Chapter 1

SISO Scheme and Linear
Analysis

The mainstream methods of adaptive control for linear (7. 46, 57, 78, 89|
and nonlinear [69] systetus are applicable only for reguiation to known set
points ar reference trajectorics. In some applications, the reference-to-output
map has an exfremuwm (le, a waximum or a minirnnm) and the objective
is Lo select the sev point to keep the output at the cxtremum value. The
uncertainty in the reference-to-ontput map makes it necessary to use 50me Sort
of adaptation to find the set point which exrremizes {maximizes or mitirizes)
the output. This problew, called extremaum control ov self-oplemizing control,
was popular in the 1950s and 1960s 121, 36, 42, 59, 63, 81, 82, 83, 85, 90, 92],
much before the theoretical breakthroughs in adaptive linear control of the
1980°s. In fact, the emergence of extremum control dates as far back as the
1922 paper of Leblance [73], whose scheme may very well have been the first
“adaptive” controller reported ivt the literature. The mothod of sinusoidal
perturbation used in this work has been the most popular of extremun-seeking
schemes. In fact, it is the only method that permits fast adaptation, going
bevond nunerically based methods that need tlie plant dynamies to setule
down before uptimization. It is therefore on these extremum secking schenies
that this book iz focused.

The purpose af this chapter is to lay a conceptual foundation for extrenmm
secking and develop familiaricy with the methods used for analysis and thereby
ease nuderstanding of the more intricate analysis in subsequent chapters. Sce-
tion 1.1 provides the stability test of the simplest possible extrennim secking
scheme—a static map. to ease the reader into the problem. Section 1.2 pro-
vides the problem formulation, with Section 1.2.1 supplying linear time-varying
(L.TV) stability analysls, Section 1.2.2 a linear time-invariaut (LTT) stability
ftest, and Section 1.2.3 a design algorithim for a general single parametor ox-
tremuin seeking scheine. To itnpress upon the reader the process of design,
and the power of the melhod, we present a simulation study with a difficult
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Figure 1.1: Basic extremumn seeking scheme

tov model in Seetion 1.3

1.1 Extremum Seeking for a Static Map

Figure 1.1 shows a basic extremmum seeking loup for a static map. We posit
F(#) of the form:

[

fO=F150- 0°)° (1.1)

where f > 0. Any C? function f{#)} can be approximated locally by Equ. {1.1).
The assumption f” > 0 is made without loss of gencrality. Tf /" < 0, we just
replace & (k > 0) in Figure 1.1 with —k. The purpose of the algorithm is
to make ¢ - 6* as small as possible, so that the oulput f(#} is driven o its
minirmum f*. _

The perturbation signal asinwt fed iuto the plant Lelps to get s measure
of gradient information of ilie map f(8]. We give next an elemcutary intuitive
explanation as to how the scheme "works” with a rigorous analysis to follow
in the subsequent sections.

We start by noting that ¢ in Figure 1.1 denotes the estimate of the unknown
optimal iupul &, Let

g=6"—10
denote the estimation error, Thus,
0— 6" =asinwt - 4,
which, when substituted into Equ. (1.1}, gives

Lﬁ

y=fA 5 (g—asiuwi.f. (1.2)
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1.1 EXTREMUM SEEKING FOR A S1ATICc Map

Expanding this expression further, and applying the basic trigonometric iden-
tity 2sin? wt = 1 — cos 2wt, one gets

" _ 2pr
¥ = f* -+ f—\q_ af”ﬁ winwi + ¢ éf Sin‘! wi (13)
" # - 2 P
= '+ "_% + = f =0 - af"fsinwt + o/ cas 2wt (1.4)

The washout (high pass) filter

é+h,

applied to the ontpur, serves to remove f*, namely,
P ] f””z o ,Q 4 . AN
" 4] =~ —2—6 - affPeinwt 4 g o8 2wt {1.5)
This signal is then "demodulated” by multiplication with sinw!, giving
"o 200
Er sinwt — af"fsin?wt + - 4 Cos 2wl sinwt. (1.6)

As we shall see, it is the secoud term, and specifically the DC component (oo
coustant) in sin®wt, that is crucial. Again applying 2sin®wi = 1 - cos 2wt, as
well as the identity

2 cos 2wt sinwt = sin 3wt — sinwt,
we arrive at
a L .H" 2 el "o
§m——0+ —2-—6'005 2wt + 5 (sinewt — sin Jwi) + 592 sinwt.  (1.7)
Noting that, hecause 7 1z constant,
9 -

we get

2
Nt "

{sinwt - sin3wt) + ‘%gg sinwt| . (1.8)

§ = %{ ff?f—@u)a‘zm

+

First, we neglect the last term becanse it is quadratic in 8 and we are interested
only in local analysis:
P {_ f;f -
3 2
£ .
t cos 2t

.2 Ll
+

(sinwt — gin 3wi}| . {1.9)
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The last two rows are high frequency signals. When passed through an inte-
grator, they get greatly attenuated. Thus, we neglect them, getting

gk {_Ef_.g} (110
E: 2 ’
or ﬂ f}!
. af .
§~ -0 (1.11)

Since £f" = 0, this is a stable system. Thus, we conclnde that 6 — 0, or, in
terms of the original problem. 8(#) converges to within a small distance of 6~

Looking back at our "hand waving” analysis, it is important to note that
our approximations hold only when w is large (In a qualitative sense) relative
to k,a,f, and f7. We shall explove this further in the coming sections. The
following bare-bones result sums up the propertics of the basic cxtremnm
sceking loop in Vigure 1.1:

Theorcm 1.1 (Extremum Seeking) For the system in Figure 1.1, lhe out-
put error y — f* achicves locel ewponential convergence to un Ofe® + 1/w?)
netghborhood of the origin provided the perturbotion frequency w s sufficiently

lorge, and 1|L(<‘ 15 asymplotically stable, where

kaf”
25

Lis)= {1.12)

Wo omit the rigorous proof as this resuls is snbsmned in a more general
result we provo in the following section. We draw the reader’s attention to the
fact thal 5 +', 170 I8 afways asymptotically stable. We make the wording of this
theorem tautological for symmetry with the more general resulls Lo come where

T ; ‘naa to be wade asymptotically stable by design. The convergence resulg
in the theorem is second order, i.c., O(a® + 1/w?), because we are operating

around a point of vero slope.

1.2 Single Parameter Extremum Seeking
for Plants with Dynamics

Figure 1.2 shows the noulinear plant with linear dynamics along with the
extremunt seeking loop. We let f(8) be a function of the form:

f”

F0) = F1 () + = (0 — 00 (1)° (1.13)

where f > 0 is constant hut unknown. The purpose of extremum seeking is
Lo make ¢ — #*(t) as small as possible, so that the output F,(s)[f(#)] is driven
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Figure 1.2: Extension of the extremum secking algorithm to non-step changes
in ¢* and f*

Lo its extreromm Fo{s)[f/*(¢)]. The optimal input and ontput, 8 and f*, are
allowed to be time varving., Let us denote their Laplace transforms by

LIt} = Xeluls)
LU W) = ATy(s).
If 8* and f* happen to be constant (step functions),
. Ag
ey = =
. A
c{fmy = =

&5

While As and Ay arc unknown, the Laplace transform {qualitative} form of #*
and f* is known, and is included in the washout filter

ds) s

Ty(s) ~ s+h

{where in the static case we had chosen Cys) = 1/(s+4)] and in the cstinlation
algarithm

Cils)ls(s) =

@

{where in the static case we had chosen Ci(s) = 1. Let ns first shed more
light om Tg(s) and I'¢(s) and then return to discuss Ci{s) and C,(s).

By allowing 6*[f) aund f*(f} to be time varying, we arc allowing for the
possibility of having to optimize a systermn whose commanded operation is
no-collstant. For example, if we have to ramp up the power of a gas turbine
engine, we know the shape of, say, f*(¢),

i =4,
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but we don’t know A; (and Ag). We include T f(b} = 1/¢% into the extremmnmn
seeking scheme to compensate for the fact thai f* is not constant, The in-
clusion of Ty(s) and T'y(s) into the respective blocks in the feedback branch
of Figure 1.2 follows the well known internal model principle. In s simplest
form, this principle guides the use of an integraror in a proportional-integral
(Pl) controller to achieve a zero steady-state ervor. When applied, in a very
generalized manner, to the cxtremum seeking problem, it allows us o track
time-varying maxima or minima.

We return now to the compensators Cu(s) and Ci(s). Their presence is
maotivated by the dynamics F,(s) and £:{s], but also by the relerence signals
Lg(s) and T'p(s). Tor cxawmple, if we are tracking an input ramp,

FQLS) = :9 2t
we get a double integrator in the feedback loop, which poses a threat to sta-
bility. Rather thau choosing Ci(s) = 1, we would choose Ci(s) = s + 1 (ot
S()lIJL:t-hlng similar) to reduce the relative degrcc af the loop. The compensators

Ci[s) and C,(s8) are crucial design tools for satisfying stability conditions and
achieving desired vonvergence rates.

We now make assumptions upon the systern in l" igure 1.2 that underlic the

analysis Lo ollow:

Assumption 1.2 #{s) and F,[s) are asymptoticelly stable and proper.

Assumption 1.3 [';(s) and [4(s) are strictly proper rational functions and
poles of Te(s) thot are not asymptotically stable are not zeros of Fi(s).

This assumption forbids delta [unction variations in the map paramcters
and also the situation where tracking of the extremum is not possible.

Assumption 1.4 ?}Ei; and C;(s)'e{s) are proper,

and Cy(s)Tg(s) In Figure 1.2
can be implemented. Since Cy(s) and C,(s) arve at our disposal to design,
we can always satisfy this assumption. The analysis does nol explicitly place
couditions npon the dynamics of the parameters T'g(s) and 1'¢(s), however,
for auy design to vicld a nontrivial region of attraction around the extremumn,
they cannot be [aster than plant dynamics in £i(s) and F,(s). The signal n
in Figure 1.2 denotes the measurement noisc.

This aszumption ensures that the filters ;;f:g

1.2.1 Single Parameter LTV Stability Test

We first provide background for the result on output extremization below.
The equations describing the single parsmeter extremum secking scheme in
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Fignre 1.2 are:

vy = m6)|ro+Le ewy 1.14)
6 = Eis) asin(wt) — Ci{s)Te(s)[E]] (1.15)
] L Cy(8) , S
- Conk o e L
£ = ksinfwt—d) To(s) [y +nl. (1.16)
For the purpose of analysis, we define the tracking ervor # and output crror
6 = )-8+ 6, (1.17)
fe = Fils)[asin(ws)] (1.18)
7 = y- K/ 1L (1.10)

In terins of these definitions, we can restate the goal of extrenmum sceking as
driving output error § to a small value by tracking 6*(¢) with 8. With the
present wethod, we cannot drive § to zero because of the sinusoidal perturba-
tion &. We now provide a minimally restrictive stability test for the system
in Figure 1.2

Proposition 1.5 (Single Parameter Extremum Seeking: LTV Test)
For the system in Figure 1.2, under Assumptions 1.2, 1.3, and 1.4, the output
error § achieves locel exponential convergence 1o an 0(0?) neighborhood of the
origin provided n = 0 and:

1. +jw s not a zevo of Fils).

[ec)

. Zeras of T p(8) thut are not asymptotically stable are ulso zevos of Cufs).

te

Paoles of Tgls) that are not asymptotically stable are not zeros of Cils).

ot

. Col8) 15 asymptoticelly stable and the eigenvalues of the matriz ®{T,0)
fie inside the unit circle, where T = 2% fw and ®(T,0) is the solulion af
fime T of the matriz differential equation

& = A(HD(£.0), B(0,0) =1, (1.20)

and X — A(E)x(,0), x0) — xy is o slate space representalion of the
E1'V differential equation

den{ Hy(s) 8] - — f"oumn{ Hy(s)} |sinlwt — ¢)Ho(s) [ao(r)é]] , (121
where
Hi(sy = Ci(s)Tals)Fi(s)

LGl
Bl =
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Proof of Proposition 1.5: Setting n = () and substituting Fous. (1.15)
and (1.18) in Bqn. {1.17, yiclds

f = 8% + Hy(s)[€) (1.22)
Further, substitution for £ from Egn. (1.16) and for y from Eqn. (1.14) viclds
"
d=20"+ Hs) {sin(wi, — @ Hy(s) [f"’ + %(9 E"}ZH ) (1.23)
Using # — &* = 8, - - € from Eqgn, (1.17), we get

6 = 0"+ His) [sin(wt — @MI,(s) [fx + gwﬂ - ‘6)2”

Il

" + Hi(s) [sin(wt — O, () [f" + %{Og — 26,0 + Hﬁ” C(1.24)

We drop the higher order term 82 (this is jnstified hy Lyapunov's first method,
as we have already written the system in terms of error variable € thus trans-
forming che problem to stahility of the origin) and simplify the expression in
Eqn. (1.24) using Lemmas A.1, A2, Assns. 1.2, 1.3, and 1.4 and asymptotic

stabilily of ;;E;J and Cy{s):

sin{wt — ¢ Ha(s)[f7(8)] — Apsin(wt - @)L {(H,(s)T{s))
—sin{wt — $)(¢) = ¢ {1.25)
sin{wt — @) H,(3)[65] = Cra®sin(wt -+ 1) + Cya® sin (3wl + py) + ¢ {1.26)

where 7, Cy, g1, ft2 are constants (these cau be deterimined from the frequency
response of H,{s)), and ¢ ' denotes exponentially decaying terms. Now denote

M

wal(t) = a2% [Cy sinfwt 4+ pg) + Cosin(3wt 4 p2)] - (1.27)

"The tracking error equation, Eqn. (1.24} after linearization (effected simply by

dropping 0% terms as we have expressed the system us an ODE in 8) can be
rewritten as

8= 0"+ I(s) [ma(t) + ¢ — f"sin(wt ~ @) H,(s) [8,8]] {1.28)

Multiplying both sides of Eqn. (1.28) with the denominator of H;(s), we get

(.len{H,;(.s)}[él = ¢ 4 num{ H(s)} [um (£) + 7 — f7sin(wt — o) Hu(s) IHU(}H )
(1.29)
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The 8* term drups out or hecomes an exponentially decaying term when op-
crated upon by den{T(s)} contained in den{/7;{s}}. We now write a state
space representation of the LTV system in Rqn. (1.28):

The syster lias a stato transition matrix @{¢, 0) given by the solution of
® = A()®(2.0), ®(0,0)=1 (1.31)

The systemn is exponentially stable il the eigenvalues of the rnatrix ®{7,0]
{numerically calculated abaove) He within Lhe unit crcle by Properiy 5.11 in
reference [97]. As the persistent part of the non-homogenous foreing term
in Equ. {1.29) is O/0?), we have convergence of 8 to O(a?)! and therefore the
convergence of § =y - F,(s}[/{t)] := Fo(s) [f”f?[g - 90)2] to Qe?). Q.ED.

1.2.2 Single Parameter LTI Stability Test

While the result above permits deterrmination of stability of extremum scek-
ing loops in a wide variety of cases, it i3 not a convenlent design tool as it
requires calculation of the state transition matrix of an LI'V system. Fov this
purpose, we provide a result below that permits systematic design in & variety
of situations. To this end, we introduce the following notation:

Col8)
L'pls)

Hy(s) = k& Eo(s) 2 Hosp(5)Hoep(8) 2 Hoepls)(1+ IE(5)) (1.32)

where f,,,(8) denotes the strictly proper part of Ha(s) and f7,,(#) its biproper
part, and & iz chosen to ensure

£i_’U6Hosp(“") — L {1.33)
Now we make an additional assumption upon the plant:
Assumption 1.6 Let the smallest in absolule value anong the real parts of
all of the poles of Hesp(s) be denoted by a. Let the largest among the moduli

of all of the poles of Fi(s) and Ily,(s) be denoted by b. The ratio M = a/b is
sufficiently lurge.

ixponential stability of the homogenous pari. of the linear sysrem in Eqn. 1,29 implies
L-stability of the system with forcing. Boundedness of the inhomogenons forcing yields
boundedness of the solution of the foreed system us in Example 6.3 in Khalil [64], and the
bound on the forcing gives the ocder of .
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WiLh this assumption, we separate the slow and fast dynamics in the LTV
system in Equ. (1.29) as

den{H;{(s)}[#] = € "+ num{H,(s)} [1.113(t) +e b — fsinfwt — q.")))ygsp]

Yosp = (1 Hebp(8)) [yosy] (1.34)
vt .
Yosp = Hosls) [QDQJ : (1.35)
and write the [ollowing state-space representation for the fase dynamics:
1 N [ a4
fTTXo.sp = Aa.qpxosp + anp [903] (136}
Yosp = Cos‘pxuspa (13?)

where the eigenvalues of M A,,, are the poles of M, (). Reduction of the fast
dynamics in Egn. (1.36) by singular perturbation yields the substitution

Yosp = CospA o BasplBob] = 88, {1.38)

using Fqu. (1.33) to form a reduced order maodel,

The purpose of this assumption is to use a singular perturbation reduction
of the output dynamics and provide the LTI SISO stability test of the theorem
gtated below. U the assumption were made upon the output dynamics F,{s)
alone, the design wonld be restricted to plants with fast outpul dynamics
F,(s). Heuce, for generality in the design procedure, the assumption of fast
poles is made upon the strictly proper factor H,,,(s) of Hy(s). Tis purpose
is to deal with the strictly proper part of F,(s). Tf we have slow poles in a
strictly proper Fo(s), we con infroduce a biproper ;:;fi% unth an equel number
of fast poles to permit analysis based design. For example, if

1
T s+ 1)(25+3)°

Fils) = q—j—l and F,(s)

with constant f* and #* (giving Ty(s) = I'y(s) = 1/5) we may set

N (5+4;
(/ &= - — T
= a6 -0
and k = 60 Lo give
Cols) 60s(s + 4)
Hr) = ; F'o H) = T
(s] [y(s) (s) (s 4+ 1){2s + 3)(s + 5}{s + 6)

We van factor the fasy dynamics as

30

ol = )
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and the slow biproper dyuanics as

1.5(s — 1)
(s tU)(s+ 1.B)

Hap(s) =1 4 HE(s) =1+

This gives, in the terms of Assuinption 1.6, the smallest pole in absolnte value
in Hopls), @ = 5, the largest of the moduli of poles in Fi(s) and Hpp(s)
as b = 1.5, giving their ratio M = a/b - 3.33. The singnlar perturbation
reduction reduces the fast dyvnamics H,g(s) = ?4'5%&?:) to its unity gain, and
we deal with stability of the reduced order model via the method of averaging
to deduce stability conditions for the overall system in the theorem below.
Hence, for all situalions, we can first perforin systematic design, and then, if
necessary, reduce the order of the output filter and check for stability using
the LIV test above.

To keep the proof brief, we make an additional asswmption:
Assumption 1.7 His) is strictly proper.

This assumption is very easy to satisfy. Either F{s) is strictly proper or, if
it is biproper, one wonld choose Ci{s)Tg(s] strictly proper. [or example, if
£3(s) is biproper and Ty(8) = 1/9, Ci(s) = 1 satisfies this assumption. The
assmmption is made only for the purpose of keeping the proof of the following
theorem hrief. The formation of a state space representation of the reduced
order system for averaging becomes more intricale when H;(s) is biproper,
because of the necd o account for a factor of w when rime varving terms are
dilferentiated, and this distracts from the main theme of the proof.

Theorem 1.8 (Single Parameter Extremum Seeking) for ihe system
e Figure 1.2, under Assumptions 1.2-1.7, the outpul errvor § achieves lo-
cal exponential convergenee to an O(a? + 8%) neighborhood of the origin, where
0 =1/w+ 1/M providedn =0 and:

1. Perturbation froquency w is sufficiently lovge, und tiw is nof a zevo of
Fi(s).

2. Zeros of Uy{s) that are not asymptotically steble are also zevos of Cy(s)

3. Puoles of I'y(s) that are not asymptotically stable are not zeros of Cy(s).

At

. Cu(s) and are. asymplotically stable, where

1+LL—3|

Lis) = f -

Re{e’® iy ju) YT, (s). (1.39)
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Proof. We rewrit the linearized model Eqn. (1.28)% after reduction of the
fasi dynamics Hes,(s) to its unity static gain (from Assumption 1.6 and
Eqn. (1.38)} and get.

6 =0+ Hy(s) [uw(ﬁ) +et fsin(wt— @)1+ Hp(s) [el,é]] S (1.40)

Using Lemmas A.1, and A.2, we oblain’

§ = 0+ Hs) [walt) + e af/dRe{cPF(jw)}f + v + v (1.41)

m = af"/4Re{c? ¥t D E )} (1.42)
vy = sinfwt — $YHY (s} [vg) (1.43)
vy = |Fi{jw) sin(wt + LF{jw)). (1.44}

We next move the term af”/4Rc{e™ Fy(ju) }H (58 = L(5)D to the left hand
side, and divide both sides of Tgn. (1.41) with 1+ L(s):

= _—[0*] + k’r [?113 US} + E_E ey = ’UgJ

1+ Lis)

= l‘.'—r +Y;(. ) ['H,'[;A;(i) + [ +- T.-‘Q] . (1.45)
where Yi(s) = 1H }EE“ = nﬁﬁiyfi;}]} is asviplotically stable because the polles of
H:(s) are cancelled by zeros of u[,.q] and 3 é(s] is asymptotically stable; zeros

iu h}dﬁ cancel poles in #7(s) = Apl'e(s) resulting in exponentially decaying
terins which are all consolidated (ihe asymptotically sfable transfer funetion
Yi(s) acting on exponentially decaying terms produces exponentially decaying
terms). Now, Yi(s) is strictly proper from Assumpiion 1.7. and can therefore
be written as ¥i(s) = - Jr'm Y/(s), where Y/(s) is proper and po is a pole of
Yi{s) (and therefore asyruptotically stable). In terms of their partial fraction
expansions, we cau write ¥(s) = Ag 1 Y7, g-';-&—, and HJ (s} = >0, qu

Multiplying both sides of Eqn. (1.45) with s+ pg and using the partial fraction

expansions, we get

g-l— I).jé =ty ,40(?513(25:’ + o+ ’UQ}

?The use of Lyapunov’s first method in the proof of Propusition 1.5 and here is what
makes the stability result of Theorewn L8 local.

*Note that Egn. (1.41) contains an additional term of the form H.(s)[sin{wt —
@1 Ho(3) 74|l which comes from et in 83(£) = alm{F(jw)e™*} + et We drop this
term from subsequent anulysis beeause it does not affect closed loop stability or asymptotic
performance. It can be accounted for in three ways, One is to perfornl averaging over an
infinite time interval in which all exponentially decaying terms disappear. The second way
is to vreat e7'8 as a vanishiug perturbation via Corellary 5.4 in Khalil [64], observing that
€~! 15 integrable. The third way is to express ¢ ¢ in state space format aud et ¢ A be
dominated by other terms in g local Lyapunov analysis.



1.2 SINGLE PARAMETER EXTREMUM SEEKINGFOR PLANTS WITH DYNAMICS 15

n
+ Z [”13,&: (f) + Ul:k - 'U‘Z,.Pc] (146)
k=1
TR )
vy = sinfwt — ¢) Z(UgJ)
¥=1
A Ay
Uik = iz, Y1k - i
S+ S Py
A, B;
Yop — —— Uz, Wi = - 3.
8+ P s

Now, we can write the system above in state-space form®:

X — Alt)x t ApX.+ Buis(t), 0= (1.47)
Xe = AeXe (1.48)

Eqn. (1.48) is a rveprescufation for the e71. We get Eqns. (1.47), (1.48) into
the standard form for averagiug by using the transformation © = wt, and then
averaging the right hand side of the equations w.r.t. time from 0 to I' = 27 /w,
iLe., %fg'(-)d‘r treating states x, x, as constant to get:

dX,, 1 A |

d 2 o= = (An.-.,-xmr + ‘412xﬁn’11}) Mo = Figp (149}
s w
lx i ]

Bewr L Ax, , (1.50)
dr w

which is a state-space representation of the system in the 7 = wt time-scale,
and A,, = & [ (A(r))dr. This gives

Qav + pﬂgm.l — €

mn

-+ Z [ulglk‘m, + U ke 'Uz,k,m;: (151)
k=1

’l'i-l:a,ff,rw + Ptk an = 0, ‘i:‘l:i\:,a.v T Pet kv = 0

1]

Ty pne T PeV2k00 = 0, V3w + DiV3400 = 0

in the original timce-scale. As all of the poles py for all & and p; [or all j are

asvmptotically stable (from asymplotic stability of H,(s) and ﬁ[—s]) all of the

lertns on the right hand side of Equ. (1.51) for f,, arc exponentially decaying,
i.e., we have

N 1
0w = P e 1, (1.52)

which decays Lo zero because ﬁ is asymptotically stable by asyinptotic sia-
bility of IT}f_s] Hence, by a standard averaging theorern such as Theorern 8.3

“Note that A(#) here is different from A(#) in the proof of Proposition 1.5.
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in Khalil [64], we see that if w, a, ¢, Ci{s} and C,(s) are such that — L,S] is
asymptotically stable, and w is sufficient]y large relative to other paramerters of
the state-space reproseitation, solutions starting from small initial conditions
converge exponentially to a periodic solution in an O(1/w) neighborhood of
zero. Hence, the output H(fu goes Lo a periodic solution 9?,”. )= Ol w).
We now proceed Lo put the system in the standard lorm for singular per-
turbation analysis through making the Lransformation 80 = #(¢) — Bper(t) in
Equs. {1.34), (1.35) and gel:

den{ H,(5)}o8 + bye]

= ¢ ' 4 num{#,(3)} [ulg(t) +e" — fUsinfwt — ﬁb):}y:';sp]

yosp =1+ Hrbp(")}[yosp] (1.53}
Yosp = Hosa(5) [00(08 = Bper)] - (1.54)

Ry lincarity ol the system described by the Eqns. (1.53), (1.54), we have that
the reduced model in the new coordinates (replacing Hip(s) with its unity
static gain) is given by

den { H;(s)}[66 .
= —f"'mun{H;{s)} [sm - eN(l + Huhp(s]][r?géé“ , {1.55)
which lias the state space representation
x = Alt)x; 66=rm, {1.36)

where A(t) is the same as in Bqu. (1.47). Tence 88 converges exponentially to
the origin. This shows that the reduced model is cxponentially stable. From
exponential stability of H,.,(s], we have exponential stability of the bonndary
layer model

A (1.57)

Hence, by the Singular Perturbation Lemma A.3. we have thal in the overall
unredueed system in kqns. (1.53), (1.54), the solution converges to an O(1/M)
neighborhood of the origin. Hence, §0(¢) converges to a O(1/3) neighborhood
of the origin. Therefore, # converges expoucntially ta a O(1/w) -+ O(L/M) =

Q& neighborhaod of Lhe arigin.  Further, the output error § decays to

O (02 - §%):

g=FO<s>H(e—a*)2} w[f—( —90)}=0<ag+62), (1.58)

which completes the proof. Q.E.D.
From Eqn. (1.39), we notice that Ci{s} appears linearty in L{s) (through
Hi(s) = Cy(s)lg(s) F;(51). This property allows systematic design using finear
control tools. The condivions of Theorem 1.8 motivate the steps of a design
algorithun below.
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1.2.3 Single Parameter Compensator Design

In the design guidelines than follow, we set ¢ = 0 which can be used separately
for fine-Luning,

Algorithm 1.2.1 (Single Parameter Extremum Seeking)
1. Select the perturbation frequency w sufficiently lurge and not equal to any
frequency in noise, and with +jw not egual To any tmaginary aris zero

of #5(s).

2. Set perturbation amplitude a so as to oblain small stendy state cutpul
errer .

i

Design Co(s) asymplotically stable, with zeros of Ts(s) that are not
asynpiotically stable as its zeros, and such that ?78 & proper. In the
case where dynamics i £,(8) are slow and st?ic.:tlﬁ PYOpEr, USe S many
fast poles in Co{a) as the relative degree of 1,(s), and as many zeros
us needed to have zero relative degree of the slow part Hop(s) to satisfy
Assumplion 1.6.

4. Design Cis) by any linear SISO design techniyue such thal it does not
include poles of Tp(s) that are not asympiotically stable as ils zeros,

Ci(8)p{s} 18 proper, and TJ’—}IE is asymptolically stable.

Wo examine these design steps in detail:

Step 1: Siuce the averaging assurnption is only qualitalive, we may be able
to choose w only slightly larger than the plant time constants, as we show
in the examples in Sections 1.3 and 2.3, Choice of w equal to a frequency
component persistent in the noise n can lead to a large steady state tracking
erratr 8. Tn Tact, our analysis can he adapred to include a bounded noise signal
safistving limy_ g } .jgnsinwtdt = {). Tinally, if i is a wero of Fi{s), the
sinusoidal forcing will have no cffect on the plant.

Step 20 The perturbation amplitude @ should be designed such that
a|F;(7u)] 1s small; o itsell inay have to be large %o as (o produce a measurable
variation in the plant output.

Step 3t In general, this design step will need designing a biproper

Ty(e)
we have a slow and strictly proper F,{s) in order to satisfy Assumption 1.6.
The use of fast poles in %’Ej raises a possibility of noise deteriorating the
feedback; however, the demodulation coupled with the integrating action of
the input compensator prevents frequencies other than thac of the forcing from
entering into the feedback. While we have used the gain & in analysis to satisfy
Assumption 1.6, this is nof strictly necessary in design.

Step 4: We sec from Algorithm 1.2.1 that C5(s) has to be designed such
that G;(s)p(s) is proper; hence, for example, if Tgls) = %, an iwproper
Ci{s) = 1+d s -dqs? i3 permissible. In the interest of robustness, it is desirable

when
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to design C;(s) and C,(9) to ensure minirmun relative degrec of Ci(s}I's(s) and
f;fi% This will elp to provide lower loop phasc and thus better phase margins.
Simplification of the design for (i(s) is achieved by setting ¢ = —Z(Fi{ju)),
and obtaining

o = LN gy

The autraction of extreminn seeking is ivs ability to deal with uncertain
plants. Tn our design, we can accommodate uncertainties in ", F,{g), and
Fi(s), which appear as uncertaintics in L{s). Mcthods for treatment of these
uncertainties are dealt with in texts such as [123]. Here we only show how
it is possible to ensure robustness to variations in f*, Let ?}} denote an a

P : i . . 1 1 1
2t age . LSRN T Tala) L ———— ;] — e = ——————
priori estimase of f. Then we can represent T=1Ts % T30 1+(1+a ,,)P{S)_
!H

where Af" = f' — {7 and P(s) = % L{s}, which is at our disposal because f*
in P(s) gets cancelled by f* in L(s). We design C;(s) to minimize 15514,
which maximizes the allowable Af” < f#/ ll5£5 111, under which the system
is still asymptotically stable.

1.3 Single Parameter Example

To illusirate 1he power of the method, we present a difficuli toy benchinark
problem. Bounded noise n is present in all sirulations. Simulation results are
plotted with (), #*{t) in dotted lines and y, ¢ in solid lines.

Benchmark Example. We use Fi(s} = e2+3s+2, Fols) — =y, f{d) = f(8)+
B — 6°(£))2, where f*(t) = 0.00u(t — 10), giving A L'(s) = 027 9* (t) —
0.01e%%, giving Agly(s) = 24, and u(t — 7} denotes the unit stcp at time 7.

The benchmark example provldea all the elemonts of difficulty that a design
can face: a large relative degree of Fi(s)F,{s}; unstable Tg(s); non-minimum
phase Fi(s).

Using Algorithin 1.2.1 for the design, we set w = 5 rad/sec, ¢« = .05,
Tl = 4, o= L(F{jb)) = 7955, and Ci(s)Ty(s) = L07.7 554,

The design attains the desired goal of output minimization. The response
in Figure 1.3 shows a slow transient and noisc sensitivity in the paramocter
tracking., Bul, we note that because of the attenuation of the high {requency
perlurbation in the plant, the output y tracks the minimum f*(£) well. We
note that we used Cyfs) — 1/(s + 5)— a fast pole- as the pole in F,(s) is slow,
and Fy(s) is strictly proper.
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Figure 1.3: A simple Cy(8) =5 —4

Notes and References

Several books in uhe 1950-608 have been exclusively or partly dedicaied
to extremumn seeking, including Dsten [109] (1954), Feldbanm [39] (1959},
Krasovskil [66] (1963), Wilde [119 (1964), and Chinaev [29] (1969). Among
the surveys on extrernun seeking, we find the one by Sternby [105 particu-
larly useful, as well as Section 13.3 in Astrom and Wittenmark [7] which puts
extromum control amouy the maost promising future arcas for adaptive control.
Among the many applications of extrermun control overviewed in [L05] and [7]
are combustion provesses (for IC engines, steam generating plants, and gas
furnaces;, grinding processes, solar cell and radio telescope antenna adjust-
ment to maximize the received sigual, and blade adjustment in water turbines
aud wind mills to maxiiize Lhe generated power,

Lxtremum seeking witnessed a resurgence of interest after the publication
of the stability studies in [70] and 167]. Several analyscs of extremum seeking
schemes 116, 37, 96, 113, 122] were presented at ACC 2000, The need for rig-
erous design guidelines guarantecing performance was strongly felt in [67, 96].
Besides, nnmerical optimization based extremum sesking methods were used
successfully, Extremum secking via riangular search as in Zhang [122], was
employed to attenuate combustor thermoacoustic oscillations and minimize
diffuser losses at United Technologies Research Center (UTRO); extremumn
secking vig sliding modes, introduced by Korovin and Utkin [65], and ana-
lyzed and applied by Ozguner and co-workers "33, 31) and others (28, 106] on
a variety of automotive problems. Even more recently, extremum seeking has
been used for control of electromechanical valves [93), and for optimization of
IC engine cam timing [94°.

The first stability analysis of extremum secking for a general nonlinear
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plant was developed in [0l In [67], dynamic compensation was proposed for
providing stability guarantees and fast tracking of changes in plant operating
conditions for single parameter extrenuin seeking. The result in [5], on which
this chapter is based, supplies the systematic design, and morcover, limits
adaptation speed only by the speed ol the plant dynamies.





