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Permutations and
Combinations

1.1. DEFINITIONS

A permutation is an ordered selection of objects from a set §.
A combination is an unordered selection of objects from a set 8.

Wemay or may not permit repetition in our permutations and combinations.
Thus, selecting two letters from the three letters @, b, ¢, we have nine permuta-
tions with repetitions permitted:

aa, ab, ac, ba, bb, be, ca, b, ¢
We have six permutations without repetitions:
ab, ac, ba, be, ca, cb.
We have six combinations with repetitions permitted:
aa, bb, cc, ab, ac, be,
and three combinations without repetitions:
ab, ae, be.
The number of permutations of » things taken r at a time, without repetition,
written , P, is easily evaluated. For in a permutation ¢, a, - - - 4, we may choose
a. as any of the n objects, a, as any one of the remaining (n - 1} objects, and

having chosen a,a, - - - a;, we may take a;,, as any one of the (n - - i} remaining
objects. Hence,

Wy nn— 1 lp—r+ 1) = = {#),. {1.L.I)

- n—ri!
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A combination of # things taken » at a time without repetition, say, a,a, - 4,,
will lead to r: different permutations, namely, all »! permutations of 4., ..., 4,.
Hence the number of combinations of # things taken » at a time, written (.
is given by

p ! :
uCr = “__._” o . : (”) 3 (l‘l'zi

rl o in nAlrl r

which is the familiar binomial coefficient. indeed, in the product (x + y)* —
(x + ¥} (x + y), the coefficient of the term x"v" ™7 is the number of ways of
choosing v of the factors x — v, from which we take an x, and then v from the
remaining n - rfactors x + v. We note that

C, = ,Ca_». {1.1.3)

"
The number of permutations of » things taken r at a time. repeats permitted, is
#, singe in a,a, - g, there are n choices for each of ¢y, a,. ..., a, in turn.

To find the number of combinations of # things taken r at a time with repeats
permitted. we cannot simply divide #™ by an appropriate factor, since different
combinations may yield a different number of permultations. Thus, taking
combinations of «, b, ¢, 4, ¢ three at a time, the combination ube gives six per
mutations, the combination aub gives three permutations, and the combination
ara gives only one permutation. Here we use the device of counting a different
set, which is in pne-to-one correspondence with our given set. To a given
combination {say, bbd}, et us adjoin the entire set abcde and write the whole set
in order abbbedde and then insert marks separating the different letters thus:
albbb ¢iddie 1n general, to a combination of » letters, repeats permitted,
from a set of & letters adjoin all # letters and write in order the set of (5 = 1)
letters and then insert {n — 1) marks between the different letters. Thus, with
(1 -+ r) positions to be filled and {# + r — [} spaces between these positions,
we are to insert (# — 1} marks. The number of ways of doing this is

s

(n;r— l\)__(/u_*r— l\)‘ (1141
L or—1 /% £ J

There is a one-to-one correspondence between the ways of inserting the {n -~ 1}
marks in the {n 4 r - 1) spaces and the combinations with repeats of # things
taken r at a time. Hence, this number is (**77'). The expression for the number
of combinations. # things taken r at a time, without repeats and with repeats,
are similar in form. Thus, for five things taken three at & time, the numbers are,
respectively,
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where the factors in the numerators decrease in ong case and increase in the
other.

The number of combinations with repeats permitted of » things taken rat a
time s the number of selutions {x,, x,,....x,) In nonnegative integers x; of

Xy b Xy b b X, t1.1.5

where x; is the number of times the ith object s included in the combination.
This suggests another. but similar, evaluation of the number of combinations,
Puty, —x; ¢ 1,i— 1....,n Then{l.1.5) becomes

A e R R LI Y {1.1.6)

and, the number of solutiens (¥,...., v, of {L.1.6} In positive integers y. Is
clearly the same as the number of solutions of (1.1.5} in nonnegative integers.
Ifwetake{n - r)dotsand place(n — l)marksinthei(n + r - 1)spaces between
the dots, we may take y, as the number in the first set of dots, ¥, as the number
in the second set, and so on. Thus, again we sec that the number of solutions of
(1.1.6] is {"277 '}, and this is in turn the number of nonnegative solutions of
(1.L.3} and so it is the number of combinations of n things r at a time with
repeats permitted.

As g further application of this method we may find the number of combina-
tions of 1, 2,. .., n taken r at a time without including repeats or consecutive
numbers. Let us list 1, 2,...,# in order and put & mark after each number
selected. If there are x, numbers before the first mark, x, between the first
and second mark, and finally x,, , after the last mark, then these determine the
choige and

H= X, + X3+ "~ Nppqs (1.1.7
wherexy = 1, x, = 2,...,x, 2 2, and x,,, = 0. We now write
L i R N B b O T I A R NI R NP S {1.1.8)

giving 4 representation of v — # = 2 as a sum of (r -+ 1} positive mtegers. and
this number 1s (" 757 '), the number of ways of putting » marks in {n - r 4 [}
spaces,

There are an engrmous number of identities involving binomial coeficients.
a few of which follow:

- (1.1.9a}

()
S n) N {0, #oe 0
2= ( I 41 . (1.1.9b)
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< : 5 il
k —1 13 " . j ] =
Pl . s },‘ (a“?\' . 0, 0 \
; {(—1) ( )\k) = {(—1}‘ N (1.19d)

‘These may be derived from the relation

Gt xp =Y (:) X¥,

To obtain (1.1.9a)and (1.1.9b), put x — I and x — — 1, respectively. For{1.1.9c),
differentiate with respect to x and then put{ x — — 1, For (1.1.9d}, differentiate »
times with respect to x, divide by rl, and put x = — L.

If we have permutations ¢,a, - - g, of # objects, of which &. are of one kind,
b, of a sceond kind, and &; of an ith kind for 7 running to r, where naturally
by + by + -0 - b, — n, we may first replace the b; ohjects of the ith kind by
distinct objects in every case, and then we have n! permutations. But by identify-
ing the like objects, we have counted ecach permutation b.!b,!---5b,.! times.
Hence, the number of permutations is

n!
N by+by~ s b (1110
[T re

the familiar multinomial coefficient.

1.2, APPLICATIONS 10 PROBABILITY

In a given situation let us suppose that there are » possible outcomes, which
we label x., x,,...,X,, and which are mutually exclusive. We assign to the
outcome x; a number p; — pix;}, where p; is a real number, p, = 0, and
prtops o op,— L IE an event E occurs along with the possibilities
X, ..., X, and not otherwise, we define the probability of £ as p(£} —
p:, + 4 pi . The assignment of the initial probabilities p,, pa,....p, 18
not a mathematical problem, but is an estimate of the relative likelihoods of
the different outcomes, and in any actuai case the validity of the mathematical
calculation of p(£) depends on the correctness of this assignment.

There are many practical situations in which it seems reasonable to consider
the n outcomes as ¢qually likely, and so we take p, — py- - — p, — /. In
this case the probability of the event E occurring along with m possible out-
comes, but no others, is p{E} = m/n. In such a situation the calculation of
p(E) becomes the purely combinaterial problem of calculating m, the number
of possible cutcomes vielding the event E. In throwing at random a die whose
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six faces are numbered from 1 to 6, it seems reasonable to assume that any
face 15 as likely to come on top as any other, if the die is of uniform density.
In this case, we take p; = p, — -~ — p, — 1/6, where p; Is the probability
that the face numbered { will come up. If we are merely interested in whether
or not a 6 comes up, we consider only two possible outcomes, putting p = 1/6
as the probability for a 6 and a p* = 5/6 as the probability of not getting a 6,

Let us suppose we have N urns numbered from 1 to N. We are {o place at
random n balls in the urns, where # < N, We ask the probability that each of
the urns numbered 1 1o 7 will contain exactly one ball. This prebability depends
on two things: (13 whether the balls are distinguishable ¢or indisunguishable,
and (2) whether there is an exclusion principle that does not allow a second
ball to be placed in an urn that already contains onc ball, If the » balls are
distinguishable and there is no exclusion principle, there will be N* ways of
placing the n balls in the N urns. There will be ol ways of placing them in the
urns numbered 1,..., i placing one in each of these urns, With these con-
ventions, the probab1 ity is

nl

N (1.2.1}

plEY —

If the balls are distinguishable and there is an exclusion principle, the first ball
may be placed in any one of N urns, the next in any one of (N - ) urns, and
the ith in any one of (N - { + 1) urns, whence the number of ways of placing
the n balls in the N urns is P, = N(N - 1}- -~ (N — n = 1. They may be
placedinurns 1,...,ninz’ ways, and under thesc conventions, the probability is

")

If the balls arc indistinguishable and there is no exclusion principle, we are
asking for the solutions of x, + x, + -+ xy = n in nonnegative integers x.,
where x; s the number of balls placed in the ith urn. This, as we noted in the
preceding section, is the number of combinations of N things taken # at a time

plf)—

{1.2.2}

with repeats permitted, and is (Y771, Exactly one of these is the solution

Nem= Ny =t X, L Xy = Xpp, =0 — xy — U5 Ao this case our prob-
ability is

1 . \

PE) = {1.2.3)

‘N +n-—1
o

From the physical standpoint, “indistinguishable™ means that one combination
is as likety as another,
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If the balls are indistinguishable and there is an exclusion principle, the
number of ways of placing the balls is merely the number of combinations of
N things taken » at a time without repeats, and this is yC, — ¥). The choice
of the first # urns is a single one of these combinations, and here the probability is

1
o)
kS n}
Note that this is the same as (1.2.2), so that with an exclusion principle, the
probability is the same whether the balls are distinguishable or not.

In statistical physics we consider a collection of » particles, which may be
protons, electrons, mesons, neutrons, neutrinos, or photons, each of which
may be m any of N “states,” which may be energy levels. The macroscopic
state of the system of the » particles is a vector x — {x,, x,5...., xy}, where
x; is the number of particles in the ith state. The probability of any single
macrescopic state depends on whether or not the particles are distinguishable
and whether or not the particles obey the Pauli exclusion principle, which
says that no twe {indistinguishable) particles may be in the same state. If the
particles are considered distinguishable and do not obey the exclusion principle,
the probability of any single macroscopic state is given by (12,1} and the
particles are said to obey the Maxwell-Boltzmann statistics. If the particles
are indistinguishable and do not obey the exclusion principle, the probability
is given by {1.2.3}, and they are said te obey the Bose-FEinstein statistics. If
they are indistinguishable and do obey the exclusion principle, the probability
is given by (1.2.4), and the particles are said to obey the Fermi- Dirac statistics,
Electrons, protons, and neutrons obey Fermi--I}rac statistics. Photons and
pi-mesons obey Bose-Einstein statistics. The case {1.2.2) of distinguishable
particles with an exclusion principle does not arise in physics.

At high temperatures, when the number N is large and the different micro-
scopic states are approximately equally likely, the Fermi-Dirac and Bose-
Einstein statistics are essentially the same as the classical Maxwell-Boltzmann
statistics. At low temperatures, the low-energy levels are more likely than the
high-energy ones, and then the preceding models must be modified accordingly,

{1.2.4)

P(E} —

PROBLEMS

1. Prove
i(r\’/ s 0 (r+s\)
:O\i.km—f‘) om

i

Hint: (1 + x¥(1 + x¥ — {1 + x¥**. Give an alternate proof of this identity
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by considering the number of ways of choosing a committee of m people
out of a group of  men and s women.

A flag is to be designed with 13 horizontal stripes colored red, white, or
blue, subject to the condition that no stripe be of the same color as the one
above it. In how many ways may this be done?

How many positive integers less than 107 (in the decimal scalej have their
digits in nondecreasing order?

In how many ways may #» identical gifts be given to r children (a} under no
restriction and (b) if each child must receive at least one gift?

A hand of five cards is selected from a deck of 4n cards that contains four
different swits, each with »n cards, n 2 5, numbered I,..., n. Rank in order
of increasing frequency, depending on the value of n, the following hands;
a straight flush {five consecutively numbered cards of the same suit), four
of a kind {four cards having the same number), full house (three cards of
one number, the other two of another number), fush (Ave cards of the same
suit}, straight {five consecutively numbered cards), three of a kind (three
cards of the same number}, two palr {two cards of one number, two others
of a second number}, and a pair {lwo cards of a number).





