CHAPTER 1

Introduction to Electrostatics

We begin our discussion of electrodynamics with the subject of electrostatics:
phenemena involving time-independent distributions of charge and fields. For
most readers this material is in the nature of a review. In this chapter especially
we do not elaboraic significantly. We introduce concepts and definitions that are
important for later discussion and present some essential mathematical appara-
tus. In subscquent chaplers the mathematical techniques are developed and
applied.

One point of physics should be mentioned. Historically, electrostatics devel-
oped as a science of macroscopic phenomena. As indicated at the end of the
Intreduction, such idealizations as point charges or electric fields at a point must
be viewed as mathematical constructs that permit a description of the phenomena
at the macroscopic level, but that may fail to have meaning microscopically.

1.1 Coulomb’s Law

All of electrostatics stems from the quantitative statement of Coulomb’s law
concerning the foree acting belween charged bodies at rest with respeet to cach
other. Coulomb, in an impressive series of experiments, showed experimentally
that the foree between two small charged bodies separated in air a distance large
compared to their dimensions

varies directly as the magnilude of cach charge,

varies inversely as the square of the distance between them,

is dirccied along the line joining the charges, and

15 aliractive if the bodies are oppositely charged and repulsive if the bodies have
the same type of charge.

Iurthermore il was shown experimentally that the total force produced on one
small charged body by a number of 1he other small charged bodies placed around
i is the vector sum of the individual two-body forces of Coulomb. Strictly speak-
ing, Coulomb’s conclusions apply to charges in vacuum or in media of negligible
susceptibility. We defer consideration of charges in dielectrics to Chapter 4.

1.2  Electric Field

Although the thing that eventually gets measured is a foree, it is useful to intro-
duce a concept one step removed from the forces, the concept of an clectric field
due to some array of charged bodies. At the moment, the clectric ficld can be
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defined as the force per unit charge acting at a given point. It is a vector function
of position, denoted by E. One must be careful in its definition, however. It is
not necessarily the force that one would observe by placing one unit of charge
on a pith ball and placing it in position. ‘The reason is that one unit of charge
may be so large that its presence alters appreciably the field configuration of the
array. Consequently one must usc a limiting process whereby the ratio of the
force on the small test body 1o the charge on itis measured for stmaller and smaller
amounts of charge.* Experimentally, this ratio and the dircction of the force will
become constant as the amount of test charge 1s made smaller and smaller. These
limiting values of magnitude and direction definc the magnitude and direction of
the electric field E at the peint in question. In symbols we may write

F = gE (1.1)

where F is the force, E the electric field, and g the charge. In this equation it is
assumed that the charge g is located at a point, and the force and the electric
field are evaluated at that point.

Coulomb’s law can be written down similarly. If F is the force on a pownt
charge gq, located at x;, due to another point charge g,, located at x,, then
Coulomb’s law is

5%
F=kqq —— (1.2}
= % %/
Note that ¢, and g, are algebraic quantities, which can be positive or negative.
‘The constant of proportionality & depends on the systern of units used.
‘The electric field at the point x due to a point charge ¢ at the point x, can
be obtained dircctly:

Xy

E(x) = kq; E (1.3)

X

Ix — %

as indicated in Fig. 1.1. The constant k differs in different systems of units,” In
electrosiatic units (esu), & — 1 and unit charge is choscn as that charge that cxerts
a torce of onc dyne on an equal point charge located one centimeter away. The
esu unit of charge is called the statcoulomb, and the clectric ficld is measured in
statvolts per centimeter. In the SI system, which we employ here, k = (4aeg) ™" =
1077¢%, where e, = 8.854 X 10" 2 farad per meter (F/m} is called the permittivity
of free space. The SI unit of charpe is the coulomb (C), and the clectric ficld is
measured in volts per meter (V/m}. One coulomb (1 C} produces an electric ficld

Figure L1

#I'he discretencss of electric charge (see Section 1.1) means that this imathematical limit is impossible
to realize physically, This is an example of a mathemalical idcalization in macroscopic electrostatics,

"The question of units is discussed in detail in the Appendix.
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of approximately 89874 X 10° V/m (8.9874 GV/m) at a distance of 1 meter. One
electron (g =~ 1.602 X 107" C) produces a field of approximately 1.44 X 1077
Vim (1.44 n'V/m) at 1 meter.

The experimentally observed linear superposition of forces due to many
charges means that we may write the electric field at x due to a system of point
charges ¢;, located at x,, i = 1, 2, .. ., n, as the vector sum:

Zqi

If the charges are so small and so numerous that they can be described by a
charge density p(x') [if Ag is the charge in a small volume Ax Ay Az at the peoint
x', then Ag — p(x') Ax Ay Az], the sum is replaced by an integral:

E(x) ~ ; (14)

4#&0 —x |

1 J X — X'
E — - ! — d3 ! 1.5
R N O T (15)
where d°x' = dx’ dy’ dz' is a three-dimensional volume element at x’.

At this point it is worthwhile to introduce the Dirac dedta function. In one dimeunsion,
the delta function, written 8{x —a), is a mathematically improper function having the
properties:

1. 8(x —a) = 0for x # a, and

2. [ 8(x — a) dx — 1if the region of integration includes x — g, and is zero otherwise.
The delta function can be given an intuitive, but nonrigarous, meaning as the limit of
peaked curve such as a Gaussian that becomes narrower and narrower, but higher and
higher, in such a way that the area under the curve is always constant. L. Schwartz’s theary
of distributions is a comprehensive rigorous mathematical approach to delta functions and
their manipulations.*

Irom the definitions above it is evident that, for an arbitrary function f(x).

3. JF(x)8(x - a) dx = fia).

The integral of f(x) times the derivative of & delta function is simply understood if the
delta function is thought of as a well-behaved, but sharply peaked, function. Thus the
definition is

4 T8 x—ayde — f'(a)

where a prime denotes differentiation with respect to the argument.
If the delta function has as argument a function f{x) of the independent variable x,
it can be transformed accordiﬂg to the rule,

5. 8(f(0) - 2 T- - 8x — x)
(xx)

where f(x} is assumed to have only simple zeros, located at x — x,.
In more than one dimension, we merely take products of delta funetions in cach
dimension. In three dimensions, for example, with Cartesian ceordinates,

6. B(x- X) = 8(x; X)) 8(x; — Xp) 82 Xa)
*A useful, rigorous account of the Dirac delta function is given by Lighthill. See also Dennery and

Krzywicki (Section I11.13). (Full references for items ciled in the text or footnotes by italicized author
only will be found in the Bibliography.}
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is a function that vanishes everywhere except at x = X, and is such that

1 if AV contains x = X
— 3, —
7 -[w 8(x — X) d'x {0 if AV does not contain x = X
Note that a delta function has the dimensions of an inverse volume in whatever number
of dimensions the space has.
A discrete set of point charges can be described with a charge density by means of
delta functions. For example,

p(x) = le q: 6(x — x;) (1.6)

represents a distribution of n point charges g;, located at the points x;. Substitution of this
charge density (1.6) into (1.5) and integration, using the properties of the delta function,
yields the discrete sum (1.4).

1.3 Gauss’s Law

The integral (1.5) is not always. the most suitable form for the evaluation of
electric fields. There is another integral result, called Gauss’s law, which is some-
times more useful and furthermore leads to a differential equation for E(x). To
obtain Gauss’s law we first consider a point charge g and a closed surface S, as
shown in Fig. 1.2. Let r be the distance from the charge to a point on the surface,
n be the outwardly directed unit normal to the surface at that point, da be an

S n

g outside S
g inside S

Figure 1.2 Gauss’s law. The normal component of electric field is integrated over the
closed surface . If the charge is inside (outside) S, the total solid angle subtended at
the charge by the inner side of the surface is 47 (zero).
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element of surface area. If the eleciric field E at the point on the surface due to
the charge ¢ makes an angle # with the unit normal, then the normal component
of E times the area element is:

208 4
g COos da

» ~ 1.7
E-nda 1 (1.7)

meg ¥
Since F is directed along the line from the surface element to the charge g,
cos & da — r* dQ), where dQ is the element of solid angle subtended by da at
the position of the charge. Vherefore

E-nda - ——d0 (1.8)

4areg

If we now infegrate the normal component of F. over the whole surface, it is easy
ity see that

. gley it g lies inside S
E-nda~ 19
§£S naa {D if g lies outside S (19)

This result is Gauss’s law for a single point charge. For a discrete set of charges,
it is immediately apparent that

jg E-nda:lz g; (1-10)
5 € f

where the sum is over only those charges inside the surface S. For a continuous
charge density p(x), Gauss’s law becomes:

: ..lj :
i]? n da = o Vp(x)dx (L.11)

where V is the volume enclosed by .
Tiguation (1.11) is one of the basic equations of electrostatics. Note that it
depends upon :

the inverse square law for the force between charges,
the central nature of the force, and
the linear superposition of the effects of different charges.

Clearly, then, (Fauss’s law holds for Newtonian gravitational force fields, with
matter density replacing charge density.

It is interesting to note that, even before the experiments of Cavendish and
Coulomb, Priestley, taking up an observation of Franklin that charge seemed to
reside on the outside, but not the inside, of a metal cup, reasoned by analogy
with Newton’s law of universal gravitation that the electrostatic force must obey
an inverse square law with distance. The present status of the inverse square law
is discussed in Section 1.2.

1.4 Differential Form of Gauss’s Law

Gauss’s law can be thought of as being an integral formulation of the law of
electrostatics. We can obtain a differential form (i.e., a differential equation) by
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using the diverpence theorem. The divergence thearem states that for any well-
behaved vector field A(x) defincd within a volume V surrounded by the closcd
surface S the relation

ng-nda:j- VA dx
s v

holds between the velume integral of the divergence of A and the surface integral
of the outwardly directed normal component of A. The equation in fact can be
used as the definition of the divergence (see Stration, p. 4).

To apply the divergence theorem we consider the integral relation expressed
in Gauss’s thcorem:

1
EﬁE—nda'—'--f p(x) d’*x
s € Jv

Now the divergence theorem allows us to write this as

~L(V-E—pfeo)dﬂx:o (1.12)

for an arbitrary volume V. We can, in the usual way, put the integrand equal to
zero to obtain

V:FE — pleg (L.13)

which is the differcntial form of Gauss’s law of clectrostatics. This equation can
itself be used to solve problems in clectrostatics. Howcever, it is often simpler to
deal with scalar rather then vector functions of position, and then to derive the
vector quantities at the end if necessary (see below).

L.5 Another Equation of Electrostatics and the Scalar Potential

The single equation (1.13} is not cnough to specify completely the three com-
ponents of the electric field E(x). Perhaps some readers know that a vector field
can be specified almost* completely if its divergence and curl arc given cvery-
where in space. Thus we look for an equation specifying curl E as a function of
position. Such an equation, namely,

VXE —~0 (1.14)
follows dircetly from our generalized Coulomb’s law (1.5):
1 - ,
B - g | o) 2 E
x - x'f

The veetor factor in the integrand, viewed as a function of x, is the negative
gradicnt of the scalar 1/]x - x'|:

X -X 1
= oy —
e )

*Up to the gradient of a scalar function Ihat satisfies the Laplace equation. Sce Scction 1.9 on
uniquencss,
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Since the gradient operation invelves x, but not the integration variable x’, it can
be taken outside the integral sign, Then the ficld can be written

E(x) ~ 471'&0 v f l p(}'x | A 1)

Since the curl of the gradient of any well-behaved scalar function of position
vanishes (V X Vi = 0, for all ), (1.14) follows immediately from (1.15).

Note that V x E — 0 depends on the central nature of the force between
charges, and on the fact that the force is a function of relative distances only, but
does not depend on the inverse square nature.

In (1.15) the electric field (a vector) is derived from a scalar by the gradient
operation. Since one function of position is easier to deal with than three, it is
worthwhile concentrating on the scalar function and giving it a name. Conse-
quently we define the scelar potential ®(x) by the equation:

E— -V (1.16)
Then (1.15) shows that the scalar potential is given in terms of the charge density
by

o) ~ e j! p(l ) gy (1.17)

where the integration is over all charges in the universe, and @ is arbitrary only
1o the extent that a constant can be udded to the right-hand side of (1.17).

‘I'he scalar potential has a physical interpretation when we consider the work
done on a test charge g in transporting it from one point (A) to another point
(8)in the presence of an electric field E(x), as shown in Fig. 1.3. The force acting
on the charge at any point is

F = ¢gE

so that the work done in moving the charge from A to B 1s
B B
W - j F-dl- -qJ‘ | | (1.18)
A A

The minus sign appears because we are calculating the work done on the charge
against the action of the field. With definition (1.16) the work can be written

f VD . dl - qJ‘ dd + (@, - D,) (1.19)

Figure 1.3
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which shows that g can be interpreted as the potential energy of the test charge
in the electrosiatic Geld.

T'rom (1.18) and (1.19) it can be scen that the line integral of the clectric field
between two points is independent of the path and is the negative of the potential
difference between the points:

L E-dl= —(®5 — ¥,) (1.20)

This follows directly, of course, from definition {1.16). If the path is closed, the
line integral is zcro,

Sg E-dl—0 (1.21)

a rcsult that can also be obtained dircctly from Coulomb’s law. Then application
of Stokes’s theorem [if A(x) is a well-behaved vector field, § is an arbitrary open
surface, and C is the closed curve bounding S,

ﬁ;CA-dl*L(VxA)-uda

where dlis a line element of C, n is the normal to S, and the path Cis traversed
in a right-hand screw sense relative to n] leads immediately back to ¥V X F = 0,

1.6 Surface Distributions of Charges and Dipoles and
Discontinuities in the Electric Field and Potential

One of the common problems in electrostatics is the determination of clectric
field or potential due to a given surface distribution of charges. Gauss’s law {1.11)
allows us 1o write down a partial result directly, If a surface 5, with a unit normal
n dirceted from side 1 to side 2 of the surface, has a surface-charge density of
o(x) (measured in coulombs per square meter) and electric fields E, and E, on
either side of the surface, as shown in [ig. 1.4, then Gauss’s law tells uy imme-
diately that

(K, - E;) «n — ole (1.22)

This does not determine E,; and E, unless there are no other sources of field and
the geometry and form of o are especially simple. All that (1.22) says is that there

Figure 1.4 Discontinuity in the normal
component of electric ficld across a surface
layer of charge.
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is a discontinvity of o/ in the normal component of electric field in crossing a
surface with a surface-charge densily o, the crossing being made in the direction
of n.

The tangential component of electric field can be shown to be continuous
across a boundary surface by using (1.21) for the line integral of E around a
closed path. It is only necessary to take a rectangular path with negligible ends
and one side on either side of the boundary.

An expression for the potential (hence the field, by differentiation) at any
point in space (not just at the surface) can be obtained from (1.17) by replacing
pd’x by o da
L [ 00D (1.23)

&P .
(X'} 471-60 5 EX. ' X.’|

For volume or surface distributions of charge, the potential is everywhere con-
tinuous, even within the charge distribution. This can be shown from (1.23) or
from the fact that E is bounded, even though discontinuous across a surface
distribution of charge. With point or line charges, or dipole layers, the potential
is no longer continuous, as will be seen immediately.

Another problem of interest is the potential due to a dipole-layer distribution
on a surface S. A dipole layer can be imagined as being [ormed by letting the
surface $ have a surface-charge density ¢(x} on it, and another surface S’, lying
close to §, have an equal and opposite surface-charge density on it at neighboring
points, as shown in lig. 1.5. The dipole-layer distribution of strength D(x) is
formed by letting §” approach infinitesimally close to S while the surface-charge
density (x) becomes infinite in such a manner that the product of o(x) and the
local separation d(x} of § and S approaches the limit D(x):

lim o(x) d(x} -+ D(x}
d(xy—D

The direction of the dipole moment of the layer is normal to the surface S aud
in the direction going from negative to positive charge.

To find the potential due to a dipole layer we can consider a single dipole
and then superpose a surface density of them, or we can obtain the same result
by performing mathematically the limiting process described in words above on
the surface-density expression (1.23). The first way is perhaps simpler, but the
second gives useful practice in vector calculus. Consequently we proceed with

g Figure L5 Limiting process iuvolved in
s creating a dipole layer.
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Figure 1.6 Dipole-layer geometry.

the limiting process. With m, the unit narmal to the surface S, directed away from
8, as shown in Fig. 1.6, the potential due ta the two close surfaces is

L[ g L[ o),
47"50 | 47?'60 5 |X X"+ Ild|

For small d we can cxpand |x - x’ + nd|™". Consider the gencral expression
|x + a| !, where |a] << [x|. We write a Taylor series cxpansion in three
dimensions:

P(x) =

In this way we find that as d — 0 the potential becomes

" - V(I _1 l) (1.24)

In passing we note that the integrand in (1.24) is the potential of a paint dipole
with dipole moment p = n [3 da’. The potential at x caused by a dipale p at x' is

1 p-x - x)
Ay |x — x'f B (1.25)

d(x) =

®x) —
Equation {(1.24) has a simple geometrical interpretation. We note that

I B S daf__,..M_ _d0
|x — %'

wherc d{} is the clement of solid angle subtended at the obscrvation point by the
arca clement da', as indicated in Fig. 1.7. Note that 4Q has a positive sign if 8 is

Figure 1.7 The polential at P due to the
dipole: layer D on the area element da’ is just
the negative product of P and the solid angle
element 451 sublended by da’ at P
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an acute angle (i.e., when the observation point views the “inner” side of the
dipole layer). The poieniial can be written:

®B(x) — — Zi—(; L D) dQ (1.26)

For a constant surface-dipole-moment density 12, the potential is just the product
of the moment divided by 47re, and the solid angle subtended at the observation
peint by the surface, regardless of its shape.

There is a disconlinvity in potential in crossing a double layer. ‘This can be
seen by letting the observation point come infinitesimally close to the double
layer. The double layer 1s now imagined to consist of two parts, one being a small
disc directly under the observation point. ‘The disc is sutficiently small that it is
sensibly flat and has constani surface-dipole-moment density D. Evidently the
total poteniial can be obtained by linear superposition of the potential of the disc
and that of the remainder. Trom (1.26) it is clear that the potential of the disc
alone has a discontinuity of D/e, in crossing from the inner to the outer side,
being —D{2¢ on the inner side and t D/2¢; on the outer. The potential of the
remainder alone, with its hole where the disc fits in, is continuous across
the plane of the hole. Consequently the total potential jump in crossing the sur-
lace is:

q’g - (I)l = Dflfo (1.2’?)

'This result 15 analogous to {1.22) for the discontinuity of electric field in crossing
a surface-charge density. lquation (1.27) can be interpreted “physically” as a
potential drop occurring “inside™ the dipole layer; it can be calculated as the
product of the field between the two layers of surface charge times the separation
before the limit s taken.

1.7 Poisson and Laplace Equations

In Sections 1.4 and 1.5 it was shown that the behavior of an clectrostatic field
can be described by the two ditferential cquations:

V-E = pleg (1.13)
and
VXE—=1Q {1.14)

the latter equation being equivalent to the statement that F, is the gradient of a
scalar function, the scalar potential :

E=-Vd (1.16)

Equations (1.13) and (1.16) can be combined into one partial differential
equation for the single function ®(x);

V2D - pleg (1.28)

"This equation is called the Poisson equation. Tn regions of space that lack a charge
density, the scalar potential satisfies the Laplace equation:

) (1.29)
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We alrcady have a solution for the scalar potential in expression {1.17):

b = - - [ 5D g (117)

4’?]’(*:'; |x — x'}

To venfy directly that this does indeed satisfy the Poisson equation (1.28), we
operate with the Laplacian on both sides. Because it turns out that the resulting
integrand is singular, we invoke a limiting procedure. Define the “a-potential”
D,(x) by

1 p(x')
B (x) —- —J T
®) dmey ) Vix — X' + @ g
The actual potential (1.17) is then the limit of the “a-potential” as e >0, Taking
the Laplacian of the “a-potential” pives

1 J’ . 1
Z L . ] 2 3.
VL) = ey ] PV (\/}2 r) a
. 1 ' 3(12 L)
4w, plx )[-(rz + a2)5’2J dx

where r -+ [x — x’|. The square-bracketed expression is the negative Laplacian
of 1AV/r 1 & 1t is well-behaved everywhere for nonvanishing a, but as ¢ tends
to zcro it becomes infivite at »:-- 0 and vanishes for r # 0. [t has a volume integral
equal to 447 for arbitrary a. For the purposes of integration, divide space into two
regions by a sphere of fixed radius R centered on x. Choose R such that p(x")
changes little over the interior of the sphere, and imagine a much smaller than
R and tending toward zero. If p(x') is such that {1.17) exists, the contribution to
the integral (1.30) from the exterior of the sphere will vanish like 4% as a > 0.
We thus need consider only the contribution from inside the sphere. With a
Taylor series expansion of the well-behaved p(x’) around x’ - x, one finds
’ __lf_iﬁu
v q-)a(x) - €0 Jo (I‘?' e 2)5;‘2

74

(1.30)

Ip(x) + %VZp '+ —‘ rdr + O(a%)
Direct integration yields |
V2D, (x) - - ;10 p(x) (1 + O@RY) + O, ’loga) V2p + - - -
In the limit # — 0, we obtain the Poisson equation (1.28).
The singnlar nature of the Laplacian of 1/r can be exhibited formally in terms

of a Dirac delta function, Since V*(1/r) = 0 for r # 0 and its volume integral is
—4m, we can write the formal equation, V*(1/r) — —4w8(x) or, more gencrally,

Vz( 1—) = —4a8{x - x') (1.31)

[x — x|

1.8 Green’s Theorem

If electrostatic problems always involved localized discrete or continuous distri-
butions of charge with no boundary surfaces, the general solution (1.17) would
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be the most convenient and straightforward solution to any problem. There
would be no necd of the Poisson or Laplace equation. In actual fact, of course,
many, if not most, of the problems of electrostatics involve finite regions of space,
with or without charge inside, and with prescribed boundary conditions on the
bounding surfaces. These boundary conditions may be simulated by an appro-
priate distribution of charges outside the region of interest {perhaps at infinity),
but (1.17) becomes inconvenicnt as a means of calculating the potential, except
in simple cases (e.g., method of images).

‘T'o handle the boundary conditions it is necessary to develop some new math-
ematical tools, namely, the identitics or theorems due to George Green (1824).
These follow as simple applications of the divergence theorem. The divergence
theorem:

J‘V-Ad:’x-ff]gA-nda
¥ 8

applies to any well-behaved vector field A defined in the volume V bounded by
the closed surface S. et A = ¢ Vi, where ¢ and o are arbitrary scalar ficlds.
Now

V. (oVip) =0 Vi + V- Vi (1.32)

and
GVihom= ¢ Z—:: (1.33)

where 8/8n is the normal derivative at the surface S (directed outward from inside
the volume V). When (1.32) and (1.33) are substituted into the divergence the-
orcm, there results Green's first identity:

L (6 Vg I Vb« Vify) dx = 353 ¢ 3—': da (1.34)

If we write down (1.34) again with ¢ and 4 interchanged, and then subtract it
from (1.34), the V¢ - Vi terms cancel, and we obtain Green's second identity or
Green’s theoren:

2 2 3. .. E"_f"’ _ ('J_d) ]
[ @vu—sveyen-§ [*”an %HJ da(L39)
The Poisson diffcrential equation for the potential can be converted into an
intcgral equation if we choose a particular ¢, namely 1/R = 1/|x - x’|, where x
is the observation point and x' is the integration variable. Further, we put ¢ = &,
the scalar potential, and make use of V2D = - p/e,. From (1.31) we know that
V*(1/R) — --4mé(x — x), so that (1.35) becomes

1 . a1 1 §d
—4 4 i [ I Il B Il '
J.V [ mP(x’) 8(x — x") + _PEOR plx )] ad’x i iq) Py (R) B (’Jn’] da

It the point x lics within the volume V, we abtain:

L ey L e (1Y
d(x) Ame by R d>x |41r Nz (Dan' R da (1.36)
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It x hes outside the surface S, the left-hand side of (1.36) is zero.* [Note that this
is consistent with the interpretation of the surface integral as being the potential
due 10 a surface-charpge density o : - €, d®/dn’ and a dipole layer D = —g,0. The
discontinuities in clectric field and potential (1.22) and (1.27) across the surface
then lead to zero field and zero potential outside the volume V']

‘I'wo remarks are in order about result (1.36). First, il the surface § goes to
infinity and the electric field on § falls off faster than R ™, then the surface integral
vanishes and (1.36) reduces to the familiar result (1.17). Second, for a charge-
free volume, the potential anywhere inside the volume (a solution of the I.aplace
equation) is expressed in (1.36) in terms of the potential and its wormal derivative
only on the surface of the volume, 'This rather surprising result is not a solution
10 a boundary-value problem, but only an integral statement, since the arbitrary
specification of both & and d®/on (Cauchy boundary conditions) is an overspe-
cification of the problem. This is discussed in detail in the next sections, where
technigues yielding solutions for appropriate boundary conditions are developed
using Green’s theorem (1.35).

L.9 Uniqueness of the Solution with Dirichlet
or Neumann Boundary Conditions

What boundary conditions are appropriate for the Poisson (or I.aplace) equation
to ensure that a unique and well-behaved (i.e., physically reasonable) solution
will exist inside the bounded region? Physical experience leads us to believe that
specification of the potential ou a closed surface {c.g., a system of conductors
held at dillerent potentials) defines a unique potential problem. This is called a
Dirichlet problem, or Dirichlet boundary conditions. Similarly it is plausible that
specification of the electric field (normal derivative of the potentiaf) everywhere
on the surface (corresponding to a given surface-charge density} also defines a
unique problem. Specification of the normal derivative is known as the Neumann
boundury condition. We now proceed to prove these expectations by means of
Green’s first identity (1.34).

We wani to show the uniquencss of the solution of the Poisson equation,
V2 = —pleg, inside a volume V subject to either Dirichlet or Neumann boundary
conditions on the closed bounding surface §. We suppose, to the contrary, that
there exist two solutions @, and &, satisfying the same boundary conditions. I.et

U @, & (1.37)

Then V’U/ = 0 inside V, and U = 0 or U/an — 0 on S for Dirichlet and Neumann
boundary conditions, respectively. I'rom Green’s first identity {1.34), with ¢ — ¢
= {J, we find

f (U VU + VU-V1) dx = fﬁ U@ da (1.38)
v s an

*The reader may complain that (1.36) has been obtained in an illegal fashion since 1/|x — x'| is not
well-behaved inside the volume V. Rigor can be restored by using a limiting process, as i the pre-
ceding section, or by excluding a small sphere around the offending point, x = x', The result is still
(1.36).
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With the specified properties of U, this reduces (for both types of boundary
condition) to: '

f IVUP d®x ~ 0
.

which implies VU7 — 0. Consequently, inside V, {7 is constant. For Dirichlet
boundary conditions, U7 == 0 on § so that, inside V, @&, = @, and the solution is
vnigue. Similarly, for Neumann boundary conditions, the solution is unique,
apart from an unimportant arbitrary additive constant.

From the right-hand side of (1.38) it is cvident that there is also a unique
solution to a problem with mixed boundary conditions (i.e., Dirichlet over part
of the surface §, and Neumann over the remaining part).

It should be clear that a solution to the Poisson equation with both & and
d®/an specified arbitrarily on a closed boundary (Cauchy boundary conditions)
does not exist, since there are unique solutions for Dirichlet and Neurann con-
ditions separately and thesc will in peneral not be consistent. This can be verified
with (1.36), With arbitrary values of ® and 4®/dn inserted on the right-hand side,
it can be shown that the valucs of ®(x) and VP(x) as x approaches the surface
are in gencral inconsistent with the assumed boundary values, The question of
whether Cauchy boundary conditions on an open surface define a unique clec-
trostatic problem requires more discussion than is warranted here. The reader
may refer to Morse and Feshbuch {Section 6.2, pp. 692-706) or to Sommerfeld
(Partial Differential Equations in Physics, Chapter 11) for a detailed discussion
of these questions. The conclusion is that clectrostatic problems are specified
only by Dirichlet or Neumann boundary conditions on a closed surface (part or
all of which may be at infinity, of course).

1.10 Formal Solution of Electrostatic Boundary-Value
Problem with Green Function

The solution of the Poisson or Laplace equation in a finite volume V with either
Dirichlet or Neumann boundary conditions on the bounding surface S can be
obtained by means of Green’s theorem (1,35) and so-called Green functions.

In obtaining result (1.36) —not a solution -we chosc the function # to be
1/]x — x'|, it being the potential of a unit point source, satisfying the cquation:

V’z(——i—) — —4a8(x - x') (1.31)

Ix — x'|

The function 1/{x - x'| is only onc of a class of functions depending on the
variables x and x', and called Green functions, which satisy (1.31). Tn general,

V2G(x, x') = —4wd(x — x') (1.39)

where

G(x, x") = T;““l—xq + F(x, x") (1.40)

with the function F satistying the Laplace equation inside the volume V:
V7F(x,x') =0 (L41)
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In facing the problem of satisfying the prescribed boundary conditions on &
or 3®/dn, we can find the key by considering result (1.36). As has been pointed
out already, this is not a solution satisfying the correct type of boundary condi-
tions because both @ and §®ign appear in the surface integral. It is at best an
integral relation for ®. With the generalized concept of a Green function and its
additional frecdom [via the function F(x, x'}|, there arises the possibility that we
can use (reen’s theorem with ¢ = G(x, x') and choose F(x, x') to eliminate one
or the other of the two surface integrals, obtaining a result that involves only
Dirichlet or Neumann boundary conditions. Of course, if the necessary (G(x, x')
depended in detail on the exact form of the boundary conditious, the method
would have little generality. As will be scen immediately, this is not required,
and (7(x, x} satisfics rather simple boundary couditions on §.

With Green’s theorem (1.35), ¢ — @, ¢ ~ G(x, x'), and the specificd prop-
erties of G (1.39), it is simplc 1o obtain the generalization of (1.36):

. 1
O(x) — i J. p(x')G(x, x') dix’
0
“an
The freedom available in the definition of G (1.40) means that we can make the

surface integral depend only on the chosen type of boundary couditious. Thus,
for Dirichlet boundary conditions w¢ demand:

(1.42)

(r( CD(x') da’

G(J(X X ):|

Go(x. x") = 0 forx' on S (1.43})
Then the first term in the surface integral in (1.42) vanishes and the solution is
1 J 1 ﬂg aGp
(1) — .. ' - ] A T ) [ Wi ] ] .
(x) s Iy p(x}Gp(x, x'} dx i d(x") i da (1.44)

Tor Neumann boundary conditions wc must be more careful. The obvious
choice of boundary condition on G(x, x'} scems to be

a(‘;j\)’

an'

(x.x)=0 forx'on$

since that makes the second term in the surface integral in (1.42} vanish, as de-
sired. But an application of (vauss’s theorermn to (1.39) shows that

ol
3€ dat = — 4q
s on'

Consequently the simplest allowable boundary condition on (7 is
aGy
on'

4
(%, x") = —T;I for x" on § (1.45})

where S is the total area of the boundary surface. Then the solution is

\ 1 J. ' ' A ___l_ a(I
®(x) — (D) + dme, Jy p(xYCGuy(x, x') &%’ + P ey — Guyda'  (1.46)
where (®)g is the average value of the potential over the whole surface. The
customary Neumann problem is the so-called exterior problem in which the vol-
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ume V is bounded by two surfaces, one closed and finite, the other at infinity.
Then the surface arca § is infinite; the boundary condition (1.45) becomes ho-
mogeneous; the average value {P)¢ vanishes.

We note that the Green functions satisfy simple boundary conditions {1.43)
or (1.45) which do not depend on the detailed form of the Dirichlet (or Neumann)
boundary values. Even so, it is often rather involved (if not impossible) to de-
termine G{x, x') because of its dependence on the shape of the surface §. We
will encounter such problems in Chapters 2 and 3.

The mathematical symmetry property ({x, x') = (G{(x’, x) can be proved for
the Green functions satisfying the Dirichlet boundary condition (1.43) by means
of Green’s theorem with ¢ — G(x, ¥) and ¢ = G{(x’, y), where y is the integration
variable. Since the Green function, as a function of one of its variables, is a
potential due to a unit point source, the symmetry mercly represcnts the physical
interchangcability of the sourcc and the observation points. For Neumann
boundary conditions the symmetry is not antomatic, but can be imposed as a
separatc requirement,*

As a final, important remark we note the physical meaning of F(x, x' )4,
It is a solution of the Laplace equation inside V and so represents the potential
of a system of charpes external to the volume V. It can be thought of as the
potential due 10 an external distribution of charges chosen to satisfy the homo-
geneous boundary conditions of zero potential (or zero normal derivative) on
the surtace S when combined with the potential of a point charge at the source
point x’. Since the potential al a point x on the surface due to the point charge
depends on the position of the source point, the external distribution of charge
F(x, x") must also depend on the “parameter” x’. From this point of view,
we scc that the method of images (to be discussed in Chapter 2} is a physical
equivalent of the determination of the appropriate F(x, x') to satisfy the bound-
ary conditions (1.43) or (1.45). For the Dirichlet problem with conductors,
F(x, x"}/47e, can also be interpreted as the polential due to the surface-charge
distribution induced on the conductors by the presence of a point charge at the
souree point x',

1.11  Electrostatic Potential Energy
and Energy Density; Capacitance

In Scction 1.5 it was shown that the product of the scalar potential and the charge
of a point object could be interpreted as potential energy. More preciscly, if a
point charge g; is brought from infinity to 4 point x, in a region of localized clectric
ficlds described by the scalar potential @ (which vanishes at infinity), the work
done on the charge (and hence its potential encrgy) is given by

W, = ¢:0(x,) (1.47)
The potential ¢ can be viewed as produced by an array of (n - 1) charges
q;{j = 1,2,...,n - 1) at positions x,. Then
1S g
41‘1‘60 ferl |x,f o X):|

D(x) = (1.48)

*See K.-J, Kim and J. I Jackson, Am. J. Phys. 61, (12) 11441146 {1993),
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so that the potential energy of the charge g, is

n—1
4;

47*&0 x o x)

W, = (1.49})
The total potential energy of all the charges due to all the forces acting between

them is:

Wt O @4
471'!":'0 =1 j<i |X Xj’

(1.50)

as can be seen most easily by adding each charge in succession. A more symmetric
form can be written by summing over ; and j unrestricted, and then dividing by 2:

W — - 1_ Z 2 q:q; (1.51)

Bmeg 7 T Ix; X

1'|
It is understood that § — j terms (infinite “self-energy” terms) are omitted in the
double sum.

For a continuous charge distribution [or, in general, using the Dirac delta
functions (1.6)] the potentia] energy takes the form

Another expression, equivalent to (1,52), can be obtained by noting that one of
the integrals in {1.52) is just the scalar potential {1.17). Therefore

wmlfmmq@f (1.53)

Equations (1.51), (1.52}, and (1.53) express the electrostatic potential energy
in terms of the positions of the charges and so emphasize the interactions between
charges via Coulomb forces. An alternative, and very fruitful, approach is to
emphasize the electric field and to interpret the energy as being stored in the
electric field surrounding the charges. To obtain this latter form, we make usc of
the Poisson equation to eliminate the charge density from (1.53):

w:i§f¢W¢£x
Integration by paris leads 1o the result:
W - 629 j VO dx %f IEP x (1.54)

where the integration is over all space. In (1.54} all explicit reference to charges
has gone, and the enerpy is expressed as an integral of the square of the electric
field over all space. This leads naturally to the identification of the integrand as
an energy density w:

£,
2] (1.55)
2

‘This expression for energy density is intuitively reasonable, since regions of high

fields “must” contain considerable energy.
There is perhaps one puzzling thing about {1.55). The energy density is pos-
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itive definite. Consequently its volume integral is nccessarily nonnegative. This
seems to contradict our impression from (1.51) that the potential energy of two
charges of opposite sign is negative, The reason for this apparent contradiction
is that (1.54) and (1.55) contain “sclf-cnergy” contributions to the energy density,
whereas the double sum in (1.51) does not. To illustrate this, consider two point
charges g, and g, located at x, and x,, as in Fig. 1.8. The clectric field at the point
F with coordinate x is

o1 oax %) p L gox ~ %)
dmey |x ~ X, dme [x — %

so that the encrgy density (1.55) is

' 4 @ qia(X — x1) « (x — %) .
R2utew = — 42 BT (1,56
e e T ml ' ko xPx om0

Clearly the first two terms are “self-energy” contributions. ‘To show that the third
term gives the proper result for the interaction potential energy we integrate over
all space:

G192 - %) (x—x)

R < A3 .
Wmt 1677250 |X - Xy I3 [x - Xg|3 dx (1 57)

A change of inlegration variable to p — (x - x,)/| %, — x,| yields

Wiy oot oW L fe(ptm) (1.58)
drmeg |1 — %] " 4wt pPlp 4+ uf
wherc n is a unit vector in the direction (%; — x;). Using the fact that (p + n)/
p +nf = -V, (1/|p 1 nf), the dimensionless integral can casily be shown to
have the value 4, so that the interaction energy reduces to the expected value,
Torces acting between charged bodies can be obtained by calculating the
change in the total clectrostatic energy of the system under small virtual displace-
ments, Examples of this arc discussed in the problems. Care must be taken to
cxhibit the energy in a form showing clearly the factors that vary with a change
in configuration and those that are kept constant,
As a simple illustration we calculate the force per unit arca on the surface
of a conductor with a surface-charge density (x). In the immediate neighbor-
hood of the surface the encrgy density is

W —’;“- E] = 0?26 (1.59)
If we now imagine a small outward displacement Ax of an clemental area Aa of

the conducting surface, the electrostatic energy decreases by an amount that is
the product of energy density w and the excluded volume Ax Aa:

AW = —a* Aa Ax/2¢, (1.60)

P

'3}

x1 g2
X2

0 Figure 1.8
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'This means that there is an outward force per unit area equal to a”/2¢q ~ w at
the surface of the conductor. This resnlt is normally derived by taking the product
of the surface-charge density and the electric field, with care taken to eliminate
the electric field due to the element of surface-charge density itself.

For a system of » conductors, each with potential V; and total charge
Q, (i~ 1,2,..., n) in otherwise empty space, the electrostatic potential energy
can be expressed in terms of the potentials alone and certain geemetrical quan-
titics called cocfficients of capacity. I'or a given configuration of the conductors,
the linear functional dependence of the potential on the charge density implies
that the potential of the ith conductor can be written as

Vi_'zlpifo (i-1,2,...,n)
£

where the p, depend on the geometry of the conductors. These # equations can
be inverted to yield the charge on the ith conductor in terms of all the potentials:

Q=2 GV, (—=12...,m (1.61)
i=1

'The coetficients C; are called capacities or capacitances while the Cy. { + §, are
called coefficients of induction. the capacitance of a conductor is therefore the
total charge on the condictor when it is maintained at unit potential, all other
conductors being held at zero potential. Sometimes the capacitance of a system
of conductors is also defined. For example, the capacitance of two conductors
carrying equal and opposite charges in the presence of other grounded condue-
tors is defined as the ratio of the charge on one conductor to the potential dif-
ference between them. The equations (1.61) can be used to express this capaci-
tance in terms of the coefficients C;;.
‘The potential energy (1.53) for the system of conductors is

w=1 > OV ! > 2 GV, (L62)
=1 24

"The expression of the energy in terms of the potentials V; and the Cy, or in terms
of the charges (J; and the coefficients p,;, permits the application of variational
methods to obtain approximate values of capacitances. It can be shown, based
on the technique of the next section (see Problems 1.17 and 1.18), that there are
variational principles giving upper and lower bounds on Cy. 'Lhe principles permit
estimation with known error of the capacitances of relatively involved configu-
ratipns of conductors. Iigh-speed computational techniques permit the use of
elaborate trial functions involving several parameters. It must be remarked, how-
ever, that the need for a (reen function satisfying Dirichlet boundary conditions
in the lower bound makes the error estimate nontrivial. Further consideration of
this technique for calculating capacitances is lcft to the problems at the end of
this and subsequent chapters.

1.12  Variational Approach to the Solution of the Laplace

and Poisson FEquations

Variational methods play prominent roles in many areas of classical and quantum
physics. They provide formal techniques for the derivation of “equations of mo-
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tion” and also practical methods for obtaining approximate, but often accurate,
solutions to problems not amenable to other approaches. Estimates of resonant
frequencies of acoustic resonalors and energy eigenvalues of atomic systems
come readily to mind.

The far-reaching concepl that physical systems in cquilibrium have minimal
energy content is generalized to the consideration of energy-like functionals. As
an example, consider the functional

. 1 .
) = 2 L Vi« Vi dx — L g dx (1.63)

where the function W(x)} is well-behaved inside the volume V and on its surface
S (which may consist of several separate surfaces), and g(x) is a specificd
“source” function without singularities within V. We now examine the first-order
change in the functional when we change ¢ — ¢+ &y, where the modification
8ys(x) is infinitesimal within V. 'The diffcrence 8f = I[yr + d¢] — Iff] is

81 — L Vi V(oY) dx L goY dx 4 - (1.64)

The neglected term s semipositive definite and is second order in &y Usc of
Groen’s first identity with ¢ — & and o — ¢ yields

81 — L [ V- gloypdix + £ 81#3—(540 (1.65)

Provided &y — 0 on the boundary surface § (so that the surface integral vanishes),
the first-order change in I{] vanishes if ¢(x) satisfies

Vi = —g (1.66)

Recalling that the neglected term in (1.64) is semipositive definite, we see that
I[4¢] is a stationary minimum if  satisfies a Poisson-like equation within the
volume V and the departures 84 vanish on the boundary. With ¢ — @ and g —
p/ep, the minimization of the functional yields the “cquation of motion” of the
electrostatic potential in the presence of a charge density and Dirichlet boundary
conditions (&P given on § and so 8& = (} there).

The derivation of the Poisson equation from the variational functional is the
formal aspect. Equally important, the stationary nature of the extremum of 7[y]
permits a practical approach 10 an approximate solution for g(x). We choose a
flexible ““trial” function ¥{x) = AW(x, o, B, .. .) that depends on a normalization
constant A and some number of other parameters, o, £, ..., and is constructced
to satisfy the given boundary conditions on the surface §. 'The function ¥ may
be a sum of 1crms with the parameters as coefficients, or a single function of
several parameters; it should be chosen with some eye toward the expected form
of the solution. (Intuition plays a role here!) Caleulation of Fld] gives the func-
tion, f(A4, o, B, . . .). We now vary the parameters to locate the extremum (actually
a minimum}) of {4, «, $,...). With the optimum parameters, the trial solution
is the best possible approximation to the true solution with the particular func-
tional form chosen. TFor the Laplace equation, the normalization constant is de-
termined by the Dirichlet boundary values of 4. For the Poisson equation, it is
determined by the source strength g(x), as well as the boundary values on S.

A different functional is necessary for Neumann boundary conditions, Sup-
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pose that the boundary conditions on i are specified by d¢/dnls - f(s), where s
locates a point on the surface §. The appropriate functional is

Iy — Z]i L Vig - Vi d’x — J‘V gpd’x — jgs fib da (1.67)

The same steps as before with o — ¢ + 8 lead to the first-order difference in
functionals,

i _
- J V2 gl 8y & 3€ = — 5 :
oF = | [ Vo gl oydx + S(an .f(S)) ¥ da (1.68)
The requirement that 8/ vanish independent of & implies

Vi = —g within ¥V and 2—15 -= f(s) on § (1.69)
Again the functional is a stationary minimurm for ¢rsatisfying (1.69). Approximate
solutions can be found by the use of tnial functions that satisfy the Neumann
boundary conditions, just as described above for Dirichlet boundary conditions.
As a simple application to the Poissorn cquation, consider the two-dimen-
sional problem of a hellow circular cylinder of unit radius centered on the z-axis,
with an interior source density g{x) = g{p), azimuthally symmetric and inde-
pendent of z, The potential vanishes at p = 1. The “equation of motion™ for
i (a function of p alone) in polar coordinates is

18 f ay _ -
o3 (p p p) g(p) (1.70)

For trial functions we consider finite polynomials in powers of (1 — p) and p. A
three-parameter function of the first typce 1s

W= wm - p) + Bl p) + (- p) (171)

This choice might seem natural because it automatically builds in the boundary
condition at p = 1, but it contains a flaw that makes it a less accurate represen-
tation of 4 than the power scries in p. "The reason is that, if the source density g
is well behaved and finite at the origin, Gauss’s law shows that yrhas a maximum
or minimum there with vanishing slope. LThe requirements at both the origin and
p -+ 1 are mct by a three-parameter trial function in powers of p:

Y, =ap” + Bp° + ' —(a+ B+ ) (L.72)

We cxpect this trial funchion in gencral to be a better approximation to r than

W, for the same number of variational parameters. [We could, of course, impose

the constraint, o + 28; 4 3y — 0 on (1.71) to get the proper behavior at the

origin, but that would reduce the number of parameters from threc to two,]
The functional integral (1.63) for ¥, is casily shown to be

RN | S SRR SUUE: g
zﬁfl“lle—[zal-l-saﬁ-l-:au‘yi 4,8

12 . (1.73)
+ 7 By + ?”'J = Jea 4 esf 1 eyl

where e, = [ g(p)p" - 1) p dp.
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The integral for ¥, has the same form as (1.73), but different cocfficients,
As described above, we seek an extremum of {1.73) by setting the partial deriv-
atives with respect to the paramelters «, 8, and y equal to zero. The thre¢ coupled
algebraic linear equations vield the “best™ values,

o = 225(32 — 42063 + 21064

B — -420e, + Ztﬂ e; — 420e, (1.74)

441
v = 210e; — 420e; + > e,

‘These values can be inserted into (1.73) to give I[W,],,;, as a not very illuminating
funciion of the e,. One would then find that the “kinetic” (first) brackct was
equal to half the “potential” (second) bracket and opposite in sign, a character-
istic of the extremum.

T'o go further we must specify g{p). The results for the best trial functions
¥, and ¥, arc shown in Fig, 1.9 for the source density,

g(p) = —5(1 = p) + 10431 - p° (1.75)

The choice of source is arbitrary and is chosen to give a potential that is not quite
featurcless. The “best” parameters for W, arc a = 2,915, 8 = -7.031, and y =
3.642, The variational integral has the value, I{W¥,| — - 1.5817, compared to
I{Wlexae: =+ 1.6017. The fractional error is 1.3%.

Note that the trial function ¥, fails rather badly for p < 0.3 because it does
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Figore 1.9 Comparison of the exact solution ¢(p) (solid curve) with two variational
approximations for the potential, ¥, (dotted curve) and ¥, (dashed curve). The charge
density (1.75) is indicated by the dash-dot curve (arbitrary scale).
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not respect the vanishing slope at p — 0. Nonetheless, it gives /[ |, = 1.5136,
which is somewhat, but not greatly, worse than W, (5.5% error). The insensitivity
of I[¥] to errors in the trial function illustrates both a strength and a weakness
of the variational method. If the principle is used to estimate eigenvalues {related
to the value of 7[¥]), it does well. Used as a method of estimating a solution
¢ == W, it can fail badly, at least in parts of the configuration space.

The reader will recognize from (1.70) that a polynomial source density leads
to an exact polynomial solution for ¢, but the idea here 13 to illustrate the vari-
ational method, not to demonstrate a class of explicit solutions. Further illustra-
tion is left to the problems at the end of this and later chapters.

1.13  Relaxation Method for Two-Dimensional
Electrostatic Problems

The relaxation method is an iterative numerical scheme (sometimes called iter-
ative finite difference method) for the solution of the Laplace or Poissoun equation
in two dimensions. Here we present only its basic ideas and its connection with
the variational method. First we consider the Iaplace equation with Dirichlet
boundary conditions within a two-dimensional region .S with a boundary contour
C. We imagine the region § spanned by a square lattice with lattice spacing h
(and the boundary contour © approximated by a step-like boundary linking lat-
tice sites along C). The independent variables are the integers (i, ) specifying
the sites; the dependent variables are the trial values of the potential (i, ) at
each site. The potential values on the boundary sites are assumed given.

To establish the variaticnal nature of the method and to specify the iterative
scheme, we imagine the functional integral I[] over § as a sum over sinall do-
mains of area #7, as shown in Fig. 1.10a. We consider the ncighboring trial values
of the potential as fixed, while the value at the center of the subarea is 4 varia-
tional quantity 1o be optimized. The spacing is small enough to permit us to
approximatce the derivatives in, say, the northeast quarter of the subarea by

dN L. awy Lo
®) -l () low

and similarly for the other three quarters. The functional integral over the north-

east quarter is
e 1 J»mz o JJ.r). 4 a_[p_ 2 \ _l.fl 2-
YE Tk 0 Y ax dy

) (1.76)
= g [{(¥o — )’ + (Yo — lffE)?']

The complete integral over the whole {shaded) subarea is evidently

1. . .
I~ 3 o — dne) 1 (o — ) 0 (o — o)t (o — ¥w)’]  (1.77)

Minimizing this integral with respect to iy gives the optimum value,

1
($O)Oprimum i Z (lﬁ’l\' + o ot lI’W) (178)
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Figure 1,10 (a) Enlargement of one of the subareas in the functional integral {shaded),
The trial values of the potential at the neighboring sites are labeled g, s, ¥, and dw,
while the value at the center of the subarcea is fig. {6) One possible iteration is to
replace the trial values at the lattice sites (O) with the average of the valoes at the
surrounding sites (X).

The integral is minimized if iy, i equal to the average of the values at the “cross”
points,

Now consider the whole functional integral, that is, the sum of the integrals
over all the subareas, We guess a set of (i, j) initially and approximate the
functional integral 74 by the sum of terms of the form of (1.77). Then we go
over the lattice and replace half the values, indicated by the circles in Fig. 1.105,
by the average of the points (crosses) around them, 'The new set of trial values
(i, §) will cvidently minimize I{y] more than the original set of values; the new
set will be closer to the correct solution. Actually, there is no nced to do the
averaging for only half the points—that was just a replication for haif of the
subareas of the process for Iig. 1.10a.

There are many improvements that can be made. One significant onc con-
cerns the type of averaging. We could have taken the average of the valucs at
the corners of the large square in Fig. 1.104 instead of the “cross” values. Or we
could lake some linear combination of the two. It can be shown {see Problem
1.22) by Taylor serics expansion of any well-behaved function F(x, y) that a
parlicular weighted averape,

4 1
(Fx, ) = 2 F)e + S (B, (1.79)
where the “cross” and “square” averages are

(Flx, y)). = 3—; [F(x+h, y) + F(x, yth) + F(x—h, y) + Flx, y—h)] (1.80a)

(Flx, y))s = 1 [Flx+h, y+h) + F(x+h, y—h)

(1.80b)
'+ F(x b, ythy + F(x -h, y-—-h)|
yields
3
(FCx, y)) = Flx, y) + 0 W VF a%h" VAVIF) + O (1.81)
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In (1.81) the Laplacians of F¥ arc evaluated at {x, y}. If F(x, ¥} is a solution of the
I.aplace equation, the weighted averaging over the cight adjacent lattice sites in
(1.79) gives I at the center with corrections only of order 4%, Instead of (1.78),
which is the same as (1.80a), a better iteration scheme Uses ¢ew (i, /) = o, N
i+ O(K®). With either the “cross” or “square” averaging scparately, the error is
O(k*). The increase in accuracy with {{¢) is at the cxpensec of twice as much
computation for cach lattice site, but for the same accuracy, far fewer lattice sites
are needed: ({N)} = O({N)*?), where ({N)) is the number of sites nceded with
() and (N} is the corresponding number with the “cross’ or “‘square’ average.
Tiquation (1.81) has an added advantage in application to the Poissan equa-
tion, V24 — —g. The terms of order 2” and h* can be expressed directly in terms
of the specificd charge density and the simplest approximation for its Iaplacian.
It is easy 1o show that the new value of the trial function at (7, j} is gencrated by

2 2
e ) = 0G ) + 5 86 ) 1B el 0G0 (182)

where {g). is the “cross” average of g, according to (1.80a).

A basic procedure for the iterative numerical solution of the Iaplace or
Poisson equation in two dimensions with Dirichlet boundary conditions is as
follows:

1. A square latfice spacing # is chosen and the lattice sites, including the sites
on the boundary, are labeled in some manner [which we denote here as (7, j}].

2. The values of the potential at the boundary sites are entered in a table of the
potential at all sites.

3. A puess is made for the values, called @4(4, j), at all interior sites. A constant
valuc everywhere is easiest. ‘These are added 1o the table or array of “start-
ing” valucs,

4. 'The first iteration cycle begins by systematically going over the lattice sites,
one by one, and computing {({®(i, /) with (1.79} or one of the averages in
(1.80). This quantity {or (1.82) for the Poisson equation) is entered as
P,..(4, } in a table of “new” values of the potential at each site. Note that
the sites next to the boundary benefit from the known boundary values, and
so their {(®)) values are likely initially to be closer to the ultimate values of
the potential than those for sites deep in the interior. With each iteration,
the accuracy works its way from the boundaries into the interior,

5. Omce all interior sites have been processed, the set of @ (i, §) is replaced
by the set of &, (/, 7}, and the iteration cycle begins again.

6. Iterations continue until some desired level of accuracy is achieved. For ex-
ample, one might continue iterations until the absolute value of the differ-
ence of old and new values is less than some preassigned value at every
interior site,

The scheme just outlined is called Jacobian iteration. It requires two arrays
of valucs of the potential at the lattice sites during each iteration. A better
scheme, called Gauss-Seidel iteration, employs a trivial change: one replaces
O 4(i, j3 with @ (i, j) as soon as the latter is determined. This means that during
an iteration one benefits immediately from the improved values. Typically, at any
given site, ((®)) is made up half of old values and half of new ones, depending
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on the path over the lattice. There are many other improvements possible- —
consult Press et al., Numerical Recipes, or some of the references cited at the end
of the chapter. The relaxation method is also applicable to magnetic field prob-
lems, as described bricfly in Section 5.14.
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The classic references 1o relaxation methods are the two books by R. V. Southwell:
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Problems

11 Use Gauss’s theorem jand (1.21) if necessary] 1o prave the following:
(8 Any excess charge placed on a conductor must lie cntirely on its surface. {A
conductor by definition contains charges capable of moving freely under the
action of applied electric fields.)
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(b} A closed, hollow conductor shields its interior from ficlds due to charges out-
side, but does not shield its exterior from the fields due to charges placed
inside it.

(t) The electric field at the surface of 2 conductor is normal to the surface and
has 4 magnitude ove,, where o is the charge density per unit arca on the
surface.

‘I'he Dirac delta function in three dimensions can be taken as the improper limit as

o — 0 of the Gaussian function

Dia; x, 9, 2) = (22)*a™® cxp| - --2% (x? + y* + zz)J

Consider a general orthogonal coordinate system specified by the surfaces u —
constant, v — conslant, w — constant, with length elements duw/U, duv/V, dw/W in
the three perpendicular dircetions. Show that

B 1)~ 8w — w') e - v) Slw o W) UVW

by considering the limit of the Gaussian above. Note that as « — 0 only the infin-

itesimal length element need be used for the distance between the points in the

exponent,

Using Dirac delta funetions in the appropriate coordinates, express the following

charpe distributions as three-dimensional charge densitics p{x).

(a) In spherical coordinates, a charge @ uniformly distributed over a spherical
shell of radivs R.

{b) In cylindrical coordinates, a charge A per unit length uniformly distributed
over 4 eylindrical surface of radius b,

{£) In cylindrical coordinates, a charge O spread uniformly over a flat circular
disc of negligible thickness and radius R,
(d) The same as part {(c}, but using spherical coordinates.

Lach of three charged spheres of radius 4, one conducting, ane having a uniform
charge density within its volume, and one baving a spherically symmetric charge
density that varies radially as #" (n > —3), has a total charge Q. Use Gauss’s theorem
to obtain the electric fields both inside and ontside cach sphere. Sketch the behavior
of the fields as a function of radins for the lirst two spheres, and for the third with
n— -2, +2.

‘The time-averaged potential of a neutral hydrogen atom is given by

q e—CZ( ar
P = —— 1+ —
dmey ( 2 )
where g is the magnitude of the electronic charge, and o™ = apf2, 4, being the

Bohr radinus. Tind the distribution of charge (both continuous and discrete) that will
give this potential and interpret your result physically.

A simple capacitor is a device formed by two insulated conductors adjacent to each
other. If equal and opposite charges are placed on the conductors, there will be a
certain difference of potential between them. The ratio of the magnitude of the
charge on one conductor to the mapnitude of the potential difference is called the
capacitance (in 81 units it is measured in farads). [Jsing Gauss’s law, caleulate the
capacitance of

(a) two larpe, flat, conducting sheets of area A, separated by a small distance d:
(b} two concentric conducting spheres with radii a, b (b > a);

() two concentric conducting cylinders of length L, large compared to their radii
a, b (b a).
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{d) 'Whatis the inner diameter of the outer conductor in an air-filled coaxial cable
whosc center conductor is a cylindrical wire of diamcter 1 mm and whose
capacitance is 3 X 10 F/m? 3 X 1072 Frm?

Two long, cylindrical conductors of radii @, and a, arc parallel and separated by a

distance d, which is large compared with cither radius. Show that the capacitance

per unit length is given approximately by

-1
C= Treo(ln é)
u

where g is the geometrical mean of the two radii.

Approximately what gauge wirce (state diameter in millimeters) would be nec-
essary to make a two-wire teansmission line with a capacitance of 1.2 X 10 1" Ffm
if the separation of the wires was 0.5 cm? 1.5 cm?7 5.0 ¢m?

(a)} For the three capacitor geometries in Problem 1.6 calculate the total clectro-
static cnergy and express it alternatively in terms of the cqual and opposite
charges 0 and —¢) placed on the conductors and the potential difference
between them,

(b) Sketch the encrgy density of the clectrostatic field in each case as a function
of the appropriate lincar eoordinate.

Calculate the attractive force between conductors in the parallel plate capacitor

(Problem 1.6a) and the parallel eylinder capacitor (Problem 1.7) for

{a) fixed charges on cach conductor;
{b) fixed potential differcnce between conduciors.

Prove the mean value theorem: For charge-free space the valuce of the electrostatic
potential at any point is cqual to the average of the potential aver the surface of
any sphere centered on that point.

Use Gauss's theorem to prove that at the surface of a curved charged conductor,
the normal derivative of the electric ficld is given by

18E_ (1,1
E an R, R

where B, and R, are the principal radii of curvature of the surface.

Prove Green's reciprocation theorem: 1f @ is the potential due to a volume-charge
density p within a volume ¥ and a surface-charge density o on the conducting
surface § bounding the volume ¥, whilc @’ is the potential due to another charge
distribution p' and ¢, then

f od' d'x + j o® da = j p0dx + J’ o'D da
v 5 L'd &

Two infinite grounded parallcl conducting planes arc separated by a distance o, A
point charge ¢ is placed between the planes. Usc the reciprocation theorem of
(ireen to prove that the total induced charge on onc of the planes is equal to {+ )
times the fractional perpendicular distance of the point charge from the other plane,
(Hint: As your comparison electrostatic problem with the same surfaces choose one
whose charge densities and potential are known and simple, )
Consider the electrostatic Green functions of Section 1.10 for Dirichlet and
Neumann boundary conditions on the surface § bounding the volume V. Apply
Green’s theorem (1.35) with integration variable y and ¢ — G(x, y), # = G(x, y),
with V7, G(x, ¥) = —4w8(y - - z). Find an expression for the difference [G(x, x') —
G(x’, x)] in terms of an integral over the boundary surface 5.
(a) For Dirichlet boundary conditions on the potential and the associ-
ated boundary condition on the Green function, show that Gp(x, x")
must be symmetric in x and x".
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(b) For Neumann boundary conditions, use the boundary condition (1.45) for
Gulx, x') 10 show that G{x, x'} is not symmetric in general, but that G .{x,
x') - F(x)is symmette in x and x’, where

F(x) - —;— jgs Gulx, ¥) da,

(¢} Show that the addition of ¥(x) to the Green function does not affect the po-
tential ®@(x), See problem 3.26 for an example of the Neumann Green Function,

Prove Thomson’s thearem: If a number of surfaces are fized in position and a given
total charge is placed on each surface, then the electrostatic energy in the region
bounded by the surfaces is an absclute minimum when the charges are placed so
that every surface is an equipotential, as happens when they are conductars,

116 Prove the following theorem: If a number of conducting surfaces are fixed in po-

sition with a given total charge on each, the introduction of an uncharged, insulated
conductor into the region bounded by the surfaces lowers the electrastatic energy,

117 A volume V in vacuum is bounded by a surface § consisting of several separate

118

conducting surfaces §,. One conductor is held at unit potential and all the other
conductors at zero potential,

(2} Show that the capacitance of the one conductor is given by
C- o VO a

where ®(x) is the solution for the potential.
(b} Show that the true capacitance C is always less than or equal to the quantity

CI¥) = e | IWWP

where W is any trial function satisfying the boundary conditions on the con-
ductors, This is a variational principle for the capacitance that yiclds an upper
bound.
Consider the confliguration of conductors of Problem 1.17, with all conductars ex-
cept S held at zero polential.

(a) Show that the potential ®(x} anywhere in the volume V and on any of the
surfaces $; can be written

B(x) — ﬁe—o 3551 oy (x)G(x, %'} da’

where m(x') is the surface charge density on S and G(x, x7) is the Green
function potential for a peint charge in the presence of all the surfaces that
are held at zero potential (but with §; abscnt). Show also that the electrostatic
encrgy is

1

87J'E0 5.

W da 3& da' oy (xX)G(x, X Yoy (x")

where the integrals are only over the surface §;.
(b} Show that the variational expression

£\ da 3‘351 da' () G(x, x')o(x")

Co] = = 0
£1 o(x) daJ

with an arbitrary intograble function o(x) defined on $,, is stationary for small
variations of o away from oy, Use Thomson’s theorem to prove that the

4'?7'&0
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reciproeal of C™Ye| gives a lower bound to the true capacitance of the con-
ductor 5.

For the evlindrical capacitor of Problem 1.6¢, evaluate the variational upper bound
of Problem 1.17b with the naive trial function, ¥,(p) = (5 - p)(b  a). Compare
the variational rcsult with the exact result for b/a — 1.5, 2, 3. Explain the trend of
your results in terms of the functional form of ¥,. An improved trial function is
treated by Collin (pp. 275- 277).

In estimating the capacitance of a given configuration of conductors, comparison
with known capacitances is often helpful. Consider two configurations of n conduc-
tors in which the (n - 1) conductors held at zero potential are the same, but the
one conductor whose capacitance we wish to know is different. In particular. let the
conductor in one configuration have a closed surface §, and in the other configu-
ration have surface Sy, with 81 totally inside S;.

{#) Usc the extremum principle of Section 1.12 and the variational principle of
Problem 1.17 to prove that the capacitance €7 of the conductor with sucface
&1 s less than or equal to the capacditance C of the conductor with surface 5,
that encloses S5,

{b) Sctupper and lower Limits for the capacitance of a conducting cube of side a.
Compare your limits and also their average with the numerical value,
C = 0.655(47eya).

{¢) DBy how much do you estimate the capacitance per unit length of the two-wire
sysiecm of Problem 1.7 will change (larger? smaller?) if one of the wires is
replaced by a wire of square cross section whose side is equal to its diameter?

A two-dimensional potential problem consists of a unit square area (0 = x = 1,

0 = y = 1) bounded by “surfaces” held at zero potential. Over the entire square

there is a uniform charge density of unit sirength (per unit length in z).

(1) Apply the variational principle (1.63) for the Poisson equation with the “vari-
ational” trial function ¥(x, y) — A-x(1 —x)-y(1 y)to determine the best
value of the constant A. [I use quotation marks around variational because
there are ne parameters to vary except the overall scale.]

(b) The cxact {albeit series) solution for this problem is |sec Problems 2.15 and
2.16)

o 16 5 sin{Cm b D] [ cosbl(Zen + Daly = 3]
b ) = T ot 1y {1 cosh[@m + Dai2] }

Fory = 0.25 and y = 0.5, plot and compare the simple variational solution of
part a with the cxact solution as functions of x.

Two-dimensional relaxation caleulations commonly use sites on 4 square lattice with

spacing Ax = Ay — h, and label the sites by (i, j), where {, j are integers and x; =

ih + xp, y; = jh 1 yp The value of the potential at (¢, /) can be approximated by

the averape of the values at neighboring sites, [Recall the relevant theorem about

harmonic functions.] But what average?

{a) I F(x, ) is a well-behaved function in the neighborhood of the origin, but
not necessarily harmonic, by explicit Vaylor series expansions, show that the
“cross” sum

Se = Fh, ) + KO, k) + F(—h,0) + 0, —h)
can be expressed as
h4

8. — 4F(D, 0) 1 HVIF + 5 (Foeex T Foyyy) 1 OGRS
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(b) Similarly, show that the “square™ sum,
Sy — Flh, b}y v F( b, k) + F{—h, —h) + Fth, k)

can be expressed as

4

h|1
Fro + Byyp) + VA(V2F) '+ O(K)
Here F,,,. is the fourth partial derivative of F with respect to x, evaluated at
x — 0,y = 0, etc. If V?'F — 0, the averages S./4 and §,/4 each give the value of
F(0, 0}, correct to order A? inclusive. Note that an improvement can be ob-
tained by forming the “improved™ average,

@o.om -5 s+ s

where
) 3 el h4 2 2 il
(F0, )y — KO, 0) —10 HVEF 46 VHVE) + O

It ¥2F — 0, then § gives F(0, 0), correct to order 4° inclusive. For Poisson’s
equation, the charge density and its lowest order Laplacian can be inserted
for the same accuracy.

123 A transmission line consists of a long straight conductor with a hollow square region
in its interior, with a square conductor of one-quarter the area of the hollow region
centered in the empty space, with edges parallel to the inner sides of outer con-
ductor. If the conductors are raised to different potentials, the potential and electric
ficld in the space between them cxhibit an eightfold symmetry; the basic unit is
sketched in the accompanying fipure. The clficacy of the relaxation method in de-
termining the properties of the transmission fine ¢an be illustrated by a simple
caleulation,

(a) Using only the four interior points indicated in the figure, write down the
relaxation cquation for each point for the “cross™ and the “improved” aver-
aging schemes (defined in Problem 1.22) if the inner conductor has & — 100
V and the outer has @ = (. By performing either the relaxation iteration
process or solving the set ol algebraic equations for each scheme, find esti-
mates for the potentinl at each of the four points for the two schemes.

(b) Trom the results of part a make the best estimate (or estimates) you can far
the capacitance per unit length of the trausmission line.

() (Optional) Using your favorite computational tools, repeat the relaxation cal-
culation with half the lattice spacing (21 interior points} and compare.

Answer: $; — 4887V, D, = 4718V, ©; — 3834V, @, +» 1981 Vand C — 10.23

€ /m |from an accurate numerical calenlation].

Problem 1.23
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124 Consider solution of the two-dimensional Paisson equation problem of Problem
1.21, a unit square with zero polential on the boundary and a constant unit charge
density in the interior, by the technique of relaxation. Choose £ — (.25 so that there
arc nine interior sites. Jse symmetry to reduce the number of needed sites to three,
at (0.25, 0.25), (0.5, 0.25), and (0.5, 0.5). With so few sites, it is easy to do the
iterations with a block of paper and a pocket caleulator, but suit yoursell,

(a) Use the “improved grid” averaging of Problem 1.22 and the simple (Jacobian)
ilcration scheme, starting with 447¢;® = 1.0 at all three interior sites. Do at
least six iterations, preferably eight or ten.

() Repeat the iteration procedure with the same starting values, but using Gauss—
Seidel iteration.

(&) Graph the two sets of results of cach iteration versus iteration number and
compare with the exact values, 47e,0(0.25, 0.25) — 0.5691, d7e, (0.5, 0.25)
= 0,7205, 47e;®{0.5, 0.5) — 0.9258. Comment on rate of convergence and final
aceuracy.





