
CHAPTER ONE

The Electrodynamics of
Left-Handed Media

1.1 INTRODUCTION

Continuous media with negative parameters, that is, media with negative dielectric
constant, 1, or magnetic permeability, m, have long been known in electromagnetic
theory. In fact, the Drude–Lorentz model (which is applicable to most materials) pre-
dicts regions of negative 1 or m just above each resonance, provided losses are small
enough [1]. Although losses usually prevent the onset of this property in common
dielectrics, media with negative 1 can be found in nature. The best-known examples
are low-loss plasmas, and metals and semiconductors at optical and infrared frequen-
cies (sometimes called solid-state plasmas). Media with negative m are less common
in nature due to the weak magnetic interactions in most solid-state materials [2]. Only
in ferrimagnetic materials are magnetic interactions strong enough (and losses small
enough) to produce regions of negative magnetic permeability. Ferrites magnetized to
saturation present a tensor magnetic permeability with negative elements near the
ferrimagnetic resonance (which usually occurs at microwave frequencies). These
materials are widely used in microwave engineering, mainly to make use of their non-
reciprocity. The electrodynamics of these solid-state materials with negative 1 or m is
described in many well-known textbooks [3–5], so this chapter will focus on the elec-
trodynamics of media having simultaneously negative 1 and m (see, however,
problems 1.1–1.3, 1.12, and 1.14).

Wave propagation in media with simultaneously negative 1 and m was discussed
and analyzed in a seminal paper by Veselago [6] at the end of the 1960s. However, it
was necessary to wait for more than 30 years to see the first practical realization of
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such media [7], also called left-handed media [6,7]. This terminology will be
used throughout this book.1 Other terms that have been proposed for media with
simultaneously negative 1 and m are negative-refractive media [8], backward
media [9], double-negative media [10], and also Veselago media [11].

The propagation constant of a plane wave is given by k ¼ v
ffiffiffiffiffiffi

1m
p

, so it is apparent
that wave propagation is not forbidden in left-handed media. Several principal ques-
tions arise from this statement:

† Does an electromagnetic wave in a left-handed medium differ in any essential
way from a wave in an ordinary medium with positive 1 and m?

† Is there any essential physical law—for instance, energy conservation—
forbidding left-handed media?

† Assuming the answer to the previous question was affirmative. How to obtain a
left-handed medium in practice?

In this chapter we will try to give some answers to the first and second questions
above, leaving the following chapters to find the answer to the third question.

1.2 WAVE PROPAGATION IN LEFT-HANDED MEDIA

In order to show wave propagation in left-handed media, we will first reduce Maxwell
equations to the wave equation [6]:

r2 � n2

c2

@2

@t2

� �

c ¼ 0, (1:1)

where n is the refractive index, c is the velocity of light in vacuum, and n2=c2 ¼ 1m.
As the squared refractive index n2 is not affected by a simultaneous change of sign in
1 and m, it is clear that low-loss left-handed media must be transparent. In view of the
above equation, we can obtain the impression that solutions to equation (1.1) will
remain unchanged after a simultaneous change of the signs of 1 and m. However,
when Maxwell’s first-order differential equations are explicitly considered,

r� E ¼ �jvmH (1:2)

r�H ¼ jv1E, (1:3)

it becomes apparent that these solutions are quite different. In fact, for plane-wave
fields of the kind E ¼ E0 exp(�jk � rþ jvt) and H ¼ H0 exp(�jk � rþ jvt) (this
space and time field dependence will be implicitly assumed throughout this book),

1Terms such as right- and left-handed are of common use in optics, referring to polarized light or to media
having optical activity. Therefore, it will be worth noting that the use of the term left-handed in this book is
not related to any specific polarizing property or structural handedness of the material.
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the above equations reduce to

k � E ¼ vmH (1:4)

k �H ¼ �v1E: (1:5)

Therefore, for positive 1 and m, E, H, and k form a right-handed orthogonal system
of vectors. However, if 1 , 0 and m , 0, then equations (1.4) and (1.5) can be
rewritten as

k � E ¼ �vjmjH (1:6)

k �H ¼ vj1jE, (1:7)

showing that E, H, and k now form a left-handed triplet, as illustrated in Figure 1.1.
In fact, this result is the original reason for the denomination of negative 1 and m

media as “left-handed” media [6].
The main physical implication of the aforementioned analysis is backward-wave

propagation (for this reason, the term backward media has been also proposed for
media with negative 1 and m [9]). In fact, the direction of the time-averaged flux
of energy is determined by the real part of the Poynting vector,

S ¼ 1
2

E�H�, (1:8)

which is unaffected by a simultaneous change of sign of 1 and m. Thus, E, H, and S
still form a right-handed triplet in a left-handed medium. Therefore, in such media,
energy and wavefronts travel in opposite directions (backward propagation).
Backward-wave propagation is a well-known phenomenon that may appear in non-
uniform waveguides [12,13]. However, backward-wave propagation in unbounded
homogeneous isotropic media seems to be a unique property of left-handed media.
As will be shown, most of the surprising unique electromagnetic properties of
these media arise from this backward propagation property.

FIGURE 1.1 Illustration of the system of vectors E, H, k, and S for a plane transverse
electromagnetic (TEM) wave in an ordinary (left) and a left-handed (right) medium.
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So far, we have neglected losses. However, losses are unavoidable in any practical
material. In the following, the effect of losses in plane-wave propagation will be con-
sidered. To begin, we will consider a finite region filled by a homogeneous left-
handed medium. In the steady state, and provided there are no sources inside the
region, there must be some power flow into the region in order to compensate for
losses. Thus, from the well-known complex Poynting theorem [14],

r � E�H�f g ¼ |v E � D� � B �H�ð Þ, (1:9)

it follows that

Re
þ

E�H� � n̂ dS

� �

¼ v Im
ð

mjHj2 � 1�jEj2
� �

dV

� �

, 0, (1:10)

where integration is carried out over the aforementioned region. Therefore,

Im(1) , 0; Im(m) , 0: (1:11)

Let us now consider a plane wave with square wavenumber k2 ¼ v2m1, propagating
in a lossy left-handed medium with Re(1) , 0 and Re(m) , 0. From expression
(1.11), it follows that Im(k2) . 0. Therefore

{Re(k) . 0 and Im(k) . 0} or {Re(k) , 0 and Im(k) , 0}: (1:12)

That is, waves grow in the direction of propagation of the wavefronts. This fact is in
agreement with the aforementioned backward-wave propagation.

1.3 ENERGY DENSITY AND GROUP VELOCITY

If negative values for 1 and m are introduced in the usual expression for the time-
averaged density of energy in transparent nondispersive media, Und, given by

Und ¼
1
4

{1jEj2 þ mjHj2}, (1:13)

they produce the nonphysical result of a negative density of energy. However, as is
well known, any physical media other than vacuum must be dispersive [1], equation
(1.13) being an approximation only valid for very weakly dispersive media. The
correct expression for a quasimonochromatic wavepacket traveling in a dispersive
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media is [2]

U ¼ 1
4

@(v1)
@v
jEj2 þ @(vm)

@v
jHj2

� �

, (1:14)

where the derivatives are evaluated at the central frequency of the wavepacket. Thus,
the physical requirement of positive energy density implies that

@(v1)
@v

. 0 and
@(vm)
@v

. 0, (1:15)

which are compatible with 1 , 0 and m , 0 provided @1=@v . j1j=v and
@m=@v . jmj=v. Therefore, physical left-handed media must be highly dispersive.
This fact is in agreement with the low-loss Drude–Lorentz model for 1 and m,
which predicts negative values for 1 and/or m in the highly dispersive regions just
above the resonances [1]. Finally, it must be mentioned that the usual interpretation
of the imaginary part of the complex Poynting theorem, which relates the flux of reac-
tive power through a closed surface with the difference between electric and magnetic
energies inside this surface [14], is not applicable to highly dispersive media, where
equation (1.14) holds instead of (1.13). Thus, this interpretation is also not valid for
left-handed media.

Backward-wave propagation implies opposite signs between phase and group
velocities. In fact

@k2

@v
¼ 2k

@k

@v
; 2

v

vpvg
, (1:16)

where vp ¼ v=k and vg ¼ @v=@k are the phase and group velocities, respectively. In
addition, from k2 ¼ v21m and equation (1.15),

@k2

@v
¼ v1

@(vm)
@v

þ vm
@(v1)
@v

, 0 (1:17)

Finally, from equations (1.16) and (1.17)

vpvg , 0: (1:18)

This property implies that wavepackets and wavefronts travel in opposite directions,
and can be considered an additional proof of backward-wave propagation in physical
left-handed media.
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1.4 NEGATIVE REFRACTION

Let us now consider the refraction of an incident optical ray at the interface between
ordinary (1 . 0 and m . 0) and left-handed media. Boundary conditions impose
continuity of the tangential components of the wavevector along the interface.
Thus, from the aforesaid backward propagation in the left-handed region, it immedi-
ately follows that, unlike in ordinary refraction, the angles of incidence and refraction
must have opposite signs. This effect is illustrated in Figure 1.2.

From the aforementioned continuity of the tangential components of the wave-
vectors of the incident and refracted rays, it follows that (Fig. 1.2)

sin ui

sin ur
¼ �jk2j
jk1j

;
n2

n1
, 0, (1:19)

which is the well-known Snell’s law. In this expression, n1 and n2 are the refractive
indices of the ordinary and left-handed media, respectively. Assuming n1 . 0, from
equation (1.19) it follows that n2 , 0. That is, the sign of the square root in the refrac-
tive index definition must be chosen to be negative [6]:

n ; �c
ffiffiffiffiffiffi

1m
p

, 0: (1:20)

For this reason, left-handed media are also referred to as negative refractive index or
negative refractive media.

Geometrical optics of systems containing left-handed media is dominated by this
last property. By tracing the paths of optical rays through conventional lenses made of
left-handed media, it can be shown that concave lenses become convergent and

FIGURE 1.2 Graphic demonstration of the negative refraction between ordinary (subscript
1, top) and left-handed (subscript 2, gray area) media. Poynting and wavevectors for each
media are labeled as S1, S2, k1, and k2, respectively. Negative refraction arises from the conti-
nuity of the components of the wavevectors, k1 and k2, parallel to the interface, and from the
fact that rays propagate along the direction of energy flow. That is, they must be parallel to the
Poynting vectors S1 and S2.
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convex lenses become divergent, thus reversing the behavior of lenses made from
ordinary media [6]. However, the most interesting effect that can be deduced from
the geometrical optics of left-handed media is probably the focusing of energy
coming from a point source by a left-handed slab [6]. This effect is illustrated in
Figure 1.3. For paraxial rays

jnj ¼ j sin u1j
j sin u2j

’ j tan u1j
j tan u2j

¼ a0

a
¼ b0

b
, (1:21)

where n is the refractive index of the left-handed slab relative to the surrounding
medium. Therefore, as is illustrated in Figure 1.3, electromagnetic energy coming
from the point source is focused at two points, one inside and the other outside the
left-handed slab, the latter at a distance

x ¼ aþ a0 þ b0 þ b ¼ d þ d

jnj (1:22)

from the source, where d is the width of the slab. If n ¼ 21 the aforementioned effect
is not restricted to paraxial rays, because in this case ju1j ¼ ju2j for any angle of inci-
dence. In fact, when n ¼ 21, all rays coming from the source are focused at two
points, inside and outside the slab, the latter being at a distance 2d from the
source. We will return later to this interesting situation.

The above discussion mainly followed the earlier work of Veselago [6]. More
recently, negative refraction at the interface between ordinary and left-handed
media has been criticized on the basis of the highly dispersive nature of left-
handed media [15]. In spite of these criticisms, negative refraction in left-handed
media seems now to be well established. In fact, both theoretical calculations
[16,17] and experiments [18–22] have confirmed Veselago’s predictions. The
reader interested in this specific topic can consult the aforementioned references
for a more complete discussion.

FIGURE 1.3 Graphic illustration of the focusing of paraxial rays coming from a point source
by a left-handed slab. Light focuses at two points, F1 and F2, inside and outside the slab.
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A brief discussion about the meaning and scope of the term negative refraction is of
interest at this point. In the frame of this section, negative refraction and negative
refractive index are equivalent. That is, the incident and refracted beams always lie
at the same side of the normal, and Snell’s law (1.19) is satisfied with a negative refrac-
tive index that does not depend on the angle of incidence. In this strong sense, negative
refraction seems to be a unique property of isotropic left-handed media. In a less
restrictive sense, negative refraction can also be understood as the simple situation
where an incident and a refracted beam both lie at the same side of the normal, for
a particular angle of incidence. However, it may be worth mentioning that, in this
weak sense, negative refraction can appear in many physical systems that may not
include left-handed media, nor even media with negative parameters. As an illustration
of this statement, Figure 1.4 shows the negative refraction of the extraordinary ray at
the interface between an ordinary isotropic medium and an hypothetical uniaxial
medium with 1? . 1k. The isofrequency ellipsoids, v(k) ¼ constant, for the isotropic
and the uniaxial media are shown for a specific orientation of the optical axis. For this
specific orientation, and for the considered specific angle of incidence, the group vel-
ocity rk(v) corresponding to the wavevector of the refracted ray forms a negative
angle with the normal (in spite of the fact that the corresponding wavevector k r

makes a positive angle with the normal). Because the direction of the refracted ray
is determined by the group velocity, the refracted ray forms a negative angle with
the normal. However, unlike negative refraction in left-handed media, negative refrac-
tion in uniaxial media only occurs for very specific orientations of the optical axis, and
for very specific angles of incidence and polarizations of the incident light. A more
restrictive concept is all-angle negative refraction [23]. This means that a negative
refraction in the aforementioned weak sense is observed for all angles of incidence.
All-angle negative refraction, with a refractive index depending on the angle of inci-
dence, has been reported in uniaxial media with negative permittivity or permeability
along the optical axis [9] (see problem 1.8). Generalized refraction laws at the interface

FIGURE 1.4 Graphic demonstration of the negative refraction of the extraordinary ray at the
interface between an isotropic and an uniaxial medium. The isofrequency surfaces for both
media are shown, and the wavevector and the group velocity of the refracted ray are graphically
obtained from these surfaces. The reported negative refraction only occurs for very specific
angles of incidence and polarizations.
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between anisotropic media with negative parameters are analyzed in detail in [24].
Finally, it may be worth mentioning that negative refraction has been also reported
in strongly modulated photonic crystals for some specific frequency bands [25].

1.5 FERMAT PRINCIPLE

As is shown in many textbooks, Snell’s law can be deduced from the variational
Fermat principle, and vice versa. The variational Fermat principle states that the
optical length of the path followed by light between two fixed points, A and B, is
an extremum. The optical length is defined as the physical length multiplied by the
refractive index of the material. Therefore, the Fermat principle is stated as

dL ¼ 0, where L ¼
ðB

A
n dl: (1:23)

Because Snell’s law (1.19) still holds for left-handed media, the Fermat principle will
also hold for systems containing left-handed media, provided the appropriate defi-
nition for n (1.20) is taken in equation (1.23) [8]. It may be worth mentioning that,
according to this statement of the Fermat principle, the optical length of the actual
path chosen by light is not necessarily a minimum when left-handed media are
present. In fact, it may even be negative or null. It also becomes apparent that the
time taken by light to travel between two points is not related to the optical length
through the usual formula for ordinary weakly dispersive media, that is t = L=c.
Therefore, the path followed by light in optical systems containing left-handed
media is not necessarily the shortest in time [8].

From the definition of L (1.23), it follows that the optical length between two points,
A and B, on a given optical ray is proportional to the phase advance between such
points: Df ¼ �kAB ¼ �n(v=c)AB ¼ �(v=c)L. It is of interest to evaluate the
optical length between the source and the focuses, F1 and F2, in the experiment
shown in Figure 1.3 for the particular case of n ¼ 21. It follows immediately that
the optical length between the source and the focus is exactly zero for all rays (not
only for paraxial rays). Thus, all the rays coming from the source are recovered at the
focus with exactly the same phase as at the source. Nevertheless, because the reflection
coefficient for each ray depends on the angle of incidence, the intensity of the rays is not
reproduced at the focus. However, if 1=10 ! �1 and m=m0 ! �1, the wave impe-
dance of the slab becomes equal to that of free space, and the reflection coefficient
vanishes for all rays. In such a case, it can be shown that the electromagnetic field at
the source is exactly reproduced at the focus [26]. We will return later to this point.

1.6 OTHER EFFECTS IN LEFT-HANDED MEDIA

Backward-wave propagation in left-handed media also has implications in other well-
known physical effects related to electromagnetic wave propagation. The following
text considers some of them.
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1.6.1 Inverse Doppler Effect

When a moving receiver detects the radiation coming from a source at rest in a
uniform medium, the detected frequency of the radiation depends on the relative
velocity of the emitter and the receiver. This is the well-known Doppler effect.
If this relative velocity is much smaller than the velocity of light, a nonrelativistic
analysis suffices to describe such an effect. The qualitative analysis is quite simple
for ordinary (n . 0) media, and can be found in many textbooks. If the receiver
moves towards the source, wavefronts and receiver move in opposite directions.
Therefore, the frequency seen by the receiver will be higher than the frequency
measured by an observer at rest. However, if the medium is a left-handed material,
wave propagation is backward, and wavefronts move towards the source.
Therefore, both the receiver and the wavefronts move in the same direction, and
the frequency measured at the receiver is smaller than the frequency measured by
an observer at rest.

A straightforward calculation shows that the aforementioned frequency shifts are
given by

Dv ¼+v0
v

vp
, (1:24)

where v0 is the frequency of the radiation emitted by the source, v is the velocity at
which the receiver moves towards the source, vp the phase velocity of light in the
medium, and the + sign applies to ordinary/left-handed media. Equation (1.24)
can be written in a more compact form as [6]

Dv ¼ v0
nv

c
, (1:25)

where n is the refractive index of the medium and c the velocity of light in free space.
In equation (1.25), Dv is the difference between the frequency detected at the receiver
and the frequency of oscillation of the source. For n , 0, the frequency shift becomes
negative for positive v (receiver moving towards the source), as it was qualitatively
shown at the beginning of this section. Interestingly, from equation (1.17), it directly
follows that djkj=dv , 0 in left-handed media. Thus, a negative frequency shift
results in an increase of jkj. Therefore, a shift towards shorter wavelengths is seen
when the receiver approaches the source, both in ordinary and left-handed media.

1.6.2 Backward Cerenkov Radiation

Cerenkov radiation occurs when a charged particle enters an ordinary medium at a
velocity higher than the velocity of light in such a medium. If the deceleration of
this particle is not too high, its velocity can be considered approximately constant
over many wave periods. Then, as is illustrated in Figure 1.5a, the spherical wave-
fronts radiated by this particle become delayed with regard to the particle motion,
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thus giving rise to a shock wave [1], which travels forward, making an angle u with
the particle velocity. This angle is given by

cos u ¼ c

nv
, (1:26)

where c/n is the velocity of light in the medium and v the velocity of the particle.
If the medium has a negative refractive index, wave propagation is backward, and

the spherical wavefronts corresponding to each frequency harmonic of the radiation
move inwards to the source, at a velocity c=jn(v)j. Therefore, each wavefront
collapses at the advanced position of the particle shown in Figure 1.5b. Thus, the
resulting shock wave travels backward at an obtuse angle from the particle motion.
This angle is still given by equation (1.26) [6], as is illustrated in the figure.

In practice, any left-handed medium must be highly dispersive, the left-handed
behavior being restricted to some frequency range. Because the particle radiates at
all frequencies, the Cerenkov radiation spectra must show wavefronts moving in
both forward and backward directions [27].

FIGURE 1.5 Illustration of the formation of Cerenkov shock waves: (a) in an ordinary
medium, and (b) in a left-handed medium. In (a) the spherical wavefronts move outwards
from the source at a velocity c/n. In (b) the spherical wavefronts move inwards to the
source at a velocity c/j nj.
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1.6.3 Negative Goos–Hänchen Shift

When a plane wave is incident from a medium of refractive index n ¼ n1 onto the
plane interface of another medium with n ¼ n2, where jn2j , jn1j, there is a critical
angle sin uc ¼ jn2=n1j, beyond which total reflection onto medium 1 occurs.
However, fields penetrate into medium 2 by a small distance, forming a nonuniform
plane wave that is evanescent in the direction normal to the interface and propagative
along the interface. Power associated with this plane wave flows parallel to the inter-
face in the forward direction for ordinary media and in the backward direction for left-
handed media. Thus, when a beam of finite extent is incident from medium 1 to
medium 2, the reflected beam experiences a finite lateral shift D, as a consequence
of the aforementioned energy flow in medium 2. This effect is illustrated in
Figure 1.6. As energy flow is parallel to wavefront propagation, the Goos–
Hänchen shift must be positive in ordinary media. However, if medium 2 is a left-
handed medium, energy flow and wavefront propagation are antiparallel.
Therefore, the Goos–Hänchen shift must be negative in such media, as is illustrated
in Figure 1.6b.

The Goos–Hänchen shift D can be calculated by expanding the incident beam in
plane waves, and studying the reflection of these waves at the interface. If the angular
spectrum of the beam is not too wide, and the angle of incidence is sufficiently away
from the critical and grazing angles, the Goos–Hänchen shift is given by [28]

D ¼ @fr

@kk
, (1:27)

where fr is the phase of the reflection coefficient and k is the component of the wave-
vector parallel to the interface (for lossless left-handed media jrj ¼ 1, and
fr ¼ �j ln r). The Goos–Hänchen effect in left-handed media has been analyzed
in detail in [29–32]. In [33], giant Goos–Hänchen shifts due to the excitation of
surface waves have been reported for stratified media including left-handed layers.
In all these calculations, the sign of the Goos–Hänchen shift agrees with the predic-
tions of Figure 1.6.

FIGURE 1.6 Illustration of the Goos–Hänchen effect in (a) ordinary media and (b) left-
handed media.
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1.7 WAVES AT INTERFACES

So far, our analysis has been developed in the frame of the geometrical optics
approximation, although with some general considerations regarding electromagnetic
wave analysis. In this section we will describe in more detail the electromagnetic
interactions at the interface between a left-handed medium and an ordinary
medium. We will consider s-polarized waves, so that electromagnetic fields are trans-
verse electric (or TE) along the normal to the interface (these waves are also called
longitudinal section electric, or LSE, waves). The analysis of p-polarized (transverse
magnetic, TM, or longitudinal section magnetic, LSM) waves is quite similar, and the
main results can be deduced from the results for s-polarized waves by means of a
duality transformation [14] (see Problem 1.7). In this and the following section we
will consider transparent lossless media. Thus, unless explicitly specified, losses
will be neglected, so that 1 and m will be real quantities. This approximation,
although nonphysical, is useful when losses can be considered small and propagative
effects dominate.

1.7.1 Transmission and Reflection Coefficients

Transmission and reflection coefficients at the interface between an ordinary medium
and a left-handed medium can be found using standard electromagnetic techniques.
In this section we will follow the transverse transmission matrix [34] method. For this
purpose, plane waves at both sides of a plane interface will be decomposed into
propagative positive (þ) and negative (2) waves, with a common wavevector
component parallel to the interface (the kz component in Fig. 1.7). For the plane

FIGURE 1.7 Definition of positive and negative waves for the determination of the trans-
verse transmission matrix at the interface between an ordinary medium and a left-handed
medium. Note that backward propagation in the left-handed medium has been taken into
account in the definition of positive and negative waves.
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interface shown in Figure 1.7, and for the considered s-polarized waves,

Ei ; Ey,i ¼ Eþi þ E�i , (1:28)

where subindex i ¼ 1 (i ¼ 2) stands for the fields at the left-(right-)hand side of the
interface (at x ¼ 0). Positive waves are defined as those waves carrying energy along
the positive axis perpendicular to the interface. Thus, if the interface is perpendicular
to the x-axis, as in Figure 1.7, the field dependence of positive and negative waves can
be summarized as

E+
i ; E+

y,i / exp( + jkx,ix� jkzzþ jvt), (1:29)

where kz is the common wavevector component parallel to the interface. According to
backward propagation, in the left-handed half space, kx,2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v212m2 � k2
z

p

must be
chosen with Re(kx,2) , 0. For ordinary media kx,1 must be chosen with Re(kx,1) . 0,
as usual.

A key magnitude in our analysis is the wave impedance of each medium, Zi, which
is defined as the ratio between the transverse (to x) components of the electric and
magnetic fields for positive waves propagating in such media. For the considered
TE waves, a straightforward calculation leads to the result [1,34]

Zi ;
Eþi
Hþz,i

¼ vmi

kx,i
, (1:30)

where Eþi ; Eþy,i is the electric field component of the positive wave. As both m2 and
kx,2 are negative in the left-handed medium, the impedance (1.30) is positive, as is
required for passive media.

After expanding the transverse electric and magnetic fields at the left (i ¼ 1)
and the right (i ¼ 2) sides of the interface into positive and negative waves
(Ei ¼ Eþi þ E�i and Hz,i ¼ Hþz,i þ H�z,i ¼ (Eþi � E�i )=Zi), and after imposing the con-
tinuity of the these field components at the interface, the transverse transmission
matrix is determined as

Eþ1
E�1

� �

; T
¼
� Eþ2

E�2

� �

¼ 1
2Z2

Z2 þ Z1 Z2 � Z1

Z2 � Z1 Z2 þ Z1

� �

� Eþ2
E�2

� �

: (1:31)

From this result, the transmission, t, and reflection, r, coefficients are readily obtained
by taking Eþ1 ¼ 1, E�1 ¼ r, Eþ2 ¼ t, E�2 ¼ 0; that is,

1
r

� �

¼ 1
2Z2

Z2 þ Z1 Z2 � Z1

Z2 � Z1 Z2 þ Z1

� �

� t
0

� �

, (1:32)
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or

t ¼ 2Z2

Z2 þ Z1
and r ¼ Z2 � Z1

Z2 þ Z1
: (1:33)

For the particular case of Z2 ¼ Z1, from equations (1.33) it follows that t ¼ 1 and
r ¼ 0. That is, the left-handed medium is perfectly matched with the ordinary
medium. From equations (1.30) it follows that this is the case for any angle of
incidence if 12=11 ! �1 and m2=m1 ! �1.

Equations (1.33) are also valid when losses in the left-handed half space are
taken into account. If, according to backward-wave propagation, we choose
Re(kx,2) , 0 in equation (1.29), from equation (1.12) it follows that Im(kx,2) , 0.
Therefore, positive waves carry energy and attenuate along the positive x-axis, as
is required from energy conservation. Substitution of these values of kx,2 in
equations (1.30) and (1.33) gives the correct values for the transmission and
reflection coefficients. Equations (1.33) are also valid for the total reflection
case (i.e., when k2

z . v212m2), provided kx,2 is chosen as kx,2 ¼ �ja,

a ¼ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2
z � v212m2

p

. In this case, Z2 (1.30) is imaginary, and t and r become
complex, with jrj ¼ 1, as is required from energy conservation.

1.7.2 Surface Waves

Surface waves along the interface between two different media must decay at both
sides of the interface. Therefore, imaginary values of kx,i should be considered.
From the definitions of the previous section, it follows that

kx,i ¼ �jai and ai ¼ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2
z � v2mi1i

q

, (1:34)

in both ordinary and left-handed media. Therefore, positive waves in equation (1.29)
will decay along the positive x-axis in both media. On the other hand, in order to
obtain imaginary values of kx,i, it must be that

k2
z . k2

1 , k2
2 , (1:35)

where k1 and k2 are the wavevectors in the unbounded ordinary and left-handed
media, respectively (k2

i ¼ v21imi). With these definitions, surface waves correspond
to solutions of the following implicit equation (see also equation (1.31):

0
E�1

� �

¼ 1
2Z2

Z2 þ Z1 Z2 � Z1

Z2 � Z1 Z2 þ Z1

� �

� Eþ2
0

� �

: (1:36)
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This equation has nontrivial solutions if Z2 þ Z1 ¼ 0. According to equations (1.30)
and (1.34), Z1 and Z2 are both imaginary and have opposite signs in ordinary and left-
handed media. Therefore, solutions to equation (1.36) can exist at the interface
between these media, provided that expression (1.35) is satisfied. The general
condition for the existence of such solutions is

k2
z ¼

m2
2 k2

1 � m2
1 k2

2

m2
2 � m2

1

. k2
1 , k2

2 , (1:37)

which is also the dispersion relation for s-polarized (or TE, or LSE) surface waves. As
both 12 and m2 strongly depend on frequency (see Section 1.3), the frequency depen-
dence of kz(v) will depend on the specific characteristics of the left-handed medium.
Dispersion curves for surface waves at the interface between free space and
left-handed media have been investigated in [35,36] for some realistic frequency
dependences of 12 and m2. It may be worth mentioning that similar surface waves
(sometimes called surface plasmons) are guided along the interface between ordinary
media and media with negative 1 (see Problem 1.3). Surface waves can also be guided
along the interfaces between ordinary and negative m media, and at the interface
between a medium with negative 1 and other with negative m [38].

Let us now consider again the limit 12=11 ! �1 and m2=m1 ! �1. In this
limit, the above dispersion relation becomes degenerate, being satisfied for
any value of kz . k1 ¼ jk2j. Thus, in this limit, the bandwidth is zero and the
density of states becomes infinite. This behavior is quite similar to that of surface
plasmons at the surface of an ideal plasma in the quasistatic limit (see Problems
1.2 and 1.3). However, unlike for surface plasmons, the degeneracy of the considered
surface waves is complete, not being restricted to the quasistatic limit (i.e., to
kz � k1 ¼ jk2j).

Finally, due to the particular form of the transverse transmission matrix in
equations (1.31) and (1.36), mathematical solutions corresponding to nonphysical
surface waves growing to infinity at both sides of the interface show the same dis-
persion relation (1.37) as the aforementioned physical surface waves. Such solutions,
although nonphysical for an isolated interface, will play an important role in the
perfect lens configuration, as will be shown in the following.

1.8 WAVES THROUGH LEFT-HANDED SLABS

In this section, transmission and guidance of electromagnetic waves through left-
handed slabs will be analyzed. The method of analysis will be a straightforward
extension of the transverse transmission matrix technique of the previous section.
The same method can be applied to the analysis of transmission and guidance of
waves through multilayered structures.
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1.8.1 Transmission and Reflection Coefficients

The transmission matrix for a left-handed slab of width d is obtained by simply cas-
cading the transmission matrices for each interface (1.31) and for the left-handed
medium in between,

Eþ1
E�1

� �

¼ 1
4Z2Z3

Z2 þ Z1 Z2 � Z1

Z2 � Z1 Z2 þ Z1

� �

� e jkx,2d 0

0 e�jkx,2d

� �

�
Z3 þ Z2 Z3 � Z2

Z3 � Z2 Z3 þ Z2

� �

�
Eþ3
E�3

� �

, (1:38)

where, using the same notation as in equation (1.31), we have considered s-polarized
waves. In equation (1.38) kx,2 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v2m212 � k2
z

p

, 0 is the x-component of the
propagation constant for positive waves inside the slab, and subscripts 1, 2, and 3
stand for the left-handed medium (2) and for the media at the left- and the right-
hand sides of the slab (1 and 3). Zi are the wave impedances (1.30), and electric
fields are evaluated just on the left (E+

1 ) and on the right (E+
3 ) interfaces of the

slab. All waves inside and outside the slab have a common propagation vector, kz,
parallel to the slab interface, which determines the angle of incidence sin ui ¼ kz=k1.

In the following, media 1 and 3 will be considered identical, so that Z3 ¼ Z1. In
this case, the transmission and reflection coefficients, t and r, are obtained from
equation (1.38) by taking Eþ1 ¼ 1, E�1 ¼ r, Eþ3 ¼ t, E�3 ¼ 0. After a straightforward
calculation, the following expressions arise:

t ¼ 2Z1Z2

j(Z2
1 þ Z2

2 ) sin(kx,2d)þ 2Z1Z2 cos(kx,2d)
(1:39)

and

r ¼ Z2
2 � Z2

1

Z2
2 þ Z2

1 � 2jZ1Z2 cot(kx,2d)
: (1:40)

Note that kx,2 , 0, so the phase advance through the slab is positive for small values
of kx,2d, which corresponds to the propagation of a backward wave inside the slab.

1.8.2 Guided Waves

Waves guided along the slab correspond to the poles of the reflection coefficient
(1.40) that may appear for imaginary values of kx,1. In such cases, according to our
previous definitions, kx,1 ¼ �ja1, with a1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2
z � v211m1

p

. 0. Therefore,
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surface waves correspond to solutions of the implicit equation

Z2
2 þ Z2

1 � 2jZ1Z2 cot(kx,2d) ¼ 0, with Z1 ¼ j
vm1

a1
, (1:41)

with the additional condition kz . k1, so that electromagnetic energy decays at both
sides of the slab. Two cases may arise in equation (1.41), depending on whether kx,2 is
real or imaginary. If kz , k2 ¼ v

ffiffiffiffiffiffiffiffiffiffi

12m2
p

, kx,2 is real and fields inside the slab have a
trigonometric dependence, so that they are volume waves. In that case equation (1.41)
reduces to

m2a1

m1 kx,2
� m1 kx,2

m2a1
þ 2 cot(kx,2d) ¼ 0; (1:42)

which, taking into account the trigonometric relation 2 cot(2x) ¼ cot x� tan x, can be
written as

m2a1

m1 kx,2
tan(kx,2d=2)þ 1

� �

m1 kx,2

m2a1
tan(kx,2d=2)� 1

� �

¼ 0, (1:43)

which is the implicit dispersion relation for guided volume waves. In equation (1.43)
the two branches, corresponding to symmetric and antisymmetric modes, are expli-
citly shown. As can be seen from the above dispersion relations, volume waves in
the left-handed slabs do not substantially differ from guided volume waves in ordin-
ary dielectric slabs [34]; waves inside the slab can be seen as the composition of two
propagating TEM waves, which suffer total reflection at the slab interfaces. Therefore
energy flow is backward inside the left-handed slab and forward outside the slab, the
whole wave being forward or backward depending on the structural parameters of the
waveguide.

If kz . k2 ¼ v
ffiffiffiffiffiffiffiffiffiffi

12m2
p

, electromagnetic fields show an exponential decay inside
the slab, and the guided waves become surface waves. They correspond to the coup-
ling between the surface waves generated at each slab interface (see Section 1.7.2).
Therefore, when d ! 1, these waves should converge to the surface waves found
in Section 1.7.2. For these surface waves, both Z1 and Z2 are imaginary and
cot(kx,2d) becomes a hyperbolic function. Thus, equation (1.41) reduces to

m2a1

m1a2
þ m1a2

m2a1
þ 2 coth(a2d) ¼ 0, (1:44)

which, taking into account the relation 2 coth(2x) ¼ coth xþ tanh x, can be written as

m2a1

m1a2
tanh(a2d=2)þ 1

� �

m1a2

m2a1
tanh(a2d=2)þ 1

� �

¼ 0, (1:45)
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where the two branches, corresponding to symmetric and antisymmetric modes, can
be appreciated. The specific dependence of kz on frequency will depend on the
specific dependence of 1 and m on v. Surface and volume guided waves in
left-handed slabs, also including metallic ground shields, have been analyzed in
[37–43]. Finally, it would be worth mentioning that resonant modes in other geome-
tries distinct from planar ones, such as spherical or cylindrical, have been also studied
(see, for instance, [44–47], and references therein).

1.8.3 Backward Leaky and Complex Waves

As in any open guiding system, most of the electromagnetic modes guided by a left-
handed slab leak power to the surrounding space [13,34]. These waves correspond
to the poles of the reflection coefficient (1.40) that may appear for complex values
of kx,1.

Leaky modes in a left-handed slab have been analyzed in [48]. In the following we
will consider, without loss of generality, a leaky wave with field dependence
exp(�jkzzþ jvt), and Re(kz) . 0. The wavenumber of such a leaky mode should
satisfy Re(kz) , k1 ; v

ffiffiffiffiffiffiffiffiffiffi

11m1
p

, so that power leaks at an angle cos u ¼ Re(kz)=k1

from the slab (Fig. 1.8). Inside the left-handed slab, power flow is backward, but
in the surrounding medium, outside the slab, power flows in the forward direction.
Therefore, for the analyzed leaky mode, power always leaks backward with regard
to the main stream of guided power, inside the slab. For this reason, such leaky
modes have been called backward leaky modes [48].

FIGURE 1.8 Illustration of the wavevectors and power flows in a backward leaky mode
guided by a left-handed slab. Re(kz) is the mode phase vector, and Re(S) shows the power
flux inside and outside the slab. The angle of leakage is determined by cos u ¼ Re(kz)/k1.
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Physical leaky modes can be excited by sources at the onset of a semi-infinite
guiding system. In such a configuration, power is guided along the waveguide,
from the source to its end. Considering Figure 1.8, this means that the source must
be located at the top of the figure. Therefore, it must be that Im(kz) . 0, so that
the leaky wave attenuates towards the lower end of the slab. On both sides of the
slab the field dependence must be of the kind exp(+jkxx� kzzþ jvt). On the
other hand, boundary conditions impose that k2

z þ k2
x ¼ k2

1, so that, for small attenu-
ating constants,

k2
1 ’ {Re(kz)}

2 þ {Re(kx)}2 (1:46)

0 ¼ Re(kz)Im(kz)þ Re(kx)Im(kx): (1:47)

The first equation defines the leakage angle mentioned at the beginning of this
section. The second determines the sign of Im(kx) as follows: at the left-hand side
of the slab, power must flow to the left, so that Re(kz) . 0 and Re(kx) , 0.
Moreover, Im(kz) . 0, as has already been mentioned. Therefore, it must be that
Im(kx) . 0, so that backward leaky waves are attenuated in the transverse direction.
This result is somewhat unexpected, as leaky modes in ordinary guiding systems are
usually unbounded modes, whose amplitude grows to infinity in the transverse direc-
tion [34,49]. This unusual behavior of leaky modes in left-handed slabs is a direct
consequence of the reported backward leakage of power [48], and recalls the behavior
of the complex modes that may appear in some very inhomogeneous wave-guiding
systems [13]. Backward leakage of power in a circuit analogous to an open left-
handed waveguide has been experimentally reported in [50].

1.9 SLABS WITH 1/10!21 AND m/m0!21

As has already been mentioned, many striking properties of left-handed media arise
in the limit when 1 and m become equal in magnitude, but opposite in sign, as in
those of the surrounding medium. In this section we will analyze these properties
in detail. For simplicity, the surrounding medium is considered free space.

1.9.1 Phase Compensation and Amplification of Evanescent Modes

If 1=10 ! �1 and m=m0 ! �1, the left-handed wave impedances (1.30) of the left-
handed medium become identical to that of free space for any propagative wave, and
for any angle of incidence. Therefore, for any angle of incidence, the transmission
matrix at each slab interface (1.31) reduces to unity. Thus, the slab is perfectly
matched to free space. Even more interesting, because wave propagation is backward
inside the left-handed slab, the phase advance inside the slab is positive, and can be
exactly compensated by the phase advance outside the slab (which must be negative).
A straightforward calculation shows that this compensation actually happens—for
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any angle of incidence—when the distance between the input and output planes
is 2d, where d is the slab width. In fact, this last property is a direct consequence
of the zero optical length between the input and output planes already mentioned
in Section 1.5

Let us now consider the incidence of evanescent waves on the slab. In this case,
after substitution in equations (1.30), (1.39), and (1.40) (with kx,1 ¼ kx,2 ¼ �ja;
a ¼ þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2
z � 10m0

p

), it is readily shown that

t ¼ ead and r ¼ 0: (1:48)

Thus, evanescent plane waves are amplified inside the left-handed slab by a factor that
is just the attenuation constant at the input. Because evanescent modes do not carry
energy, this amplification, although striking, is not forbidden by energy conservation.
Interestingly, when the input and output planes are separated by a distance 2d, the
amplitude of any incident evanescent wave is recovered at the output. Thus, for
this specific location of the input and output planes, both propagating and evanescent
waves are recovered without change at the output.

Phase compensation and amplification of evanescent modes is not a unique prop-
erty of left-handed slabs. After attention was first drawn to this effect by Pendry [26],
it was also shown in a pair of consecutive slabs with only negative 1 and m [51,52]
and, for some specific polarizations and planes of incidence, in some anisotropic
slabs with negative parameters [53]. It has also been shown in a pair of coupled
resonant surfaces [54]. Some of these results have been summarized in a generalized
perfect lens theorem [55].

1.9.2 Perfect Tunneling

As is well known, when a wave is incident from a medium of refractive index n ¼ n1

onto the plane interface of another medium of n ¼ n2, where jn2j , jn1j, there is a
critical angle uc ¼ sin�1jn2=n1j beyond which total reflection onto medium 1
occurs. However, if medium 2 is substituted by a slab of finite thickness, and the
slab is not too thick, some amount of energy can tunnel through medium 2 onto
the medium behind the slab. For ordinary media, the power tunneled through the
slab is always smaller than the incident power, so there is also some reflected
power. This tunneling of power is due to the coupling of evanescent waves generated
at both sides of the slab. Thus, because a left-handed slab can restore the amplitude of
evanescent waves (as was shown in the previous section), it can be guessed that tun-
neling through left-handed slabs can be very significant. In fact, as will be shown in
this section, under some circumstances such tunneling of power can be so high that all
the incident power will flow through the slab. This “perfect tunneling” effect will be
analyzed in this section.

Instead of analyzing incidence in free space, a different but fully equivalent system
will be analyzed. This system is shown in Figure 1.9, and consists of a rectangular wave-
guide that includes a section filled with a left-handed medium with 1=10 ! �1 and
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m=m0 ! �1. As is well known [1,34], the fundamental mode in a rectangular wave-
guide is the TE1,0 mode, which corresponds to the composition of two propagating
s-polarized plane waves (E ¼ Ey ŷ), which are reflected by the lateral sidewalls of the
waveguide, giving rise to a stationary wave in the transverse direction and a propagating
wave along the waveguide axis: Ey / sin(pz=a) exp(�jkxxþ jvt). This mode is
propagative/evanescent if the waveguide width is larger/smaller than a half-wavelength
(a_p=k, where k ¼ vj ffiffiffiffiffiffim1

p j). Therefore, evanescent plane waves are generated in sec-
tions 2 to 4 of Figure 1.9 if a , p=k0, where k0 ¼ v

ffiffiffiffiffiffiffiffiffiffi

m010
p

. In order to excite this eva-
nescent mode, we can simply place at the input a waveguide filled by a high-permittivity
dielectric, supporting a propagative TE1,0 mode incident on section 2 (if the cross-
sections of both waveguides are identical, no other modes will be generated at the inter-
face [34]). It can be easily realized that such a system is equivalent to the incidence of
two identical s-polarized waves coming from a semi-infinite medium (medium 1) onto a
slab formed by media 2 to 4, and with a semi-infinite medium (medium 5) at the end of
the system. The angle of incidence is u ¼ sin�1fp=(ka)g, where k2 ¼ v21m0, and inci-
dence by an angle higher than the critical angle corresponds to the excitation of evanes-
cent modes at waveguide sections 2 to 4 of Figure 1.9. Thus, a system such as that shown
in this figure is fully equivalent, from an analysis standpoint, to a composite slab made of
media 2 to 4, sandwiched between two semi-infinite media (1 and 5). However, the
system of Figure 1.9 is easier to implement for an experimental verification of
tunneling effects.

Let us now analyze the behavior of the device. When a propagative TE1,0 mode is
incident from waveguide 1, evanescent TE1,0 modes are generated in waveguides 2 to
4 and, eventually, some power may tunnel to waveguide 5. Following our previous
analysis, transmission and reflection coefficients can be obtained from the implicit
equation

1

r

� �

¼ 1
2Z2

Z2 þ Z1 Z2 � Z1

Z2 � Z1 Z2 þ Z1

� �

� ea2l2 0

0 e�a2l2

� �

� 1
2Z3

Z3 þ Z2 Z3 � Z2

Z3 � Z2 Z3 þ Z2

� �

� ea3l3 , 0

0, e�a3l3

� �

FIGURE 1.9 Illustration of a device designed to study perfect tunneling and amplification of
evanescent waves in a waveguide. The device consists of five consecutive waveguides with the
same cross-section. Input and output waveguides (1 and 5 ) are above cutoff. Waveguides 2 to 4
are below cutoff. Waveguides 2 and 4 are empty. Waveguide 3 is filled with an isotropic left-
handed medium with 1 ¼ �10, m ¼ �m0, and l3 ¼ l2 þ l4:
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� 1
2Z4

Z2 þ Z3 Z2 � Z3

Z2 � Z3 Z2 þ Z3

� �

� ea2l4 0

0 e�a2l4

� �

� 1
2Z1

Z1 þ Z2 Z1 � Z2

Z1 � Z2 Z1 þ Z2

� �

�
t

0

� �

, (1:49)

where ai are the attenuation constants of the TE1,0 mode in waveguides 2, 3, and 4

(ai ¼ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

(p=a)2 � v2mi1i

q

), and Zi are the wave impedances (1.30) for each

mode, with kx,i ¼ �jai,

Zi ¼ j
vmi

ai
; i ¼ 2, 3, 4: (1:50)

In the limit 1=10 ! �1 and m=m0 ! �1, Z3 ¼ �Z2, and we obtain

t ¼ 1 and r ¼ 0, for l2 þ l4 ¼ l3: (1:51)

That is, total transmission is obtained for the appropriate waveguide lengths. This
total transmission is not a Fabry–Perot resonance, because all waves between the
input and the output are evanescent. It is a perfect tunneling of power between
input and output [56].

Interestingly, the condition for perfect tunneling coincides with the condition for
focusing (1.22) when n¼21, and with the condition for amplitude and phase restor-
ation (see Sections 1.4 and 1.9.1). In fact, if l2 þ l4 = l3, the amount of power tun-
neled through the device decreases. This effect is illustrated in Figure 1.10, where the

FIGURE 1.10 Transmitted power through the device of Figure 1.9 versus the ratio
(l2 þ l4)=l3 for several values of l3=l0 (values given close to the lines). The waveguide
width is a ¼ 0:8l0=2. The dielectric constant of sections 1 and 5 is 1 ¼ 210. (Source:
Reprinted with permission from [56]; copyright 2005 by the American Physical Society.)
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fraction of power tunneled through the device is shown as a function of (l2 þ l4)=l3.
The sensitivity of the device to the normalized length of the left-handed slab l3=l0 (l0

is the free-space wavelength at the frequency of operation) can also be observed. As
can be expected, this sensitivity is higher for larger slabs.

In order to clarify the relation between perfect tunneling and amplification of
evanescent waves, it is illustrative to analyze field amplitudes along the device of
Figure 1.9 for the perfect tunneling configuration, and when the output waveguide
is eliminated (l4 ! 1).2 Both amplitudes are shown in Figure 1.11. Amplification
of the evanescent wave inside the left-handed medium can be clearly appreciated
in Figure 1.11b. The restoration of the mode amplitude at a distance 2l3 from the
input can also be appreciated in this figure. However, the pattern for the wave ampli-
tude is quite different in the perfect tunneling configuration (Fig. 1.11a). The reason

FIGURE 1.11 Field amplitude distribution inside the structure of Figure 1.9. (a) Perfect tun-
neling when l3 ¼ l2 þ l4. (b) Field amplitude when the last transition is eliminated (l4 ! 1).
Dashed lines show the amplitude when waveguide 3 is empty. Geometrical dimensions are
a ¼ 24 mm, l2 ¼ l4 ¼ 15 mm, l3 ¼ 30 mm, and the operating frequency is 5GHz. The dielec-
tric constant of sections 1 and 5 is 1 ¼ 210. (Source: Reprinted with permission from [56];
copyright 2005 by the American Physical Society.)

2Such amplitudes can be obtained from the amplitudes at the input by cascading the appropriate trans-
mission matrices between the input and the plane of interest.
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for this is that single evanescent modes do not carry power, and perfect tunneling
implies a maximum of power transmission. To obtain this transmission peak, the
composition of two symmetrical evanescent modes decaying at opposite directions
is necessary. This leads to the amplitude pattern shown in Figure 1.11a.

Perfect tunneling of power through waveguides filled by metamaterials with
negative parameters was proposed and demonstrated in [56], where an experimental
verification of this effect was also provided. Photon tunneling through a left-handed
slab in free space was analyzed in [57].

1.9.3 The Perfect Lens

The perfect lens is one of the most fascinating devices that can be designed by using
the striking optical properties of left-handed materials. This configuration was first
proposed by Pendry in his seminal paper of 2000 [26]. In this paper Pendry
showed how the amplitude of evanescent waves can be restored by a left-handed
slab, and how using this property, a perfect lens overcoming the diffraction limit
for the resolution of conventional lenses can be designed.

Before showing how the properties of left-handed slabs can be used to improve
lens resolution, the limitations imposed by Fourier optics to the resolution of a lens
will be described in detail. Following [26], we will consider an infinitesimal dipole
of frequency v in front of a lens. The electric field produced by this dipole can be
expanded in some two-dimensional Fourier integral of plane waves (spatial Fourier
harmonics),

Ep(x, y, z) ¼
ð1

�1

dky

ð1

�1

dkz E(ky, kz) exp(�jkxx� jkyy� jkzzþ jvt), (1:52)

where kx ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

v210m0 � k2
y � k2

z

q

. The response of any optical system to this excitation
can be obtained by analyzing the scattering of each plane wave of (1.52), and then
adding up for all the scattered waves. However, optical systems are usually only sen-
sitive to propagating waves, that is, to waves with real values of kx (the x-axis is
assumed to be the axis of the system). Evanescent waves are usually strongly attenu-
ated and do not reach the image. Therefore, even for the best manufactured lens, the
resolution at the image is limited by the truncation of the expansion (1.52) to

Ep(x, y, z) ’
ð ðkmax

�kmax

dky dkz E(ky, kz) exp(�jkxx� jkyy� jkzzþ jvt), (1:53)

where kmax ¼ k0 ¼ v
ffiffiffiffiffiffiffiffiffiffi

10m0
p

. Equation (1.53) gives the effective source seen by the
optical system. Therefore, from a well-known rule of Fourier analysis, it immediately
follows that the aforementioned infinitesimal dipole is restored at the image with a
resolution D not better than a wavelength (D � 2p=k0 ¼ l0).

The above analysis is based on the assumption that any lens or optical system will
lose all the information contained in the evanescent Fourier harmonics of the source
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field expansion (1.52). However, we have already seen how a left-handed slab of
width d, and 1=10 ! �1, m=m0 ! �1 can restore the amplitude and phase of
any incident plane wave at a distance 2d from the input, both for propagative and eva-
nescent waves. Therefore, it is the whole field at the source (1.52) that is restored at
x ¼ 2d, not the truncated expansion (1.53). That is, left-handed slabs in the limit
1=10 ! �1 and m=m0 ! �1 behave as perfect lenses, translating the whole field dis-
tribution on a plane at the left side of the slab to another plane at the right side of the
slab, as is shown in Figure 1.12.

It is illustrative to analyze the role of surface waves in the restoration of the eva-
nescent Fourier harmonics at the image plane. Figure 1.13 shows the amplitude
pattern for one of these evanescent Fourier harmonics between x ¼ 0 and x ¼ 2d.
The physical and nonphysical surface waves mentioned at the end of Section 1.7.2
can be easily recognized in the amplitude curves of Figure 1.13. Therefore, the res-
toration of an evanescent Fourier harmonic in the perfect lens is due to the excitation
of a physical surface wave at the right interface of the slab. This physical surface wave
couples with the evanescent fields generated at the source through the excitation of a
nonphysical (see the end of Section 1.7.2) surface wave3 at the left interface of the
slab. It may be worth mentioning that this field pattern does not imply that an
actual surface wave is generated at the slab. In fact, it can be easily realized that
equation (1.45) has no solutions for 1=10 ¼ m=m0 ¼ �1 (except for the trivial
case of d ! 1). In fact, the generation of such slab surface waves would be undesir-
able, because it would imply a disproportionate contribution of the corresponding
Fourier harmonic to the image.

FIGURE 1.12 Illustration of the perfect lens proposed in [26]. The fields at x ¼ 0 (E(0, y, z)
and H(0, y, z)) are exactly reproduced at x ¼ 2d: E(0, y, z) ¼ E(2d, y, z) and H(0, y, z) ¼
H(2d, y, z), provided there are no sources between the planes x ¼ 0 and x ¼ 2d.

3The denomination “nonphysical” indicates that these waves do not satisfy physical boundary conditions at
infinity when they are considered in an unbounded system (they monotonically grow at both sides of the
interface). However, the presence of additional boundary conditions, as in Figure 1.13, allows for its
excitation.
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Some considerations should be made at this point. First of all, as has already been
mentioned, restoration of evanescent Fourier harmonics at x ¼ 2d implies the ampli-
fication of such Fourier harmonics inside the slab (Fig. 1.13). As we approach the
back interface of the slab, the density of energy stored by these evanescent waves
grows by the exponential factor exp[2a(d � d)], where d is the distance to the inter-

face. In the limit jkzj, jkyj ! 1, we have a(ky, kz) ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2
x þ k2

y � v210m0

q

! 1, and

the density of energy grows to infinity at the slab interface. Therefore, the perfect lens
implies a nonphysical divergence of energy [58]. Although we will return to this
point later (see Section 1.10) it should be mentioned here that this apparent
paradox disappears if lossy slabs are considered [59–61]. An additional effect of
losses is to limit the resolution of the perfect lens. Lossy left-handed slab lenses
can still improve the value of kmax (kmax . v

ffiffiffiffiffiffiffiffiffiffi

10m0
p

) in equation (1.53), but
leaving it finite (see Section 1.10 for a complete discussion on this point).
Therefore, it will be more appropriate to speak about lossy left-handed superlenses,
which approach Pendry’s perfect lens when losses approach to zero.

Other considerations of interest arise from the comparison between the Veselago
lens (see Fig. 1.3) and Pendry’s perfect lens. For this purpose we will consider the
image of a point source created by both lenses. A Veselago lens, with n , 0 but
1=10 ,m=m0 = �1, will be considered first. It is a nonconventional geometrical
optics system, where electromagnetic energy coming from a point source is
focused into a three-dimensional spot beyond the lens, of radius not smaller than a
half wavelenght (this behavior is sketched in Fig. 1.14a). Therefore, superresolution
is not present in the Veselago lens. Let us now consider Pendry’s perfect lens. In
this device, the fields at x ¼ 0, where the source is placed, are exactly reproduced
at x ¼ 2d (see Fig. 1.12). Therefore, from the uniqueness theorem [14], it immedi-
ately follows that the source fields in the x-interval [0, 1] are exactly reproduced
beyond the lens in the x-interval [2d, 1]. However, nothing ensures that the source

FIGURE 1.13 Amplitude pattern for an evanescent Fourier harmonic of the perfect lens
shown in Figure 1.12. The amplitude follows the curves exp(+ax), where

a(ky, kz) ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

k2
y þ k2

z � v210m0

q

.
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fields for x , 0 will be reproduced at x , 2d. In fact, this will be impossible, as the
presence of the source implies a field divergence at x ¼ 0 that is not present at x ¼ 2d
[62]. Intuitively, it can be guessed from the amplitude pattern of Figure 1.13 that
fields must grow from the image plane to the lens, regardless of behavior near the
source (such behavior is sketched in Fig. 1.14b). In fact, this behavior has been con-
firmed by analysis [63] and experiment [64]. Therefore, Pendry’s perfect lens does
not focus the energy coming from a point source into any spot in three-dimensional
space. Nevertheless, it still produces a two-dimensional spot on the image plane (x ¼
2d ), of a size that can be much smaller than a square wavelength. Therefore, Pendry’s
perfect lens produces two-dimensional superresolution in the image plane, but not
superfocusing of energy in three-dimensional space4. This characteristic of the
perfect lens (and similar devices) imposes severe limitations to its applicability for
subsurface heating or burning devices. It also imposes restrictions on its usefulness

FIGURE 1.14 Illustration of the behavior of the Veselago (a) and Pendry (b) lenses. In the
Veselago lens the energy coming from a point source, S, is focused onto a spot at the focus, F,
at a distance d þ d=jnj from the source. The size of this spot is not smaller than a wavelength.
In Pendry’s perfect lens, a virtual image, S0, of a point source, S, is created at a distance 2d from
S. However, fields at x , 2d grow exponentially towards the lens, so there is no focusing of
energy at any point.

4Such three-dimensional superfocusing will be contrary to the well-known uncertainty principle, as has
already been noted in [65] and [66]. It should also be mentioned that any practical lens must be lossy,
and that the behavior of lossy Pendry’s superlenses approaches that of Veselago lenses when the ratio
d/l0 increases (see Section 1.10).
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in imaging devices, at least if the distance between the source and the lens is
unknown. In fact, because the electromagnetic field intensity has a monotonic
decay at the back side of the lens, the location of an unknown source can hardly
be recovered from the analysis of the field distribution at the back side of the lens
(see [63] for a complete discussion, with examples, of this point).

Experimental confirmation of subdiffraction imaging in Pendry’s perfect lens has
been reported in [64], and the effects of an input or output medium other than free
space have been investigated in [67] (see Problem 1.13). Superresolution similar to
that produced by a left-handed perfect lens, but in the quasistatic limit, can be
obtained by using slabs with only negative 1 (such as silver plates at optical frequen-
cies) [26,68–71] (see Problem 1.14). It can be also obtained in magnetized ferrite
slabs [72] and in pair-coupled magnetoinductive surfaces [73].

1.9.4 The Perfect Lens as a Tunneling/Matching Device

In the previous section, the field created by a source placed in front of a perfect lens
was studied. In this section we will address the problem of image detection in such
devices. A key point in the behavior of Pendry’s perfect lens is that most of the infor-
mation reaching the image plane is carried by evanescent electromagnetic waves (the
aforementioned evanescent Fourier harmonics). As is well known, a single evanes-
cent electromagnetic wave does not carry power (for this reason the amplification
of evanescent Fourier harmonics inside the lens does not violate energy conserva-
tion). However, any measurement of the image should imply the transmission of
some amount of power from the source to the detector. Power transmission by eva-
nescent waves is known in physics as tunneling. Therefore, seen from the detector,
a perfect lens is a kind of tunneling device. For a single electromagnetic mode, tun-
neling of power was analyzed in Section 1.9.2. For a summation of evanescent waves
(the aforementioned evanescent Fourier harmonics), the basic mechanism should be
essentially the same: Some new evanescent waves are generated at the output in
addition to the evanescent Fourier harmonics generated by the source. It is the com-
position of all these waves that allows for power transmission. The aforementioned
new evanescent waves generated at the output are not present before the detector is
placed at the output. Therefore, the image detection process substantially affects
the field distribution along the system formed by the source and the lens. These
kind of devices, where fields depends on both the input and the output, have long
been considered by electrical engineers. Some of these devices—those that maximize
power flow—are usually called matching devices. Thus, from this standpoint, the
perfect lens can also be considered a matching device [66,74].

In the following we will analyze the image detection process in detail. As usual,
we will consider a system formed by the perfect lens, an input antenna (the source S ),
and an output antenna (the detector D). Two waveguides are connected to the input
and output antennas (for simplicity both waveguides will be assumed identical, with
characteristic impedance Z0). The image is obtained by scanning the detector behind
the lens, as a map of the transmission coefficient between the source and the detector.
The whole system is illustrated in Figure 1.15. The computation of the transmission

1.9 SLABS WITH 1/10!21 AND m/m0!21 29



coefficient is a standard problem of electromagnetic theory, which can be solved if
the impedance matrix Zij of the system formed by the antennas and the lens is
known. The resulting expression is [75]

t ¼ 2Z12Z0

(Z11 þ Z0)(Z22 þ Z0)� Z2
12

, (1:54)

where Zij are the elements of the impedance matrix of the system formed by the two
antennas and the left-handed slab, and Z0 is the characteristic impedance of the input/
output waveguides. If superresolution has to be detected, the size of the input and
output antennas has to be smaller than the free-space wavelength, which would
also make the real part of Zij (the radiation resistance) negligible with respect to its
imaginary part [14]; in other words, Zij ’ jXij, where Xij is the reactance matrix of
the system5. Moreover, because the perfect lens perfectly matches any source to
free space, X11 and X22 can be approximated by the reactances of the input and
output antennas in free space. The off-diagonal term, X12, accounts for the mutual
reactance between the antennas, which is strongly affected by the presence of the
lens. Therefore,

t � 2jX12Z0

( jX11 þ Z0)( jX22 þ Z0)þ X2
12

: (1:55)

If one of the self-reactances dominates over the remaining ones, the first term in
the denominator of (1.55) dominates over the second, and

t / X12: (1:56)

FIGURE 1.15 Experimental setup for the detection of images created by a left-handed
perfect lens. The source S is placed at a fixed distance from the left-handed slab, and the detec-
tor D is scanned behind the slab. The transmission coefficient between S and D is measured.

5Throughout this section we will consider lossless antennas. Loading the antennas with a resistance has
consequences that will not be analyzed here. See [63] for an analysis of this particular scenario.
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That is, the transmission coefficient is simply proportional to the mutual reactance,
X12, which usually provides a good measure of the field in the absence of the
output. This case may correspond to a small electric dipole antenna at the output
(in such a case, jX22j � jX21j, jX11j). It may also occur when the output antenna is
a small magnetic loop (in such a case, usually, jX11j � jX21j, jX11j, [63]).
Therefore, if small electric or magnetic probes are used as detectors, the transmission
coefficent through the device can give a correct measurement of the field created by
the source at the back side of the lens. This result can be expected from the physics of
the experiment; in both cases the field generated by the currents at the output antenna
should be very small, and should not substantially affect either the current at the input
antenna or the field distribution behind the lens. As was shown in [64], when such a
small probe is used for field measurements at the back side of the lens, the maximum
of transmission is obtained just at the back interface of the lens, in agreement with the
behavior outlined in Figure 1.14.

However, if the self-reactances of the input and output antennas are the same
(X11 ¼ X22 ¼ X ), which may corresponds to a detector identical to the source, then

t � 2jX12Z0

X2
12 � X2 þ Z2

0 þ 2jXZ0
: (1:57)

The values of t, as a function of X12 and X, are plotted in Figure 1.16. Except for very
small values of X, the maximum is achieved for X12 � X, and in such a case it is also
the case that jtj � 1. Because both antennas are identical and the lens reproduces the
field of the source at the image plane, the condition X12 � X is fulfilled when the
detector is placed at the theoretical location of the image, at a distance 2d from the
source. Therefore, if the source and the detector are identical, and the detector is

FIGURE 1.16 Plot of the modulus of the transmission coefficient t ¼ S21 (1.57) as a func-
tion of the modulus of the reactances X11 ¼ X22 ¼ X and X21 (Source: Reprinted with per-
mission from [63]; copyright 2005 by the American Physical Society.)
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placed at the theoretical location of the image (i.e., at a distance 2d from the source),
the perfect lens behaves as a perfect tunneling (or perfect matching) device, giving a
maximum of power transmission at the theoretical location of the image (i.e., at the
point marked as S0 in Fig. 1.14). If the antennas are not identical, but none can be
considered a small probe (in the sense defined in the previous paragraph), the location
and magnitude of the maximum transmission will vary. This tunneling effect in meta-
material perfect lenses and similar devices has been analyzed in detail in [63]. The
experimental confirmation of such an effect has been shown in a device similar to
Pendry’s super-lens [73] (see also Chapter 5).

Two main conclusions arise from the above analysis. The first is that for field
measurements at the back side of a metamaterial super-lens, care must be taken in
order to avoid artifacts coming from the matching/tunneling capabilities of such
devices. The second is that, in some circumstances, it may be possible to take advan-
tage of such a tunneling effect in order to obtain additional information from the
image. For instance, if the shape and characteristics of the source are known, it is
possible to design an appropriate detector in order to determine the source location
in three-dimensional space from measurements of the transmission coefficient
behind the lens.

1.10 LOSSES AND DISPERSION

After the first seminal papers showing propagation in left-handed media, it was
claimed that losses and dispersion will destroy many of the previously reported
effects. Specifically, negative refraction [15] and super-resolution in Pendry’s
perfect lens [58] were criticized. The analysis of the refraction of a Gaussian beam
at the interface between an ordinary and a left-handed medium showed, without
doubt, that negative refraction occurs in such a situation [16,17], thus confirming
the Veselago analysis [6]. Of more interest are the effects of losses on the perfect
lens proposed by Pendry [26]. This effect was analyzed in [59–61] among others,
leading to similar conclusions. In the following we will briefly examine this aspect.

In order to develop the analysis, it is convenient to rewrite the transmission coeffi-
cient (1.39) as

t ¼ 4Z

(1þ Z)2 exp( jkx,2d)� (1� Z)2 exp(�jkx,2d)
, (1:58)

where Z ¼ Z2=Z1. If 1=10 ! �1 and m=m0 ! �1, from our definitions of positive
waves6 and from equation (1.30), it follows that Z ¼ 1 if kx,2 ¼ �jkx,2j is real, and
Z ¼ �1 if kx,2 ¼ �ja is imaginary. Therefore t ! exp( jjkx,2jd) for propagative
waves and t ! exp(ad) for evanescent waves. In both cases, the phase and amplitude

6According to our definitions (see Fig. 1.7 as well as Section 1.7 and equation 1.12), in the left-handed slab,
propagation is backward and positive waves are defined with Re(kx,2) , 0 and/or Im(kx,2) , 0. In ordinary
media, positive waves are defined with Re(kx,2) . 0 and/or Im(kx,2) , 0, as usual.
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of the incident waves change along the slab just by the amount necessary to produce
Fourier harmonics restoration at a distance 2d from any source (see Section 1.9.3).
Let us now introduce a small amount of losses in the left-handed slab, so that
1! �10(1þ jd1) and m! �m0(1þ jdm). Let us also suppose that kz � k0, so
that kx,2 ¼ �ja ’ �jjkzj. In such limit, taking into account equation (1.30), we obtain

t ! 4

4 exp(�jkzjd)� d2
m exp(jkzjd)

: (1:59)

Therefore, for high values of kz it is still t ’ exp(jkzjd) ’ exp(ad) provided
d2
m exp(jkzjd) , 4 exp(�jkzjd), or

jkzjd . ln
2
dm

� �

: (1:60)

However, if the above condition is not fulfilled, then t 	 exp(�jkzjd), and evanescent
waves are not amplified inside the left-handed slab. A similar (dual) result holds for
p-polarized (or TM) modes.

Regarding the analysis of Section 1.9.3, the above results imply that, in general, a
lossy left-handed slab with 1=10 ! �(1þ jd1) and m=m0 ! �(1þ jdm) will see the
effective source (1.53) with

kmax �
1
d

ln
2
d

� �

; d ¼ max d1, dm
	 


, (1:61)

so that the source is seen at the image with a resolution D given by

D

d
&

2p
kmaxd

¼ 2p ln
2
d

� �� ��1

: (1:62)

It is worth noting that the wavelength of the incident radiation does not
appear in equation (1.62), only the losses and thickness limit the resolution of the
device.

An interesting consequence of the above results is that losses prevent the diver-
gence of energy mentioned in section 1.9.3. In fact, because Fourier harmonics are
only restored upto some finite value of jkzj ¼ kmax, the energy divergence associated
with the harmonics in the limit jkzj ! 1 disappears. However, this regularization
takes place at the cost of a loss in resolution. Thus, the lossy perfect lens is, in
fact, a super-lens, with a resolution limited by equation (1.62). As the free-space
wavelength is not present in equation (1.62), the resolution of such a lens may still
overcome the diffraction limit (D . l0). However, the logarithmic dependence on
1=d of D=d strongly limits this effect. In fact, even in the best dielectrics, d1 is not
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much smaller than 1023. Therefore, as a consequence of equation (1.62), super-
resolution can only be present in left-handed slabs with a width of only a fraction
of the wavelength. Thus, in practice, any left-handed super-lens is a near-field
device whose effectiveness should be measured with regard to other near-field
microscopy devices [76]. In order to reduce the limitations caused by losses in the
super-lens performance, multilayer lenses formed by alternating layers of ordinary
and left-handed media have been proposed [77,78]. Such devices provide a larger
distance between the source and the image, but not a larger distance between the
source and the left interface of the lens.

The above analysis can easily be extended to variations in the real part of 1 and m:
1! �10(1þ d1) and m! �m0(1þ dm) [59]. The results are quite similar to those
reported in the previous paragraph. The main difference is that these small variations
of 1 or m may allow for the excitation of slab guided waves (see Section 1.8.2) for
some values of the transverse wavenumber. In such cases, very high values of the
transmission coefficient are obtained for the corresponding spatial Fourier harmonic
[59], which may distort the image. As left-handed metamaterials are highly dispersive
media, this effect may appear for sources emitting radiation pulses of finite duration.

The effect of the finite duration of RF pulses in the focusing of rays in the
Veselago lens was also analyzed in [61]. The main conclusion is that, for the effective
focusing of a ray, the pulse duration should be longer than the time taken by light to
travel between the source and the focus along such a ray.

1.11 INDEFINITE MEDIA

Upto now, we have focused our attention on isotropic left-handed media. However,
most present realizations of such media are in fact highly anisotropic, showing a
left-handed behavior only for very specific polarizations and directions of propa-
gation. These structures (some of them will be described in detail in the following
chapters of this book) are easier to manufacture than isotropic left-handed media,
while keeping many of their interesting properties. Therefore, they are of great prac-
tical interest. Many of them can be described by means of symmetric and simul-
taneously diagonalizable permittivity, 1

¼
, and permeability, m

¼
, tensors with some

negative eigenvalues. These media have been called indefinite media [53], a denomi-
nation that emphasizes that not all the eigenvalues of the constitutive tensors have the
same sign. In this section, wave propagation in indefinite media will be briefly dis-
cussed. This discussion will mainly follow the analysis in [53].

In order to simplify the analysis, we will choose a system of reference such that
both 1

¼
and m

¼
are diagonal:

1
¼ ¼

1x 0 0
0 1y 0
0 0 1z

0

@

1

A; m
¼ ¼

mx 0 0
0 my 0
0 0 mz

0

@

1

A: (1:63)
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Because the dispersion relation for plane waves of generic polarization propagating in
such a medium may be rather complicated, we will focus our attention on
some particular cases of interest. In particular we will consider the very important
case of TE waves polarized along a main axis of 1

¼
and m

¼
. As in the previous sections

we will choose, without loss of generality, E ¼ E ŷ. The dispersion relation for such
waves is [53]

v2 ¼
k2

z

1ymx
þ k2

x

1ymz
(1:64)

(the dispersion relation for TM waves is the dual one). Taking v as a parameter,
equation (1.64) defines the isofrequency curves in the (kz, kx) plane. These curves
may be ellipses or hyperbolae, depending on the signs of 1ymx and 1ymz. It may be
worth mentioning that, because left-handed media are highly dispersive, the consti-
tutive parameters in equations (1.63) and (1.64) are usually frequency dependent.
Therefore, in practical indefinite media, the shape of these curves may change
from hyperbolic to elliptic, and vice versa, depending on frequency.

The direction of propagation of optical rays and energy is defined by the group
velocity vg ¼ rkv(k). From equation (1.64) it is readily found that

vg ¼
1
v

kx

1ymz
, 0,

kz

1ymx

� �

: (1:65)

The angle between group and phase (vp ¼ kv=k2) velocities is defined by

vp � vg ¼
1
k2

k2
x

1ymz
þ

k2
z

1ymx

� �

, (1:66)

which generalizes equation (1.18). The laws for the refraction of optical rays at the
interface of an indefinite media can be deduced from equation (1.64) by imposing
the continuity of the tangential component of the wavevector k at the interface,
and using equation (1.66) to draw the rays in the indefinite media [24] (see
Fig. 1.4 and Problem 1.8). Equation (1.64) is also useful for analyzing the propa-
gation of TE modes in rectangular waveguides filled with indefinite media [79], or
the amplification of TE evanescent modes by slabs made of such media [53].

PROBLEMS

1.1. Quasistatic plasmonic resonance of a sphere. Find the polarization of a
sphere of permeability 1 , 0 in the presence of a uniform quasielectrostatic
field. Assume a plasmonic type of frequency dependence 1 ¼ 10(1� v2

p=v
2),

and find the frequency of oscillation of quasistatic polarization modes.
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1.2. Quasistatic surface plasmons. Show that Laplace’s equation at the interface
between two media, 1 and 2, has bounded propagative solutions along such
interface provided 11 ¼ � 12. These solutions are usually called quasistatic
surface plasmons [3].

1.3. Full-wave surface plasmons–polaritons. Find the dispersion relation for TM
surface waves at the interface between two media with 11 . 0 and 12 , 0.
Show that these solutions converge to the aforementioned surface plasmons
(see Problem 1.2) in the limit k ! 1. For small values of k, these waves
have a different dispersion relation and are sometimes called surface polari-
tons. See [3] for a deeper discussion on surface plasmons–polaritons.

1.4. Energy flow of a plane wave in a left-handed medium. Show that equation
(1.14) ensures that the density of energy (U) and the energy flux (the Poynting
vector S) of a plane wave in a lossless left-handed medium are related through
S ¼ vg U:

1.5. Left-handed concave and convex lenses. Show that a concave (convex) lens
made of a left-handed metamaterial becomes convergent (divergent). These
lenses were analyzed in [6].

1.6. Refraction of nonparaxial rays by a left-handed slab. Study the refraction
of nonparaxial rays coming from a point source by a left-handed slab, and
find the distance from the source at which these rays refocus. Show that this
distance reduces to equation (1.22) for paraxial rays.

1.7. Dispersion relation for p-polarized surface waves. Find the dispersion
relation for p-polarized (or TM, or LSM) surfaces waves at the interface
between a left-handed medium and free space. Show that it is deduced from
equation (1.37) by the duality transformations 1!m, m!1, E!H, H!2E
(see [14]).

1.8. All-angle negative refraction by an indefinite uniaxial dielectric. Study the
refraction of plane waves at the interface between free space and a uniaxial
dielectric with m ¼ m0, 1k , 0 and 1? ¼ 10. Show that all-angle negative
refraction occurs for p-polarized (TM) waves when the optical axis is perpen-
dicular to the interface. Similar systems have been analyzed in [9,24].

1.9. Energy flow in surface waves. Show that in the surface waves (1.37), power
flows in the backward direction inside the left-handed material, and in the
forward direction in free space. Discuss, in terms of the constitutive parameters,
if the whole surface wave is forward or backward.

1.10. Small resonators made with left-handed media. Study the resonant modes
of a one-dimensional cavity made of two consecutive slabs of ordinary and
left-handed media, placed between two parallel metallic plates. Show that
the condition for the resonance of TEM waves does not depend on the distance
between the plates, but on the relative width of the slabs. This and other similar
resonators and waveguides have been proposed in [47].
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1.11. Modes in parallel-plate waveguides partially filled by a left-handed
slab. Find, making use of the transverse transmission matrix technique, the
dispersion relation for TE and TM modes in parallel plate waveguides partially
filled by a left-handed slab. This and other similar waveguides have been ana-
lyzed in [38].

1.12. Phase compensation in single negative slabs. Show that all-angle phase com-
pensation and amplification of evanescent waves also occurs in two consecutive
slabs with 0 , 12 ¼ �11 and 0 . m2 ¼ �m1, provided the widths of both slabs
are identical. Draw a plot of the amplitude of electromagnetic waves inside this
system for the different aforementioned effects. See [52] for a deeper discussion
on the properties of a pair of consecutive single negative slabs.

1.13. Asymmetric perfect lens. Find the transmission coefficient through a left-
handed slab with 1 ¼ �10 and m ¼ �m0 sandwiched between free space
and a semi-infinite medium with 0 , 1 = 10 and 0 , m = m0. This system
is sometimes called an asymmetric perfect lens [67].

1.14. Near-field near-perfect lens made with a medium with 1 ¼210. Find the
transmission coefficient for evanescent quasielectrostatic waves (i.e., solutions
to Laplace’s equation of the kind f(r) ¼ f0 exp(�jk � r)) through a slab with
1 ¼ �10 and m ¼ m0. Show that this slab behaves as a near-field near-perfect
lens for the quasielectrostatic field. A deeper discussion of this proposal can be
found in [26] and in [68–71], among others.

1.15. TE anticutoff waveguide made with an indefinite uniaxial medium. Find
the dispersion relation for the fundamental TE1,0 mode in a rectangular wave-
guide filled with a uniaxial indefinite medium with 1 ¼ 10, mx ¼ my ¼ m0,
mz , 0 (see Fig. 1.9 for the axis definition). Show that this mode has an
anticutoff behavior; that is, it is propagative below certain cutoff
frequency and evanescent above this frequency. This device has been
studied and experimentally demonstrated in [79].

1.16. TM anticutoff waveguide made with an indefinite uniaxial medium. Find
the dispersion relation for the fundamental TM1,1 mode in a rectangular wave-
guide filled with a uniaxial indefinite medium with m ¼ m0, 1x ¼ 10,
1y ¼ 1z , 0 (see Fig. 1.9 for the axis definition). Show that this mode has
an anticutoff behavior; that is, it is propagative below a certain cutoff frequency
and evanescent above this frequency. This device has been studied and exper-
imentally demonstrated in [80].
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