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1.1 INTRODUCTION

The celebrated Kalman filter, rooted in the state-space formulation of
linear dynamical systems, provides a recursive solution to the lincar
optimal filtering problem. It applies to stationary as well as nonstationary
environments. ‘the solution is recursive in that cach updated estimate of
the state is computed from the previous estimate and the new input data,
so only the previous estimate requires storage. In addition to eliminating
the need for storing the entire past obscrved data, the Kalman filter is
computationally more efficient than computing the cstimate directly from
the entirc past cbscrved data at cach step of the filtering process.

In this chapter, we present an introductory treatment of Kalman filters
to pave the way for their application in subsequent chapters of the book.
We have chosen to follow the original paper by Kalman [1] for the
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derivation; see also the bocks by Lewis [2] and Grewal and Andrews [3].
The derivation 1s not only elegant but also highly insightful.

Consider a linear, discrete-time dynamicel system described by the
block diagram shown in Figure 1.1, The concept of séate is fundamental to
this description. The sfafe vector or simply state, denoted by x;, 15 defined
as the minimal set of data that is sufficient to uniquely describe the
unforced dynamical behavior of the system; the subscript £ denotes
discrete time. In other words, the state is the least amount of data on
the past behavior of the system that is needed to predict its future behavior.
Typically, the state x; is unknown. To estimate it, we use 4 set of observed
data, denoted by the vector y,.

o mathematical terms, the block diagram of Figure 1.1 embodies the
following pair of equations:

1. Process equation

X =Fag +wy, (1.1)
where F, . ; is the fransition matrix taking the state x, from time 4
to time &£ — 1. The process noise w, is assumed to be additive, white,
and Gaussian, with zero mean and with covariance matrix defined
by

Q, forn=4k,

E[wnwz]:{ 0 for n#k, (12)

where the superscript 7 denotes matrix transposition. The dimension
of the state space is denoted by M.

Process equation Measurement cquation

X,
Xj4) & Y

Vi

Figure 1.1 Signai-fiow graph represeniaTon of o inear. discrete-fime
dynamical system.
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2. Measurement eguation
¥i = Hexp — vy, (1.3)

where v, is the observable at time & and H, 1s the measurement
matrix. The measurement noise v, 1s assumed to be additive, white,
and (Gzussian, with zero mean and with covariance matrix defined
by

7 | Ry for n=k,
E[Vr.’.v.-'&} - { i} for »n # k. (14)

Moreover, the measurement noise v, is uncorrelated with the
process noise w,. The dimension of the measurcment spacc is
denoted by N,

The Kalman filtering problem, namely, the problem of jointly solving
the process and measurement equations for the unknown state in an
optimum manner may now be formally stated as follows:

» LUse the entire obscrved data, consisting of the vectors ¥, ¥o. - . L ¥3s
to find for each £ > 1 the minimum mcan-squarc crror estimate of
the state x,.

The problem is called filiering it i = k, prediction it § = k, and smoothing
ifl <i=<k

1.2 OPTIMUM ESTIMATES

Before proceeding to derive the Kalman filter, we find it useful to review
gome concepts basic to optimum estimation. To simplify matters, this
review is presented in the context of scalar random variables; general-
ization of the theory to vector random variables is a straightforward matter.
Supposc we are given the observable

Yie = X T Vi
where x; Is an unknown signal and v, is an additive noise component. Let

¥; denote the a posteriori estimate of the signal x;, given the cbservations
Pl Vo, ... ¥ In general, the estimate x,, is different from the unknown
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signal x;. To derive this estimate in an optimum manner, we need 4 cos!
({oss) function for incorrect cstimates. The cost function should satisfy two
requircments:

e The cost function is nonnegative.
s The cost function is a nondecreasing tunction of the estimation error
X, defined by

)'Ejf =X — K.

These two requirements are satisfied by the mean-square ervor
defined by

Jy = El(x, — %)%
= E[%],

where £ 1s the expectation operator. The dependence of the cost
function J, on time 4 cmphasizes the nonstationary nature of the
recursive estimation process.

To derive an optimal value for the estimate x,, we may invoke two
theorems taken from stochastic process theory {1, 4]:

Theorem 1.1 Conditional mean estimator ff the stochastic processes
[x,} and {p,} are jointly Gaussian, then the optimum estimate X, that

K.

minimizes the mean-square ervor J, is the conditional mean estimator:

-%;}_ = E[‘xﬁ::ylf}'}a . e ayf;]'

Theorem 1.2 Principle of orthogonality Let the siochastic processes
{x;} and {v,} be of zero means; that is,

Ex,]=F]=0 forall i

Then:
(1) the stochastic process (x.} and {v,} are joinily Gaussian; or
{i1) if the optimal estimate X, is restricted to he a linear function of
the abservables and the cost function is the mean-square erros,
(i) then the optimum estimate %, given the observables y,,
Va. ...V IS the orvthogonal projection of x, on the spuce
spanned by these observables.
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With these two theorems at hand, the denivation of the Kalman [Her
follows.

1.3 KALMAN FILTER

Supposc that a measurement on a linear dynamicul system, described by
Egs. (1.1) and (1.3}, has been made at time £. The requirement is to usc
the information contained in the new measurement y, to update the
estimate of the unknown state x,. Lot X; denote a priori estimate of the
state, which 1y already availuble at time 4. With a linear cstimator as the
objective, we may express the a posteriornl estimate X, as a lincar
combination of the a priori estimate and the new measurement, as
shown by

D% + G, (1.5)
where the multiplving matrix factors G;‘;U and G, are to be determined. To
find these two matrices, we invoke the principle of orthogonality stated
under Theorem 1.2. The state-error vector is defined by

X, = X — X (1.6)

Applying the principle of orthogonality to the sttuation at hand, we may
thus write

K&y 1=0 for i=1,2,... k—1. (1.7)
tlsing Fqs. (1.3, (1.5), and (1.6) 1 (1.7), we got

El(xy — Giy ~ GLx, —Gw,)y/1=0 for i=1,2,. .., k—1
(1.8}

Since the process noise w,, and measurement noise v, are uncorrelated, it
follows that

Elwy/]=0.
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Using this relation and rearranging terms, we may rewrite Hq. (%) as
E(1 - GH, =G ! = Gix - gevl1=0,  (19)

[

where 1 1s the identity matrix. Irom the principle of orthogonality, we now
note that

El(x, — %)y = 0.
Accordingly, Eq. (1.9) simplifics to
(I—GH;, —GEX Y 1=0 fori=1,2,...,k—1.  (1.19)

For arbitrary valucs of the state x, @d observable y,, Eq. (1.10} can only
be satisfied if the scaling factors G}'J and G, are related as follows:

{1
I-GH, -G}’ =0,
or, equivalently, Gi]) 18 defined in terms of G, as
G =1-G.H,. (1.11)

Substituting Eq. (1.11) into (1.3), we may cxpress the a posteriori estimate
of the state at time % as

X =X + Gy — Hixy), (1.12)

in light of which, the matrix G, is called the Kalman gain.
There now remains the problem of dertving an explicit formula for G,.
Since, from the principle of arthogonality, we have

El(x; — X)¥i] =0, (1.13)
it follows that

El(x, — %¥;]1 =0, (1.14)
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where ¥1 is an cstimate of y, given the previous measurcment
¥1,¥3.---.¥,_;. Define the innovations process

fk:)'k—g'k- {1.15}

The innovation process represents a measure of the “new” information
contained Inn y,; it may also be expressed as

Yo =y, — HpXy
=Hyx; +v, — HX
— H, 3 + v, (1.16)

Hence, subtracting Eq. (1.14) from (1.13) and then using the definition of
Eq. (1.15), we may write

El(x, — %)¥i1=0. (1.17)

Using Fgs. {1.3) and (1.12), we may express the state-error vector x;, — X,
as

X — % =%, — Gy(Hx, —v)

- {I - Gka)ik - G;CV;C. (I .] 8)
Henee, substituting Egs. {1.16) and (1.18) into (1.17), we get
T - GHYx, — Gy H(H X, + v}l =0 (1.19)

Since the measurement noise v, is independent of the state x, and
therefore the error X, the expectation of Eq. (1.19) reduces to

(I — GHERE ] — G, Elv,v]} = 0. (1.20)
Define the a priovi covariance matrix

P; = El(x; — 5;)(x, — %)
= E[%; -%17) (.20
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Then, invoking the covariance definitions of Egs. (1.4} and (1.21), we may
rewrite Eq. (1.20) as

(1- GiH P H; — GR; =0,
Solving this equation for 5,, we get the desired formula
G, = P; H{[H,P{H] +R,] . (1.22)

where the symbol [-]7 denotes the inverse of the matrix inside the square
brackets. Equation (1.22} 13 the desired formula for computing the Kalman
gain G, which is defined in terms of the a priori covariance matrix P .

To complete the recursive estimation procedure, we consider the error
covarignce propagation, which describes the cffects of {ime on the
covarlance matrices of estimation crrors. This propagation involves two
stages of computation:

1. The a priori covariance matrix P, at time & is defined by Eq. (1.21}.
Given Py, compute the a postettort covarlance matrix P, which, at
time £, 1s defined by

P, = E[i!{ig]
= E(x, — %){x, — %) ]. (1.23)

2. Given the “old” a postertor covariance matrix, P,_,, compute the
“updated™ a prion covariance matrix Py .

To proceed with stage 1. we substitute Eq. {1.18) into (1.23) and note
that the noise process v, is independent of the a priort estimation error X, .
We thus obtain'

P, = (I - GHOEG X, 10 — G + G Ev, v 1G]

‘Fauation (1.24) is referred to as the “Joseph™ versian of the covarlance update equation
rat
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Expanding terms in Eq. (1.24} and then using Eg. (1.22), we may
reformulate the dependence of the a posteriori covariance matrix P, on
the a priori covariance matrix P; in the simplified form
P, =(1- GH)P; —(I1—-GH)P, H.G] + G, RG]
= (1-GHYP, — G,R,G; — GR, G
= (1- G;H,)P;. (1.25)

For the sccond stage of error covariance propagation, we first recognize
that the a priori estimate of the state is defined in terms of the “old” a
posterior] estimate as follows:

(1.26)

We may therefore use Egs. (1.1} and (1.26) fo cxpress the a priori
estimation crror in vet another form:

X, =X, ~ X
=(Fpp xp  +we ) —(Fp % )
= oy —Xo) — Wy
=F o X bW o (1.27)

Accordingly, using Eq. (1.27) in (1.21) and noting that the process noise
w, s independent of x, |, we get

Pr = Fyy 1 EX X IR oy + Elwy, yw_
= FexoPioiFip = Qy 4, (1.28)

which defines the dependence of the a priori covariance matrix P, on the
“old™ a posteriorl covarlance matrix P, .

With Egs. (1.26), (1.28), {1.22}, (1.12), and (1.25) at hand, we may now
summarize the reeursive estimation of state as shown in Table 1.1, This
table also includes the initialization. In the absence of any observed data at

time & — ¢, we may choose the initial estimate of the stare as

i'.'} == [[-TXHL (I .29}
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Table 1.1 Summary of the Kaiman filter

Stute-spuce modef
X = Fopaxe + 0,
y; = H;x, +v,,

where w, and v, are independent, zero-mean, Gaussian noise processes of
covariance matrices €}, and R;, respectively.
Initialization: Yor k = 1), set

Xg = Elxql.
Py = El(xy — Elxg[ixy — E{xd)]
Computafion: Yor k= 1,2, ..., compute:
State estimate propagation
X, = Fo X
Ervor covarianee propugalion
P, = Fk,k—lpk—'.F;k--] +Qy
Kalman guin matrix
=P H{HPPH ~R.]
State estimate update
% =% + Gy — HiXg )
Error covariance updale

P, =(-GH)P,.

and the initial value of the a posteriorl covariance matrix as
B -y T
Py = Ef(xy ~ £Ix])(x; - Elxp)) ] (1.30)
This choice for the initial conditions not only is intuitively satisfying but

also has the advantage of yielding an unbiasved estimate of the state x,.

1.4 DIVERGENCE PHENOMENON: SQUARE-ROOT FILTERING

The Kalman filter is prone to scrious numerical difficulties that are well
documented in the literature [6]. For example, the a posterior covariance
matrix P, is defined as the difference between two matrices P, and
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G, H,; P, ; see Eq. (1.25). Hence, unless the numencal accuracy of the
algorithm is high enough, the matrix P, resulting from this computation
may #ot be nonnegative-definite. Such a situation is clearly unacceptable,
because P, represents a covariance matrix. The unstable behavior of the
Kalman filter, which results from numertcal tnsccuracics due to the use of
finite-wordlength arithmetic, is called the divergence phenomenon.

A refined method of overcoming the divergence phenomenon is to use
numerically stable unitary transformations at every iteration of the Kalman
filtering algorithm [6]. In particular, the matrix P, is propagated in a
square-root form by using the Cholesky factorization:

P, =P.°P] ", (1.31)

# # #

where P” is reserved for a lower-triangular matrix, and P77 s its
transpose. In Hnear algebra, the Cholesky factor P, Vs commonly referred
to as the square root of the matrix P,. Au,ordmgl)_, any variant of the
Kalman filtering algorithm based on the Cholesky factorization is referred
to as square- root ﬁltering The important poiant to note here 1s that the
matrix product P P” ? is much less likely to become indefinite, because
the product of any square matrix and its transposc is always positive-
definite. Indeed, even in the presence of roundoff errors, the numerical
conditioning of the Cholesky factor P}(ﬁ is generally much better than that
of P, itself.

1.5 RAUCH-TUNG-STRIEBEL SMOOTHER

In Section 1.3, we addressed the optimum lincar filtering problem. The
solution to the lincar prediction problem follows in a straightforward
manner [fom the basic theory of Section 1.3, In this section, we consider
the optimum smaothing problem.

To proceed, suppose that we are given a sct of data over the time
inferval 0 < &£ < N, Smoothing is a non-rcal-timc opcration n that it
invalves estimation of the state x; for 0 < & < N, using all the available
data, past as well as future. In what follows, we assume that the final time
N is fixed.

To determine the optimum state estimates x, for 0 < & < N, we need to
account for past data y; defined by 0 </ < £, ftnd future data y, defined by
k < j < N. The estimation pertaining to the past data, which we refer to as
Jorward filtering theory, was presented in Section 1.3, To deal with the
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Issue of state estimation pertaining to the future data, we use bac fmam’
Jiltering, which starts at the [inal time N and runs backwards. Let X/, and
x7 denote the state estimates obtained from the forward and backwald
recumons, respectively. Given these two estimates, the next issue to be
considered is how to combine them into an overall smoothed estimate Xis
which accounts for data over the entire time inferval. Note that the symbol
X; uscd for the smoothed estimate in this section is not 1o be confused with
the filtered (1.e., a posteriori) ostimate used in Section 1.3.
We begin by rewriting the process equation (1.1} as a recursion for
decreasing k. as shown by

x, = F; 111,,&"”1 - FJ;-IZ-Icha'(’ (1.32)

where F, & 15 the inverse of the transition matrix F;, . ;. The rationale
for backward filtering 1s depicted in Figure 1.2q, where the recursion
begins at the final time N. This rationale is te be contrasted with that of
forward filicring depicted in Figure 1.25. Note that the a priori estimate
5&’; and the a posteriori estimate x” for backward filtering cccur to the
right and left of time £ in Figure 1 2a respectively. This situation is the
exact opposite to that cccurring n the case of forward filtering depicted in
Figure 1.25.
To simplify the presentation, we introduce the two definitions:

S, =[P, (1.33)
S, =[P, (1.34)
, X RE :
o P N
Time
fes}
| x/ R — ol
0 ¢ Tire N
{0

Figure 1.2 [llustrating the smooer tirme-updiates for (o) bocgward Tlteting
ard (&) ‘crward flerirg.
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and the two intermediate variables

z, = [P}17'R] = S,&{, (1.35)
7, =[P |7'5] =8;%] . (1.36)

Then, building on the rationale of Figure 1.2a, we may derive the
following updates for the backward filter [2]:

1. Measurement updutes

S, =8, ~H;R, ]H;,, (1.37)

2, =2; + IR v,, {1.38)
where y, 1s the observable delined by the measurcment cquation
(1.3), H, is the measurement mutrix, and R; ' is the inverse of the
covariance matrix of the measurement noise v,.

2. Time updates

B =SS QT (1.39)
S =F}, (00— GDS, | ¥y (1.40)
By =], (0=GDy, (1.41)

where G is the Kalman gain for backward filtering and Q,, ' is the
inverse of the covariance matrix of the process noise w,. The
backward filter defined by the measurement and time updates of
Eqgs. (1.37y (1.41) 13 the information formulation of the Kalman
filter. The information filter is distinguished from the basic Kalman
flter i that it propagates the inverse of the error covariance matrix
rather than the crror covariance matrix itself.

Given observable data over the interval 0 < k& = M for fixed N, suppose
we have obtained the following two cstimates:

e The forward a postertort estimate ﬁ; by operating the Kalman filter
ondatay, for 0 <j < £

e The backward a prior estimate if by operating the information
filter on data y; for k£ = j < N.
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With these two estimates and their respective error covariance matrices at
hand, the next issuc of interest 1s how to determine the smoothed estimate
X; and its error covariance matrix, which incorporate the overall data over
the entire time interval 0 < & = N,

Recognizing that the process noise w; and measurement noise v, arc
independent, we may formulate the error covariance matrix of the a
posteriori smoothed estimate X, as follows:

-

P, =P ~[PI !
[P - =s; . (1.42)

To proceed further, we invoke the matrix inversion lemma, which may be
stated as follows [7]. Let A and B be two positive-definite matrices related
by

A=B"+CDC7,
where D is another positive-definite matrix and € s @ matnx with
compatible dimensions. The matrix inversion lemma states that we may
express the mverse of the matrix A as follows:

A~l =B - BCD ~ CPRC] 'CTR.

For the problem atf hand, we sct

A= Pl
B =P/,
Cc=1,

D —{8;] ',

where I is the wdentity matrix. Then, applying the matrix mversion lemma
to Eg. {1.42). we obtain

;

P =P/ —P/[P] = P{] P,
=P/ - P{S,[1+P{S, T P]. (1.43)

From Eq. (1.43}, we find that the a posteriori smoothed crror covariance
matrix P, is smaller than or cqual o the a posteriori error covariance
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Information filter i

i -
Py /o
p :
/L
. ~
i -~
Em}r_ -
covanance | Kalman filter P.” -
: P -

Figure 1.3 Tllustrating the error covararce for forward fiterng. backward
flrering, and smoofhing.

mafrix Pi‘,-: produced by the Kalman filter, which is naturally duc to the fact
that smoothing uses additional information contained in the future data.
This point is borme out by Figure 1.3, which depicts the variations of P,
P"i, and P} with & for a one-dimensional situation,

The a posteriori smoothed estimate of the sfate is defined by

% = P(P1] R+ [PE7] TR, (1.44)
Using Eqs. {1.36) and (1.43) in {1.44) yields, after simplification,
% =% - Pz, - G&)), (1.43)
where the smaother gain i3 defined by
Gy = P[S, 1+ P[8] !, (1.46)

which is not to be confused with the Kalman gam of Eq. {1.22).
The optimum smoother just derived consists of three components:

a A forward fliter in the form of a Kalman iilter.
» A hackward filter in the form of an information filter.

* A scparale smoother, which combines results cmbodied in the
forward and backward filters.

The Rauch—Tung—Striehel smoother, however, is more efficient than the
threc-part smoother in that it incorporates the backward filter and scparate
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smoother into a single entity [8, 9]. Specifically, the measurement update
ol the Rauch-Tung—Striebel smoother is defined by

P, =P/ — AP/, - P, DA, (1.47)
where A, is the new gain matrix:

Ac=PF P TN (1.48)

FELLA

The corresponding time update is defined by
R, = &)+ ARy — 1) (1.49)
The Rauch Tung Striebel smoother thus proceeds as follows:

1. The Kalman filter is applicd to the observable data in a forward
mannet, that is, £ = 0. 1,2, ..., n accordance with the basic theory
summarized in fable 1.1,

2. The reccursive smoother 1s applied to the observable data in a
backward manncr, that 185, A =N —1,N —2, ..., in accordance
with Eqs. (1.47)—(1.49).

3. The initial conditions are defined by

Py =P, (1.50)
%, =% (1.51)

Table 1.2 summarizes the computations involved in the Rauch-Tung—
Stricbel smoother.

1.6 EXTENDED KALMAN FILTER

The Kalman filtering problem considered up to this point in the discussion
has addressed the estimation of a state vector in a linear model of a
dynamical system. If, however, the model is nonfinear, we may extend the
use of Kaiman filtering through a lincarization procedure. The resulting
filter 1s referred to as the extended Kalman filier (EKF) [10-12]. Such an
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Table 1.2 Summary cf the Rauch-Tung-Striebel smoother

Stute-space model
X1 — Fepaxg —wy
y; = Hxp — vy
where w, und v, arc independent, zero-mean, Gaussiun noise processes of
covariance matrices Q, und Ry, respectively.
Forward filter
Initializutivn: For £ — 1), sat
Xy = L[xgh,
Py = (xy - Flxo{xy— BV ]
Coumputation; For £ = 1,2, ..., compute
ii Bl TS A
- _g Iopr -
Py = F P Foao = Qe
"{'{ =P H;{H‘,(P-’;,_H; + R,
o F af Ay i
Y =% 4Gy, —H&)
Retursive smoother
Inifialization. For b = N, sct
PN — P?{r-,
ik - i}i.
Compuiation: For k — N — 1, N — 2, compute
f el -
Ay =P Fg l,k[P'HlI .
" . - 'IF'
Py =P — AP — By A

2 o % o F
X = xk "‘_A;‘.(X’r‘”| —Xk‘.]).

extension is feasible by virtue of the fact that the Kalman filter 15 desceribed
in terms of differcnce equations in the case of discrete-time systems.

To set the stage for a development of the extended Kalman filter,
consider 4 nonlinear dynamical system described by the state-space model

Xpq1 f(k'.\xj_-) +w,, (1.52)

y, = h{k. x;) + v, (1.33)
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where., as before, w, and v, are independent zero-meun white Gaussian
noisc processes with covartance matrices R, and Q,, respectively. Here,
however, the functional f(4, x,} denoctes a nonlinear transition matrix
function that is possibly time-variant. Likewise. the functional hik, x;)
denotes a nonlinear measurement maltrix that may be time-variant, too.

The basic idea of the extended Kalman filter is to finearize the state-
space mode! of Egs. (1.52) and (1.53) at each time instant around the most
recent state estimate, which is taken to be either X, or X, , depending on
which particular functional is being considered. Once a lincar model 1s
obtained, the standard Kalman filter equations are applied.

More explicitly, the approximation procesds in two stages.

Stage 1 The following two matrices are constructed:
dtlk, x) )
Fepow=—70— ‘ ' {1.54)
FX xE
ik, x, 3
p, _ M x) (1.55)
[£1-9 i=;i,:.

That is, the ith entry of F, ., , is equal to the partial derivative of the ith
component of F{k, x) with respeet to the jth component of x. Likewise, the ith
enlry of H, is equal to the partial derivative of the ith component of H(k, ¥} with
respect to the jth component of x. In the former case, the derivatives are evaluated
at %,, while in the latter ease, the derivatives are evaluated at X; . The enirics of
the mattices Fy, . , and H, arc all known (Le., computabic), by having X, and X},
available at time £.

Stage 2 Onec the matrices Fy ., , and H, arc cvaluated, they are then employed
in a firstorder Taylor appraximation of the nonlinear functions Fk, x,} and
H(%. x;) around %, and X}, respectively. Specifically, Fi4, x,) and H{k, x;) are
approximated as follows

Bk, %) & F(x. &) + Fpp %, %0, (1.56)
Hik, %} = H(x, 80+ Hy o0 %), (1.57)

With the above approximate expressions at hand, we may now procced
approximate the nonlincar staic equatiors {1.52) and (1.53) as shown by,
respectively,

X A Fpax —w, +d,

5’;‘_ o= H_,:\.x;. + Vi
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where we have introduced two new quantifics:

Yo =¥ — {hix x7) — H X7}, (1.5%)

d; =1f(x, %) — Fip 4%, (1.59)

The entnies in the term ¥, are all known at time k&, and, therefore, y; can be
regarded as an observation vector at time #. Likewise, the entries in the term d,

are all known at time 4.

Tcble 1.3 Extended Kalman filter

Stafe-space model
Xi = f(k, xk-) _'_w;'(‘
Yo = A, x 3+ vy,

where w, and v, are independent, zero mean, Gaussian noise processes of
covariance matrices Q and R, respeetively.

Definitions
Sk, x)
RS Tae ew
ahk, x)
Hy = —— -
aX ¢

Initiqlization: For kb = 1), set
Xy — E[xgl.
Py = Fl(xg — Elx;)xg — £[x DL

Computation: For k — 1,2, ..., compute:
State extimate propagation

x, —fld, x; 1}
Error covariance propagation
- =T .
P, =F 0 Py Fip - 1 Q;

Kalman gain matrix

G, — Py HI[H,P;H] + R,] ;

State estimate update
X, — X + Gpy, — h(k X )
Ervor covartance update

P, — (I - GH,)P;.
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Civen the linearivzed state-space model of Lgs. (1L.58) und {1.59), we
may then proceed and apply the Kalman filter theory of Section 1.3 to
derive the extended Kalman filter. Table [.2 summarizes the recursions
involved in computing the extended Kalman Olter.

1.7 SUMMARY

The basic Kalman filter is a linear, discrete-time, finite-dimensicnal
system, which Is endowed with 4 recursive structure that makes a digital
computer well suited for its implementation. A key property of the
Kalman filter is that it 1s the minimmen mean-square (variauce) estimafor
of the state of a linear dynamical system.

The Kalman filter, summarized in Table [.f, applics fo a lincar
dynamical systcm, the state space model of which consists of two
equations:

e The process equation that defines the evolution of the state with tfime.

» The measuremsent equation that defines the observable in terms of the
state.

The model is stochastic owing to the addifive presence of process noise
and mecasurement noise, which are assumed to he Gaussian with zero
mean and known covariance matrices.

The Rauch ‘tung Strichel smoother, summarized in Table 1.2, builds
on the Kalman filter to solve the optimum smoothing problem in an
efficient manncr. This smoother consists of two components: a forward
fitter based on the basic Kalman filter, and a combined hackward filter and
snoother.

Applications of Kalman filter thcory may be extended to nonlinear
dynamical systems, as summarized in Table 1.3, The derivation of the
extended Kalman filter hinges on hncarization of the nonlinear state-space
model on the assumption that deviation from lhincarity is of first order.
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