CITAPTER 1
The Basic Theorems of Fourier Analysis

The material conraiged in this chapler forms the core of our
subject and is used throughout the later part of this book. Various
approaches are possible; the same subject matter is treated, from
different points of view, in Cartan and Godement [1], Loomis 717,
and Weil [17.

Unless the contrary is explicitly stated, any group mentioned in
this book will be abelian and locally compact, with addition as
group operation and ¢ as identity clement (see Appendix B}. The
abbreviation LCA will be used for “locally compact abelan.”

1.1. Haar Measure and Convolution

1.1.1. On every LCA group & there exists 2 non-negative regular
measwre e {see Appendix E), the socalled Hawr measure of &,
which is not identically ¢ and which is fransiation-insariani. That
is te say,

(@ m(E + z) = m(E)

for every z e G and every Borel set K In

For the construction of such a measure, we refer to any of the
folowing standard treatises: Halmos (1], Loomis [1], Monigo-
mery and Zippin [1°, and Well [1°. The idea of the proof is to
construct a positive translation-invariant linear functional T on
C ), the space of all continuous ¢omplex functions on & with
compact support. This means that 7720 if 7 = 0 and that
T{f.) = Tf, where f, is the translate of § defined by

{2} Ayl =Ty —2  weG)

As soon as this is done, the Riesz ropresentation theorem shows
that there is & measure s with the required properties, such that
1
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(3) Tj= [ jdm  (jeC.G}}.

1.1.2. If V is a non-emply open subsel of &, then m{V} = 0.
For if m(V} = 0 and K is compact, finitely many translates of V/
cover K, and hence m{K) == 0. The regularity of m then implies
that m(E) = 0 for all Borel sets £ in G, a contradiction.

1.1.3. We have spoken of the Haar measure of G. This 1s justi-
ficd by the following uniqueness theorem:

Ij w and w' are two Haar measures on G, then w = Jm, where A
1§ @ positive constant.

Proof: Tix ge C () s0 that ja gdm = 1. Define 1 by

[Gg (—=)dm’ () = 4.

For any feC {) we then have

-

Jo o’ = ‘J‘Gg(y)dm () _f[‘(wf(x}dm’ @)
_’ (dem(?a‘)( fa + y)dm’ ()

| am'(z) | g + y)am(y)

[ am' @) [ oty — =) wamly)
F Hoydmiy) [ ety — wdm'@) =4[ j dm.

Hence m' = Jm. Note that the use of IFubini’s theorem was legi-
tirnate in the preceding calenlation, since theintegrands g{y)f(z+y)
and gly -~ 2}f{y) are in C (G X G).

Thus Haar measure is unigue, up to a multiplicative positive
constant. I G is compact, it is customary to normalize s so that
m(G) == 1. If G is discrete, any set consisting of a sigle point is
assignied the measure 1. These requirements are of course contra-
dictory il G is = finite group, but this will cause us no difficulty.

Having established the uniqueness of #, we shall now change our
notation, and write {¢ 7 (x)dx in place of [¢ fdm. Thus de, dy, . ..
will always denote infegration with respect to Haar measure.
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1.1.4. For any Borel set E in G, m{— E) = m{E). Tor if we
set g (B = m{— I}, s 1s a Haar measure on &, and so thers is
a constant A sueh that m(- E} = Am{F)} for all Borel sets E.
Taking E so that -~ E = E, we see that = 1.

1.1.5. Translation in L7(G). If Gisa LCA groupand 1 < 4
= o, we shall write Z7{G) in place of L?(m} {see Appendix E7).
It is clear that the ZP-norms are translation invariant, ie., that

{1, il = 1Al {2 G),
where, we recall, 7, is the translate of f defined by
(2) Ll =Hy -« (b

TueorEM. Suppose 1 = p < oo and {e LP{G). The map
3) Czof
is a uniformby comlinuous wmap of G into L?(G).

Proof: Let £ > 0 begiven. Since C (&) is dense in L2{G} (Appen-
dix E8} there exists g ¢ C (), with compuact support K, such that
g — 71, <2 /3, and the uniform continuity of g (Appendix Bg)
implies that there 1s a neighborhood V of ¢ in & such that
@) g — gl << 5 [(K)| ¥
for all ze V. Hence |ig — g, << &8, and so

V- fe S~ &+ 18— ol — llg- - All, <=
fweV. Fimally, f, — f, = (f - - /4 2)u» 50 that ||, — i, < e if
y—=xel, and the proof is complete.

Note that the same theorem {with the same proof} is true with
Cofz} in place of L*(G), but that it is false for L®{G), unless &
is discrete.

1.1.6. Convolutions. For any pair of Borel functions f and g
on the LCA group G we define their convolution f#+ g by ihe
formula

{1 =gy = | Hz - yiglyldy
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provided that
(2 J & —yigly) dy < o

Note that the infegral (1) can also be written i the form

3) | H @)y

so that f % g may be regarded as a limit of lnear combinations of
translates of §; this statement may be mnade precise, but we assign
it only heuristic value at present. {See Theorem 7.1.2.)

TuroreMm, (a} If (2} hoids for some xe G, then {f*g)(x) —
¢+ o).

(b} {ff e LHG) and g e L2(C), then | # g is bounded and uniformiy
CORMLHUIUS.

(c} If f and g are in C (G), with compact supports A and B, then
the support of f5 g lies in A+ B, so that {5 geC (G).

(dY /1 < ¢ << co, Ijp 4 Yo — 1, fe LP(G), and g e L4(G), then
FxgeCylG).

fe} If { and g ave in I2G), then (2} holds jor atmost all x ¢ G,
% g e MG, and the tneguality

N gl == Uil gl
holds.
Proof: Replacing y by ¥ -~ z in. (1) and applying 1.1.4, we obtain
() — [ H— wigly o)y — [ ime( - y+a)dy= (g Dz,

and (a} is proved.
Under the hypotheses of {b), il is clear that

Fr gl = [flhiille  (Fe6)

50 that j* g is bounded. For 2 e &, 2z« &, we have

-

=g ~ @ = j e — ) — e — y)ig)ldy
= Hf—z ”"f—z“l[:gji.m‘
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Theorem 1.1,5 shows that the last expression can be made arbi-
trarily small by restricting  — z to Iie in a suitably chosen neigh-
borhood of 0 and (b) follows.

If # vanishes outside 4 and g vauishes outside I, then j{w—yig{y)
~ 0 unless ¥¢ B and - yed, e, unless e A + B, Thus
f* g vanishes outside A 4 B, and (¢) is proved.

To prove {d}, choose sequences {f,} and {g,} in C (G} such that
W, — fil,— O and ||g, — g, - > 0as x> co. Holder's inequality
shows that 7, » g, — F » guniformly. By (¢}, /. * g, € C{G}. Hence
fxgeCy(G), and {d) follows.

The proof of {¢] will depend on Fubini's theorem, and we first
bave to show that the integrand in {1} is a Borel function on
X G. Fix an open set V in the plane, put £ - 3V, E': -
Ex G andlet E” — {{z,y) 12 yeE} Then £ is a Borel set
in (- X G, and since the homeomorphism of & X & onto itself
which carries {z, ¥} to {z 4y, y} maps E’ onto £, E” is also a
Borel set. Since f{w -~ y) e Vifand only if {z, ¥} ¢ £, we sce that
fz - -y is a Borel function on & X G, and so is the product
fle —yigly).

By Fubini’s theorem,

J‘G.;(a o — yiglyyidedy = |iflidigh, -

Setiing $e) = [¢ fle - w)gly)idy. it follows that $ e L3 (G). In
particular, ¢{z) < oo for almost all 2, and so {f = g} {x) exists for
almost all . Finally, |{f * gi{z}| = &(z), and the proof of {¢) is
complete.

The proof of {f} is also an application of Fubini’s theorem, justi-
fied by {e) for almost all a:

(F% @x )} = [ fle  zig bz

= JGJ.(:'{(:” —z)glz  yirlyidy dz

= J‘G Frgile  glhly)dy = ((f>g) » 2} ().
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1.1.7. TuroreM, For any LCA group G, LY{G) is a commuiative
Banach algebra, if multiplication is defined by convolution. If G is
discrete, LMG) has & unit.

Proof: The first statement follows from parts {e}, {f}, and (a] of
Theorem 1.1.8, since the distributive law holds: 7= {g 4- &) ==
frg ik

I  is discrete and the Haar measure 1s normalized as indicated
in Section 1.1.3, then

(f*gie) =2 e —yle

¥EG

and if ¢(0) = 1 but efz) = 0 for all £ 0, then ¢ L1G) and

f#e=F Thus e is the unit of L1((}.
1.1.8. If G is not discrete, then L1{) has no unit (see Section
1.7.3}, bul approzimate unils are always available.

TureorReEM. Given f ¢ LNG) and & > 0, theve exisis a neighborkood
V of O in G with the following property: if « 1s a non-negative Bovel
funciion which vawishes ouiside V, and if [qu{zide =1, then

1 frul <

Proof: By Theorem 1.1.5, we can choose V so that [[f — £,];; <C ¢
for all ye V. If u satisfies the hypotheses, we have

G a)a) — Ho) = [_[Fe -~ y) — H@) uly)dy
s¢ that
e Gl | @y i gy fe)de
= [ f - 1, uly)dy < e,

1.2, The Dual Group and the Fourier Transform

1.2.1. Characters. A complex function y on a LCA group & is
called a character of G if [y {z), = 1 for all @ e G and if the functional

cquation
(1) r@ -y = yliyly)  @yel)
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is satisfied. The sct of all contdnuous characters of G forms a group
I, the dual group of G, if addition is defined by
{2) (1t pedle) = vy {e) @eG yy,ype )

Throughout this book, the letter I' will denote the dual group of
the LCA group G.

In view of the duality between & and 7" which will be established
in Section 1.7, it is customary to write

(3} (@, 7}
in place of y{z). With this notation, (1) and (2) become
4 @t yyl= @yl ) and @y 4 yd = @ )k va)

It follows immediately that

(5) (0,7 = (, 0) =1 (teG yel)
and
(6) (- 2,9 =& —y) = &)= (= 7).

We shall presently endow I" with a topology with respect to
which f*will itself be 2 1.CA group. But first we identify 1" with
the maximal ideal space of L*{G} {Appendix Dj.

1.2.2. TuroreM. If vel and if
(1) fo) = i@ yide  (feLiG)),

then the map | — [} is a complex homomorphism of LYUGY, and is
not identically 0. Conversely, every non-zero complex homomoyphism
of LG} @5 obtatned in this way, and distinct characiers induce distinct
homiomorphisms,

Proof: Suppose f, g e LG}, and & = fxg. Then

k) = (U= 0@ - = p)de = [ (— 2 ) [ e — gty
[ e vy [ e — 9 2 by, yide = §010).

Thus the map f > f{y} is multiplicative on the Banach algebra
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LG, and since it is clearly linear, it is a homomorphism. Since
(o), = L, fly) £ 0 for some fe L1(G).

For the converse, suppuse % Is a complex homomorphism of
IMGY, & # 0. Then % is a bounded linear functional of norm 1
{Appendix D4}, so that

{2 Ay — | feypzyde  (f e 1MG))

R

for some ¢ ¢ L¥{G) with ['d:., == 1 (Appendix E10). If f and g are
in LYG], we have

[ A0y = R = Al = &) = | (F % ) (@)pla)de
= | gdy |t — yidleide = [ gw)b(h,dy,
sc that
(3) i ibly) = hif,)

for almost all ¥ ¢ G. By Theorem 1.1.53 and the continuity of &, the
right side of {3} is a continuouns function on G, for each fe L1 {(7).
Choosing 7 so that £(f) s 0, (3) shows that ¢{y) coincides with a
continuous function almost everywhere, and hence we may assume
that ¢ is continuous, without affecting (2). Then (3) holds for
all yeG.

If we replace ¥ by « 4 y and then f by £, in (3), we obtain
wfigla -+ yi = klfeny) == B{{fo)) = Blf)S 1Y) = AP )S(y)

50 that
{4; Sz L y) = 2}y @ yelC).

Since b (2)] = 1 for all # and since {(4) implies that ¢{—az) =) 1,
it follows that ¢z}l = 1. Hence ded’

Finally, if f{y;) = fly,} for all feI*MG), (1) implies that
(—a, ) = (-2, yy) for almost all z « &, and since 4, and p, are
contimicus, 1.1.2 shows that the equality helds for all ¢ G, so
that py = v,.

1.2.3. The Fourier transform. For all fe¢ L1{(G), the func-
tion f defined on I' by
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fo)y = [J@)(— =z pde (el

is called the Fourier transiorm of f. The set of all functions f so
obtained will be denoted thronghout by A (7},

By Theorem 1.2.2, f is precisely the Gelfand transform of 7. If
we give 7" the weak topology induced by A () {Appendix Al0),
the basic facts of the Gelfand theory {Appendix D4) show that
A (I is a separating subalgebra of C,("). We summarize some of
the properties of A ({7},

1.2.4. Tueorem. (a) A{I") is a separating self-adjoint sub-
algebra of Coll™y, so that A(T) is dense in Co{I'), by the Stone-Weier-
strass theovem.

(b} The Fourter lransform of f=g is fs.

{c} A 75 invariani under lransiation and under multiplication
by (x. ), Jor any xeb

{4} The Fourier transform, considered as a map of L1((z) into
CoIY, is norm-decreasing and therefore conbinuous: Fle =1

(e) For feIMNG) and v ', {J % p)(2) = {z, »)f 7).

Proof: For fe LMG), define f by

fah < 70 ).
The Fourier transform of fis the complex conjugate of f, and {a)
follows; (b} is implicit in Theoremn 1.2.2. I yye /" and glz} =
(=, voif (), then () = fly  vo). so that A(I"} is translation In-
variant. If g == j , then
§oy — [t — B v vy
— (w ) [y — 2 — g opidy = (- i)

This proves {c}; (d) and (e} are trivial; [e} allows us to Inferpret
the Fourier transform as a convolution:

f(?’) = {f*y}(0) (e LYG), y el

1.2.5. TeEorEM. If G is discrete, I' s compact. 1f G is compact,
I vs discrete.
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Proof: TF (¢ is discrete, then LG} has a unit {Theorem 1.1.7)
and its maximal ideal space I'is therefore compact {Appendix D4).
I G is compact and its Haar measure is normalized so that
m (G} ~ 1, the orthogonality relations
i~ ! 1 if y = 0

, )iz =
vG(x & to it y#o

1)

hold, The casec y = Oisclear. If y % 0, then {z,, ) -+ 1 for some
% 6 G, and

[t pidz = (0, v) [ & — m, pide = (@0, 7) [, (& y)ee,

so that (1} is proved. If f{z) == 1 forallz e G, then f e L.1{G) since
G is compact, and f(0) = 1, f{y) = 0, if y 5 0, by (1}. Since fis
continuous, the set consisting of 0 alone is open in [, and so I"is
discrete,

1.2.6. The topology of 1" So far, I' is a group and a locally
compact Haunsdorff space. We shall now prove that these two
structures fit together so as to make I"a LCA group. Our proof
depends on an alternative description of the topology of I

TueoreM. (a) (x, v) s a conitnuons funciion on & X I
(b} Let X and C be compact subsets of G and I, respectively, let
{7, be the set of all complex numbers z with |1 — 2| < r, and pul
NK, vy — {p: () e U, for all ze K},
N{C, v} = {&: (&, y} U, for all yeC}.
Then N{K, 7} and N(C,7) ave open subsels of I' and G, vespectively.
(¢} The family of ail seis N(K, ) and thety tramslates is a base for
the topology of I
{dy I'is a LCA group.
Proof: Equation (3) of Section 1.2.2, rewritten in the form
ey e =Lt @6 yel)
itoplies (a), as soon as it is proved that fuly} is a continuous func-
tion on G x I, for every fe LY{G].
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Fix #,, v, and & > 0. There are neighborhoods V of x, and W
of y, such that

@ lifz — follh <t e and 1S, lr) -~ Folvadl << e

forall 2 ¢V, y ¢ W, by Theorem 1.1.5 and the continuity of f”
Since |, {y) —Jfo, (7 = U, — f )l it follows that |Fl) j%(gOL
=2 ifweV and ye W, and a) is proved.

Choose & compact set K in &, choose r > 0, and fix ¢, e N (K, 7].
To every x, ¢ K there correspond neighborhoods ¥ of 2 and W of
¥y such that {(x, v, e U,, f x ¢ V and y ¢ W; this {fellows from (a).
Since K is compact, finitely many of these sets V cover K, and if
W* is the intersection of the corresponding sects W, then
W* CNK, 7). Since W* is a neighborhood of y,, N{K, 7} iz open.

The same proof applics to N{C, #}.

To prove (c), assume that ¥ is 4 neighborhood of v, We have to
show that py — N{K,#) CV for some choice of X and ». Take
va o O, without loss of generality, "The definition of the Gelfand
topology on " shows that there exist functions fi, .. ., J, ¢ LY{(G)
and & > 0 so that

-

(3} { i) = Fi0) < e} C V.

i?:)s

Since C,(G) is dense in LMG), we may asswne that f, ..., 7,
vanish outside a compact set XK in . If

(4) 7 << efmax |Ifil
and if y < N{K, 7}, then
(5) fb) — L0 = [ 1029 — Uifw)lde < 741, << e
Ilence NK,»1 CV, and (¢} follows.
Given y", »"" ¢ I* and N(K, 7), the obvious relation
B8] ¥+ VK, #2)] — [~ NEK, »2)] Cy — " L N(K, #)

shows, by (b} and (¢}, that the map (3, »”") =9 — 9" of I'x I~
oato I"1s continwous. This completes the theorem.
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1.2.7, Examreirs. The “classical groups” of Fourier analysis
are:

{a} the additive group R of the real numbers, with the natural
topology of the real line;

{b} the additive group of the reals modulo 2z, or, equivalently,
the circle group 7', the multiplicative group of all complex numbers
of absolute value 1;

{c} the additive group Z of the integers.

The circle group is of particular importance to us, since charac-
ters are nothing but homomorphisms into 7.

Suppose (r = R and fix y e I. Write y{x} instead of {z, 3), for
the moment; there exists ¢ > 0 such that

8 e
) i vt =2 £ 0.
The functional equation
(2) yig+ f) =yllylt)  (@teR)

then implies that
r2
(8} wy@)=y@) |,
Since y Is continnous, the last expression is differentiable, and so y
has a continucus derivative y'. Differentiate {2) with respect to £
and then set { = 0. The result is the differential equation

vt =y < @ = [y,

(4) v = dyfe), A4 =7(0)
Since y{0) — 1 and since y is bounded, (4) implies that
(5) y) = o

for some y ¢ R. The correspondence y <> ¥ is an isomorphism be-
tween [” and R. Thus: The dual group of R is R.

We still have to check that the natural topology of R is the sarne
as the Gelfand topology of the dual group. For #» > 0 and # ==
1,2,3,..., let Vin, ) be the sct of all ¥ such that 1 — #52%| < »if
jr = #n. By Theorem 1.2.6, the sets V {%, »} form a neighborhood
base at 0 with respect to the Gelfand topology. But y e ¥V{n, ) if
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and only if jy| < (2/») arcsio (»/2). Thus the two topologies
coincide.

If & =7, the same computation as above shows that every
character of T must be of the form (5), but now we also must have
iz + 2z) = y{z). Hence y must be aninteger, and I is identified
as the discrete group Z {compare Theorem 1.2.5).

It G =7 and ye D, then {1, ) == ¢ for some real «, and it
follows that {», y) = ¢ The correspondence y «» ¢** is an iso-
morphism between I" and T, and we conclude that T is the dual
group of Z {the two topologies coincide, as in the case G = R).

The Tourier transforms, in these three cases, have the {ollowing
forms:

=R flgy =] j@e iz e R),
. 1 i

G—T: fin) = [ HeYe oot (nel),
ol

G—=2: ftei= 3 flnjein (e e T

1.3. Fourier-Sticlijes Transforms

1.3.1. Convolutions of measures. Suppose s a LCA group,
and g, 4 are members of M (G} (Appendix E1}, 1.c., bounded regrlar
complex valued measures on G. Tet # X 4 be their product meas-
ure on the product space G? == & ¥ G, and associate with each
Borel set £ in G the set
1} Epy = {{&, 4} e G -i-ye EL
Then Eq, is a Borel set in G* (sce the proof of Theorem 1.1.6(d)}
and we define g * 1 by
) (6% )(E) = (u X (Ep).

The set fanction g * 4 so defined is called the convoluiton of pand A.

1.3.2. TuroreM. (2} If ue M(G) and i ¢ M{G), then
wwde MG).
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{b} Convolution s commulative and assoctative.
(e} Hpw Al = llpd] - EAYL

CorOLLARY. M (G) o5 a commutative Banach algebva with unit,
if wmultiplication <s defined by convolution.

Proof. The Jordan decomposition theorem shows that in the
prootf of (a} it is enough to consider non-negative measurcs only.
Since g X 4 is a measure on G2, it i3 clear that (u = A)(¥) =
2 (e A}{(FE,) 1t L is the nuion of the disjoint Borel sets E, (5 =
L 2,3,...). I Eisa Borclset in & and if ¢ > 0, the regularity of
# X A shows that there is a compact set K C E,,, such that

(6 X HE) > X H(Eg) — e

I C is the image of K under the map {z, %) »2 4 ¢, then Cis a
compact subset of E, KX T C,, and hence

(wx AY(C) = (& X BHCim) Z (0 X DK) > (ar (E) - &

This establishes one half of the requirement that x % 4 be regular.
The other half follows by complemeniation, and {a) is proved.
{This argument applies to more general situations; sce $tromberg
[ :

Since (¢ 1s commutative, the condition z - y € E is the same as
the condition ¥ -+ z ¢ E, and hence ux A= 4% u.

The simplest way to prove associativity is to extend the defini-
tion of contvolution to the case of » measures uy, ..., 4, € M{G):
with each Borel set £ in & associote the set

(1) E,—{{zy, ..,2,)eCG" 2y ...+ x, ek}
and put
@) Garpr o (F) = (o Xy XX ) (Be),

where the measure on the right is the ordinary product measure
on the product space &7, Associativity now follows from Fubini’s
theoremn, and (b) is proved.

Let gz be the characteristic function of the Borel set ¥ in G.
The definition of (4 * 4)(E) is equivalent to the equation
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(3) [oredlex 2) = | [ xule + yidu@)di(y).

Hence if 7 is a someple function {a finite linear combination of
characteristic functions of Borel sets), we have

-

(4) [ fax 1) = { [ flo + p)dule)arly),

and since every bounded Borel function is the uniform lmit of a
sequence of simple functions, (4) holds for every bounded Borel
function f. (One could use (4} as the definition of g+ A4} If
fleh =1 for all e G, then [fq (e b yldple) = 1pll for all
y ¢ &, and hence the right side of (4 does not exceed [Ju[} - Af.
This proves part [(c) of the theorem.

As to the Corollary, it only remains to be shown that M (G} hasa
unit. Let §, be the unit mass concenirated at the point 2 = 0;
ie., 8g{E} — 1if 0 e F and 8(E) —= 0 otherwise. Then g dy — u
for all ue M (G}, and the proof is complete.

1.3.3. Fourier-Stieltjes transforms. If g ¢ M (], the func-
tion g defined on ! by

(1) p) = [~ @) (el

is called the Fourier Sticlties transform of x. The set of all such
functions @ will be denoted by B{).

TaeoreM. (a) Eack u e B{I) is bounded and uniformly contin-
UOUS.,

(b Ifo=cuxh thena=jn-%. Hencethe map yu— ply) is, for
each vy e I', a comblex homomorphism of MI{G).

(¢) B(I') is invariant under translation, under muliplication by
&, v} for any x e G, and under complex conjupation.

Proof: The definition of & shows immediately that |2 (v} < ilgl|
for all v e I Given § > 9, the regularity of jzj shows that there 1s
a compact set X 1nt & such that [g@ (K’) << 4, where K’ is the com-
plement of K. For any vy, yse I we have

e (a) = el 5§ 1 — @ 7y — paydlul (@) = [+ |-
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If y, — vy e N(K, 8), as defined in Theorem 1.2.6, the above inte-
grand is less than § for z ¢ K, heonce IK does not excecd S[lzi]. The
second integral is less than 2u[{K’) < 28. Hence 2 is uniformly
continuous.

Suppose ¢ = g = 4. Formula {4} in the proof of Theorem 1.3.2
then implies that

= [ -z ndue i = [ [ (2 -y sy
:JG(~ y)dat@) | (— v 7 dﬂ(y"—ﬂ(/ﬂ(

and (b} is proved.

The proof of (¢} is quite similar {o that of the analogous part of
Theorem 1.2.4. If di{z) = (=, yold#\x) then Z (¥} = aly - vo).
I 1{E) = p(E - =), then () — (@ y)aly). I G(E) — (- E),
then the Fourier-Stieltjes transform of i is the complex conjugate
of z.

o.

1.3.4. I} as a subalgebra of M (G). Every fe I1{(z} gen-
erates a measure u, ¢ M (G}, defined by

o wE) = [ flw)dz

and which is absolutely continuous with respect to the Haar meas-
nre of . Conversely, the Radon-Nikodym theoremn {Appendix
E9) shows that every absolutely continumous w e M{G) is g, for
some f ¢ IL1(G). Since we identify functions in LY{G) which differ
enly ona set of Haar measure 0, the correspondence between f and
ity 15 one-to-one, and we may therefore regard L1{G) as a subset of
M(G). Tt is easily scen that f{;) = &, {y) for all ¥ e I" and that
1iflly = | #,t|. Hence we may nse f in place of u, without causing
confusion. For instance, we may write f=o if fel'(G) and
v e M(G), instead of y, = 0.

1.3.5. Let M (G} and M,{C} denote the sets of all continuous
and discrete members of 37(G), respectively (Appendix E8).

TuvoreM. {a)} LUG) and M _{G) are closed ideals 1n M(G).
(b} MG} 4s a closed subalgebra of MG}
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Proof: It we apply the Fubini theorem to the definition of p 4,
we obtain, for any Borel set £ in G,

(1) (s AYE) = [_ulE - g)dily).

If @ 15 absolutely continuous and m (&) — 0, then m(K — y) = 0
for all y, hence u{E — y) = 0, and so { = A){¥) = 0 for every
A ¢ M {G). This says that g = 1 1s absolutely continuous, and hence
IHG) 1s an ideal in M{G). Since f} = ||t} and since L(G) is
complete, ZM{(} is closed in M{G). 1 E is countable, pu, € M (G},
and [|g — g,f¢ - = 0, then

(B3 == e BN = lu — w(E) & i — p,],

so that (K} = 0 and u ¢ M (G}. Thus M {() is closed, and part
{a) is proved. Part (b} follows from the observation that the con-
volution of two point-measures is a pomt-measure.

1.3.6. A vniqueness theorem. We shall see lator that a de-
termines g, i.c. if weM(G) and g = 0, then u - 0. At present,
we can prove this for the inverse transform:

Turorem. If we M and if

[l yyduty) = 0
for every e (7, then u ~ 0,
Prosf: For every Je LG,
ISty = | | Ji(- v, y)daduy)
: f x)de ]I (— z, v»iduly) — 0,
Since A} is dense In CofI") (Theorem 1.2.4), it follows that
frédp =0 for every ¢ eI, and hence g — 0.

1.4, Positive-Definite Functions

1.4.1. A function ¢, defined on &, is said to be positive-definate if
the inequality

N
Ll} 2- Cncm‘,ﬁ (xﬂ - xm} :3 0
=
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holds for every choice of &, .. ., &y In & and for every cholce of
complex nombers ¢, .. ., Cy.
If & is positive-definite, the following three relations hold:

{2} b{— =) (.’H
{3) bz} = $(0);
(4) ) - Sy = 26(0) Re [$(0) — dl& — y)].

We conclude from (3) that ¢{0) Z 0 and that ¢ is bounded; (4)
imples that ¢ is uniformly continuous if ¢ 1¢ continuous at 0,

To prove these relations, take N — 2 in {1}; «; = 0, #p — x;
¢y o 1, ¢ — ¢ This gives

(5) (Lt [e38(0) | chlz) + éb(— ) = 0.

Taking ¢ -+ 1, we see that ¢ @) + &{-— =} is real; ¢ == ¢ shows that
i) — ${— )} is real, Hence (2) holds.

If ¢ is chosen so that e} - - -|é(x} , (5} implies {3}. To prove
{4), take N =3 in (1}, =, = f), Zy=%, %y =1, £, = 1, A real,
) — ()
b Pl
and ¢; = — ¢;. Then (1} simplifies to

(6) S(O)(1 4 22 1 2Udla) - $lyll - - 2B Redlz ~y) = 0.

The discriminant of the quadratic polynomial (6} in 4 can therefore
not be positive, and this gives {4}

1.4.2. Exampies of positive-definite functions. {a) Suppose
[ e L2(G) and & ~ j = J. Then ¢ is positive-definile and continuous
on G.

The convolution of any two functions in LG} is continuous
{Theorem 1.1.6{d}} and

zcﬂ Z;:d) (xn o xm} - Z c'nE?; _‘_['Gf(xn — Ty y} .f‘(_;:_a dy
= 3 tul | f @0 — 9 — yiity = | 3 cafla, — )Py =0.

¥
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{b} Every character is posifive-definite, hence so is every finite
linear combination of characters if the coefficients are positive,
More generally, of we M{I), ¢f u =0, and if

(1) ¢ = [ & y)duly) (@<,

then § is comfinuous and positive d?;mzta’
Tndeed, (1) shows that

S, (@, — 2, = Jr S (@, - T VI ly)
[ 13 el mItduty) =0,

s0 that ¢ is positive-definite. Since the sets N{C, #} of Theorem
1.2.6 are open in G, our proof of the continuity of i (Theorem 1.3.3)
shows equally well that ¢ is contirvous if ¢ is defined by (1).

1.4.3. The previous example {1.4.2{b}} establishes vhe trivial
half of the following important characterization of positive-def-
inite functions:

BocuNER's THEOREM, A continuous function ¢ on G is positive-
definite if and only if there is a non-negative measure ¢ M (') such
that

{1) $@) = [ @ r)duly)  (@eG)

Tor & — Z, this is due to Herglotz [1]; for & = R, to Bochner
1!; for the general case, to Weil [1]. Bochner was the first to rec-
ognize the key role which this result plays in harmonic analysis.
By 1.3.6, the above representation (1} is unigue.

Proof: Suppose ¢ is continuous and positive-definite. By 1.4.1{3)
we may assume, without loss of generality, that 4(0) == 1.

If { ¢ C{G) and has support K, then f(x)%gb {x — 1 is uniform-
ly continuous on K x K, and K can be partitioned into disjoint
sets E,, ..., E, such that the sum

{2} Z f(x 1, — wjm(Em(E,) EWON:

3,
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differs from the integral

3) [ ] @ ngt — iz ay

by as Iittle as we please. Since ¢ is positive-definite, (2} is always
non-negative, and hence so is (8). Since C,{G) is dense in LY{G), it
follows that (3) 7s non-negative jor every fe LMG).

Define a functional 7, by

) Tolf) = [ J@dleide  (f< LHG))
and put

(5) [fgl=Teli+8)  (Fg<LG}).
We recall that F{(x} = g{— x}, so that

®) 76r = [ [ @i — gy dy.

Hence [f, ¢] is linear in f, Tg, 7, is the complex conjugate of [f, g,
and f, /] = 0. These are just the properties of the Hilbert space
mner product which are needed for the standard proof of the
Schwarz inequality. In our case, the ineguality is

{7) |7, 72 £ 1 fllg g]-

Take for g the characteristic function of a symmetric neighbor-
hood V of 0, divided by w({V}. By (6},

g Totty = 1o [ bt~ u) - bleliay as

and

s

6= 1= [ | e~ —1amay.

w e

Since ¢ is uniformly contimuous, these expressions can be made
arbitrarily small by taking V small enough, and then {7) vields the
inetquality

(8) T2 EZ [0 =Tei=f)  (F<LYG)).
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Put hiofxf and A =hk"lsh {(n=23,4,...). Since
['$lle ~ 1, we have | T4ll = 1, and if we apply (8) with &, 42, 4%, . ..
in place of §, we obtain

TR E Ty S TR S ST, < AT

As n - oo, the last expression converges to the spectral radius of
7, je 1o 1A' (See Appendix D 8 and Theorem 1.2.2.) Ience

0} T2 = il = [1f1%, or [T, Sl (e LHG)).

This means that 75 may be regarded as a bounded linear func-
tional on 4 {1, with respect to the supremum norm. {We have
not yet proved that f; = £, implies 7, = f,, but (9) shows that
fi = f, implies T,{fy) = Ty{fs), and this is sufficient.) We can
extend T to a bounded linear functional on Co(I7), preserving its
norm, and the Riesz represenfation theorem then implies that
there is 4 p¢ M (I, with “g]] = 1, such that
(10) Ty — [ F0 nduty) = [ feldx | @ yidnly).

Comparison of {10} and (4} shows that {1} holds for almost all
z &G, hence for all z, since both sides of (1} are condinuous.
Tinally, taking @ — ¢ in {1}, we have

L $(0) = [ duly) = o0) = il =

hence u{l" = !'u||, and this implies that x = 0.

1.5, The Inversion Theorem
1.5.1. We let B{G) be the set of all functions f on & which are
representable in the form

() o) = wridel) @G

Bochner's theorem imples, in combination with the Jordan de-
composition theorem, that B(G) is exactly theset of all finite linear
combinations of continmous positive-definite functions cn 6.
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TuxorEM. {a) If fe LMG) n BIG), then fe 1M1
(b) I} the Haar measure of G is fizved, the Hanr measure of I’
can be so normaltzed thal the inversion formauda

@) Hoy = [ foile v)dy  (@eG)

is walid for every fe L1(G) n B{G).

Proof: Let us write B* In place of LG} n B(G), and i g is
assoclated with fasin (1) above, let us write u == u,. (This notation
has nothing to do with our earlier use of the symbol g, in Section
1.34.3 If jeB" and A LG}, we then have

(3) (b % £)(0) = [ h(— wjfla)dn = [ hduy ),
and if g is also in B, {3} implies that
[ Bedu, - (=) = 1)(0) = ((h = /) 2 £) (0) = | Hfiu,
Since A (") is dense in Co(I), it follows that
(4) Gapy = fdu, (g e BY).

We shall now define a positive linear functional T on C (I7}).
Suppose K is the support of some p ¢ C {I"). To every y, ¢ K there
corresponds a function # € C_(G) with d{y,) # 0, since C,{G) 1s
dense in 72(G). The Fourter transiorm of # = 4 is positive at g,
and 1s nowhere negative. Since X is compact, there is 4 finite num-
ber of such funchions, say #, ..., %, such that the function
g =t k8 + ... +u, xid, has § >0 on K. Since ge C{(G),
1.4.20a} shows that ge Bl Put

(5) Ty = | (pid)du,

Noie that Ty is well defined: if ¢ were replaced by ancther
function § in B! whose Fourler transtorm has no zero on K, the
value of Ty would not be changed, since {4] implies that

o {4
8" "4, s g~ | A, S ik
(— ._ffgflu lj‘gg s

.
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It is clear that 7" 1s linear. The function g in (5) is positive-def-
mite, hence p, == 0, and it follows that Ty = 0 if » = 0. There
exists ¢ and u, such that [ pdp, 7~ 0, and if g 1s as in (5), we have
(7) T(f) — |, wlféide, - |
Thus T + .

Fixy ¢ C {I"y and y4 ¢ I* Construct g as above, so ihat § > 0 on
K and also on K -} yy. Setiing f(z} == {— 2, volg{zx), we have
) — &y + vo) and g (E) — (€ —po} oy} = p(7 — yo,
then

pdu, 7= 0.

I

Ty - | Toly — va)i ) 1dusty) = |, G @) idudy) = Ty,

FThus F is translation-invariant, and it follows that

) Ty =[pbidy  (7eCl)),

o i

where dy denotes a Haar measure on I
If now fe BY and ¢« C ("), (T} and (8} show that

(0} | wdp, = Tigf) = | vfty,
and since {9 holds for every v e C {77, we conclude that
(10 Fdy =du,  (fe B

Since p, is a finite measure, 1t follows that fe M), and substi-
tution of {10) into (1) glves the mmversion formula (2}
This completes the proof.

1.5.2. Consequences of the inversion theorem. Lef V be a
neighborhood of 0 in &, choose 2 compact neighborhood W of o
such that W — W 1V, let f be the characteristic function of W,
divided by m{W)%, and put g — f=+f Then ¢ is continuous, posi-
tive-definite (by 1.4.2(a}), and 0 oulside W — W. The inversion
theorem therefore applies to g, Hence ¢~ [f|2 = 0,

(1) [ &ty = gl0) ~ 1,
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and 1t follows that there is a compact set € in 7" such that

) 2
(2) J Ely)dy > -
¢ 3
If 2 e N(C, 1/8) {in the notation of Theorem 1.2.6), we wrnite

(3) gle) = { [+ [, )80 @ vidy;

for yeC, 1 — (&, v} << 1/3, hence Re {#, y) > 2{3, and the in-
tegral over C is at least 2/3 [, § > 4/9. Since |[o << 1/3, we see
that g(z) > 19 if £ e N(C, 1/3}, and our conclusion is: N(C, 1/3)
CV.

Since the sets N(C, #} are open in G (Theorem 1.2.6(b)}, we now
have the following analogne of 1.2.6(c):

The family of all sets N{C, v} and theiy transiates s a base for the
topology of G.

Ifz, e &7, 2y 3£ 0, we can choose V' In the preceding paragraph so
that z,¢V, and we conclude that (zy, v} 7% 1 for some y eI’
Hence I" separates points on G: If 2y £ z,, then (x, — @,, ¥} % 1
for some y, and so {z{, y) # (%, ¥}.

Any function of the Iform

n
fey =2l i) (el)
o
is called a trigonometric polynomial on &G. The set of all trigono-
metric polynomials on G is an algebra over the complex field, with
respect to pointwise multiplication, and is closed under complex
conjugation. Since I'separatcs points on G, the Stone-Weilerstrass
theorem yields the following result:
17 G is compact, the trigonometvic polynomials on G form a dense
subalgeiva of C{G].
It follows that the trigonometric polynemials are alse dense in
L2{G), 1 = < o, if - is compact (see Appendix E8}.

1.5.3. Normalization of Haar measure. If the Haar measure
of ¢ is given, the Inversion theorem singles out a specific Haar
measure of I, adjusted so that the inversion formula holds. In

»
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Section 1.1.3 we introduced standard normalizations for the Haar
measures of compact and discrete groups. Since I is compact
[discrete? if G is discrete {compact] (Theorem 1.2.5) the question
arises whether these normalizations are “correct,” 1.e., whether
the inversion formula holds for them,

To prove that this is so, it suffices to consider just one function
{not identically 0} and its Fourder transform.

1f G is compact and m(G) = 1, take f{z) — 1. Then {see 1.2.5)
f{0} == 1 and f{y) = 0if » = 0. If s is the Haar measure of T,
adjusted in accordance with the inversion theorem, then

{1; L=#{0) = | Sy = mp ({0}),
and so m . assigns measure 1 to each point of I,

He) = 0 if z 5 0. Then f{y}) = 1, and

2 m(ly == | floydy =10 =

—a

if the inversion theorem holkds,

To consider = non-trivial case, take & = R {see L.2.7} so that
= R, and let adxr, §df be Haar weasures on G and ') here de
and 4f denote ordinary Lebesgue measure on the real line. Since
¢ > 0, the easily verified formula

25 il I
{3} . :H_J g et § it
—ax)

shows that {1 -1-2¥y 1 Is positive-definite, and the uniqueness of
the inverse traznsform, combined with the inversion theorsm,
shows that

ol - dwd
£

(4) e e zaﬁj L ar.
oo L 22
With ¢ = 0, {4} becomes
plesl d:l:
{5:] 1. 2%8 T 2:{“(8,
.J__w 142
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and this is the normalization condition which o and # must satisfy.
Two of the PO':‘albI{i choices are frequently used: « = /22, § = 1
of x =g == (2} !
From now om, il wéZZ allways be facitly assumed that the Haar
measures v} & and I arve so adjusted that the inversion theorem holds.

1.6, The Plancherel Theorem

1.6.1, Turorem. The Fourier transform, restricted to(11n LA} G,
1s an isomelry (with vespect to the Li-norms) onlo a dense lineay sub-
space of LE{(I"y. Hence 1f may be exiended, in a unigue manney, to an
ssomelry of LAY onto 1LE(F).

Proof: I fe {12 ~ L2) (Gl and g ~ }+f, then g e LY{(G), g Is con-
tinnous and positive definite, || == |f#, and the inversion theorem
gives

[il@)dr = [ @) f(— @)dz = g0} — | )y = [ iF0itay,
or lIfll, = ke )

Let @ be the set of all fe AT with fe (L1 n L2{G). Since
(LY ~ L3){G) is translaiion invariant, @ 15 mvariant under multi-
plication by (w, v}, for any ¢ e G. Thus if y e L2(I") and [, ¢idy
=0 for all ¢ ¢ P, then also

Lé(y)?(?) @, y)dy =0 [($eD xeC),

Since ¢ € /1 {7}, the uniqueness theorem 1.3.6 implies that ¢ = 0
aimost everywhere, for every ¢ ¢ @, But (L1 v L2){G) is invariant
under multiplication by {x, ¥}, for any y € 1", and sc ¢ is translafion
invarant. Hence to every y, there corresponds a ¢ « @ which is
different from ¢ in a neighborhood of v,. It follows that p = 0
almost everywhere. Thus 0 is the only element of L*(J”; which is
orthogonal to @, and hence @ is dense i L2(I"} (see Appendix C12}.

1.6.2. The above extension of the Fourier transform to LG}
is sometimes referred to as the Plancherel lransform; the symbol
7 will be used in this context as well. An important part of the
theorem is the assertion that each function in L3I} is the Plan-
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cherel transform of some f € L2(G}). For compact & this is a special
case of the Riesz-Fischer theorem about orthogenal systems of
functions (Zygmund [1], vol. I, p. 127).

If / and g are in L2{(), the identity

4fg = |f - gl® - f—g? a4 aglt —df — gl

comnbined with the isometric character of the Plancherel transform,
viclds the Parseval formuia

[ Heig@ide = | o )dlidy.

1.6.3. TrEOREM. A(I) consists precisely of the comvolutions
Fie F,, with F, and F, in L?(I").

Proof: Suppose f, g e L2{G). Replacing ¢ by £, the Parseval
formnla assumes the form

) [ f@e@de — [ feig¢  7idy,

s &

and if we replace gz} by (— @, yyigéz) in {1}, we obtain
2) [ o) (— 2 volde — [ Fétn - ndy = (F2 800

On the one hand, every & ¢ LYG) is a product % = fg, with
g€ L2(G), and (2) shows that i = f = ¢, with [, § ¢ L2(I"}, by the
Plancherel theorem. On the other hand, we can start wath
f &« 12D, and see from (2) that f=g e A(F).

t.6.4. TuweoreM. If F is a non-empty open sef in I, there exists
Fedl, F 0, such that fy) = 0 oulside E.

Prooj: Let K be a compact subsel of E, with m (K > 0,1et ¥V be
a compact neighborhood of 0 such that K 4V C E, and set
f=gxh where § and % are the characteristic functions of K
and V, respectively. Then Flyy — 0 ouiside K -V, fsA {Iy by
Theorem 1.6.3, and fpf(y Yy = m (K m (V) = 0, sothat f is not
identically 0.

1.7. The Pontryagin Duality Theorem
1.7.1. If G is a LCA group, we have secn {Theorem 1.2.6) that
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its dual 7" is also a LCA group. Hence {” has a dual group, say I,
and everything we have proved so far for the ordered pair (G, I}

holds equally well for the pair (I, f’). The value of a character
4 e I" at the point v « I7 will be written (y, ). {This notation is
temporary, and will be abandoned as svon as we prove that

By Theorem 1.2.6{a) every z « G may be regarded as a continu-

ous character on I, and thus there is a natural map « of & into f‘ ,
defined by
1) @oyl=(rzlx)) (weG yel)

1.7.2. THEOREM. The above map o ts an isomorphism and a
homeomorphism of ¢ onto I8

Thus f'may be identified with &, and a more informal statement
of the result would be:

Every LCA group ¢s the dual group of <is dual group.

This is the Pontryagin duality theorem.

Proof: Tor ¢, ye G and v e [, we have

(roale 3 @)} —= &0 9.y) = & )y »)
= (7, a(@))(y, 2y)) = (¥, 2le) + ={z}}.

Hence afz -+ ¥} = afz} + «{y), and « is @ homomorphism. Since
I" separates points on & (Section 1.5.2), « 1s one-fo-one, and so «
is an ismorphism of G into I

The rest of the proof may be broken into three steps:

{a) @ is a homeomorphism of G into I

(b} (G} is closed in T

(¢} «(G) is dense in I

Choose a compact set C in I, choose # > 0, and put

1 Ve fxeGi|l - {2 7)] <7 for all yeCl,
W e P - gl < for all yeCh.

By 1.5.2 and 1.2.6{c}, these sets V form a neignborhood base at 0
in &, and the sets W form a neighborhood base at 0 in {1 The
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definition of o shows that
{2; V) = W nalG).

It follows that boin « and its inverse are continuous at §, and since
2 is an isomorphism, the same result holds, by translaticn, at any
other point of ¢ or of x(G).

This proves step (a), and so «{G) is locally compaei, in the
relative topology which a(G) bas as a subset ot I Suppose 9, 15 in
the closure of a{G), and let U be a neighborhood of yg whose closurce
Uis compact. Since a(G) is localty compact, a{G) N U is compact,
and bence closed in [ But o 1s in the closure of «{G) A ¥/, and it
follows that P, e a(G), Thua af(r) is closed, and step {b) is proved.

Tf al(xy is not dense in £, there is a function F e A1 ) which 15 0
at every point of «{(:) but is not identically 0 (see Theorem 1.6.4).
For some & ¢ L2(I"), we have

{3 Fp) -—J Iy Py Pl
Since F{a(x)} — 0 for all x ¢ G, it follows that
(@ [0z rdy = [ 6 r ey — 0 (eG)

and so ¢ — 0, by the uniqueness theorem 1.3.6. Hence F = 8, by
{3}, and this contradiction proves step {c} and completes the proof,

1.7.3. Some conseguences of the duality theorem. The
symmetry between & and I” which is now established shows that
every theorem proved for the ordered pair (G, I7) alse holds for
{F, ¢}, and this enables us to complete some of the yesults whick
were previously established in provisional form only,

(a} FEvery compaci abelian group is the dual of a discrsie gbelian
group, and every discrete abelian group is the dual of a compact abelian
growp. This follows from Theorem 1.2.5.

by If uwe M{G) and ‘?{. LY = Oforall ve D then w — 0. Thisis
the dual of Theorem 1.3.6.

{ci M{G) and IMG: are semi-simple Banach algebras. {See Ap-
pendix D5}, Since the map g — # {y} i1a complex homomorphism

* This statetnent is comected on page 285
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of M{G), for each y ¢ L', the semi-simplicity of M{G) follows from
the uniquencss theorem (b}. The same uniqueness theorem evi-
dently holds for LYG), and so L) is semi-simple.

(d) IF G s not discrete, then LY{G) has no unit. Hence 11{G) =
MAG) ¢} and only if G is discrete,

For if & is not discrete, then I is not compact, by (a), and since
A CCHIM, A{F} contains no non-zero constants, hence has no
unit. Since 4 {f7) is isomorphic. as an algebra, to LG}, the proof
is complete. _

(&) If e M{(G) and u e LI, there exists fe LMG) such that
dpix) = f{x)dx, and

() @)~ [ R0Ye iy (2eG).

By hypothesis, 4 € L1(I"} ~ B(I"); hence if f is defined by (1), the
inversion theorem (applied to the pair (I, &) instead of (G, 1)),
shows that fe LG} and

@) B) = [ @i el

Since #(y) = J¢ {— =z, v}du(x), the uniqueness thcorem now im-
plies that dpu = fdie, and the proof is complete.

1.8, The Bohr Compactification

1.8.1. Suppose I"is the dual of the LCA group &, I, is the group
1" with the discrete topology, and & is the dual of 7. Then & is
a compact abelian group which we call the Bokr compactification
of G {Anzai and Kakutani {1]). Let # be the map of G into @
defined by

(1) (@, y) = (v, ${x)} eG,yeln

1.8.2. THROREM. § 15 @ confinuous isomoyphism of & onio a dense
subgrowp B(G) of G.

This theorem allows us to regard G as a dense subgroup of G, s0
that @ is indeed a compactification of ¢. Note, however, that
B{(G) is not a Jocally compact subset of & and that 8 is not a
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homeomorphism, unless G is compact, in which case &G = & and
I'=17ry.

Proof. Since I” separates points on &, § is one-to-one, and it iy
casy to verify, as in the beginning of the proof of the Pontryagin
duality theorem, that # is an isomorphism.

Let W be & neighborhood of 0 in 4. Since a subset of I', is com-
pact if and only if it is finite, Theorem 1.2.6 shows that there exist
e ye€dand ¥ > 0, such that W contains the set

Feli|l - {y, & <r i=1, .., #
which is a neighborhood of ¢ in &. Let
VeV — (2, ydl <7, i=1,... 5}

Then V is a neighborhood of 0in G, and o« V implies S{z) ¢ W.
Thus # is continuous at 0, and hence at all points of &, by transla-
Tiomn.

Finally, let I be the closure in & of B{C). If  # &, then GJH
is a non-trivial compact group, and hence there Is a character ¢ on
&/H which is not identically 1. The map & - ¢{F + X} is then
& continnous character on &, not identically !, which is 1if £ H.
Consequently there exists yoe ), 3y 7 0, such that (z, y,) —=
(v, fl)} == Liorall z e G. This last equation implies that vy = 6,
and this contradiction completes the proof.

1.8.3. We may inferpret the theorem in the following way: G
and I are given, ¢ is the group of all continusus characters on T,
7 is the group of all characters on I, and the fact that G (or #(G)) is
dense in & leads to an approximation theorem (Fewitt and
Zuckerman T1]5:

Turorem. Given y,, ...y, e, gven £ 0, and given any
charactey ¢ om I, theve is a continuons charvacter w on I” such that

L Bl -yl <s G=1...%).

Proof. ¢ € G, and the set of all p ¢ G satisfying (1) is open in &,
hence intersects 3{G).
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1.8.4. A function f on a LCA group & is abmest periodic if and
only if it is a uniform Hmit of trigonometric polynomials on G.
{This is not the usual definition, but is equivalent o it). The al-
most perindic functions on G are precisely those which have con-
tinunous extersions to &; in other words, they are the restrictions
to G of the continuous functions on &, and so & may also be ob-
tained as the maximal ideal space of the Banach algebra whose
members are the almost periodic functions on & {l.oomis 1]}
These relations between almost periodicity and & are the reason for
associating Bohr's name with . We shall not use these relations
amd omit their proof.

1.9. A Characferization of B{I}

1.9.1, We recall that B{J") is the set of all functions  on [ which
are Fourier-Sticltjes transforms of measures p e M (). We nomm
B(I'y by defining |\4]} - |lm).

We already know one characterization of B{I"j: ¢ e B(I"} if and
only if ¢ is a finite lincar combination of continuous positive-defi-
nite functions. [t seems difficult to apply this, however, whereas
the following ¢riterion will be very usefud to us. It was proved by
Bochner [2] on the real line; an integral analogue is due to Schoen-
berg ‘1}; for the general case, see Eberlein [17.

TrroREM. Each of the following lwo statements about a function ¢,
defined on I, implies the other:

(@) ¢ < B(T) and i|¢]) = 4.

(b) & ts continuous, and

k0

{1 '5{_2; oyl = Al
for ewvery trigonometric polynomial | on G, of the form
(2) Hex) = g,;ci{xr V-

Proof: ¥ (a) holds, then ¢ = 4, |lw§==34, and
8)  Sasd=3c [ (— 2y = | {~— 2)due)
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Hence (a) implies {(b).
To prove the converse, we pass to the Bobr compactification
& of . In the notation of Scction 1.8, the formula

() [(#) = 2, o lye &) (Fcl

exlends each trigonometric polynomial / on G to a trigonometrie
polynomial on &, and since G is dense in &, the norm ||7]l, is not
altered by this extension. The linear functional T defined on the
space of all trigonometric polynomials f of the form {4) by

{5 17 =23 cd(vi)
thus satisfies the ineguality
() 17, = A |

thus 7 can be extended to a bounded linear functional on C{&), of
norm not exceeding A, and the Ricsz representation theorem im-
ples that there is a measure g ¢ M{F} such that ||zl << 4 and

@ S e ) = [ H - Bui@)

for all { of the form (4). Taking /(%) = (y, %}, for some y ¢ I, we
obtain

(8) $U) =[5 (— 7. Bu@ el

To complete the proof, we have to show that 4 is concentrated on
G {more precisely, on §{G}, in the notation of 1.8).

It follows from the Radon-Nikodym theorem (Appendix E9)
that there is a Borel function g on &, ot absolute value 1, such that
géu — dlp], and since C(G) is dense in L'(jx]} {Appendix ES8),
there is a sequence of trigonometric polynomials . on & such that

() lim [qlf, — gldlul = 0.
By (8}, the transforms
(10) $ul) = [o (=7, Df@du@ el
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are finite linear combinations of translates of ¢ and hence are
continuous on I" (not merely on Ity By (9}, {¢,} converges uni-
formly to

(1) P) = (o (—y. Blul@E el

and @ is continuous on I The representation (11} shows that &
is positive-definite, and so, by Bochner’s theorem, @ is the Fourier-
Stieltjes transform of a measure o on the dual group & of I'. The
uniqueness theorem for Fourier-Stieltjes transforms now implies
that o = _u!, hence || is concentrated on €, and so is u.

1.9.2. TurorEM. Ifd, ¢ B(IM and i, | = A forn = 1,2,3,...,
if ¢6eC{Iy and #f
{1 ) =limé.(y) (el

e 00

then. & e B{ and ||¢' = 4.

This is a corollary of Theorem 1.9.1,





