

Now the locus V' of singular points of the divisors £,, being locally the
image in A of the variety S CAX P, cut out by the equations { f+Ag=0,
df /82,4 Adg/8z,=0], i3 an analytic subvariety of A. But by the calculation
above the ratio 1 /g is constant on every connected component of VB and
s0 ¥ can meet only finitely many divisors D, away from the base locus of
{D]). Q.ED.

The essential point here is that a pencil {D,}, cps with base locus B
gives a holomorphic mapping

M- - B—P!
since by linearity cvery p € M — B is on a unigue D, . The Bertini theorem is
a refinement of Sard’s theorem for this mapping.

We make one final remark about sections of line bundles, which will be
used repeatedly throughout the book. Recall that if H=2a¥; is any
effective divisor on the complex manifold M, s, C H%(M, & D)) a section
of [D] with divisor 12, then tensoring with s, gives an identification
between the meromorphic functions on M with poles of order < g, on V;
and holomorphic sections of [ D). More generally, if £ is any holomorphic
vector bundle on M, & its sheaf of holomorphic sections, we write & (D)
for the sheaf of meromorphic sections of £ with poles of order < ¢, on ¥,
&(— D) for the sheaf of sections of £ vanishing to order = g, along V.
Again, tensoring with s, or sy ' gives identifications

& sy
E(D)—> 4(EQRTD),
{*) S '
E—-D)—> -9(E®i—£)'ll).

Thus in particular if D is a smooth analytic hypersurface, the sequence of
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sheaves

g ,
O — SM(F@;' D]) —> O (EY > 0,(E|,)—0,

where r is the restriction map, is exact. Henceforth, we shall make the
identification () implicitly and write O (D) for H{DD.

Chern Classes of Line Bundles

Let M now be a compact complex manifold of dimension n. The exact
sequence of sheaves
exp

O-fF »85 —>5*% 5,0
gives a boundary map in cohomology

HY(M.99 .5 1 (M,0).

For a line bundle 1. Pic(M )= 17 (M, E*), we define the first Chern class
¢ (L) of I. (or simply Chern class) to be §(Z)yC HYM,7); for D a divisor
on M, we define the Chern class of D to be ¢, ([£7]). By a slight abuse of
language, we will sometimes write ¢.(L)E HA (M) for the image of ¢ (L)
under the natural map H2(M,7) >HA(M).

As an immediate consequence of the definition, note that

e {lQLYy = e {L}+ ¢, (L)
and
e(L¥) = — (L)

Also, if f; 3 »N is a holomorphic map of complex manifolds, the

diagram

HYUM 0 —> HAM. T

Tr Tr

HY(N, 0% —> HYN, 7}

commutes, $o that for LN any ling bundle,
o f*L) = fre (L)

We will be concerned in this subsection with giving two alternate
inferpretations of the Chern class; [irst, however, we want to make one
observation:

Let & and @* denote the sheaves of % functions and nonzero €%
functions, respectively, The transition functions of a C™ complex line
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bundle L then give a Cech coeycle
{gaB} = C](M's GE*)"

and by the same argument as for holomorphic bundles, the hundle L is
determined, up to C* isomorphism, by the cochomology class [{ g,z}]€
H'(M,2%), Now we have an exact sheaf sequence
anp
0>Z->E —> & >0
and since the long cxact sequence in Cech cohomology is functorial, the
inclusion maps 9 & and H*—&* give a commutative diagram

5
H'(M,@)—> H (M, 2% —> HYM,Z)
T 1 ) I
H'(M,0)—> H\(M,2%) —> HYM,Z)

with hoth rows exact. Thus we can define the Chern class ¢,{(L) of a C*
line bundle to be 8°(L), and this definition aprees with the one above for
holomorphic bundles. But in the upper row we have H (M, 2)=0, since
the sheaf & is fine; the conclusion is that a complex line bundie is
determined up to C* isomorphism by its Chern class.

Recall now that for any vector bundle E—M of rank k and any
connection D on E, the curvature operator D2 is represented, in terms of a
triviahization ¢, of E over U, by a £ Xk matrix 6, of 2-forms; if g, is

another trivialization, we have

8, = 2.4 Oy 2.5
where g,5: U, 1 Uy—GL, is the transition function relative to ¢, and g4,
In particular, if £ is a line bundle, since GL =C* is commutative
O=0,=0; 15 a closed, globally defined differential form of degree 2,
called the curvature form of E.

Recall alsc that for any analytic subvariety ¥V — M of dimension &, we
have defined the fundamental class (V)E H5,(M,R) to be given by the
linear functional

P —’f ¥
v

on HER(My; we denote its Poincaré dual by 7,. In particular, we take the
fundamental class of a divisor D=2%a.V, on M to be S {V)); we denote its
Poincaré dual by

Tp = 2 4q; .T}V,'

This subsection will be devoted to proving the
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Proposition, 1. For any line bundle L with curvature form ©,
V-1
(L) = [

2o
2. If L=[D] for some D Div(M),
e (LY =1, € Hix(M).

@} E HEg(M).

Proof, First, we unwind the definition of ¢ (L) for L— M a line bundle
with trivializations ¢, and transition functions g, relative to a cover
U={U,} of M. We may assume the open sets U/, are simply connected
and set

1
h{r = ?_Iog Eane
P YAV !
By the definition of &, if we set
Zyp, = Hyg+ hg, — ki

oy

= 2 -\/_I (log gu;’} + log g{jy - lUg ga}-)s
Ty —

then {z,;,} € Z*(U,Z) is a cocycle representing c,(L).

Now choose any connection I on L. In terms of the frame ¢, (2)=
¢, (z,1) on U, D is given by its connection matrix, which in this case is a
I-form §,. As was worked out in Section 5 of Chapter 0, in {1 U,

8{.: = gﬁxﬁgﬁg&_ﬁl + dg{\'ﬁ ’ gﬂ;il"
Le,
9,3 —f, = _3;;§]dgaﬂ = - d(ff)ggaﬁ)s
and the curvature matrix is the global 2-form
B=df, -0, N8, =di, = df,.

Since O is given as a closed 2-form and ¢,(L} is given as a Cech cocycle,
we must now look at the explicit form of the de Rham isomorphism. From
the proof of de Rham’s theorem, we have exact sequences of sheaves

0->R—-@ 52 -0, 0%, -8 - % -0,
giving us boundary isomorphisms

HYE) 5 e -

Tao calculate §,(8), we write & locally as d8,; we see from the definition of
&, that

8.(0) = {#,-0,} € Z{Z}).
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Now #;—8, = dlog g,. 50
8,8,(8) = ‘Sz({ 9;; -4, })
= {- {logg,;+logg,, — logga.r)_}
e - 2aV —1 - (1).
To prove assertion 2 we have to show that, for ® a curvature matrix for

the bundie [ D], the cohomology class [(V - 1 /27)0] is the Poincaré dual
of (D)Y=Za(V.) —i.c, that for every real, closed form ¢ G 42" (M),

V'§ IMG) A= a‘fK¢.

Since both Dt »¢)([ D7) and D—n, are homomorphisms from Div(M) to
Hig(M), we may take D=V an irreducible subvariety.

First, we compute the curvature form of a metric connection on [P To
do this, lct ¢ be a local nonzero holomorphic section of [V] and write

e(2)]" = h{z).
Then for any section s=MA-e, the connection matrix # for the metric
connection £ in terms of the frame e must satisfy

g=4¢""
and
d(ls?) = (Ds,s) + (s, Ds)
= ({dA+ GAje.Ae) + (Ae, (dA+AN)e)
= hh-dA+ A -dN+ A N E+8),
Now

d( s = dA-A-h)

= h-A-dA+ - Adh+ N2 dh.
So we have

T
7
ie., 6= dlogh = dloglel*. and
D=di- 0N =db
= ddlogiel®

=20V 1 ddlog e

Note that this holds for any nonzero holomorphic section e.
Now let D=1V be given by local data f, and let s be a global section
{ £} of [ D] vanishing exactly on V. Set

Dle) = (is(z)|<e} © M.
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For small e, £X{e) is just a tubular neighborhood around ¥V in M, and

f OAY = lm2zV - ddlog s Ny
M-—Di#)
. 27 ) -
= lim dlog|s® /s
# 'U( V=1 fao(e) gl i

by Stokes’ theorem. In U/~ D(e), write
Is]* = S b = furJur b,
with A, >>{); we have
dlog s? = d*log(f,-f.-h,)

= 4;1 (3logf, —dlogf, +(3—8)logh, ).

Since d“logh, 1s bounded and, as we have seen in the proof of Stokes’
theorem for analytic varieties, vol(3D{e)—0 as ¢—0, we deduce that

lim d°logh, Ay = 0.
e—=U0 S aD¢ ey

Mareover, dlogf, =dlogf, and, since 4 is real, this implies
[ dleefae= [ dlogf,Av.
AD(e) ange)
Thus in &,

2q
lim dloglsl? =lim —V —1-Im dlogf, N\
TN VN j;p(e) g| ] £} 'j:D(e) g 1‘{/

Now in the neighborhood of any smooth point z,€ ¥V . U, we can find
a holomorphlc coordinate system w=(w...,w, ) with wl—f Write =

Y(w)dw' AN diw' + @, where w' =(w,,...,w } and all terms of p contain either
dw. aor dw|; then in any polydisc A around zo,

lim dlog f, A = 1mf — y(w) aw' podw'

e 0 an030a [wi=¢ Wi
=22V 1 f O, w)- dw’ A diw
=27V -1 &

VA
and so

fM@/w = —v’—_l-{m(zw\/—_l fyxj/)

27
o f Iz Q.ED.
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The conclusion that the Chern class ¢ {({DD]) represents, on the one hand,
the Poincaré dual of the fundamental homology cycle carried by a divisor 1),
and on the other hand is given in de Rham cohomology by (V =1 /2% times
the curvature of any connection in the line bundie (D], is of fundamental
importance for what follows. The method of proof of this propositicn, i.e.,
applying Stokes’ theoremy to a differential form with singularities—is
likewise ubiquitous, and will be systematized in Chapter 3.

The simplest consequence of this proposition is the fact that the divisor
{f) of a meromorphic function is homologous to zero, This is inturtively
clear; drawing an arc y from Ay=c0 10 A. =~ co on the Riemann sphere P},
the divisors

(/A0 g ey
trace oul a chain with boundary (Hy—{ ..
Examples

I, In case M is a compact connected Riemann surface, a divisor 2 on
M is just a finite sum

DZX”.-‘P{

of points p; & M with multiplicities #,. The degree of D is defined 10 be its
fundamental class (D) I (M, Hy= £ clearly

deg D = X n.
By the above proposition, if © is the curvature form of a ¢onnection in the
line bundle [ D],
o J &= <el[PI.[M) = degD.
In general, we define the degree of a line bundle on M by
deg(L) = {e(L),[ M),

or in other words deg(/.)=c,(L) under the isomorphism HM,7)=7
given by the natural orientation on M.

Note that by the relation proved on page 77 between the curvature form
© of a metric connection on the tangent bundle of a Riemann surface and
the ordinary Gaussian curvature K, the classical Gauss-Bonnet theorem
gives

griary = L Cd =
deg 77(M) = 4WfMKM = x(M).
2. By the exact cohomology sequence

H'(Pr,0) > H'(B,0%) —> HYP".Z)
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arising from the exponential sheaf sequence on " and by the vanishing of
H'(P*, 0) (Section 7 of Chapter 1), we see that every line bundle on P" is
deiermined by ity Chern class, 1.c.,

Pic(P") = HYP",7) = 7.

In other words, every divisor on P" is linearly equivalent to a medtiple of the
hyperplane divisor H=P"""CP". The bundle [H] associated to a hyper-
plane in P" is called the hyperplane bundie; its inverse, J=[H]*=[— H], is
called the universal bundle on P

We can give a direct geometric construction of the universal bundle J on
P" as follows. Let P# X C"~! be the trivial bundle of rank n+ 1 on P?, with
all fibers identified to C"*'. Then the universal bundle is just the subbun-
dle J of P?xC"*! whose fiber at each point Z €P” is the line in C"F!
represented by Z, 1.e.,

Jr = {MZ,,....Z), AL,

To see that in fact J =] — HY, consider the section ¢, of J over Uy={(Z,%
0y P" given by

z,  z,
(?0(2)= 1,_2‘[;,...1?(} .

¢y is clearly holomorphic and nonzero in U and extends to a global
meromeorphic section of J with a pole of order 1 along the hyperplane
{Z,=0YCP" Thus /=[{e,)]=[— H]-

If M CP is a submanifold of projective space, we usually call the
restriction of [H[-P" to M simply the Avperplane bundle on M by
functoriality, it is the line bundle associated to a generic hyperplane
section P™" 1 A of M,

3. Let M be a compact complex manifold, ¥ Z M a smooth analytic
hypersurface. Recall that we defined the normal bundie N, on V to be the
guotient ling bundle

N, = TM;/ .
Ty
We defined the conormal bundle NP to be the dual of A, it is the
subbundle of 7%, consisting of cotangent vectors to M that are zero on
T, Ty,

There 1s an easy formula for the conormal bundle of a smooth hyper-
surface V, which we now derive: Suppose ¥ is given locally by functions
S ECQ(U,); the line bundle [ V] on M is then given by transition functions
{ 8 =fu/Fs} Now since £, =0 on V' n U, the differential df, is a section
of the vonormal bundle N} of ¥; since ¥ is smooth. df, is everywhere
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nonzerce. On U, n U, ~ V, moreover, we have
df, = (ga&}e)
dgq( f + f»’n;s'dfg
= gaﬁ djﬁs
i.e., the sections df, € T{L , 8 (N¥)) together give a nonzero global section of
NE®@[V]. Thus '\’*®[V} 18 the trivial line bundle; this 15 the

Adjunction Formula I
}V; = [ - V: | v

4. One of the most important line bundles in general is the highest
exterior power of the holomorphic cotangent bundle
KM = /\HT:{?J'
called the canonical bundle of the n-dimensional complex manifold M.
Holomorphic sections of K, are holomorphic n-forms, i.e., O(K,,)=%},.
We will compute the canonical bundle K. of projective space: Let
Zg, ..., Z, be homogeneous coordinates on P?, w,=2,/Z;, Euclidean
coordinates on {/,=(Z,70), and consider the meromorphic n-form
_dwy  dwy dw,
_w]/\wz/\ ;’\wnv
w is clearly nonzero in Uy, with a single polc along each hyperplane (Z,=0),
i=L...nNowitw=Z/7 i=0,.. - fr...,n are Buclidean coordinates on
[{,-=(7J,%O), then

W _ 1
W‘ - W!J ] ==} . W, = W{J 3
which gives
dw, awl dw; dw,  —dw]
= - [ i :f;‘} - . “;’ ?
W, W Wy i v

and so in terms of {w/},

dw; T d

W W, W

w=(=1)/—> ARl
; T

Thus we see that o has likewise a single pole along the hyperplane (Z,=0),
and consequently

Ko =[(@) =[~(n+1)H .

In general, we can compute the canonical bundle K, of a smooth
analytic hvpersurface ¥ in a manifold M in terms of K,, as follows. We
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have an exact sequence of vector bundles on V

0N ST, T 0.
By simple linear algehra,

(NTENy = A" T & NG,
Le.,

K, =Ky, , QN

Combining this with the adjunction formula T above, we have the
Adjunction Formula 1
() K, = (KM® — V:) b

We can give the corresponding map on sections

P.R.

BV —=> e
as follows: Considering a section « of @%,(V) as a meromorphic -
form with a single pole along V and holomorphic clsewhere, we write

— g(Z)dZ]/\‘ T /\dzn
f(z) ’
where z={z,,...,2,) are local coordinates on M and ¥ is given locally by

Az). Under the isomorphism (+), then, w corresponds to the form «' such
that

w =%,Aw’

Explicitly,
S
ﬂff = 2 d_Z( dZJ,-,
and so we ¢an take
W =(—1)
for any i such that 9f/3z,#0. The map
P .
g(Z)dZI/\"'/\dZH i ;_g{Z)le/\"‘/’\dZ‘-/\"‘/\dZﬂ:
—> {1y = :
fz} af/dz,
is called the Peincaré residue map, denoted P.R.

Note that the kernel of the Poincar¢ residue map consists simply of the
holomorphic a-forms on M. The exact sheaf sequence

P.R.
0@, —>2(V)—>Q7 'S0

i-1 g(Z)dZ[/\' B AZ:A' T /\dzn
aF/ oz,

A=0
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then gives us, in part, the e¢xact scquence
PR, 8
HOM @ (V) —> HY( V. ) — HY (M, Q%)

i.c., the Poincaré residue map is surjective on global sections if H (M, Q%)
= H"Y{M}=0. For example, since H™(P")y=0 for n>1, every holomor-
phic form af top degree on a hypersurface V in P" is the Poincaré residue of a
meromorphic form on P". We will see later that the meromorphic n-forms
on P" are easy to describe, so that we can readily write down the
holomorphic (#— 1}-forms on V.

2. SOME VANISHING THEOREMS AND COROLLARIES

The Kodaira Vanishing Theorem
Let A be a compact Kihler manifeld.

DrerINtTION, A line bundle L— M is positine if there exists a metric on L
with curvature form 6 such that (V — 1 /278 is a positive {1, I)-form; 1.
is negative if L* 18 positive. A divisor D on M is positive if the line bundle
FDY s,

The positivity of a line bundle is a topological property, as we see from
the
Proposition.  If w s any real, closed (1, 1}-form with
“om = o(L) € Hip(M),
then there exists a metric connection on L with curvature form Q=
(V' —1/2a)%. Thus L is positive if and only if its Chern cluss may be
represented by a positive form in Hhp{M}.
Proof. Let |sl* be a metric on L with curvature form ©. If g1 £, > U XC
15 a trivialization of L over an open set U, 5 a section of 1. over I/ and s,
the corresponding holomorphic function, then
[ = A{z)- |5, ?
for some positive Tunetion #{z). The curvature form and Chern class are
given by
B = —3dlogh{z),

V-1
C(L)z 27:],

oJ € Hi (M),

Now let |s|* be another metric on £ with curvature form &', Then
|sI?/]s%=¢" for some real €™ function ¢ on M, and from the local
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formula
Bz} = e (z)
it follows that
B = ddp+ 8.

In particular,

V=1 PV=1
2o )
Working in the other direction, suppose that (V — 1 /2#)p is a real,

closed (1, 1)-form representing ¢,(L) in H2 (M) If we can solve the
equation

B=03p+¢
for a real ™ function p, then the metric ¢°'s2 on L will have curvature
form ¢. Our proposition therefore follows from the

Lemma. If nis any (p,q)-form on a compact Kithler manifold, and % is d-,
9-, or d-exact, then

7 = 33y
Jor some (p—1,q—1)-form y. If p=q and n is real, then we may iake
NV =1 v also to be real.

Progf. Let G, denote the Green’s operator associated to the Laplacian A,
and similarly for G; and G;. From the basic identity of page 115

1
it fellows first that

2G, = G,= G,
and then that all the operators d, 8, 3, &%, 3*, and 7* commute with the
Green’s operators. ~

Now, since  is d-, d-, or d-exact, its harmonic projection under any of
the above Laplacians is zero. By the Hodge decomposition for 4,
n = 33*Gyy.
But 3*G,m has pure type (p,¢— 1) and so
3(3*657}) = :ﬁ*Gg(a'q) ={,

Since the harmonic space for 3 is the same as the harmonic space for d and
hence is orthogonal 1o the range of 8%, we deduce by the Hodge decom-
position for 9 that

3*Gyn = 89*G,{3*Gyy).
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By commuting the various operators,

n = xaa(a*d* G ly),
which implics the lemma. Q.ED,

The basic example of a positive line bundle is the hyperplane bundle [F/]
on 7. Recall that the dual of the hyperplane bundle is the bundle J whose
fiber a1 Z &[> is the line {)\Z} 7' we ¢an put a metric on J by setting
(Zg.....Z " =32|Z7. 1f Z is any nonzero scction of J  Le., a local lifting
UCPs »CF {0} —then the curvature form in J is given by

O* = §3log|Z 2 =2xV 1 ddlog| 2|2
The curvature form @ for the dual metric in [H] is then —@* and
consequently

\“ Lo = ditlog| 2|1,

le, (V- 1/2m)8 is just th{, assoctated {1, |}-form « of the Fubini-Study
metric on P”, which we have seen is positive, As a corollary, we see again
that the Poincaré dual of [w]& H2 (") is the fundamental class {H) of a
hyperplanc.

Note that since the restriction to a submanifold ¥ ¢ M of a positive
form is again positive, L, ,— ¥ will be positive if LM is. In particular,
the hyperplane bundle on any complex submanifold of [ is positive,

Our aim in this section is to prove that certain Cech cohomology groups
HY(M, QP (L)) associated to a positive line bundle L »M are rero. To begin
with, we franspose the problem into one involving d-cohomology and
harmonie forms by a technique that will be familiar from the previous
discussion. ~

Recall that for any holomorphic vector bundle £ M, the d-operator

d: APUE) > APITHE)
is defined for global C* F-valued differcntial forms, and satisifes §2=0,
We let Z24(L) denote the space of d-closed E-valued differential forms of

type {p, q), and we define the Dolbeault cohomology groups HES(E) of E to
be

ZENE)
e %F)

Let 29 £) denote the sheaf of d-closed £-valued (p,g)-forms. The exact
sheaf sequences

HP(E ) =

0 0UR) »9PE) LT E) 50
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give us isomorphisms

&
H(M, 900 (B)) = 1 (M, 09(E)),

since the sheaves £77(E) admit partitions of unity and hence have no
Cech cohomology. Thus, repeating the reasoming from the proof of de
Rham’s theorem,

HYM QP (F)) = HM(E ).
Next we want to discuss harmonic theory in holomaorphic vector bun-
dles. Suppose we have metrics given on M and E; we have then induced
metrics on all tangential tensor bundles of M tensored with £ or E* In

particular, if {g} s a local coframe for the metric on 7,* and {e,} a
unitary frame for E, any section 5 of A74(E) can be written locally as

1
Z2)=—— > z 5, &e,
n( ) ptq!I;;unlLu( )@f/\Q% f4]
for m,y € AP E),

FEg—n

(N =T S 1) FrsalD)

Again, we define an inner product on A#9(E) by setting
(n.9) = [ (292N,
%

where € 1s the volume form on M.

We have a “wedge product”

A APHEYR AT S (EX s AP 4(Af)
defined by
(@)A1 B5) = {5,509 A7
we define an operator
# 0 APIHE ) — ATTPNTUEY)
by requiring, for 5,4 £ 47 E),
(n.¥) = fM?J N* Y.

Explicitly, if {e,} and {¢}} are dual unitary frames for £ and £*, then for
& AP E) written as

7= 2 1, D e, n, EAPI(M ),
2 =2, &el,

where * 15 the usual star operator on 479 AM).
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We take

a*: APHEY > AriY(E)
to be given by

E*: — % .g.* !

as before, 3* is the adjoint of 3, i.¢,, for all p £ AP9"YE) and y £ AP Y E),

(qu,qfx) = (q},é“‘z’f;).
Finally, the 3-Laplacian on E is defined hy
A=33* +3*3: AP E)— APE).

An E-valued form g is called harmonic if Ap=0. (Again, harmonic forms ¢
are exactly the forms of smallest norm in their Dolbeault cohomology class
P+ 47T E)) We let

HPAEY)=Ker A
be the harmonic space.
_ Now, the analytic part of the proof of the Hodge theorem for the
d-Laplactan on ordinary differential forms on M is essentially local: we
can always find appropriate solutions of Ag=0 in the completion of
AP M) in the Ly-norm; the problem is to show that these solutions are in
fact C*°. Writing out E-valued forms in terms of a frame for E, all the
local estimates used in the proof of the Hodge theorem for A*(Af) go over
to A7 Ey—the only difference 18 that in each estimate we will get
lower-order terms involving the coefficient functions for the metric on E as
well as the metric on T,,*, and these can be estimated out as before. Thus
the Hodge theorem holds for the o-Laplacian on £, that is:

1. P (K) is finite dimensional, and
2. If K denotes the orthogonal projection A#4(E)—»THP9(E), there
exists an operator

G: APHE)— APE)

such that
G{HP4(E)) =0,
G,31=[G,3"]) =0,
and
=% +AG,
3. Consequently, there 1s an isomorphism
HUE)—> HIE ),
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and
4. The =-operator gives an isomorphism
HIU(M,QP(E)) o= Hn =M, QP E*).*
For p=0, this last result reads
HYMO(E)) o= H" (M, O{E*® K, ) ).*
This isomorphism is called Kodaira-Serre duality.
Now if M is Kdhler with associated (1, I)-form w, we define the operator
Lo APIE > A7YL Y )
by setting, for 5 C A”9( M) and s CAYE),
Ln®s)=wAn®y;

let A=7* be the adjoint of 7. If D=D"+D" (D”"=3) is the metric
connection on F, then we have the basic identity

[A3]= s Lo

This identity follows from the analogous identity {A,9]=—(V - | /2)d*
on scalar forms A7 4( M), which we have already proved. To see this, pick a
local frame {g,} for £; if #=§"+8" is the connection matrix for D in
terms of {e,}, we can write, for 47 F),

1=21,8¢, 9, CA"(M),
=2, Se, + Z; (1. /\Bip) B e,

Aq = DA ® e,

50
[AdTg =2 z:;\,ﬁj?}a Be, +[A8" iy
=5 - hd ; I 3*n, e, +TAE" 0.
Similarly,
D.‘T:} = %: ar&r & € + 2;8 (7?4/\9(:’?) & 8;37
Lé,

D*q =3 %, Re, + 8.

f

The difference
Lo VT - ool
A8 ¢ 21-Df*=_,r\,9";+-5’
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is consequently an imirinsically defined algebraic operator; since we can
choose at each z,C M a frame for £ in a neighborhood of z, for which
B(z,) vanishes, we see that [A, 9]+ (V - | /2)D™*=0.

We will use the representation of Cech cohomology by harmonic forms
to prove our first main result on the cohomology of vector bundles, the

Kodaira-Nakano Vanishing Theorem. If L. »M iy a positive line bundle,
then
HI (M QL) =0  forp+g>n
Proof.* By hypothesis we can find a mefric in £, whose curvature form ©
is 2 /V — 1 times the associated (I, U-form of a Kahler metric: let the
metric on M be the one given by w=(V — | /27)8. Now by harmonic
theory
M Q7 (L)) = HP7(L).
To prove the result, we will show that there are no nonzero harmonic
L-valued forms of degree larger than #. We do this by interpreting the
curvature operator Oy =0 Ay alternately as (2o /V - 1 YL(y), and as D,
where D is the metric connection on L, and using the basic identity above.
Let 5 £5{79(L) be a harmonic form. Then

8 =D=3D"+ D3,
s0 from =0
8y = dD'y,
and
2V -1 (ABn,m) =2V =1 (AID9,%)

=2V 1 ((E}A— v-i—l--D"*)D’m?})

={D*D ) = (D D'y) > 0,
since (A D n,5)=(ADq,3%n)=0. Similarly,

2V 1 (8Anm) =2V 1 (D'0An,7)
2V—1 (D’(A§+ \/;1 D’*)n,ﬂ)

(DD *g) = (D, D) < 0.

il

Il

*This proof 15 due w Y. Akizuki and S. Nakano, Note on Kodaira-Spencer’s proof of
Lefschets's theorems, Proc. Japan Acad., Yol. 30 {1934).
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Combining,
2V—1{{A.® n7) > 0.
But ©=2«/V - 1)L, and so
2V -1 (:i\,(“)]n,“r}) = 477(:1'&, L]'q,'q)
=dw(n—p—q)|n[* > 0.
Thusp+g=n —y5=0 Q.E.ID

As was suggested when we first introduced cohomology, the groups
HYM,(E)) (g=1) most frequently arise as obstructions to globally
solving analytic problems —this is especially true for g=1 as in the
Mittag-Leffler problem, but once one admits # s, then all the rest become
involved. The Kodaira vanishing theorem—together with 1ts variants to be
discussed later—is the best general method for eliminating cohomology.

Dualizing the Kodaira vanishing theorem, we obtain:

HYM,8P{L}) = 0 for p+q < n in case L > M is a negative line bundle.

The special case when p=¢=10 can be proved by elementary methods as
follows: What we have to show is that

() HY(M 0(1) =0

in case L—>M has a metric with curvature form equal to 2/V — 1 times a

negative {1, [)-form. Suppose s=0e HY M, 8(L)), and let x,&M be a

point where 57 attains a maximum. By hypothesis, if we write

z=x,+ V' — 1 y, the coefficient matrix for the curvature form

(ﬁih RO Y O L
iz 0z, R ) T A\ axax, T iy,

Vo S N | SN O
axdy,  dydx, 5 .vP)

is negative definite hermmtian, and in particular the real symmetric matrix

(a_2+a_2)10g_,1_
dxdx;  dy,dy; 5|2

is negative definite. But log(1/|s]?) attains 2 minimum at x,, and by the
maximum principle, the matrices

Llo)L and 82 lo 1
dx;dx, E|.s‘|2 a0y g|5|2

must both be positive semidefinite  a contradiction.
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In case M 1s a Riemann surface, the special case (#) is the general case,
since p+ g< l=>p=g=0. The theorem then is ¢cven more elementary: if ®
is a curvature form for L with (V — | /27)83 negative, we have

V-1
(.‘1([;) =f -T'&] < 0
M

But if s30€ HYM,C(L)), then L is the line bundle associated to the
effective divisor D =(s), and we have

c(L)y=degh = 0,

a contradiction.
As an immediate consequence of the vanishing theorem, we see that

HIUP" 0p.(kH )) =0 forl<g<n-1, alk

This follows directly from the dualized version of the vanishing theorem in
case k 18 negative, if & 1s nonnegative,

HAP", Cp(kH ) = HY(P" Q2 (kH — Kpa))
(P 0k +n+ DH))
=0

by the original version of the thearem,

Il

The lLefschetz Theorem on Hyperplane Sections

Using the Kodaira vanishing theorem, we can give a proof of the famous
Lefschetz theorem relating the homology of a projective variety to that of
its hyperplane sections.

Let M be an n-dimensional compaet, complex manifold and ¥V M a
smooth hypersurface with £ =[¥| positive—e.g., M C P" a submanifold of
projective space and V=M N H a hyperplane section of M. Then we have
the

Lefschetz Hyperplane Theorem. 7The map
HYM, Q) H(V, Q)

induced by the inclusion 1:V=M s on isomorphism for q<n—2 and
infective for q=n- 1.

Proof. 1t will suffice to prove the result over C. By the Hodge decomposi-
tion

I{M.C)= p+?= P9 M),
and by Dolbeault
HP(M ) = HEW(M Yy = HYM, ),
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The same holding for ¥, it is sufficient to prove that the map
H? (M, Q%) — H? (V.8
is an isomorphism for p+¢ < #—2, and injective for p+g=n—1L.
To see this, we factor the restriction map £24,—87 by
IOy N s

where (4], is the sheaf of sections of (A?T,) ,—considered either as a
sheaf on ¥ or, by extension, as a sheaf on M —r is the restriction map, and
{ is the pullback map induced by the natural projection (A?T5)|, —A"TE.

The kernel of the restriction map » is clearly just the sheaf of holemor-
phic p-forms on M vanishing along ¥, so we have an exact sequence of
sheaves on M

(%) 0 (—V)—>05,508 , 0.

We can likewise fit the map / into an exact sequence: for pe V., the
sequence

0 N§, — TH(M) - TH(V) >0
yields, by linear algebra,
0= N3, @ AP TV ) > NITF(M ) APT(V ) -0,
and consequently an exact sequence of sheaves on ¥

00 YUNE) - 5! V—)El — (.

But by the adjunction formula I, A =[-¥]|,: we can thus rewrite this
last sequence as
(%) O—)Q‘f,—:(—V)—)%“—)SE'f,—)U.

Now [— V'] is negative on M, and likewise [ — V][, Is negative on ¥, The
Kodaira vanishing theorem sccordingly gives

Hi(MBEA(-V)=0  p+q<n,
HAY, Q8 Y-V =0, g+ g < n.
By the exact cohomology sequences associuted to the sheaf sequences (+)
and (=#), recalling that #/*(M,Q4," )= H*(V, Q A
M08 ""H‘*(M AN ) H?(V 243
for p+ ¢ < n—12, and with both maps injective for p+g=n—1, Q.E.D.

The Lefschetz theorem on hyperplanc sections is, of course, purely
topological. There is another proof using a little Morse theory; we will give
here a skefch of the argument:*

*Due to R. Bott, On a theorem of Lefschetz, Mich Marh, J., Vol. 6 (1959}, pp. 211-216.
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To begin with, suppose that A is a compact manifold, B A a smooth
submanifold, and ¢: 4 »R™ a C* function such that ¢~ '(0)= B. A critical
point x,& A of g is a point such that de(x,)=0; ofx,) is called a critical
value of @. At cach critical point the Hessian 4%/ (3y, du)=FH(g) is a
well-defined quadratic form in the tangent space 7, (4}, the critical point
is nondegenerate in case H{g) is nonsingular. The function ¢ is called a
Morse function if all critical points of ¢ are nondegencrate; according to a
standard approximation theorem, such functions are dense in the C%-topol-
ogy. By the main lemma of Morse theory, if ¢ 15 a2 Morse function and the
Hesstan H{gp)} Is nonsingular in the normal bundle to 8 in A, then the
homotopy type of

A, = {xeA olx)«1}],

remains the same as long as ¢ does not cross a critical value (this is
obvious; we just retract along the gradient vector field of ¢), and changes
by attaching a cell of dimension & when we cross a critical value whose
Hessian has exactly & negative eigenvalues. (This requires a local analysis
of the Morse function y around the eritical point x,, and is the main step.)

Now let M be a compact, complex manifold, L— M 4 positive holomor-
phic line bundle, and s« H %A, 8 (L)) a holomorphic section whose zero
divisor V'=(s) is a smooth hypersurface. Choose a metric for L. »M such
that (V=1 /22)0=(V'—1 /2=}33log|s| ™2 is positive and sct

o{x) = log|s|*.

p—or a function near @ in the C* topology—may be used as a Morse
function (the fact that ¢: M >[—oec,00) with ¢ H{—w)=} causes no
essential difficulty; what is important is that @ s} 70 along ¥). Now for
any critical pomt xC M of ¢, the matrix

3 a)lo r_’.z["a_?+ 92 .)+E' 7 _ 8 Ve
0,37 ) By T\ A\ Bxax, vy, )T T 4 \anax axay )l oo

EH

is negative definite hermitian, and consequently the Hessian

"’ 82 @]
dx; ax dx dy,
) = " Toglsl
(¢) . 3 gls|

of o has at least » negative cigenvaiues. (‘I(,drly this will also be true for
functions ¢ sufficiently close to ¢ in the € *-topology. Thus, by Morse
theory, as far as homotopy type is concerned M is obtained from ¥ by
attaching cells of dimension at least », and this gives the Lefschetz theorem
on the homotopy level and for homology with Z-coefficients. Q.E.ID.
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When #=1, the theorem doesn’t say anything. However, when n=
2—1e., M is 4 {(connected and compact) complex surface—and VM isa
Riemann surface embedded as a positive divisor, then the Lefschetz
thecrem gives

HfV.Z) = H{MI) =1,
H{(V,T) - H (M, Z) -0,

Le. all of the first homelogy of the 4-manifold M [ies on the irreducible
embedded Riemann surface V.

We may also apply it to hypersurfaces of projective space: since any
effective nonzero divisor on [** is positive, the theorem tells us that if V' is
any smooth hypersurface in P”, then H* (V)=0 for k+n/2, while
H*(V) is generated by the class of a A-plane section of ¥ for k<n/2. In
particular any smooth hypersurfuce of dimension 2 or more is connected
and simply connected. The same results apply, for an appropriate range of
k, to any submanifold of projective space given as the transverse intersec-
tion of hypersurfaces.

A final remark on the Lefschetz theorem: Lefschetz’s method was
insofar as possible to study the topology of an algebraic variety M
inductively, reducing questions about the homology of M to questions
about the homology of a smaller-dimensional variety. His original proof of
the lust theorem asserted that for a Liyperplanc section V of M, the map
H(V,[)>H (M,Z) is an isomorphism for g<<n—1 and surjective in
dimension #—1. By the hard Lefschetz theorem, the homology of M in
dimension above # is mirrored in dimensions less than n, and by the
Lefschetz decomposition, any nonprimitive cycle in dimension # can be
ohtained by intersecting a cvele in dimension greater than n with hyper-
planes. Thus, the Lefschetz theorems together assert that the only “new™
rational homology in varictics in cach dimension is the primitive homology
of the middle dimension.

Theorem B

Our seccond vanishing theorem for the cohomology of holomorphic vector
bundles is less precise hut broader in scope than the Kodaira Vanishing
Theorem:

Theorem B, fet M be a compact, complex manifold and 1.—-M a positive
line bundle. Then for any holomorphic vecior bundie B, there exists y such
that

HI(MO{L*QE) =0 forg>0p 2 g,

Proof. Before we prove this, note that in case F is a line bundle the result
15 already implied by the Kodaira theorem: just take pq such that LEQE®
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K, 1s positive for g g, then since ¢ (L¥*® E)y=pc (L) +c(E)
HYI(MO(L*REY) = HI{M U (L'RERKE)) =0

for g >0, 4 = pg Indeed, the proof of Theorem B is essentiallv the same as

that of Kodaira’s theorem, the only difference being that now we must

associate a definite sign 1o the curvature operator on a general vector
bundle.
First, by Kodaira-Serre duality,

HAM, O(LF9E)) = H(M,0(L R E*®K,,)),
so it will be sufficient to prove that for any £, there exists p, such that
HX(MLTHQE )y = H(M,G(LT'QF)) =0

for g2 uy, p<n.

Choose a metric in L such that e=(V — 1 /27)8, is positive, where 8,
is the curvature form associated to the metric; let the metric on M be the
one given by w. Now we have seen that if £, £ are two hermitian vector
bundles and if we give £ ® E’ the induced metric, then

Degp =D X1+ 1& Dy
and so
Oror =0, B+ 1RO,
where 13,0 always refer to the metric connection and curvature. In
particular, for £. and E as above with any metric on E,
2
Oegr 7L wR 1+ 08

Let nCHO(7."#*®E) be harmonic. Writing @ for ®,_.5,, D for
D, —ugp we have

O =D~ D3+3D),

50
8y ~ 3Dy,
and by the Kéhler identity
. Vol
AF = -2

we see that
2V —1(ABn,1) =2V -1 (A3D'n,7)
=2v’_1((§/x+- ,1_ D")D’fq,fq)
2V |
={D"D'ny) ={Dn,D'y) >0,
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since (JAD g, M ={AD9,0%7)—0. On the other hand,
Wl (@AY =2V -1 (D'3A7,7)

=2V 1 ((f\a' - I_
PAY

D’*)n,D"n)
1
= (D™D} <0

Thus we have

2T (J A0 n,1) > 0,
But now
2o
@=0, .gp=05" A R,
V—1
and so
vl ([ 5,0 [7} T}) =2V T ( AO il 'f}) 4""1;( AL n,n)

= 2V T (A8 ) — dapln—p) [l

Now [A, 8] is bounded on A% *(1,"#% ), so we can write
([ A€ nm) = Cln| %
and consequently for p <7 a,

>£—>- = {
booe

WL *REY=0 forp> % p<n Q.E.D.

The Lefschetr Theorem on (1, I)-classes

As an gpplication of Theorem B, we will complete our picture of the
correspondences among divisors, line bundles, and Chern classes on a
complex submanifold of projective space. First, we have the

Proposition. et M PN be a submanifold. Then every line bundle on M is
of the form 1.=[D] for some divisor D; i.e.,
Div(af)

X !
PelM) = o oar equivalence

Proof. 'To prove this, we have to show that every line bundle on A has a
global meromorphic section. To find such a section, let Jf denote the
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restriction to M of the hyperplane bundle on PY. We will show that for
a0, 1.+ pH has a nontrvial glebal holomorphic section s; then if 7 is any
global holomorphic section of [#] over M, s/¢# will be a global meromor-
phic section of L as desired.

We proceed by induction on r=dJdim M : assume that for every submani-
fold ¥ cPY of dimension less than # and every line bundle LV,
H%V, C(L+nH)s0 for 33>0. By Bertini's theorem we can find a hyper-
plane P¥~H - PY with ¥V=PY¥~ '~ M smooth; we consider the exact sheaf
sequence

08, (L+-{u—1)H)} g SM(L+@H)—r>LQV(I,+pH) -0,
where s 18 the section of /f vanishing exactly on ff and r is the restriction
map. For g0 we have both

HYYV,G(L+pHN 0
by induction and
HYM,C{(1L+pl )y —> HYV,O(L+uH)) >0,
sinee
HYME(L+{(p—1DH)) =0
by Theorem B. Thus H(M,C(L+ pH))#0, and the result is proved.
Q.E.D.

We now consider for 4 moment the general problem of analytic cycles.
On a compact Kihler manifold M, the Hodge decomposition
H' (M OCY= & HY{M)
{J“'(}'=,‘T

on compiex cohomology gives a slightly coarser decomposition of real
cohomology

HY{M.R) = p;@_”(H"'“(M)@U‘f'”{M N H'(MR),
PEg
A natural question to ask is whether we can churacterize geometrically the
classes in homology that are Poincaré dual to classes In one of these
factors. For example, we say a homology class yE H (M, Z) 1s analytic if
it is a rational linear combination of fundamental classes of analytic
subvarieties of M: dually, we suy a cohomology class is anafvsic if Its
Poincaré dual is. Now, we have scen for purely local reasons that if ¥ c M
is an analytic subvanety of dimension p and ¥ any differential form on M,

f“}l’ =f¢f’ LA
b ¥

Thus if 7 is the harmonic form on M representing the cohomology class 5,
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and  any harmonic form,

Jynn=[g=forr=] epa

Le, n=n7, and so we see that any analytic cohomology class of degree 2p
is of pure type (p,p). The famous FHodge Conjecture asserts that the
converse is also true: On M « [P a submanifold of projective space cvery
rational cohomelogy class of type {p,p) is analytic. Whether the Hodge
conjecture is true or false is at present unknown; it is 4 very beautiful and
very difficult problem. The only case which has been proved in general is
the case p=1; this is the

Lefschetz Theorem on (1,1)-Classes. For M PN a submanifold, every
cohomology class
vyeE (MY HYM, 1)
is analytic; in fact
Y= Mo

Jor some divisor D on M.

Here, of course, we are writing H M, Z) for its image under the natural
inclusion in HY( M, R).
Proof.  Consider again the exact sequence

Q.7 >80 >0% 5,0

and the associated cohomelogy sequence

HU M, 0% —> H (M 7)) —> HY M, 0) = HO (M)

We claim that the map /y is given by first mapping HYM, I)—
H{(M,C) and then projecting onto the {0, 2)-factor of H*(M,T) in the
Hodge decomposition; i.e., that the diagram

HXM, 2y —> ITHM,E)

H ./'( ,M, C) & Dolneaut
de Rbam i I

02

HA(M,C) —> HIXM)

commutes. (The map 72 is defined on the form level, since for w=w*"+
W'+ e ZHM), 3™ =(dw)>? =0} To see this, let z=(z.4,)C
Z* M, 7TY; to find the image of z under the d¢ Rham isomorphism, we take
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foa €AW, 1 Uy) such that
Zagy = hug T Jp, — Fuy in U, Usn Uy;

since z,q, is constant, df,,+dfp, —df,, =0, so (dfﬂﬁ)ﬁzl(xw, 23) and we
can find w, € 4 '(U,} such that

dﬁrﬁ = QJB - wa in L"r:x [ (/}3

The global 2-form dw, = dw, then represents the image of z in HAp(M,C).
On the other hand, take the image of /.z under the Iolbeault isomor-
phism: we write

Zal&_; = fnff +f5"r‘ Ij;?‘("

g = ‘*’E’I — @

and we see that dw ' =(dw,)*? represents z in H>7(M).
Now we are just about done: given y& H " {(M)n H¥(M,7), we have

ix()=0, and hence y=¢ (1) is the Chern class of some line bundle

Le HY(M, 0% Writing 7.=]D] for some divisor D=3n,V,

y CI(I-DD = 7p. Q.ED.
Note that since the isomorphism
L7l HUY M QY — (7 (M, Q)

of the hard Lefschetz theorem is given by intersection with n—1 hyper-
planes, it takes analytic classes to analytic classes; thus the Lefschetz (1, 1)
theorem also implies the Hodge conjecture for H? (M, Q)N
H™ b7 (A1), In particular, we see that the intersection pairing between
divisors and curves on a submanifold of projective space is nondegenerate.

3. ALGEBRAIC VARIETIES

Analytic and Algebraic Varieties

Let X,,...,X, denote Fuclidean coordinates on 7! and also the corre-
sponding homogencous coordinates on 7. Recall that the universal bundie
J »P" is the subbundle of the trivial bundle T XP"—P" whose fiber
over a point X &P" is simply the line {AX }, T’ corresponding to X.
The Ayperplane bundle H—P" is the dual of J, ie., it is the bundle whose
fiber over X © P corresponds to the space of linear functionals on the line
{AX). As we saw in Section | of this chapter, the Chern class of ¥ is the
fundamental elass « of a hyperplane in P"—that is, a generator of
HYP", 7)- and it follows from H (1, &) =0 that every line bundle on P*
is a multiple H¥ of H.

Consider now the global sections of the bundle H. First, we note that
any linear functional L on ©*""induces a section o, of H by restriction,
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ie., by setting
a,(X)= ng,\x i
Clearly o, 1s identically zero only if £. 13, so we have an injection
CT —> HYP" B(H)).

In fact, all of HY%P”, O(H)) is obtained in this way: if & is any section of
I, D={o} its zero divisor, then the fundamental class 9, is given by

ap=cf{H)=w

and by the argument of Section 4, Chapter 0, it follows that P is a
hyperplane in P". If we let LEC"* " be any linear functional vanishing on
the hyperplane # ~'D CC"*', then, the meromorphic function 6/, will be
holomorphic on all of P*, hence constant.

In general, the fiher of a power H% of H over a point X corresponds o
the space of d-linear forms on the line {AX 1} CC"*', and so as before any

d-linear form F on C"%! induces by restriction a global section
apr{X) = Flax,

of 114, Since we are restricting £ to one line at a time, we see that g, =0 if
Fis alternating in any two factors, and so we have a map

Sym?(C"* 1"y —> (P O(H*)Y)

from the space of symmeiric d-linear forms on £**! -that 15, homoge-

neous polynomials F{X,,...,X,) of degree d in X,,...,X, - to the space of
global sections of H“ Aguin, the map is injective, and the zero divisor of
the section o, is just the image in P* of the zero locus of F{X,, ..., X} in
Mt
A= .

We claim now that these are all the global sections of H® To show this,
let o be any global section of H¢, and denote by o, be the section of H?
corresponding to an arbitrary homogeneous polynomial F(X,,...,X,). The

quotient ¢/ o, is then a meromorphic funetion on P*; let

T,

be its pullback to C7* '— {0}. G' has a simple pole aleng the divisor F=0
in C"** — {0} and is holomorphic elsewhere, so the function

G=GF
is holomorphic everywhere in C77' — {0} and hence by Hartogs® theorem
extends 1o an enfire h{)famorphic function on C**!, Now since G'AX)=
G(X) forall X €C"* and A€, and FAX)=AF(X),
GAX ) = MG(X ),
ie., ¢ 1s homogeneous of degree 4. Thus if ¢1f—{gyt,...,p4,¢) is any line
through the origin in C**!, the pullback *G either is identically zero or
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has a zero of order 4 at ¢+=0 and a pole of order 4 at 1=o00, 1.e,,
G =petf

for some p. It follows that the power scries expansion

G(XgonX,) = S, Xi - X

7

.r'\rH]

for & around the origin in { contains no terms of degree other than d,
Le., that G is a homogenecus polyromial of degree 4 in X,,...,X,. Thus
a=0, is of the desired form, and we have shown that every global section
of H? is given by a homogeneous polynomial in X,.... X,.

We note in passing that therc ts a useful formula for the dimension
RUP", O(HY).of the space of global sections of M, that is, the number of
monomials Xg,..., X,» of degree 4 in {n+ 1) variables. We associate to any

sequence io,..., I, of mLegem with i, =4 the set of » Intepers
{ig+ Lipti 42, iyt +i, v +r} . d+n).

This subset of {1,...,d+#} determines the sequence 7, and conversely any
subset of n distinet numbers between 1 and 4+ r corresponds to such a
sequence. Thus the number of monomials of degree ¢ in X,.... X, is Just

the number (d"'”) of subsets of order # in a set of order d+»n, and so
O o gpaANy — f R
R, () = (4 )

Note that the locus of a homogeneous polynomial AX,, ..., X} of
degree 4 in the homogeneous coordinates X, may also be given in terms of
Fuclidean coordinates x;= X,/ X, i=1,....n In {X;#70} by the mhomoge-
neous pelynomial of degree < d

fxoxy=F(Lx,...x)=—

TF H

and conversely any such polynomial

f(x['s' "‘xpe) = E a;']_.,(;,x{I T ‘x;;"
corresponds to a homogeneous polynomial

Xpporn X, )'Za . ,:,,Xg EI"X;"'"X{"'-

n

Fis called the ajjﬂ*nf', or inhomogencous form of F,
We now make the

DEHINITION.  An algebraic variety ¥ CP” 13 the locus in P* of a collection
of homogeneous polynonuals { F (X, .... X )]}

An algebraic variety is clearly an analytic subvariety of P” and will be
considered primarily as such (i.c., an algebraic variety V' CP" is called
smooth, irreducible, connected, ete. tf it has these properties as an analytic
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subvariety of ). Conversely, we will show that any analytic subvariety of
projective space Is expressible as the locus of homogeneous polynomials.
We have already done this in essence for hypersurfaces: if Vo P” iy any
divisor, the line bundle { V] is of the form #7“ for some &, and V is the zero
locus of some section ¢ of [ V], But all sections ¢ of ¥ are of the form a,,
and so

Ve (op) = (F(Xq,-... X,}=0)

is algebraic. In general, suppose ¥V (" is a A-dimensional variety, p &P”
any point not lving on V. We can find an (r—& - 1-planc P"=%~Uin [
through p and missing V; let [>"7*72 be an (n & 2)-plane in [P %71
disjoint from p. Let o denote the projection from 2" *~% onto a comple-
mentary (k+ I}-plane F*~°; choose coordinates X, ..., X, on P* so that

phrl (X.l:—o—'}.:' n -_;XH=U)
PPt = (X = =X, =0)
and
W([XO,...,XRJ) = X »---aXr(+1:-

By the proper mapping theorem the image w(}) of ¥ in [**! is an
analytic hypersurface in P**!, and by the hypothesis that P" % !=
[ %72 p misses V, w{p) will lie outside #(¥). By what we havc seen, we
can find a homogencous polynomial F(X,,.... X, .} vanishing along =(})
but not at #{p); correspondingly, the polynomial

F(Xgoo ' X,) = F(Xpo o, X))
vanishes on V7 but not at p. We can thus find, for any point pC V¥, a
polynomial vanishing identically on ¥ but not at p, and so we have

Chow's Theorem, Any analviic subvaricty of projective space is algebraic.

I FH(X,,....X,) and G(X,....,X,)+0 are two homogeneous polynomials
of the same degree 4 in the homogeneous coordinates X on 1P, the
quotient
HX)
is a well-defined meromorphic function on F*; such a mermorphic func-
tion is called a rational function. Wote that after dividing top and bottom
by powers of X, we may write the function ¢ as

Hxyox,)
XipeoyX,) = T
{p( 1 d ) g(.x],.“,xﬂ)

where f and g are polynomials (not necessarily both of degree &) in the
Euclidean ceoordinates x;. Thus the field K{P"} of rational functions on P*
is isomorphic 10 C(x....,x,).
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It 15 not hard to see that any meromorphic function on P is rational, By
Chow’s theorem, both the zero-divisor (@), and the polar divisor (g),, of @
are expressible as the loct of homogencous polynomials F(X) and G(X).
Since moreover the divisor () is homologous to zero, F and ¢ have the
same degree, so F/ ¢ is a well-defined rational function on P”; then from

(F/G)=(¢)

o =M/G

it follows that

for some A€C.

Now if ¥V CPF”" is any smooth variety, a meromorphic function on ¥V is
called rational if it is the restriction to V of a ratienal function on P, The
rational functions of V a priort form a subfield of the field 9M(V) of
meromorphic functions; in fact,

Every meromorphic function on an algebraic variety ¥V CP" is rational.

The proof of this assertion is in two stages: first, we express V as a
hranched cover of a linear subspace P* P by projection, and deduce
from this representation that the pullback #*K{(P*) to ¥ of the field of
rational functions on P* has index at most 4=deg(¥’) in the field SLV);
we then show that the field K{¥} is an extension of degree al least 4 over
¥ K{PFY.

For the first part, choose a generic {n—k— [)-plane P*~%~1 in " at
this stage we require only that P* * ! be disjoint from V. Let P* be a
complementary &-plane, and «: V—F* the projection from F*~% ! For
each point p of P4, the inverse image = '(p) is just the intersection of ¥

with the (n— &)-plane P*" ¢ ! p; since P* * [ p will generically intersect
V in d=deg(V) points, w expresses ¥ as a d-sheeted branched cover of P*
almost everywhere. In fact, # must be everywhere finite; if for any point p
in P* the {(#—k)-planc P*~*~p intersected ¥ in a curve, that curve
would necessarily meet the hyperplane P*7% 'cP"~*~! 5 contrary to
the hypothesis that P*~*~! is disjoint from V. '

Note that if we choose homogencous coordinates X =[X,,...,X,] on F*
such that P * ! is given as (Xy=--- =X, =0) and P* as (X, , =+ =
X,=0), the map = is given by

2([Xpp s X, [) = Kopeon Xy

In particular, the pullback =*f to ¥ of any rational function f on P* is
clearly rational, so that on ¥ we have inclusions

T K(B*)  K(V) C TUV).

Now, to see that #*K(P*) has index at most € in M(V), let ¢ be any
meromorphic function on V and let D=(g),. Let 8 =P* be the branch
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locus of 7; on P*— B we can define functions ;. by

wipy= ¥ ola),

g=w g}

W)= 2 olg)eld)

g=g €3 Yp)

vu(p)= I ole),
g=="1(p)
i.e., we let §4( p) be the ith symmetric polynomial in the values of ¢ at the &
points of =7 '(p) in ¥. ¢; is then a holomorphic function on P* - B—
w(#), and being bounded away from (D) it extends by the Riemann
¢xtension theorem 1o a holomorphic function on P4 #(D). We claim that
¢; extends to a meromorphic function on all of P, If p & #(D) is any point
and AX) a local defining function for #(D) in a neighborhood A of p, then
for m sufficiently large, the function

(P" =q- _?r*fm
will be holomorphic in # = }(A). For g& A~ B, then, let
W= 2 (T (pa) - 9(py))
be the ith symmetric function of the values of ¢ at the points of # '(g);
being bounded in any compact subset of A, likewise extends to a
holomorphic function on A. Writing

o W
= »
¥ = Yiem
we see that ¥, extends to a meromorphic function in A, and hence in all of
P*. Thus the functions ¥, are rational functions. But now on ¥ we have
R T A Gl DX s )

Le., every meromorphic function ¢ C970( 1) satisfies a polynomial relation
of degree d over #* K(PX), By the primitive clement theorem, then, the field
extension FL{¥Y ) a*K(P*) is finite of degree at most 4.

To complete the proof of our assertion, we want to exhibit a rational
function on ¥ which satisfies no polynomial relation of degree less than &
over the field «* K(5*). To do this, we factor the projection map #: choose
generic planes [P 2o PP Al and P4 X and let 7t PosPFYT be
projection from [~ %% We may take homogencous coordinates X =
(Xg...,X,] on [7* such that

[‘Dn_k_l':(XU:"’:Xk:O), Pk:(Xk+i=‘“:Xn:O):
Pttt o (X = = X, = 0), P4 = (X, ==X, =0}
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in terms of these coordinates, « is given as before and
:rr’(:XO,...,Xﬁ]) =[Xpo s Xy

so that « i3 just the composition of 7 with projection from the point
(Xo=-+=X,=X,.,= - =X,=0)in P**! onto P*. Note that, P" *72
having heen chosen generically, the map 7' will be one-to-one over an
open set in its image: this will be the case as long as for some point p in V

the (n— k& — 1)-plane P* * 2 p meets ¥ only at p—but for any p in V, the
generic (n— & — D)-plane through p meets V only at p.
Now, consider the rational function

X+
X, =

T Xg

on V. Supposc that x, , . satisfied an equation of the form

ot ddx Y xf S iy, Lx) =04 < d.

Then for a generic point p=[e,,...,a,] in F*, the inverse image of p in
#(VYCF*! would consist of at most of the &' points {[eg,....e. 81}
where

¥y
—,.

B g g (S %) -0

*
Xg Qg £

But since the projection #': V—P*¥- is generically one-to-one onto its
image and the fibers of = generically consist of & >4  ponts, this is
mpossible. Q.E.D.

Note, as a consequence, that the field of rational functions on an
algebruic variety ¥ 1s independent of the c¢mbedding. Thus, the sheaf of
germys of polynomial functions on 'V, which associates to every open set I/ on
V the ring of rational functions on ¥ finite in ¢/, is intrinsically associated
to V. This sheaf, the basic structure sheal in algebraic treatments of the
subject, is also denoted by €.

It Iy not hard to sce by the same sort of argument that

1. Any meromorphic differential form on a smooth variety is algebraic,
thut is, expressible n terms of rational functions and their differentials.

2. Any holomorphic map between smooth varieties may be given by
rational functions.

3. Any holomorphic vector bundle on a4 smooth variety 1s algebraic,
that is, may be¢ given by rational transition functions,

The first assertion we can prove now: clearly the differentials dg of the
rational functions on ¥ span the cotangent space fo V at every point, and
so a finite number of them do; any meromorphic form on V is then a
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lingar combination of wedge products of these forms with meromorphic,
hence rational, coefficient functions. The second assertion will follow once
we sce in the following section that the produet ¥ X W of two algebraic
varietics is again a variety; by Chow’s theorem the graph T VX W P
is then cut out by polynomials, ‘The third assertion will be clear once we
have discussed the Grassmannian manifold and proved an cmbedding
theorem for vector bundles on algebraic varieties in Sections 5 and 6 of
this chapter.

All these results are special instances of the general G.4.G 4. principle*
that any global analytic objeci on an algebraic variety is algebraic. The
importance of Chow’s thecorem and the G.A.G.A. principle is, in this
treatment, primarily philosophical rather than practical. While we shall not
use them as tools in our study—most of our techniques apply uniformly to
all analytic phenomena on a variety, so it will not be useful for us to know,
for instance, that a given meromorphic function or map is rattonal —they
assure us that, in treating varieties as analytic rather than algebraic entities,
we are stifl dealing with the same class of objects.

Degree of a Variety

The fundamental projective invariant of an algebraic variety 7 P" is its
degree, defined as follows: Taking the class of a k-plane P*cP” as
generator, we have an 1somorphism

APy =7,
The degree of a k-dimensional varicty ¥ P" is its fundamental class .in
H,, (P", 7} via this identification.
Alternative definitions abound. First, by Bertini applied to the smooth
locus of ¥ the generic (n — k)-plane P" * ¢ P” will intersect V transversely,
and so will meel V' in exactly

*#(P 5 1Y = degree( V)

points; thus we may define the degree of a variety to be the number of
points of intersections of ¥ with a generic linear subspace of complemen-
tary dimension. On the other hand, if « 18 the standard Kihler form on 1",

fw* = degree(V}-f w = degree( V),
I [

so we may defme the degree of ¥ 10 be simply its volume divided by k!
(This is sometimes called the Wirtinger theorem.) In case V CP” is a
hypersurface, we have seen that it may be given in terms of homogeneous

*30 named after L. P Serre’s paper, Geometrie Alpebrique et Geometrie Analytique, Annals
of the Institute Fowrier, Vol, 6.
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coordinates X,..., X, on P¥ as the loeus
V= (#{Xy....X,)=0)

of a homogeneous polynomial F. If F has degree 4, then the fundamental
class of V=(o;} is n, = c,( H¥)—that is, 4 times the class of a hyperplane
— so ¥ has degree «. Aliernatively, if

Yo ¥V STV bV, Yo+ b, Y, ]

is a generic line in P*, the pullback g*F of F to P! will be homogeneous of
degree  in ¥, and Y, and so by the fundamental theorem of algebra will
have exactly 4 roots. The degree of V' 18 thus the degree 4 of the
polynomial F.

A basic fact about degree is that it is multiplicative with respect to
intersections. Since a P* “ and a P"~% intersect transversely in a
Pr=#~%: the degree of the intersection of two varieties meeting trans-
versely almost everywhere is the product of their degrees. More generally,
if Vand W are varieties of degrees 4, and 4, in P7 intersecting in a variety
of the appropriate dimension, {Z;} the irreducible components of V' W,
then

d-dy,= 2 mult, (¥- W )- degree( Z;)

with muli, (¥-W) defined as in Section 4 of Chapter 0. This is of
particular interest in the case of complementary dimension. For example,
if C and D are two curves in P? of degree ¢ and 4, and having no
component in common  that is, intersecting only in poimnfs—we see that
they can have at most 4.4, points of intersection. This is a weak form of

Bezout’s Theorem. Two relatively prime polynomials f(x,y), gix,y) &
CIx,y] of degrees d, and d, can have at most d,d, simultaneous sofutions.

The degree also behaves well with respect to the geometric operations of
projection and coning. Clearly, if V' CP" is any variety, p €P* any point
not on ¥, and #,: V-»P" - the projection onto a hyperplane, then

deg(V ) = deg(=7,(V)):
the number of points of intersection of =( V) with a generic {n—k—1)-
plane P77 in P"~7 {5 just the number of points of intersection of V" with
the (n— k)-plane P*~“=P" * ' pin P"; since by Bertini the generic P ~#
through p mects ¥ transversely, this is just the degree of V.

Coning is an operation we have not previously encountered. If V. C P is
any variety, p € [P at any point lying off V, we take the cone p,V through p
over V 10 be the union of the lines through p meeting V. That p. ¥V 1s o
varigty 1s easy to see: it is the image under projection on the first factor of
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the incidence correspondence 7 ¢ P* X P* defined by

I={gr): reV,prg/r=0}.

itself an analytic subvariety of F* X P? (Alternatively, if in homogeneous
coordinates p=[0,...,0,1], let P*~! be the hyperplane X, =0; if the image
7, (VyC P~ of ¥ under projection from p is cut out in P*~! by polynomi-
als {F(Xg,...,X,_1)}, then the cone p, ¥ is cut out by the polynomials
E Xy X )=F (X X, _3)) Now if HCP is a generic hyper-
plane, not containing p, then the intersection of H with the cone p, ¥ will
be simply the projection (V) of V from p into H, so

deg(p,V) = deg{ H N p, V')

= deg(m, (1)) = deg(V ).

Another variety we may associate with a variety V' CP® is its chordal
variety C(V), defined to be the union of all lines meeting V twice or, in the
limiting case, tangent to V. C{V) is the image under projection on the third
factor of the closure of the incidence correspondence 7 CP* X PP x
defined by

I={{p.g.r): pLgeV, pAgAr=0}.

{ is an analytic subvariety of P X" X[, and so (V) is an analytic
variety in F". Note that since profection on the first factor maps f onto ¥
with {dim ¥ + 1)-dimensional fibers, 7 has dimension 2-dimV+1, €(¥)
will thus have dimension at most 2-dim ¥+ 1; gencrally, this will be exact.
In particular, since the projection o, of a smooth variety into a hyperplane
will be an embedding if and only if p £ C(V), we see that if 7> 2-dim V+
I, then ¥V may be smoothly projected into a hyperplane. Thus

Any smooth algebraic variety of dimension k may be embedded in PP

As we shall see, the degree of the chordal variety C(V) of a variety does
not depend on the degree of V oalone.

A variety V(P is called nondegenerate if it does not lie in a hyper-
plane. We have the following condition on the degree of a nondegenerate
variety:

IFV P iy an irreducible, nondegenerate, K-dimensional variety, then
deg(V)z=n k+1,

We prove this first for ¥ a curve in P*. Any » points of V lie in a
hyperplane H. and if the degree of ¥ were less than #, then H, having n
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points in common with ¥, would have a curve in common with ¥; being
irreducible, ¥ would then lie in .

Turning to the general case, we have to show that the generic hyperplane
section H " ¥ of an irreducible nondegenerate variety ¥ of dimension >2
is again irreducible and nondegenerate in f. The latter part is clear: the
condition that H NV be degenerate is a closed one on J =P, and since
V itself is nondegencrate, we can find # points of ¥ spanning a hyperplane,
so not every hyperplane section of ¥ can be degenerate.

The former half of our assertion—that the generic hyperplane section of
an irreducible variety is irreducible—is somewhat harder. We note first
that in case V¥ is smooth, this follows casily from the Bertini theorem and
the lefschetz thecrem on hyperplane sections: by Bertimi, the generic
hyperplane section H ~ ¥ is smooth, and so by Lefschetz,

HA{HV,C) = Hy(V,C) = C;

Le., M~V is connected, Thus, if If V' were reducible, the components of
HnV would have to meet each other; but their points of intersection
would be singular points of # 1V, and so this cannot happen.

To prove the assertion in the general case requires a different approach.
We argue as follows: let p € V be any smooth point, and let P72 P* he
an {n—2)plane meeting ¥ transverscly at p; let £ be the irreducible
component of ¥ ~P""? containing p. Now consider the pencil {H,} of
hyperplanes in P* containing P"~%. Each hyperplane section H,r V of V
contains Z, but since each H, intersects V transversely at p, p—being a
smocth point of H, M V—cun lie on at most one of the irreducible
components of ff, r ¥ for each A. Let V¥’ be the union of the irreducible
components of the sections H, M ) that contain Z. Then V'’ is an open
k-dimensional analytic variety contained 11 ¥, and hence its closure Vi
must be all of ¥; thus H, n V= H, 71V’ 1s irreducible for generic A.

Now the original lemma follows readily from the curve case: if ¥ CP* s
any irreducible nondegenerate k-dimensional varicty of degree 4, then the
genernic intersection of V with 4 -1 hyperplanes 1s an irreducible, nonde-
generate curve of degree  in P* 7! and so

dzn—k+1

We can restate the lemma as follows: any irreducible A-dimensional
variety ¥ C P* of degree d must lie in a lincar spuce of dimension d+& —1;
as a corollary, then, we see again that any vanety of degree one in P* is a
lingar subspace.

We shall see that varieties that realize this lower bound on the degree-
—<¢.g., curves of degree » in 7, surfaces of degree n— 1 1n P", etc.—are of
a special character.
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Tangent Spaces to Algebraic Varieties

To a vanety V' cP”® and a smooth point p& V7 is associated a linear
subspace of P", the fangent space to V « p. This may be defined in several
ways; we mention two here.

1. The complement of a hyperplane H < P" is isomorphic to C" via
Euchdean coordinates; we may take the tangent space to V' CP" at p 10 be
the closure in P* of the usual tangent subspace 7,(¥)C T,(C"). Explicitly,
if x,...,x, are Euchdean coordinates on P” in a neighborhood of p=
(ay,...,o,) and V 138 cut out by functions {f(x,,...,x,}}, this is just the
linear subspace of P defined by

ZI £(p) (x—a) =0,

2. Alternatively, if ¥ is given in terms of homogeneous coordinates
Xp--- X, as the locus of polynomials {F (X ,...,X )}, this 15 the linear

subspace
i 9F,
axX,

i=0

where the differentiation is formal: if £, is the inhomogeneous form of £,
then df, /dx; Is the inhomogeneous form of dF,/8X, and by virtue of the
relation

1 o OF
—
aX ’
where  =deg(#), we can write

" Pp— 1

2 ?}; Xo_zoﬁ(f'))'xi
2 a5 (7) (-
= Xy 2 q“ (X —a),

i=1

so the homogeneous form describes the same subspace.

In a similar way we may define the tangent cone to a variety ¥V CP7ata
(possibly singular) point p € V. First, if V is a hypersurface cut out by the
homeogeneous polynomial #, and p a point of multiplicity & on V—so that
all the partial derivatives of F of order <4k—1 vanish—we take the
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tangent cone to V at p to be the locus

. akF . _
’ £ — Kice oo Xl
1Y) (ij%_ﬂwfmxu x; ﬂ_
In general, we will take the tangent cone to a variety ¥ C P" at a point p to
be the intersection of the tangent concs at p to all the hypersurfaces
containing V near p.

This may be realized alternately as the union of the tangent lines at g to
all curves lying on V and passing through p; or as the limiting position of

chords lim,_, p,g{A} where g(A) is an arc in V with ¢(0)=p.

4. THE KODAIRA EMBEDDING THEOREM

Line Bundies and Maps to Projective Space

We will be concerned in this section with determining exactly when a
compact complex manifold is an algebraic variety, i.e., when it can be
embedded in projective space. We first establish a basic formalism for
maps to PY,

Let M be a compact complex manifold, L—AM a holomorphic line
bundle. Recall that to any subspace E of the vector space HY(M,8(L)) is
assoclated the linear system

E' = {()}ier C Div(M)
of divisors on M. Since M is compact, {)=(s") only if s=As" for some
nonzero constant AEC; thus [F| is parametrized by the projective space
P(E).

Suppose in addition that the linear system |£ has no base points, ie.,
that not all s & £ vanish at any point p € M. Then for each p £ M the set of
sections s € F vanishing at p forms a hyperplane 17?},, C E—or, equivalently,
the set of divisors D €|F| containing p forms a hyperplane H, in
P(£Y—and so we can define a map

et M— P(E)*,
by sending pEM to H, EP(E)*.

We can describe the map iz more explicitly as follows. Choose a basis
Sg---o 5y for B If we let s, = qX(s)E0(U) for any trivialization ¢, of L
over an open set U € M, it is clear that the point {5, (p).... 8y (P E P
1s independent of the trivialization ¢, chosen; we denote this point hy
[5(p)- .. 5y(P)]. In terms of the identifications P{E)* = P* corresponding
to the choice of basis s,...,sy, then, the map ¢, is given by

(D) =[5e(2)e.sn(p) .
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We see from this representation that ¢ is holomorphic.
Now let # be the hyperplane bundle on P". The pullback bundle H{H)
on M is given by the divisor (5) —that s,
L =H).
Moreover, any sectien 5= 24,5, € E 1s the pullback of the section X a,Z; of
Hon PY: ie,
E={HPY,8(H))) c HY(M.9(L)).

Thus ¢ : M—P" determines both the line bundle L and the subspace
Ec HY(M, 9(L)), and we have 4 basic dictionary

“nondegenerate maps line bundles Z.s A v

. N o ’ I

S MoPTmoddle i F e HOY(M,0(L)) ;

| projective "such that |[E has no base points)l

. transformations N

where the choice of homogeneous coordinates on F* corresponds to the
choice of basis s,,...,5, for E.
We will often write +, fOT 4081 gz and 4 fOr ¢ pp
Note that the degree of the image of M under ¢,—that is, the intersec-
tion of M with »# general hyperplanes tn P*-- is just the n-fold self-intersec-
tion of a representative divisor £ € £ | that is,
deg(e,M ) = ¢(L)"
A variety ¥V o P* s called normal if the linear system on V giving the
embedding ¢: V=" 1z complete, that is, if the restriction map
HYPO(H Yy — HYV,9(I))
is surjective. Note that any Ayppersurface V P" is normaf: from the exact
sheaf sequence
0= Ol — V) 0 (H) SO, (H)—>0

we have an exact sequence of cohomology groups

HOP", Qo (H Y 5 HOV, 0 (H)) — H (P 8 H— V),
But
H{PCo(H-V)) = HI{P" 0p{(1-d)H)) =0

so r must be surjective. Note that two normal varieties ¥, V' CP* will be
projectively {somorphic  that is, V may be carried into ¥’ by an automor-
phism of P* if V is biholomorphic to ¥’ via a mapping carrying ff,. to
H,. In particular, if V" and V' are smooth hypersurfaces of dimension =3
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and degree d4r + 1 in P then by the adjunction formula
K, ={(Kp.®[V ), =(d rn—1H]
and lkewise for V. But by the Lefschetz theorem on hyperplane sections
HYV, Oy~ (P00 =0,  H(V,%) = H{("0)=0

so from the long exact cohomalogy sequence associated to the exponential
sheaf sequence and the Lefschetz theorem again

Pic(V)= HUV,0%) = IV, L) = HY{P"Z) =7
and likewise for V. Thus if ¢: ¥—F" is biholemorphic,
O*Ky = Ky —» @*H|,) = H

so V and ¥ are projectively isomorphic. In conclusion

e

Two smooth hypersurfaces of dimension » 3 and degree d-n+1 in
P are isomorphic if and only if they are projectively isomorphic, or,
equivalently,

Any awtomorphism of a smooth hypersurface of dimension =3 and
degree d#n+1 in P" is induced by an automorphism of P

This result in fact holds for surfaces V of degree d+4 in P* as well: to
apply the previous argument, we need to know only that H%( ¥, 7) contains
no torsion; this follows from the fact that ¥ is simply connected (Iefschetz
theorem once more), and the statement of Poincaré duality for the torsion
part i of hoemoelogy:

Hi,to:'( M’ Z) = H‘:};."“' ]("'w’ 7)'

We may illustrate the correspendence between maps 1o projective space
and basc-point-free lincar systems with a classical example: the Veronese
map associated fo the line bundle JiF on %, We have scen that the global
sections of dH correspond to homogeneous polynomials of degree 4 in

Z=[Zy,....2,]), so that if {Z%=2ZFc- .- Z %] denotes the set of monomials
of degree d in Z, then the Veronese map is given by

[ZopoZy > 25,000,

*. tor

It is casily verified that the Veronese map is a smooth embedding, with
the property that every hypersurface of degree 4 in P” becomes a hyper-
plane section of ¢,,(I*") T [*Y, Here are a few cases:

. The Veronese map

b EDI > P7
is given, in terms of the Buclidean coordinate =2, /7, on P!, by
I >[I,f,:’;...,f”l.
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Its image is a nondegenerate curve of degree », called the rational normal
curee.
Conversely, if CC[P" 1s an irreducible, nondegenerate curve of degree n,

~

let pi,.op,. p be any n—1 independent points of C, V=p,,....p,_ =P"""
their linear span, and { A, }, -p: the pencil of hyperplanes in F* containing
V. Each hyperplane #, will then intersect € in n peoints: p,....p,_,, and
an additional point we will call ¢{A). (In case /4, is the hyperplane
containing ¥ and tangent to € at g, the point ¢{A)=p,.) Every point of €
will lie on a unique hyperplane H,., and so the map ¢:P' »C is an
isomorphism. Since moreover ## is the unique line bundle of degree » on
B, it follows that every irreducible nondegenerate curve of degree n in 17" is
prajectively isomorphic io the rational normal curve.

2. In terms of Euclidean coordinates s=2,/Z,, t=7,/7, on P*, the
Veronese map f=1,, : ¥*—F" is given by

(s;0)— Ls,t,5% 51,07,

The image S—f(P%) is a nondegenerate surface of degree o)(f*Hps)f =
¢{(2Hp:)*=4; note that this degree is minimal in the sense of the last
section.

We digress for a moment to discuss a curions feature of the Veronese
surface S CP% it is the unique nondegenerate surface in P*° whose variety of
chords C(S)= ., ,.sPq is a proper subvariety of P°. To see this, note that
for any point p C1** lying on the chord f(u),f{«) of S, the line £.— s 132
is mapped into a curve of degree

N Hpef(L) = 2Hpr 1} =2
P°, hence by the result of p. 173 is a conic lying in a 2-plane ¥, P°
Now p & flu),f(#" ) V,, and any line through p in ¥, must intersect f{L)
twice, so that any point of P° Iving on a chord of S lies on infinitely many
chords of S. In particular, if we let L, be the line (s—=0) in ** and let
uy= 1L, L, then the line f{u,},p_ P is a chord of 5. Thus
sy — U Apdfla).

PE Ly
=l

from which we see that C(S) is of dimension at most four. Explicitly, we
deseribe €(S) as the locus

{af(s,0)+ (1 —a)f(0,¢)} = {[I,as,aH-(l et a8’ astar?+ (1 -a)r’z:}‘

Now we solve for a, s, 7, and {'; given X=[X,,....Xs]C C(8), X must be
the point o f{s,§) +(1 -~ «)-A0,7) for the values

s=X3/X,, t=X/X, a=X}/X X,
"= (X2X3_XEX4)/(X0X3_X5)'
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Consequently the coordinates of X CC{S) must satisfy
XofXo=at’+{1—a)”
= X]/XoX5+ (X2X3_X1X4J2_:"{(X0X3(X0X3_XJZ))'
ie.,
(Xp X3 X)X = X X5+ X3X, — 2X,X,X,,
and we sec that the variety of chords of the Veronese surface in P* is a

cubic hypersurface.

We may state the original question of this section as: Given L—M a
holomorphic line bundle, when is ¢, : M—P" an embedding? First, in order
for ¢; 10 be well-defined the lincar system [£.; cannot have any base points,
i.e., for each x € M the restriction map

HO(M, (L) —> L,
must be surjective. Granted this, ¢; will be an embedding if

L. ¢ is one-to-one, Clearly this is the case if and only if for all x and »
in M, there exists a scetion s & H (M, Q (7)) vanishing at x but not at p,
i.e, if and only if the restriction map

{*} HYMO(L) —> L, L,

is surfective for all x==y < Af. Note that if [ satisfies this condition, then
“L_must be base-point-free,

2. 4, has nonzero differential everywhere. If ¢ 1s a trivialization of L
near x, then this is the case if and only if for all o* & TX M), there exists
sCHY M E(LY) with 5,(x)—0 and ds,(x)=0* where 5,=¢*s. We can
express this requirement more intrinsically as follows: let §, 0 denote the
sheaf of holomorphic functions on M vanishing at x, and let ¢ (L) be the
sheaf of sections of L vanishing at x. If s is any scetion of 4_(Z) defined
near x, and ¢,,@g are trivializations of L in a neighborhood U of x, then
WG 5, = @Fs, 3= QFS, 5, = 8,555 We have

d(Sfr) - d( ‘S_H ) .goc,f? + dg&\;ﬁf‘sﬁ
= d{5;) 8.5 at x.
Thus we have a well-defined sheal map
d: S(L)>TY¥RL,

and condition 2 can be stated as requiring that the map
a

() HOM Y (L) —> 1¥ R L,

be surjective for all x € M. Note that (=#) is the [imiting ease of {+) when
VeoorX,
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The result we are aiming for is the

Kodaira Embedding Theorem. fLet M be a compact complex manifold and
L—>M a positive line bundle. Then there exists ko such that for k » kg, the
map

B el M pN
is well-defined and is an embedding of M.

Let us consider how one might go about proving this. The first thing to
do is to fit the maps (*) and (*#) into ¢xact sequences and try to use our
vanishing theorems directly. To this end, let §, (L) denote the sheaf of
scctions of L vanishing at x and y, and %(L) the sheaf of sections of L
vanishing to order 2 at x, Le., sections s of 3 (L) such that d (s)=0. We
have exact sheaf sequences

0 8, (L) 8(L) > L,OL, >0
and

d.f
0> 8 (L) §(L)—>1¥RL -0

s0 that to show that the maps () and (x*) are surjective, it would suffice to
prove that

HY(MF(L) = B(M,5, (1)) = 0;

indeed, replacing L by L* and using H'(M,9(L*)=0 for k> k,, the
reader may check that our theorem 1s equivalent to this vanishing theorem
for high powers of 7. The problem is that unless M is of dimension 1
neither of the sheaves ¢, (L) and $2(L) is the sheaf of sections of a
holomorphic vector bundle—for E— A a holomorphic vector bundle and
VM a subvariety, the kerncl of the restriction map 8,,(£) »&, (£} is
the sheaf of sections of 4 vector bundle if and only if ¥ is of codimension 1
in M-—and so we cannot get a direct grip on them using our technique of
harmonic theory. & and 4, , are examples of cokerent sheaves, a class of
sheaves broader than, but closely related to, sheaves of sections of holo-
morphic vector bundles. The theory of coherent sheaves will be discussed
in Chapter 3.

Another approach to the problem might be to emulate the proof of the
proposition on p. 161 and do an induction on the dimension of M—for
example, if we could find a smooth hypersurface ¥ ¢ M containing x and
¥, then to show the map (+) surjective, we would only have to prove it for
L|, on ¥ and show that the restriction map

HY M 8, (L)) » HYV,8,(L)
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was surjective, i.e., that
HY (MO (L-V)=0

But this 15 very nearly presupposing the result to be proved: a priori, M
need not have any divisors on 1t at all.

It is clear by now that our difficulty lies in the simple fact that, unless M
is a Riemann surface, a point on M is not a divisor. We can overcome this
problem by means of a beautiful classical construction called blowing up,
which transfoerms points on a complex manifold into divisors.

Blowing Up

We will first describe the blow-up of the origin in a disc A in C". Let
z=(z,,...,2,} be Euclidean coordinates in A and /=T/,,...,[ ] correspond-

ing homogeneous coordinates on P?~!. Let ACAXP" ! be the submani-
fold of AXP"™- given by the quadratic relations

A={{z0): zl=zl forallij}.

If we consider points / €P" ™' as lines in £, then writing these equations

as z AJ=0 we see that this is just the mcidence correspondence defined as
{(z.0):izEl}.

Now A maps onto A via projection on the first factor 7:(z,/)—z; from
the geometnc interpretation it follows that the map is an isomorphism
away from the origin in A, and = '(Q) is just the projective space of lines in
A. In effect, A consists of all the lines through the origin in & made disjoint.
A, together with its projection map = to 4, is called the blow-up of A at 0.
The real points of the blow-up of Az C? are pictured in Figure 1.

Note that we have encountered the manifold A before: together with the
projection 7' : A-»P*~ ' on the second factor it is the universal bundle J on
P

Now let M be a complex mamfold of dimension n, x € M any point, and
z:U—A a coordinate polydisc centered around x= M. The restriction of
the projection map

A E—>U-{x}cM
gives an isomorphism between a neighborhood of £=# 'x in A and a

neighborhood of x in M: we define the blow-up M, of M af x to be the
complex manifold

M, = M- {x} L)F/:‘.

obtained by replacing A M with A, together with the natural projection
map 7:M,— M. Again, the projection m: M, —{m " (x}} —» M —{x} s an
isomorphism; the inverse image w '(x) in M, is called the exceptivnal
divisor of the blow-up, and is usually denoted £ or £



THE KODAIRA EMBEDDING THEQREM 183

S Figure 1

Note that the blow-up M- »M is independent of the coordinates used n
the disc A. if {z/=7{z)} are other coordinates in A with £{0)=0, A" the
blow up of A in terms of these coordinates, then the isomorphism

fiA—ESN—FE
may be extended over E by setting f0,1)=(0,/"), where

daf,
L N .
V=35 0
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Indeed, we see from this that the identification

E—>p(T,(M))

given by
o i, O
(U,f): >[ Z faz

is likewise independent of the coordinate system chosen.

Now we will describe the geometry of }Gfx near £ in more detail. First,
we give local coordinates near E on M, let z=(z,...,2,) be local
coordinates on U = x with center x. Then

U=a{(U) = {(z)c U zh=z];

and we set
O =0+0 0

In this way we obtain an open cover of the neighborhood U of E, and in
cach open set {/; we have local coordinates z(i);:

Lz o
Z()J —f_._-z.’ j:,&g’
and
Z(E)i = g

‘The map m: M, —M is given in U, by
(22D 2D A2z (D, nlid o 2()2(E),)

and the divisor £ is given by
E

U

(Z(),=0)
in C.. n U0 O,
z(i) = 272U
2(i), = 2()
Z; = Z(j)f‘zj

Now, since £={z} in f:’;-, the line bundle [£] 15 given in by transition
functions

,in i

8 = Z(j'),- =

J
and so we can realize [ E] 5 by identifying the fiber

(*) TEG L = AU AT

L.:-« | T
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In particular, we see that the Jine bundie [Ellg is jus! the universal bundle
J=—Hon E=pP |,

Dually, the line bundle [— £]=[E[* has as fiber over any point {z,/)< U
the space of linear functionals on the line / CC”; { — 1, is the hyperplane
bundle on £.

Now we have seen that £ is natwrally 1dentified with P{T/(M)), so that
the global sections of [— E] over E correspond exactly to the linear
functionals on the tangent space, 1.¢.,

(x*) HUE R (- F)) = TY (M}

On the other hand, given a function f on U vanishing at x, the function
o e U) vanishes along £ and so can be considered as a section of
[— E] over U. By explicit computation we check that for any f€9 (U) the
restriction to E of the section w*f £0(— EXU) corresponds, via the zdennj;ca—
tion (x=), to the differential df(x) of f at x, i.e., the dizgram

HO(0.9(~ F) = HYE.0(~ )
(R
HOYU,S) —> TH)

commutes,

This correspondence reflects a basic aspect of the local analytic char-
acter of blow-ups: the infinitesimal behavior of functions, maps, or dif-
ferential forms at the point x of A 1s transformed into global phenomena
on M. Indeed, in classical terminology, a point in the exceptional divisor of
the blow-up of M at x was called an “infinitely neur point” of x; the
exceptional divisor itself was called an “infinitesimal neighborhood™ of x.

The next thing to deo is to compute the curvature of the line bundles [ £]
and [~ £] on M. We construct a metric on [£] as follows: et #, be the
metric on {£]| 5 given, in terms of the representation (#) of £, by

W b2 =1
Let o= HYM,S((E]) be the above global section of {£] on M with
(a)=E, so that ¢ is nonzero on M — E; let h, be the metric on [E]|z -
given by

la(z)] = 1.
For >0, denote by U, the ball {||z,'<¢) around x in U/ and set U =
YU); let py,p, be a partition of unity for the cover { U, M — U} of M,

and let 2 be the global metric given by

h=gph +pyh,
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We will compute the curvature of [£] with this metric. For notational
convenience, let i, denote V — 1 /2 times the curvature O of [£] Ttis
necessary to consider three cases:

1. On M—10,, 0:=1 s0 |of=1; consequently
) = ddlog % =0
o]
2. On U -E=U —{x} let ¢ be given in terms of the representation
(*) by
olz,{} = z:
then

) | e
Q- = dd’log T = —ddlog |z|%
Z
1e, —8 g 18 just the pullback 7"*w of the associated (1, 1)-form w of the
Fubini-Study metric on P"~- under the map w’:{};—ﬂ}”_] given by
{z,/}—I Thus
3. We have seen that £ .-=7"%w on {1: — £ by continuity it follows

that =4, = 7"*«@ throughout {], and n particular
on f

Summing up, if we let £, _ - be V=1 /2 times the curvature form of the
dual metric in [E]*=] - F], we have

;

. 0 on M — U,
Qopy= Q=120 onl,
>0 on TAEYCTUM) forall xeFE.
The point of this computation is the following: let L— M be a positive
line bundle with a metric &, whose curvature form @, is 2/V —1 times a

positive form ,. Then if ©,.; s V =1 /2 times the curvature form of the
induced metric on the bundle «#* F.— M,

D.., = 7,

hence £_.; >0 on M — E. Morcover, for any x€E and tangent vector
ve T (M),

Spegiv @y = <Q;__;"'T¢Qa mav ) 2 0

with equality holding if and only if 7.(») =0, i.e., if and only if » is tangent
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to . Thus

J' =10  everywhere,
= | =0 on ;ﬁ—hE,
>0 onTAM)/Ti{k) forallxCE,

QW‘L

and the form
Q,f_,-l_s.@{ CEl T = Q L E + Qi_i
= k., 85
is positive everywhere in {/, and M U,,. Morcover, since the form 2

is bounded below in U,, T, and R ., is strictly positive there, we see lhd[
8,1 4m;— g) 18 everywhere positive for & sufficiently large; i.e., there exists
k, such that ™LF—T is a positive line bundle on M for k > k.

Note that by the same argument, for any positive integer » the bundle
w* L% nE will be positive for k0.

We need to establish one more relation between M, and M:

Lemma. Kg=w*K, +(n—-1}E.

Proof. This 1s easy in case M has a nontrivial meromorphic r-form w. In
terms of local coordinates z),...,z, in a neighborhood U of x, write

_ e )
el dzy N Ndz,.
Now let z(i); be local coordinates in as before. The map « is given in 5‘]
by

(z€) e z{ih) = 2z 2z 0 20 h2:)s
and so
mrw = a*(f/g) dz(ihzy N\ - Ndz A Nd(z(E) )
= () g) 2Dy N N0
Thus we see that in a neighborhood of E=w"{x;), the divisor {#*w) 1s
given by =*w)+(n - 1)I. Since ¢learly (#%w)= 7*(w} away from E,
K z;('.rr*w)} = ¥ K1 (n-E

as desired. Thus the formula is proved under the assumption that M has a
meromorphic n-form; this is the easiest way 1o sce the result.

To prove the lemma in general, we let U—{¥,¥,}, be an open
coordinate cover of M with x & U, x& U/, and all sets U, having non-
empty intersection with U/, lylng in one coordinate patch with coordinates
Zys...,2,. Let

= {O,=7"U,, C=n"0r (470)
o

[
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be a corresponding cover for M; we compute the transition functions
{ £ &8s} for K in terms of the coordinates z{#); on U, and w, =
7*w, , on U, where {w, }, are coordinates on I, in M. First we have in

T LS

U,nd,
2{2)1 = 3(1)2_[,
22y =212y, i# 12

and so the Jacobian matrix for the change of coordinates is

Q0 - z(1)y 2 o0 - 0
(1), : o - 0
0

Jp= ;
L0 (D7 0 - 0 (1,1 0 e D
!

in general
g;;; = det]{}- = Z(l)}' " ]<

Similarly, in & U,

w],nr = I, w{,u = Z:‘z(l)i?
o 0 0 0
T =1 2, o 2 o
and in general
Bia = z}ﬂ ])'

Also
— okt
gcrg‘? = grr,"l%

where g . are the transition functions for K,, with respect to coordinates
W o 10 Uy, w; o in Uy

Now £ is given in U, by (z), in U, by (1); so the transition functions for
[E] over {J are

h _Zf_ - i
L= ZJ —Z(r:')}' v

=
g
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Thus the transition functions for the bundle X3 Q[E]["*' are

Jy= 20 2y

Jo=i3" Tz =

.fryﬁ = W*gaﬁ'
and we see that Kz ~(#—1)E is just the pullback via 7 of the bundle on M
given by transition functions

eﬂa = I’ ea_ij = g{x;’)’;
ie, Kg—(n—DE=7*K,,. Q.E.D.
We will develop 2 much more complete picture of the geometry of

blow-ups later on in the chapter on surfaces; for the time being, we have
enough information 1o proceed to the proof of the embedding theorem.

Proof of the Kodaira Theorem

Again, let LM be a positive line bundle on the compact complex
manifold M. We want to prove that there exists &, such that

1. The restnction map
rl. : -
HOMO(L* ) S LEe LF
is surjective for all x#y €M, k> ky; and
2. The differential map
d,
HY M I (LFN)STY®LE
is surjective for all xE M, k = k.

To prove assertion 1, let 3 5 M denote the blow- -up of M at both x and
v, E,=7"}Yx) and E,=x ~'{y) the exceptional divisors of the blow-up;
for notational L.OII\'CIHGIIOC let E denote the divisor £, + £, and L=w*L.
(Here we are tacifly assuming that n =dim{(M) > 2; in case M 1s 4 Rigmann

surface, all the arguments that follow will be valid for M= M, o=id)
Consider the pullback map on sections

7*: HY(M.Cp (L)) — HG(J'V?,SJ,L}(E:" )).

For any global section & of L% the scction of L* given by o over
M—{x,p} extends by Hartogs theorem to a global section o€

HY (MG (L ). and so we see that #* Is an isomorphism, Furthermore, by
definition L is trivial along E, and £, ie.,

(Lk)|ff,‘. = t‘x X L;y (L )|[._‘ = Ey 4 I,j(,
so that _
HYE0(LF)) = LES LY,
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and if rp denotes the restriction map to £, the diagram

HOH,R (£ —> HYE, 2 (D)

T

HAM QL) —>  Lid L}
commules, Thus 1o prove assertion | for x and v, we have to show the map
re I8 surjective.
Now, on M we have the exact sheaf sequence
05 Cg(LF—E)y (LX) S0 (1) »0.
Choose &, such that L%+ KZ is positive on M. By virtue of the computa-

tion on p. 186, we can choose &, such that £* - n£ is positive on A for
k >k, By the previous lemma

Kg— Ky +{(n 1E,
where Ky, = w*K,,; and 50 for k ko=k, + ks,
Co(lP—Ey=u(Lf - E+K%)
= 8 (L%~ KR )®R(EF — k)
with &> k,. Now by hypothesis. £* nf has a positive definite curvature

form on M: LM+ K% bhas a positive curvature form on M, and so
{(1."7+ K} has a positive scmidefinite one on M. Thus the line bundle

(L¥4 Kx)+ LK. nE is positive on M, and by the Kodaira vanishing
theorein,

HI(M CalLh £)) = B (M@ ((L50+ K5 2 (LK —nEY)
=10 for & » k.
Hence the map
ret HYM,85(E%)) = HYE, € o (w*15))
is surjective for & > &, and so assertionnllis proved for x and y.
Assertion 2 is proved similarly. Let A 5 M now denote the blow-up of
M at x, E=7""(x) the exceptional divisor. Again, the pullback map
w¥s HO(M,9,,(L%)) > HY(A,9,5(L%))
is an isomorphism. Further, if ¢ CHYM,3,,(L%). then o{x)=0 if and
only if § =% vanishes on £} thus #* restricts to give an isomorphism
a¥; (M8, (L*)) > HY M, Cq(L5- ).
As before, we can identify
HYUESATF E))=LEQUYEC EY=LERTY,
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and the diagram

F

HYM. o (LF — EY) —> HYE 8 (IF - EY
4 Tf,. !
d, [
HY (M, 1LYy —> TYRDL;

commutes. Thus we must prove that rp. 1s surjective for 40,
On M, there is an exact sequence

O Ca(Lk=2E) (L —E)SC(F%-E) 0.
Again, choose k&, such that L5+ K% is positiveon M and k, such that
LY —{n+1}£ 15 positive on M for &' > &, For k2 ky=4k,+ 4,
Ol -2E) = W (LR + K5)R(LF —(n+ DE))
with k"> k,. Tt follows by the Kodaira vanishing theorem that
H' (M0 {L*—2E)) =0

for k& » k,; hence . 1s surjective on global sections and assertion 2 1s
proved for arbitrary fixed x.

All that remains now to be proved is that we can find one value of 4,
such that assertions 1 and 2 hold for all choices of x and y and all £ > &,
But clearly if 1, . 1s defined at x and y and ¢ J{x)#¢,.(»), the same will be
true for x" near x and y’ near y, and likewise if ¢, . 18 smooth at x it will be
smooth at x” near x and separate points x5 x"” near x. Since M is
compact, then, the result follows. Q.E.D.

Before proceeding to some examples and corollaries, we give a some-
what more intrinsic restatement of the theorem:

Kodaira Embedding Theorem. 4 compact complex marifold M is an alge-
braic variety 1.e., is embeddable in projeciive space—if and only if it has a
closed, positive {1, }-form o whose cohomology class [w] is rational.

Proof. Tf [w]€ H3(M,Q), then for some &, [kw|E HXM,Z); in the exact
sequence
H (M, 6%~ 113(M,Z) > HY(M,0)

tx{[kes])=0, and so there exists a holomorphic line bundle L—AM with
¢;{L)=[ke]. The line bundle L will then he positive. Q.E.D.

A metric whose ([, 1)-form 1s rational 1s called a Hodge metric.

Coroilary. If M, M’ are gleebraic varieties, then M XM’ is.
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Proof.  1f «,w' are closed, integral, positive (1, I)-forms on M, M, respec-
tively, and m: M XM >M, 7' M X M’ M’ are the projection maps, then
T*w+ 7% is again closed, integral, and positive of type (1, 1). Q.ED,

A classical example of this is the Segré map 1" X PP »P¥ given by the
complete lincar system of the line bundle 7 H &«¥If on P*XP™, For
example, the Segré map ' X [P'51¥ is given, in terms of homogeneous
coordinates [z,7,] and [wg,w,] on P!, by

({2621 wow ) > 2gWg 2gw), 29, 2,w, .
The image is just the quadric hypersurface (X X;=X,X,) in P

Corollary. If M is an algebraic variety, MM the blow-up of M at a
point X, then M is algebraic.

Proof. 'We have seen in the course of the proof of the embedding theorem
that if f—»Af is positive and £=w"!(x), then #*L*— E is positive for
k0.

Corollary. 1f M 5M is a finite unbranched covering of compact complex
manifolds, then M is algebraie if and ondy i M s,

Proof. Clearly, if L—AM is posifive, then ¢ (#*LY=%%c,(L) implies that
7* L is posilive. Conversely, say w 1s an integral, positive {1, 1)-form on M.
For any p <2 M, we have isomorphisms of a neighborhood 7 of p in M with
neighborhoods U, of the poinis g, Cw ~ '(p); we can define a (1, )-form o’
on M by

Spy= 2 wlg)
geml(p
Then «' is closed and of type (1,1}, and if we& HYR (M) is any integral
cohomology class, then

[
w A= }Efﬁ/\'”*n(:a‘

A A

where m is the number of sheets of the cover. Thus [w’] is rational.

DeriniTioN.  We say that a line bundle 7.—» M over an algebraic varicty is
very ample if H(M,S(L)) gives an embedding M—P¥, ie., if there exists
an embedding /: M7 »PV such that 7.=f*H.

Now from the proof of the Kodaira embedding theorem, we see

Corollary.  If E-M is any line bundle and L. >M a positive line bundle,
then for k>0, the bundle 1.5+ E is very ample,
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5. GRASSMANNIANS

Definitions; The Cell Decomposition and Schubert Cycles

In this section, we will construct and describe the Grassmannians, a
fundamental family of compact complex manifolds. Grassmannians may
he thought of as a generalization of projective space; the analogy will be
apparent throughout.

Let ¥ be a complex vector space of dimension n. The Grassmannian
G{k, V) is defined to be the set of k-dimensional linear subspaces of V; we
write G{h, ) for Gk, C"). (hiven a k-plane A in C7, we may represent A by
a set of & row vectors in £" spanning A, ie., by 2 £ X r matrix

s

IR 1:'1:1\|

D Tt by,
of rank k. Clearly any such matrix represents an element of G(k,n) and
any two such matrices 4,4 represent the same element of (&, #) if and
only if A=gA’ for some g&GL,.
For every multiindex I={i,...,i;} C{l....,n} of cardmnality &, let V. C
C" be the (n— k)-plane in C” spanned by the vectors {¢,:/& 1}, and let

Uy ={A€G{kn): A V,e.={0}};
U/, is just the set of A= Gk, ») such that the /th & X & minor of one, and

hence for any, matrix representation for A is nonsingular. Any A€ U; has
a unique matrix representation A' whose Ith & X & minor is the identity

matrix, e.g., any A€ U, ,, can be represented uniquely by a matrnix of
the form
I 0 0 -+ 0 % -+ &
Pl . g . :
. {0 R 1 * Ve ®

(Note that the row vectors of such a matrix representative for Ae U/, are
Just the points of intersection of A with the affine {n — k)-planes { V;o+e,:/
€1}.) Conversely, any & X # matrix of the form above represents a k-plane
A€ U,; thus the k{n — &) entries of the I°th ¥ X{(n— k) minor Al. of A’
give a bijection of sets

@t Uy TR 0
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for each 1. Note that o (U, L.} is open in CF" =% for all 1,7’; we claim
that in fact the map g,°¢;. ' is holomorphic on this open set and hence that
the maps g, give G{k,n) the structure of a complex manifold. But this is
clear: if, for AE U, N U,., we let A}. be the 7'th kX & minor of A’, then

AT = (AN
and since the entries of (A}) * vary holomorphically with the entries of A’
@, o9, ' is holomorphic.

With this topology Gik,n) ts compact and connected, since the unitary

group L/, maps surjectively and continuously onto G{k,n) by the map
grg(Ve),

where V, ={¢,....e, } C C". The full linear group GL., likewise acts transi-

tively on Gk, #).

Note in particular that G{1,#) is biholomorphic to P*7" as a complex
manfold: the “matrix representative™ (s.,...,6,) for a line A€G{1,n)
corresponds, via the natural set-theoretic identification of G(1,7) with
P2 to the homogeneous coordinates of A€P*~ ! and

s ¥ ,
Al =( —r—)
D‘. ‘f)]_-

b

5

1 n,
Q= At >(t—,,:)

i

30

i.e., the coordinates on G(1,#) given by g, ; are just the Euclidean coordi-
nates on P* 1. Dually, we have G{n— |,n)=P"""", the projective space of
hyperplanes in P*~ .

Finally, we note that {k,#) can be considered either as the set of linear
k-planes A in €7, or cquivalently as the set of (& —1)-planes A in B* 1,
Our viewpeoint in this sccetion will for the most part be the former, as it 18
easier to keep track of dimension and codimension of ¢veles, but when
Grassmannians arise in geometric questions we will generally want to think
of them in the latter way.

The Cell Decomposition

Recall that the cell decomposition
Pr=CuClu-utiutt

of =G, rn+1) is obtained by choosing a flag

V=(l/]%~- CVag VH;C"“)
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of linear subspaces of C"7! and taking W,=C'"'={/cC:iCV, iz
V._,}. The same technique works to give a cell decomposition of the
Grassmannian: if we set V,={e,,...,¢;} ©C” then the set of A= G(k.n)
whose intersection with ¢ach V, is of a specified dimension turns out, as we
shall see, to be a simple cell. The set-up is as follows: for every A € G{k.n)
consider the increasing sequence of subspuces

s

€)! OCANV,CAQV,Cc- - CANY, (CANV,=A

For generic A, A7 ¥, will be zero for i < n—£&, and (i + & — n)-dimensional
thereafter—indeed, we have seen that the set of such A Is just the open set
Up = CH* M C Glk.n). Now, for any sequence of integers ay,...,a, set

oz, = ANEG(k ) dIM(ANY, 44 =1

We observe that dim(A+ 7/, _, ., _ )=n—a, and consequently W,
will be empty unless a.,...,4, Is a nonincreasing sequence of intéger§
<n—k Since dim{(A~V, .., ,)=1iif and only if the rank of the /fusf
kX(k+a —i) minor of a matrix representative for A is exactly A—7 it
follows that the closure

W o =10 dim(AnY, )21}

is an analytic subvariety of G(k,n).

We can choose a spectal basis for a k-plane A€ W,
u, be a generator for the line APV, ., ,, 1
(O, gy 0o =1L,

,,,,, 4 s follows: et
normalized so that

G, = (1:,*,_..,*, I,O,___,U)_

Now take v, so that o, and v, together span AV, _, .,_, , normalized so
that

<ﬂ23€n—k-i—l—u1> = 0= <13"25€n A+2 ”:> = L

Continue in this way, choosing ¢, so that vy,...,z; span ANV, _,,,_, and
such that

f . -
0, Jj<i,
<D:"!£’n—k+_,r'—a> = 1 P
, . =1

1

Clearly, the choice of ¢ at cach stage is completely specified hy these
conditions; thus the &-plane A has a unique matrix representative of the
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form
fsl'\
‘-\!’;k
n—k 1
|
% w1 D D e e e e 0
f ok 2 0 2 1 0 0 e 0
« % = 3 « O « » 1 0 0 0
G 0 0 ]
*ttO*O***dttt[OO 0
0 O g 0
« x = 0 = 0 s+ o+ o+ 0 « { £ o % x %
|: iy -
ity |
|tz

Conveme]y any matrix of this form describes a k-plane A £ W Since
{k*+ X a) entries are specified in the diagram and the rest are complstely
free to vary, we have homeomorphisms

W ~ Ck(ri—k}-- Ea,-;

[- ST &
consequently, the sets W, . give a cell decomposition of G(k, 7). Since
we have ceils only in even dimensions, all boundary maps are zero, and we
deduce the

Proposition. The integral homology of the Grassmannian Gilk,n} has no
torsion and is freely generated by the cycles o, = [Wﬂl _____ ~in real
codimension 2Xa;, where [{a,...,4,.)} ranges over all nonincreasing
sequences of integers berween 0 and n—Kk. in particular, all cohomology in
Gik,n) is anabvtic,
In general, for any flag V=(V, . V,C- - CV,_;C¥,)in C" we let
a (V)= {A: dim{A"Y, ., )2}

Clearly the homology class of the subvanety o (V') is mdependent of the
flag chosen, since we can find a continuous family of linear automor-

phisms of T taking any flag into any other. The subvaneties ¢,(}) are
called the Schubert cyecles of the Grassmannian.
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The simplest example of a Grassmannian different from projective space
1s the G(2.4) of 2-planes in C* The Schubert cycles on G(2,4) are
codiml: & ((Vy)={A: dim{(AnV,)> 13,
codim2: o, (Fy)={A: ACV,),
o, V) ={A: ADV ]
codim3: oy (V. V5)={A: VCAC VL
Alternatively, if we think of Gi(2,4) as the set of lines / in P* and fix the
projective flag p € 4,C h consisting of a point, line, and hyperplane in (=38
then
o,0ll) = {11 Ink#a),
alp)={l: pel},
a (k)= {11 1€k},
o, {p.0t) = {I: pElCh}.

The Schubert Calcnlus

Now that we have determined the additive cohomology of G{k,n), we
would like to describe its multiplicative structure—that is, to express the
intersection of general Schubert cycles s,,0, as a linear combination of
other Schubert cycles in homology.

The first task is to write down the intersection pairing in complementary
dimensions. To do this, let

o (V)= {A: dim{ANV,_,,, ,}>i}
and
o, (V) ={A: dm(ANV,_ ., _,)>i}
be general Schubert cycles. Then for each 7 and any A€o (V) a (V)
dim(AnV, -2
dim{A ~ ¥ PPN bk_,-;:)é E—i+1

= AN Vn—k-‘—{'--r{, M Vf: i+1 & “:?’:(U)‘

But now if ¢;+ 5, _;, . >n—k, we have
(n—k+l—g}+(n—i+1-b_, . J=2n—k+1—{a+b _. )
< A,
and so we can choose our flags V" and ¥ such that V, ,,, ., and

L3

Vo iv1 &_,.. \ntersect only at the origin. Consequently the cycles 5,(V}
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and ,{ V') can be made disjoint, i.e.
"o 0,) =0 unlessa+b, .., < n—k foralli
Now suppose g, and g, are cycles of complementary dimension, so that
Soa+ X b =k(n—k:
then
a+b

i.e. the cycle o, has intersection number zero with all Schubert cycles n
complementary dimension except o,_,_,  ,_;_,. Since the Schubert
cveles form an integral basis for H(Glk,nr),Z), it follows either by
Poincaré duality and the fact that analytic cycles intersect positively or by
direct examination that

#(ga'fgn—k—au,...\.r:—.»'f—va!) =1

K—i s

s an—kforalli—b,_,_. =n k-a,

4

Summing up, then, we have the formula

£ i o aln—k =t n—k—h)
(gﬁ G.’J) - 0((),”...0;‘5& .

This enables us to express an arbitrary cycle vy on G{k,n) as a linecar
combination of Schubert cycles, by computing intersections, L.e.,

Y= 2 ﬁ(?‘cr:—k—c;_,...,n—k—a‘)'Uc;s

and in particular reduces the problem of computing the intersection of
pairs of Schubert cycles in arbitrary dimension to the problem of comput-
ing triple intersections in complementary dimension:

(Ua'cb) - 2 #I(oa'gbloﬂ—k—c,.“.,.,n—k—c_-)'(}c"

As an example, for any hypersurface W P® of degree 2, let 7{(W)
G(2,n+ 1) denote the set of lines in P lying on W. #{W} is clearly an
analytic ¢ycle in G{2,x+1), and since a line / C#" lles on W if and only if
three points of / lie on W, (W) has complex codimension 3. G{2,n+ 1) has
only two Schubert cycles of codimension 3—o; ; and &, - and so we can
write

(W) ="{«(W)o,_ 1,,»,—4) O30t #(7( T’V)'Un--r-.,n—s)‘ FRE

Now, a,_; ,_, 1s the set of lines in [*" containing a point p and contained
in a 4-plane V, ¢ [¥; if we choose our point p to lie off W, clearly ()
will be disjoint from o,_, ,_4 On the other hand, o, 5, _, is the cycle of
lines meeting a line /;CP" and contained in a 3-plane S ¢ P* containing /;.
Generically, W’ =W .S will be a smooth quadric surface in §==P°, with
{, meeting it at two points p; and p,; clearly any line / Co(W)re, 5, »
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will pass through either g, or p,. But any line on W through p, must lic in
the tangent plane 7, (W"): and T, (W) W is a singular curve of degree 2,
hence consists of two lines. Thus +(W) meets o6, ,,_» In four points
generically, and so

T(W)~d-0,,

In particular, if W and W’ are two generic quadric hypersurfaces in P?,
meeting transversally in a smooth surface S, then by the above § will have

Wy r(W Nge.s) =#(402,1'402.1)(}(2,5) = 16

lines in P4 lying on it. We will verify this in Section 4 of Chapter 4.

Similarly, we will be able to compute the homology class of +{W)¢
G(2,n+ 1) for other hypersurfaces of low degree, once we know a few more
things about special cases.

Before we go on to consider general intersections, we want to offer two
general observations,

First, we will alter our formalism slightly, as follows: for any sequence
a=apa,, ... of nonnegative integers, we let o, (V) denote the cycle

o (Vy={A: dm(A~V, ;. )>i;  Glkn)

so that the symbol ¢, can be used to refer 1o a Schubert cycle in any
CGrassmannian. Of course, o, will be null in G4, n) vnless o, <n—4& for all
i, ;=0 for all i >k, and « 1s nonincreasing,

Now, the inclusion C" »2%*! induces inclusions

1,0 Glk,r)Y - Glk,n+1)

and

g Glkn) » Glk+1,n+1)
obtained by sending A¢ {” to A¢ C"7° and AG{e,, [} "1 respee-
tively. Under these inclusions, it is not hard to see that for appropriate

el

choices of flags ¥ in £” and V" in O,
0, (V) =t (0, (V) = &5 o (V)
i.e., if we denote the Poincare dual of o, by 4,
6, = 34, = 0,
Thus any formula
(0-&”0.’_,‘) = 2 HC‘G‘:‘

for the intersection of Schubert cyvcles in Gk, n+ 1) or G(k+ 1,2+ 1) holds
as well in Gk, n), and we can define the universal Schubert coefficients
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8{a,.b:¢) to be such that the formula

(0,0,) = 2, 8{a.bie)o,
holds in all Gk, ).
Note that by our first computation, we have

8{a,bie) = o e
(a,636) ="(0 000, ie)

for any &,n such that ¢, is nonnull in F(k #), l.e., such that ¢, < n—k for
all / and ¢, =0 for all i > k. In particular, if we let Z(c) denote the length of
the sequence ¢, that is, the number of nonzero entries, we may take
k=1Ic}, n- k=c, in the above tc obtain

(*) 6(a,b;c) = #(ca.ab'cc-_—ck ,,,,, c:—cz) iI’I G([((‘);(C)+ CI)'

As an immediate consequence, we sce that 8{a,b;c)=01if g, or g, is null
in G{(e), K)o, Le., 8(a,b;c)=0if either

I eg<ayore <b,or

2. Hey<Kay or Koy < i(h).

Next, note that for any vector space W of dimension n, we have a
natural isomorphism

2 G, WY—>G(n kW)
defined by
#A = Ann(A) = {/CV*: [(A)=0}.

Let V={V Vo -~ V,=W} beaflagin W, and let V*={VFC V¥
- CVE=W*) be the dual flag in W™ given by

VE = Aan( ¥, _ ).
By linear algebra, for A any &-plane in W,
dm{AnV, 4o, ) 7 (<D dm(=ANVY_ ) ? a4,
Thus, for any a, the image =, CG{n--k,n) of the Schubert cycle o,

Gik,n} is the Schubert cycle a¥*, where a* is defined fo be the smallest
nonincreasing sequence such that

ar > i forall i.
For example,
*(0y) = a1y, «{0,1,1) = 051
In general, we will have
8(ab;c) = 8{a*,b*;c*),
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and so we may expect that any formula for the intersection of Schubert
cycles a,,0, gives a dual formula, when applied o o,.,0,..

Note that

{(a*y=a, and af={a)
so that the formulas 1 and 2 above are, as expected, equivalent under the
map.

We turn now to the original problem of computing §{u, b;¢) for general
a, b, and ¢. We will first give a reduction that allows us to compute
cffectively in many cases.

QOur basic technique is simply a linear algebra reduction to smaller
Grassmanmians. For example, consider a triple of indices «, 8,7 such that
a+ B+vy=2k+1 Then for any k-plane A< o, (V) (VN0 (V")
dim{AC ¥V, i .- ) >«

dlm(\’] ;k‘gb)kfgs
dm{AN V) 2 Y
—k i zz..,j V’ —k - m Vn”--k'*y—c‘,) > L
s ®(o,0,0.)=0in Gk,n) if
(b ata)+{k=B+b)+{k vHe)>n—1,

—>d1m(A’W

le., if

aa+b5+(2?>ﬂ”'k.
Suppose on the other hand that a,+ b, +¢,=n—k, ic, that generically
chosen subspaces V,_,_._.. V) . and VU, ... wﬂl intersect in a
Iine /. C" Then any A€o (V)M g, V?) wc( V") must contain L. TLet £°

R

denote a subspace complementary to . in C" and let » denete the
projection of " onto L7 with kernel L. Let

I71:'-’7(VUJ
Vn kra—u,— | 7?( —kta—a, --I):"‘T(Vn—k+aﬁ-ah)=
I7r:~ ‘:""'—(V —1)3
Vn—l (T(V) = IO

and define ¥} and V. similarly. Then V={V.}, ¥"'={¥/}, and V"= {7}

£
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are transverse flags in L9 and for any (k- D-plane A L? we see that

A=LAEe(V)IrnoVIrna (V")
sheo, ;L (Vine, g o(V)ne o (V")
Thus we have the

Reduction Formula 1. For any three indices 0< e, B,y <k with a+ B+ y=
2k+1,

fo ifa,+by+e,>n—k,

t(ga‘gb'cr)gp'{,nj = :1(

-f. Lo 7 4 = —
9 - a, a.-‘:—;:ﬁ O '/"r)fffﬁ: =1 "{f arr+ bﬁ - ('}f n—k.

Note that in case we take f=vy=4, this reduction applies if g,=#n—£;
in case we take'y=4, itappliesif 4, + b, . _,=n—k forany i,

As suggested, we can apply this first reduction to the intersection of
cycles #(6,.:0,006,.) in G(n- k,n); we obtain

Reduction Formula 1. For any three coefficients a,.by,c, witha,+bg+c,

22(n—ky+1,

LA

#(Ga'ob-af){}'{ﬂt\n‘,
{0 Fatfi+y=k

== (G—a,—l,...ﬁd Lot | e oatty 6?;,—1,_,\}‘::1@ f,i;ﬁ”‘._,bk'gr:- s e e )0(."{,:‘!—1)

fa+B+v=4k.

For the purposes of this formula, we may set qp=5;=¢;=n—k form-
ally: thus in case we take y=fi=0, this reduction applies if g, 70, and if
we take y=10, it applies in case ¢, + 6, ,>n—k+1 for some i.

Note also that if the sequence b, —1,...,6; ,&4_,,... appearing in the
formula is no longer nonincreasing- i.e., if by=24,, —then the intersec-
tion number is zero: just apply the formula to «, 8+ 1,v. Thus we may use
the formula in all circumstances, if we adopt the convention that g, is null
for & not a nonincreasing sequence.

As a sumple calculation, we compute the coefficient §(311,21;521) of
05y, in the expression for (oq-9,,)} as a hnear combination of Schubert
cyctes. By (») and the reductions we have

S(311,21; 521y ="(o9,,- 03, 043) m G(3,8)
_"#(52'02;'(’43) n G(3.7)

= {5, 0,,-04) in G(2,6)
=*(0,-0,-0;) in G(2,5)
=*{0;-0) in G(1,4) = P*

=1L
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The two formulas given here will not apply every time, but in low
codimension will yield the answer more often than not. They work cspe-
cially well in case one of the factors o, is a special Schubert cycle, defined
to be one of the form g, ;4 . In this case, we can use the reductions to
obtain the general

Pleri’s Formula. /f a=2a,0,0,..., then for any b,

FProgf. We want to show that, for o, of appropriate codimension,

Sabicy= [ b HFh<a<h
Y | 0, otherwise.

We have, setting k= /c),
8abyc) =F(o 000, o omeo) in G{k,k+c).
To start, suppose that ¢, <b,_, for some i. Then we have
c.+b_ +ie,—¢) = 2c, + 1,

and applying the second reduction formula with o=0, 8=i—1, and
y=k—i+ [, we obtaln

S(Q’b;(") =£(6a.6b 1,

Sk ;—'[.JJJ.“_’G{_‘ [ L T “,_}

in Glk,k+¢;,—1)

= 8{a,b’;c")
where
B=b—1..,5 (—Lb,...
and
e=c -1, (- lLec,
Now

(b;<e,<bh  foralli)es (b </ <b/_, foralli)
and of course
b —e=bh_,—¢,—120

i

Thus we may assume from the start that ¢, > b,_. for all i. Since J¢,=a+
25, 1t Tollows that 2 2 ¢; and so there are three cases:

I If ;> b, for some 4, then a > ¢, and so 8{a, b:e}=0.

2. If < b for any 4, then ¢, > 5. implies that b,>5_,, Le., the
sequence $ 1s ot nonincreasing and a; is taken to be null; so §(a,b;¢)=0.

3. f b<c<h | for all i, it follows that ¢, =4, | for all i, hence

a=c¢,b, =0, and applying the first reduction formula with a=1 and
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B=vy=k we have

abey="(a,-a,0, . . o0 in Glk,k+ ¢}

=00, o ee) mGk—Lk+e,—1)
=#(Gh'0f-, Be et )
-, QED.

Qur final result on Schubert cycles 15 & formula that expresses the
general Schubert cycle as a polynomial in the special Schubert cyecles
T,

We proceed as follows. for g,
cycle

. any Schubert cycle, we consider the

243,

]
(*) 64 = 21(_ i)jo-::h._.\r;., e Loga,—1 'Uaj+d s

Note that d, has the same dimension as a,. Now, we can by Pieri’s formula
write out each of the intersections in the sum () as a sum of Schubert
cycles. Let o, be any Schubert cycle; if o, appears in this expression,
consider the sequence of Integers

e —le,—2,...,e,—d

By Pien, at most one of these numbers will lie in each of the {d+ 1) closed
mtervals

[al— I,ﬁ—k_,

“ay—2a,-12],
__ad—d,a{,_]—d:,
;—d—l,ad—d—l].

and so exactly one of these intervals will fail to contain an integer ¢, — /. By
cases, then:
1. 1If no integer ¢, — i lies in the interval [—d—1,4,—d—1], then
G—i€lg—fa —7F,

and ¢, can appeur only in the last term of the sum (=). But since

¢ > g and Z ¢ = 2 d;,

it follows that ¢ =a. The Schubert cycle o,
with coefficient { — )"

thus appears once i (*),

..... @
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2. If no integer ¢, —i appears in the interval [, —k,a, _, — k|, then we
have

¢y —1 Ela, — l.n— k],

.~k Ela, ., —k—LlLa —k—1)]
c;—d E[—d—l,a;,~d—1],
ie.,
a S 6 S d_y, i=1. . k-1,
and

a-+]_1 QC-

. L < a1, i=k,....d.

In this case, the Schubert cycle o, will appear twice in the expression for
(»): once in the 4th term, and once in the {k —1)st term. Since these two
have opposite sign, ¢, will not appear in the final expression for 6.

3. Hf the interval (2, —1,#— &] is unoccupied, we have
- i€[q—i—lLag—i—-1]

for each /—but then ¢; < ¢ —1, and hence 2¢, <Zg, so 6. cannot appear
n {x}.

We have, then, the formula
. o~
(**) (_ 1) 00;.-.-,&&; = _24] (_ I)JU:I“”,,({’,- PR . P .O—a),--d—j‘
A=

Note that since each factor on the right has length <4, this already implies
that o, is expressible as a polynomial in the special Schubert cycles 0,4,
l.e., that

The cohomology ring of the Grassmannian G(k,n) is generated by the
classes of the special Schubert cycles.

Now, we will use the relation {*+) to prove Giambelii’s formula

]- Uﬂ: czq{-—] cra'[+2, T Ua;+d—!
Tt o.a2 Ua'z-}l T gaz'}d 2
G ! i —2 Ga;—] Ja_,
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We will prove this by induction; clearly it 1s irue for d=1. Assume that it
holds for & 1; expanding by cofactors along the left-hand row, the
determinant is given by

& O

) @ +d—2
o, a o
b i
A Sy Oy, ~d—j-2.
. .
Gy ~dil Ga:-—]
a H
Z( '1)“(5(.__d_f Taiina, e, =1
F-FEN [
and the formula is proved. Q.ED.

Note that Pierr’s formula together with the formula (#x) give an algo-
rithm for ¢valuating an arbitrary intersection of Schubert cycles.

The Schubert calculus will appear frequently in the remainder of the
book, in a varicty of contexts; for the time being we pive some applications
of cur formulas to elementary problems in enumerative geometry. Perhaps
the simplest nontrivial such problem is the question: piven four lines
Ly, Ly Ly, L, in £ in general position, how many lines meet all four? The
answer 15 easily obtained: since the set of lines meeting [, s just the
Schubert cyele o,(4,), the answer is Just the fourfold self-intersection
number of o, in G{2,4); this is

of = 0:2'{01,1';'02)
=¢.-(20,,)
=2,
In general, the number of lines meeting four (n+ 1)-planes in general

position in F*! is given by the fourfold self-intersection of o, in
G(2,2n+2) this Is

(0, = ()
7 2
= 202»—;};
s

= n+ 1
In a similar vein, the number of lines in P* meeting six 2-planes in

general position is given by of in ((2,3); we have

3
oi = oo +0y) =20, + 0,
SO

B 2 5

oy = (20, 1+ 0;)" =4+ 1=35,
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Universal Bundles

Let C" X G{k,n} denote the trivial vector bundle of rank » over G(k.»). We
define the wniversal subbundle S—G(k,n) to be the subbundle of T7X
(&, 1) whose fiber at cach point A € Gk, r) 13 Just the subspace ACC™. §
is clearly a holomorphic subbundle of C” X G{k,n) —explicitly, in each
open U, = G{k,n) the row vectors of the normalized matrix representatives
for A€ U, give a frame for S over U,; transition funciions relative to these
frames are given in &, N U, by gy, =A, AL The quotient bundle
@=C"/S is called the wniversal quotient bundle on G(k,n). Note that
under the identification *:G{k,a)—G(n—k,n), the universal subbundle
on G{n — k, 1) corresponds {o the dual of the unmiversal quotient bundle in
Gik.n), and likewise @ -»G(n — k,n) pulls back to the
dual S*¥ 5 G(k.r). WNote in particular that the universal subbundle
S—G(1,n=P""! is just the universal line bundle mentioned earlier.

Now let E—»M be any holomorphic vector bundie of rank &£ on a
complex manifold M, ¥V c HYM,&(£)) an n-dimensional vector space of
global holomorphic scetions, and suppose that the values {o(x}}, o, of the
sections a in F span E, for all x € M. Then for each x € M, the subspace
A, TV of sections o € V vanishing at x is an {(» — k)-dimensional subspace;
accordingly, we obtain a map

i M- Gn—k V)= Gk V*)
with
E=35* and V= {HYG(kn).2(5%))
just as for line bundles. Explicitly, if we choose a basis o.,...,0, for ¥ and
a frame e,...,e, for E locally and write
o, = 2 Qi s

then in terms of the corresponding identification G(n—k, V)= G{&, V*}
the map ¢, is given by

K=

haﬁ'l 4,

so that ¢, is clearly holomorphic.
As in the case of line bundles, we have an embedding theorem:

Theorem, For M any compact complex manifold, L—-M a paositive line
bundle and E—-M any holomorphic vector bundle, then for m sufficiently
farge, the map ., - is an embedding.

Pregf. Most of the work has been done for us already by the Kodaira
embedding theorem: since A has a positive line bundle, we may take
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M =PV an algebraic varicty and 7. -»M the hyperplane bundle.
Now ¢, 5, ~ Will be I-1 if for all x, y € M, the restriction map

{*) HYMEO(EQL™ ) 5 (EQL™), B(ERL™),
is surjective. Similarly, we have a differential map
{*%) HYMSAEQL™)) - THYR(ERQL™),

defined as for line bundles: ¢, will be smooth at x if this map s
surjective. The compactness argument used in the proof of the Kodaira
embedding theorem again assures us that to prove the result, it is sufficient
to show that for any particular choice of x and », the above two maps are
surjective for m sufficiently large.

We proceed by induction on the dimension of M. For any x,yE M,
consider the linear system of hyperplane sections of M — PV containing x
and y: by Bertini’s theorem, the generic element of this system is smooth
outside the hase locus {x,y} of the system, and it is easy to see that, unless
M is a curve with T,(M)=T,(M)C P" (which circumstance we can always
avold by embedding M differently), the generic element of the system will
be smooth at x and y as well, Thus we can find 2 smooth hyperplane
section V'=H n M of M containing x and y. Consider the sequence

08, (ERL" N 58, (ERL™) > O (E£R L") 0.
By Theorem B, there exists 72, such that for m>m, H{M ,0(EQL™" 1)

=0, so that the restriction map
HYMYERL™)) - HY(V,0(EQL™))
will be surjective. On the other hand, by induction there exists m, such that
for m>m,,
HYV, 0 (E®RIL") 5 (EQL™),D(EQL™),

1s surjective. For m > my, = max(m.,m,), then, the map (=} will be surjective.
Similarly, for each of a generating set of cotangent vectors {«, } for 7%
we can find a smooth hyperplane section ¥, of M through x, such that w,
is not in the kernel of the natural projection map T*{M)—T*¥(V,). Then
by induction we can find m, such that for m > m_, the differential map

HYV, 8 (E®L™) — TX(V,) ®(ESL™),
is surjective. Likewise, from the sequence

00 (ERL" 56, (J(EDL™Y G, , (EQL™) 50
we see that for m > m, as before,

HYM,5{EQL™)) » HY(V S (EQL™Y)
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is surjective. Thus for m > my=max{m,,m,), we have
HME(EQLT)) 4 TH(M)R(ERL™),

l E
1Oy, S (ER L) 5 TR )$(ER L),

for all &, i.e., the map (*#) is surjective. Q.LD.

The Plicker Embedding

We close this section by describing the classical Plicker embedding of the
Grassmannian G(k,#) in projective space; this will illustrate both the
Kodaira embedding theorem and Chow’s theorem. The embedding line
bundle over G{k, n) will be L=det$*=det 0. L may be seen to be positive
by introeducing 4 sujtable metric with a positive curvature form in a similar
manner 1o the Fubini-Study metric on projective space; rather than do
this, however, we shall give the Plicker embedding directly. The Plicker
map

e Glk,n) —» P{ARC) = -t

simply sends a k-plane A=C{uv,...,0, } ¢ C” to the multivector o, A+ A
v, Explicitly, in terms of the basis {e,= ¢, A\~ Ag, Jap., for A¥CT, this
map is given by '

A= ...,-,-hk; ..n-.-]_‘

i.c., the homogeneous coordinates of the map are just the determinants |A,|
of all the k> & minors A, of a matrix representative of A. It follows that
{1} p is holomorphic, (2) p takes every Schubert eycle of the form

(V) = {ACGUn): dim(Arv,_)>1)

into a hyperplane section of p(G(k,fz))r_"P(Z)“l. We can always find, for
AENEGlk,n), an (n—k)-plane V, _, such that AV, _, 20} A"V, _,
=(0), so p is I-1; and since, in each open set U, ={A:|A;, 70} the
Euclidean coordinates on G(k,n) described above appear as

_ Al
& = v
A
the map p has nonvero differential. Thus the Pliicker mapping is an
embedding.
Now we shall determine equations which define the Pliicker image of
Gk, VY in P(AMY). What we are asking for are the conditions that a
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multivector A € A%V be decompusable, 1.e., of the form
A=g /- A
For this we pose the more general problem of determining the minimal
linear subspace W C V such that A is in the image of
AW s AT
If dim W=/, then / > & with c¢quality holding if and only if A Is decompos-
able.
Recall the contraction operator
(o) AV AR WY
defined for v* & 1* by
HeMA D = (At NED

for all ES(Af W )y*= AF W%, We associate to A the linear spaces

A ={oreV* {o*)A=0) C V*
and

W= Ann{A')C V.

Lemma. W iy the minimal subspace of V such that A is in the image of
AEW s ARY.
Proaf. Let w.,...,w be a basis for W, and complete 1 by #,,,...,%, to a
basis for ¥. Denote the dual basis of ¥* by {wr,uf}. Setting U=

4 o

Cluw, ..., 3, the direct sum decomposition V= # @ U induces
ANV = AW SN TWRUIB (A TWRAUYS -
We want to show that A lies in the first factor. Wniie the component of A
in the second factor as X% _, A, ®u,, where A, € A* "W, Since
i(wr): AP R NTU - AT R AT
and i(u¥)A =0, we deduce that all A, =0. Similarly, the other factors of A

in AXTPW R AR (m 2 2) are zero, and consequently A € AR
It is easy to sec that W 1s the minimal such subspace. Q.E.D.

We now define
W = {wcW: wrnA=0}

If A s decomposable, then clearly W’'=W. Conversely, if A is not
decomposable so that dim W=/ > k, then since the pairing AW & ATT¥W
-» AW is nondegenerate we deduce that W’ W. So A is decomposable if
and only if W’'=W.

We now express this condition by duality, In two ways. For the first we
use the operator

i(Zy: ANV - V*
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defined for € A*T1V* by

I ) = (T AN
for all € V. We observe that, by the definition of A—, for e W the
left-hand side depends only on the image of Z under the natural projection
i I/*
A+ V* A1) T
Al A [/\J_

Consequently, the condition AAw=0 for all wE W is equivalent to
i{ZYA & AL for all =, which is in turn equivalent o

(*) Hi(EYMA =0 forallZ e ARV

) —~ AR+IW5¢.

The left-hand side of {(x) gives (k: 1) quadratic forms in the homoge-

neous coordinates A, of p(G(k, V)); setting them cqual to zero gives the
classical Plicker relations. In sum,

the image of the Grassmannian under the Plicker embedding
p: Gk, VYP(ASY is cut out by the linear system of quadrics given by
{*).
Alternatively, we may characterize W as being the image of
AT S Y
under the map
== H{EA, Ze N e
Then the condifion W= W is equivalent to
(**) (HEYMNA=0 forallZeAr P~
For example, suppose that

A=33NeNAe A +A =0,
i

is a bivector. Since for v* € V¥
(if(e*)A)AA = (") AAA),
we may rewrite the conditions (+#) as
ANA=0
When n=4 we find the single equation
Ahs = Apshgg T AN =0
expressing the condition that A €P(A2C* =P be decomposable. In other

words, G(2,4) is naturally reafized us a nonsingular quadric hypersurface in
P°. We will see more of this in the final chapter.





