CHAPTER |

FIRST-ORDER

DIFFERENTIAL
EQUATIONS

1 INTRODUCTION

A differential equation is an equation between specified derivatives of an
unknown function, its values, and known guantities and functions. Many phys-
ical laws are most simply and naturally formulated as differential equations (or
DEs, as we will write for short). For this reason, DEs have been studied by the
greatest mathematicians and mathemarical physicists sinice the time of Newton.

Ordinary differential equations are DEs whose unknowns are functions of a
single variable; they arise most commonty in the study of dynamical systems and
electrical networks. They are much easier to treat than partief differential equa-
tions, whose unknown functions depend on two or more independent variables,

Ordinary DEs are classified according to their order. The order of a DE is
defined as the largest positive integer, n, for which an nth derivative occurs in
the equation, Thus, an equation of the form

dlx,yy7 = 0

is said to be of the first order.
This chapter will deal with first-order DEs of the special form

{1 Mixyy + Ny’ = 0

A DE of the form (1) is often sald to be of the first degree, This is because, con-
sidered as a polvnomial in the devivative of highest order, ¥, it is of the first
degree.

Omne might think that it weuld therefore be called “linecar,” but this name is
reserved {within the class of first-order DEs) for DEs of the much more special
form a{x)y” +— #Hx)y + clx} = 0, which are linear in y and its derivatives. Such
“linear” DEs will be taken up in §3, and we shall call first-order DEs of the more
general form (1) quasilinear,

A primary aim of the study of differential equations is to find their softtions--
that is, functions y = f{x} which satisfy them. In this chapter, we will deal with
the following special case of the problem of “solving™ given DEs.

DEFINITION. A solution of (1) is a function f(x} such that M(xf(x)) —
Nix f{x}) f'éxt = O for all x in the interval where f(x) is defined,
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The problem of solving (1) for given functions M{xy) and N{x,3] is thus 10
determine all real functions y = fix) which satisfy (1}, that is, all ies solutions,

Example I. Consider the first-order quasilinear DE
{2) x+ 5y =9

The solutions of {2} can be found by considering the formula d(x: o 312} ‘dx —
2(x ~ 3. Clearly, y = f(x) is a solution of {2} if and only if x* — 5* — Cisa
constant,

The equation x* < " = € defines y implicitly as a two-valued function of x,
for any positive constant €. Solving for y, we get for_ cadl positive constant C
two solutions, the single-valuedyt functions y = £ — x*. The graphs of these
solutions, the so-called sofution curves, form two families of semicircles. These
fill the upper half-ptane y > 0 and the lower half-plane y < §, respectively, in
that there is one and only one such semicircle through each point in cach half-
plane.

Caution, Note that the functions y — 1V — x" are defined only in the
inr.er\»al - € = x = O, and that since y* does not exist (is “‘infinite’} when
x = V{“ these functions are solutions of (I} only on C < x = .
Thcrefore, although the pairs of semicircles in Figure 1.1 appear to join together
to form the full circle x* + 5% = €, the latter is not a “solution curve” of (1). In
fact, no solution curve of (2) can cross the x-axis (except possibly at the origin),
because on the x-axis ¥ = ( the DE {2} implies x = 0 for any fintte ¥,

The preceding difficulty also arises if one tries to solve the DE (2] for y'. Divid-
ing through by ¥, one gets ' = - x/y, an equation which cannot be satisfied if
y = & The preceding difficulty is thus avoided if one restricts attention to
regions where the DE (1) is normal, in the following scnse.

DEFINITION. A normal first-order DE is one of the form
(3) ¥ = Fixy)

In the normal form y = —x/y of the DFE (2), the function Fix,v) is contimrous
in the upper half-plane ¥y > 0 and in the lower hall-plane where y <7 0; it is
undefined on the x-axis.

2 FUNDAMENTAL THEOREM OF THE CALCULUS

Although the importance of the theory of {ordinary} DEs stems primarily
from its many applications to geometry, science, and engineering, a clear under-

T In this book. the word “function” will always mear singlewvalued funciion, unless the contrary i
expressly specifed.
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Figure 1,1 Integral curves of x + y" = 0.

standing of its capabilities can only be achieved if its definitions and results are
formulated precisely. Some of its most diffieudt resulis concern the exisience and
uniqueness of solutions. The nature of such existence and uniqueness theorems
is well lustrated by the most familiar {and simplestl} class of ordinary DEs,
These are the first-order DEs of the very special form

{4} ¥y = gfx)

Such DEs are normal; their solutions are described by the fundamental theorem
of the calculus, which reads as follows.

FUNDAMENTAL THEQREM OF THE CALCULUS, Lei the ﬁx-nclion g(:x) in the
DE (4} be continuous in {he intevval 6 =5 x = b Given a number &, theve is one and
only one solution fix} of the DE (4) in the interval such thal fla) = c. This solution is
given by the definite integral

(5 ) = f A ¢ = f@

This basic result serves as a model of rigorous fornmulation in several respects.
First, it specifies the region under consideration, as a vertical strip g = x = §
in the xy-plane. Second, it describes in precise terms the class of functions gix)
considered. And third, it asserts the existence and wniqueness of a solution, given
the “initial condition” fla) = ¢

We recall that the definite integral

{57 f gitydt =  lim Z gl Aty Bl = £~ G

max =

is defined for each fixed x as a limit of Riemann sums; it is not necessary to find
a formal expression for the indefinite integral [g{x) dx to give tmeaning to the
definite integral [} g{t) df, provided only that g(t} Is continuous. Such functions
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as the error function exf x = (8/ V) [5e™ dt and the sine integral function

Si{xy = {4 [{sin /] di are indeed commonly defined as definite integrals; cf.
Ch. 4, §1.

Quadrature. The preceding considerations enable one to solve DEs of the
special form y° = gix} by inspection: for any 4, one solution is the function
I2 gy df; the others are obtained by adding an arbiltjrary constant € to this
“particular” solution. Thus, the solutions of y* = ¢~ are the functions y =
Je ¥ dx = (Vw /2) erf x + € those of xv = sin x are the functions y =
51 (x} i+ C; and so on. Note that from any one sciution curve of v — glx),
the others are obtained by the vertical translations (x,3) t > (v + O3 Thus,
they form a one-parameter family of curves, one for each valuge of the parameter
€. This important geometrical fact is illustrated in Figure 1.2.

After ¥ = f(x}, the simplest type of DE is 5 = g{y}. Any such DE is invariant
under horizontal transtation {(x,y 1 * (x + ¢, Hence, any horizontal line is cut
by all solution curves at the same angle (such lines are called “isoclines™), and
any horizontal translate ¥ = &{x -} ¢} of any solution curve y = ¢{x) is again a
solution curve,

The DE %" = 3 is the most familiar DE of this form. 1t can be solved by rewrit-
ing it as dy/y = dx; integrating, we get x = In |yl + ¢, ory = 1¢"7° where ¢
Is an arbitrary constant, Setting £ = L ¢™7, we get the general solution y = #ie*
but the sslution y = 0 is “lost™ until the last step.

Example 2. A shnilar procedure can be applied to any DE of the form v =
g{». Thus consider

(©) Y= 1

Since y® — 1 = (y + 1)y — 1), the constant functions y = 1 andy = | are
particular solutions of {6}, Since 9* 2~ 1 if |y| > [ whereas 5° <2 13f —] <I y

¥

—x¥

Figure 1.2 Solution curves of y” = ¢

+ Tre symbal — is to be read as “gocs inia”.
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=<7 1, all solutions are decreasing functions in the sirip 3. <2 1 and increasing
tunctions cutside it; sce Figure 1.3,

Using the partial fraction decomposition 2/{3* -~ 1) = 1/{y — 1} — 1y -+
1}, one can rewrite (6Y as 2dx = dy/{y- - 1) - dy/{y -~ 1} from which we obtain,
by integrating, 2(x — ¢ = In |[(y -- 13/{y — 1]. Exponentiating both sides, we
get e = (y I}y + 1), which reduces after sorne manipuiation to

. 1 o tanh |
This procedure “loses™ the special solutions y = 1 and ¥y = —1, but gives all

others. Note that if y = fix) is a solution of (6}, then so is 1/y = 1/f{x}, as can
be directly verified from (8) {provided 5 # 0).

Example 3. A more complicated DE tractable by the same methods is 9" =
y oy Sincey’ -y = 9(y I 1y - 1}, the constant funcions y = - 1,9 = 0,
and y = 1 are particular solutions. Since y° = yif —1 <0 y << G or 1 <y, whereas
v o<l g ify =2 —1 or 8 <y <0 1, all solutions are increasing functions in the
strips © 1 «7y <0 0 and ¥ > [, and decreasing in the complementary strips.

To find the other solutions, we replace the DE y' = dy/jdx — 3 — y by its
reciprocal, dx/dy = 1/{y' — v). We then usc partial fractions to obtain the DE

") dx 1 Yo, 2
d -y 2yl -1y

The DE (6" can be integrated termwise to give, after some manipulation,
x=4ln 1 — 352 + Cory= Z[1 T expx - k] " k=2

Symmetry. The lahor of drawing solution curves of the preceding DEs is
reduced nor only by their invariance under horizontal translation, but by the
use of other symmetries as well, Thus, the DEs ¥ = yandy = 5* — y are invar-
lant under reflection in the x-axis [lLe., under (x5 ' » {x, —]; hence, so are
their solution curves. Likewise, the DEsy = 1 I 3" andy = 3 -+ 1 {and their
solution curves) are invariam under (%3 = { ~x, -~ 9} Le., under rotation
through 180° about the origin. These symmetries are visible in Figures 1.5 and
1.4.

EXERCISES A

1. {z} Show that if f{x) satisfies {6}, then so do ) fixy and  -f{- %)
(b Explain how these facts relate to Figure 1.2

2. Show that every solution curve {67 of () is cquivalent under horizontal transiation

Ty 1

and/or reflection in the x-axis to y = {] 4 e""_‘}_,r’lfl — ") or 1o 3y =il - e“")/f_l +
')

3, {a} Show thatif y' = y2 + 1, then g is an inereasing function and x = arctany - o
{b) Infer that no solution of ¥ = ® + 1 can be defined on ap interval of length

exceeding .
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Figure 1.3 Solution curves of 3" = er — 1,

{3 Show that a nonhorizontal solutiont curve of ¥ = 9* = 1 has a point of inflection
on the x-axis and nowhere elsc.

Show that the solution curves of ¥ = ¥* are the x.axis and rectangitar hyperbuolas

having this for one asymptote, [Hint Rewrlie v = ¥ as dy/y® = dx.]

Skerch sample solution curves ro indicate the qualitative behavior of the sotutions of

the following DEs: (&) v = 1+ 3%, by = sinmy, (&) v = sin® 3,

Show that the solutions of ¥ = g(y), for any continuous funciion g, are either all

increasing funcions or all decreasing functions in any strip v, < 3 =0 3 between

suceessive reros of giy) fde., values g, such that g{y) = 07,

Show that the solutions of ¥ = gy} are convex up or convex down for given y accord-

ing as 'g| Is an increasing or decreasing function of » there,

N
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*8. (a} Prove in detafl that any nonconstant solution of (6) rnust satisfy
x o=y — Dy = 1)

(5) Solve {67} in detail, discussing the case £ = 0 and the limiting casc & = oo {y =
03,
#G. {a) Show that the choive b <2 8 in (&) gives solutions In the strip -] <0 5 <0 1.
{b) Show that the choice £ = 1 gives two solutions having the positive and negative
y-axes for asyvmptates, respectively.

3 FIRST-ORDER LINEAR EQUATTONS

In the next five sections, we will recall some very elementary, but cxtremely
useful methods for solving important special families of first-order DEs. We
begin with the first-order Jinear DE

{7 alx}y” =+ blxyy —~ ofx} = 0

v is called Aomogeneous if c(x) = 0, and inkomogencous otherwise.
Let the coefficient functions a, &, ¢ be continuous. In any interval 7 where aix)
does not vanish, the linear DE (7) can be reduced to the normal form

(8) yo= - pixly gl

with continucus coefficient functions p = &/ and ¢ = ¢/a.

The homogencous linear case ¥ = —pixly of (8] is solved easily, if not rig-
orously, as follows. We separate variables, dy/y = - -p(x) dx; then we integrate
(by quadratures}, In [y! = -[px) dx -+ C. Exponentiating both sides, we obtain
[y, = Ke "% where K = ¢" and any indefinite integral P(x} = T#{xy dx may
be used.

This heuristic reasoning suggests that, if £/(x} = p{x), then ye":"") is a constant.
Though this result was derived heuristically, it is easily verified rigorously:

d:yef’fx}]/:dx = y.'c?e”{x) I xﬁ(x‘)yei’{x} e e-”(x}[}]/ + ;}(x)jﬂj = {

FHx)

if and {since ¢ 4 0) only if y satishes (8). This proves the following result.

THEOREM L. If P{x) = [p(x) dx is an indefinite integral of the continueus func-
tion p, then the function ce™ ™ = o W% s g solution of the DE ¥ +p(x)y =0 for
any constant ¢, and all solutions of the DE are of this form,

# The nwre difficult exercises in this book are starred.
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We can treat the general case of (8} similarly, Differentiating the function
&y, where P(x} is as before, we get

dte!’-\x}yj;/dx — ef’l_’x][yr = p(x)),] — "D“‘ q(x)
It foliows that, for sorne constant y;, we must have ep{x>Ji =y, — Ji mfm)
whence
{8’) y = y[}e—!’(x: .. E—J’(x}f eﬁ‘jg(i) JdF

Conversely, formula (8') defines a solution of (8} with y{a) = 3, for every 5, by
the Fundamenital Theorern of the Calculus. This proves

THEOREM 2. Jf Pix) is as in Theovem 1, then the general solution of the DE (8}
is given by (8% Moreover, vy = ya} f and only of P(x) = I¥ plxyda.

Quadrature. In the Fundamental Theorem of the Calculus, if the function
& is nonnegative, the definite integral in (5} is the area under the curve ¥ = g(x)
in the vertical strip between a and x, For this reason, the integration of {4) is
called a guadrature. Formula {8} reduces the solution of apy first-order linear
DE o the performance of a sequence of quadratures. Using Tables of Tndefinite
Integrals,} the solutions can therefore often be expressed explicitly, in terms of
“elernentary” functions whose numerical values have been tabulated (“tabulated
functions™}.

Initial Value Problem. In general, the “initial value problem™ for a first-
order DE ¥ — F{x,y} consists in finding a solution y = g{x) that satisfies an initial
condition g} = y,, where a and y, are given constants. Theorem 2 states that
the initial value problem always has one and only one solution for a finear DE
(BY, on any interval ¢ = x ;= 5 where p{x) and g{x) are defined and continuous.

Remark. There are often easier ways to solve linear DEs than substitution in
{8%. This fact is illustrated by the following example,
Example 4. Consider the inhomogeneous linear DE

(4} ¥ +y=x+3

Trving ¥y = ax + &, one easily verifies that x — 2 is one solution of (3). On the
other hand, if y = f{x) is any other solution, then z = v -~ {(x + 2) must satisfy
4=y by (x5 8y =, whence z = ¢e”* by Theorem 1. It follows
that the general sclution of (9] is the sum ™" + x + 2.

T Sec the book by Diwight listed in the Bihliography. Ramke's book listed there containg an extremely
useful catalog of solutinas of DEs not of the form ¥ = gix). For a bibliography of fuzction mbles,
see Flercher, Miller, and Rosenhead.
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4 SEPARABLE EQUATIONS
A differential equation that can be written in the form

{107 ¥ = gk

is said to be separable. Thus, the DEs §° = 5° — 1 and ¥ = y° — v of Examples
2 and 3 are obvicusly separable, with g{x} == 1. The DE x + ' = 0 of Example
1, rewrittent as " = { -x){1/y} is separable except on the x-axis, where 1/y
becomes infinite. As we have seen, the soludons y = +/C - %% of this DE
cannot be expressed as single-valued functions of x on the x-axis, essentially for
this reason.

A similar difficulty arises in general for DEs of the form

{113 Mix) + Nyl —
These tan also be rewritten as
(117} Mix)dx +— Ny dy = 0

orasy = M(x]/N(y}and are therefore also sald 1o be “separable.” Whenever
N{y) vanishes, it 15 difficult or imnpossible to express v as a function of x.

Tt is easy to solve scparable DEs formally. If #(x) = [Mix) dx and $(y =
IN(y} dv arc any antiderivatives {“indefinite integrals”™) of M(x) and N{»), respec-
tively, then the level curves

bix) + Y0 = C

of the function Lx,y) = @(x) ¢ H(y) are solution curves of the DEs (11) and
{117}, Moreover, the Fundamental Theorem of the Caleulus assures us of the
existence of such antiderivatives. Likewise, for any indefinite integrals Gix) =
fg(x) dx and H(y} = [dv/A{v}, the level curves of

Gix) — Hiy) = C
may be expected to define selutions of {10}, of the form
(117 3= H ' [C— Gx)
Heowever, the solutions defined in this way are only {oeed. They are defined by

the Inverse Function Theorem.t but only in intervals of monotonicity of H(y
where Ay} and hence H{y) = 1/k{y) has constant sign. Moreover, the range

1

of H{y} may be bounded, as in the case of the DE ¥ = 1 -+ y In this case,

+ This theovern states that if (7] is a strictly monstonlc ap of [+4) onte [ab], then A7 "(y',l is singte-
vislued amd monetonic from 4a,8] o Tedl,
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%0 dy/(1 © 3% = z. Therefore, no solution of the DE ¥y = 1 ~+ 3 can be
continuously defined over an interval {a,6) of length exceeding .

Example 5. Conmder the DE v = (1 + y7)¢ Mg~ bepamtlng varlables‘ we ger
Jdy/(1 4 5 = J ¢~ dx, whose general solution is arctan y = (V':rf?) erf x
C,ory = tan [(\/n‘ 2y erf (x) + Ch

The formal transformations {107y and (107 can be rigorously justified when-
ever glxy and h(y) are continuous functions, in any interval in which A{(y) does not
vanish. This is because the Fundamental Theorem of the Calculus again assures
us that ¢lx) = J gix) dx exists and is differentiable on any interval where gix} is
defined and continuous, while Yy} = [ dv/h{y) exists and Is strictly monslonic in
any interval {y;,¥;) between successive zeros v- and v of A(y), which we also
assume to be continuous. Hence, as in Example 2, the equation

g et = [P - fh(x) dx = ¢
i &)

gives for cach ¢ a solution of v = g(x)a(y) in the strip ¥ <0 ¥ =< v, Near any x
with .+ ¢ <2 @(x} << 3 - ¢, this solution is defined by the inverse function
theorem, by the formmda y = ¢ {¢x) -+ o

Orthogonal Trajectories. An orthogonal trajectory to a family of curves is a
curve that cuts all the given curves at right angles. For example, consider the
farnily of geometrically similar, coaxial ellipses X+ my?' = (. These are integral
curves of the DE x + myy” = 0, whose normal form 3" =  x/my has separable
variables. The orthogonal trajectories of these ellipses have at each point a slope
¥ = my/x, which is the negative 1eriprocal of —x/my. Separating variables, we
gel dufy = wm dx/ x, orln {y| = min {57, whence the orthogonal trajectories
are givenbyvy = L x ™

More generally, the solution curves of any separable DE v — g{x}A(y) have
as orthogonal trajectories the solution curves of the separable DE ¢ =

—1/gtximly).

Critical Points. Points where du/8x = du/dy = 0 are called crizical poins
of the fimetion u(x,y). Note that the directions of level lines and gradient lines
may be very irregular near critical points; consider those of the functions x*
4" near their critical point (0,0).

As will be explained in §5, the level curves of any function # C G satisfy
the DE du/8x + y'du/dy = (0 in D, except at critical points of «. Clearly, their
orthogonal trajectories are the solution curves of du/dy = y'du/dx, and so arc
everywhere tangent to the direction of Vu = grad u = [du,/0x, du/9y). Curves
having this property are called gradient curves of . Hence the pradient curves
of « are orthogonal trajectories of its level curves, except perhaps at critical
points.



5§ Quasilinear Equations: Iaplicit Seletions 11

EXLERCISES B
1. Find the soltion of the DE 2y i 3y = 0 that satisfies the initial condition
Sy =1,

2. Find cquations describing all solutions of ¥ — {x + 3% [Hin: Setu = x + 2]

. (@) ¥ind all solutions of the DE xy' | {1 — x)y = O
(b} Same question forxy + (1 xpy = 1,

Ly

4. (a) Solve the DEs of Exercise 3 for the inital conditions (13 = 1, (1) = 2.
(b} Do the same for 38} = 0 and {01 = 1, or prove that no solution cxists.

7t

{a) Find the generai solution of the DE ¥ - % = sin 2.
fb) For arbitrary (real) constants g, 4, and & # 0, find a particular selution of

* ¥ = ay I bsin ki

{c) What is the general solution of {%)?

8. {a) Find a polynomial solution of the DE
{7 y o2y = xF 4w 17

(b} ¥ind a solution of the DE (¥} that satisfies the initial condition 9 = 0.

=1

. Show that if £ is a nonzero constant and gix} a polynomial aof degree », then the DE
xy by = glxd nas exactly one polynomial solution of degree #.

In Exs. 8 and 9, solve the DE shown and discuss its solutions qualitatively,
8. dr/jdf = # sin /v {polar coordinates),
9. drjd# = 2/log .
16, {a} Show that the cllipses 5x% — 6xy + 5¢% = € are integral curves of the DE

Bx & 3w - 8x S byl —= 0

{b} What are its solution curves?

5 QUASILINEAR FQUATIONS; IMPLICIT SOLUTIONS

In this section and the next, we consider the general problem of solving
guasilnear DEs {1}, which we rewrite as

(12) My de 0 Nixyydy = 0
to bring out the latent symmetry between the roles of x and y. Such DEs arise

naturally if we consider the leoed cusvey of functions. If Glx,y} is any continuously
differemiable function, then the DI

, aG 86,
{127 o {3} = 3 (09 = 0
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is satistied on any level curve Gix,3) = C, at all points where 3G/3y # 0. This
DE is of the form (1}, with M(x,¥) = 4G /3x and N{x,y} = 8G /.

For this reason, any function G which is related in the foregoing way 1o a
quasilinear DE (1) or (12}, or to a nonzero multiple of (12} of the form

(127 wi) Mx) dx + Nixg) dy] = 0, p # 0

is called an implicit solution of {12}, Slightly more generally, an énfegral of (1) or
(12} is defined as a function Gix,y) of two variables that is constant on every
solution curve of {1

For example, the equation x* — 6x%" - 3* =  is an implicit solution of the
guasilinear DF,

(- Sxyg) + {y3 — Zx*y = 0
or = 30
b {39(3‘?_}! — }13)

The level curves of x* - - 6x%" — y* have vertical tangents on the x-axis and the
lines y = &\ 3x Elsewhere, the DE displayed above is of the normal form
3= ).

Critical Points. At points where 8¢ /8x = 8¢/dy = 0, the directions of the
gradient and level curves are undefined; such points arc called “eritical poinis™
of ¢. Thus, the function x* 4+ 3" has the origin for its only critical point, and the
same is true of the function x* — 6x™y* + 3*. (Can you prove i1?) On the other
hand, the function sin (x* = y'r‘) also has eircles of critical points, occurring wher-
ever ¥ is an odd integral multiple of #/2. Most functions have only ismiafed crit-
ical points, however, and in general we shall confine our attention to such
functions.

We will now examine more carctully the connection between quasilinear DEs
and level curves of functions, illustrated by the two preceding examples. To
describe it accurately, we will need two more definitions. We first define a
domaint as a nonempty open connecled set. We call a function ¢ = ofx, ..., 2}
of class " in a domain D when all its derivatives 8¢ /dx;, 3¢ /Oxdx, ... of orders
1, ..., nexist and are continuous in B. We will write this condition in symbols
as &€ @" or ¢ € D), When ¢ is mercly assumed 10 be continunus, we will write
& CE orp CEDN.

To make the connection between tevel curves and quasilinear DEs rigorous,
we will also need to assume the following basic theorem.

1 Sec Avostal, Vol 1, po 252, Here and later, page references o authors refer to the hooss listed in
the selecred bibiography.
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IMPLICIT FUNCTION THEQREM.:  Let uix,y} be a function of class €™ (n =
1) in a domain confaining (x.y0); let wg denote ulxg.ye), and let wixgy.) /0. Then
there exists positive numbers € and 0 such thof for each x € (xy ~ ex¢ - & and O ¢
oy — ey + ¢, the equation uix,y) = C has a unique solution v = flx,C} in the
interval (y. — 5, vy = 7). Moveoues, Lhe function f 5o defined is also of class &*.

I¢ follows that if w & ¢ ™D}, n 2= I, the level curves of u are graphs of func-
tions ¥ = fix,0), also of class €7, except where du/dy = 0. In Ixample 1, u =
x* + 3 and there is one such curve, the x-axis y = 0; this divides the plane into
twa subdomains, the half-planes y > 0 and y << 0. Moreover, the locus {set) where
dur/dy = () consists of the points where the circles u = const have vertical tan-
gents and the “critical point” (0,0) where du/dx = du/dy = O -that Is, where
the surface z = wlx,y) has a horizontal tangent plane,

This situatdon is typical: for most functions u{x,y), the partial derivative du /9
¥ vartishes on isolated curves that divide the (x,3}-plane into a number of regions
where dusdy /- (} has constant sign, and hence in which the Implicit Function
Theorem applies.

THEOREM 3. In any domain where du/0y + 0, the level curves of any funclion
w € @ are solution curves of the quasilinear DE

(13) Slxyy) = Mixy) & Nieyy = 0

wheve Mix,yt = du/dx and Nix,y) = du /Gy,

Pragf. By the Chain Rule, du/dx = du/dx -~ (Gu/ 0y} along any curve 3 —
Six). Hence, such a curve is a level curve of o if and only if

@ _du v,
dx  9x 3y 7

By the Tmplicit Function Theorem, the level curves of u, being graphs of func-
tions y = f{x} in domains where df/ay /- {, are therefore solution curves of the
quasilinear DE (13}, In the normal form ¥ = F(x,5} of this DE, therefore, Fix,y)
= {du/dx)/(Busdy) becomes infinite precisely when du/dy = 0.

To describe the relationship between the DE (13) and the function u, we necd
a new notion.

DEFINITION. An #ntegral of a first-order guasilinear DE (1) is a function
of two variables, wix,y}, which is constant on every selution curve of {1},
Thus, the function u(xy) = x° + y2 is an integral of the DE x '+ »' = &

t Courant and John, Vol 2, p. 218, We wilj reconsider the Implicit Function Theorem in greater
depth in §12,
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because, upon replacing the variable y by any function = VE - &, we obtain
w{xy) = . This integral is most easily found by rewriting x + 5 dy/dx = § in
differential form, as x dx + ydy = 0, and recognizing that x dx + ydy = Jd{x"
¥ is an “exact” differential (see §6).
Level curves of an integl al of a quasilincar DE are called infegral curves of the
DE; thus, the circles x? ﬂ' = ( are integral curves of the DE x + 3" — 0,
although not solution curves.

Example 6. From the DE ' = x, rewritten as y dy/dx = x, we get the equa-
tionydy — x dx = 0. Since y dy — x dx = 3d(3" — xp) we se¢ that the integral
curves of the DE are the branches of the hyperbolas y* = x* + € and the asymp-
totes ¥y = Tt x, as shown in Figure 1.5. The branches y = T Vx? + 2 are solu-
tion curves, but each level curve y = K " — &% has four branches separated
by the x-axis (the line where the imegral curves have vertical tangents).

Note that, where the level curves y = x and y = —x of y‘“’ - x% cross,

the gradient {9F/8x, OF/dy) of the integral Flxy) = y° - x? vanishes: (8F/dx,

8F/8x) = (0,0).
\\d\:?

LoD

Figure 1.3 Levelcurvesc = 0, =1, +2, 13, +4 16, 38, £120fy* — &%,
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6 EXACT DIFFERENTIALS; INTEGRATING FACTORS

A considerably larger class of “implicit solutions™ of quasinormal DEs can be
found by examining more closcly the condition that M{x,5) dx 1+ N(x,9) dy be an

“exact differential” dU/, and by locking for an “integrating factor™ u(x,y} that
will comvert the equation

{143 Mix,y dx -+ N,y dy = 0
into one involving a “total” or “exact” differential
udll = plx ) [Mx,y) de + Nixy) dy] = 0

whose (implicit) solutions are the level curves of U,
In general, the quasinormal DE (1) or

{14 Mixp) + Nixy)y = 0

is said 1o be exact when there exists a function Ulx,y) of which it s the ‘total
differential’, so that 8L/dx = Mix.y and 8L//8y = N(x.y), or equivalently

i /
(14") a =g Y dy = Mx,y) dx =+ Nix,y) dy
dx dy

Since U = 0 on any solution curve of the DE (14), we see that solution curves
of {14) must lie on level curves of U/, just as in the “separable variable” case.
Since 620’_,"636631 = §*L//Pvdx, clearly a necessary condition for {14} to be an
exact differential is that N/dx = 6M,dy. It is shown in the calculus that the
converse is also true locally. More precisely, the following result is true.

THEOREM 4. If M{x,y} and Nxy) arve continuously diffeventiable functions
in a simply connecled domain, then (147) &5 an exact differentiol if and only if
IN/Bx = M/ dy.

The function & = U (£ for (14} is constructed as the fine integral |7 "M{x,y)dx
+ N {x,3) dy] from a fixed point ¥ in the domain [perhaps ¢ = (0.0} to a variable
point & = {x5). Thus, for the DE x + »' = § of Example 1, this procedire
gives foxde + 5 dy) = "+ y?') /2, showing again that the solution curves of
x b vy’ = 0 lie on the circles P yé = {with center (8,0}, More generally, in
the separable equation case of glx) dx + dy/h(y), we have d7g(x}: /&y = 0 =
U1 /R(y). fOx, giving Gix) - -H{y} = Cas in §5.

Even when the differential M dx 4+ N dy is not exact, one can often find a
tunction g {x,y} such that the product

() dx - F {uNldy = du
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is an exact differential. The contour lines wix,y) = € will then again be integral
curves of the DE M(x,5) '+ N (x3)y = 0 because du/dx = u{M =Ny} = 0;and
segments of these contour lines between points of vertical tangency will be solu-
tion curves. S8uch a function u is called an integrating factor.

BEFINITION. An infegrating factor for a differential M{x,y) dx - N(x,y) dy is
a nonvanishing function pix,5} such thar the product (M) dx -+ (4N} dy is an
exact differential.

Thus, as we saw in §3, for any indefinite fntegral Plx) = [p(x} dx of #x), the
function exp {P(x')} is an integrating factor for the linear DT (8). Likewise, the
function 1/A{x} is an integrating factor for the separable DE (11},

The differential x dy — y dx furnishes another interesting example. It has an
integrating factor in the right half-plane x > 0 of the form ulx) = l/x since

}J/JL — dx % = diy/x) cf. Ex. C11. A more interesting integrating factor is
1/x* 1 ¥%). Indeed, the function

Gt (g dy — y dx)
o < [ =280
) Jog @+

is the angle made with the positive x-axis by the vector (x,3), That is, it is just the
polar angle # when the point {(x,5) is expressed in polar coordinates. Therefore,
the integral curves of xy' = y in the domain x > @} are the radii # = C, where
—x/2 < 8 < x/2; the solution curves are the same.

Note that the differential (x dy - - ydx}/Ax” } %% is not exact in the punctored
plane, consisting of the x,y-plane with the origin deleted. For f changes by %
in going around the origin. This is possible, even though 8{x/(x” — 7] /dx = &
[—9/(x" + ¥M]/8y, because the puncturcd plane is not a simply connected
domain.

Still another integrating factor of x dy -+ - y dx is 1/xy, which replaces x dy —
pdx = Obydyy = dx/x, orln vy = In |x| + € in the interior of each of the
four quadrants into which the coordinate axes divide the {x,v}-plane. Exponen-
tiating both sides, we gety = &

A less simple example concerns the DE x{x” — 2y} = (2x® — y"5. Here an
integrating factor is 1,/x"y". If we divide the given DE by x™y", we get

y* = 2;1:3;5}"

AT
dx o\ 5y X7 Xy

Hernce the solution curves of the DE are (x?,-’y) - (y?;’x) =C orx’ + ¥ = Cay,

Parametric Solutions. Besides “explicit” solutions y = f{x} and “implicit”
solutions U(x,%) = C, quasinormal DEs (14} can have “parametric” solutions.
Here by a parametric solution Is rmeant a parametric curve x = g(t}, » = () along
which the line mtegral il M{xy) dx - Nix,v) dy, defined as

(15} SIMOAENE () — N nn 0] d
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vamishes, Thus, the curves x = 4 cos ¢, ¥ = A sin ¢ are parameulc solutions of
x -y = 0. They are also solutions of the sysiem of two first-order DEs dx/dt

y, dy/dt = x, and will be studied from this standpoint in Chapter 5.

EXERCISES C

1.

L

Find an integral of the DE ¥ = 35/x", and plot its integral curves. Locate its critical
points, if any.

. Sketch the level curves and gradient lines of the function x* + 3x% + 3% What are

its critical points?

kS . -1 < " o R .
Same guestion as Exercise 2 for x3 Sxy 4 57,

. Find equations describing ail solutions of

" 1
Y ——
2x b

For what pairs of positive integers #,7 is the function x " of class @72
Solve the DE xy' i+ 3 = 0 by the method of separation of variables. Discuss its
solution curves, integral curves, and critical points.

ta) Reduce the Bernoulli DE v — $lx)y = qixl", »n # 1, to a lincar first order DF.

by the substitution u = 3’7"

{by Express its general solution in terms of indefinite integrals.

I1: Exs. 8 and 9, solve the DE exhibited, sketeh s solution curves, and describe then:
qualitatively:

8
10

#*11.

12

*13.

1

. T B
¥oris = x 9. ¥ = p/x =

o lxi
Find all solutions of the BE ‘xf + 973" = {l. In which regions of the plane is the
differential on the left side exact?

— :

Show that the reciprocal of any gomogeneous guadratic function (x) = Ax’ 4

2Bxy + (3% is an integrating factor of x 4y — v dx,

Show that if w and » are both integrals of the DE M(xy) -+ Nixa' = 0, then so

are w0, w except where v o= 3, A b pp for any constants A and x, and giu}

for any single-valued function g.

{a} Wnat are the level lines and critical points of sin (x — 27

{by Show that foru = sin (x + 4}, (xeys) = (00}, and d = ¢ = %,_ffx,c) in the Implicit
Finction Theorem need not exist if p <2 § while it may not be unique if 7 > 4.

7 LINEAR FRACTIONAIL EQUATIONS

An important first-order DE is the lincar fractional eguation

(16}

dy x + d
- = —.—”2, ad # be
dx  ax + by
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which is the normal form of

{189 {ax o byyy — {ex o+ dy) = 0

It is understood that the coefficients =, &, ¢, d are constants.

The integration of the DE (16) can be reduced to a quadrature by the sub-
stitution ¥ = ex. This substitution replaces (18} by the DE

¢ = du
a — by

w b=

in which the variables x and ¢ can be separated. Transposing ¢, we are led 1o
the separation of variables

_ ledmay | dx_
' de—d—e¢  x

Since the integrands are rational functions, this can be integrated in terms of
elementary functions. Thus, x can be expressed as a function of v — v/ we
have x = EG(y/x), where

i a -~ b I
Gy = e r . - -
@) = exp [ oL 4 {a dw J dﬁr

More generally, any DE of the form 5° = F(3/x) can be treated sirnilarly. Set-
ting v = y/x and differentiating y = xv, we get x¢* -+ v = F(p). This is clearly
equivalent to the separable DE

d dx
Foy—o " x 400X

whence x = Kexp {{dv/ Flvy — v]b.

Alternatively, we can introduce polar coordinates, setting x = v ¢os ¢ and
y=rsind If¢ =~ #is the angle between the tangent direction ~y and
the radial direction §, then

1 dr , cotycotf + |
— oty = -

rdf ' cotd - coty
Since tany = ¥ = Fy/x) = Fian #), we have

Tdr 1-rmanymand 1+ (an 8)fgan §)

= = Q)

an rdf  tan v - Cran 8 Fllan - tan ¥
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This can evidently be integrated by a quadrature:

"
{171 ¥y = r{0] exp I Q(fh df {171

The function on the right is well-defined, by the Fundamental Theorem of the
Calculus, as long as tan ¢ # tan #, that is, as long as ¥ # y/x.

Invariant Radii. The radit along which the denominator of Q@1 vanishes
are those where (18) is equivalent to d/dr = 0. Hence, these radit arc particular
solution curves of (18); they are called fnevariant radii. They arc the solutions
y = rx, for constant = 1an 8. Therefore, they are the radii y = vx for which
§ = 71 = &+ dr)ile — br), by (16), and so their slopes 1 are the roots of the
quadratic equation

(18} B+ (g — dir = ¢

If b # 0, Eq. {18} has zero, one, or two real roets according as its diseriminant
is negative, zero, or positive. This discriminant is

(189 Am=fa -d + dbc=dia+ &7 - dlad - 8O

In the sectors between adjacemnt invariant radii, 44/4r has constant sign; this fact
facilitates the sketching of sclution curves, Together with the invarlant radii, the
solution curves {17') form a regular curve family in the punchired flane, consist-
ing of the xy-planc with the origin deleted.

Similarity Property. Each solution of the linear fractional DE (18} is trans-
formed into another sclution when x and 3 are both multiplied by the same
nonzero constant £ The reason is, that both ¥ = dy/dx and »/x are unchanged
by the transformation (x,¥) -~ (kx ky}. In polar coordinates, if v = f{f) 15 a solu-
tion of {17), then so is v = &f{f). Since the transformation (e, -» (keky) Is a
similarity transformation of the xy-plane for any fixed k, it follows that the sulu-
tion curves in the sector between any two adjacent invariant radii are all geo-
metricelly similar {and similarly placed), This fact is apparent in the drawings of
Figure [.6.

Note also that the hyperbolas in Figure 1.6a are the orthogonal trajectories
of those of Figure 1.5. This is because they are integral curves of 3 = x and
xy" = —v, respectively, and x/y is the negative reciprocal of --v/x.

EXFRCISES I
1. Sketch the integral curves of the DEs in Exs. C8 and €8 in the neighborhood of the
origin of coordinates.
2. Express in closed forrn all solutions of the foliowing DEs:
@y =6 PRS0y = sl
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o,

CHAPTER [ First-Order Differentinl Equations
¥y
/ k | :
\ Fr ; } ®
{ayxy by =10 () av’ = 2y {c) ¥ = (Bx - w)ix —iy)

Figure 1.6 Integral curves.

. (a} Show that the inhomogenueous linear fractional DE

fex o dy tebdu o lax b By 4+ fidy = U, ad + be

can be reduced to the form (16) by a translation of coordinates.
(b) Using this idea, integrate (x 4 5 > lide = {2x ~ 5 — 1) dw.
{c} For what sets of constants a, 4, ¢, 4, ¢, f, is the displaved DE exact?

. Find al! integra curves of (x" <y — &'y = . [HINT: Set u = v/x.]

. Prove in detail that the solutions of any nomogeneous DE 4" = 2{y/x) have the
¥ & ¥ A

Similarity Property described in §7.

. Show that the solution curves of ¥ = Gix,y) cut those of ¥ = Flx,y) at a constant

angle 2 if and only if & = {r = ¥}/l — +F), where r =~ tan .

. let A B, © be constaniis, ana K a parameter. Show that the coaxial conies

Ax® + 2Bxy + O = K, satisfy the DI ¥~ —{Ax + By/8x + Oy,

. {a) Show that the diffevential {ax + by} 4y — (ex + dy) dx is exact ifand only if 4 b

4 = 0, and that in this case the integral curves form a family of coaxial conics.

{b} Using Exs. 6 and 7, show that if tan 8 = (& + d}/{c — b}, the curves cutting the
soition curves of the linear fractional DE 3" = {ex A dy)/lax 1 By} at an angle
& torm a farnily of coaxiat conics.

For the linear fractional 1E (18) show thar
3 = {ad bc}:cx:) (@ dixy :‘Jy"‘];’(ax + by}j
Discuss the domains of convexity and concavity of solutions.
Find an integrating factor for ¥ — (2y/x) :+ a, and integrate the DE by quadratures,
GRAPHICAIL AND NUMERICAL INTEGRATION

The simplest way to sketch approximate solution curves of a given first-order

normal DFE 3" = F{x,y} proceeds as follows, Draw a short scgment with slope A,

F{x,y) = tan #, through each paint (x;,3) of a set of sample points sprinkied

fairly densely over the domain of interest. Then draw smooth curves so as to
have at every point a slope y” approximately equal to the average of the Fix, v}
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at nearby points, weighting the nearcst potnts most heavily {i.e., using graphical
interpolation). Methods of doing this systematically are called schemes of graph-
ical inlegration.

The preceding construction also gives a graphical representation of the diree-
vion field associated with a given nornial first-order DE. This is defined as
tollows.

DEFINITION. A direction field in a region £ of the plane is a funcdon that
assigns ta every point {xy} it I a direction. Two directions are considercd the
same if they differ by an integral multiple of 180°, or « radians.

With every quasinormat DE M(x,y] + Nix,yiy' = 0, there is associated a direc-
tion field. This associates with each point {x,.3,} not a criticel point where M =
N = {}, a short segment parallel to the vector (Mx,, 5}, —Mix, ). Such seg-
mients can be vertical whereas this is impossible for normal DEs.

It is very easy to integrate graphically the linear fractional equation {16}
because solution curves have the same slope along each radius y = vx, v =
constant: each radius ¥ = kx is an isocline. We necd only draw segments having
the right direction fairly denscly on radii spaced at intervals of, say, 30°, After
tracing one approximate integral curve through the direction field by the graph.
ical method described above, we can construct others by tuking advantage of the
Similarity Property stated in §7.

Numerical Integration. With moedern computers, it is easy to construct
accurate numerical tables of the solutions of initial value problems, where they
cxist, for most reasonably well-behaved functions F{x,5). Solutions may exist
only locally. Thus, o solve the initial value problem for ¥ = 1 » 3* for the initial
value 3(0} = 0 on [0,1.6] 15 impossible, sinee the solution tan x becomes infinite
when y = 7/2 = 1.57086. ., - We will now describe three very simple methods
{or “algorithms™) for computing such tables; the numerical solution of ordinary
DEs will be taken up systematically in Chapters 7 and 8.

Simplest is the so-called EBuler methad, whose convergence to the exact solu-
tion (for ¥ € @) was first proved by Cauchy around 1840 (see Chapter 7, §2}.
One starts with the given initial value, y(a) = y, = ¢, setting X, = @ and Y, =
¥p, and then for a suitable step-size & computes recursively
(19) Xou = X, Sk Y =¥,

't }‘F{X.st Yn}
A reasonably accurate table can usually be obtained in this way, by letting A =
041 (say), and printing out every tenth value of ¥,

If greater accuracy is desired, one can reduce £ to G301, printing out
Yoo ¥oons Yous YVanipe -+ - - and “formatting”™ the results so that values are easy 1o look

up-

Improved Euler Method. The preceding algorithm, however, is very waste-
ful, as Euler realized. As he observed, une can obtain much more accurate
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results with roughly the same computational effort by replacing (19) with the

wir

following “improved” Euler algorithm

(20) Z-r: [ Yn‘ e }z}((er Y?t)
A
Y?H-l = Y?t t § ]—-F(XMYRJ f F(X.,_. " '_szn-l- '\]

With £ = 001, this “improved” Euler method gives 3-digit accuracy in most
cases, while requiring only about twice as nmch arithmetic per time step,
Whereas with Euler’s method, to use 10 times as many mesh points ordinarily
gives only ene more digit of accuracy, the same mesh refinement typically gives
two more digits of accuracy with the improved Euler method.,

As will be explained in Chapter 8, when truly accurate results are wanted, 1t
is hetter to use other, more sophisticated methods that give four additional digits
of accuracy each time £ is divided by 10. In the special case of quadrature. —-that
is, of DEs of the form ¥ = gix) (see §2}—to do this is simple. It suffices to
replace (19) by Simpson’s Rule.

{w, B
[y

h 4
20 Yoo 7 ¥ = o gl + 4g | L glx, = R
kS ;

For example, one can compute the natural logarithm of 2,

2y =In2 = J dxix = 69314718, ..

with 8-digit accuracy by choosing n — 25 and using the formula

TS 50 50 B0

150 Z |48 4 2% 40+ 2% 50+ 24

In2 =

Caution. To achieve 8-digit accuracy in summing 25 terms, one must use a
computer arithmetic having at least 9-digit accuracy. Many computers have only
7-digit accuracyl

Taylor Series Method. A third scheme of numerical integration is obtained
by truncating the Taylor series formula after the term in y}, and writing

Veeo = Y, + B} = ¥, b RY, £ B°¥0/2 + O
For the DE y* =y, since y, = yJ = y,, this method gives ¥,,;, = (I + & + A%/
2)¥,, and 50 it is equivalent to the improved Fuler method,

Forthe DE ¥ = 1 + %, since 9" = 29 — 29(1 + %), the method gives

Yo=Y, LRI LY L p%y, 47D
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This differs from the result given by Euler's improved method, In general, since
E Ry jds = 8Fox 1+ (9F/3y) dy/dx, ¥ = (F, 4 FF), This makes the
method easy 10 apply.

The error per step, like that of the improved Euler mecthod, is roughly pro-
portional to the cube of 4. Since the number of steps is proportional to 27, the
eumulative error of both methods is roughly proportional to 4% Thus, ene can
obtain two more digits of accuracy with it by using 1{ times as many mesh
poinis,

As will be explained in Chapter 8, when truly accurate results are wanted,
one should use other, more sophisticated methods that give four additional digits
of accuracy when 10 times as many mesh points are used.

Construcling Function Tables. Many functions are most simply defined as
solutions of initial value problems. Thus ¢* is the solution of ' = y thar satisfies
the initial condition ¢® = 1, and 1an x is the solution of ¥ = 1 + 3* that satisfies
tan 0 = 0. Reciprocally, In x Is the solution of ¥ = 1y that satishies In 0 = 1,
while arctan x is the solution of ¥ = 1 /(1 ~+ ¥ that satisfies arctan ¢ = 0.

It is instructive and enjoyable {using modern computers) to try to construct
tables of numerical values of such functions, using the methods described in this
saction, and other methods to be discussed fn Chapters 7 and 8. The accuracy
of the computer autput, for different methods and choices of the mesh length
£, van be determined by comparison with standard tables.t One can often use
simple recursion formulas instead, like

) tann x + tan &
S = MY and tan (x F AY = L

1] —tanxtan &’

after evaluating ¢ = 1.01005167, and alsc by its Taylor series tan x — x +
x";’f% LR Qx'r’__;"15 + - - - otan (01 = 00100003835, . .. Such comparisons will
often reveal the limited accuracy of machine computations (perhaps six digits).

EXERCISES F

1. For cach of the following initial value problems, make a table of the approximate
nurmerical solution computed by the Euler method, over the interval and for the
mesh lengths specificd:

(@} ¥ =y withp(@) = 1, 0on [0,3], for & = 0.1 and 0.02,
by y =1~ ¥ with () = 0, on 10,16, for ki = 0.1, (.05, and 0.02.

2, Knowing that the exact solutions of the preceding initial value problems are ¢ and

tan x:

{2} Evaluate the errors £, 7 ¥, - 9{X,) for the examples of Exercise 1.

{b) Tabulate the ratios £,/hx, verifying when it is true that they are roughly indegen-
dent of k and x.

+ See tor example Abramowitz and Stegurn, which contains also a wealth of relevant material,
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3. Compute approximate solwtions of the initial value problems of Exereise I by the
tmproved Fuler method.

4. Find the errors of the approximate values computed in Exercise 3, and analyze the
Tatios Y‘-;"&?'x (cf. Ex. 1,

5. Use Simpsen’s Rule to compute a table of approximate values of the natural Joga-

vithm function ln x = f dt /i, on the interval 1,2].
1

X
. Construct a table of the function arctan x — [ 441 4 4 on the mierval 1] by
Jo

Simpson’s Rule, ané compare the compurted value of arctan 1 with /4.

*7. Tn sclected cases, test how well vour tables agree with the idenaties arcran {tan x) -~
xand ln (&} = x.

*8, Let ¢, be the approximate value of ¢ obtained using ¥uler's method to solve ¥ =
for the initial condition ¥{(0) = 1 on 20,1}, on a uniform mesh with mesh length & —
1/n,

{a) Show thatlne, = aln {i -~ AL
by Infer thatine, = 1 — &2 + A58 — - - -
{c) From this, derive the formula

{x} - (em;‘g) = }'7:2 . }2);3 + e .

{d) From formula (¥} show that, as &, ¢, ¢ — 2, = (he/2i{1 BG — OEML.

5 THE INITIAL VALUFE. PRORBLEM

For any normal first-order differential equation y° = Flx,y) and any “initial”
%y (think of x as time), the initial value problem consists in finding the solution
or solutions of the DE, for » 7 x,, which also satisfy f(x,} = ¢ In geometric
lunguage, this amounts to finding the solution curve or curves that issue from
the point (x,,¢) to the right in the (x,y)-plane. As we have just seen, most initfal
valiue problems are easy to solve on modern computers, it one is satisfed with
approximale solutions accurate to {say) 3 b decimal digits.

However, theve is also a basic theoretical problem of proving the unigueness of
this solution.

When Flx,y) = g{x) depends on x alone, this theoretical problem is solved by
the ¥undamental Theorem of the Calculus (§2). Given x; = @ and ¥, = ¢ the
initial value problem for the DE v = g{x) has one and only one solution, given
by the definite integral (5°).

The initial value problem is said to be weil-posed In z domain D when there is
one and only one solution y = f{x.c} in D of the given DE for each given {x;,c)
€ D, and when this solution varics continuously with ¢, To show that the inital
value problem is well-posed, therefore, requires proving theorems of exdistence
{there is a solution), uniqueness {there is only one solution), and continuity {the
solution depends continuously on the initial value). The concept of a well-posed
initial value problem gives a precise mathermatical interpretation of the physical
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concept of determinism (cf. Ch. 6, 855 As was pointed out by Hadamard, solu-
tions which do not have the properties specified are useless physically because
no physical measurement Is exact.

It is fairly easv to show that the initial value problems discussed so far are
well-posed, Thus, using formula (8’} one can show that the initial value pmblem
is well-posed for the linear DE 3" = pilxjy = g(x) in any vertical strip g < x << &
where p and ¢ are continuous. The initial value pr oblem is also well- posed for
the linear fractional DE (I16) in each of the halfplanes ax -+ by = 0 and
ax - oy < 0

Actually, for the initlal value problem for ¥ = Fx,3) 1o be well-posed in a
domain D, it is sufficient that F € €' in D. But it is not sufficient that ¥ ¢ @:
though the continuity of Fimplics the existence of at least one solution through
every point {cf. Ch. 6,§13), it does not necessarily imply uniqueness, as the {ol-
lowing example shows.

Example 7. Consider the curve familvy = (x — £y, sketched in Figure 1.7.
For fixed C, we have

{22 y = & = 30 O = 39
- dx

a DE whose right side is a continuous function of position (x,5). Through every
point {x;,c} of the p ane passcs just one curve vy — (x — ¥ of the famil Iy, tor
which € = x, — ¢ depends continuously on (Aq,c’,‘,l Hence, the initial value
problem tor the DE (22) always has one and only one solution of the form
3= {x — €)%, But there are also other solutions.

Thus, the function y = ( also satisfies (22). Iis graph is the envelope of the
curves ¥ = (x - v, In addition, for any & << 3, the function defined by the
three equations

fx - a)f, X <%
{221 y= 0 _ o <y =T
- By x = 8

¥4

F

Figure 1.7 Solution curves of 3° = 8y%/%,
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is a solution of {22). Hence, the first-order DE ' = 3y9""3

family of solutions, depending on the parameters a and 3.

has a two-parameter

*10 UNIQUENESS ANB CONTINUITY

The rest of this chapter will discuss existence, unigueness, and continuity
theorems for imitial value problems concerning normael first-order DEs
v = Fx,yh Readers who are primarily imerested in applications are advised to
skip to Chapter 2.

Example 9 shows that the mere continuity of Fix,y) does not suffice 1o ensure
the uniqueness of solutions vy = f(x} of ¥ = Flx,y) with given f{n} = ¢. However,
it is sufficient that F € &' (H). We shall prove this and continuity at the same
time, using for much of the proof the following gencralization of the standard
Lipschitz condition.

DEFINITION. A function Fix,y} satisfies a one-sided Lipschitz condition in a
domain I when, for some finite constant £
(23) By I ¥ irnplies Flays) — Flay) = Liy — y2)

identically in £ It satisfies a Lipschitz conditiont in [} when, for some nonnegative
constant L {Lipschitz constant), it satisfies the inequality

(237 [F(ey) - Flez) = Ly — 2]
for all point pairs (x,y} and {x,z} in D having the same x-coordinate.

The same function ¥ may satisfy Lipschitz conditions with different Lipschitz
constants, or no Lipschitz conditions at all, as the domain 7 under consideration
varies. For example, the function #{x,3] = 34" of the DE in Exampie 9 satisfics
a Lipschitz condition in any half-plane ¥ &= ¢, ¢ > §, with L = 2¢7°%, but no
Lipschitz condition in the half-plane vy > 0. More generally, one can prove the
following.

LEMMA 1. Let I be continuously differentioble in o bounded closed comvexy]
domain L. Then if satisfles a Lipschitz condition theve, with L = supy 8F/dy;.

* [nthis book, stierred sections mmy be omitted without Joss of continuity,
T R, Lipsehite, Budl. Soi Meth, 10 (L878Y, p. 149; the 1dea o the proof is due to Cauchy {1833, See
frce, po 78, for a historical discussion.

1 A set of points is called comex when it contains, with any two soins, the Ine segment joining thes:.
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Proof. The domain being convex, it contains the entire vertical segment join-
ing {x,y} with {x,z}. Applying the Law of the Mean to Flx,n) on this segment,
considered as a function of %, we have

SF(x,
[Py - P! = [y — 2] |/ e ’31|

dn

for some 9 between y and 2. The inequality (239, with £ = sup, dF/dyi, follows.
A similar argument shows that (23} holds with L. = max, §F/dy.

The case Fix,y) = glx) of ordinary integration, or “quadrature,” is casily
identified as the case when L = 0 in (23). A Lipschirz condition is satisfied even
if glx} is discontinuous.

LEMMA 2. Lef g be a differentiable function selisfying the diffevential inequality
(24} o’(x) = Kefx), 4 oK = b
where K is a constanl. Then
(247 a(x) = a(@et U for g x=b

Proof. Multiply both sides of (24) by ¢~* and transpose, getting

v

G = o e (x) — Kelx}] = 4 {alxye™ ™
dx

The function eix}e ** thus has a negative or zero derivative and so is nonincreas-
ing for & = x ~7 b. Therefore, olxle ™ " == glare M, g.e.d.

LEMMA 8. The one-suded Lipschilz condition (23} implies that
[glx) — fllg'Cey — [/l = Ligle) - foa)°

Jor any twe solutions f{x} and gx)of ¥ = Flx, ),

Progf. Setting f(x} = y., glx} = v;, we have

(g} - fETg () ~ U = (e — pFlrye) - Flxy)]

from the DE. H y, = y., then, by (23", the right side of this eguation has the
upper bound L(y, — 3. Since all expressions are unalicred when 3, and v, are
interchanged, we see thar the inequality of Lemma 3 is true in any case,

We now prove that solutions of ¥ = Fx,y) depend continuously (and hence
uniquely] on their inttial values, provided that a one-sided Lipschitz condition
holds.
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THEOREM 8. Let f{x)and glx) be any two solutions of the first-order normal DE
¥ = Flxylin a domain I where F satisfies the one-sided Lipschilz condition (23), Then
{25} [flxy = glx}, = ™ “|fla) — gla, i x>a

Proof. Consider the function
olx) = [glx) — fixy®
Computing the derivative by elementary formuias, we have
(%) = 2gl) ~ [ - EE ]

By Lemma 3, this implies that o’(x} =% 2Le(x}); and by Lemma 2, this implics

ol(x) = " Tg(g), Taking the square root of both sides of this inequality (which
are nonnegative), we get (25}, completing the proot.

As the special case f{a) = gla) of Theorem 5, we get uniqueness tor the initial
value problem: in any domain where £ satisfies the one-sided Lipschitz condition
(23}, at most one solution of ¥ = Flxy) for x == g, satisfies f(a) = «. However,
we do not get uniqueness or continuity for decreasing x. We now prove that we
have unigueness and continuity in both directions when the Lipschitz condition
{23" holds.

THEOREM 6. If (23} holds in Theorem 5, then
(26) &) — gl = 1 fla) — glad]

fn particulor, the BE v = Flx,y) has at most one sobution curve passing through any
point {a,0) €6,

Pragf. Since (23} implics (23], we know that the inequality (23] holds; from
Theorem 5, this gives {26} for x &= a. Since {23 also implies {23} when x goes
to - x, we also have by Theorem 5

[fte) — gt = " fla) - glay; = 7% flay — gla)]

giving (26} also for x <7 g, and completing the proof,

EXERCISES F

1. In which dormains do the foilowing functions satisfy & Lipschitz condition?

@) Fiegyy =14 27 by Mg =14 4"
{c} Flxyr = A1 + x5 () Flewy ~ x/{1 + }.‘2)
2. Find all solutions of ¥ = -xv .

3. Show that the DE xv” — 22 + x = { has a two-paramcter family of solutions.
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4, Let fand g be solutions of 37 = Fix,yi, where Fis g continuous function. Show that
the functions m and M, defined as m{x) = min {fix), glx)} and Mlx} = max {fix),
gixil, satisty the same DE. [HinT: Discuss separaicly the cases fx) — gixd, flag <
gixi, and fix} = glah]

B Let off), positive and of class G fove=|=n+e satisty the differential inequality
{8y = Ko() log oft). Show that o) = o{e) exp Kit — a)].

8. Let Fixgd = ylog{I/g for 0~y -2 1, Fix = O fory — 0. Show that v 7 = Fx,3)
has at most ene so:ution satisfying 7(0) + ¢ even though # docs not satisfy a
Lipschitz condition.

V. {Peano uniqueness theorem). For each fixed x, let Flx,3} be u ponincreasing function
of v Show that, if f(x) and g(x} are two solutions of ¥ 7 = Fxyl, and 5 > «, then
JiB — gty = flal — gla)i. Infer a uniquencss theorer.

8. Discuss uniqueness and nonunigueness for solutions of the DE ¢ = —y/® "Hine
Use Ex. 7.3

. {a) Prove a unigueness theorem for " = xy on - -00 - 3,5 <7 400,

b} Prove the sarme result for v = 5% 4.1,

0. {Generalized Lipschite condition.) Let F € @ satisfy
FEGegy = Floa, = kixdly — =

tdentically on the strip 0 < x -2 g, Show that, if the improper ‘ntegral I3 kix) dx is
finite, then ' = Flxy) has at most one solution satisfying %) = 0.

#11. Let F be continunus and satisfy

| Fixyy - Pzl = Kiy — =z tog (jy — z| 1, for by -y =]

Show that the solutions of ¥ — #lx,9 are unigue.

*11 A COMPARISON THEOREM

Since most DEs cannot be solved in terms of elementary functions, it is
traportant to be able to compare the unknown solutions of one DE with the
known solutions of another. It fs also often useful to compare functions satis-
tving the differential imequadity

@7) F70x) = Flx )

with exact solutions of the DE (3). The following theorem gives such a
comparisorn,

THEGREM 7. Lol Fsalisfy o Lipschitz condition for x 7= a. If the function f sut-

wsfies the differential inequality (27} for x 2 a, and if g iv a solution of ¥ = Fixy)
satisfving the tnidial condition g la} = fla), then fix) = gix) for all x = a.

Progf.  Suppose that f{x.) > g(x) for some x. in the given interval, and define
%y to be the largest x in the interval ¢ = x <% x) such that f{x) = g{x). Then
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flxgy = glxy). Letting o) = fix)] -+ g{x), we have ¢{x} > ) for x; = x =% x-; and,
also for x, = x = x,,

elxr = FUx) - gl = Fle fix)) — Fle,glad) == L{fe) - gha)) = Le(x)

where L Is the Lipschitz constant for the function £, 'That is, the funciion o
satisfies the hypothesis of Lemma 2 of §10 on x, == x <5 x-, with X = L. Hence
alx) = olxg)e™ ™ = 0 and so a, being nonnegative, vanishes identically. But
this contradicts the hypothesis f(x.} > g(x.}. We conclude that f{x) = g{x) for
all x in the given interval, g.e.d.

THEQREM 8 (Comparison Theorem). Let fand g be solutions of the DEs
(Z28) yo= Fly, 2= Glxed
respectively, wheve Fix,y) = Glxn} in the strip a = x = b and F or G satisfies a

Lipschite condilion. Let also flay = gla). Then f{x) = g{x) forall x € [q,b].

Praof.  Let € satisfy a Lipschitz condition. Since 37 = F{x,3) = Glx,y), the
functions fand g satisfy the conditions of Theorem 7 with G in place of F. There-
fore, the inequality f{x) <= g(x) for » = a follows immediately.

If £ satisfies a Lipschitz eondition, the functions & — - f{x} and v = —g{x)}
satisfy the DEs w' = — F{x, —u} and
& = - Glx,  0) < - Flx, —u)

Theorem f, applied 1o the funcriom ¢, uand Hu,p) = —Fx, —u) now yields
the inequality ofx) =% u(x} for x = a. or g{x)} > flx), as asserted.

The incquality f {x} = gf{x) in I:hxs Comparison Theorem can often be replaced
by a strict inequality. Either fand g are identically equal for a =% x = x;, or else
filx) << glx) for some x, in the interval (g, x)}. By the Comparison Theorem,
the function o,{x) = glx) - f(x} is nonnegative for ¢ = x = x., and moreover
e (xg} = 1. Much as in the preceding proot

glix) = Gla,glxl) - Flefix)) 2 Glx,glxl) — Gl flx)) = - Lo,

Hence [¢"r(x)])’ = ¢~[o] = L&} = 0; from this cxpression ¢o (x) is a non-
decreasing function on ¢ == x = x.. Consequently, we have

oy (x) 2 o lage TS = ()
which gives a strict inequality. This proves

COROLLARY 1. Ju Theorem 6, for any x. = a, either f{x} < glx)), or fix) =
glx} for all x € [a,x,,

Theorent 7 can also be sharpened in another way, as follows.
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COROLLARY 2. In Theovem 7, ussume that F, as well as G, satisfies a Lipschiiz
condition and, instead of f(a} = gla), that flay <2 gla). Then f(x} <2 glx) for x > a.

Progf. The proof will be by contradiction, If we had fix} = gix) for some
x > a, there would be a first ¥ = x. = @ where f(x) &= g{x}). The two functions
y = ox) = f{-x)and z = f{x) = g x) satisty the DEs y* = — F{—=x,5} and

2 = —G{—x,z} as well as the respective initial conditions ¢{—x:) = $(—=x}

Since --F{—xy) = —G(—x9), we can apply Theoremn 7 in the interval
[ x:.. - a}, knowing that the function -- F{—x.y) satisfies a Lipschitz conditon.

We conclude that ¢+ ay = ¥ a), that is, that f{e) = gla), a contradiction.

*12 REGULAR AND NORMAL CURVE FAMILIES

In this chapter, we have analyzed rmany methods for solving first-order DEs
of the related forms v = Flx,y).M{x,5) -+ Nixy)y = 0, and M{x,y) dx — Nix,3)
dy = {}, describing conditions under which their “solution curves” and/or “'inte-
gral curves” constitute “one-parameter families” filling up appropriate domains
of the {xy}-plane. In this concluding section, we will try to clarify further the
relationship between such first-order BEs and one-parameter curve families.

A key role is played by the Implicit Function Theorem, which showst that the
level curves u = € of any function « € € (1) have the following properties in
any domain £} not containing any critical point: () one and only one curve of
the family passes through each point of B, (i) cach curve of the family has a
tangent at every point, and (i} the tangent direction is a4 continuous function
of position. Thus, they constitute a regular curve family tn the sense of the {ol-
lowing definition.

DEFINITION. A regulqr curve family is a curve family that satisfies condi-
tions (i} through (i1,

Thus, the circles x* -: 3° = € (C > 0} form a regular curve family; they are
the integral curves of x — v = {0, the DE of Example 1. Concerning the DE
y = y* — y of Exampte 2, even though it is harder to integrate, we can say
maore: its salution curves form a normal curve family in the following sense.

DEFINITION, A rcgular curve farily is normaf when no curve of the family
has a vertical tangent anywhere.

Almost by definition, the curves of any normal curve family are solution
curves of the normal DE 37 = Fix,5), where Flx.5) is the slope at {x,¥) of the
curve passing through it. Morcover, by Theorem 5/, if F € @, there are no other
solution curves.

The question naturally arises: do the solution curves of v/ = Fxy) always
form a normal curve family in any domain where F € @°? They always do locaily,
but the precise formulation and proof of a theorem to this effect are very dif-

P Where du/dy - 0 but du/8x #= &, we can st x ~— giy) locally on the curve; see below.
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ficult, and will be deferred to Chapter 6. There we will establish the simpler
result that the initial valuc problem is locally weli-posed for such DEs, after treat-
ing {in Chapter 4) the case that Fis analytic {i.¢., the sum of a convergent power
series).

In the remaining paragraphs of this chapter, we will simply try to clarify fur-
ther what the Implicit Function theorem does and does not assert about *‘level
curves.”

Parametrizing Curve Families. Although the name “level curve” suggests
that for each € the set of points where F{x.5) = C is always a single curve, this
is not so. Thus, consider the level curves of the function Fix,y) = (=" 1 yQ)Q —
9x* + 2y The level curve F = (0 is the lermmiscate 7 = 2 cos 98, and is divided
by the critical point at the origin into two pieces. Inside each lobe of this lem-
niscate is one piece of the level curve F = € for -1 =2 € < ), while the “level
curve” F = —1 consists of the other two critical points (11, 0)

Similarly, in the infinite horizontal strip —1 << v << 1, every solution curve y
= sin x ; C of the DE 57 = cos x consists of an infinite number of pieces. The
same is true of the interval curves of the DE cos x dx = sin x dy, which are the
level curves of 7 sin x. {These can also be viewed as the graphs of the functions
¥y =y =in [sin x] € and the vertical lines y = X nwr.) In general, one cannot
parametrize the level curves of F{x,y) globally by the paramcter C.

However, one can parametrize the level curves of any function u € €' locally,
in some neighborhood of any point (x,¥,} where du/dy # 0, For, by the Implicit
Function Theorem, there exist positive ¢ and % such that for all x € {x; — ¢, x;

¢ and ¢ € {uy € #; + 6, there is exactly one 3 € {yy — 1, 5 = n) such that
ufx,y) = ¢. This defines a function y(x,c} locally, in a rectangle of the (x,u)-plane,
The parameter ¢ parametrizes the level curves of u{x,y) in the corresponding
neighborhood of {xy,),) in the (x,y}-plane; of. Figure 1.8

S i e e yzya—n

X=X E x-..-x:;é-(

Figure 1.8
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EXERCISES G

k.

[\

#7.

Let Hu) be continuous and ¢ - 3wy # 0 for p == u 35 ¢ Show that the DE
¥ = flax + & + ¢ {abe are constants) has a solution passing through every
point of the strip p < ax - &y b ¢ < g

. Find all solutions of the IE ¥ = [x%].
. Show that, if M and N are homogeneous functions of the same degree, then (17)

has the integrating factor (xM + »N) 7 in any simply connected domain where
xM N does not vanish,

. Show that if giy} satisfies a Lipschitz condition, the solutions of ¥ = giv) form a

normal curve family in the {x,3)-planie. [HinvT: Apply the Inverse Funciion Theorem

tox = [dy/gly) + C.

. Let gix) be continuous for § = x <7 00, litf, o glx) = dand g 2= 0. Show that, for

every solution y ~ fix) of 3 4+ ay = gix), we have lin_, flx} + - &/a.

. Show that if @ <7 § in Ex. 5, then there exists one and only one solution of the DE

such that lim, ., fz} = &/a

{Osgood s Umiqueness Thesrem, ) Buppose that u) is a continuous increasing function
defined and positive for u = {, such that jé dujpfuy — o0 as e — O IF " Flay) —
Fx2)| <0 ¢y — x|}, then the solutions of the DE {3} are unigue. (Hinvt: Use Ex.

E4.i

. Let K, G, {, g be as in Theorem 8§, and Flx,y <7 Gix,»h Show that fix) < glx) for x

> a, without assuming that £ or & satisfies a Lipschitz condition.

. Show that the conditions de/dt = txl'™ and x{0) = —1 define a wel-posed initial

value problem on [De) if ¢ = 1, but notif 2 > 1.

. {a) Tind the critical points of the DE x dy = y dx.

{b) Show that in the punctured plane (the xy-planc with the origin deleted),
the integral curves of xy' = ¥ are the lines 8 = ¢, where 8 Is 2 periodic angular
variable onily determined up to integral multiples of 2,

fc} What are its solution cutves?

() Show that the reel variables x/r = cos # and y/r = sin § are integrals of
xy = », and describe carefully their level curves.

(@} Prove that there is no realvalued function ¥ € € in the punctured plane of
Ix. 10 whose level curves are the integral curves of xy° -1 4.

{b) Show that the integral curves of ¥ = (x — v)/{x — y) are the equiangutar spirals
o T R Ay

(B Prove that taere s no real-valued function # € @' whose ievel curves are these
spirais.



