Preliminaries

A jowrney of a million miles
Sfarts with the fiest step

Contucius

1.1 INTRODLCTION

There are many fextbooks which describe the mathematical background of boundary
element methods (the interested reader may refer fo an excellent compilation of literature

on the BEM in the BENET homepage Aifpiwaw cended edudacnih/chengbenel).
Lnfortunately, most texts to date have been written by mathematicians or engineers with a
strong background in mathematies and, therefore, they tend to dwell on the theoretical
treatment of the method rather than concentrating on the physical meaning and
implementation.  lFurthermore, although many books include simple programs in the
appendix few have examples on how the theory explained is translated into a computer
program. Since it is obvious that the methods would not be useful without computers, the
lack of cmphasis on computer implementation 1s surpnising. In contrast 0 most
mathematicians, who are happy just 1o prove the existence of a solution and crror bounds,
the engineer 1s inlerested n the application of the method 1 solving real problems.
[nvariably this mcans that cither an existing program must be used or a program
developed for solving a specific problem. Gither way, a user ol boundary clament
software must have a basic understanding about how the theory 1s implemented, as 1t 1s
unportant that one be awarce ol the limilations ol the program, possible pitfalls 1o look out
lor, cle. So in addition to understanding the theorelical assumplions made to oblaln an
approximate solulion of the problem and the theoretical error bounds, such as they may be
derived for certain examples, the user must be aware ol the crrors introduced by the
numerical implementation, lor example, the numerical inlcgration and boundary
inierpolation.
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Mast readers of this book will be familiar with the finite element method'. In the most
common version of this method in elasticity, we subdivide the domain into elements and
approximate the displacement field with functions which are defined at element level, i.e.
are piccewise continuous. The parameters of these functions, which are the displacements
at the nodes where clements are conneeted to cach other, are determined by a suitable
general equilibrium condition, such as the minimum of potential energy. The functions
themselves generally do not satisfy the goveming differential equations. Therefore, for
clasticity problems, we may have overall equilibrium satisfied, but a local violation of
cquilibrium exists, for example at clement boundaries. 1t can be proven that the method
comverges, 1.c. the exact solution 1s approached as the clement size approaches zero.

Figure 1.1 Finite element mesh for the analysis of tunnel excavation with contours of z-
displacements on clements near tunnel
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Figure 1.1 shows an cxample of a finite clement mesh for the three-dimensional
analysis of scquential excavation and construction of a tunnel. A plane of symmetry s
applicd so that only half of the tunnel is discretised. Note that to mode] the rock mass
through which the tunnel 1s driven, which for all practical purposces can be asswmed to be
miinite, we must make a “box” of sohid clements. Al the outer boundaries of thiy box we
cither sel the displacements (0 zero or apply stress boundary conditions which reprosent
the ir sifu stress. The mesh shown here has approximaicely 100 000 degrees of freedom,
und a solution ok several hours on a PC.
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Figure 1.2 Boundary clement mesh tfor the simulation of tunnel excavation with contours of @,
on a result plane

In contrast, the BEM does not require the subdivision of the domain into elements
because the functions used for approximating the solution ingide the domain are chosen to
he only those which satisfy the governing differential equations exactly. Consequently,
only boundary conditions have to be satisficd. This can he achieved in an approximate
way by subdividing the houndary into clements over which the values (for example,
tractions or displacements in the ease of elasticity) are interpolated, much in the same way
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as with the FEM. The advantage of the method is obvious: the dimensionality ot the
problem is reduced by one order, that is, only a surface instead of a volume discretisation
is required. This means that the number of unknowns is reduced dramatically, especially
for three-dimensional problems, beeause unknowns oceur only on the problem boundary.
Another advantage is that cquilibrium is satistied exactly everywhere in the domain, and
that it iy casy to deal with an infinite continuum.

As an example, Figure 1.2 shows the boundary clement mesh for the same tunel as
analysed by the FEM in Uigure 1.1. This mesh has approximately 1000 degrees of
freedom and takes 3 minutes to solve on a PC. The stress contours, computed and drawn
on a user-delined plane inside the rock mass, show no jumps, as are somotimes seen 1n
FEM resulls 1 no special siress recovery algonithms are used 1o smooth resulls.

Sinee [unctions must be [ound which satisly the governing dilTerential cquation (DE)
exactly, the BEM requires a solution ol the DE. This solution must be as simple as
possible because, as will be seen 1 the chapter on implementation, this 1s crueial {or
cHicieney. Unlortunately, the simplest solutions which we can find  (fundamental
solutions) are duc to concentrated loads or sources and are singular, i.c., have inlinite
valucs al cerlain points. This property has 1o be taken into account when integrating these
functions over boundary clements. This will make the numerical inlegration procedurc
more complicaled than is the case with linite elements.

There hag been a general misconception that because a lundamental solution ol the
problem must exist for the BEM to work, the method can only be applicd to lincar
problems with homogeneous material. As will be shown in this book, non-linear problems
can be solved almost as easily as with the FEM by the repeated solution of linear
problems and inhomogenecus material can be considered with the mulfi-region method,

1.2 OVERVIEW OF BOOK

This book is designed to be used ax a basis for a first course on the BEM. It is
rccommended that the chapters be read consecutively, as later chapters build on material
discussed 1 carlier chapiers. Throughout the book the reader will builld a sulle of
subprograms which perform the varous tasks needed {or the numencal implementation of
the BEM. Various exereises are included which allow the reader (o test the programs
wrilten and 1o expenience how the method works., Answers o exercises are given m the
Appendix.

We starl with an introduction 10 the FORTRAN 95 programming language, the latest
dialect of FORTRAN which was rcleased at the time of wriling the book. This is a major
improvement over the old FORTRAN 77 variant in that it has extensive facilitics lor
matrix operations which result in much shorter and more recadable code. FORTRAN,
which stands lor FORmula TRANslation, 15 the most widely used language lor
programming cnginccring applications and is casicr to learn than other higher lewel
languages such ag C- 1. However, there is no reason why the procedures outlined in some
detail in this book could not be implemented in another language.

The next chapter deals with the way in which we can describe the geometrical
boundary of a problem and the boundary conditions in a numerical way. This is done by
subdividing the surface info small elements and by inferpolating between nodal values.
This is essential for the later treatment of integral equations. With the aid of the examples
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we cannot only test the subroutines developed, but also get an understanding of the cerror
introduced by the approximations used to deseribe boundarics.

Another fundamental building block is the description of the material response. In
Chapter 4 wo introduce basic concepls of elasticity and poilential fow and develop
lundamental solutions, that s, simple solutions which satisly the governing dillerential
cquations. These will be central 10 our subscquent deliberations.

We imtroduce the concepts of boundary clement methods next, using the meihod
originally proposed by Trelltz. Although this very simple method cannot be used for
general purpose programs, il serves very well 10 explam the fundamental 1deas of the
method. A small computer program can be developed o solve some simple problems.
Again, this will scrve as a ool lor learning by experience.

The direct boundary clement method used in the majority of BEM sofiware is
introduced next. 1ere we will use the reciprocal theorem by Betld, which is well known o
engineers, 10 oBain an inlegral equation where the integrals contain singular lunctions,
L.c. ones which have infinile value at certain points. The major task in the implementation
is to solve the integral equations numerically.

The next chapter on numerical implementation therefore deals with the evaluation of
integrals using numerical integrafion. Those familiar with isoparametric finite elements
will recognise the Guass Quadrature method used. However, in contrast to ifs use in the
FEM, one must be very careful to select the number of integration points, as they are
dependent on how close the singularity is to the integrafion region. This is the most
difficult and crucial part in the implementation of the BEM. The integration over the
boundary surface is carried out over a boundary element and the contributions of all
clements which deseribe a boundary are then added. We will see that this is very similar
to the assembly procedure in the FEM.

After the numerical treatment of the integral equations, we end up with a system of
cquations. In comtrast to the FEM, the coctficient matnx s fully populated and
unsymmeltrical. Standard Gauss climimation can be used but, [or large systems, the storage
requirement and the computation times may be reduced considerably by lierative solvers,
such as conjugate gradient methods.

The resulls which we obtain afier the solution are values of displacement or traction at
the boundary depending on the boundary condition specilied. In contrast o the TEM,
values arc notl obtained immedialcly in the interior of the domain, but are compuled by
post-processing. In Chapter 8 it is explained how the stresses at the boundary and in the
wicrior can be obtained from boundary displacements and tractions. This 15 an advantage
of the methed because the user has a lree choice where results are obtained.

We now have all the building blocks together, and arc able o compile a computer
program which is able to solve two and three-dimensional problems in clasticity and
potential flow, depending on which fundamental solution is used. In Chapter 9 we
therefore apply the program developed to test examples to find out what level of aceuracy
can be obtained in comparison with the FEM.

For the solution of inhomogensous domains, where we cannot obtain a fundamental
solution, we introduce the concept of multiple regions, where the domain i3 subdivided
into subregions, much in the same way as with the FEM. There is an additional advantage
in this coneept because sparseness is introduced in the system of equations. We will also
find out in a later chapter that the multi-region method allows contact problems to be
solved.
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If we use the multi-region concept, we find that there is a possibility that the traction
vector can be discontinuous if there is a corner in the boundary of a subregion. We find
that this causes some difficulty, since we have more unknown than available equations to
solve for them. Sinee in nearly all textbooks on the 31M this problem is not discussed in
any detail, we devote the whole of Chapter 11 to the treatment of corners and edges.

Because there are no clements in the interior of the domain, as is the casc with the
FIiM, the BEM has difficulty dealing with problems where “body forces™ have to be
applicd. In the case of gravity or centrifugal forees, which arc constant, the body forces
can be treated by a surface integral. If the body forces are not constant throughout the
domain, a volume mtegral will have (o be evaluaied. This can be done by supplyving
mternal cells which look like Bnite clements, but do not involve any additional degrees of
freedom, as they are only used for imtegration. The implementation of this procedure,
discussed in Chapler 12, however, allows the solution of problems in clastoplasticity and
viscoplasticily.

In Chapler 13 we show that the solution of non-limcar problems follows the same
procedures as in the FEM, so the general solution algorithm is the same. Here we discuss
1wo types ol non-linear problems in more detail: plasticity and contact problems. We lind
that the analysis of problems in plasticity involves the consideration ol residual siresses as
*hody forces’. We also find that the method 15 well suiled 10 model contact and crack
propagation problems.

It is possible 1o couple the BEM with the FEM thus getting the ‘best of both worlds™
In Chapter 14, methods of coupling are presentad. Basically, a stiffness matrix of the BE
region is obtained and assembled with the FEM stiffness matrices. Since many general
purpose programs allow the input of a vser defined element stiffness matrix, this may be
used to extend the capabilities of a reader’s FEM code.

To demonsirate that the method also works for large scale indusirial problems,
Chapter 15 shows some applications of the boundary and coupled methods in engincering.
The purpose of this chapter is twofold: firstly, it shows how complex problems, as they
invariably oceur in real life, can be simplified and how a boundary element mesh can be
obtained. Sccondly, it shows the range of problems that can be solved.

By the end of this book, the reader should have an understanding of how the method
works and how it can be implemented into a computer program.

1.3 MATIHEMATICAL PRELIMINARIES

A good consistent notation is csscntial to any textbook. For developing and explaining
numerical methods two nolations are used by cngincers: malrix and lcngor notation.
Traditionally, textbooks on the BEM have usced iensors, whercas those about the FEM
have used matrix nolation, although many chgineers working in solid mechanics are using
tensors nowadays because ol the case with which non-lincar problems can be treated. For
this book we have chosen 1o use matrix/vector nolation.

There are two reasons for this: firstly, the book which is probably still the mest widely
read on numerical modelling, The Finite Flememt Method, by Q. C. Zienkiewicz and R.I.
Tavlor, now in its fifth edition, uses matrix notation throughout. Since we hope to aftract
more engineers fo the BEM, this was one motivation. The other reason is that even
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classical books on the BUEM that use tensor notation have to revert to matrix at some
stuge, for cxample when discussing the assembly of the system of cquations.

Ay will be shown for the (mostly) lincar problems discussed here, there is not so much
difference between the two notations. Indeed, the only time one notices a signilicunt
difference 1s when dertving fundamental solutions, which are much simpler using wensor
mdicial notation. The reader wall see that some compromise solution has been reached 1n
this book [or this case.

In the ollowing we discuss some basie mathematics which will be used 1n this book
and also atlempt a comparison of matrix and tensor notation. A good introduction nto
tensor algebra can be found in the book by Holzaplel®.

1.3.1 Vector algebra
Veetors are used to represent a vectorial gquantity such as displacement or force. They can

also be used to dehine the position of a pomnt relative (o a sct of Cartesian axes. By
comtrast, a column vector 1s simply a matnix with one colunn.

x Iy
Figure 1.3 Position vector x defining a point in spacc

W deline the position ol a pomnt i 3-D space with respect to Carlesian axes x, y, £
(Figure 1.3) as

(n

Allernatively, we may represent the point 1o lerms of Carlesian coordinales x,, where
i=1,2,3 (this is relerred 1o as range).

The Cartesian coordinates are specilied with respect 1o a set of orthogonal coordinale
axes, which are defined by base vectors of unit length, i;and which have the property

1 for i=;
iei =8, {(1.2)

0 for iz
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where ( }o () denotes the scalar (dot) product, as explained on page 17 and J; is known

as the Kronckker delta.
Veetor x may then be represented in indicial notation as

3
o s A
1—2_1,‘-1,- =x, {1.3)

il
where the summalion convention has been used for the last expression. This convention
speeifies thal for any index which is repeated, a summation ol all terims within the range

is implicd.
Another vector quantity is the displacement which can be written either as

u=<y, > or u=gi, (1.4)

in indicial notation.
Coordinate transformation

If we want to express the location of a point in another orthogenal system with the
directions v, ¥; , v then we have

X :'l'g X (1.5)
where the transformation matrix is defined as
T, =[v; v, v,] (1.6)
Alternatively, we may write in indicial notation
x=A ey (L7
where

Ay=v; i, (1.8)

Projection of one vector onto another

If we want to compute the projection of a vector onto a direction specified by a unit vector
v, then it is very convenient to use the dot product. For example, the component, #” of the
displacement n in the direction specified by v is given by (Figure 1.4)
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Figure 1.4 Projection ol vector

’
H=Uuey

The angle 8 between the two veetors 1s computed by

cosl = Lu .y
|u

where the length of vector wis given by

2,02, ®
uo ot T,

Jul=

Derivatives ol veclors
The derivatives of the displacement vector may be written as
(’}H_\. a”.\'

R oy
du ai\{l: ~ du du, ~ du

I ox |7 oy ? P
du. du,
ax ?

[n indicial notation we simply wrile

i,

Jz
i,

EE

tas

Jz

(1.9)

(1.10)

(1.11)

(1.12)

(1.13)
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1.3.2  Stress and strain

Stresses and strains are tensorial quantitics. In the indicial notation the strain tensor is
delined by

|
£y ==lu +u,,) (1.14)

. . . . q
In this book, however, we use a notation originally proposced by Timoshenko”.
We define a psendo-vector ol strain, i.¢. 4 matrix with one column;

dur,
ox
au}:
£, >
£y e,
_JE dz )
. Vor - a”x au1 “13)
’ j_ E).v ey
i i, u.
Yy ] I
(}Z (}_1:
L aZ (__);( ]

Note that in the psewdo-vector notation we only have six strain components, whereas
the symmetric strain tensor has nine. Also note that the % term is missing for the shear
straing in order to achieve consistency between the tensor and mairix operations, The
index number of the location of the strain or stress components for matrix notation and
tensor notation is given in Table 1.1,

Table 1.1 Index numbering for strain and stress

Notation Index number

Matrix L 2 3 4 5 6

Tensor 11 22 33 1Zand 21 |23 and 32 | 31&13
XX Yy e xyand vx |yzand 2y | zx and xz

Similarly, the stress tensor o, can be written as a pseudo-vector

UZ[()'_ c, 0, T, T, T_rz-ll‘ {1.1a)
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1.4 CONCLUSIONS

Al the begimming of this chapter we have shown on a geomechanics example that
substuntial gains can be made with the BEM, i terms of mesh generation and solution
tumes. These gaims are most pronounced {or problems which involve infinile or somi-
iniinite domains. Other examples where the BEM secms 10 be superior to the FEM is for
problems where boundary stresses are important, for example, in mechanical cngineering,
Examples of this will be shown later.

The purposc of this book is 1o cncourage the use of the method. The simple computer
programs included here contain all the necessary building blocks necessary lor building
more advanced and more speeific computer programs for rescarch or industrial
applications. For example, by simply substituting different fundamental solufions one can
solve problems other than elasticity and potential flow.

The reader will note that although the size of this book is similar to Programming the
Finite Flement Method ©. the range of applications that have been discussed here is less.
For example, here we do not mention transient and dynamic problems. The reason for this
is twofold: firstly, the subject matter is more complex and an attempt has been made fo
gently lead the reader into it. The integration over clements to obtain the stiffness matrix
in the F'IEM can be explained, for example, in a few pages, whereas due to the singularity
of the fundamental solutions & whole chapter has to be dedicated to integration in the
BLM. Sccondly, some problems simply do not arise at all in the FEM. The treatment of
edges and corners causes no problems in the FIEM beeause boundary tractions are not
referred o at all.

In conclusion, the rcader should sce s book as an mtroduction o the BEM,
containing some basic building blocks {or computer programming. Armed with this
knowledge, the readers inierested in more advanced lopics may [(nd it casier o
understand more advanced text books and publications on this subject.

1.5 REFERENCES

I. Zienkiewicz, Q.C. and Taylor, R.1. 2000) The Finite Flement Method, (5th ed.).
Butterworth-Heinemann, Qxford.

2. Holzapfel, G.A. (2000) Non-linear Solid Mechanics. Wiley, Chichester,

3. Timoshenko, S.P. and Goodier, J.N. (1970) Theory of Flasticity, McGraw-Hill,
[.ondon,

4. Smith, .M. and Griffiths, DV, (1998) Programming the Finite Element Method, {3rd
ed.). Wiley, Chichester.






