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The goal of this chapter is to introduce the following concepts:

+ Data fitting and the derivation of the best linear (regression) model
« Iterative solution of the regression model

« Steepest descent methods

« The least mean square (LMS) estimator for the gradient

« The trade-off between speed of adaptation and solution accuracy

» Examples using NeuroSolutions
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INTRODUCTION

The study of neural and adaptive systems is a unique and growing interdisciplinary
field that considers adaptive, distributed, and mostly nonlinear systems—three of the
ingredients found in biology. We believe that neural and adaptive systems should be
considered another tool in the scientist’s and engineer’s toolbox. They will effectively
complement present engineering design principles and help build the preprocessors
to interface with the real world and ensure the optimality needed in complex systems.
When applied correctly, a neural or adaptive system may considerably outperform other
methods.

Neural and adaptive systems are used in many important engineering applica-
tions, such as signal enhancement, noise cancellation, classification of input patterns,
system identification, prediction, and control. They are used in many commercial prod-
ucts, such as modems, image-processing and -recognition systems, speech recognition,
front-end signal processors, and biomedical instrumentation. We expect that the list will
grow exponentially in the near future.

The leading characteristic of neural and adaptive systems is their adaptivity,
which brings a totally new system design style (Figure 1-1). Instead of being built a
priori from specification, neural and adaptive systems use external data to automati-
cally set their parameters. This means that neural systems are parametric. It also means
that they are made “aware” of their output through a performance feedback loop that
includes a cost function. The performance feedback is utilized directly to change the
parameters through systematic procedures called learning or training rules, so that
the system output improves with respect to the desired goal (i.e., the error decreases
through training).

The system designer has to specify just a few crucial steps in the overall process:
He or she has to decide the system topology, choose a performance criterion, and de-
sign the adaptive algorithms. In neural systems the parameters are often modified in
a selected set of data called the training set and are fixed during operation. The de-
signer thus has to know how to specify the input and desired response data and when
to stop the training phase. In adaptive systems the system parameters are continuously
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FIGURE 1-1 Adaptive system's design
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adapted during operation with the current data. We are at a very exciting stage in neural
and adaptive system development because

* We now know some powerful topologies that are able to create universal input-
output mappings.

+ We also know how to design general adaptive algorithms te extract information
from data und adapt the parameters of the mappers.

» We are also starting to understand the prerequisites for generulization, that is, how
to guarantee that the performance in the training sct extends to the data found
during system operation.

Therefore we are in a position to design effective adaptive solutions te moderately dif-
ficult real-world problems. Because of the practicality derived from these advances, we
believe that the time is right to teach adaptive systems in undergraduate engincering
and science curricula.

Throughout this textbook we explain the principles that arc necessary to make
judicious choices about the design options for neural and adaptive systems. The dis-
cussion is slanted toward enginecring, both in terminoclogy and in perspective. We are
very much interested in the engineering model-based approach and in expluining the
mathematical principles at work, We center the explanation on concepts from adaptive
signal processing, which are rooted in statistics, pattern recognition, and digital signal
processing. Moreover, our study is restricted to model building from data.

1.1.1 Engineering Design and Adaptive Systems

Engineering is 4 discipline that builds physical systems from human dreams, reinvent-
ing the physical world around us. In this respect it transcends physics, which has the
passive role of explaining the world, and alse mathematics, which stops at the edge of
physical reality. Engineering design is like a gigantic Lego construction, where each
piece is a subsystem grounded in its physical or mathematical principles. The role of
the engineer 13 to develop the blueprint of the dream through specifications and then
to look for the pieces that fit the blueprint. Obviously, the pieces cannot be put to-
gether at random, since each has its own principles, so it is mandatory that the scientist
or the engineer learn the principles attached to each piece and specify the interface.
Normally, this study is done using the scientific method. When the system is physi-
cal, we use the principles of physics, and when it is software, we use the principles of
mathematics.

Development of the Phone System

A good example af engineering design is the telephone system. Long and meticulous re-
search was conducted at Bell Lahoratories on human perception of speech. This created
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the specification for the required bandwidth and noise level for speech intelligibility. En-
gingers perfected the microphene that would translate the pressure waves into electrical
waves to meet the spacification. Then these electrical waves were transmitted through
copper wires over long distances to a similar device, still preserving the required spec-
ification. Far increased functionality the freedam of reaching any other felephone was
added to the system, so switching of calls had to be implemented. This created the phone
systemt. |nitfally, the switching among lines was done by eperaters. Then a machine was
invented that would automatically switch the calls. Operators were still used for special
services such as directory assistance, but now that the fundamenta!l engineering aspects
are stable, we are asking machines to automatically recognize speech and directly assist
callers.

The development of the phone system is an excellent example of engineering design.
Once we have a vision, we tryto understand the principles atwork and create specifications
and a system architecture. The fundamentat principles at work are found by applying the
scientific method. The phenomenon under analysis is first studied with physics or math-
ematics. The importance of models is that they translate general principles, and through
deductionwe can apply them to particular cases like the ones we are interested in. These
disciplines create approximate models of the external world using the principle of divide
and conguer. The problem is divided in manageable pieces, each is studied independently
of the others, and protocols among the pieces are drawn such that the system can work
as a whole, meeting the specifications drawn a priori. This is what engineering design is
today.

The scientific method has been highly successful in engineering, but let us eval-
uate it in broad terms. First, engineering design requires the availability of a model
for cach subsystem. Second, when the number of pleces increases, the interactions
among the subsystems increase exponentially. Fundamental research will continue
to provide 4 steady flux of new physical and mathematical principles {provided
the present trend of reduced federal funding for fundamental science is reversed),
but the expenential growth of interactions required for larger and more sephisti-
cated systems is harder to control. In fact, at this point in time, we simply do not
have a clear vision of how to handle complexity in the long term. But there are
two more factors that present mujor challenges: the autonomous interaction of sys-
tems with the environment and the optimality of the design. We will discuss these
Now,

Humans have traditionally mediated the interaction of engineering systems with
the external world. Aflter all, we use technology to reduce cur physical constraints, so
we have traditionally maintainced control of the machines we build. Since the invention
of the digital computer, there has been a trend to create machines that interact directly
with the external world without a human io the loop. This brings the complexity of
the external world directly into engineering design. We are not yet totally prepared for
this, because our mathematical and physical theories about the external world are mere
approximations—very good approximations in some cases, but rather poor in others,
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This disturbs the order of engineering design and creates performance problems {the
worst subsystem tends to limit the performance of the {ull system).

Mars Pathfinder Mission

When machines have to asutonomously interact with the environment or operate near
the optimal set point, we cannot specify all the functions a prieri and in a deterministic
way. Take, for instance, the Mars Pathfinder mission. It was totally impaossible to specify
all the possible conditions that the rover Sojourner would face, even if remotely con-
trolled from Earth, so the problem could not be solved by a sequence of instructions de-
termined a prior in JPUs laboratory, The vehicle was given high-level instructions {way
puints} and was equipped with cameras and laser sensors that would see the terrain.
The informatian from the sensors was analyzed and catalogued in genera! classes. For
each class a procedure was designed to accomplish the goal of moving from point A
to point B. This is the type of engineering system we will build more and more of in the
future.

The big difference between the initial machines and Sojourner is that the environ-
ment is infrinsically in the loop of the machine function. This brings a very different set of
prablems, because, as we szaid earlier, the environment is complex and unpredictable. If our
physical model does not capture the essentials of the enviranment, errars accumulate over
time, and the solution becomes impractical. We thus na lenger have the luxury of dictating
the rules of the game, as we did in the sarly machine-building era. It turns out that animals
and humans do Sojourner-type tasks effortlessly.

System optimality is also a rising concern to save resources and augment the per-
formance/price ratio. We might think that optimally designing each subsystem would
bring global optimality, but this is not always true. Optimal design of complex systems
1 thus a difficult problem that must also take into consideration the particular type of
system function, meaning that the complexity of the environment is once again present.
We can conclude that the current challenges faced in engineering are the complexity
of the systems, the need for optimal performance, and the autonomous interaction with
the environment that will require some form of intelligence. These are the challenges
for engineering in the 2 1st century and beyond.

Whenever there is a new challenge, we should consider new solutions. Quite often
the difficulty of a task is also linked to the particular method we are using to find the
solution. Is building machines by specification the only way to proceed?

Let us look at living creatures from an engineering systems perspective. The cell
is the optimal factory, building directly from the environment at the fundamental molec-
ular level what it needs to carry out its function. The animals we cbserve today interact
efficiently with the environment {ctherwise they would not have survived); they work
very close to optimality in terms of resources (otherwise they would have been replaced
in thedr niche by more efficient antmals}; and they certainly are complex. Biology has,
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in fact, already conquered some of the challenges we face in building engineering sys-
tems, so it is worthwhile to investigate the principles at work.

Biology has found a set of inductive principles that are particularly well tuned
to the interaction with a complex and unpredictable environment. These principles are
not known explicitly but are being intensively studied in biology, computational neuro-
sciences, statistics, computer science, and engineering. They involve extraction of in-
formation from sensor data (feature extraction), efficient learning from data, creation of
invariants and representations, and decision making under uncertainty. In a global sense,
autonomous agents have to build and fit models to data through their daily experience;
they have to store these models, choose which shall be applied in each circumstance, and
assess the likelihood of success for a given task. An implicit optimization principle is at
play, since the goal is to do the best with the available information and resources.

From a scientific perspective, biology uses adaptation to build optimal system
functionality. The anatomical organization of the animal (the wetware) is specified in
the long term by the environment (through evolution), and in the short term it is used as
a constraint to extract in real time the information that the animal needs to survive. At
the nervous-system level, it is well accepted that the interaction with the environment
molds the wetware using a learning-from-examples metaphor.

1.1.2 Experimental Model Building

The problem of data fitting is one of the oldest in experimental science. The real world
tends to be very complex and unpredictable, and the exact mechanisms that generate
the data are often unknown. Moreover, when we collect physical variables, the sensors
are not ideal (of finite precision, noisy, with constrained bandwidth, etc.), so the mea-
surements do not represent the real phenomena exactly. One of the quests in science is
to estimate the underlying data model.

The importance of inferring a model from the data is to apply mathematical rea-
soning to the problem. The major advantage of a mathematical model is the ability to
understand, explain, predict, and control outcomes in the natural system [Casti, 1989].
Figure 1-2 illustrates the data-modeling process. The most important advantage of the
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FIGURE 1-2 Natural systems and formal models
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existence of a formal equivalent model is the ability to predict the natural system’s
behavior at a future time and to control its cutputs by applying appropriate inputs.

In this chapter we address the issues of fitting data with linear models, which
is called the finear regression problem |Dunteman, 1989). Notice that we have not
specified what the data s, because it is really immaterial. We are secking relationships
between the values of the external {observable) variables of the natural system in Figure
1-2. This methodology can therefore be applied to meteorological data, biological data,
financial data, marketing data, cngincering data, and so on.

1.1.3 Data Collection

‘The data-collection phase must be carefully planned to ensure that

* Data will be sufficient.
» Data will capture the fundamental principles at work.,
» Data is as frec as possible from observation noise.

Table 1-1 presents a duta exumple with two variables (x, d} in tabular form. the mea-
surement x is assumed error free, and d is contaminated by noise. From table 1-1 very
little can be said about the data, cxcept that there is a positive trend between the vari-
ables (i.e., when x increases 4 also increases). Our brain is somehow able to extract
much more information from pictures than from numbers, so data sheuld first be plot-
ted before performing data analysis, Plotting the data allows verification, assures the
researcher that the data was collected correctly, and provides a “feel” for the relation-
ships that exist in the data {e.g., natural trends).

TABLE 1-1 Regression Data

d

»

1.72
1.90
1.57
1.83
2.13
1.86
2.05
2.23

9 289
10 3.04
11 2.72
12 3.18

O -~ M =~ L N
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1.2 LINEAR MODELS

From the simple observation of Figure 1-3, it is obvious that the relationship between
the two variables x and d is complex, if we assume that no noise is present. However,
there is an approximately linear trend in the data. The deviation from a straight line
could be produced by noise, and underlying the apparent complexity could be a very
simple (possibly linear) relationship between x and d, that is

d=wx+b (1.1)
or more specifically,

di=wx; +b+g = yi + & (1.2)

where &; is the instantaneous error that is added to y; (the linearly fitted value), w is the
line slope, and b is the d axis intercept (or bias). Assuming a linear relationship between
x and d has the appeal of simplicity. The data-fitting problem can be solved by a linear
system with only two free parameters, the slope w and the bias b.

The system of Figure 1-4 is called the linear processing element (PE), or Adaline
(for adaptive linear element), and it is very simple. It is built from two multipliers and
one adder. The multiplier w scales the input, and the multiplier b is a bias, which can
also be thought of as an extra input connected to the value +1. The parameters (b, w)
have different functions in the solution. We will be particularly interested in studying
the dependence of the solution on the parameter(s) that multiply the input x;.
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FIGURE 1-3 Plot of x versus d



LINEAR MODELS 9

Yi

+1

PE

FIGURE 1-4 Linear regressor

NEUROSOLUTIONS EXAMPLE 1.1
The linear processing element in NeuroSolutions

The goal of this book is to demonstrate as many concepts as possible through
demonstrations and simulations. NeuroSolutions is a very powerful neural net-
work/adaptive system design and simulation package that we will use for the
demonstrations. We highly recommend that you read through the NeuroSolutions
Tutorial in Appendix B. NeuroSolutions constructs adaptive systems in a Lego
style, that is, component by component. The components are chosen from palettes,
selected with the mouse, and dropped into the large window called the Breadboard.
This object-oriented methodology allows for the simple creation of adaptive sys-
tems by simply dragging and dropping components, connecting them, and then
adjusting their parameters. Particularly in the early chapters we will automatically
create the adaptive systems for you through a set of macros. This will shield you
from the details of NeuroSolutions until you have a better grasp of the fundamentals
of adaptive systems and the use of NeuroSolutions.

In this first example we introduce a few simple components. The first compo-
nent required in any simulation is an input component, which belongs to the Axon
family. Its function is to receive data from the computer file system or from signal
generators within the package. In this case, we will add a file input component to
the input Axon to read in the data from Table 1-1. The linear PE shown in Figure
1-4 can be constructed with a Synapse and a Bias Axon. The Synapse implements
a sum of products and the Bias Axon adds the bias. The output of such a system is
exactly Eq. (1.1). The Controller manages the system and controls the firing of data

e

Input Axon Synapse Bias Axon File Input Controller  Data Storage
and Scatter Plot
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through the system. Since Table 1-1 has 12 data points, the Controller is configured
to send 12 points through the system.

The purpose of this example is to display the output of the linear PE, which
is a line, and to modify its location in the space by entering different slope and bias
values. To display the input and regression line, we use the Data Storage component
(stores 12 samples) and the Scatter Plot component. The Scatter Plot component
allows us to plot the input (x axis) versus the system response (y axis). We also add
two Matrix Editor boxes to allow you to change the values of the two parameters:
the weight (slope) and bias (y intercept). After changing these parameters, you use
the Control Palette to run the network.

Run network —)- ~fu 10

Hide windows

Pause network Jog weights

Reset network Randomize weights
Restart network Siop sample
Step exemplar

Step epoch

The Run button (a green triangle) tells the Controller to send the data through
the network. The other buttons are not important now but will be used and explained
later. Run the NeuroSolutions example by clicking on the yellow NeuroSolutions
icon available in the CD-ROM version of the text. It will walk you through the
creation of the Breadboard and allow you to see how the regression line changes as
you change the weight (slope) and bias (y intercept).

1.3 LEAST SQUARES

We face a problem when trying to fit a straight line to the noisy observations of Table
1-1. A single line will fit any two observations (two points define a line), but it is unlikely
that all points will fall on exactly the same line. Since no single line will fit every point,
a global property of the points is needed to find the best fit. The problem of fitting a line
to noisy data can be formulated as follows: What is the best choice of (w, b) such that
the fitted line passes the closest to all the points?

Least squares solves the problem of fitting a line to data by finding the line for
which the sum of the square deviations (or residuals) in the d direction (the noisy vari-
able direction) are minimized. The fitted points in the line will be denoted by d; =
b + wx;. The residuals are defined as &; = d; — d;. The fitted points d; can also be
interpreted as approximated values of d; estimated by a linear model when the input x;
is known:

di—(b+wx) =d; —d; = & (1.3)
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FIGURE 1-5 Regression line showing the deviations

This linear model will be called the linear regressor. Estimated quantities will be de-
noted by the tilde (*) throughout the book. The outputs of the linear system of Figure
1-4 are the fitted points d; = y; in Figure 1-5. To pick the line that best fits the data,
we need a criterion to determine which linear estimator is the “best.” The average sum
of square errors J (also called the mean square error, MSE) is a widely utilized perfor-
mance criterion given by

i all
J==> g 1.4)
2N ;

where N is the number of observations. To simplify the notation, we sometimes drop
the top index in the sum.

NEUROSOLUTIONS EXAMPLE 1.2
Computing the MSE for the linear PE

To create a simulation that displays the MSE, we have to add a new component to the
Breadboard, the L2 Criterion. The L2 Criterion implements the mean square error
of Eq. 1.4. The L2 Criterion requires two inputs to compute the MSE: the system
output and the desired response. We will attach the L2 Criterion to the output of
the linear PE (system output) and attach a File Input component to the L2 Criterion
to load in the value of the desired response from Table 1-1. To visualize the MSE,
we will place a Matrix Viewer probe over the L2 Criterion (cost access point). This
Matrix Viewer simply displays the data from the component that it resides over—in
this case, the mean square error.
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L2 Criterion Matrix Viewer

Run the demonstration and try to set the slope and bias to minimize the mean
square error. Compute the error by hand according to Eq. 1.4 and see whether it
matches the value displayed.

Our goal is to minimize J analytically, which according to Gauss! can be done
by taking its partial derivative with respect to the unknowns and equating the resulting
equations to zero:

aJ
b~ ’ 1.5
2 =0
which yields, after some manipulation,
b = Z,‘ xfz,tfl - Z,‘ X Z,- x;d; e Z,'(xi - j)(‘i - E) (1.6)
NZi(xi = %] 2 (xi — xp

where an overbar represents the variable’s mean value; for example, ¥ = (1/N) >V, x;.

Least Squares Derivation

In Eq. 1.4 we substitute the value of the error given by Eq. 1.3 and take the derivative ex-
pressed by Eq. 1.5 to obtain

- wx: — b -
‘”=ﬁ25_{d’_”ﬁ_b‘=_zlidi_wxi_b, 0

& % N (1B.1)
aJ 1 < old; — wx; — b 1 '
w S IND T aw 2N~ wa—blx =0

'Karl Friedrich Gauss (1777-1855) was a mathematical genius who proposed the use of least squares to
solve sets of linear equations. He realized that a quadratic equation was obtained in optimization problems
involving Gaussian distribution models (after taking the logarithm), which leads to an easy solution for the
optimum.
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Note that to simplify the notation, we omit the limits of the variable in the sum. We do this
throughout the text when no confusion arises. Operating further, we get

N
>'di=Nb+w> x;
i=1 i=1 t1B.2l

N N N
Zx,vd,- = be; + WZX,?
i=1 i=1

i=1

N

The set of Eq. 1B.2 is called the normal equations. The solution of this set of equations is

2iXi 2 di
- Z;X;'EZ;di_};inZ;xidi . ijidi— ‘ N ]
NZFX:?_{Z;'XIF > 2 fof:lz
N

el

b (1B.3)

which provides the coefficients for the regression line of d on x. The summations run over
the input-output data pairs. Equation 1B.2 is solved by computing the value of b from the
first equation and substituting it in the second equation to obtain w as a function of x and
d. Then the value of w is substituted in the first equation to finally obtain b as a function
of x and d (variable elimination). It is easy to prove that the regression line passes through
the point

Z;Xi‘ Z;di
(55

which is called the centroid of the abservations. The denominator of the slope parameter
of w and b is the corrected (for the mean) sum of squares of the input.

This procedure to determine the coefficients of the line is called the least square
method. If we apply these equations to the data of Table 1-1, we get the regression
equation (best line through the data):

y = 0.13951x + 1.33818 .7

The least square computation for a large data set is time-consuming, even with a com-
puter.

NEUROSOLUTIONS EXAMPLE 1.3
Finding the minimum error by trial and error

Enter these values for the slope and bias by typing them in the respective Edit boxes.
Verify that with these values the error is the smallest. Change the values slightly (in
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either direction) and see that the MSE increases. Enter a negative slope and see how
the error increases a lot. For the negative slope, what is the value of the bias that
gives the smallest error? Note that when one of the coefficients is wrong, the value
of the other for best performance is also wrong; that is, they are coupled.

It is important to explore the NeuroSolutions Breadboards. The best way to
accomplish this is to open the Inspector associated with each icon. Select a compo-
nent with the mouse. Then press the right mouse button, and select properties. The
Inspector will appear in the screen. The Inspector has fields that allow us to con-
figure the NeuroSolutions components and tell us what settings are being used. For
instance, go to the input Axon and open the Inspector. You will see that it has one
input, one output, and no weights (go to the Soma level to look at the weights).
If you do the same in the Synapse, you will see that it also has a single input
and output and one weight, which happens to be our slope parameter. The Bias
Axon has a single input, a single output, and a single weight, which is the system’s
bias.

The large barrel on the input Axon is a probe that collects data. Since the barrel
is placed on the Activity point, it is storing the 12 data samples that are injected into
the network. This is exactly what gets displayed in the x axis of the Scatter Plot. The
y axis values are sent from the L2 Criterion by the small barrel (a Data Transmitter),
so the Scatter Plot is effectively displaying the pairs of points (x;, d;). Likewise, it
is also displaying the output of the system in blue, that is the pairs of points (x;, ¥;).

If you want to know what the component is and what it does, just go to
the NeuroSolutions control bar, select the arrow icon with the question mark, and
click on the component that you want to know about (this is called context-sensitive
help).

1.3.1 Correlation Coefficient

We have found a way to compute the regression equation, but we still do not have a
measure of how successfully the regression line represents the relationship between x
and d. The size of the mean square error (MSE) can be used to determine which line
best fits the data, but it doesn’t necessarily reflect whether a line fits the data tightly
because the MSE depends on the magnitude of the data samples. For instance, by simply
scaling the data, we can change the MSE without changing how well the data is fit by
the regression line. The correlation coefficient (r) solves this problem. By definition,
the correlation coefficient between two random variables x and d is

> ixi — X)(d; — d)

- N
\/Z,-(df - dy \/Z;(x;- - %)?
N N

The numerator is the covariance of the two variables (see Section 4.11), and the de-
nominator is the product of the corresponding standard deviation.

(1.8)
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Variance

Data collected from experiments fs normally very complex and difficult to describe by few
parameters. The mean and the variance are statistical descriptors of data clusters that are
normally utilized in such cases.

The mean of & samples is defined as

A physical interpretation for the mean is the center of mass of a body made up of samples
of the same mass. [ is the first moment of the probability density functian {pdf},

We can have very different data distributions with the same mean, so the mean ts not
a powerful descriptor. Angther descriptor very often used is the variance, which is defined
as

N

1 T
ot = W;{x;—x}

The variance is the second moment around the mean, and it measures the dispersion of
samples argund the mean. The sguare root of the variance is called the standard deviation.
Mean and variance are much better descriptors of data clusters. In fact, they define univa-
cally Gaussian distributions, which are very good models for many real-world phenomena.

The correlation coeflicient is confined to the range [—1, 1]. When » = [, there is
a perfect positive linear correlation between x and ¢; that is, they covary, which means
that they vary by the same amount. When r = —1, there is a perfectly lincar negative
corrclation between x and d; that is, they vary in opposite ways {when x increases, y
decreases by the same amount). When » = 0, there is no cotrelation between x and
d; that is, the variables are called uncorrelated. Intermediate values describe partial
correlations. In our example » = 0.88, which meuns that the fit of the lincar model to
the data is reasonably goed. Notice that the correlation coefficient is a property of the
data, as we can see from Eq. 1.8 (it is independent of the model}. However, the valuc
% also represents the amount of variance in the data captured by the optimal linear
rEgression.

Correlation Coefficient and Linear Regression

Cansider estimating a random variable ¢ by a constant & according to the mean square
estimation,

min £ltd ~ bif] = Eld? — 2bE[d] + b?
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where £[.]isthe expected value operator {see Appendix A} The best b is ebtained by taking

the derivative with respect to & and setting the result to zerg, yielding ™ = E[d]. If we

substitute this value into the equation, we obtain the variance of d as the smallest error.
Now if we try to epproximate o by wx — b we abtain

mig Elid — wx — b}

and the hest 5* = E[d]— wE[x] Therefore the hest w can be found solving the probiem

min £[lfd - E{d]} - wix — E[X]IF]

It is pasy to show by differentiation that the best w™ is

w =22 (1B.4}

Tx
Therefore the minimum mean square error linear estimator for 4 is
‘x — Elx]

d=wx=+b"= roy]

Y
— ].—E[dl {1B.5)

The term in parentheses is a zero-mean unit variancs version of the input x, so the product
with & scales it by the variance of &. The term E[df] just guarantees the correct mean. It
is interesting to note that if ¢ and x are uncaorrelated, the best estimate of ¢ 1s its mean,
However, if x and ¢ are exactly correlated {r = *1in Eq. 1B.5}, the best estimate is highly
improved. The minimum mean square error is

min El{d — Eldl} — w'ix — ElxI¥] = o3l - )

This equation shows that in fact 7% can he interpreted as the amount of variance in the data
that is captured by the linear model.

There is a very interesting interpretation of the mean square estimation solution. Note
that

—Elfx — ElxDid - E[dl} + 2wo} — 0 — E[{d — Eld]} — w’ix — Elxli}ix — Elx})]
{1B.8)

which means that the error ithe quantity inside the curly braces] is orthagonal to the input.

The method of least squares is very powerful. Estimation theory [Melsa and Cohn,
1978] says that the least square cstimator is the best lincar unbiased estimator (BLUE),
since it has no bias and has minimal variance among all possible linear estimators.
Least squares can be generalized to higher-order polynomial curves, such as quadratics,
cubics, and so on {the generalized leust squares). In this case, nonlinear regression
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models are obtained. More coefficients need to be computed, but the methodology still
applies. Regression can also be extended to multiple variables, as we will do later in
the chapter. The dependent variable 4 in multiple variable regression is a function of a
vectorX = [xy,..., xp]”, where T means the transpose and D is the number of inputs.
In this book, vectors are denoted by bold letters. In the multivariate case, the regression
line becomes a hyperplane in the space x, xa, ..., Xp.

1.4 ADAPTIVE LINEAR SYSTEMS

1.4.1 Least Squares as a Search
for the Parameters of a Linear System

The purpose of least squares is to find parameters (b, w) that minimize the difference
between the system output y; and the desired response d;. Regression is effectively
computing the optimal parameters of an interpolating system (linear in this case) that
predicts the value of d from the value of x.

Figure 1-6 shows graphically the operation of adapting the parameters of the linear
system. The system output y is always a linear combination of the input x with the
bias, so it has to lie on a straight line of equation y = wx + b. Changing b modifies
the y intercept, while changing w modifies the slope. Therefore we conclude that the
goal of linear regression is to adjust the position of the line to minimize the average
square difference between the y values (on the line) and the cloud of points d; (i.e., the
criterion J).

The key point is to recognize that the error contains information that can be used to
optimally place the line. Figure 1-6 shows this by including a subsystem that accepts the
error as input and modifies the parameters of the system. Thus, the error ¢; is fed back to
the system and indirectly affects the output through a change in the parameters (b, w).
Effectively, the system is made “aware” of its performance through the error. With the
incorporation of the mechanism that automatically modifies the system parameters, a
very powerful linear system can be built that will constantly seek optimal parameters.
Such systems are called neural and adaptive systems and are the focus of this book.

y=wx+b
o 7
— (b, w)
/
/ Change -
parameters | X X X x

FIGURE 1-6 Regression as a linear system design problem
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1.4.2 Neural and Adaptive Systems

Before pursuing the study of adaptive systems, it is important to reflect briefly on the im-
plications of neural and adaptive systems in engineering design. System design usually
begins with specifications. First, the problem domain is studied and modeled, specifi-
cations are established, and then a system Is built to meet the specifications. The key
puint is that the system is built to meet the current specifications and will always use
the designed set of parameters, even if the external conditions change.

Here we are proposing a very different system design approach based on adapta-
ticn, which has a biological flavor to it. In the beginning the system parameters may be
way off, creating a large error. However, through the teedbuck from the error, the system
can change its parameters to decrease the error as much as possible. The system’s “ex-
perience” with the data designs the best set of parameters. An adaptive system is more
complex because it has to not only accomplish the desired task but alse be equipped
with a subsystem that adapts its parameters. But notice that even if the data changes
in the future, this design methodology will medify the system parameters so that the
best possible performance is obtained. Additionally, the same system can be used for
multiple problems.

There are basically two ways to adapt the system parameters: supervised learn-
ing and unsupervised learning. The method described until now belengs to supervised
learning because there is a desired response. Later on in the book we will find other
methods that also adapt the system parameters, but using only an internal rule. Since
there is no desired response, these methods are called unsupervised. We will concen-
trate here on supervised learning mcthods.

The ingredients of supervised adaptive system design are

+ A system (linear in this case} with adaptive parameters

+ The existence of a desired or target response ¢

» An optimality criterion (the MSE in this case) to be minimized
+ A methaod {(subsystem) to compute the optimal parameters

The method of least squares finds the optimal parameters (b, ) analytically. Our goal
is to find alternate ways of computing the same parameters using a search procedure,

1.4.3 Analysis of the Error in the Space
of the Parameters: The Performance Surface

Let us analyze the mean square error {f) as we change the parameters of the system (w
and ). Without loss of gencrality, we are going to assume that b = 0 {or equivalently,
that the mean of x and d has been removed), so that J becomes a function of the single
variable w:

1 I - 2
1= Z(d; —wn)f = o 2!4(12[-“*2 — 2w+ d7) 1.9)
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J
Performance
surface
J, min —[
w* w

FIGURE 1-7 The performance surface for the
regression problem

If w is treated as the variable and all other parameters are held constant, we can im-
mediately see that J is quadratic on w with the coefficient of w? (i.e., x?) being always
positive. In the space of the possible w values, Jis a parabola facing upward (J is always
positive since it is a sum of squares). The function J(w) is called the performance sur-
face for the regression problem (Figure 1-7). The performance surface is an important
tool that helps us visualize how the adaptation of the weights affects the mean square
error.

NEUROSOLUTIONS EXAMPLE 1.4
Plotting the performance surface

The performance surface is just a plot of the error criterion (J) versus the value of
the weights, so what we will do during the simulation is to vary the Synapse weight
(which corresponds to the slope parameter of the linear regressor) between two ap-
propriate values. We can imagine that the error will be minimum at an intermediate
value of the weight and that it will increase for both lower and higher values.

To modify the Synapse weight incrementally, we attach a Linear Scheduler
to the Synapse and place the Matrix Viewer on it so we can see how the weight is
changing. To visualize the MSE, we bring another Scatter Plot to the L2 Criterion.
This will allow us to plot the cost versus weight (performance surface).

Linear Scheduler
on the Synapse
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Run the example and see how the slope parameter of the linear PE affects
the mean square error of the linear regressor. As we are going to see, the input
and desired signals tremendously affect the shape of the performance surface. But
how can we change the shape of the performance curve without touching the data
files? Let us substitute for the L2 Criterion with the Lp Criterion. Go to Palettes and
open the Error Criteria menu. Click on the Lp Criterion and bring the pointer to the
Breadboard. Notice that the pointer changed to a stamper. If you left-click on the
L2 Criterion component, the L2 Criterion is replaced by the Lp component, which
computes a cost given by the p norm:

1
Ji= = PSR ED
p z,: 3
By default the norm is p = 5. Run the simulation again. What do you see? Does

the location of the minimum change appreciably? What about the shape of the per-
formance surface? Do you now better understand the function of the cost criterion?

Using the performance surface, we can develop a geometric method for finding the
value of w, here denoted by w*, which minimizes the performance criterion. Previously
(Eq. 1.5), we computed w* by setting to zero the derivative of J with respect to w.

The gradient of the performance surface is a vector (with the dimension of w) that
always points toward the direction of maximum J change and with a magnitude equal
to the slope of the tangent of the performance surface (Figure 1-8). If you visualize
the performance surface as a hillside, each point on the hill will have a gradient arrow
that points in the direction of steepest ascent at that point, with larger magnitudes for
steeper slopes. A ball rolling down the hill will always attempt to roll in the direction
opposite to the gradient arrow (the steepest descent). The slope at the bottom is zero, so
the gradient is also zero (that is the reason the ball stops there).

J Performance surface
1 ; :
I Gradient magnitude
I
| - -
| il J(wg+ Aw) - J(wg - Aw)
L ™ awso 2Aw
[
11
[
J, min : : II
1 [
1
1 wg—Aw Il : : wo+ Aw
] [
w* wy W
—_——i

Gradient
FIGURE 1-8 Performance surface and its gradient
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Gradient Definition and Construction

The gradient is formally defined in terms of partial derivatives of a function f{x, y). Let us
consider a function f{x, ¥ that has partial derivatives at xy and y-. The gradient of f at
Xy, Vo is defined by

grad flxp, yiJ = Vg, 1l = flx, vl = fix, yalu,

where u, and u, are the unitvectors along x and y, and £, and f, are the partial derivatives
of f along the x and y directions, respectively, which are given by

oflx, vl

fo = - k= ay

The gradient is associated with the concept of & directional derivative of a function.
Let us assume we have g directionu = au, + bu,. The directional derivative of f at x:, y»
alonguis

. fixg + ha v + hbY — flxg, wi
D,fg. vl = }[ILHE' % & ¥ h } b, yid

The gradient can thus be defined as a function of the ordered derivatives:

B, fix, v} = fgrad f{xg, y2l} 0
where the operation is the dot product of two vectors {forv = cu,+du,. v-u = ac—bd).

This expression means that the maximum vatue of the directional derivative as a func-
tion of the direction u is given by tha size of the gradient, and it accurs exactly when the
direction u coincides with the gradiant dirsction.

Maoreover, we can also find this direction prefty sasily. Let us consider the curve
Cix, v}, defined as the line in the x, v plane where the function £ has a constant value {this
line is called the level curve or the contour of £}, At a point xg, ys in £ the rate of change of £
inthe direction of the unitvector u tangent o € must he zero {see the preceding definition),
that is,

D fix. vi} = lgrad fl, el o — 0

But this implies that the gradient vector is perpendicular to the tangent vectar u of the level
curve at x;, . This explains the graphical construction outfined in the text.

In our special case the gradient has just one component along the weight axis w,
VJ = V[ given by

af

Fw

Vol = (1.16)
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A graphical way to construct V.. at a point wy s to first find the level curve {curve of
constant ./ value} that passes through the point (also called the contour plot}). Then take
the tangent to the level curve at wy. The gradient component V,,J is always perpendic-
ular to the contour curve al wp, with a magnitude given by the partial derivative of J
with respect to the weight w (Eq. 1.10)}. For one weight {one-dimensicnal preblem). as
in Figure 1-8, the construction is simplified, and we have to find enly the direction of
the gradient on the axis,

At the bottom of the bowl, the gradient is zero, because the parabola has slope
zerov at the vertex. Thus, for a parabolic performance surfuce, computing the gradient
and equating 1t to zero finds the value of the coefficients that minimize the cost, just as
we did in Eq. 1.6. The important observation is that the analvtical solution found by the
least squares coincides with the minimum of the performance surface. Substituting the
value of w" into Eq. 1.9, the minimum value of the error (/) can be computed.

More Properties of the Performance Surface

For a quadratic perfermance surface {Eq. 1.8}, computing the gradient and equating it to
zero finds the value of the coefficients that minimize the cost, that is,

V) = "i =0 = 111 (—Zd;x; “w> xf) {1B.7}
¢ VT ;

or

W= Z, X d
> Xt

{1B.8)

This selution is fundamentally the same as found in Eq. 1.8 {5 = 0is equivalent to
assuming thatthe average values of x and & are zera}. Substituting this value of w* into Eq.
1.9, the minimum value of the error becomes

N

o1 o 2_(Zfdf'xf]2
Equation 1.9 can he rewritten in the form
J = b iw = WS Xlw — w) (1B.10)

To verify thig, solve Eq. 1B.10 substituting Eq. 1B.8 for w* and Eq. 1B.3 for J,.,. Notice the
following observations:

« The minimum value of the error Jy, {Eq. 18.8} depends on bath the Input signal {x;}
and the desired signal {d;}.
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= The location in coefficient space where the minimum w™ occurs (Eq. 1B.8) also de-
pends on both x; and d;.

« The performance surface shape (Eq. 1B.10) depends only on the input signal (x;).

NEUROSOLUTIONS EXAMPLE 1.5
Comparison of performance curves for different data sets

In this example we provide two sets of input files and two sets of output files. By
changing the input data, we find that the minimum error, its location in the weight
space (a simple line for this 1D example), and the shape of the performance surface
change. On the other hand, if we change the desired signal, only the minimum value
of the performance and its location change, but the overall shape remains the same.

1.4.4 Search of the Performance
Surface with Steepest Descent

Since the performance surface is a paraboloid, which has a single minimum, an alter-
native procedure to find the best value of the coefficient w is to search the performance
surface instead of computing the best coefficient analytically by Eq. 1.6. The search for
the minimum of a function can be done efficiently using a broad class of methods based
on gradient information. The gradient has two main advantages for the search:

¢ The gradient can be computed locally.
e The gradient always points in the direction of maximum change.

If the goal is to reach the minimum, the search must be in the direction opposite to
the gradient. Thus the overall method of searching can be stated in the following way.

Start the search with an arbitrary initial weight w(0), where the iteration number
is denoted by the index in parentheses. Then compute the gradient of the performance
surface at w(0), and modify the initial weight proportionally to the negative of the gra-
dient at w(0). This changes the operating point to w(1). Then compute the gradient at
the new position w(1), and apply the same procedure again; that is,

wik + 1) = w(k) — nVJ(K) (1.11)

where 7 is a small constant and VJ(k) denotes the gradient of the performance surface
at the kth iteration. The constant 7 is used to maintain stability in the search by ensur-
ing that the operating point does not move too far along the performance surface. This
search procedure is called the steepest descent method. Figure 1-9 illustrates the search
procedure.

If we trace the path of the weights from iteration to iteration, intuitively we see
that if the constant 1 is small, eventually the best value for the coefficient w* will be
found. Whenever w > w*, we decrease w, and whenever w < w*, we increase w.
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FIGURE 1-9 The search using the gradient
information

1.5 ESTIMATION OF THE GRADIENT:
THE LMS ALGORITHM

An adaptive system can use the gradient to optimize its parameters. The gradient,
however, is usually not known explicitly and thus must be estimated. Traditionally, the
difference operator is used to estimate the derivative, as outlined in Figure 1-8. A good es-
timate, however, requires many small perturbations to the operating point to obtain a ro-
bust estimation through averaging. The method is straightforward but not very practical.

In the late 1960s Widrow? proposed an extremely elegant algorithm to estimate
the gradient that revolutionized the application of gradient descent procedures. His idea
is very simple: Use the instantaneous value as the estimator for the true quantity. For our
problem, this means to drop the summation in Eq. 1.9 and define the gradient estimate
at step k as its instantaneous value. Substituting Eq. 1.4 into Eq. 1.10, removing the
summation, and then taking the derivative with respect to w yields

9 . 2 .
w®’ c?w(k) ZNZ ga—(k)( (k) = —e(b)x(k)  (1.12)

VI(k) =
What Eq. 1.12 tells us is that an instantaneous estimate of the gradient at iteration k
is simply the product of the current input to the weight times the current error. The
amazing thing is that the gradient can be estimated with one multiplication per weight.
This is the gradient estimate that led to the famous least mean square (LMS) algorithm
(or LMS rule). The estimate will be noisy, however, since the algorithm uses the error

2Bernard Widrow was one of the first researchers to explore engineering applications of adaptive systems.
We are going to hear a lot about him in this book.
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from a single sample instead of summing the error for each point in the data set (e.g., the
MSE is estimated by the error for the current sample). But remember that the adaptation
process does not find the minimum in one step. Normally, many iterations are required
to find the minimum of the performance surface, and during this process the noise in
the gradient is being averaged (or filtered) out.

If the estimator of Eq. 1.12 is substituted in Eq. 1.11, the steepest descent equation
becomes

w(k + 1) = w(k) + ne(k)x(k) 1.13)

This equation is the LMS algorithm. With the LMS rule we do not need to worry about
perturbation and averaging to properly estimate the gradient at each iteration; it is the
iterative process that is improving the gradient estimator. The small constant 7 is called
the step size, or the learning rate.

NEUROSOLUTIONS EXAMPLE 1.6
Adapting the linear PE with LMS

Several things have to be added to the previous Breadboard of the linear PE to make
it learn automatically using the LMS algorithm. The methodology will be explained
in more detail later. However, the technique used in NeuroSolutions is called back-
propagation. In short, the algorithm passes the input data forward through the net-
work and the error information (desired — output) backward through another net-
work. The error is propagated through a second network, which can be obtained from
the original network with minor and well-established modifications (more about this
later). Thus at every component there is a local activity (x) and a local error (g) such
that the weights of the network can be modified by Eq. 1.13. NeuroSolutions imple-
ments this technique by adding two additional layers to the network: the backprop-
agation layer and the gradient-search layer. These two layers can be automatically
added to the Breadboard. The backpropagation layer looks like a small version of
the network that sits on top of the original network (in red instead of orange). The
gradient-search layer sits on top of the backpropagation layer and uses one of the
gradient-search methods to adjust the weights. In this case, the gradient-search layer
is a simple “step” layer, which implements the gradient descent rule of Eq. 1.13.
Notice that only the components that have adjustable weights [the Synapse (w) and
Bias Axon (b)] have gradient-search components.

In addition to the two layers, we need an additional Controller to manage the
back-propagation layer. The Backprop Controller sits above the yellow Controller
and sets parameters such as whether we use batch or on-line learning. In this ex-
ample we use batch learning; that is, the learning algorithm will compute all the
weight updates for the training set, add them up, and at the end of the epoch (one
presentation of all the training data) update the weights according to Eq. 1.13. The
value of the step size will be set at 0.01 and the training will use 200 iterations.
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Backpropagation Layer
and Backprop Controller

Gradient Descent Layer

When you run the network, watch the regression line move toward the opti-
mal value in the Scatter Plot. When the simulation stops, notice that the weight is
approximately 0.139, the bias is approximately 1.33, and the error is approximately
0.033—all in excellent agreement with the optimal values we computed analyti-
cally.

You should explore this Breadboard by entering several values of the step size
and opening the Inspector to see how each component is configured.

1.5.1 Batch and Sample-by-Sample Learning

The LMS algorithm was presented in a form in which the weight updates are computed
for each input sample and the weights modified after each sample. This procedure is
called sample-by-sample learning, or on-line training. As we have mentioned, the es-
timate of the gradient is going to be noisy; that is, the direction toward the minimum is
going to zigzag around the gradient direction.

An alternative solution is to compute the weight update for each input sample and
store these values (without changing the weights) during one pass through the training
set, which is called an epoch. At the end of the epoch, all the weight updates are added
together, and only then will the weights be updated with the composite value. This
method adapts the weights with a cumulative weight update, so it will follow the gra-
dient more closely. This method is called the batch training mode, or batch learning.
Batch learning is also an implementation of the steepest-descent procedure. In fact, it
provides an estimator for the gradient that is smoother than the LMS. We will see that
the agreement between the analytical quantities that describe adaptation and the ones
obtained experimentally is excellent with the batch update.
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Batch versus On-line Learning

The on-line and batch modes are slightly different, although both will perform well for
parabolic performance surfaces. One major difference is that the batch algorithm keeps
the system weights constant while computing the error associated with each sample in the
input. Since the on-line version is constantly updating its weights, its error calculation (and
thus gradient estimation) uses different weights for each input sample. This means that the
two algorithms visit different sets of points during adaptation. However, they both converge
to the same minimum.

Note that the number of weight updates of the two methods for the same number of
data presentations is very different, The on-line method (LMS) does an update each sample,
while batch does an update each epoch, that is,

LMS updates = (batch updates) X (# of samples in training set}

The batch algorithm is also slightly more efficient in terms of number of computations.

To visualize the differences between these two update methods, we will plot the
value of the cost during adaptation (called the learning curve).

NEUROSOLUTIONS EXAMPLE 1.7
Batch versus on-line adaptation

It is important to visualize the differences in adaptation for on-line and batch learn-
ing. Up to now we have been using the batch mode. In this example we set the
Backprop Controller to use on-line training. To display the learning curve, we have
to introduce one new component: the MegaScope. The MegaScope is a probe, that
acts just like an oscilloscope: It plots a continuous stream of inputs, using the itera-
tion number as the x axis. The MegaScope sits on top of the Data Storage component.

MegaScope

The important controls of the MegaScope are the scales of the x and y axes. In
the scope level of the Inspector, we can select the vertical scale (y axis) and the offset
of each channel. Alternatively, we can use the autoscale feature. The horizontal scale
is selected in the sweep level of the Inspector (number of samples per division).
Remember that the number of samples displayed is defined by the Data Storage
component.
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To create the learning curve, we simply place a Data Storage component over the
L2 Criterion and then place a MegaScope on top of it. We will see that the learning
curve is not smooth anymore because we are updating the weights after each exam-
ple. Since the individual errors vary from sample to sample, our updates will make
the learning curve noisy. The learning curve will have a periodic component super-
imposed on a decaying exponential. The exponential tells us that we are approaching
a better overall solution. The periodic features show the error obtained for each input
sample, while the envelope is related to the learning curve for the batch mode. Note
that the weights never stabilize; the performance curve should otherwise be smooth
and converge to a single final value. Since there is more noise in on-line learning,
we must decrease the step size to get smoother adaptation. We recommend using a
step size 10 times smaller than the step size for batch learning. But the price paid is a
longer adaptation time; the system needs more iterations to get to a predefined final
error. Experiment with the learning rates to observe this behavior.

1.5.2 Robustness and System Testing

One of the interesting aspects of the LMS solution is its robustness. From the explana-
tion given (Figure 1-9), no matter what the initial condition for the weights, the solution
always converges to basically the same value. We can even add some noise to the de-
sired response and find out that the linear regressor parameters are basically unchanged.
This robustness is rather important for real-world problems, where noise is omnipresent.
The group of input samples and desired responses (shown in Table 1-1) used to
train the system are called collectively the training set for obvious reasons. Itis with their
information thatthe system parameters were adapted. Butonce the optimal parameters are
found, the parameters should be fixed. When the system is utilized for new inputs never
encountered before, it will produce for each input a response based on the parameters
obtained during training. If the new data comes from the same experiment, the response
should resemble the value of the desired response for that particular input value.



ESTIMATION OF THE GRADIENT: THE LMS ALGORITHM 29

Thus we see that the system has the ability to extrapolate responses for new data.
This is an important feature, since in general we wish the performance obtained in the
training set to also apply (generalize) to the new data when the system is deployed. But
due to the methodology utilized to derive the parameter values, we can never be exactly
sure of how well the system will respond to new data.

For this reason it is a good methodology to use a test set to verify the system
performance before deploying it in the real-world application. The test set consists of
new data not used for training but for which we still know the desired response. It is like
the final rehearsal before a play’s inauguration. We should also compute the correlation
coefficient in the test set. Normally, we will find a slight decrease in performance from
the training set. If the performance in the test set is not acceptable, we have to go back
to the drawing board. When this happens in regression, the most common problem is
that the training data is inadequate—either in quantity or in exhaustive coverage of the
experimental conditions. This point will be addressed in more depth in the following
chapters.

NEUROSOLUTIONS EXAMPLE 1.8
Robustness of LMS to noise

The LMS algorithm is very robust. It works from any arbitrary location and even
works well with noise added to the desired data. To demonstrate that the system
works well even with noisy data, we add one additional component to the Bread-
board from the previous example: the Noise component. The Noise component al-
lows uniform, Gaussian, or “user-defined” noise to be added to the input or desired
signals. We will add the Noise component to the desired signal and watch as the
system moves close to the optimal location even with the noisy data.

Noise Component

1.5.3 Computing the Correlation
Coefficient in Adaptive Systems

The correlation coefficient, r, tells how much of the variance of d is captured by a
linear regression on the independent variable x. As such, r is a very powerful quantifier
of the modeling result. It has a great advantage with respect to the MSE because it is
automatically normalized, while the MSE is not. However, the correlation coefficient
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is blind to differences in means because it is a ratio of variances (see Eq. 1.8); that is,
as long as the desired data and input covary, r will be small, in spite of the fact that
they may be far apart in actual value. Thus we need both guantities {» and MSE} when
testing the results of regression.
Although the correlation coefficient cun be computed directly from x and d (Eq.
1.8}, we would like to estimate r at the output of the linear system to follow the adaptive
systems’ methodology. From Eq. 1B .4, we can write
2.8y — d)f

it

V2. ld; —dy

Note, however, that y changes during adaptation, so we should wait until the system
adapts to read the final corrclation cocfficient (7 — r when w — w). During adapta-
tion the numerator of Eq. 1.14 can be larger than the denominator, giving a value for r
larger than 1, which is meaningless. We therefore propose to compute a new parameter
F that is a reasonable proxy for the correlation coefficient, even during adaptation. We
subtract a term from the numerator of Eq. 1.14 that becomes zero at the optimal setting
but limits 7 so that its value is always between —! and 1, even during adaptation. We
can write

{1.14)

F=

P ' \[Z;()’; —d)y (1.15)

Computation of the Correlation Coefficient

It is important to remembar (Eq. 1B.8) that with tha aptimal coefficients the regression error
&min, intarpreted as a vector, is perpendicular to the Adaline outputy. This conditionis called
the orthogonality condition. Infact, fromthe following fiqure it is easy to see that the smallest
errar is chtained when the projection of d on y is the orthogonal projection.

During adaptation the error will always be larger than gp,, meaning that y can be
larger than d, sa Eq. 1.14 may be larger than 1, which is misleading singe r < 1. Using the
factthat the minimum errar is perpendicular to y, we can compitte the dot product of & with



A METHODOLOGY FOR STABLE ADAPTATION 31

y and subtract it from the numerator of Eq. 1.14. We can prove that this new numerator is
always smaller than d and that the dot product is zero at the optimal solution and so will not
affect the final value of the correlation coefficient. This is exactly what is done in Eq. 1.14.

Note that all these quantities can be computed on-line with the information of the
error, the output, and the desired response. Remember, however, that Eq. 1.15 measures
the correlation coefficient only when the Adaline has been totally adapted to the data.

NEUROSOLUTIONS EXAMPLE 1.9
Estimating the correlation coefficient during learning

NeuroSolutions does not include a component to compute the correlation coefficient.
It does, however, allow you to write your own components. These custom compo-
nents are called DLLs. A custom component looks just like the component it takes
the place of, except that its icon has “DLL” printed on it. In this example we include
a custom component to compute the correlation coefficient. This component looks
exactly like an L2 Criterion component, except it has “DLL” printed on it.

Plug in the values of the optimal weights and verify that the formula Eq. 1.15
gives the correct correlation coefficient. Slightly modify w to 0.120 and verify that
the correlation coefficient decreases. If you plug in values for w and b that are very
far away from the fitted regression, this estimation of r using Eq. 1.14 becomes less
accurate, but is still bound by —1 and 1. The example also uses LMS to adapt the
coefficients. Observe that the correlation coefficient is always between —1 and 1
during adaptation and that the final value corresponds to the computed one.

1.6 A METHODOLOGY
FOR STABLE ADAPTATION

During adaptation the learning algorithm automatically changes the system parameters
using Eq. 1.13. This adaptation algorithm has one free parameter (the step size) that
must be user selected. To appropriately set the step size, the user should have a good
understanding of what is happening inside the system. In this section we quantify the
adaptation process and develop visualization tools that will help you understand how
well the system is learning.

1.6.1 Learning Curve

As is readily apparent from Figure 1-9, when the weights approach the optimal value,
the values of J(k) (the MSE at iteration k) will also decrease, approaching its minimum
value Jpi,. One of the best ways to monitor the convergence of the adaptation process
is to plot the error at each iteration. The plot of the MSE across iterations is called the
learning curve (Figure 1-10). The learning curve is as important for adaptive systems
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Learning curves

Increasing 1]

Number of iterations

FIGURE 1-10 The learning curve

as the thermometer is to check your health. It is an external, scalar, easy-to-compute
indication of how well the system is learning. But similar to body temperature, it is
unspecific; that is, when the system is not learning, it does not tell us why.

Notice that the error approaches the minimum in a one-sided manner (i.e., always
larger than Jy;,). As you can expect, the rate of decrease of the error depends on the
value of the step size 5. Larger step sizes will take fewer iterations to reach the neigh-
borhood of the minimum, provided that the adaptation converges. However, too large a
step size creates a divergent iterative process, and the optimal solution is not obtained.
We therefore must seek a way to find the largest possible step size that guarantees con-
vergence.

NEUROSOLUTIONS EXAMPLE 1.10
The learning curve

The goal of this example is to display the learning curve and to show how the learn-
ing rate affects its shape. This example plots the mean square error during adapta-
tion, which we called the learning curve, the thermometer of learning.

When you run the simulation, watch how the error moves toward zero as the
regression line moves toward the optimal location. You can also change the learn-
ing rates and watch the regression line moving more quickly or slowly toward the
optimal location, thus causing the learning curve to be steeper or shallower. The
visualization of the regression line contains more information about what the sys-
tem is doing but is very difficult to compute and display in higher dimensions. The
learning curve, however, is an external, scalar quantity that can be easily measured
with minimal overhead.

1.6.2 Weight Tracks

An adaptive system modifies its weights in an effort to find the best solution. The plot of
the value of a weight over time is called the weight track. Weight tracks are an important
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Weight tracks
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FIGURE 1-11 Weight tracks and plots of the weight values across an iteration for three
values of 5

and direct measure of the adaptation process. The problem is that normally our system
has many weights, and we don’t know what their optimal values are. Nevertheless, the
dynamics of learning can be inferred and monitored from the weight tracks.

In the gradient-descent adaptation, adjustments to the weights are governed by
two quantities (Eq. 1.11): the step size 1 and the value of the gradient at the point.
Even for a constant step size, the weight adjustments become smaller and smaller as
the adaptation approaches w*, since the slope of the quadratic performance surface is
decreasing near the bottom of the performance surface. Thus the weights approach their
final values asymptotically (Figure 1-11).

Three cases are depicted in Figure 1-11. If the step size is small, the weight con-
verges monotonically to w*, and the number of iterations to reach the bottom of the bowl
may be large. If the step size 7 is increased, the convergence will be faster but still
monotonic. After 1 reaches a value called critically damped, the weight will approach
w" in an oscillatory fashion (1, > 1771); that is, it will overshoot and undershoot the final
solution. The number of iterations necessary to reach the neighborhood of w* will start
increasing again. If the step size is too large (13 > 772), the iterative process will diverge;
that is, instead of getting closer to the minimum, the search will visit points of larger
and larger MSE until there is a numeric overflow. We say that the learning diverged.

NEUROSOLUTIONS EXAMPLE 1.11
Weight tracks

It is very instructive to observe the linear PE parameters during learning and how
they change as a function of the step size. Let us install a MegaScope over the
Synapse to visualize the slope parameter of the regressor and over the Bias Axon to
visualize the regressor bias. These are called weight tracks. Run the simulation and
watch how changing the step sizes affects the way the system approaches its final
weights.
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The weight tracks are a finer display of how adaptation is progressing, but the
problem is that in systems with many weights it becomes impractical to observe
all the weight tracks. Why do we say that weight tracks give us a better handle on
the adaptation parameters? Enter 0.02 for the step size and see the weight tracks
converge monotonically to their minimum value. Now enter 0.035. The weight
tracks are oscillating toward the final value, which means that the system is al-
ready in the underdamped regime (but the learning curve is still monotonically
decreasing toward the minimum at a faster rate). We can expect divergence if we
increase the weights further. Try 0.038 and see it happen. Relate this behavior to
Figure 1-11.

1.6.3 Largest Step Size for Convergence

As we have just discussed, we would like to choose the largest step size possible
for fastest convergence without creating an unstable system. Since adjustment to the
weights is a product of the step size and the local gradient of the performance surface,
it is clear that the largest step size depends on the shape of the performance surface.
We saw already (Eq. 1B.10) that the shape of the performance surface is controlled by
the input data, so we can conclude that the maximum step size will be dictated by the
input data. But how?

If we rewrite and manipulate the equations that produce the weight values in terms
of the first weight w(0), we get

w(k + 1) = w* + (1 — PO (w(0) — w") (1.16)

where
o lzg
N <™

The term (1 — nA)* must be less than or equal to 1 to guarantee weight convergence
(and less than 1 to guarantee convergence to zero, giving the solution w(k 4+ 1) = w*).
This implies that

2
pl =11=-7mA <1 > 9 <npu = (1.17)

A
where p is the geometric ratio of the iterative process. Hence the value of the step size
7 must always be smaller than 2/A. The fastest convergence is obtained with the crit-
ically damped step size of 1/A. The closer n is to 1/A, the faster is the convergence,
but faster convergence also means that the iterative process is closer to instability. We
can visualize this in Figure 1-11. When 7 is increased, a monotonic (overdamped) con-
vergence to w” is substituted by an alternating (underdamped) convergence that finally
degenerates into divergence.
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Derivation of the Largest Step Size

The bestway to find the upper bound for % is to write the equation that produces the weight
values. Let us rewrite the ideal performance surface {Eq. 1B.10) as

J = dy+ Glw - W (1B.11)
where
1
A= EZX,? {1B.12)

By computing the gradient of J (Eq. 1B.11}, we get
VJ = alw — w' {(1B.13)
so the iteration that produces the weight updates {Eq. 1.711} can be written as
wik + 1} = {1 — gAlwik) + naw’ {1B.14)

This is a first-order linear constant-coefficient difference squation, which can be salved by
induetion. First, let us subtract w” from both sides to yield

wik 1} — w' = {1 — gal{wlk) — w')
Start with a solution w0},

wil) — w® = [1 — nal{wlll — w™}
wi2) — w* = {1 — Al {wil) — w')
widl — w* = {1 — naflwl(ll — wl

which provides by induction the equation

wikl = w” + {1 — pA*w(0} — w')

There is a slight practical problem that must be solved. During batch learning
the weight updates are added together during an epoch fo obtain the new weight. This
effectively includes a factor of N in the LMS weight update formula, Eq. 1.13. To apply
the analysis of the largest step size of Eq. 1.17, we have to use a normalized step size:

(1.18)

AR

Ma =



36

CHAPTER 1 DATA FITTING WITH LINEAR MODELS

With this modification, even if the number of samples in our experiment changes,
the step sizes do not need to be modified. Note that for on-line learning (& = 1) we get
the LMS rule again. We will always use normalized step sizes, but to make the notation
simpler, we will drop the subscript  in the normalized step size. An added advantage
of using normalized step sizes is that we can switch between on-line updates and batch
updates without having to change the step size in the simulations.

The analysis of the largest step size of Eq. 1.17 also applies in the mear to the LMS
algorithm. However, since LMS uses an instantaneous (neisy} estimate of the gradient,
even when 7 obeys Eq, 1.17, instability may occur. When the iterative process diverges,
the algorithmn “forgets” its location in the performance surface; that is, the values of
the weights change drastically. This meuans that all the iterations up to that point were
wasted. Hence with LMS it is commen to include a safety factor of 10 in the largest i
(71 < 0. 17max) ©r to use batch training which reduces the noise in the estimate of the
gradient.

1.6.4 Time Constant of Adaptation

An alternative view of the adaptive process is to quantify the convergence of wik) to w™
inn terms of an exponential decrease. We know that w(k) converges to w”® as a geometric
progression (Eq. 1.16). The envelope of the geometric progression of weight values can
be approximated by an exponential decay exp(—t/7), where 7 is the time constant of
weight adapiation. A single iteration or epoch can be considered a unit of time. One
may want to know approximately how many iterations are nceded until the weights
converge. The time constant of weight adaptation can be written as

T=— (119}

which clearly shows that fast adaptation {small time constant 7} requires large step
sizes. For all practical purposes the iterative process converges after four time constants.

Derivation of the Time Constant of Weight Adaptation

Writing expl{—1/s] = p and expanding the exponential in Taylar series,

= &x f—‘[}—1—1+ LI
£= P( T!_ T 2

we get approximately s = 1 — 1/7. We saw that geometric ratio of the gradient descentis
Eg. 1.17, so we get



A METHODOLOGY FOR STABLE ADAPTATION 37

The steps used to derive the time constant of weight adaptation can be applied
also to come up with a closed-form solution to the decrease of the cost across iterations,
which is called the time constant of adaptation. Equation 1.16 tells us how the weights
converge to w*. If the equation for the weight recursion is substituted in the equation
for the cost (Eq. 1B.11) we get

J = Juin + A1 = n2)*(W(0) — w')?

which means that J also approximates J;, in a geometric progression, with a ratio equal
to p?. Therefore the time constant of adaptation is

n
e =2

Since the geometric ratio is always positive, J approximates Ji;, monotonically
(i.e., an exponential decrease). The time constant of adaptation describes the learning
time (in number of iterations) needed to adapt the system in a practical way. Notice that
these expressions assume that the adaptation follows the gradient. With the instanta-
neous estimate used in the LMS, J may oscillate during adaptation, since the estimate
is noisy. But even in the LMS, J will approach Jy;, in a one-sided way (i.e., always
greater than or equal to Jiip).

NEUROSOLUTIONS EXAMPLE 1.12
Linear regression without bias

The previous example solved the linear regression problem with one weight and one
bias. To compare the equations previously given (which are a function of a single
parameter) with the simulations, we have to make a modification in the data set or in
the simulation. Shortly we will see how to extend the analysis for multiple weights,
but for the time being let us work with the simpler case.

We replace the Bias Axon with an Axon, a component that simply adds its
inputs, so the regression solution becomes y = wx, which has to pass through the
origin. With this new Breadboard we can compare the numerical results of the sim-
ulations directly with all the equations derived in this section, since there is only one
free parameter. Batch updates are used throughout.

The optimal value of the slope parameter is computed by Eq. 1.5, which gives
w = 0.30009, with an average error of 0.23. This solution is different from the value
obtained previously (w = 0.139511) for the bias regressor because the regression
line is now constrained to pass through the origin. It turns out that this constrained
solution is worse than before, as we can see by the error (0.23 versus 0.033). Ob-
serving the output (red points) and the input samples (blue) in the Scatter Plot shows
clearly what we are describing.

Computing A by Eq. 1.16 yields 54, so according to Eq. 1.17 the maximum step
size is 7 = 3.6 X 1072, The critically damped solution is obtained with a step size




38

CHAPTER 1 DATA FITTING WITH LINEAR MODELS

of 1.8 X 1072, and adaptation with a step size below this value is overdamped. When
we run the simulator in the overdamped case, the weights approach the final value
monotonically; for the critically damped case they stabilize quite rapidly, while for
the underdamped case they oscillate around the final value, and the convergence takes
more iterations. Notice also that the linear regressor “vibrates” around the final posi-
tion, since the slope parameter is overshooting and undershooting the optimal value.

According to Eq. 1.19 the critically damped step size 7 = 1, so the solution
should stabilize in four updates (epochs). This step size yields the fastest conver-
gence. Go to the Controller Inspector and use the epoch button to verify the number
of samples until convergence.

1.6.5 Rattling

Up to now our main focus was the speed of adaptation, that is, how fast the weights
approximate w* or, equivalently, how fast J approximates Jyy;,. Unfortunately, this is
only part of the story. For fast convergence we need large step sizes (). But when the
search is close to the minimum w*, where the gradient is small but not zero, the iterative
process continues to wander around a neighborhood of the minimum solution without
ever stabilizing. This phenomenon is called rattling (Figure 1-12), and the rattling basin
increases proportionally to the step size 1. This means that when the adaptive process
is stopped by an external command (such as the number of iterations through the data),
the weights may not be exactly at w*. We know they are in the neighborhood of the
minimum point but not exactly at the optimum.

If we picture the performance surface (Figure 1-12) when the final weights are
not at w*, there will be a penalty in performance; that is, the final MSE will be higher
than Jp,. In the theory of adaptation the difference between the final MSE and the Jyy;,
(normalized by Jy;,) is called the misadjustment M.

M e Jﬁl‘lﬂ‘l]'_l Jrn.in (l‘m')

This means that in search procedures that use gradient descent there is an intrinsic
compromise between accuracy of the final solution (a small misadjustment) and speed

———o @ ——o
w0 W@ wE W) g

| min

FIGURE 1-12 Rattling of the iteration procedure
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of convergence. The parameter that controls this compromise is the step size n. High
7 means fast convergence but also large misadjustment, while small n means slow
convergence but little misadjustment.

NEUROSOLUTIONS EXAMPLE 1.13
Rattling

We observed in Example 1.7 how noisy the learning curve became with the on-line
update. This is an external indication that the weights were changing from sample
to sample even after the system reached the neighborhood of the optimum. The
implication of this random movement in the weights is a penalty in the final MSE.
In this example we show and exactly quantify the rattling.

The rattling has important consequences for adaptation, since if we set the
step size large for fast convergence, we pay a price of inaccurate coefficients, which
are translated into an excess MSE. The rule of thumb for LMS is to use a step
size that is 1/10 of the largest possible step size. For a step size close to the largest
possible, the MSE for the epoch is effectively smaller than the theoretical minimum,
which is impossible. This happens because the parameters are changing so much
with each update that the slope is continuously varying. The problem is that when
we stop the training, we do not know whether the final value of the weight is a good
approximation to the theoretical regression line.

This shows that for adaptive systems the final MSE is only part of the story. We
have to make sure that the system coefficients have stabilized. It is interesting to note
that with batch updates there is no rattling, so in the linear case the batch solution is
more appropriate. Observe this in the simulations by displaying the MSE for large
and small step sizes. We are just paying the small price of storing the individual
weight updates. For nonlinear systems the batch is unfortunately no longer always
superior to the on-line update, as we will see.

This example shows that obtaining a small MSE is a necessary but not sufficient
condition for stable adaptation. Adaptation also requires that the weights of the model
settle onto stable values. This second condition is required because the system can
endlessly change its parameters to fit the present sample. This will always give a small
MSE, but from a modeling point of view it is a useless solution because no single model
is found to fit the data set.

1.6.6 Scheduling the Step Sizes

As we saw in the latest examples, for fast convergence to the neighborhood of the min-
imum, a large step size is desired. However, the solution with a large step size suffers
from rattling. One attractive solution is to use a large learning rate in the beginning of
training to move quickly toward the location of the optimal weights, but then the learn-
ing rate should be decreased to obtain good accuracy on the final weight values. This is
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called learning rate scheduling. This simple idea can be implemented with a variable
step size controlled by

nk+1)=nk) - B (1.21)

where 1(0) = 7y is the initial step size, and 3 is a small constant. Note that the step
size is being linearly decreased at each iteration. If we have control of the number of it-
erations, we can start with a large step size and decrease it to practically zero toward the
end of training. The value of B needs to be experimentally determined. Alternatively,
we can decrease the step size slowly (in optimization this slow decrease is called an-
nealing) using a linear, geometric, or logarithmic rule.

More on Scheduling Step Sizes

If the initial value of 1y is set too high, the learning can diverge. The selection of 8 can
be even trickier than the selection of 17 because it is highly dependent on the performance
surface. If B is too large, the weights may not move quickly enough to the minimum and the
adaptation may stall. If 8 is too small, the search may reach the global minimum quickly and
must wait a long time befare the learning rate decreases enough to minimize the rattling.
There are other (more automatic) methods for adapting the iearning rate that we discuss
later in the book.

NEUROSOLUTIONS EXAMPLE 1.14
Scheduling of step sizes

In this demonstration we vary the step size using the scheduling component al-
ready introduced in Example 1.4. The scheduler is a component that takes an initial
value from the component it is attached to, and changes the value according to a
predetermined rule. Here we use the linear rule, and since we want to decrease
the step size, the factor B is negative. We should set a maximum and a minimum
value just to make sure that the parameters are always within the range we want. 3
should be set according to the number of iterations and the initial and final values
(M1t = BN = MResid)-

Here the important parameter is the minimum (the residual step size is set at
0.001), because after scheduling we want to let the system fine-tune its parameters
to find the best approximation of the minimum. However, notice that this implies
that the parameter is already in its optimal neighborhood, and this depends on a lot
of unknown factors. Thus if the scheduling is not right, the adaptation may stall in
positions far from the minimum.

You should explore the Breadboard by entering other values for 8 and the final
value and see their impact on the final weight value. You can also use the exponential
and the logarithmic schedulers and see how they behave. Which one do you prefer
for this case?




REGRESSION FOR MULTIPLE VARIABLES 41

1.7 REGRESSION FOR
MULTIPLE VARIABLES

Assume that d is now a function of several inputs xj, x2, ..., xp (independent vari-
ables), and the goal is to find the best linear regressor of d on all the inputs (Figure
1-13). For D = 2 this corresponds to fitting a plane through the N input samples or a
hyperplane in the general case of D dimensions.

As an example, let us assume that we have two variables, x| (speed) and x; (feed
rate), that affect the surface roughness (d) of a machined workpiece. In abstract units
the values of x;, x5, and d for 15 workpieces are presented in Table 1-2. The goal is to

y=b+wix+waxy

x X2

FIGURE 1-13 Fitting a regression plane to a
set of samples in 2D space

TABLE 1-2 Multiple
Regression Data

Xq X2 d
1 2 2
2 5 1
2 3 2
2 2 2
3 4 1
3 5 3
4 6 2
5 5 3
5 6 4
5 7 3
6 8 4
7 6 2
8 4 4
8 9 3
9 8 4
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find how well one can explain the quality of machining by the two variables x; and x,
and which is the most important parameter.

As before, we assume that the measurements x are noise free and that d is contam-
inated by a noise vector & with these properties: Gaussian distributed with components
that are zero mean, of equal variance %, and uncorrelated with the inputs. The regres-
sion equation when D = 2 is now

g =d;i — (b+wixy +waxp) (1.22)

where x;; is the ith value of x; (the ith workpiece in the training set). In the general
case we write Eq. 1.22 as

D D
s;-=d.——(b+Zwkx,-k)=df—Zwkx;k i=1...N (1.23)
Gl k=0

where we made wy = band x;p = 1 (compare with Eq. 1.3). The goal of the regression
problem is to find the coefficients wy, ..., wp. To simplify the notation we will put all
these values into a vector w = [wy, ..., wp]? that minimizes the MSE of ; over the N
samples. Figure 1-14 shows that the linear PE now has D inputs and one bias.

The MSE becomes for this case

2
1 D
= ﬁ Z (d,‘ — ;wkx;k) (1.24)

The solution to the extreme (minimum) of this equation can be found in exactly the
same way as before, that is, by taking the derivatives of J with respect to the unknowns
(wy) and equating the result to zero.

This yields a set of D + 1 equations in D + 1 unknowns called the normal equation

D
Dlxydi = > wi > xuxy  j=01...,D (1.25)
i k=0

xpi O

Rl - Regressimsym

FIGURE 1-14 Regression system for multiple inputs
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Derivation of Normal Equations

When the derivative of J with respect to the unknown quantities {the weights) (s taken, we
end up with a set of D + 1 eguations in & + 1 unknowns;

6 1 ( D )
= = —— E x:|d; — E wixy |= 0 forj=0,...,0 (1B.15}
Avy; N St )

The solution is the famous normal matrix equation:
a

Sixpdi = > wi > xaxy  [=0,1,...,D {1B.16}
i & i

=C

or expanding
er,-cd,.- = > W > XpXn
i k i
: X ] dli = ’ ) kA
g2 T 2 2 1817

. ZXEDdé = Z WtZX;sta
N & i

Notice that these equations are linear in the unknowns (the w;l, so they can be easily
safved.

The normal equations can be written much more compactly with matrix notation (see
Appendix A, Section 3}. Let us define

Ry; = i inkx,{; {1.26)

as the awtocorrelation of the input samples for indices £ and j. As you can see, the
autocorrelation measures similarity across the samples of the training set. When k = j,
R is just the sum of the squares of the input samples {the variance if the data is zero
mean}. When £ differs from j, R measurcs the sum of the cross products for every
possible combination of the indices. As we did for w, we will also put all these Ry;
values into a matrix R, that is,

Royy -+ Rop
R=1|-- S
Rpo - Ron_

Thus we cbtain pairwise infermation about the structure of the data set.
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Let us call
1 .
P';' = F Z X.:jd,‘ (1.27}

the cross-correlation of the input x for index § and desired response d, which can also
be put into a vector p of dimension D — 1. £; measures the similarity between the input
x and the desired response 4 at shift j. Substituting these definitions in Eq. 1.25, the set
of normal equations can be written simply

p = Rw’ or w=Rlp (1.28)

where w is a vector with the 2241 weights w;. w* represents the value ofthe D = I weights
for the optimal {minimum) solution. R ! denotes the inverse of the autocorrelation matrix
(see Appendix A, Section 3.11}. Equation 1.28 stutes that the solution of the multiple
regression problem can be computed analytically as the product of the inverse of the
autocorrelation matrix of the input samples and the cross-correlation vector between the
input and the desired response. The least square selution for this problem yields

¥ = [.353480 + 0.286191x; — 0.004195x;

It is remarkable that we are able {o write an equation that describes the relationship
between the two variables when only measured data samples were given. This attests
to the power of lincar regression. But as for the single variable case, we still do not
know how accurately the equation fits the data, that is, how much of the variance of the
input is actually captured by the regression model. The multiple correlation coefficient
ry: can also be defined in the multiple-dimensional case for a single output as

(1.29}

and measures the amount of variation explained by the linear regression, normalized by
the variance of d. In this expression d is the vecter built from the desired responses 4;,
and U is a matrix whose columns are the input data vectors. For this case r,, = (.68, 50
there is a large portion of the variability that is not explained by the linear regression.
(Either the process is nonlinear, or there are more variables involved.) We can still
approximate the correlation coefficient for the multiple regression case by Eqg. 1.15
after the system has adapted.

Multiple-Variable Correlation Coefficient

The idea of the correlation coefficient is the same for one or multiple dimensians. The equa-
tions get a little more complicated, since we are now working with an ensemhbte of input
vectors, so the nice form of Eq. 1.8 has to be modified. An ensemble of vectors is hatter
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described as a matrix, so we are going to define a new matrix U as

where each column is one of the input samples. We are likewise going to define a column
vector d with all the desired responses (this is a vector for the single-output regression,
otherwise it also becomes a matrix):

The total error variance can be written as
ele=dd-wTlU.d

where w* is the set of optimal coefficients. This expression can be easily derived if the
output of the regressor is substituted in the definition of the error [Dunteman, 1984]. The
part of the error that is explained by the linear model is the second term. The variance of
the output is expressed in the same way (just subtract the mean of the desired signal). Thus
if we normalize this equation by the variance of the desired response, we get

o wld-Nd'
d7d— Nd’

which leads to the correlation coefficient for the multivariate case.

NEUROSOLUTIONS EXAMPLE 1.15
Multivariable regression

Moving to multi-dimensional inputs is very simple in NeuroSolutions. You simply
change the input and desired files (for the new input data) and change the input
Axon to accept two inputs. The rest is automatic. In this example we do all this for
you using macros. Note that in the two-dimensional case the regression line is now a
regression plane. In NeuroSolutions, there is not currently a good way of showing a
plane in three dimensions, so we will not plot our regression plane. When we run the
network, we will see that the learning curve (one of our only indications of whether
the network is training correctly) decreases steadily and that the weights eventually
approach the theoretical optimal weights.

The amazing thing about the adaptive system’s methodology is that we
changed the problem, but the technique to solve it did not change significantly.
It is true that we have to dimension the system properly and choose new values for
the step size, but the fundamental aspects of the methodology did not change at all.
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FIGURE 1-15 The performance surface for two dimensions and its contour plot

1.7.1 Setting the Problem as a Search Procedure

All the concepts previously mentioned for linear regression can be extended to the mul-
tiple regression case. The performance surface concept can be extended to multiple di-
mensions, making J a paraboloid in D + 1 dimensions, facing upward. (Figure 1-15
depicts the two weight-case.) J now involves matrix computations, but it remains a
scalar quantity that is a quadratic function of the weights.

2
J = |05wRw—pTw+S ;—R, (1.30)

where the superscript 7 means the transpose.
The coefficients that minimize the solution are

VV=0=Rw'-p o w =Rp (1.31)

which gives exactly the same solution as Eq. 1.28. In the space (w;, wp), J is a
paraboloid facing upward.

Derivation of the Optimal Solution

Let us just take the derivative of J (Eq. 1.30) with respect to the weights, using matrix oper-
ations:

j—i = 0.5Rw +0.5w'R—p = Rw +R'w — 2p = 2Rw — 2p
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since the transpose of Ris equal to itself because of its Toeplitz structure. If we equate this
to zero, we obtain the optimal weights:

w =RTp

which is the equation in the text.

NEUROSOLUTIONS EXAMPLE 1.16
Checking the LMS solution with the optimal weights

Let us first consider a least square solution with only two weights, w; and w,, since
we can still compute it easily by hand. For the data set of Table 1-2, the autocorre-

lation matrix is (from Eq. 1.26)

R

_ 1[416 429
T 15(429 490

To determine the eigenvalues, we solve the equation
detfR— N[ =0

which yields A} = 59and A; = 1.5. From these results we can immediately see that
the eigenvalue spread is roughly 40, so the performance surface paraboloid is very
skewed (i.e., much narrower in one direction). The performance surface is shown in
the following figure. Notice how it is very steep in one direction and very shallow
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in the other. Thus, if we train the network with gradient descent, we would expect
it to move very quickly down the steep slope at first and then to move slowly down
the valley toward the optimum.

To compute the optimal solution, we first need to compute the cross-correlation

vector (from Eq. 1.27):
-t
P=15[229

For the two-dimensional case it is still easy to solve for w; and w; by writing (from
Eq. 1.28)

416w, + 429w, = 212

429w, + 490w, = 229

which gives for optimal weights w; = 0.2848 and w; = 0.2180. The minimum J
is 0.390. When we run the simulator with the Axon replacing the Bias Axon (no

bias), the network weights approach these values.

Performance Surface Properties

The minimum value of the error can be obtained by substituting the optimal weight (Eq. 1.31)
into the cost equation (Eq. 1.30), yielding

2

i 1 di — nlw*
Jnin = i[z = w] (1B.18)
We can rewrite the performance surface in terms of its minimum value and w* as
1 1T =
J = doin + E[w —w') Riw — w") (1B.19)

For the one-dimensional case this equation is the same as Eq. 1B.10 (R becomes a scalar
equal to the variance of the input). In the space (wy, ws) J is now a paraboloid facing up-
ward. The shape of J is again solely dependent on the input data (throughits autocorrelation
function). One can show that

« The principal axes of the performance surface contours (surfaces of equal error) cor-
respond to the eigenvectors of the input correlation matrix R (see Appendix A).

+ The eigenvalues of R give the rate of change of the gradient along the principal axis
of the surface contours of J (Figure 1-16).

The eigenvectors and eigenvalues of the input autocorrelation matrix are all that mat-
ters to understand convergence of the gradient descent in multiple dimensions. The eigen-
vectors represent the natural (orthogonal) coordinate system to study the properties of R.
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FIGURE 1-16 Contour plots of the performance surface with
two weights

In fact, along these coordinates the convergence of the algorithm can be studfed as a joint
adaptation of several {ane for each dimension of the space} unidimensional algorithms.
Along each eigenvector direction {the axes of the ellipsoids} the algorithm behaves just
like the one-variable case that we studied in the beginning of this chapter. The eigenvalue
becomaes the projection of the data onto that direction, justas A in Eq. 1B.11 is the projection
of the data on the weight direction. Butin any other direction the adaptation s coupled.

The location of the performance surface in weight space depends on both the input
and desired response {Eq. 1.31}. The minimum error also depends on both (Eq. 1B.18}. Mul-
tiple regression finds the Tocation of the minimum of a parabolaid placed in an unknown
positian in weight space. The input distribution defines the shape of the performance sur-
face. The input distribution and its relation with the desired response distribution define
both the vaiue of the minimum of the error and the focation in coefficient space where that
minimum aceurs.

As in the one-dimensional case, the autocorrelation of the input (R) completely
specifies the shape of the performance surface (Eq. 1B.19). However, the location of
the performance surface in the space of the weights (Eq. 1.31} and its minimum valuc
(Eg. 1B.18} depend also on the desired response.

1.7.2 Steepest Descent for Multiple Weights

Gradient techniques can alsa be used to find the minimum of the performance surface,
but now the gradient is a vector with D — 1 components

[ aJ 5F T (132)

gwa’ T dwn

The extension of Eq. 1.11 18
wik+ 1) = w(k) — p9](&) (1.33)
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where all quantities are vectors, that is, w{k) = [wplk), ..., wp(k)]T. To calculate the
largest step size 7, we again rewrite the update equation in the form of (see the box
“Derivation of Largest Step Size” and compare with Eq. 1B.14)

w(k + 1) = (I - gRyw(k) =~ nRw' (1.34)

where I is the identity matrix, R is the input autocorrelation matrix, and w (k) =
[wilk) ..., w}‘)(k)}r. The solution of this equation is cross coupled; that is, the way w
converges to w” depends on the behavior of the geometric progressicn in all the 2 + 1
directions. Therefore the simple picture of having w(k — 1) converge to w* with a single
geometric ratio, as in the unidimensional case, has to be modified. One can show that
the weights converge with different time constants, each related to an eigenvalue of R,

Convergence for Multiple-Weights Case

One can show that the condition to guarantee convergence [Widrow and Stearns 1985] is

limik-- gA* =10 {1B.20}
ko
where A (s the eigenvalue matrix,
Ay D
A=l o [1B.21}
0 - Ap_

which means that in every principal direction of the performance surface (given by the
eigenvectors of the input correlation matrix R}, we must have

ﬂ<1}<% (1B.22)

L

where A; is the carresponding eigenvalus. This equatian also means that with a single
1 each weight w;lk} is approaching its optimal value w with a different time constant
{“speed”), so the weight tracks hend, and the path is no langer g straight fine toward the
minimum,

This is the mathematical description of our earlier statement that the gradient descent
algorithm behaves like many one-dimensional univariable algerithms alang the sigenvector
directians. Notice that Eq. 1B.21 is diagonal, so there is no cross coupling hetween time
constants along the eigenvector directions.

In any other direction of the space there will be coupling. However, we can still de-
campase the overall weight tract as a combination of weight tracts along each eigendirec-
tian, as we did in Figure 1.16. Eq. 1B.22 shows that the step size along each direction cheys
the same rule as the unidimensicnal ease (Eq. 1171,
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1.7.3 Step Size Control

As we have scen, the set of values taken by the weight during adaptation is called
the weight frack. The weight moves in the opposite direction of the gradient at each
point, so the weight track depicts the gradient direction at each point of the performance
surface visited during adaptation. Therefore the gradient direction tells us about the
performance surface shape. In particular, it is useful to construct the contour plot of /
since the gradient has to be perpendicular o the lines that link points with the same J
value. The contour plot provides a graphical construction for the gradient at each point
of the performance surface.

Given a point In a contour, we take the tangent of the contour at that point, The
gradient is perpendicular to the tangent, so the weights will move along the gradient line
and point in the oppesite direction. Likewise, if we run the adaptation algorithm with
several initial conditions and we record the value of / at each point, we can determine
the contour plots by taking ellipses that pass through the points of equal cost and are
perpendicular to the weight tracks.

When the eigenvalues of R are the same (see Appendix A, Section 3.17), the
contour plots are circular, and the gradient always points to the center, that is, to the
minimum. [n this case the gradient descent has only a single time constant a3 in the one-
dimensional case. But this is an exceptional condition. In general, the eigenvalues of R
will be different. When the eigenvalues are diftferent, the weight truck bends because it
follows the direction of the gradient at each point, which is perpendicular to the contours
{Figure 1-17). The gradient direction no longer points to the minimum, which means
that the weight tracks will not be straight lines to the minimum. The adaplation will
take longer for two reasons. First, a longer path to the minimum will be taken. Second,
the step size must be decrcased compared with the circular case. Let us address the
step-size aspect further.

For guarantced convergence the learning rate in each ith prineipal direction of the
performance surface must be

0<n< (1.35)

LR

where A; is the corresponding eigenvalue. The worst case condition 1o guarantee con-
vergence to the optimal w* in all directions is therefore

n< 2= (1.36)

That is, the step size m must be smaller than the inverse of the largest cigenvalue of the
autocorrclation matrix. Otherwise the iteration will diverge in one or more directions.
Since the adaptation is coupled, divergence in one direction will cause the entire system
to diverge.

In the early stages of adaptation the convergence is primarily along the direction
of the largest eigenvalue, since the weight update along this direction will be bigger.
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On the other hand, toward the end of adaptation the algorithm will mainly adapt only
the weight associated with the smallest cigenvalue (which corresponds to the smallest
time constant}. The time constant of adaptation is therefore

}

T = 7});, ;. (1-37)

An implication of this analysis is that when the eigenvalue spread of R is large,
there will be very different time constants of adaptation in each direction. This reason-
ing gives a clear picture of the fundamental constraint of adapting the weights using
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gradient descent with a single step size 7): The speed of adaptation is controlled by the
smallest eigenvalue, while the largest step size is constrained by the inverse of the largest
eigenvalue. This means that if the ratio between the largest and the smallest eigenvalues
(the eigenvalue spread) is large, the convergence will be intrinsically slow. This problem
cannot be avoided when only a single step size is used in the steepest descent.

The learning curve will approach Jp, in a geometric progression as before. How-
ever, there will be many different time constants of adaptation, one for each direction.
Initially, the learning curve will decrease at the rate of the largest eigenvalue, but to-
ward the end of adaptation the rate of decrease of J is controlled by the time constant
of the smallest eigenvalue.

Estimation of Eigenvalue Spread

The eigenvalue spread can be computed by an eigendecomposition of R, but this is a time-
consuming operation and is hardly ever performed. An estimate of the eigenvalue spread
for the muitidimensional-data case is the ratio between the maximum and the minimum of
the magnitude of the Fourier transform of the input data.

Alternatively, simple inspection of the correlation matrix of the input can provide an
estimation of the time to find a solution. The best possible case is when R is diagonal, with
equal values in the diagonal, because in this case the eigenvalue spread is 1 and the gradi-
ent descent travels in a straight line to the minimum. We cannot have a faster convergence
than this, even when second-order methods (such as Newton's method, studied later) are
used. When R is diagonal but with different values, the ratio of the largest number over the
smallest is a good approximation to the eigenvalue spread. When R is fully populated, the
analysis becomes much more difficult.

NEUROSOLUTIONS EXAMPLE 1.17
Visualizing the weight tracks and speed of adaptation

According to our previous calculations, the largest step size for convergence is (from
Eq. 1.36) 3.3 X 1072, The critically damped mode along the largest eigenvector
should be 1.6 X 10~2. The time constant of adaptation for the largest step size is
around 20 iterations (epochs for batch); that is, the convergence should take 80
epochs with this step size.

When we run the simulations, the algorithm converges first along the direction
of the largest eigenvalue (largest eigenvector direction) and then along the direction
of the smallest eigenvector. Since the eigenvalue spread is 40, the steps are much
bigger along the largest eigenvector direction. If we look at the figure of Example
1.16, we can see that the weights converge perpendicular to the contour plots since
this is the steepest descent path. As we will see, there are two distinct regions in
the learning curve: In the beginning it is controlled by the geometric ratio along the
largest eigenvector, while toward the end it is controlled by the geometric ratio of
the smallest eigenvector.
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After running this example and observing the weight tracks, let us change the
input data file to a data set with a smaller eigenvalue spread. Click the input file icon
and bring up its Inspector by clicking the right mouse button. Remove the present
input file, and add the file regression2a.asc from the Data\ Chapters\ CH1 folder
on the CD-ROM.

The modification was made only in the variable x;; all the rest is the same.
Respond to the panel associate by clicking on the close button. In the customize
panel, skip the desired signal, and click on close. You have just modified the input
data to this example. This new file has a much smaller eigenvalue spread, so we can
expect that the weight tracks are basically straight lines to the minimum. Compute
the new eigenvalue spread, and adjust the learning rates so that the convergence is
as fast as possible.

1.7.4 The LMS Algorithm for Multiple Weights

It is straightforward to extend the gradient estimation given by the LMS algorithm from
one dimension to many dimensions. We just apply the instantaneous gradient estimate
Eq. 1.12 to each element of Eq. 1.33. The LMS for multiple dimensions reads

w(k + 1) = w(k) + ne(k)x(k) (1.38)

An interesting feature is that the LMS adaptation rule still uses local computations;
that is, for the ith weight we can write

wilk + 1) = wi(k) + ne(k)xi(k) (1.39)

Note that although the analysis of the gradient descent techniques became complex, the
LMS algorithm itself is still very simple. This is one reason why LMS is so widely used.
But since LMS is a steepest-descent algorithm, the analysis and discussions concerning
the largest step size for convergence and coupling of modes also apply to the LMS
algorithm.

NEUROSOLUTIONS EXAMPLE 1.18
Visualizing weight tracks with on-line learning

In this example we configure the Backprop Controller to on-line learning to imple-
ment the LMS algorithm. Notice that the weight tracks follow basically the same
path as before, but now the path is much more irregular due to the sample-by-sample
update of the weights. When the eigenvalue spread is very large (the performance
surface is very steep in one direction and shallow in others), the problem is difficult
for LMS to solve. Any small perturbation in the smallest eigenvector direction gets
amplified by the large eigenvalue spread.
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1.7.5 Multiple Regression with Bias

Up to now we have implemented and solved analytically the multiple regression
problem without bias. The reason for this is only for simplicity. With two weights
we can still easily solve the multiple regression case by hand; however, if the bias
is added, we must do the computations with three parameters. The simulations are
transparent to these difficulties, since we just substitute the Axon by a Bias Axon.
Note that the largest step size between the two cases differs since the input data
is effectively changed if we interpret the bias as a weight connected to an extra
constant input of one. Hence the autocorrelation function and its eigenvalue spread
change.

We should state that the use of a bias is called the full least square solution, and it
is the recommended way to apply least squares. The reason can be understood easily:
When a bias is utilized in the PE, the regression line is not restricted to pass through the
origin of the space, and smaller errors normally are achieved. There are two equivalent
ways to solve the full least squares problem for D input variables:

+ The input and desired responses need to be modified so that they become zero-
mean variables. (This is called the deviation or z scores.) In this case a D weight
regression will effectively solve the original problem. The bias b is computed
indirectly by

_ N
b=d "‘ZW{IF
i=1

where w; are the optimal weights and the bars represent mean values.

» Alternatively, the input matrix has to be extended with an extra column of 1s (the
first column). This transforms R into a (D + 1) X (D + 1) matrix, which introduces
a D + 1 weight in the solution (the bias).

NEUROSOLUTIONS EXAMPLE 1.19
Linear regression without bias

We will now substitute a Bias Axon for the Axon in the previous Breadboard. This
will effectively provide the regression solution without constraining the regression
plane to pass through the origin. We see that the weight tracks are very similar in the
beginning but that the error continues to drop, and the weights advance toward the
wy = 0 line. This means that the optimal solution changed. We now have a better
solution than before but with increased complexity of the performance surface (four
dimensions instead of three) and an increased number of adjustable parameters in
our system (two weights and a bias).
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1.7.6 The LMS Algorithm in Practice

We can use some rules of thumb to choose the step size in the LMS algerithm. The step
size should be normalized by the variance of the input data estimated by the trace of R,

. m
TR 1.40)

where 5 = 0.1 to 0.01. This normalization by the input variance was the original rule
proposed by Widrow to adapt the Adaline. We can expect the algorithm o converge
(settling time) in a number of iterations & given by four times the time constant of
adaptation:

2

k= 471‘.153 = 'T])Ln:in

(1.41)

The LMS algorithm has a misadjustment that is basically one half the trace of R times
e

M= Zo®) (1.42)
When the eigenvalues are equal, the misadjustment can be approximated by

D+

4""1‘.’\3C

M

which allows us fo give the following rule of thumb: The misadjustment cquals the
number of weights divided by the settling time, or equivalently, selceting 7 so that it
produces 10 percent misadjustment means & training duration in iterations of 10 times
the number of inputs.

1.8 NEWTON’S METHOD

If you are familiar with numerical analysis, vou may be asking why we aren’t us-
ing Newton’s method for the search, Newton's method is known to find the roots of
quadratic equations in one iteration. The minimum of the performance surface can be
equated to the root of the gradient equation Eq. 1.32, as outlined by Eq. 1.31. Hence
Newton’s methad can also be used in the search. The adaptive weight equation using
Newton’s method is

wik+ 1) = w(k) — R 'VJ(k) (L43)
Compare this with Eq. 1.33 and note that the gradient information is weighted by

the inverse of the correlation matrix of the input and that n is cqual fo 1. This means
that Newton'’s method corrects the direction of the search so that it always points to
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the minimum, while the gradient descent points to the maximum direction of change.
These two directions may or may not coincide (Figure 1-18).

They coincide when the contour plots are circles, that is, when the largest and the
smallest eigenvalue of the correlation matrix are the same. When the ratio of the largest
to the smallest eigenvalue (the eigenvaiue spread) increases, the slope of the perfor-
mance surface in the two directions diflers more and more. Thus for large cigenvalue
spreads the optimization path taken by gradient descent is normally much longer thun
the path taken by Newton’s methad. This implics that Newton’s method will be faster
than EMS when the input data correlation matrix has a large eigenvalue spread.

Newton's Derivation

The equation can be easily proved if we recall the gradient of the performance surface.
V4 — Rw —p
Left-multiply by R~ to obtain
Rip=w-R'VJ
and then substitute in the optimal solution {Eq. 1.28) fo obtain
w =w—RVJ
Fram this equation we can derive the incremental equation presented previpusly.
Another advantage of Newton’s method versus the steepest descent methed 18 in

the time constant of adaptation. When the gradient is multiplied by R™', not only is
the direction of the gradient being changed, but also the different eigenvalues in each
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direction are being equalized. What this means is that Newton’s method is automati-
cally correcting the time constant of adaptation for each direction so that all the weights
converge at the same rate. Hence Newton’s method has a single time constant of adap-
tation, unlike the steepest descent method.

These advantages of Newton’s method should not come as a surprise, because
Newton’s method uses much more information about the performance surface (the cur-
vature). In fact, to implement Newton’s method, you need to compute the inverse of
the correlation matrix, which takes significantly longer than the single multiplication
required by the LMS method and also requires global information. Newton’s method is
also brittle; that is, if the surface is not exactly quadratic, the method may diverge. This
is the reason Newton’s method is normally modified to also include a small step size 7
instead of using n = 1 asin Eq. 1.43.

w(k + 1) = w(k) + nR'e(k)x(k) (1.44)

Note that x(k) is a vector and R™! is a matrix, so the update for one weight in-
fluences all the other inputs in the system. This is the reason that the computations are
no longer local to each weight. However, they are not difficult if one assumes that the
inverse of R is known a priori. The algorithm of Eq. 1.44 is called the LMS/Newton
algorithm. The case where R™! has to be estimated on-line is much more involved and
leads to the recursive least squares (RLS) algorithm.

Alternatively, to improve convergence speed with the LMS, we can implement an
orthogonalizing transformation of the input correlation function followed by an equal-
ization of the eigenvalues, which is called a whitening transformation (see Appendix
A, Section 3.18). Since Newton’s method coincides with the steepest descent for per-
formance surfaces that are symmetric, this preprocessing will make the LMS perform
as Newton’s method.

NEUROSOLUTIONS EXAMPLE 1.20
Newton’s method

In this example we implement Newton’s method with a custom DLL. For this exam-
ple we must compute R™! and apply Eq. 1.44 to the simulator. The autocorrelation
function for this example is

T 15(429 490

so R™! becomes (see Section A.3.11)

R L[416 429}

0.0247 -0.0217

=1
. ‘15{—0.0217 0.0210

By applying Newton’s method to the learning algorithm, we have essen-
tially compensated for the eigenvalue spread. This means that Newton’s method
behaves as the steepest descent for a circular performance surface where the steepest
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descent direction always points directly to the optimal value. Thus, although the
calculations are more complicated and more demanding (we need to know R~ 1), the
convergence is much faster (in fact, the algorithm can converge in one epoch). When
we run the simulator, notice that no matter where the algorithm starts, it always heads
directly toward the optimum.

1.9 ANALYTIC VERSUS
ITERATIVE SOLUTIONS

Selecting a search procedure to find the optimal weights is a drastic conceptual change
from the analytic least square solution, albeit an equivalent procedure. In learning sys-
tems the iterative solution is the most common for several reasons.

When working with learning systems, the interest is very often in on-line solu-
tions, that is, solutions that can be implemented sample-by-sample. The analytic so-
lution requires data to be available beforehand to compute the autocorrelation matrix
R and cross-correlation vector p. Fast computers are required to crank out the solution
(the inverse of R and the product with p). The method produces a value that imme-
diately gives the best possible performance. But several problems may surface when
applying the analytic approach. If the matrix R is ill conditioned, the computation of
R™! may not be very accurate. Moreover, the analytic solution also requires a great deal
of computation time. [Computation of a matrix inverse is proportional to the square of
the number of columns D of the matrix. In the big O notation this means O(D?).]

The iterative solution is not free from shortcomings. We already saw that there is
no guarantee that the solution is close to the optimal weight w* when all the input sam-
ples are used by the algorithm. This depends on the data and on a judicious selection of
the step size 7. The accuracy of the iterative solution is not directly dependent on the
condition number of R, but matrices with large eigenvalue spread produce slow conver-
gence because the gradient-descent adaptation is coupled. As we said previously, the
slowest mode controls the speed of adaptation, while the largest step size is constrained
by the largest eigenvalue.

The great appeal of the iterative approach to optimization is that very efficient
algorithms exist to estimate the gradient (e.g., the LMS algorithm). Only two multipli-
cations per weight are necessary, so the computation scales proportionally to the number
of weights D [i.e., O(D) time]. Moreover, the method can be readily extended to non-
linear systems, while the analytic approach for most cases of practical relevance cannot
be computed.

1.10 THE LINEAR REGRESSION MODEL

We started this chapter by pointing out the advantages of building models from exper-
imental data. In the previous sections we developed a set of techniques that adapt the
parameters of a linear system (the Adaline) to fit the relationship between the input (x)
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and the desired data (d) as well as possible. This is our first model, and it explains the
relationship f(x, d) as a hyperplane that minimizes the square distance of the residuals.
We will have the opportunity to study other (nonlinear) models in later chapters.

It is instructive to stop and ask the question: How can we use the newly devel-
oped regression model? One interesting aspect of model building that we mentioned
previously is the ability to predict the behavior of the experimental system. Basically,
what this means is that once the Adaline is trained, we can forecast the value of d when
x is available. We do this by computing the system output y and assume that the error &
is small (Eq. 1.3). You can now understand why we want to minimize the square of the
error, since if the square of the error is small, d is going to be close to y in the training
data. Figure 1-19 shows a productive way of looking at the input-output pairs that we
used to train the Adaline.

We assume that the experimental system produces the desired response d for each
input x according to a rule that we do not know. The purpose of building the model is
to approximate as well as possible this hidden relationship.

We expect also that even for x values that the system did not use for training, y is
going to be close to the corresponding unknown value d. Our intuition tells us that if

» the data used for training covered all the possible cases well,
» we had enough training data, and
« the correlation coefficient is close to 1,

then in fact y should be close to the unknown value d. However, this is an inductive
principle, which has no guarantee of being true. The ability to extrapolate the good
performance from the training set to the test set is called generalization. Generalization
is a central issue in the adaptive systems approach since it is the only guarantee that the
model will perform well with the future data that will be presented to the system while
in operation.

Xl dl
x e d,
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FIGURE 1-19 A view of the desired response as the
output of an unknown model
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Remember that in the test mode the system parameters must be kept constant; that
is, the learning algorithm must be disabled. In the next section we familiarize ourselves
with training and using the linear model.

1.10.1 Regression Project

Getting Real-Worid Data We end Chapter 1 by giving you a flaver of the power
of lincar regression to solve real-life problems. We will go to the World Wide Web and
seck real data sets, import them into NeuroSelutions, and solve regression problems.
We will use the Breadboard from Example 1.7.

The first thing is to decide on the data with which we will work. There are many
interesting Web sites to visit in the search for data. We suggest the following sites:

climate data: http:/Herret.wre.noaa.gov/fbin/climate_server
http://seamonkey.ed asu.edu/~behrens/teach/WWW _duata.himl

These sites have plenty of data {some duplicated). We assume that you know how to
connect 1o the Web and how to download data. You should get the data in ASCII and
store it in column format, with one of the vartables {the independent variable) in the
input file and the dependent variable in the cutput file. Alternatively, we have provided
sample data cn the CD-ROM under the Data directory. Read the readme file 1o choose
the data sets thatf interest you.

NeuroSelutions Project The fundamental question is to find out how well a lin-
ear relation explains the dependence between the input data and the desired data. We
will exemplify the project with a one-dimensional st of input data, but the multidi-
mensional casc is similar.

The first thing to do is to medify the NeuroSolutions breadboard so that it will be
able to work with the data you downloaded. The data should be stored in an ASCII file
and formatted in columns. Right-click on the input file icon and select properties. The
Inspector will appear on the screen. Remove the present file (click the remove button},
and click the add butten. The Windows file inspector will appear; open the file that
contains the input data, that is, the input to your linear model.

In NeuroSolutions, the associate pane) appears, which you can close (we assume
that the input file has ASCII data in column format). The next panel that pops open is the
customize panel, Here you select the columns that you want to use (for those columns
that you do not want, select the eolumn label and click the skip button), and then click
the close button. The input file is now open and ready to be used by NeuroSolutions,
You should repeat the procedure for the desired data file. Make sure that the nmmber of
samples in the input and desired data files are the same.

Another thing that we should do is Lo normalize the data. Sometimes the input
and desired variables have very different ranges, so we should always normalize both
the desired and input data files between 0 {or — 1) and 1. To do this, go o the stream
page (click on the strearm tab) of the Inspector to access the normalization panel. Click
the rormalize check box and set the normalization range.
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We always recommend that you visually check the data—either with a plotting
program or the Scatter Plot in NeuroSolutions—to ensure that there aren’t any outliers
present in the data. When outliers exist, they may distort any possible linear relationship
that may exist.

Ongce the data sets are operl, we can effectively start the adaptation of the linear
regressor. The first important consideration is the largest step size that can be used for
convergence, When the data s normalized, we can always guess an initial value of
0.1. By plotting the learning curve or the weight tracks (if the problem has few input
channels), we can judge how appropriate this value might be. Alternatively, we can
compute the eigenvalues and find the exact largest possible step size, but this is rarely
done. The trial-and-error method is OK for small problems.

it the problem takes a long time to converge and increasing the step size creates
instability, then the eigenvalue spread is large, and there is little we can do short of
using Newton’s method.

After the algorithm converges (the error stabilizes), we should use the correlation
coefficient DI.L te estimate the correlation coefficient. Note that it is always pessible to
pass a hyperplanc through some data points, buf the real issue is whether the hyperplane
provides a good model. To answer this question, we need to estimate the correlation
coefficient.

For the multiple-variable regression case. the relative weight magnitude tells
us about the relative importance of each variable in the regression equation {for
normalized inputs}. It is therefere interesting to look at the values of the regres-
sion weights, including the bias. Remember that if the data is normalized, the dis-
played weight values must be “unnormalized”™ in order to compare them with the
original data. You can find the values that NeuroSolutions used to normalize the
data by going to the daiaser page of the Inspector and opening the normalization
file. NeuroSolutions multiplies the data set by the first value (range) in the nor-
malization file and adds the second wvalue {offset) in the normalization file. To re-
verse this process, you must subtract the second value and then divide by the first
value.

Remember that the paramelers of the regression equation can be used to predict
the system outpul when only the input is known. We can do this by testing the system
with ancther data file for which we do not have a desired response. To do this in Neuro-
Solutions, you should go to the Controller Inspector (the yellow dial) and tum off the
learning check box; this fixcs the weights.

No problem is finalized without a critical assessment of the results obtained. You
should start with a hypothesis about the data relationship and confirm your hypothesis
with NeuroSolutions results. If there is a discrepancy between what you expect and the
results, you must explain it. This is where the NeuroSolutions probes are very effective.
You should verify that the data is heing properly read, whether the input and output files
arc synchronized, whether the system (weight tracks, learning curve} is converging,
and so on. Computers are great tools, but they are very susceptible to the “garbage
in, garhage out” syndrome so it is the user’s responsibility o check the input and the
methodology of data analysis.
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NEUROSOLUTIONS EXAMPLE 1.21
Linear regression project

We will illustrate the project with a regression between two time series: the sea
temperature and atmospheric pressure downloaded from the NOAA site (climate
database). We start with the Breadboard from Example 1.7. We replace the input
with the file containing the sea temperature and replace the desired response data
with the file containing the pressure data. NeuroSolutions automatically sets the
number of inputs from the file (verify this in the File Inspector) and the number of
exemplars in an epoch. (Verify this in the Controller Inspector). We also have to
decide how many iterations we need. In the Controller Inspector enter 1,000 in the
epochs/run field. This number may be too large, but when the weights and MSE
stabilize, we can always interrupt the simulation. Experiment with everything we
have learned in this chapter.

1.11 CONCLUSIONS

In this first chapter we introduced ideas that are very important for the rest of the book.
Probably the most important was the concept of adaptive systems. Instead of design-
ing the system through specifications, we let the system learn from the input data. To
achieve this, the system has to be augmented with an external cost criterion that mea-
sures how well the model fits the data, and with an algorithm that will adapt the system
parameters so that the minimum of the cost can be reached. We will use this concept
throughout this book.

We covered much more in this chapter. We described an extremely simple and
elegant algorithm that is able to minimize the external cost function by using local
information available to the system parameters. The principle is to search the perfor-
mance surface in the opposite direction of the gradient. The name of the algorithm is
least mean squares (LMS), and in just two multiplications per weight and data sam-
ple it is able to move the system parameters towards the neighborhood of the optimal
values. Gradient descent is a powerful concept that we will also use throughout this
book.

When we apply the LMS to the linear network, we end up with a system called
the linear regressor, or Adaline, that can fit hyperplanes to data. The solution is identical
to least squares.

We quantified the properties of the LMS algorithm, and we showed the fundamen-
tal trade-off of adaptation: the compromise between speed of adaptation and precision
in the final solution. We defined the learning curve, which we called the thermometer
of learning, that we will also use over and over. Therefore this chapter covers the basic
concepts for the intriguing adventure of designing systems that learn directly from data.

We have also provided a project to help you understand the power of adaptive
systems. The applications of the Adaline are bounded by our imagination and the data
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we can find to train it. Thus, knowing how {o get data from the Web and how to use it
in NeuroSolutions is of great value.

1.12 EXERCISES

1.1

1.2

1.3

1.4

1.5

1.6
1.7
1.8

1.9

110

1.1

{a) Compute by hand the linear regressor for the following data:

X =i-05,-02 -0.1,03,04,05 0.7}
D=1-1,1,23273556}

{h) Compute the correlation coefficient.

{c) Estimate o for the values x — G and x = 1. Which 4 cun you trust the most? Justify your
AllSWET,

{d) Use NeuroSolutions to confirm your resulls.

For the data of Problem 1.1, compute the performance surface and plot it. Estimate the gradient
at the point w = 2.

{u) Compute the lincar regression for the following data:

X =405 -02,-0.1,03,0405 0.7}
X; =3,3252 -1,-1, -4}
D=+<-3-101721534}

{h} Use NearoSolutions to confirm your results.
Find the cigenvalucs and cigenvectors of the following matrix:

2y
R = 13

Show that when you apply Eq. 1.5 to data that is Gaussian distributed, you effectively obtain a
sct of lincar equations.

Rerun Example 1.8 with white neise that has a mean value of m = 0.5 and expiain the results.
Show mathcmatically that Eq. 1.14 will always give a value of |g| < 1.

For the data sct in Problem .3, estimate the largest step size, the critically damped step size,
and the fime canstant of adaptation for each step size.

Run NeursSolutions and verify your results by plotting the weight tracks. Also verify the
time constant of adaptation. For which value does the system adapt the fastest?

If you know the eigenvalues of the input autocorrelation function, would you schedule the step
size for fast adaptation? Justify vour answer. Run NeuroSolutions to confirm your conclusion.

Verify in the data of Prohlem 1.3 the statement of Section 1.6.5 that when the step size is very
large in on-line learning, the MSE in NeuroSolutions can decrease below the theoretical limit.
Plot the weight tracks and comment on the validity of the model.

Compule the largest eigenvalue for the data of Problem 1.3, but now use a regressor with hias,
Show all the work. What can you conclude about the largest step size for the biag?



1.12

1.13

1.14
1.15

NEURQSOLUTIONS EXAMPLES 65

Apply Newton's search to the data of Problem 1.3 and compare the speed of adaptation with
LMS. You should use NeuroSolutions.

Go to the Data directory and open the folder Auto MPG. Read the instructions and determine
the regression equation. Make sure the system is converging. What iy the estimated misadjust-
ment for the solution? How would you obtain a better linear fit¥ Compute also the correlation
coefficient and discuss the upplicubility of your medel.

Repeat Problem 1.13 with the data found in the folder Abalone.

Construct the NeuruSolutions Breadboard for Problem 1.13 from scrateh, that is, one compenent
at a time.

1.13 NEUROSOLUTIONS EXAMPLES

1.1 The lineur processing clement in NeuroSolutions
1.2 Computing the MSE for the lincar PE
1.3 Finding the minimum error by trial and error
1.4 Plotting the performance surface
1,5 Comparison of performance curves for different data sets
1.6 Adapting the linear PE with LMS
1.7 Batch versus on-line adaptation
1.8 Robustness of LMS to noise
1.9 Estimating the correlation coefficient during Jearning
1.1¢  The learning curve
1.11  Weight tracks
1.12  Linear regression without bias
1.13 Rattling
1.14 Scheduling of step sizes
1,18 Multivariahle regression
116 Checking the LMS solution with the optimal weights
1.17 Visualizing the weight tracks and speed of adapiation
1.18 Visualizing weight tracks with on-line learning
1.19 Linear regression without hias
1.20  Newton’s method
1.21 Linear regression project
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1.14 CONCEPT MAP FOR CHAPTER 1

Experimental model
building
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2
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models
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MD 7

Adaptive linear
systems
4

Analytic solutions
1D3
MD7
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1D4.3,MD 7.1

One
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Search with
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1D44 MD 7.2
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LMS gradient
estimation
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Performance
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curve 5.3
6.1 Methodology for

stable adaptation
6

Probing

Stepsize control
63,73

Time
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6.4
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6.6

Search
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8
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5.2

LMS in
practice
75,76
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6.5



REFERENECES 67

REFERENCES

Castl, I. L., Alternate Realities: Mathematical Models of Nature and Man, Wiley, [989.
Dunteman, (., ftroduction to Linear Models, Sage Publications, 1984,

Haykin, Adaptive Filter Theory, Prentice Hall, 1996.

Melsa, J., and D. Cohn, Decision and Estimation theory, MceGraw-Hill, 1978,

Widrow, B., and S. Stearns, Aduptive Signaf Processing {Chapter 4}, Prentice Hall, 1983,





