OVERVIEW OF MULTIUSER
DETECTION

Michael L. Honig

... But what is the use of counterpoint when, if played, one imagines that four different

orchestras are playing at the same time four different tunes in four different keys and
measures? A veritable nightmare!

—Music critic Arthur Bird, writing about R. Strauss’s tone

poem Ein Heldenleben, May 1, 1899 [69, p. 186]

1.1 INTRODUCTION

One of the key challenges in designing multiuser communications systems is
mitigating interference. This challenge is apparent for modern wireless networks,
such as mobile cellular, and wireless local and metropolitan area networks, where
achieving high spectral efficiencies requires aggressive frequency reuse.
Interference also limits the performance of many wired channels, such as the digital
subscriber line (DSL). Although each DSL is typically associated with a single
user, capacitive coupling between pairs of DSLs in close physical proximity causes
cross-talk interference, which degrades performance (e.g., see [72]).

Interference encompasses self-interference, due to reflections of the same signal, in
addition to multi-user-interference associated with other signals sharing the same
bandwidth. Self-interference arises from multipath in a wireless channel, a bridge
tap in a Digital Subscriber Line (DSL), and bandwidth constraints, which cause
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intersymbol interference. Throughput this book, interference typically refers to signals
from other users (or more generally, data streams) associated with the same system.
Clearly, techniques for reducing, or mitigating interference lead directly to improved
performance, either in terms of reduced error rate, increased data rate, or number of
users that can be served.

Effective techniques for mitigating interference must depend, of course, on what is
known at the transmitter and receiver. For example, in a multiple-access channel the
receivers for all transmitters are co-located. Hence instead of detecting the transmitted
bits from a particular user in isolation, treating the other signals as background noise,
the receiver can jointly detect all of the transmitted information bits, or symbols. In that
case, the structure of the multiple access interference can be used to aid the detection of
the desired symbol. For example, it may be possible to use estimates of interfering
symbols to cancel, or at least reduce, the level of the interfering signals. In contrast,
if the receivers are not co-located, then interference cancellation, which relies on
accurate interference estimates, may not be practical.

Multiuser detection refers to the scenario in which a single receiver jointly detects
multiple simultaneous transmissions. Examples include the uplink of a single cell in a
cellular system, and a group of twisted-pair copper subscriber lines that terminate at the
same central switching office. More generally, multiuser detection techniques apply to
the joint detection of different signals transmitted over any multi-input/multi-output
(MIMO) channel. In addition to the preceding examples, others include channels in
which multiple transmitted information streams are multiplexed over multiple transmit
antennas. In that scenario, the multiple “users” refer to the multiple information
streams, even though the transmitted signal may originate from a single user.

Closely related to multiuser detection is interference suppression. The key
distinction is that a multiuser detector attempts to retrieve multiple (i.e., at least two)
transmitted signals, or information streams, whereas interference suppression implies
that the receiver is interested in only one signal among the received superposition of
transmitted signals. For example, this is typically the case for the downlink of a cellular
system, in which a mobile wishes to demodulate a single transmitted information
stream in the presence of interfering signals from the associated base station and
from nearby base stations. Of course, in general a receiver may wish to demodulate
a subset of two or more signals from among a larger mix of signals. In that
case, the receiver jointly detects the subset of desired signals while suppressing the
interfering signals. An example of this is the uplink of a cellular system, in which
the receiver is interested in demodulating the transmitted signals from users within
the cell in the presence of interference from other cells.

1.1.1 Applications

Much of the work on multiuser detection and interference suppression over the past
couple of decades has been motivated by the commercial success of Code-Division
Multiple Access (CDMA) in mobile cellular systems. Namely, second-generation
CDMA cellular systems were introduced in the early 1990s, and CDMA is currently
used in third-generation cellular systems. The performance of CDMA is generally
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limited by multi-user interference. In particular, the performance of the uplink, which
refers to the multiple access channel from users to base station, is sensitive to received
power variations across users. The classic example of this is the near—far problem, in
which a user close to the base station causes excessive interference to a user far from
the base station. Commercial CDMA systems generally use closed-loop power control
to minimize received power variations (both across time to mitigate fading and across
users). It was recognized early on, however, that the sensitivity to interference power is
not inherent to CDMA, but rather is a property of the conventional matched filter
detector. That motivated studies of multiuser detection techniques for uplink
CDMA, starting with the work of Verdu [86].!

Prior to the introduction of CDMA for mobile cellular systems, some specific
multiuser detectors had been derived for linear MIMO channels. See, for example,
[80], which discusses the Maximum Likelihood (ML) detector, and [1,45,46,63],
which derive linear and decision feedback detectors.”

In recent years, the primary motivation for multiuser detection has shifted from
CDMA to other applications (in particular, links with multiple antennas). There are
several reasons for this. First, as shown in the initial studies on the achievable rates
for wireless links with multiple antennas [19,77], substantial gains in spectral effi-
ciency and reliability can be achieved by adding antennas to the transmitter and/or
receiver of a single-user wireless channel. That stimulated an enormous amount of
activity on coding and reception techniques for MIMO channels, so that nearly all
evolving wireless systems and standards include provisions for multiple transmit
antennas. In those scenarios, multiuser detection techniques are useful for mitigating
interference among the different transmit antennas [6].

The second reason for the shift away from CDMA applications is that current
designs for next-generation cellular and wide-area wireless networks are based
primarily on Orthogonal Frequency Division Multiplexing (OFDM) and Orthogonal
Frequency Division Multiple Access (OFDMA). That is due in part to the more
substantial role played by data services, as opposed to voice, in evolving wireless net-
works. Namely, current CDMA cellular systems rely on “interference averaging” and
power control to achieve robustness with respect to variations in the active user set and
associated channels. That requires a relatively large number of low-rate (e.g., voice)
users. In contrast, data traffic associated with internet services is bursty, and depends
on the rates provided. Higher rates enable shorter bursts, but typically generate more
interference due to higher transmit power. Hence without further coordination
among users, the interference seen at a base station or mobile is likely to vary substan-
tially as high-rate users enter and leave, degrading performance.’

! Although [86] stimulated much of the subsequent work on multiuser detection, the structure of the optimal
detector for CDMA had been previously derived in [67].

2 Although that work predates the development of mobile cellular and DSL, similar types of “multi-terminal”
applications are mentioned, including multi-cable and diversity channels. The MIMO models in [1,45] were
originally motivated by dual polarization radio transmission with crosstalk.

*In principle, fluctuations in interference in a CDMA system can be mitigated through the application of
multiuser detection, although the challenges subsequently discussed still apply.
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To mitigate interference associated with bursty users and high data rates, trans-
missions can be scheduled over different time slots (scheduling intervals). Because
data is delay-tolerant, that also allows the scheduler to select users with favorable
channel conditions, thereby exploiting multiuser diversity [3,5,49]. Hence current
(third-generation) cellular data systems typically rely on scheduling, as opposed to
spreading (as in CDMA), to reduce interference. Emerging systems based on
OFDMA provide further flexibility in allocating both time and frequency resources
among requests to mitigate interference and exploit multiuser diversity. Interference
mitigation techniques are potentially useful for OFDMA, although the interference
originates from other cells (or sectors), so that associated channel conditions may
be more difficult to estimate.

1.1.2 Mobile Cellular Challenges

Cellular systems pose several challenges that prevent a straightforward application of
most multiuser detection techniques. This is especially true for uplink asynchronous
CDMA with full spreading, or frequency reuse. The main difficulty is that for interfer-
ence averaging, it is desirable to extend spreading sequences over many symbols, so
that interference from a particular user is averaged over many (randomly chosen)
signatures. In that way, the performance is not limited by the possibility of choosing
a particular set of signatures with undesirable correlation properties. These “long”
signatures, however, greatly complicate the implementation of a multiuser detector,
which exploits properties of the particular set of assigned signatures for each
symbol. That is, the structure of the multiuser detector must change from symbol to
symbol, which may require excessive computation. Long signatures also prevent the
application of standard adaptive filtering methods (used to equalize single-user
channels), which require linear modulation with short signatures (i.e., the signature
for a particular user is repeated from symbol to symbol).*

Another challenge for multiuser detection posed by mobile cellular systems is
fading. The multiuser detector must track or adapt to channel variations in time and
frequency caused by mobility. That includes channel variations associated with the
interferers as well as the desired user. This may be feasible when the channel variations
are slowly varying (e.g., over a few hundred symbols), or when the number of interfer-
ers is relatively small, so that the number of channel parameters to track is manageable.
However, in a CDMA cellular system there may be a large number of mobile users,
several of which experience rapid fading. The inability to track all of these channel
variations can significantly compromise performance. Furthermore, the complexity
of the multiuser detector generally increases with the system size (number of users and
processing gain). For this reason, application of multiuser detection to uplink CDMA
has been mostly limited to relatively simple interference cancellation techniques.

At a basic level, one might argue that interference averaging as a design objective for cellular systems runs
contrary to a design based on multiuser detection. Namely, interference averaging is associated with a large
number of weak interferers, whereas multiuser detection becomes most attractive when there are a small
number of strong interferers.
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One way to address the preceding challenges is to redesign the CDMA system
with multiuser detection in mind. In addition to using short signatures, that generally
means reducing the number of users, or transmitted information streams, which are
jointly detected at the base station, and also slowing down the channel variations
(fade rate). Reducing the number of users for joint detection can be accomplished
by sub-dividing the channel resources in time or frequency. For example, the
Time-Division Duplex (TDD) version of UMTS?® is based on a combination of
Time-Division Multiple Access (TDMA) and CDMA [30]. The uplink channel is
divided into 10 msec frames with 15 time slots, and multiple users can be assigned
to a particular time slot through the use of direct-sequence spread spectrum signaling
(i.e., direct-sequence CDMA). For example, if the original CDMA system supports 75
users in a cell, then introducing 15 time slots means that the users can be divided into
15 groups, each containing five users, which are assigned to the different time slots.
That reduces the required spreading (processing gain) by approximately a factor of
15, and eases the burden on a multiuser detector. Furthermore, the introduction of
time slots increases the symbol rate, and hence decreases the fade rate (rate of channel
variations normalized by the symbol rate). That simplifies the associated channel
estimation.

As previously discussed, the desire to integrate voice services with different data
services having variable Quality of Service (e.g., delay) requirements has motivated
the trend towards OFDM and OFDMA. The channel is then divided into both time
and frequency slots, and each slot is designated for a single user. Hence in general
the transmitted signals are not spread. That obviates the need for multiuser detection
on the uplink, although interference from other cells still limits performance. Hence
interference suppression techniques may still be beneficial. Nevertheless, multiuser
detection and interference suppression for OFDM systems are primarily focused on
mitigating interference among multiple antennas, which creates MIMO channels
across the sub-carriers.

1.1.3 Chapter Outline

In the next section we discuss the linear (matrix) channel model, which is the basis
for the multiuser detection methods discussed in this book. We then give a brief
overview of a few different multiuser detectors along with performance comparisons
for a simple version of this channel model in which the mixing matrix has indepen-
dent, identically distributed (i.i.d.) elements. This discussion is meant to provide
some background and motivation for the topics discussed in subsequent chapters.
We also discuss and compare some additional multiuser detection techniques. A com-
prehensive treatment of some of the detectors presented here (e.g., optimal and linear)
is given in the book by Verdu [87].

>Universal Mobile Telecommunications System is an air interface standard for third generation cellular
systems. The standard was approved in 1998, and consists of two modes corresponding to Frequency-
Division Duplex (FDD) and TDD operation [30,57].
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1.2 MATRIX CHANNEL MODEL

In its simplest and most general form the matrix channel model is given by:
y(@) = M(Hb() + n() (1.1)

where y is an N x 1 vector of received samples, b is a K x 1 vector of transmitted
symbols, M is an N x K mixing matrix, and n is an N x 1 vector of additive noise
samples. Also, i is the discrete time index. Hence this discrete-time model includes
the combination of any filtering (analog or digital) at the transmitters and receivers.
Assuming quadrature modulation, all of the variables in (1.1) are complex valued.

For synchronous CDMA the kth entry of b(i), denoted b(i), is the ith symbol
transmitted by user k, and the kth column of M is the signature for user k. In that
case the elements of M are typically chosen from a discrete set, e.g., +1 for real
codes, or +14j for complex signatures. In practice, the signature elements
are often chosen randomly, although it is also desirable if the signatures (columns
of M) are orthogonal. To represent different powers across the users, we can write
M = SA, where S is the signature matrix, and A is a diagonal matrix of amplitudes.

For asynchronous CDMA, the model (1.1) still applies, but with different inter-
pretations for b(i) and M. Namely, assuming each signature spans a single symbol
interval, we can write:

y(i) = M;b(i — 1) + Myb(i) + M3b(i + 1) + n = Mb(i) + n (1.2)

where the kth columns of M;, M,, and M3 are the corresponding segments of
signatures (padded with zeros) associated with by(i — 1), bi(i), and bi(i + 1),
respectively, b(i) contains b(i —1), b(i), and b(i +1) stacked on top of each other,
and M is the corresponding block-diagonal matrix.

For a single-user link with K transmit antennas and N receive antennas, if b(i)
contains K symbols (i.e., is K x 1), then b, in (1.1) is transmitted by the kth antenna,
and the (n, k)th entry of M is the complex channel gain from the kth transmit antenna to
the nth receive antenna. More generally, the number of transmitted symbols K’
[dimension of b(i)] may be less than the number of transmit antennas K, in which
case an additional K x K’ precoding matrix V is needed to map the symbols to anten-
nas. That is, M = HV, where H is the N x K channel matrix. The channel gains are
often modeled as i.i.d. random variables (typically complex Gaussian corresponding
to flat Rayleigh fading). Other statistical models for the matrix M, corresponding to
correlated fading across antennas, are discussed in Chapter 6.

The interference channel can also be modeled by (1.1), where y corresponds to the
signal at a particular receiver, which estimates a subset of b. The remaining symbols
are presumably transmitted to other receivers at different locations, and are treated as
interference. That applies, for example, to the uplink where the estimated symbols are
transmitted by users within the cell and the interfering symbols are transmitted by
users in other cells.
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The model (1.1) also applies to a single-input/single-output channel with inter-

symbol interference (ISI). Namely, suppose a single transmitter transmits the sequence
of symbols {b(i)} through a linear, dispersive channel with impulse response:

h(—m), h(—m + 1), .., h0), h(1), ..., h(m),

where the length of the impulse response is assumed to be 2m + 1, so that the output:

i) =Y h(k)b(i — k) (1.3)

k=—m

We can represent this in the form (1.1) by defining the vector of N = 2n + 1 received
samples, corresponding to time i, as:

y(i) = [y(i+n),...,y(i),...,y(i—n)]T. (1.4)

where [-]” denotes transpose, and the vector of K = 2(n + m) + 1 transmitted symbols
asb@)=[bli4+n+m),bi+n+m—1),...,b(i —n— m)]T. The channel matrix
M is then the N x K Toeplitz matrix:

h(-m) ... h(m) 0 . 0
0 h(—-m) ... h(m) ... 0
M= ) ] . (1.5)
0 ... 0. h(—m) .. .' h(m)

In practice, the receiver would presumably use y(i) to detect the subset of symbols
b(i+n—m),...,b(i —n -+ m), which forms the reduced symbol vector b(i).
That is, the receiver estimates only the subset of transmitted symbols, which
correspond to columns of M containing the entire impulse response. (That maximizes
the received energy associated with each detected symbol.) Assuming that
symbols are transmitted continuously, the trailing 2m symbols of b, namely,
bi—n+m—1),...,b(i —n — m), therefore experience intersymbol interference
from the preceding vector b(i — 1), and the leading 2m symbols b(i + n + m), . . .,
b(i + n — m + 1) interfere with b(i 4 1).

To model an OFDM system, the channel matrix M is first converted to a circulant
matrix by setting the first m symbols of b equal to the trailing m symbols of b(i),
and the trailing m symbols of b equal to the first m symbols of b(i) [i.e., b(i + n +
m)y=b(i—n+2m—1),....,b(i+n+1)=bli—n+m) and bi—n—1)=
bi+n—m),...,b(i —n—m)=>b{i+n—2m+ 1)]. If we rewrite (1.1) in terms
of b(j), i.e.:

y(i) = Mb(i) + n(i), (1.6)



8 OVERVIEW OF MULTIUSER DETECTION

then M is circulant, i.e., its rows are cyclic shifts of the first row®
hQ),...,h(m),0,...,0, h(—m), ..., h(—1).

The matrix M can be diagonalized by pre-multiplying b by the inverse DFT matrix W,
and post-multiplying y(i) by the DFT matrix W . Hence the conclusion is that (1.1)
models a single-user OFDM channel, where the mixing matrix M can be assumed
to be diagonal. The diagonal entries are the complex channel gains across
sub-channels.

Other interpretations of the model (1.1) that pertain to uplink and downlink CDMA
with dispersive channels are discussed in Chapter 4. In those scenarios, the mixing
matrix M is the product of a Toeplitz, circulant, or diagonal channel matrix, depending
on the implementation, and a signature matrix. It becomes apparent that other network
configurations with multiple users, multiple antennas, dispersive channels, and with or
without spreading can be modeled by (1.1), where M and b(i) take on the appropriate
forms. For purposes of the following overview, we will focus on the preceding
interpretations of the model (1.1), which apply to synchronous CDMA, multi-antenna
links (MIMO channels), and dispersive Single-Input/Single-Output (SISO) channels.

1.3 OPTIMAL MULTIUSER DETECTION

We now provide a brief overview of multiuser detection techniques that have been
proposed for the matrix model (1.1), starting in this section with optimal detectors.
The intent is to provide some background and points of reference for the advances
and performance results presented in subsequent chapters. We also discuss some
additional related techniques.

1.3.1 Maximum Likelihood (ML)
Referring to (1.1), the ML detector chooses the vector of estimated symbols as:

b= arg mlflx Pr(y received | b transmitted) (1.7)

where the dependence on i has been dropped for convenience. If the additive noise n is
Gaussian, then this is equivalent to selecting:

b = arg min ||y — Mb| (1.8)

where the norm is the regular Euclidean norm and the elements of b are constrained to
be constellation points.

S Alternatively, the transmitted packet can be rearranged so that the first 2m symbols are the same as the
trailing 2m symbols. The first 2m symbols are then the “cyclic prefix” [24, Ch. 12].
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The introduction of the ML detector for CDMA in [86] essentially launched the
field of multiuser detection. The main reason for this is that it was shown that the per-
formance of the ML detector is insensitive to power variations among the users, unlike
the matched filter detector. Hence this suggested that improving the CDMA receiver
could relax the requirements on closed-loop power control, which was one of the most
complex aspects of CDMA system design.

Although the ML detector can nearly eliminate the degradation in performance due
to multiuser interference for low to moderate loads K/N (users per degree of freedom),
it has two main drawbacks: complexity and required side information. Because b takes
on discrete values, computing the estimate b is an optimization over a discrete set,
which is known to be computationally difficult. Specifically, the computation associ-
ated with known algorithms for determining the minimum in (1.1), assuming that b
and y can be chosen arbitrarily, grows exponentially with K (the size of the vector
b), corresponding to the exponential growth in the size of the set over which the mini-
mization is taken. This is not a major issue if the dimension of b is small (say, K<<10
with binary signaling), so that ML detection may be appropriate for single multi-
antenna links, or for a TDMA system in which there are relatively few co-channel
users per time slot. However, the ML search complexity clearly becomes impractical
for a CDMA system with much more than ten users per sector.

The second issue with the ML detector is that (1.1) implicitly assumes that M is
known. Again, this is probably not a major issue for multi-antenna links, which experi-
ence slow fading, so that the channel can be accurately estimated. Even so, for some
wireless applications, ML multiuser detection may not be as attractive as other simpler
decision feedback techniques, to be discussed. The reason is that when combined with
error control coding, the combined ML detector for the error control code concatenated
with the channel becomes prohibitively complex. In that case, it is desirable to produce
soft estimates of the transmitted symbols, i.e., with reliability information. This is
further discussed later in this chapter and in Chapter 2.

1.3.2 Optimal (Maximum a Posteriori) Detection

The Maximum a Posteriori (MAP) detector selects:

b= arg mlflx Pr(b transmitted | y received), (1.9

which minimizes the probability of error. This is the same as the ML estimate if the
symbols are equally likely. However, when combined with error control coding and
iterative soft decoding, the decoder can pass reliability information to the multiuser
detector in the form of the a priori distribution, or likelihood ratio for each transmitted
symbol. Hence, in that scenario the MAP estimate generally differs from the ML esti-
mate. Furthermore, the MAP detector itself computes soft estimates of each symbol
(e.g., likelihood ratios), although the final (hard) estimates are obtained from the
soft estimates by thresholding.
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If the receiver detects a subset of the vector b, then the MAP estimate maximizes
the corresponding marginal distribution [e.g., Pr(b; |y) for a particular user k]. In
general, this differs from the estimate in (1.9) and requires less computation.

For asynchronous CDMA, the multiuser MAP detector can be implemented using
the standard forward-backward algorithm (e.g., see [87, Sec. 4.2]). The MAP detector
suffers from the same drawbacks as the ML detector, namely, the complexity grows
exponentially with the size of b, and it requires knowledge of M. However, in
some applications where the system size is relatively small, the complexity may
be manageable.

1.3.3 Sphere Decoder

Because of the high complexity of the optimal detector, it is generally desirable to
incur some performance loss in order to simplify the receiver. That trade off motivates
the linear and decision feedback detectors to be discussed. Other reduced-complexity
detectors have been proposed that essentially approximate the optimal detector (e.g.,
see [51,70,75]), or rely on specific properties of the signatures (e.g., [64,66]).

Although the worst-case complexity of the ML search increases exponentially with
K(e.g., see [87, Ch. 4]),” the average complexity, taking into account the model (1.1),
may be much less. An example of a search algorithm with relatively low average com-
plexity, assuming the Gaussian noise model, is the sphere decoder, discussed in
[10,33].

To describe the sphere decoder, we first observe that if each component of b is
selected from a rectangular (e.g., QAM) constellation, then each b corresponds to a
point in a rectangular lattice. The ML estimate in (1.8) can then be computed by
performing an exhaustive search over that lattice. To reduce the search complexity,
the sphere decoder restricts b to lie in a hypersphere of radius r centered at y. If the
hypersphere contains at least one lattice point, then this restricted search still gives
the ML estimate.

Given r, an algorithm for finding all points in a lattice within the hypersphere
defined by:

(b —b)MM® - b) < 2, (1.10)

where b is the center of the sphere, was presented in [16]. Application of this sphere
decoding algorithm to decoding a lattice code was presented in [11], and was sub-
sequently proposed for MIMO channels in [10,33,90]. (See also [76], which considers
a somewhat more general search constraint.) For convenience, we assume that all
variables are real-valued (hence Hermitian transpose t will be replaced by transpose
T). The extension to rectangular QAM constellations is obtained by stacking the
real and imaginary components of each complex vector (see [10]). The extension to
circular (PSK) constellations is discussed in [33].

T«“Worst-case” refers to the scenario in which y and b can be chosen to maximize the search time, given a
particular search algorithm.
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We first note that if b is not constrained to take on discrete values (i.e., lie in a
lattice), then the ML solution in (1.8) is given by b= (MTM)flMTy. It is then easy
to show that minimizing (b — B)TMTM(b - f)) over the discrete set of b’s is equiv-
alent to minimizing ||y — Mb)||*. The sphere decoder first performs the Cholesky fac-
torization M"M = U”U, where U is upper triangular. Substituting for M"M in (1.10)
then gives the equivalent condition:

K K 2
S o b+ Y —by| < (1.11)
=1 kg1 i
This inequality is then used to generate upper and lower bounds for each component
by, starting with b and repeating for bx_ 1, bx—», and so forth. The lattice points within
the sphere can then be enumerated by searching through all combinations of com-
ponent values that lie within the bounding intervals.

More specifically, because all terms in (1.11) are positive, we can discard the first
K—1 terms in the sum to write:

Uk (b — bg)* < 12, (1.12)
which implies:
~ r AN r
Q(bl(_—) <bhg< Q(bl(+—), (1.13)
- UKK UKK

where Q(-) and Q(-) denote, respectively, the largest and smallest constellation
values closest to the argument. Once a candidate value for by is selected, this is
used in a similar way to compute upper and lower bounds on bx_ . Namely, discard-
ing the first K—2 terms in the sum in (1.10) gives bounds on bg_; in terms of the can-
didate value bg. A candidate value for bx_; is then selected, which is used with the
candidate value bg to compute bounds for bx_,. A candidate value for bg_, is then
selected, and the algorithm continues in this way to select candidate values for
bx—3, bx—4, and so forth.

If the bounding intervals computed for each b, k=K, K — 1, ..., 1, contain at
least one constellation value, then the preceding procedure finds a candidate value
for b, i.e., the corresponding b satisifies (1.10). However, it can also happen that
for some k', the bounding interval does not contain a constellation point, which
implies that any b with the corresponding candidate values by, 1, . . . , bx must lie out-
side the sphere defined by (1.10). In that case, the algorithm must backtrack to find
alternative candidate values that lead to a candidate ;. That is, the algorithm chooses
another candidate value b, , if available, and continues as before. If such a b is
not available, or still leads to an empty bounding interval for b;, then the algorithm
backtracks to index k' + 2. All candidate points b are then obtained by searching
through all possible candidate values at each index k, either including the resulting
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b if the procedure continues to k = 1, or terminating the procedure and backtracking
when the bounding interval is empty.®

To reduce the search time for the ML estimate, each time a candidate point b is
found, the radius r can be reduced to the corresponding value. That way, the preceding
procedure terminates (i.e., continues to kK = 1) only if a better estimate is found. The
complexity of the algorithm is determined by the initial choice of r. As r increases,
so does the number of candidate values, and hence the search time. As r decreases,
the probability that the sphere does not contain any lattice points increases. In that
case, the search would likely start over with a larger value of r. For the model (1.1)
in which the noise is Gaussian, r can be chosen to ensure that this probability is
sufficiently small (e.g., see [33,90]).

The expected complexity of the sphere decoder has been shown in [31] to be
roughly cubic in the number of data streams K for constellations of interest.’ This is
a big improvement over the worst-case exponential complexity. This cubic complexity
order is comparable to that of the decision feedback detectors to be discussed. Still,
decision feedback generally has somewhat lower complexity overall, since it can make
intermediate decisions for a subset of symbols (e.g., by, 1, - . ., bx) before estimating
by, thereby avoiding a search through all possible candidates.

The sphere decoder can be extended to MAP as well as ML detection with similar
benefits. This extension and the application to iterative detection are discussed in
[33,90]. Other related applications are discussed in [89].

1.4 LINEAR DETECTORS

Linear detectors are generally much less complex than the optimal detector, making
them practical for most applications. A linear multiuser detector takes a linear combi-
nation of channel outputs to obtain an estimate of b(i). It is therefore represented by
the N x K matrix C which forms the (soft) estimate:

b(i) = Cl()y(i) (1.14)

As indicated, C may depend on the time index i, e.g., when estimated in an adaptive
mode. In principle, C can be selected to minimize the probability of error; however, it
is more convenient to select C to minimize the Mean Squared Error (MSE):

§=EHM»—mmﬂ, (1.15)

8This algorithm has been described in terms of a tree in which the nodes at level k correspond to the candi-
date values of b, [10]. The sphere decoder finds all leaves in the tree by tracing paths from different starting
points.

9Strictly speaking, the expected complexity still grows exponentially with K when K becomes large [40].
This is because the radius » must grow with K to maintain a target detection probability. However, the com-
plexity is more accurately described as being polynomial with K when K is sufficiently small, or the SNR is
sufficiently large.
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in which case the solution is:

C=MMM + ¢’Ix)"! (1.16)

where the noise samples in (1.1) are assumed to be uncorrelated with variance o2, and
Ik is the K x K identity matrix.

It is apparent that a linear detector can detect any subset of the elements of b
without having to estimate the remaining symbols. In other words, we have:

be(i) = e (i)y(i) (1.17)

where ¢, is the kth column of C. The linear multiuser detector is therefore a bank of
uncoupled single-user (or SISO) filters, each of which suppresses interference. This
makes the linear multiuser detector suitable for interference suppression applications,
such as downlink cellular, where the objective is to detect a single transmitted data
stream in the presence of multiuser interference.

Selecting ¢; to minimize the MSE &, = E[|b; — c,ty|2] gives:

¢ =R 'my (1.18)

where R = E[yy '] = MM + o? Iy is the received signal covariance matrix and my is
the kth column of M. Hence we can write C = R~ 'M, which is an alternate expression

to that given in (1.16). The signal power is E[|c,tmk|2] and the noise plus interference

power is obtained by subtracting this from the total power E [\c,ty|2]. Evaluating these
for the optimal ¢, gives the Signal-to-Interference Plus Noise Ratio (SINR):

p, = miR; 'my (1.19)

where Ry = R — mkm,T( is the interference-plus-noise covariance matrix for user k.

1.4.1 Comparison with Optimal Detection

For a particular mixing matrix M the SINR can be computed from (1.19). To gain
additional insight, we can consider a random model for M, and evaluate the perform-
ance averaged over M. This approach is discussed in Chapter 4, where performance
results are presented for MMSE filters with random inputs and different assumptions
concerning the form of M. Here we assume that M contains i.i.d. elements, which
applies to CDMA with randomly assigned signatures and equal received powers,
and to a MIMO channel with random channel gains. The results in this section are
taken primarily from [88].

Figure 1.1 shows plots of sum spectral efficiency versus load 8 = K/N (users per
dimension), and versus energy per bit over noise density (E,/Ny). In Figure 1.1a,
E,/No =5 dB and in Figure 1.1b the load 8= 0.5. The sum spectral efficiency is
the Shannon capacity summed over all users, and normalized by the degrees of
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Figure 1.1. Spectral Efficiency vs. Load E, /N for the matched filter, linear MMSE, and optimal
(ML) receivers with a random matrix model (1.1) (i.e., M has i.i.d. elements). The results are
asymptotic as K and N tend to infinity with fixed load 8 = K/N. Also shown is the spectral effi-
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freedom N. With the optimal (ML) receiver the sum spectral efficiency is:
1
C= Nlog det(Iy + o >MM). (1.20)

in bits per channel use per degree of freedom. The Signal-to-Noise Ratio (SNR) is
1/0?, so that E, /Ny = 1/(Ca?).

With the optimal linear receiver, treating the residual interference plus noise as
Gaussian, the spectral efficiency is:

1 K
Cin = ;> _log (1 + py) (1.21)
k=1

where p; is the SINR defined in (1.19). Also shown in the figure is the spectral
efficiency for the matched filter ¢, = my.

The curves shown in Figure 1.1 correspond to the large system limit in which K and
N tend to infinity with fixed K/N. Explicit expressions for C and Cy;, in this limit are
given in Chapter 4,' and it is shown there that this limit accurately predicts the per-
formance of small finite-size systems averaged over M. These results show that the
spectral efficiency achieved by the optimal linear receiver is close to the maximum
(achieved with the ML detector) at relatively small loads; however, there is a signifi-
cant performance gap at large loads (e.g., 8 >1/2), which increases with SNR. This is
because as the load increases, the linear receiver has fewer degrees of freedom with
which to suppress the interference, and becomes more closely aligned with the
matched filter.

1.4.2 Properties of Linear Multiuser Detection

Linear detection is discussed in more detail in subsequent chapters. Here we state some
of the important properties and limitations of linear multiuser detection.

1. It can be implemented as an adaptive digital filter, which requires little side
information. Specifically, either a training sequence is needed at the start of
each transmission, or the receiver must know the desired user’s signature, chan-
nel, and associated timing. Amplitudes, phases, and signatures of interferers are
not required for adaptation.

2. As the noise variance o> — 0, the MMSE detector completely suppresses a
limited number of interferers. Specifically, an N x 1 MMSE filter can comple-
tely suppress N— 1 synchronous interfering streams. If the streams are asynchro-
nous, then a digital filter spanning a single symbol interval can suppress N/2
interferers. By increasing the observation window, the filter can suppress up
to N — 1 interferers [47]; however, adaptation becomes more difficult.

"Both C and Cyin converge to deterministic limits.



16 OVERVIEW OF MULTIUSER DETECTION

3. The MMSE solution coherently combines all multipath within the window
spanned by the filter. This is evident from (1.16), which shows that the
MMSE filter is the concatenation of the matched filter matrix M with an
interference suppression matrix. (The matched filter M combines the multipath.)

4. The performance of the MMSE detector degrades gracefully with the number of
(equal power) interferers, although for K/N close to one, the performance of the
MMSE solution approaches that of the matched filter.

These properties make linear MMSE estimation attractive for interference suppres-
sion applications where little or no information is available about the interferers. Still,
mobile cellular applications present major challenges for implementation, as discussed
in Section 1.1 Namely, current CDMA systems typically use long signatures, which
span a large number of symbols. Although this precludes the use of adaptive filtering
for interference suppression, an adaptive filter can still be used for equalization. This is
important for downlink CDMA, where transmission of orthogonal signatures at the
base station does not generally produce an orthogonal set at each mobile receiver.
That is, a frequency-selective channel introduces inter-chip interference, which
alters the received signature from what was transmitted. Hence, equalizing the channel
at the mobile can restore orthogonality, thereby eliminating intra-cell interference [20].

A second challenge to adaptive interference suppression is filter estimation in the
presence of time variations due to fading.'' Various noncoherent techniques have
been proposed to enhance performance in the presence of fading, including differen-
tial detection [36,39,52,82], generalized likelihood ratios [62,85,91,92], and subspace,
or reduced-rank techniques, to be discussed in the next section and in Chapter 3. Those
techniques help to make performance more robust with respect to the desired user’s
channel variations. However, fast time- and frequency-selective fading can substan-
tially degrade the performance of adaptive interference suppression. This is primarily
due to the fact that frequency-selective fading changes the interference subspace,
making it difficult to track.'?

The preceding discussion implies that the linear multiuser detector is most
appropriate with a relatively small number of users in slow fading. In that case, it is
insensitive to power variations across interferers. However, to accommodate more
users and provide higher spectral efficiencies, it is necessary to use nonlinear
techniques such as ML and decision-feedback, to be discussed.

1.5 REDUCED-RANK ESTIMATION

Estimation of a linear MMSE interference suppression filter generally requires a
training sequence, which increases linearly with the filter length. This may present

""Bursty interference is also a challenge with asynchronous transmissions, e.g., see [34].

"2This becomes important as the number of interferers increases. Namely, with a small number of interferers,
the filter may be able to suppress individual multipath components from all interferers. However, that is no
longer possible once the total number of multipath components summed over all users becomes comparable
with the filter length.
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a problem with long filters (e.g., associated with a large processing gain) due to the
associated overhead, or due to channel variations, which may occur within the training
period. In those scenarios, to reduce training it may be desirable to approximate the
linear MMSE detector with another detector, which is suboptimal, but which can
be rapidly estimated. An extreme example of this is the matched filter (¢, = my),
which may require little or no training, but is not robust with respect to power
variations among interferers.

A reduced-rank estimate of the linear MMSE filter selects ¢, to minimize the MSE
& subject to the constraint that ¢, lies within a pre-defined subspace. Here we assume
that the subspace is spanned by the columns of the N x D matrix S, where the sub-
space dimension D << N. We can therefore write ¢, = SV, where v, is the D x 1
vector of combining coefficients. Selecting v, to minimize the MSE &, given S;, gives:

Vi = (SJRSY) ! (S[my) (1.22)
and the associated SINR for the rank-D filter is:

pep = MSHSIR(S) ™' Semy. (1.23)

The advantage of reduced-rank estimation is that given S;, the number of parameters
to estimate is reduced from N to D. The amount of training overhead needed for filter
estimation is therefore reduced in proportion. This also reduces the complexity associ-
ated with filter estimation. Of course, this generally comes at the cost of an increase
in MSE.

Assuming that S; has rank D (i.e., is full column rank), as D increases, the MSE
decreases, and when D = N the MSE becomes the MMSE. That is because ¢, is no
longer constrained to lie in a lower dimensional subspace.

Of course, the performance (MSE) depends on the choice of S;. A few different
methods for constructing S, have been proposed in the literature, and offer different
tradeoffs between performance and complexity. Some of these methods are described
next. Here we discuss MMSE versions of the reduced-rank filters in which the sub-
space Sy is given, and the reduced-rank filter v; is optimized. Adaptive versions of
these filters can also be developed in which the subspace is estimated along with v;
(i.e., from the sample covariance matrix).

1.5.1 Subspaces from the Matched Filter

Some of the initial reduced-rank schemes for CDMA interference suppression were
based on simple manipulations of the desired user’s signature my. Namely, the col-
umns of S; can be taken to be cyclic shifts of the matched filter [53]. Another possi-
bility, proposed in [68] is to let the columns of S; be nonoverlapping segments of my,
padded with zeros. That corresponds to taking linear combinations of the outputs of
“partial” matched filters, which are matched to different segments of the matched
filter (so-called “partial despreading”).

The main advantage of these schemes is that Sy is easily computed, and a modest
performance improvement over the matched filter can be obtained with relatively small
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values of D. Furthermore, D can be varied between D = 1, corresponding to the
matched filter, and D = N, corresponding to the MMSE filter. For partial despreading
the corresponding MSE in dB varies almost linearly with D.

1.5.2 Eigen-Space Methods

Some of the initial work on reduced-rank filtering was motivated by the array (spatial)
processing application [44]. The vector ¢, in that scenario again consists of weights
across antenna elements, as for the MIMO (multi-antenna) interpretation of the
model (1.1), although the weights are generally adjusted to steer the spatial array in
a given “look” direction (as opposed to being optimized for data detection).
In those schemes, the columns of S; (or some subset) are taken to be eigen-vectors
of the covariance matrix R, or the interference-plus-noise covariance matrix Ry =

R - mkm,t. In some situations (specifically, when the dimension of the signal space
K is small relative to the number of dimensions V), these methods can achieve
MMSE performance with a small rank D. Some different eigen-space methods are
briefly described below.

1.5.2.1 Principal Components (PC) [65] In this scheme, the columns of S are
the D eigen-vectors of R corresponding to the largest D eigen-values. In other words,
the filter ¢, is constrained to lie in the D-dimensional subspace, which contains the
maximum signal energy. The main motivation for this approach is that the MMSE
filter ¢, must lie in the K-dimensional subspace spanned by the columns of M.
Hence the PC reduced-rank filter is the MMSE filter when D > K. This can be advan-
tageous when K is small relative to N, since a low-rank filter gives optimal
performance.

For larger values of K, a low-rank PC filter can perform quite poorly (worse than the
matched filter). This is especially true when the interfering signals are strong relative to
the desired signal. In that case, the filter ¢, is constrained to lie in a subspace that is
primarily aligned with the interfering signatures, as opposed to the desired signature.
That reduces the signal component at the filter output.

1.5.2.2 Generalized Side-lobe Canceller (GSC) [81] A block diagram of
the GSC is shown in Figure 1.2. The received vector y is passed through a matched

y(i) w, d,()

- B y1(d) - W,

Figure 1.2. Block diagram of the Generalized Sidelobe Canceller (GSC).
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filter w; = my, and also a blocking matrix B, which blocks the desired signature, i.e.,
Bw, = 0. For example, we can take B=1—w 1w{. The filter output is then

by = (W) + Bw,)'y. In the full-rank version of the GSC the filter w, is selected to
minimize the MSE E[|d, — w£y1|2], where y; = By is the output of the blocking

matrix. (Equivalently, we can choose w, to minimize the output variance E[]| Bk|2].)
With this choice, the GSC is equivalent to a scaled MMSE filter. To obtain the
MMSE filter, we simply multiply the output of the GSC by an appropriate constant.
(Note that this scaling does not change the output SINR, but does affect the MSE.)

In the reduced-rank version of the GSC, w, is constrained to lie in a lower-dimen-
sional subspace. Specifically, we can constrain w; to lie in an inferference subspace,
spanned by eigen-vectors of the input covariance matrix R; = Ely,y|]l = BRB'.
To suppress the most interference, and thereby maximize the SINR, we choose the
subspace associated with the largest eigen-values of R,.

The filter subspace for the rank-D GSC is therefore spanned by the desired signa-
ture s; along with D — 1 eigen-vectors of R;. (Those are the columns of the projec-
tion matrix S;.) Note that this subspace is equivalent to that spanned by my and
eigen-vectors of the interference-plus-noise covariance matrix Ry =R — mkm,i.
Consequently, the reduced-rank GSC can perform no worse than the matched filter,
and is optimal in the MMSE sense when D exceeds the dimension of the interference
subspace. Substantial performance gains, relative to the matched filter, can be
achieved with small values of D.

1.5.2.3 Cross-Spectral Method [25] In this method, the columns of S;, are the
eigen-vectors of R, which minimize the MSE objective:

& =1—sR's =1 XD: sivil (1.24)
k — k k — - A .
where vy, ..., vyand Ay, ..., Ayare the eigen-vectors and corresponding eigen-values

of R, and the eigen-values are sorted in decreasing order. Hence, to minimize the MSE
we choose the D eigen-vectors associated with the largest values of |s,tv,~|2 /A;. This
metric clearly takes into account how closely v; is aligned with the desired signature
Sk It is also interesting that this metric decreases with A;. Hence, unlike PC, a larger
value of A; decreases the likelihood that the corresponding eigen-vector will be
chosen. Although this method clearly must perform better than PC (with respect to
MSE), it generally performs worse than the GSC for small D.

1.5.2.4 Comparison All of the preceding methods achieve the MMSE if the filter
rank D exceeds the dimension of the signal subspace K. This can be beneficial when K
< N. Although for given D, principal components performs worse than the other
eigen-space methods, the projection matrix S; does not depend on the signature my.
This saves computation when computing multiple reduced-rank filters (e.g., for
the multiple-access channel). Also, the performance of the other methods can be
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substantially degraded when my; is not precisely known (e.g., due to channel
impairments).

Computing S, for eigen-space methods is generally more complex than for the
other reduced-rank methods described here. This may be especially challenging in
a scenario where the mixing matrix M is time-varying due to fading and changing
interference. Eigen-space methods will be discussed further in Chapter 3 with more
elaborate channel models that explicitly account for frequency-selective fading and
multiple antennas.

1.5.3 Krylov Subspace Methods

Given the covariance matrix R and the signature my, the associated D-dimensional
Krylov subspace is defined as:'?

K = span{my, Rmy, R’my, ..., RP " 'my}. (1.25)

Constraining ¢, to lie in this subspace gives the optimal reduced-rank filter in (1.22),
which can be rewritten as:

vi=T"ly (1.26)

where I' is a D x D matrix with (I, m)th element vy, | = m,iR”’"’lmk, and
z = [70’ Yiseeos YDfl]T'

Attractive properties of this reduced-rank technique are: (i) There are efficient (low
complexity) algorithms for computing the reduced-rank filter v; given by (1.26), and
(ii) the rank needed to achieve near-MMSE (full-rank) performance is typically quite
small. In fact, full-rank performance can often be achieved with a D much smaller than
the dimension of the signal space.

This type of reduced-rank filter has taken a few different forms in the literature'*,
and is closely related to the Lancosz and conjugate gradient algorithms for solving
sets of linear equations. An overview of those techniques is given in [12]. Here we
emphasize the connection to the Multi-Stage Wiener Filter (MSWF), presented in
[26]. We also present a rank-recursive algorithm, which recursively generates filters
of increasing rank. That is useful for determining an appropriate filter rank in an
adaptive mode. A further discussion of iterative methods for linear interference
suppression is given in Chapter 2.

1.5.3.1 Multi-Stage Wiener Filter (MSWF) To explain the MSWF, we refer to
the block diagram of the GSC in Figure 1.2. We observe that w, in this block diagram
can be viewed as an estimation filter for d; given the input y;. Replacing w, by
the corresponding MMSE filter gives the full-rank (MMSE) solution for the overall
filter c.

3This subspace does not change if R is replaced by the interference-plus-noise covariance matrix Ry.
“For example, see [7,26,27,29,54,55,58,93] and the discussion of iterative linear techniques in Chapter 2.
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dy(i) = by(i) £0(1)
¥0() = Y dy(i)
L

Figure 1.3. Block diagram of the Multi-Stage Wiener Filter (MSWF).

We can decompose w, in Figure 1.2 in the same way as the GSC decomposition
of ¢;. This is illustrated in Figure 1.3, where w; and B; are the same as in
Figure 1.2. Also, Figure 1.3 shows the filter output error g¢(i) = by (i) — c,ty(i). (The
scale factors a;, k = 1,..., D, are needed to obtain the MMSE estimate, as discussed
in Section 1.5.2.2.) Since w, estimates d; given y,, the associated “matched filter” is
defined as w, = E[d}y,], and the blocking matrix B, in Figure 1.3 is chosen so that
B2W2 =0.

Similarly, the filter ws, which follows B, in Figure 1.3, can be viewed as estimating
d,(i) from y,(i). Selecting w; as the corresponding MMSE filter gives the full-rank
MMSE filter. However, Figure 1.3 again shows a GSC decomposition of the filter
after B,. Namely, we take wz = E[d}y,(i)], which is the corresponding matched
filter, and Bszw; = 0. Iterating in this fashion, replacing each filter w;, with
the corresponding GSC structure, expands the MMSE filter in terms of the N
“matched filters” wy, ..., wy. Truncating this process after D < N iterations, setting
wp = Eld},_,yp_,], gives a MSWF with rank D. Figure 1.3 shows an example with
D = 4. (If wy is instead the MMSE filter for estimating d3(i) given y3(i), then we
obtain the full-rank MMSE filter.)

From this description it is straightforward to show that the reduced-rank
MSWEF lies in the subspace spanned by the basis vectors w;, Byw,, BiBows, .. .,

(H[D:_ll B,«) wp. (These are the columns of the projection matrix S;.) Furthermore,

it can be shown that this basis is an orthogonal basis for the D-dimensional Krylov
subspace (1.25) [38]. The combining coefficients in the MSWF are determined
by the scale factors ay, ..., ap—; shown in Figure 1.3. The MSWF recursions are
given by (1.27)—(1.33).

ALGORITHM 1: Recursions for Multi-stage Wiener Filter (MSWF)

Initialization:

do(i) = bi(D), Yo() = y() (1.27)
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Forn=1,...,D (Forward Recursion):

w, = Eld;_,y, )]/ |Ed]_,y, 1| (1.28)
du(i) = Why,_1 () (1.29)
B, = null(w,) (if n < D) (1.30)
Y. =Bly,., (fn<D) (1.31)

Decrement n = D, ..., 1 (Backward Recursion):
an = E[d;_ ()e.()]/El|en ()] (1.32)
8,1,1(l.) = dnfl(i) - (1;:8"(1.) (1 33)

Where £p(i) = dp(i). The estimate of dj is aje;.

1.5.3.2 Rank-Recursive (Conjugate Gradient) Algorithm An alternative
method for computing the Krylov reduced-rank filter can be obtained by expressing
the rank D filter in terms of the rank D — 1 filter. To state the algorithm, it will be con-
venient to denote the basis vectors for the subspace associated with the rank D MSWF
as the columns of Vp = [vy, ..., vp]. (That is, V, = S, for user k.) The MSWF has the
property that the projected input §(i) = V},y(i) has a real-valued, tri-diagonal covari-
ance matrix Ry = VLRV, [26]. Let Ry, have diagonal elements ay, . .., ap, and off-
diagonal elements 6,, ..., 6p. That is, 6, is the (n, n — 1)st, or (n — 1, n)th element
of Rp. (All other elements are zero.)

The conjugate gradient (or Lanczos) version of the Krylov reduced-rank filter is
given by the recursions (1.35)—(1.45) (for derivations see [43] or [12]). The
reduced-rank filter is ¢ = Vp€p, where €p is the D x 1 vector of combining coeffi-
cients, and vp , denotes the nth element of vp. This algorithm can be used to increment
the filter rank to any desired rank starting with the rank-one (matched) filter. The
MMSE for the rank-D filter is given by:

»=1—mVpR;'Vim, = 1 — B,&p, (1.34)

The recursions (1.35)—(1.45) are an efficient way to compute the reduced-rank
filter. What’s more, as will be discussed further, this method is easily combined
with a stopping rule, which determines when to terminate the recursions (i.e., selects
the desired filter rank). Of course, the algorithm must terminate if 8p = 0, in which
case the filter rank is taken to be D—1 (assuming Bp_; #0).

1.5.3.3 Performance For a particular mixing matrix M the reduced-rank
SINR as a function of D can be computed from (1.23). To gain additional insight, we
again consider a random model for M (i.e., M has i.i.d. elements). The SINR can be
explicitly evaluated in the large system limit as K — o0 and N — oo with fixed ratio
B = K/N [38]. In this limit the SINR for the rank-D filter converges to a deterministic
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value p;, (independent of the user), which is given by:

1
=g (1.46)

ot 4+ ——
1+ pp_,
with p, = 0. Hence, the SINR in this limit converges to the full-rank MMSE as a

continued fraction. It takes only a few iterations for pp to converge to the full-rank
MMSE (e.g., D < 8), independent of the load 8 and the noise level a’.

ALGORITHM 2: Rank-Recursive (Conjugate Gradient) Version of a Krylov
Subspace Reduced-Rank Filter

Initialization (rank-one filter):

B = [myl[, vi=m/B, (1.35)
tl = RV] (136)
ay =vit (1.37)
¢ =B/, qp =[] (null) (1.38)

Increment rank D and perform the following recursions until the stopping rule is
satisfied:

up =tp 1 —ap 1¥p-1 — PBp_1Vp2 (1.39)
Bp = lupl| (1.40)
vp =up/PBp (1.41)
tp = Rvp (1.42)
ap = Vpt; (1.43)
ap = {q’”] B (1.44)
-1 | Bp_19p-1.p-2 — ap-1
~ Cp-1 BpCp-1.p-1 {QD }
&p = 4 _DpDoLbol (1.45)
° { 0 } ap — Bppp-_1 | —1

We emphasize that to obtain the result in (1.46), the rank D is fixed while both K
and N become large. Hence the D needed to achieve full-rank performance'® does

>More precisely, “full-rank” performance refers to a target MSE, which can be arbitary close but not equal
to the full-rank MSE.
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not depend on the dimension of the signal subspace, unlike the eigen-space
methods. The extension of this analysis to non-uniform power distributions over the
transmitted symbols is presented in [48,50]. Related results, which apply to iterative
methods for computing the linear MMSE filter, are discussed in [78]. (See also
Chapter 2.)

If we instead consider the single-user intersymbol interference model where M is
given by (1.5), then the performance of the reduced-rank filter depends on the channel
impulse response. Although there is currently no expression for the SINR analogous
to (1.46) in this case, the SINR can be computed from the moments of the squared
magnitude of the channel frequency response [74]. Again the full-rank performance
can typically be achieved with a relatively low-rank filter.

1.5.3.4 Adaptive Rank Selection In practice, the parameters of the reduced-
rank filter can be estimated with an adaptive algorithm. For example, we can directly
estimate the matrix S; associated with the Krylov space by replacing R with the sample
covariance matrix R = Zf]:o y(i)yT(i). An estimate for the signature my can also
be obtained given a training sequence. For the MSWF, the filters wy, ..., wp_; and
the combining coefficients ay, . .., ap_; can be estimated by similar types of time-
averages (e.g., see [35]).

With limited training or data samples for filter estimation, the choice of filter rank
becomes important. Decreasing the rank means fewer parameters must be estimated,
which increases estimation accuracy (assuming a fixed training length), but reduces
the degrees of freedom available to suppress interference. Choosing the rank is also
complicated by the fact that as D increases, the basis vectors spanning /Cy in (1.25)
become nearly linearly dependent, even when D is relatively small (i.e., <K).
Hence computing v, via (1.22) becomes ill-conditioned.

As mentioned earlier, the rank-recursive method for computing the reduced-
rank filter presented in Section 1.5.3.2 is easily combined with a rank selection, or
stopping criterion. For a nonadaptive filter in which R and the steering vector my
are known a priori, the MSE can be computed directly from (1.34). That could
be used to select D according to a target performance objective. For an adaptive
reduced-rank filter in which R and m; are unknown a priori, the following stopping
criteria can be used.

Estimated MSE. Given a training sequence {b(i)}, which is known to the receiver,
the filter error for a rank D filter is e; p(i) = br(i) — EgVLy(i), and the MSE can

be estimated as &, = 3, |ex.n(i)|>, where the summation index corresponds to the
training symbols. This estimate, however, cannot be used to select the rank D, since
¢p is computed from the data in the sum, so that the corresponding estimated MSE
decreases monotonically with D. The minimizing rank would therefore be the largest,
which can give relatively poor performance. One way to circumvent this problem is to
compute the error over non-training symbols, for example, using an estimate for the
symbol (e.g., the sign of the filter output if by(i) is +1). To determine the optimal
rank, the cost function must be computed for all possible ranks.
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A more efficient method for selecting the termination rank is to use the relative
incremental estimated MSE as a metric [73, Ch. 3]:
&1 —¢&
f(D) = 2=—=2. (1.47)
D—1

That is, we terminate the rank-update algorithm when f(D) < &, where ¢ is a stopping
threshold (e.g., between 0.01 and 0.1). The metric f(D) can be efficiently computed in
terms of the algorithm parameters, namely:

. . | [ .
b=y 118 (1.48)

where Ap = det RD, and satisfies:
Ap = apAp_1 — BpAp a. (1.49)

The preceding recursions are initialized as:

= LS o - B 1.50
b=72 IWOF - (150)

A() =1 A] = qa. (151)

Projection Norm. As the dimension of the Krylov subspace increases, the basis
vectors become nearly linearly dependent. As a consequence, the matrix R =
VhHRV,, becomes ill-conditioned. One way to prevent this is to increment the rank
from D to D + 1 only if the new basis vector R”my is far enough outside the space
spanned by KCp. This is equivalent to ensuring that the norm of the orthogonal projec-
tion of R”my onto /Cp is sufficiently large (i.e., greater than some stopping threshold
€). This norm can be interpreted as a measure of the “new information” provided by
the new basis vector. An efficient method for computing this norm in terms of the 3;
parameters is given in [73, Ch. 3]. This method tends to overestimate the rank with the
best performance.

1.5.4 Performance Comparison

To illustrate some of the previous discussion, Figure 1.4 (taken from [35]) shows
performance (error rate) versus filter rank for the GSC, cross-spectral filter, the
MSWEFE, and a matched filter. Here a CDMA scenario is assumed in which asynchro-
nous users transmit streams of binary symbols with randomly chosen signatures. The
filter is estimated from 200 training symbols (i.e., using the sample covariance and an
estimate for my), the signature length is 128, and there are 42 users with a log-normal
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Figure 1.4. Error rate versus filter rank for reduced-rank algorithms after training with 200 sym-
bols (taken from [35]). The signature length is 128, there are 42 asynchronous users, and the
received powers are log-normal with standard deviation 6 dB. The desired user’s SNR is 10 dB.

distribution over the received power (variance 6 dB). The results show that the optimal
rank for the MSWF is quite small (around eight), and that the associated performance
is better than that of the other (more complicated) eigen-space methods.

1.6 DECISION-FEEDBACK DETECTION

One of the main drawbacks of linear multiuser detection is that the performance
degrades significantly when the dimension of the space containing strong interference
approaches the filter length N. This is illustrated in Figure 1.1 which shows that
a significantly larger spectral efficiency can be achieved with an optimal (nonlinear)
receiver when the load 3 becomes large. However, the optimal receiver may be pro-
hibitively complex when K and N are moderate to large. This motivates the study of
relatively simple nonlinear decision feedback (DF), or interference cancellation
schemes, which can perform better than the linear receiver.

A block diagram of a DF multiuser detector (DFD) is shown in Figure 1.5. It
consists of an N x K linear feedforward filter (matrix) F followed by a feedback
loop with a K x K feedback filter (matrix) B. The input to the decision device is:

x(i) = F'y(i) — B'b() (1.52)

where b(i) is the K x 1 estimate of the transmitted symbol vector b(i). The purpose
of the feedback filter is therefore to cancel interference associated with other

transmitted symbols. Typically the decision device is nonlinear (i.e., b is a nonlinear
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y(i) - Decision {b(i)}
device
B |«

Figure 1.5. Block diagram of a decision feedback detector.

function of b), which makes the receiver nonlinear.'® We assume that B has zeros
along the diagonal to avoid cancelling the desired symbol.

Successive DF means that the users are detected in successive orderk=1,...,K,
so that the estimate by(i) depends only upon the previous estimated symbols
l;l(i ) R l;k, 1(D). The feedback filter B in the Successive-DFD (S-DFD) is therefore
lower diagonal. In contrast, parallel DF means that estimates of all other symbols
l;m(i), m # k, are available for cancellation. In that case, B is generally full except
for zeros along the diagonal. The P-DFD is generally associated with iterative cancel-
lation methods, where the estimated vector l;(i), which is fed back for cancellation,
is computed in the preceding iteration.

Successive interference cancellation has its origins in earlier work on the Gaussian
multiple access channel. Namely, successive decoding and interference cancellation
achieves the associated capacity region [21], [9, Ch. 14]. The basic idea is that by
coding a user’s stream at a rate just below capacity, treating the other users as noise,
that user’s data can be reliably decoded and then used to cancel the associated inter-
ference to other users. The S-DFD was proposed for the CDMA application in [14,15],
and is related to earlier work on decision-feedback equalization for MIMO channels
[13,45]. It is shown in [28] that the S-DFD achieves the sum capacity at corner
points of the CDMA capacity region. (Hence the sum spectral efficiency of the
S-DFD receiver coincides with the curve in Figure 1.1 corresponding to the optimal
detector.) The S-DFD has been proposed and analyzed for multi-antenna applications
in [17,18].

Following the discussion in [94], we can jointly optimize the filters F and B. Our
performance objective is again MSE, where the error is defined as:

eqra() = b(i) — x(), (1.53)

where x is defined by (1.52). In general, the decision device either makes a hard
decision on b (e.g., +1 for binary signaling), or outputs a soft estimate of b (e.g.,
the conditional expectation E[b|y]), which uses knowledge about the prior distri-
bution (likelihoods of the different hypotheses) and the noise statistics. Soft estimates
are especially desirable when combined with error control coding, and will be
discussed in more detail in Chapter 2. For purposes of optimizing the filters F
and B, here we make the simplifying assumption of perfect feedback, i.e., b=b,

16 A linear decision device [e. g., taking B(i) = x(i)] leads to iterative solution methods for the optimal linear
receiver, which are discussed in Chapter 2.
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corresponding to high SNRs. Of course, in practice the feedback contains errors,
which can propagate across users. That is much more difficult to analyze, and further-
more, the ideal feedback assumption gives significant insight into the roles of F and B
and associated performance.

We divide the users into two sets:

D = {j: bjis fed back} (1.54)
U=1{j:j&D} (1.55)

i.e., “detected” and “undetected” users. In general, these two sets depend on the
particular user being detected. We also define the N x |D| matrix of signatures for
the detected users as Mp, and similarly, M;, contains the signatures for k € U.

We observe that the MSE for user k, g4 = E [ledfd’klz], depends only on F, and
By, i.e., the kth column of F and B, respectively. Optimizing F; and B, gives:

F, =R, 'p. B, = PI'F, (1.56)

where:
Ry 2 MyM}} + o*1 (1.57)
— R — MpM}, (1.58)

is the covariance matrix for the undetected users.
The feedforward filter for user k is therefore the linear MMSE filter assuming that
only users in U are present. The resulting MMSE is:

Eafapx = 1 — m/tRﬁlmk, (1.59)

where E4q = E [edfdejifd] is the error covariance matrix, which has the same form as
the MMSE for a linear receiver, except that R is replaced by R;,. In the absence of
error propagation, interference from all users in set D is therefore eliminated, and
user k is affected only by the users in set U{. That is, the MMSE DFD cancels interfer-
ence from the users in set D, while suppressing interference from users in ¢/ in an
MMSE sense."’

An alternative interpretation for the DFD filters can be obtained by minimizing the
sum MSE:

K
ara = ZE[\edfd,kﬂ = tr[&asal, (1.60)
k=1

with respect to F and B. Minimizing with respect to F with fixed B gives:
F = Fi,(I + B). (1.61)

where Fji, = R™'M is the MMSE linear filter. The feedforward filter is therefore a
concatenation of the linear MMSE filter with the filter I + B, as shown in Figure 1.6.

" This result is analogous to earlier results for decision-feedback, or “data-aided,” equalization [22,56]. It is
shown there that conditioned on perfect feedback, the feedback filter cancels the associated intersymbol
interference (ISI), and the feedforward filter suppresses the remaining ISI.



1.6 DECISION-FEEDBACK DETECTION 29

y(i) MMSE _ | Error estimation Decision | {b(i)} _
Linear Det. filter L. device

Figure 1.6. DFD with an error estimation filter.

From (1.52), (1.53), and (1.61) the error covariance matrix can be expressed as:
Eita = A+ B) Ein + B), (1.62)

where &, is the error covariance matrix for the linear MMSE filter. That is:
Ein = Eleinel ] =1-MR'M = (6721 + MTM) ™! (1.63)

where ej;, = b(i) — F]Tiny(i) is the error for the linear MMSE filter, and the last equality
follows from the matrix inversion lemma.

We therefore wish to determine the By, which minimizes tr[€4t] (equivalently,
[Eatalix), for a given set D. Let B, p be the D x 1 vector containing the elements of
B, with indices in D. By definition, all other elements of B, are zero. Minimizing

(1.62) over By gives:
Bip = I — MLR 'Mp) "ML R 'm, (1.64)
—[&in]i}p[gnn]k,p (1.65)

where [Ejin . p is the kth column of &;;, taking only rows in set D and [E)in]pp is the
matrix formed from only those rows and columns of &y, in D.

The expression for By, given by (1.65), is the MMSE estimation filter for the error
ejinx (kth component of ey;,) given ey, p (i.e., ey, ,, for m € D). That is, combining
(1.52) and (1.61) with (1.53) gives:

ears = (L+ B) ey (1.66)
so that:

€dfdk = €link + B/t’Delin,'D- (1.67)

Selecting B, p to minimize E[|edfd!k|2] gives (1.65). Note that the orthogonality
principle implies:

Eleqgta rep,,, ] =0 (1.68)

where m € D. We also remark that the expression for B, in (1.56) follows directly
from (1.65) by applying the Matrix Inversion Lemma [32, Sec. 13.2].
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1.6.1 Successive Decision Feedback
For the S-DFD, we have for user k:

D={1,....k—1}, U=1{k,...,K}. (1.69)
From (1.68) and (1.67), it is easily shown that:
Elegtar€yy,, ] =0, k # m, (1.70)
which from (1.66) implies that:
Eaa = I+ B)"Ein(1 + B) (1.71)
is diagonal. That is, I 4+ B can be interpreted as an error whitening filter [15]. In this

case, B can be computed via a Cholesky factorization of the error covariance matrix
Slin in (163)

1.6.2 Parallel Decision Feedback

For the P-DFD, assuming that all K streams are detected, we have for user &:
U = {k}, D={1,...,k—1,k+1,...,K} (1.72)

The initial symbol estimates for feedback might be obtained from the linear MMSE
filter, or from an S-DFD. From (1.56) we have:

F; = R,'m; = amy (1.73)
where a = 1/(||my||* + 02), and combining (1.61) with (1.73) gives:
I+B=aMM -+ o’l) (1.74)

That is, the feedforward filter is a bank of scaled matched filters, and the off-diagonal
components of the feedback matrix are cross-correlations between columns of M.
Ideal interference cancellation is therefore achieved with correct feedback estimates.
Substituting (1.58) into (1.59) gives the corresponding MMSE:

[Ep-ataly, = 1 — m}(mum] + o) "'my = ao?, (1.75)

which applies to a single user in the absence of interference.

For the general case in which D is an arbitrary subset of transmitted streams, from
(1.56) it is apparent that the feedforward filter uses the available degrees of freedom to
suppress only interference from symbols in 4. This applies, for example, to a CDMA
system in which D contains users within the cell and ¢/ contains users in other cells.
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From (1.68) and (1.67), it can be shown that the error covariance matrix for the
P-DFD is given by:

gpfdfd = (I - B)Dp (176)

where D, is the diagonal matrix with [D,], , = E[|ep7dfd’k|2]. In contrast with the
S-DFD, the error covariance matrix for the P-DFD is generally a full matrix, and
the matrix I 4+ B no longer has the interpretation of an error whitening filter.

1.6.3 Filter Adaptation

According to the previous discussion, the optimal feedforward and feedback filters
depend on knowledge of user signatures, channel characteristics, and the noise var-
iance. However, as with a linear multiuser detector, the DFD filters can be estimated
adaptively with a training sequence. For example, if the transmitter transmits a training
sequence {b(i)} known to the receiver, then the DFD filters F and B can be selected to
minimize the Least Squares cost function:

Ci) =Y _ || earalm) |I* (1.77)

m=1

where €g4¢q(, is given by (1.66). Note that in the multiuser scenario this requires all
users to train at the same time (although they may be symbol-asynchronous).

The filters, which minimize C(i), have the same form as the MMSE filters given in
(1.56), and (1.61) and (1.65), where associated expectations are replaced by sums over
the time index. Hence, the filters can be computed from either the least squares version
of (1.56), or (1.61) and (1.65), where F;, is replaced by the linear least squares filter.
We also remark that as for the linear receiver, reduced-rank versions of the DFD can be
derived to reduce training. Namely, referring to the decomposition of the feedforward
filter F = Fy;,(I + B), we can replace F;;,, by a reduced-rank filter. The error estimation
filter (1.65) can also be approximated as a reduced-rank filter, although the order of
this filter may not be large enough to benefit from rank reduction (e.g., see [74]).

1.6.4 Error Propagation and Iterative Decision Feedback

The performance of the DFD can be substantially degraded by decision errors in the
feedback estimates. This is especially problematic at low SNRs when the detection
(DFD) and decoding for error control are separated. (That is, the decoder generates
hard decisions based on DFD outputs alone.) In that case, the accumulation of feed-
back errors can degrade the performance of the DFD relative to a linear detector.'®
The effects of error propagation can be mitigated by using successive cancellation
and demodulation rather than parallel cancellation. Namely, provided that the rate for a
particular stream (e.g., user) is less than the capacity, treating the undecoded streams as

'8Computing an exact expression for the error probability associated with a particular transmitted stream,
accounting for error propagation, is generally difficult. However, it is possible to determine the probability
that at least one element of b is incorrect [59,83].
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noise, that stream can be reliably decoded and then cancelled for purposes of detecting
the remaining streams. This type of successive cancellation achieves the sum capacity
associated with the CDMA or MIMO channel [17,28], but requires that the transmitted
streams be coded at the appropriate rates. (Those would have to be determined at
the receiver, given the mixing matrix M, and fed back to the transmitters.) Also, the
decoding order can affect performance (e.g., see [83]). An associated disadvantage
of the S-DFD, relative to the P-DFD for some applications, is that it generally does
not provide uniform performance over the multiplexed data streams. Also, since
each data stream must be decoded before the next stream can be detected, streams
towards the bottom of the decoding order may experience substantial latency.

DFD performance can be improved by combining soft estimates for feedback with
iterative refinements of those estimates. Soft estimation typically refers to weighting
the feedback symbols by their “reliabilities.” For example, the hard estimate of the
symbol can be replaced with its expected value, given some assumptions about the
error statistics (e.g., Gaussian). This mitigates the effect of hard decision errors,
since symbols in error are likely to have lower reliabilities than correct decisions.
(A review of related non-iterative interference cancellation techniques is given in [2].)

Iterative versions of the DFD are obtained by updating and feeding back the esti-
mates b. That is, b in iteration i is used to generate the input to the decision device
x in (1.52), which is used to generate the estimate b at iteration i 4 1. This type of itera-
tive cancellation approach to multiuser detection for CDMA was initially proposed
in [84], assuming hard decisions for b.

When the decision device in Figure 1.5 generates hard estimates, it has been
observed that additional DFD iterations typically provide a modest reduction in the
error probability [37,94]. Feeding back soft decisions for cancellation further improves
performance somewhat; however, much more substantial performance gains are
obtained by iterating the soft decision DFD with a soft decision decoder (assuming
the presence of error control coding), analogous to iterative decoding of a concatenated
(turbo) code. This type of joint iterative multiuser detection and decoding is discussed
in detail in the next chapter.

1.6.5 Application to MIMO Channels

Both the S- and P-DFD can be directly applied to single-user MIMO channels, where
the matrix M is the channel matrix, and b is the vector of symbols across transmit anten-
nas. From the preceding discussion, either DFD can be applied independently to each
received vector y(i) to obtain the estimate f)(i). The application of the S-DFD to esti-
mate K transmitted streams (one per transmit antenna), where K < N, was proposed
in [18], and further evaluated in [17]."® An underlying assumption is that each
stream is individually coded, hence each transmitted stream corresponds to a user in
aCDMA system, where the signature for user (stream) & is the kth column of the channel

“This combined transmission/reception scheme without coding is given the acronymn “Vertical (V)-
BLAST (Bell Laboratories Layered Space-Time)” in [18], since each received vector y is processed indivi-
dually as a column (vertically). With coding the acronymn is changed in [17] to “Horizontal (H)-BLAST,”
since each stream is coded “horizontally” across time.
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matrix M (array of channel gains from transmit antenna & to the receive antennas). The
DFD output can then be passed to a bank of K decoders, one for each stream.*

Processing each received vector individually by the DFD, as just described, and
subsequently decoding each stream is suboptimal in the sense that it cannot achieve
the sum capacity of the MIMO channel. This is due to error propagation associated
with the DFD. As discussed in the preceding section, two ways to improve perform-
ance are (1) successively decode each entire stream (i.e., corresponding to a frame or
packet) before using the estimates to cancel interference for the next stream; and (2)
use iterative methods to refine the DFD estimates. An important feature of the
MIMO channel, as opposed to CDMA, is that the transmitter can coordinate the trans-
mission of the K codewords across space and time (e.g., see [79, Ch. 8], [17]). The
pattern can therefore be chosen to facilitate successive interference cancellation, and
also to equalize the code rates across streams, so that feeding back a set of K rates
is no longer required. Alternatively, the transmitter can interleave a single codeword
across space and time, and the receiver can apply iterative detection methods with
either an S- or P-DFD.

1.7 INTERFERENCE MITIGATION AT THE TRANSMITTER

In addition to interference suppression and cancellation at the receiver, in some situ-
ations it may be possible to mitigate, or avoid interference at the transmitter. In general,
this is often accomplished by transmitting on different frequencies or time slots. For
the model (1.1), this can also be accomplished by optimizing a precoding matrix
for a MIMO channel, or by optimizing signatures assigned to different users.?'

To illustrate, here we assume that the mixing matrix M = HS, where H is a given
N x K channel matrix, and S is a K x K’ precoding or signature matrix, where K’ is
the number of multiplexed data streams. That is, the columns of S can be interpreted
as signatures across antennas (for a MIMO channel), or across time (for CDMA). In
the case of a MIMO channel, we can choose the matrix S to optimize a performance
metric over all data streams (e.g., the sum rate). In that case we refer to the data streams
as being coordinated. In contrast, if each column of S is optimized independently to
maximize a performance metric for the associated data stream, then the data streams
are uncoordinated.

1.7.1 Precoding for Coordinated Data Streams

Precoding is illustrated in Figure 1.7, where the channel is decomposed according to
the eigen-decomposition:

H'H = VAV! (1.78)

20The successive canceller for V-BLAST, presented in [18], corresponds to the form of the S-DFD given in
(1.56). The equivalence between this form and the S-DFD described in Section 1.6.1 and shown in
Figure 1.6, where the “error estimation filter” is a whitening filter, was pointed out in [23].

2!Note that assigning channels and time slots can be viewed as a special case of “signature” assignment,
since the signatures can be defined across frequency and/or time.
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b(i) Precoder b'(i) Channel y Receive filter y
S=VrxA o H C

|

Figure 1.7. Linear precoding at the transmitter for a MIMO channel with coordinated data
streams.

where V is a K x K unitary matrix, the columns of which are the eigen-vectors
of H'H, and A is the K x K diagonal matrix of nonnegative eigen-values. In
Figure 1.7, the precoding matrix S = Vg/A, where A is a real K’ x K’ diagonal
matrix, which allocates power across the K’ streams, and the columns of V- are the
eigen-vectors (columns of V) corresponding to the K’ largest eigen-values (i.e., Vg
is K x K’). The transmitted symbol vector is then b’ = Vg Ab, and the receiver

multiplies the channel output y with the receive filter C' = AVL,HT to obtain:

y = AVL.H'HViAb + AV} H'n (1.79)
= AA’b + 1’ (1.80)

wheren’ = AV, H'n and E [n'n’ T] = 0'2A2A. Hence choosing “signatures” (columns
of Vg) aligned with the eigen-vectors of M diagonalizes the channel matrix, thereby
eliminating interference.

With additive white Gaussian noise, the corresponding maximum achievable rate,
or sum capacity, with precoding is given by [79, Ch. 7]:

C = logdet(Ix + o >AV'H'HVA) (1.81)
K!

= Zlog(l + AN/ 0?) (1.82)
i=1

where A; and A; are the corresponding diagonal elements of A and A. To maximize
C, the amplitudes are chosen according to the water-pouring distribution A? =
max{n — o?/A;, 0}, where 7 is the water-pouring level selected to enforce the power
constraint ZfilA? < Py,

Jointly optimizing the precoding matrix with the receiver clearly must perform
better than interference mitigation at the receiver alone. The performance improve-
ment can be substantial at high loads when the receiver is constrained to be suboptimal
(e.g., a linear receiver).22

With an optimal receiver, the additional gain due to optimal precoding may be
modest (e.g., see [79, Ch. 8]); however, precoding generally simplifies the coding,
decoding, and detection. Namely, the preceding discussion for coordinated data

22The load refers to the number of independent data streams relative to the number of degrees of freedom
(e.g., number of antennas or processing gain).



1.7 INTERFERENCE MITIGATION AT THE TRANSMITTER 35

streams implies that with optimal precoding a linear matched filter achieves the
sum capacity. Furthermore, codes designed for the single-input/single-output
AWGN channel can be applied directly by coding over the channel modes (eigen-
vectors). This approach to combined error control coding and linear precoding
avoids the use of more complicated space-time codes, and achieves the associated
channel capacity.

The main drawback of precoding is that the channel or precoding matrix must be
estimated at the receiver, and then relayed back to the transmitter through a feedback
channel. This must be done frequently in situations where the data streams and
channels are time-varying (e.g., due to mobility).

1.7.1.1 Precoding for Equalizing SNR Performance The capacity given by
(1.82) can be achieved by transmitting random Gaussian codewords, where the
elements of the codewords are spread across the different channel eigen-vectors (col-
umns of V). The variance of the elements are chosen according to the water pouring
distribution. Practical codes, however, choose the codeword elements from discrete
constellations. Hence in practice, coded bits can be mapped to a set of constellation
points, one for each eigen-mode, where the size of a constellation is matched to the
associated channel gain (eigen-value). This leads to “bit loading” schemes in
which the rate for the ith eigen-mode (i.e., information bits per symbol) is selected
to approximate log(1 + A?A? /), where A? is the optimized power [8].*
Constraining the set of constellations, e.g., restricting the codeword elements to be
selected from the same constellation over all modes, limits the ability to do bit loading.
In that situation it is desirable to decompose the channel into effective modes or
“sub-channels” having the same SNR [i.e., as opposed to the eigen-decomposition
(1.78), which gives the set of SNRs {Aiz/\? /a?}]. This type of uniform channel
decomposition is presented in [42,95], and relies on the following observations:

1. Replacing S in Figure 1.7 with S®, where ® is any unitary matrix, does not
change the sum capacity.

2. Any N x K matrix M with rank r can be written as:

M = QUP, (1.83)

where Qis N x r,Pis K x r, both P and Q have orthonormal columns, and U is
an r X r upper triangular matrix with equal diagonal elements.

The first observation gives the additional degrees of freedom needed to vary the set
of received SNRs per transmitted stream without sacrificing total rate. The second
observation is used to compute the precoder and the receiver. (The proof of (1.83)
is given in [41,96].)

Zn practice, the same power can be used on each active channel without sacrificing much rate.
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Replacing the optimal precoding matrix in Figure 1.7, S = Vi/A, by Vg A®, where
® is orthonormal, introduces interference among the transmitted substreams, hence
the linear receiver C shown in Figure 1.7, is no longer optimal. For the uniform chan-
nel decomposition, we therefore replace C by an S-DFD, which has front-end filter F
given by (1.61). Let M = HS = HVx A®d denote the combined channel and precoder
matrix. Then from (1.71) and (1.63) we have:

R=MM + o 2Ix (1.84)
= (g + B)D 'Ix + B)f (1.85)

where D is diagonal.

As discussed in Section 1.6.1, assuming perfect cancellation, tl}e MSE for the kth
substream is Dy;.. Although the sum capacity C = log det[R] = Zszl log D,gj does not
depend on @, it can be used to change the MSEs (or SNRs) across substreams. This
can be achieved by factoring out & in (1.84), and writing R = ®'UTU®, where U
is upper triangular. The preceding decomposition (1.83) can then be applied to

R/ = QU®, where Q is selected along with @ = P. Algorithms for determining
® and Q are presented in [42,95]. The resulting precoding matrix S® combined
with an S-DFD at the receiver then gives the same SNR across all K’ data streams.

1.7.2 Signature Optimization with Uncoordinated Data Streams

In some scenarios, such as a peer-to-peer network, the data streams correspond
to different users, who may not be able to coordinate transmissions. In that case, a
particular user may adjust his own signature (for spread spectrum transmission), or
precoding matrix (with multiple antennas), to optimize his own performance, ignoring
the effect on other users.

This is illustrated with the system model:

Yo = HisiAuhi + > HisiAib; +n (1.86)
i#k

where Yy, is the received signal for user k, and H; is the channel from transmitter i to
receiver k. Suppose that user k has a linear MMSE receiver, and can select the signa-
ture s; to minimize the MSE E[|cTyk — bk\z]. It can be shown that, assuming all
other signatures and channels are fixed, the optimized signature s; is the eigen-
vector of the matrix H,T{R,(_IH;C corresponding to the maximum eigen-value, where
Ri=> . ,CAI.ZH,AsisfH}t + oI is the interference-plus-noise covariance matrix at
receiver k.

The optimal signature depends on the channels, so that significant feedback may be
required with mobile users. The model (1.86) also applies to the multiple access chan-
nel (i.e., with co-located receivers), and in that case it is desirable to select the set of
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signatures {si, ..., Sx} to maximize a global performance objective, such as sum rate
over the users. A basic question is whether or not the individual (or “greedy’) optim-
ization described here, which does not account for interference to other users, can
maximize such a global performance objective. This is discussed in detail in
Chapter 7.4

1.7.3 Network Configurations

The ability to coordinate different data streams depends on the network configuration.
Coordination is relatively easy when the transmitted data streams are co-located, as in a
single-user MIMO channel. Another example in which coordinated precoding can
provide substantial benefits is the downlink of a single cell in a cellular system.
There the optimal precoding, which maximizes the total sum rate over the users, is
nonlinear. In addition, the transmission to a particular user depends on the messages
being transmitted to other users [9, Ch. 14]. This optimal precoder and associated
performance are discussed in Chapter 8.

For the uplink the base station can, in principle, compute a set of optimized signa-
tures for the users given knowledge of the uplink channels [e.g., H;, i=1,..., K in
(1.86)]. Coordination in that scenario mainly consists of synchronizing the users.
Unlike the downlink, users are not likely to be able to coordinate codewords. The
uplink sum capacity is achieved by the dual operation of successive decoding
and cancellation of interfering users at the base station. (See [79, Ch. 10] and the
discussion in Chapter 8.)

As previously mentioned, coordination of data streams may be difficult in an ad
hoc, or peer-to-peer network in which transmitter-receiver pairs are not co-colocated.
In those scenarios each transmitter-receiver pair may optimize a local performance
objective, ignoring the effect on other transmitter-receiver pairs. The performance
of such a network can be studied within the framework of game theory [71].
Namely, the transmitter-receiver pairs can be viewed as non-cooperative agents,
each acting according to their own self-interest. The users can then be expected to
adjust their parameters (e.g., powers, signatures) until they reach an equilibrium in
which no further improvements to local performance are possible.”> This game-
theoretic framework is currently being used to study distributed resource allocation
in a variety of communications scenarios (e.g., see [4]).

In general, a wireless network may consist of a combination of coordinated and
uncoordinated nodes. For example, it is generally easier to coordinate users within a
cell than it is to coordinate users across cells. Optimization of signaling methods
along with signatures, or precoding matrices, in such a general environment is a
challenging direction for future work.

**For the model considered here (uncoordinated users each with a single signature) greedy optimization
generally does not maximize the sum rate, although it typically comes close [61].

ZMore precisely, a Nash equilibrium is achieved when each user has no incentive to change its current
power and/or signature given a fixed set of choices for powers and signatures across the other users.
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1.8 OVERVIEW OF REMAINING CHAPTERS

We conclude this chapter by relating the previous discussion and overview of
multiuser detection techniques to the advances discussed in subsequent chapters.
Generally speaking, these advances fall into two main categories: advances in detec-
tion techniques, and advances in performance analysis. With the exception of iterative
techniques, discussed in Chapter 2, the advances in detection techniques are motivated
by more elaborate, or different modeling assumptions (i.e., that account for multipath,
fading, and downlink transmissions). The advances in performance analysis are
motivated by parallel advances in relevant mathematical methods.

Referring to the fundamental performance limits shown in Figure 1.1, optimal
multiuser-detection offers a significant increase in spectral efficiency relative to the
linear detector at high SNRs and high loads. As discussed in Section 1.6, that has
motivated the development of relatively simple nonlinear decision feedback and itera-
tive techniques that can close this gap. When combined with error control coding, the
multiuser detector can exploit reliability information generated by the decoder.
Iterating between the (soft output) multiuser detector and the soft decoder is analogous
to iterative (Turbo) decoding, and the performance approaches that corresponding to a
single isolated user (i.e., without interference) over a wide range of loads and SNRs.
An overview of these types of iterative techniques is presented in Chapter 2.

The results in Figure 1.1 are based on the model (1.1), where M has i.i.d. elements.
Although this model has been quite useful for developing and analyzing multiuser
detection techniques, it does not account for channel impairments encountered in
practice, e.g., associated with wireless channels. In particular, multipath introduces
fading and intersymbol interference, which pose additional challenges for multi-
user receiver design. Linear receivers for multiuser channels with multipath are devel-
oped in Chapter 3, including variants of reduced-rank receivers, which are based on
eigen-decompositions of appropriate signal subspaces.

For the basic multiuser model (1.1), where M is random, it is often desirable to
obtain performance measures that are averaged over realizations of M. This can be dif-
ficult in general, but sometimes becomes tractable in the large system limit in which
the dimensions of M are scaled with a fixed ratio. This has already been suggested
by the performance results shown in Figure 1.1. This type of large system analysis
is discussed Chapter 4, where derivations of some key multiuser performance
measures are presented for a few variations on the channel model (1.1). For the
random matrix model (1.1) the techniques in Chapter 4 cannot be applied in a straight-
forward way to determine the performance (error probability) of the optimal detector.
To evaluate that performance measure in the large system limit, it has been necessary
to apply techniques from the statistical physics literature. That analysis is introduced
in Chapter 5, along with a general estimation framework for interpreting the perfor-
mance of different (suboptimal) multiuser detectors.

As previously mentioned, the model (1.1) applies to both channels with multiple
antennas and multi-user systems. This connection is developed in more detail in
Chapter 6, where fundamental (capacity) limits associated with multi-antenna systems
are presented along with performance results for linear receivers. In particular, results
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for the random matrix model (1.1) are presented for finite dimensions, which
complement the large system results in Chapter 4.

Chapters 7 and 8 discuss methods for jointly optimizing transmitters and receivers,
as previously discussed in Section 1.7. The discussion in Chapter 7 is focused on
avoiding interference through selection of signatures at a transmitter. As previously
pointed out in Section 1.7, that can be viewed as a linear precoding technique. In con-
trast, Chapter 8 discusses optimal multiuser precoding for the downlink, which pro-
cesses the input symbols in a nonlinear fashion. There the optimization criterion is
the rate summed over users. The discussion is generalized to the situation in which
there are multiple antennas at the base station and at each mobile (i.e., the MIMO
downlink). In those scenarios substantial performance gains are achievable through
optimal precoding.

Finally, while there have been many advances in multiuser detection over the past
few years, there are a number of important related directions for future work. These
include extensions and generalizations of the techniques and analysis presented
here to other channel models (e.g., combinations of wideband, MIMO, slow or fast
fading) and network configurations (e.g., multi-cell, peer-to-peer, multi-hop).
Additional modifications may be motivated by the presence (or lack) of limited infor-
mation about channels and interferers, which may (or may not) be available in practice.

From a practical point of view, numerous challenges arise when trying to incorpor-
ate many of the techniques discussed here in actual systems. These include adaptive
channel estimation in the presence of time- and frequency-selective fading (for inter-
ferers as well as for the desired data stream), allocation of system (computing)
resources within a receiver (e.g., between decoding and detection), power manage-
ment (consumed by the device as well as transmitted power), limited feedback
schemes for relaying channel (or decoder state) information from the receiver to a
transmitter, in addition to managing system cost. Some of these issues, such as channel
estimation, become more complicated as the number of degrees of freedom increases
(e.g., by increasing bandwidth or number of antennas). It is our hope that the advances
described in this collection will serve as a springboard for future investigations into all
of these areas.
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