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CHAPTER 1

Point

Estimation

1.1. INTRODUCTION

The following rough definition of our subject may serve tentatively: The
analysis of variance! is a statistical technique for analyzing measurements
depending on several kinds of effects operating simultaneously, to decide
which kinds of effects are important and to estimate the effects. The
measurements or observations may be in an experimental science like
genetics or a nonexperimental one like astronomy. A theory of analyzing
measurements nafurally has implications about how the experiment should
be planted or the observations should be taken, i.e., experimental design.
Historically, the present technique of analysis of variance has been devel-
oped mainly in connection with problems of agricultural experimentation.

An agricultural experiment of a relatively simple structure to which the
analysis of variance would be applicable would be the following: In each
of three localities four varieties of tomatoes are grown in tanks containing
chemical solutions. Two different chemical solutions, which we shall
call “treatments,” are used, with different proportions of the chemicals.
For each treatment in each locality there is a mixing tank from which the
fluid is pumped to all the tanks on this treatment, connceted “in parallel:”
We do not want a “'series™ conncection, where the outflow from one tank
is the inflow to another, because this would confound the effects of the
varieties in these two tanks with the effocts (if any) of ordar in the “series”
connection. The tanks are arranged outdoors with the same orientation,

- The analysis of variance, as commonly understood and practiced today, bas been
developed chiefly by R. A, Fisher (1918, 1925, 1933}, who introduced the terms variance
and analysis of variance into statistics.  The latter ferm would seem more appropriate
for the random-effects models (Ch. 7), and these may constitute the path by which
Fisher himself oripinally approached the subject. For some historical background

see Scheffé (19368).  Names {ollowed by dates in parentheses refer to the author index
and bibliograrhy at the end of the book.
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so that the plants in one tank will not appreciably shade those in another,
etc. For each treatment in the three localities the chemicals are renewed
according to the same specifications. Each variety is grown in a separate
tank, with the same number of plants in each. ‘The yield of each tank is
the weight of ripe tomatoes produced. (Later we shall speak about an
observed yield and a “true” or expected yield.)

The yield from a tank may depend on the variety, the chemical treat-
ment, and the jocality. In particular, it will depend on inreractions
among these factors, a useful concept of the analysis of variance that we
will develop later (sec. 4.1). The sort of questions for which our theory
offers answers is the following: Are the varieties different in yield when
averaged over the two treatments and three localities? Do the vields
demonstrate differential effects of the varietes for different localities?
How can we quantitatively express the differences with a given degree of
confidence?  lic.

The developments in the remainder of this chapter and in Ch. 2 are of
a generality that may somewhat dismay a reader expecting to find results
whose usefulness is clearly visible to him. Such a reader may be en-
couraged to work through thess two chapters by the following remarks:
Beginning with Ch. 3, he will find that most of the material in the rest of
the book is of a more obvious usefulness, 'The general developments of
Chs. 1 and 2 furnish the foundation not only for obtaining these results,
but also for carrying out the analysis of variance in cases he may encounter
that do not fall under any of those treated specifically and in detail in the
rest of the book.

1.2. MATHEMATICAL MODELS

Suppose that we have # observations or measurements.  In the mathe-
matical models emploved in this book it is assumed that these observations

are values taken on by # random variables® yy, 4, - - -, ¥,, which are
constituted of linear combinations of p unknown quantities §;, .-+ . &,
PLUS BIEOrS €, 85, 7 * *y Oy

(1'2'1) y& = x}ifgl + :c?.fﬁz + T h*' x»e‘ﬁp _+_ €, (i = I? 2> Y fz)»

where? the {x,} are known constant coefficients. {The reader un-

familiar with the brace notation {} should read the footnote.*j The

? We will generally use the same symbols {or random variables and for their observed
values in this book. (Exceptions eccur in secs. 2,10 and 9.3.)

* 1t might seern more ratural to permute the subseripts on the x's in (1.2.1), but the
present nedation is standard. 1t would seem appropriate in situations where x,, is the
value assumned by an “independent™ variable x, in the ith observation; see sec. 6.1,

1 "I'he brace notation denotes the se of quantities indicated:  Tn this case {x,,} means
the set consisting of the #p quantities x;; withj=1,2,- - - p; 1-: L2, « - . m
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{42;} are more or less idealized formulations of some aspects of interest
to the investigator in the phenomena underlving the observations. The
purpose of the analysis of variance is to make inferences about the {e ]
and some of the {4,}, the inferences to be valid regardless of the values of
the other {#,], 1f any, which we may be mors desirous of “eliminating”
than “‘assessing.”

A minimal assumption which is always made on the random variables
{e,} is that their expected values are zero:

(1.2.2) Fle) =10 (=12 -n
We shall also usually assume that
{1.2.3) Eepe,) = oy,

where ¢% 15 an unknown constant and 4, is 0 or 1, according as { # j or
{ — j, rgspectively.  'Fhis is equivalent to saying that the random variables
{e.} are uncorrelated fi.e., have zero coefficients of correlation) and have
equal variance o2,

We may now make our definition in sec. 1.1 gradually more precise:
The anaivsis of varionce is a body of statistical methods of aualyzing
measurements assumed to be of the structure {1.2.1), where the coefficients
{z,} are integers usually 0 or 1. {u order to clarify® this it is necessary 1o
consider not only the values of the {x,} but also their origin in the real
situation being investigated: In the analysis of variance the {x; are the
values of “counter variables” or “indicator variables” which refer {o the
presence or absence of the effects {8,} in the conditions under which the
observations are taken: &, i3 the number of times &; occurs in the ith
observation, and this is usually® 0 ar 1. If the {,,} are values taken on in
the observations not by counter variables but by continuouns variabies
like r — time, T == temperature, 2, e7%, 1T, 17, cic. (these are called inde-
pendent or concomitant variables, and the observations {y,} are then
said to be on a dependent variable y; see sec. 6.1), we say we have a case
of regression analysis. 1f there are some {x;,} of both kinds, we have an
analysis of corvarionce, More natural and meamnﬁfﬂl but equivalent
definitions 1o distinguish among the three kinds of analysis, all of which
fall under the general theory of Chs. 1 and 2, will be formulated in Ch. 6
after the reader has becoms accustomed 1o thinking in terms of the factors
that are varied in an experiment or series of observations.

® These definitions and those of sec. £.1 grew out of helpful discussions I had with
Professor Wililam Kruskal and Dr, Mervin Muiler,

# For an example where some x;; = —1 see Scheffé (1952), sec. 75 where some
Xj: =+ 2, see Kempihorne (19523, sec. 6.8,
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Up to now we have not specified the nature of the unknown effects {3,
They may be either unknown constants, which we then call paramsters,
or unobservable random variables subject to {urther assumptions about
their distribution involving other unknown parameters.  We shall call a
model in which all the {8,} are unknowrn constants a fixed-effects model.”
It often happens that one of the {£,} is a constant which occurs with every
observation with coefficient 1 so that, for this /, 2, = [ forall /. We may
call such a #; an additive constant (in applications it is usually a “general
mean” in some sense). A model in which all the {2} are random variables,
except possibly for one which is an additive constant, is called a randem-
gffects model,  Tmtermediate cases, where at least one 4, i3 a random
variable and at least one is a constant not an additive constant, are called
niixed models.

Examples: We wish to illustrate the notation now, but it is not convenient
lo use typical analysis-of-variance examples at this point because they would
infroduce other complications better postpored.

1. Consider the problem of fitting a pelynomial of degres three,
¥ = ayta @t est+ar®, 1o a ser of observed values e,y =1, - n,
assuming that ¥, is a random variable, z; is not, and the expected value of ¥,
is the ordinate on the cubic curve at @ — x;;

Eyd = ag 1 ayr; + aurt + agrh,

Wehaveinthiscasep = 4, By = a;,; (=1, -+ . 4), Wenote that the regres-
sion, in this case ay+a;2+ar* +ayx®, need not be lingar in the “independent™
variable &, but only in the unknown parameters,

2. Another problem might be te fit a trigonometric polynomial to some
pericdic data with known period (which by charge of the time scale we could
make 2}

Fly)y = ay + aycost; + by sing;
-+ @ cos 28, - by sin 24
‘1 ffy €08 34 -+ By sin 31,

Here the observation », Is made at time £, and the {3} are the seven a’s and b’s.

‘These examples indicate that our models include a great variety of
situations,

The development of the general theory in Chs. 1, 2, and 6 15 greatly
facilitated® by the use of vector and matrix algebra. The author hopes he
has given a sufficient introduction to this in Apps. [ and I, We define

7 Fixed-effects models are also called Model I, and random effects models, Model 11,
following Eisenhart {1947).
% See Preface.
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the vectors (vectors and matrices will alwayvs be printed in holdface
type}

i i
Y1 S €1
e s €3
. - 1
yrnu:_ , gpxl N enx4 s
't?)‘r"sl ﬁ}; L €
and the matrix
0 1)
Typ Fye g,
@ . *
21 42 Zn
N
xe R
x:ﬁl '_%2 * lﬁ}?“

where superscripts r X s on 4 matrix indicate that the matrix has » rows
and s columus.  When there is no risk of ambiguity we drop the super-
scripts.  The set of equations {1.2.1) then takes the simple form

{1.2.4) ¥y —=XB +e
where X’ denotes the transpose of X,

Matrix Random Variahles

Definition: Given a matrix V'™ of jointly distributed random-variables
{.;; with finite expectations,

Yy Ty Uyq
v b2} . !
21 Pan Te
¥ =
| LN 2 {"rsl

we define the expected palue of the matrix V 1o be the matrix
Elvg) Elvg) - -« Elyy)

£ o E - e 4 og
(1.2.5) (V) = () Elbp) Ela |

‘E(yrl) E(Urz) et E(vrs)
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This definition enables us to write the conditions £1.2.2) and {1.2.3) in
the condensed matrix form

(1.2.6) ey =0, Elee'y == 771,
where € is the #x | zero matrix and I is the # X identity matrix.

Lemma: Tf A?*"and B**% are matrices of constants and V***# {s g matrix
of random variables we have the relation

(1.2.7) E(AVB) = A E(V)B.

Proof: 1nthe proof only the linear operator property of the operator £
on ordinary random variables is utilized, i.e., E{an+ by) = a Elx}-+ b Ey),
if @ and & are coustants, and » and ¥ are random variables.

Covariance Matrices

Consider a vector ¥ == (g, + -, 1) of jointly distributed random vari-
ables all having finite variance. We eall the matrix
(1.2.8) %, = (Cov (v, 1,0,

whose i,/ element is the covariance of ¢, and ry, the corariance marrix of v,
Write u, = £, so Cov (v, 0,0 — El{v,—u Hr,—p3]. Then by (1.2.5)
Wwe may write

(1.2.9) %, = Ej(v—p)v—u),

where i =— E(v).

We shall make frequent use of the following property: For a lincar

transformation
wm):l — Amxn‘,raxl

from # random variables ¢y, -+ -, v, to mr random variables wy, -+ =, W,
with matrix A, the covariance matrix of w is given by
(1.2.10) X, — A¥ A

Proof: &, — E(Jw — E(wilw — E(w)]') = E(Alv — EW)]lv — EM'A)
= A f([v — EWy — FNMDHA" = AR A"

1.3. LEAST-SQUARES ESTIMATES AND NORMAL
EQUATIONS

We use the symbol {2 throughout this book to denote a set of funda-
menta!l or underlying assumptions. Here we consider the following ones
already mtroduced in sec. 1.2:

Q: yl=XpF 4 &l Ele) =0, Elee") = o7,
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which may be written even more briefly as
Q: Hyy=X8, %, =%

Suppose that 5y, - - -, b, denote quantities which we might consider
using as estimates of Gy, - - -, f,. The £, - -, 8, are fixed unknown
constants, whereas the £, - - -, b_ will be quantities that we vary freely in
deciding which are the *best” values in some sense. For any b=
{(by, -+, b,y weform

nod i W2
(13.1) Hyby= 3 (v - Sy
i=1% =1 i

This might be interpreted as X7é;, where ¢, denotes the estimate of the

error ¢; in the vhservation g, in (1.2.1) if B 13 estimated by b, 1t can be
regarded as a measure of how well the model with 8 estimated by b fits
the observations, the smaller & is, the better the fit. In matrix notation
we may write & = (y—X'bY(yv—X'b) or, if the length of a vector v is
denoted by ||v]. as

(1.3.2) Ly, b} = |ly—X'bj%
Definition: A set of functions? of ¥ {i.e., a set of sraristics),
51 — ,g_t(f}s St B,a = ﬁg}(f)a

such that the values b, = 4, (j— 1, + -, p) minimize &y, b}, is called a
set of LS (feast-squaresy'® estimates of the {3,}.

Normal Equations

We shall see that .S estimates always exist, but need not be unique.
Later it will be seen that any set of 1.5 estimates satisfies the conditions
(the reader whose calculus is rusty should read the footnote!t)

a5y, bféb, — O {(v=1,+- - phr

® For the mathematicaily advarced reader we remark that here and elsewhere we
mean measerable Tunctivns. If the {[;} are unique they turn out to be linear functions
of ine {y;}; if they are not unique there are infinitely ~any which are lizear furctions,
and 1t might be convenient {for example in considering their ¢ovariance matrigy to
restrics them to limear functions.

¥ The LS (least-squares; method of estimation was invenied indeoendently, and
pubiished in books on astronomicai problems, by Gauss {1809) and Legendre (1806).

1 The notation &5(y, h}féd, denotes the partial derivative of #(y, b) with respect
to §,. meaning an ordinary derivative with respect to 5, when the other b} are held
consiant, Al the partial derivatives needed in this book can be written down at once
by the following rule: We shall always want the partial derfvative with respect to
some variabie 6 of a function & which is a sum of squares of exprressions each of which
18 linear in 6 {ie., of ihe form AL 80, where 4 and B do not depend on ). This
Dartiai derivative is equal to twice the sum of products of those expressions {nat their
squares!) contaizing ¢ by the coefficierts of & in those expressions,
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These give
AP b, = —-2_ ( zxf by }r (r =1, p),
or -
27 #
(1.3.3) Z Tuby = 2 0. (p=1--p
=1;5= i=1
These equations may now be written in matrix form
XX'b = Xy,
or, with 8§ = XX/,
(1.3.4) Sb = Xy.

These are the normal equations. We use the symbol B for any solution b
of them, reserving the symbol f for LS estimates exclusively. However,
we are going to show that every solution of the normal equations is a sat
of LS estimates, and every set of LS estimates satisfies the normai equa-
tions, so that thereafter it will be justified to write simply 8 instead of .
In setting up and solving the normal equations in practice, we do not
distinguish in the notation between b and B, setting &5y, B)fdf, =
{(r =1, - -, p), solving for B, and then denot’ng the solution @ by 1@
We hope that it will not be confusing after this explanation.

Geometrical Interpretation

We are now going to prove the existence of the 1.8 estimates and their
equivalence to the solutions of the normal equations.  For this purpose
we use results from vector algebra which are derived in App. L

In the a«<limeansional space V, we introduce the vector of means
7 = L{y): so under Q

(1.3.5) <t = X'B,

which we also write as (this is obvious by the interpretation of matrix
multiplication above (I1.7) of App. Th)

n = BE + g+ - -+ 5E,

where the vector 7! is the jth column of X',

Let r denote the rank of X, and ¥, the rdimensional vector space
spanned {see App. I} by the vectors §, - - -, E,. Then a vector 2*** lies
in V. if and only if there exist coefficients b, - - - B, such that
2= hE -+ -+ bE . Inparticular, v £ V, under L.

Let 2 = X'b, where we think of varying b, Then from Theorem 2 of
App. it follows that (v, by = |ly—z{* has a minjmum which is attained
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when and only when z is the veetor # defined to be the projection of y on
¥, Since % 1sa vector in V,, it can be written as a linear combination of
g, K, Le., there exist by, « - +, &, such that

(1.3.6) DESENAE SR R

here ) is unique but the {6} in general are not.  Since ¥ is a function of ¥
only, and not of unknown parameters, the {#,} in (1.3.6) mav also be taken
te be functions of ¥ only, and they are then LS estimates- -whose existence
we have now demonstrated. Furthermore, any {b,, - - -, b,} which are
functions of y only will be a set of LS estimates if and only if X'h = 4,
which is true if and only if each of the following statements holds (each

statement is true if and only if the following one is true; the symbol
denotes “Is orthogonal to”'},

Xb =1,
y—~Xb .V,

(1.3.7} y—Xb g (J=1L:"p)
€y — X'b) = (J=1""4p)
X{y — X'y = 0,

{1.3.8) XX'b = Xy.

Here (1.3.7) follows from Temma 8 of App. 1, and (1.3.8) states that b
satisfies the normal equations. We have now proved that 1.S estimates
Ai, -+ - B, always exist, that any set of LS estimates satisfies the normal
equations, and that any solution §i, - * -, ﬁ;, of the normal equations,
which is a function of y only, is a set of LS estimates.

Thus, there is no reason for using the svmbol é any more, and f§ will
dencte a solution of the normal equations as well as a set of LS estimates.

The situation can be easily visualized as in Fig. L.3.1,

Notation: We use the symbel &, for the minimum value of %y, b),
(13'9) yﬂ = '-g?(y, {3)9

where f is any set of 1S estimates, or any solution of the normal equations,
We shall call %, the error sum of squares, because in sec. 1.6 we shall see
that it provides an estimate of the error variance 6% Although B is not in
general unique, S(y, B) is. A very useful expression for &, is

(1.3.10) L= St — Nir,
£ Hq ety

where {8, + -, 8,} is any set of 1S sstimates, and r, is the right member
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e (leng'hy® = win o7 = &,
O

i )
L/

~tlengt)’ = | y-a|"s oy

Fus, 1,31

of the »th normal equation (1.3.3), "1his expression may be derived as
follows:
Fa=G—XBG—XP) = yy — FXy + BXXE-Xy),

where we have used the fact that y'X'B equals its transpose because it is a
Ix 1 matrix. 'This reduces to (1.3.10} because $ satisfies the normal
equations XX'B = Xy.
Case where {3 is Unique

The case where the pxn matrix X is of rank p Is ofien called the case
of maximal rank, or the case of full rank, because usually p << n. If
rank X = p then (134} has a unique solution {and only then}. In
Theorem 7 of App. I we prove that rank 8 == rank X, and herce in this
case 8§ is nonsingular.  Thus 8-1 exisrs, and the solution is given uniquely
by
(L.3.11) B =8 Xy
Applying {1,210}, we then obtain for the covariance matrix of

E; = (STX)E,(STXY.
But S-1is symmetric since S is, hence
¥, = o*STXXS,

and 30 finally

(1.3.12) X;— S
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Remarks: The case in which rank X — p sometimes occurs in practice.
(it occurs usnally in regression theory but not usually in the analysis of
variance.} One does not then need the matrix 871 in order to solve the
normal equations.  However, it is generally a good idea to compute S-1
first and then § from (1.3.11) since it is almost always desirable sub-
sequently to get also the covariance matrix &z The lack of unigueness
of the LS estimates {8,} in the case where rank X < p is related to a similar
nonuniqueness of the parameter values {f,}; this is discussed further at
the end of sec. 1.4, In connection with the result (1.3.10) involving the
right members of the normal equations, and the result {1.3.12) if we think
of S denoting the matrix of coefficients of the left members of the normal
equations, it is of course essential that the normal equations be in exactly
the form (1.3.3), where the »th equation is obtained by dividing by —2
the equation 8.%7/34, = 0 and transposing to the right member the known
term resuliing from the differentiation.

L4, ESTIMABLE FUNCITONS. THE GAUSS-MARKOFF
THEOREM
The useful concept of estimable functions'®is formulated in the following
two definitions.

Definition: A paramerric function is defined to be a linear function of

the unknowi parameters {J,,* - -, 5,} with known constant coefficients
{C'_'I.'s T {:“”Q,
?j\
(1.4.1) g = 2 Gf
i=i
We introduce the vector ¢~ = (g, - -, ¢,); then we can write
p =B,

Definition: A parametric function w is called an estimable function if it
has an unbiased linear estimate, in other words, il there ¢xists a vector of
constant coeficients a®*! such that

(1.42) Ea'y) — v,

identtcally in f§ (ie., no matter what the true values of the unknown
parameters {5,5).

Theorem 1: The parametric function y — ¢ is estimable i and only
if € 1s a linear combination of the rows of X', ie., if and onfy if there
exists a vector a®*! such that

‘B Due to R, C Bose {1944).
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Proof: w=¢'B is estimable if and only if there exists a"*! such that
{1.4.2} is satisfied. But £fa’y} — a’Z{y) = a’X'8, and the condition
a’X'B = ¢'B is satisfied jdentically in f if and only ifa’X" = ¢'.

We note that in nonmatrix notation the totality of estimable functions
is {XF_yam,) where i, = E(y) — X728, and {ay, - - -, a,} is an arbit-
rary set of » known constants.

For the proof®® of the main theorem of this section we shall use the

Lemma: If y = ¢'B is estimable, and if ¥, s the space spanned by the
columns of X', there exists a unique linear unbiased estimate of y, say
a*y, with a* e V. If a'y is any unbiased lincar estimate of 1, then a*
is the projection of a on ¥,

Progf: Since w is estimable there exisis an a
Leta = a®*+b, wherea®* sV, b 1 V,. Then
p == E@'y) = E@™y) + Eby) = Ea*y),
since E{b’y) = b'X'B and b'X’ = € by orthogonality of b to the columns
of X". Thus a*'y is an unbiased linear estimate of ¢ with a* s V. Sup-

pose that the same 15 true of &'y, Then we have identically in 8

0 — E(a™y} — Elay} == (a* - 2)'X'B,
so (a*—o)X ~ 0  Thus a*-e | V, and & V., and hence = 0. This
proves the uniqueness of a*’y.  The earlier part of the proof shows that
for gany unbiased estimate a’y, a* is the proiection of a on V.

x|

for which E(a’y) = w.

Thearem 2 (Gauss~Markofl Theorem}: Under the assumptions £:
Fiyy = X'B, ¥, = ¢, every estimable function » — ¢'@ has a unique
unbiased linear estimate ¢ which has minimum variance in the class of all
unbiased linear estimates, The estimate § may be obtained from y —
5% e;8; by replacing the {#,} by any set of LS estimates {fy, - -+, 5.},

Preof: let a¥y be the unbiased linear esiimate of o with a¥* e ¥,
whose existence and uniqueness is given by the lemma, and let a'y be any
unbiased linear estimate of . Then a* is the projection of a on ¥V, by
the lemma, and

= e =
By {1.2.10) with m — 1,
Var (8'y) = a',a = o%lal]* = o [a¥* + o®la—a*|}

.
= Var (a*’v] }-c%a -a®A

Thus Var (a'v) = Var (a*y) with equaiity only if a = a* Hence a*'y

is the unique unbiased Jinear estimate of y with minimum variance.

13 This method of proof of the Gauss Markoff (neorem was suggesied to me by
Professor Werner Gautschi,
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[t remains to prove that a*y — ¢'B. Now a*'(y—#) =0, where
ﬁ - X'B is the projection of y on V,, since a* ¢ V, and y~9 1 V.. Also
¢ = a¥X’ since ¢'B - E{a*y) ~= a*X'B identically in B. HLH(,C a¥y =

a*f = a¥X'B = .

Definition: For any estimable function s, its unique minimum-variance
unbiased linear estimate ¢, whose existence and structure are given by
Theorem 2, will be called the LS estimate of 3.

We have previcusly employed the terminology of “LS estimates™ for
the LS estimates {7} of the {#,3. It might be extcndcd to calling T¥¢,8;
the 1.$ estimate of any linear function X¥c,4,, if the {3,} are any set of LS
estimates of the {7} Jt would then follow that the LS e¢stimate of
28,8, Is unique if and only if X¥¢,f, is estimable. However, we shall be
interested in LS estimates only of estimable functions and of the {8,}.

Corollary 1: If {yy, - - », w } are estimable functions every linear com-
bination 1 = Zih,y, s estimable and its 1.5 estimate ¢ is 2945, where
p, is the LS estimate of y,.

Proof: Since 23k, is an unbiased linear estimate of 1, 1 is estimable.
Suppose that t, = X7_ir,8,, Then w = I (2 ke, )8,. Appl ying The-
orem 2 to both y, and g, we hnd their LS estimates to be 4, — Zc,,5; and

= X (E he 3)”1. where the {5} are any sct of LS estimates of the {5;}.

Il

He nee $ = X%,

Side Conditions on the Parameters and Estimates

If rank X < p then we kave seen that the LS estimates {3y, « -, £,}
are not unique, since they are any set {hy, * - -, b, of statistics satlsfying

(1.4.3) bE 4+ bE, %

where §; 15 the jth column of X', and 4 is the projection of y on ¥, the
space spantied by the {§;}. A similar indeterinacy affects the parameters
ifiy, - - -, A, through the relation

(L4 Bt B8, =,

in the sense that different sets of values for the {£,} will give the same ¥
and hence the same vector of observations ¥ — vj+e.  We note however
that if ¢'B is any estimable function it has the same value regardless of
which B is used in (1.4.4), since by Theorem ! there exists a constant
veetor a such that ¢ — a'X’, and thus ¢'B = a'y depends only ony. If
it is desired to eliminate these indeterminacies two courses are open:

(i). Consider a “reduced” problem with only r parameters {5}, This
can be achieved by choosing r linearly independent veetors from the set
{€-- - &} as u basis for ¥, as in the proof of Lemma 2 of App. I, and
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keeping only the # corresponding {8;5.  This gives us a new # X r matrix
of coefficients instead of the old X’ and the resulting “reduced” problem
is a case of maximal rank, Le., the rark of the new X equals the new
number of {#,}

(i1). Put suitable side conditions on the p parameters {£;} and their
estimates. Thus, we would achieve the same result as in (i) if we agreed
that for the p--r parameters {3, there discarded we always take §; =
and 5, = 0. In most analysis-of-variance situations it is conw,ma,nt to
add Tinear restrictions of a more general form than this to produce the
desired uniqueness. We therefore consider subjecting the {8} to ¢
(¢ = p—r) linear restrictions H'B = 0, where H'is & tx p matrix of known
constauts. It will usuaily be almost obvious that the restrictions adopted
In practice make the {£,} unique in the sense that for every possible set
{8,} in the original problem there will exist a unique set {5} satisfying

(1.4.5) XB=Xf and HE =0

the first of these conditions says the {f,} give the same % —= X'B as the
{f,}. The two conditions (1.4.5) will then make the {§;} uniquely deter-
mined functions of the {5}, We will prove below that these are estimable
functions in the original problem so that then every parametric function
¢'B in the new problem is an estimable function in the old problem.  We
shall also show that there is then a unique set of 1§ estimates {4,} which
satisfy the side conditions H'f8 = 0, i.e., a unique solution of the normal
equations which satisftes the side conditions. 1n later parts of the book,
when applying this theory of making the parameters and their estimates
unique by subjecting them to appropriate side conditions, we shall omit
the tildes (~) from the {§;}, but it will clarify the derivation of the theory
to keep the distinction in the notation for the present. (If the non-
mathematically inclined reader is willing to accept all this without proof
he may skip the rest of this section.)

We will see in & moment that we shall have to consider the trivial estim-
able function ¢'@ all of whose coeflicients are zero, which we shall write
0'B. Tt is clear that, aside from 0’8, an estimable function ¢'B can take
on every possible value & for suitable choice of B (for some » such that
¢, # 0 take f#;, = kd,fc,). Denote the ¢ rows of I’ by hy,- - - hi
Evidently we cannot let any h!B be estimable, unless it is 0’8, since we are
going to add the restriction H'B — 0, or all ki = 0, and, if h;B is estim-
able, h’ﬁ == h}B by the remark made after (1.4.4), and can take on every
value k. More generally, no linear combiration of the [h;B} must be an
estimable fumction except O’ (it is quite possible that 0’8 may be a linear
combination of the {hi@} with coefficients not all 0, since we permit the
h;} to be linearly dependent). By Theorem [ we may state this as
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follows: No linear combination of the rows of H' except!® 0' can be &
lingar combination of the rows of X',  On the other hand if the solution
B of (1.4.5) is to be unique, the rank of the composite (n41#) X p matrix

(1.4.6) G = ( :;I)

must be p: For, by use of pariitioned matrices (see end of App. 1I),
(1.4.5) may be written as G'B = n*, where

_’X! A
(1.4.7) 7= | OB)
N /
is a vector with #--7 components, or
(14.83) 51& + B+ 0 ﬁagrz =¥,

where g, is the jth column of G'. By Lemma 3 of App. I, the cocfficients
{4} in (1.4.8) will be unique if and only if the {g} are linearly independent,
te., rank G" = p.

That the two necessary conditions we have found on the matrix H are
also sufficient for cur purpose will follow as Carollary 2 fo the following
theorem. The theorem Is stated as a purely algebraic result. In its
statistical interpretation, condition {b) of the theorem is equivalent to {b'):
No linear combination of the rows of I (i.¢.. no lingar combination of
the parametric functions we equate to zero in the side conditions) is an
estimahle function except 0'B.

Theorem 3: Suppose that X' is nxp, H is rxp, rank X' =r
(p>rt=p—r), and V, is the space spanned by the columns of X',
Then the svstem

(1.4.9) X'b =z, Hb ~ 0

has a unique solution b ** for every 2" £ V, if and only if the lollowing
two conditions are satisfied: {a) The rank of the composite marrix

f X}
- (}I’)

is p.  (P) No linear combination of the rows of H' is a linear combination
of the rows of X’ except .

Proof: Most of the proof consists of showing that there exists a solution
b for every z = ¥, if and only if condition (4} is satisfied. 1t follows by
the argument stated above in connection with {1.4.8} that if a solution b
exists it is unique if and only if (¢) is satisfied.

M We write 07 because we are thinking here of 0 as the zero vector; however it
would be pecfectly correct to write 0 instead for the £ % 1 zero matrix.
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Write (1.4.9) a5 G'b = z¥, where 2* is the vector with n41 components

= ()

or

bigy + buge + -+ -+ by, = 2%,
where g; is the jth column of G, ‘Then a solution b is seen to exist if and
only if z¥ € W, where W is the space of vectors of n+i components

spanned by the {g;}. By Theorem 3 of App. I, ¥ ¢ W if and only if
w'z* = for every u | W. If we pactition n,

'v?.-yl'
U= ( .r',:1)1
I

W

Z
u'z* = (v, w')( } — ¥z,
L0
we see that w'z* — O ifand only if v’z = 0. Alsou I Wifand onlyifu
is orthogonal to the columns of G’ which span W hence it and only if
uwG =10,

50 that

.I’X"'
v!J .Jl . ’ = 0’,
v, W) (\H ,)
or
(1.4.10) VX £ W =0

We now have that a selution b exists for a4 given z& ¥, if and only if
v’z = 0 for every v*“ P and w'”' satisfying (1.4.10).

Suppose first that condition () is satisfied and suppose that ¥ and w
satisfy (1.4.10}.  Then v'X' = —w'H’ is a {irear combination of the rows
of X" and also of the rows of H™ aud hence must be 0" by (£). Then
v'X' — 0 implies that v is orthogonal to the columns of X, thus v | V,;
therefore v 4z for every 22 V,, e, vz = 0, and hence there exists a
solution b for everyz € V,. Suppose next that {b) is not satisfied, so that
there exists a linear combination of the rows of H', say —w'H’ which is a
linear combination of the rows of X', say ¥'X', and is not 0': ¥'X' =
—wH' — X', say, where Al £0. Now take 7= XA, so z& ¥,
Then v'z = ¥'X'A — XA £ 0, while v and w satisfy (1.4.10}.  Thus for
this z € V. there is no solution b.

By taking b — B and z = X'B in Theorem 3 we get

Corollary 2: The system {1.4.5) has a vnique solution § for every @ if
and only if conditions {¢) and (b} of Theorem 3 are satisfied.
Recalling that ary {#;, - - -, 6,} that satisfy (1.4.3} and are functions of
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y only’® constitute a set of LS estimates, and taking z = ¥ in Theorem 3,
we get

Corollary 3: If conditions (@) and (b} of Theorem 3 are satisfied, there
exists a unique set of LS estimates {3, - - -, #,} {i.e.,  unique solution of
the normal equations) for which H'# — 0.

This says that we may subject the LS estimates to the same side condi-
tions as the parameters. Finally we need the following result, which
implies that every linear combination of the parameters {7}, the {7}
being subject to the side couditions, is estimable-

Theorem 4: [f conditions (@) and (b} of Theorent 3 are satisfied, so that
the {8} are functions of the {4,} determined uniquely by {1.4.5), then the
{5} are estimable functions.

Proof:  We will obtain an explicit formula for the {§;} in terms of the
8,3 Forany B let f§ be the unique solution of (1.4.5), so

Fat

\x B.ycy
GF= ( 0{3)'
Multiply by G on the left to get
~ ‘X
GG'B = x, 10 Oﬁ) — XX'B.

Now by Theorem 7 of Apn. Il the rank of the pXp matrix GG’ is equal
to rank G = p; so GG’ has an inverse, and thus B = (GG XX'B, or

A~ (XX’ + HH:XX'B,

the promised formula. Since E(y) = X'@, B8 has the unbiased estimate
(XX -+ HH')'Xyv.

1.3, REDUCTION OF THE CASE WHERE THE OBSERVA-
TIONS HAVE KNOWN CORRELATIONS AND KNOWN
RATIOS OF VARIANCES

We consider now the case where the covariance matrix ¥, of the ob-
servations {y,} is not of the form o1 bul %, is known except for a scalar
factor, e, &, = 9B, where § is an unknown positive constant and
B**" s a known constant matrix: B is necessarily symmetric and positive
indefinite, and we shall assume furthermore that it is nonsingular (see
Apn. V). This is equivalent to knowing the correlation coefficients of
all pairs of observations y, and the ratios of their variances.

'® That these {51 are Tunctions of y only, and In fact fmear functions, follows from
their being the unigue solition of the linear system XX'b = Xy, H'b = 0.
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Qur underlying assumpiions are now
(.51} & Eyy=XB, X, =08 B £0, raskX =

This case may be reduced to that previously considered, where ¥, = ¢*l,
by appealing to femma 11" and the diseyssion following it in App. 11,
which says there exists a nonsingular P*** such that P'PBP = 1. Let
¥ =Py, Then
E@§) — P E(y) = PX'B = X,

where X' = P'X’: sorank X' = rank X’ — r, and

Ly s PEP — IP'BP = o2,
where o == . 'We may thus write (1.3.1) as

Q: B9 =X8, Zy—o4, rank¥X —r

which is the case previously considered.

In applications the transformed *‘observations™ {#,} are tedious to
calculate and one usually prefers to work with the actual observations
{#3. The LS estimates of the parameters {3} may then be found by
minimizing the following sum of squares involving the {y,} and {8,}

(1.5.2) Fy. B) = (y — X'BY By — X'B).

‘'o see this we note that in the transformed problem, which falls under our
previous theory, the {4} are found by minimizing

(1.5.3) SE B =G — XpYF — X'B)

Now §—X'B = P'(y—X'B}, and substituting this in (1.5.3} and using
PP’ = B, we get that F, P equals the S(y, B} defined by (1.5.2).

Besides the {3} the model (1.5.1) contains the unknown parameter 4.
In sec. 1.6 1t will be shown that an unbiased estimate of o? 13 ﬁ(j‘f,{?}f(n——r},
where B is any set of LS estimates. It follows that an unbfased estimate
of the parameter 9 is Sy, B)i(n~r), where #(y, B) is formed by replacing
8 byBin (152}

The sum of squares (1.5.2) which is minimized to calculate the LS
estimates may be called the “weighted sum of squares™; In the parficular
case where the observations are uncorrelated, B is a diagonal matrix, and
if we then write the jth diagonal element of B as w3, the {w} are inversely
proportional to the variances of the observations {,}, and (1.5.2) becomes

/

v
y(}'s By = Z”}(?/x T Z-T;'_sﬁ:‘) -

The case ¥, ~ 71 is the special case where the weights {i,} are all equal.
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Sometimes in applications we may have some doubt about the correct
weights, and we may then find some comfort in the fact that the method
of lsast squares used with incorrect weights still leads to unbiased esti-
mates; however, cur caleulations of the variances!® of the estimates will
be invaiidated by incorrect weights. More generally, it is true that the
use of any positive definite matrix B whatever (not just a correct one of the
form 8711 in {1.5.2) leads to unbiased estimates of estimable functions if
the I.S estimates of the {§,} are calculated by minimizing (1.5.2). We
shall prove this only for the case where X' is of rank p:

Let P be defined as above for the B actually used, and again transform
to ¥ and X" as above. In the transformed problem the normal equations
are XX'8 — X¥, and the solution, which we will denote by %, is

f* = (XX Ky
But this solution will be the same as that found from minimizing {1.5.2).
Since
B* = (XX)7XPy,
therefore
E(R*) = (XX XP'X'B.
Substituting P'X’ = X’ in this expression, we get E{Q*) = B.

1.6. THE CANONICAL FORM OF THE UNDERLYING
ASSUMPTIONS . THE MEAN SQUARE FOR ERROR

Let us introduce in the sample space ¥, of the observation vector y***
the orthonormal basis {pp ps - * - Pah Where g, = (8,5, 8 -+ =, 85Y
(this is the basis R of the example after Theorem 1 of App. I}, so y =
Z%.p;  Let us also introduce an orthonormal basis {a),+ - -, o} for ¥,
the space spanned by the columns of X', and complete it to an ortho-
normal basis {a,, * -+, &, &y " © -, &} for V1 this is always possible
(Lemmas 6 and 7 of App. ). Write

(1.8.1} Y= Z Z iy
i=1

where {z,} are the coordinates of y relative o the new basis, and hence
7, = &}y, as we see by multiplving (1.6.1) by e,. This relation betwee
the coordinates {2} and {,} may be written z == Py, where P™" is the
orthogonal matrix whose ith row isa;. Let {, = F(z), so {, = Elayy) =
a1t follows that for all values of the parameters, {, =0 for i > r

% [ounds on the bias of the estimaied covariance matrix are derived for some cases
in Watson (1955},
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singe e ¥V, | a, for i > r. Furthermorez we have for the covariance
matrix of the transformed “observations™ {z,},

.= PELP = o*PP =L
We have now shown that by a suitable orthogonal transformation (not

depending on unknown parameters} we can alwavs reduce the Q-assump-
tions to the canonical form

(Z - (zls Lt zn\}!‘
E{gx) ..... ",— (! = ]1 - la r))

&
Kz) = (1= rt1, - n)
¥, = 021,
where ;- - -, §,, and ¢% are unknown parameters, and the {z,} are a

known transformation of the observations.

Since we do not actually use the canonical form in analyzing data, we
will never need to caleulats the trapsformation matrix P explicitly falthough
it could be done by caleulating its rows {at/} by the Schmidt process of
Lemma 6 of App. 1).  However, the canonical form is very useful for the
derivation of distribution theory, for exampie:

An Unbiased Estimate of o2
The error sum of squares &, introduced at the end of sec. 1.3, namely
(1.6.2) Sy = ZL(J - EII,,J ) ,

where {A,} is any set of LS estimates, way be written &, = |v ~q|2
where % is the projection of y on ¥, But y = Sz, and § == Xiza

where 1::{1, ©+, u,} is the above basis for the canonmal form, and so
S [ % Y HES
F o~ |87zl or
4
(1'6"‘3} Q — z z
P=rrl

Now for iz r E(z)— 0, which implies that E(z}) == Var(z) = o%
Hence from {1.6.3). (¥} = (n—r)o%  1f we define

{1.6.4) 2= Fofln—r),

we have E(s%) = ¢%, that is, 5% is an unbiased estimate of g% The quantity
s is called the mean square for error {later written alse as MS,) and # is
said to have n—r degrees of freedom. In general the number of degrees
of freedom of a quadratic form in the observations is defined to be its rank
(i.e., the rank of the symmetric matrix of the quadratic form}, and we see
from {1.6.3} that the rank of % is n—r.
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‘This result for estimating o® is a supplement to the Gauss-Markoff
theorem of great practical importance, since in applications we want
some idea of the accuracy of our unbiased point estimates. If p = ¢'B
is an estimable function, then by the theorem there exists a unique linear
combination of the observations, 4 = a*’y which is the optimum estimate
of y. Then the variance of the estimate § is Gf = a¥*'a%¢?, and this may
then be estimated by 62 = a*a*s2. This sstimate of the variance is
evidently unbiased, and has been shown to have other optimum proper-
ties.’” The expected value of the mean square for error 52 in the case
where the observations {y,} have unequal varianees {6%}, but 5% is calculated
in the above way as though the {07} were equal, is given by the rule af the
beginning of see. 10.4,

Estimation and Error Spaces

Consider the set of all Jinear forms Zla,y, — a'y in the observations.
The coefficients {a,} are assumed to be known corstants (i.e., they do not
depend on unknown parameters): we may call a the coefficient vecior of
the lincar form a’y. We see there is & one-to-one correspondence between
the totality of linear forms a’y and the totatity of vectors a € ¥, and that
addition of linear forms or multiplication of a linear form by a constant
corresponds 1o the same operation on the coefficient vectors. 1t is con-
venient to speak of spaces of finear forms spanned by a given set of linear
Jorms, independence of lincar forms, orthogonality of forms and of spaces,
ete., the terms being defined by use of the corresponding properties of the
coefheient vectors of the forms.

The canonical variables {z,, - « -, z,} are near forms in the observations
{#,}, and they may be used to define two interesting orthogonal spaces of
linear forms, namely the space spanned by {z,- - -, z}, called the
estimation space, and that spanned by {z...,+ - -, 2.}, called the error
space®  Since z; == ey, we see that the forms {zy, - + -, z,} constitute an
orthonormal basis for the #-dimensional space of forms (because their
coefficient vectors constitute an orthonormal basis for 7,3, and so the twe
spaces are orthogonal.

The reason for calling the latter the ervor space is that the error sum of
squares Fp, involves only the set {z,,,,+ - -, z,}. [t s easily shown that
a linear Yorm a’y is in the error space if and only If its expected value is
identically zero in the parameters: The relation z = Py may be inverted,
¥ —= P’z since P'P — I, hence a'y = b'z, where b == Pa, and so £{a'y) =
bE =200 =0ifand onlyifh) = b, —- -+ = b =0, Le,, if and only
if a'y=2" hz. The former space 15 called the estimation space

YoBy L. Hsu (19385),

i By R, C. Bose (1944),
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because if 4 is any estimable function and ¢ is its LS estimate then the
linear form + is a linear combination of {z),+ - -, z,} only, l.e., 4 is In the
estimation space.  To see this note that the columns of P are {&y, -+ +, )},
the orthonorntal basis for ¥, used in deriving the canonical form.  1f g is
estimable, by the Gauss Markoff theorem its 1.8 estimate 4 is of the form
a¥y with a* e ¥, te, a* | a; for j = r. Now ¢ = a¥y — ¢z, where
¢ = a*’P’" is a row matrix whose jth element is ¢; = a*'a;, s0 ¢; == 0 for
J = Hence ¢ = Xiegz,

Although the linear forms {z, - - -, z,} depend on the choice of the
basis {a, * * -, &}, it s clear that the eanmamon and error spaces do not,
since the first is the space of all 4, and the second is the space of all a'y
for which a'y) = 0.

PROBLEMS
1.1. First- and second-degree polynomials are fitted by LS to # points
o) = 1, - - o Letw and £ denote the assumptions®
i Y= w - S e Eley =0,  Elee,) = %,

Qi yo=0 flr,+ 328 e, Eed=0, Elee)) = 0%,

Find by differentiation the normal equations for the estimates of « and § under
w, and of «, #, and y under £ Solve the former explicitly and indicate the
solution of the latter by using determinants. Save the resulis of Problems 1.1,
1.2, and [.3 for fater use in Ch. 2

1.2. In Problem L1 find the variances and covariance of the estimates of
o and 5 under . Show that if we write § + x,— ) in place of &+ 3z; it @,
then under e, & — 7 and Cov (4, £} -~ 0.

1.3. In Problem |.1 express Var () under {2 by using determinants.

14, Prove the following lemma: Hy — {3, - ~y), Bly)— e = y—1,
and Q(y) is a quadratic form in ¥, then £(Q(v) = Q) -+ £{Q(e)}. Note that
G(n} may be evaluated by replacing the {y,} by their expectations in G{y), and
that F{(e)) is the value of K{Q(y)} whenn = 0.

1.5. Prove the following resu t of importance in the theory of the design of
experiments: Under £2: E(}) = YIE and ¥, = o, if €, = EF+E:, where
E¥ is the projection of §, on the space spanaed by the olher 1Esp. and ifE == 0,
then 3, is estimable, and the variance of ts LS estimate §, 13 'EL %6 (Hini:
Assume ¥ — | and take the vector @, of the canonical form of sec. 1.6 In the
direction of E;.]

* 1 is convenient to denote the underlying assumotions by w and £} rather than
0 and £2; or iaer use in Ch, 2,





