1 Conduction Heat Transfer
and Formulation

1.1 INTRODUCTION

There are many practical engincering problems that require the analysis of
problems involving the transfer of heat. The solution of the equation of heat
conduction 18 sufficient in manv cases, while the area of application expands
considerably if the equations governing coupled heat and mass wansfer and/or
thermal convection are considered. Combining a thermal analysis procedure
with a thermal stress predictive capability can provide answers to questions of
immediate congern in many industrial processes.

In the field of civil engineering, there are numerous examples of practical
problems where the behaviour of the system under consideration may be
predicted via a heat transfer analysis. The thermal properties ol materials used
for construction purposes often necessitate the use of some form of insulation to
counter the effects of the wide range of temperatures produced by seasonal
climatic changes. This is particularly true in highway construction, where it is
important to predict the placement and quantity of insulating material in order
to prevent possible damage to the road surface due to frost heave. At excavation
sites, where the soil may be unstable because of friability or water saturation,
artficial freczing of the soil is often employed to render it structurally stable. This
tvpically inivolves the circulation of a refrigerated liquid through pipes sunk in
concentric circular patterns around the excavation site. The high cost of the
process, in terms of the refrigeration plant and energy consumption, means that
a numerical simulation of the process can prove to be extremely useful. If the
numerical method makes aceurate predictions of the advance of the frozen region,
the numerical results can be used to aid the design of the optimal arrangement
of the cooling pipes and to predict the required running time necessary to
produce an ice wall of the required thickness, In the foundry, it is imperative to
understand the process of solidification in metal casting and the effect this
produces on porosity formation. In high pressure die casting, it is often required
to design a cooling system that will ensure the desired surface finish. Problems
of this type can be investigated by a heat conduction analysis, taking account
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of latent heat effects and allowing for the variation in the thermal properties of
the materials with temperature,

For the simulation of problems involving porous capillary materials, such as
timber or ceramics, a coupled heat and mass transfer analysis is required. The
optimal drving rate to ensure a reasonably stress-free end product will be tied in
with the energy cost of the kiln schedule. Mathematical models, which can
accurately predict the movement of moisture and heat in porous materials, are
often the only means of gaining a better insight into the physical process. Similar
models prove useful in designing geothermal energy extraction systems or in
the analysis of advanced oil recovery by thermal methods. By increasing the
complexity of the governing equations, it is possible to predict the aerodynamic
heating of structures, such as re-entry vehicles, or of turbine blades in a jet
engine. A related problem here is the computation of the thermally induced
stresses and the prediction of the working life of the compeonent. Such information
is essential in the safety analysis of nuclear reactors and also in the modern steel
industry, where the production rate of continuously cast steel is limited by the
cracking induced by thermal stress development in the strand.

Exact analytical solutions of the governing equations of heat transfer can only
be obtained for problems in which restrictive simplifying assumptions have been
made with respect to geometry, material properties and boundary conditions,
There is therefore no option but to turn to numerical selution methods for the
analysis of practical problems, where such simplifications are not generally
possible. The finite element method, with its flexibiiity in dealing with complex
geometries, is an ideal approach to employ in the solution of such problems.
However, the newcomer frequently finds the gap between finite element theory
and practice quite daunting and it is the objective of this book to atternpt to
bridge this gap. The material included proceeds in an orderly fashion from the
governing differential equations to the finite element formulation.

Initially, the basic differential equation governing heat conduction will be
derived and the concept of a variational formulation of the problem will be
introduced. The finite element method will then be used to generate a system of
simultancous equations which have to be solved to obtain the approximation to
the ternperature field in the body of interest, The process will be demonstrated
in detail for the simple case of linear, steadv-state problems in both one and two
dimensions. For the solution of time-dependent (transient) problems, finite
difference methods will be employed to determine the variation of the solution
with time. Different time marching algorithms are presented and their relative
merits discussed.

When the variation of the thermal properties of the materials are included in
the mathematical model, the resulting equations are non-lingar and techniques
for dealing with this added complication are described. Some examples for
which exact solutions are available are also given for one-, two- and three-
dimensional problems. Solution of the non-linear problems can be extended to
include the effects of latent heat addition or removal as in melting and solidifica-
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tien problems. These types of problems, along with some practical examples, are
dealt with in the chapter on phase change. Convection heat transfer is important
when the heat exchange is between a solid and a fluid. The solution metheds for
such problems and the difficulties encountered in the application of the standard
Galerkin method arc also dealt with. As has been noted above, there are many
practical problemns where the determination of the temperature (or moisture}
distribution is only required as a prerequisite for the calculation of the resulting
stress field. Methods for the determination of thermal or drying stresses in such
probiems will be detailed.

1.2 MODELLING OF HEAT CONDUCTION
1.2.1 Derivation of the governing equation

The equation governing the conduction of heat in a continuous medium can be
derived by imposing the principle of conservation of heat energy over an
arbitrary fixed volume, V, of the medium which is bounded by a closed surface
S. For convenience the conservation statement is expressed in rate form and is
written as:

rate of increase of heatin V — rate of heat conduction inte ¥V across §
+ rate of heat generation within V {1.2.1}

If u denotes the specific internal energy of the medium, then
. , P e \
rate of increase of heat in V~1{ p—dV (1.2.2)
vV ot
where g is the density of the medium. Introducing the specific heat, ¢, of the
medium defined by
du

= . . 1_2_3
€= (1.2.3)

where T is the temperature, means that we can write equation (1.2.2) as

~ -
a7

pe—dV (1.2.4)

rate of increasc of heat in ¥V —

To obtain an expression for the rate at which heat is conducted into V across §,

we make use of Fourier's Law of Conduction. This 15 an empirical relationship

which states that, for a surface with unit normal vector n, the rate at which

heatis conducted across the surface, per unit area, in the direction of nis given by
ér

g— —k{gradT)rn~= k- {1.2.5)
{424
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where k is a property of the medium termed the thermal conductivity. In this
equation ¢/0n denotes differentiation in the direction of n and g is termed the
flux of heat in this direction. Thus, if n denotes the outward umit normal to §,
it follows that

rate of heat conduction into V across S

il ”~ il

_qu—J kigrad TyndS — | divikgrad TydV (126
5

oy

v 8
where the Divergence Theorem has been applied. If it 1s assumed that heat
generation in the medium is occurring at a rate @ per unit volume, then

-
I

rate of heat gencration within ¥~ ‘ ody (1.2.15
w K
Using equations {1.2.4), (1.2.6} and {[.2.7) in (1.2.1} produces the conservation
staterent:
- aT . A .
’ pcé-—dn-'(fcgrad1}—Q)dl/—.0 (1.2.8)
t

v

and, since the volume V was arbifrarily chosen initially, 1t follows that
ge ?: divikgrad T)+Q {1.2.9)
t

everywhere in the medium. This is the familiar form of the heat conduction
equation for a non-stationary system.

If the medium is anisotropic, Le. the conductivity depends upon the direction,
the form of the heat conduction equation is modified to

ar
pca —divikgrad 7} + Q (1.2.10}
where ke Ky ke
k=l ky k,, ki, (1.2.11)
kzx kzy kzz

is a conductivity tensor and, for example, k,, denotes the thermal conductivity
in the x direction across a surface with normal in the y direction. If the
conductivity &k and the specific heat capacity pc are assumed to be constant,
and if the heat generation rate @ is independent of T, then equation (1.2.9} is
linear and can be written as

i-ﬁ-WT .2 (1.2.12)
2, O k

where «, — &/pc is termed the thermal diffusivity of the medium and ¥? denotes
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the Laplacian operator defined, in Cartesian coordinates, by

R L
v 008 (1.2.13)

2yl gzt

I the absence of heat generation within the medium, equation {1.2.12) reduces
to the standard diffusion equation:

L _pr (1.2.14)
%, 0

If, in addition, the temperature does not vary with time, steady-state conditions
are said to exist and, in this case, the governing equation simphfies further to

ViT =0 (1.2.15)

which is just the Laplace equation.

1.2.2 Initial and boundary conditions

Suppose that the solution of the heat conduction equation (1.2.9) is required over
an arbitrary domain Q bounded by a closed surface, T, as illustrated in Figure
12,1, II the problem being modelled is independent of time (i.e. steady). the
solution will be uniquely defined provided that we are able to supply appropriate
boundary conditions. For the steady heat conduction equation, one condition
has to be specified at each point of the boundary curve T and typical conditions
of practical interest would be:

Figure 1.2.1  Genedu: domain and boundary
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{a} the value of the temperature 1s prescribed, e.g.

T=f(x) forallxonl (1.2.16}
or
(b the value of the outward normal heat flux is prescribed, e.g.

T
g= —kfgrad Tyrn— — k-‘;— — W0, Ty - W0x, T+ W,ix,T) forallxonl,
n

(1.2.17)

Here f,N,N, and ¥, are prescribed functions of x and T and I' =T, w17,
'y Iy =0 In equation (1.2.17) ¥ denotes a specified heat flux; ¥, denotes a
convective heat flux, defined as

N, =T - T} {1.2.18)

where « 18 a coeflicient of surface heat transfer and 7, is the specified ambient
temperature of the surrounding medium; N, is a radiative heat flux which is
defined as

N, —ea(T* T‘;} (1.2.1%

where o is the Stefan-Boltzman constant and ¢ i3 the emissivity of the serface,
defined as the ratio of the heat emitted by the surface to the heat emitted by a
black body at the same temperature.

When the problem being modelled is time dependent (transient), the solution
is uniquely determined provided that an initial condition is given together with
a boundary condition at ¢ach point of the boundary I of the domain. The initial
condition should give the distribution of the temperature over the entire region
Q at an initial time, usually taken to be the time t = 0. In addition, in a transient
problem, the functions £, N, ¥, and N, of equations (1.2.16} and (1.2.17) may vary
with time.

1.2.3 Interface conditions

When the region Q, consists of two or more different materials, as shown in
Figure 1.2.2, boundary conditions of continuity of temperature and flux across
material interfaces have 1o be applicd in order 1o uniquely define the selution. If
we consider an interface I between two materials, designated Q, and Q,, with
unit normal vector #t in the direction into Q,, these conditions can be written

in the form
’T ,I S T 4 .
. 12} \Z(X {} ) } forallxonlt andalt:>0 (1.2.20)
fi-(kgrad T}, —n-(kgrad T),

where the subscripts | and 2 denote the conditions appropriate to regions
and £, respectively.



MODELLING GF HEA ™ SONDUCTION 7

Q=0uf,

I

Figure 1.2.2 Composite material domaln and intarface.

1.2.4 [Initial, boundary and interface conditions in a
practical example

An example of a realistic physical problem is now used to illustrate how the
correct boundary and initial conditions may be identified in practice. A tapered
slab of aluminium bronze is cast in a resin bonded silica sand mould and a
thermal analysis is to be made of the process. This problem involves the added
complication that the metal is initially liquid and undergoes a change of phase
during the transient. Methods of handling phase change problems will be intro-
duced in Chapter 5 and the complications associated with the phase change
process can be ignored for the purposes of this illustration. To reduce computa-
tional costs, the decision is made to undertake a two-dimensional analysis, and
a vertical cross-section through the mould and casting, shown in Figure 1.2.3,1s
examined. In the actual problem, metal at [156°C is poured inte the mould
through the riser entrance CD. The simulation of the pouring stage can be
expected to pose additional difficult problems and so the conduction analysis
will start from the time when the mould is full, with the metal taken to be at a
uniform initial temperature of 1156 °C. The external boundary EFGHAB of the
sand will be assumed to be maintained at a constant temperature of 20°C while
the initial temperature in the sand is also taken to be at this value. The upper
boundary, CI, of the riser will be held constant at a temperature 1156 °C, while
the sides BC and DE of the riser will be assumed to be perfectly insulated and
therefore subjected to a boundary condition of zero normal heat flux. The initial
temperature at the interface between the mould and the metal is taken (o be
1080 °C, which is the liquidus temperature of the metal and perfect conduction
is assumed at the interface during the transient so that the boundary conditions
of equation {1.2.20} may be applied.
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With the boundary, interface and initial conditions completely specified, the
heat conduction equation can, in theory, be solved and the time variation of the
temperature through the mould and the metal determined. The values of the
thermal properties k and pc of the metal and the mould will need to be specified
before the solution process can begin.

1.3 VARIATIONAL FORMULATION

In the preceding section, we have outlined the classical lormulation of the
problem of heat conduction. Yhis formulation is the starting point for certain
approximate solution methods, such as the finite difference method, but is not
appropriate for the finite element methods to be discussed in this text. For this
reason, we will now replace the classical formulation by an equivalent variational
formulation. It 1s this formulation which we shall employ as the starting point
for the development of appreximate solulion techniques.

1.3.1 Steady probilems

To illustrate the construction of a variational formulation, we begin by consider-

ing steady-state heat conduction in a domain, £, which consists of a single

material. As in Figure 1.2.1 the temperature, 7, will be assumed to be prescribed

on the portion [, of the boundary curve, 1, and the normal heat flux, g, will be

prescribed on the remaining portion, I',. The classical statement of this problem
1 then: determine Tix} such that

divikgrad 1+ Q-0 in Q) (1.3.1)

T = f{x) for xonl {1.3.2}

T

f

|
gix)— — (kgrad T)m= — k; —N(x,7)  for xon[,  {13.3)

Here k, f,W and O are prescribed functions. A variational formulation of the
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problem requires the introduction of a set, 7, of trial functions and a set, %,
of weighting functions. At this point, we will assume that ¥ consists of all
functions that satisfy the boundary conditions of {1.3.2) and (1.3.3) and a strong
variational formulation of the above problem is then: find 7 in the trial function
set & such that

~

J [divik grad T) + QIWdQ — 0 (1.3.4)
4]

for each W in the weighting function set %, An additional requirement now
is that the functions which belong to the irial and weighting function sets must
be sufficiently continuous so that the infegral appearing in equation {1.3.4) is
well defined. If we work with the largest possible sets, then the appropriate
requirernent here is that the weighting functions may be discontinuous but the
trial functions must have continuous first derivatives, We use the notation that
the weighting functions must show C ! continuity and the trial functions must
show (! continuity. The trial and weighting function sets ¢can then be cornpletely
defined by

{ T A
T = % T|T—=fixjon ., gx)— — k((‘n =N(x, ThonTl,;Tis C'} {1.35)

LS

W= {W|WisC "} {1.3.6)

By the fundamental theorem of the variational calculus, the function T{x} which
satisfies the formulation of equation (1.3.4) is a solution of {1.3.1}. The definition
of the trial function set antomatically ensures that this function also satisfies the
conditions (1,3.2y and (1.3.3). Hence, the function T(x} which satisfies this varia-
tional formulation is also the function which 1s the solution of the classical
statement. For this variational formulation, the boundary conditions of equations
{1.3.2)and {1.3.3) are termed essential, as they have to be satisfied by all members
of the trial function set.

In the formulation presented above, we have determined the required solution
from among the set of trial functions which satisfies the problem boundary
conditions and have used the variational statement fo impose the additienal
requirement of the satisfaction of the governing differential equation. However,
alternative variational formulations of the problem, in which we widen the
definition of the trial function set, are also possible. For example, relaxing
completely the requirement that members of the trial function set should satisfy
the problem boundary conditions, we can work with the trial and weighting
function sets

F = {T|Tis €'} (137
W= (WIWis € (1.3.8)
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and the variational formulation: find T in & such that
[div{k grad Ty + Q)W d +- W | [1 - wdr —HD' | kL — N IWdF 0
S0 ar

{1.3.9}

for every W in % . In this equation, W and ® are arbitrary constants. The
fundamental theorem of the variational calculus can again be used to deduce
that the function T(x), which is the solution of this formulation, will satisfy
equation {1.3.1} everywhere in £, the boundary condition of equation (1.3.2)
everywhere on [, and the boundary condition of equation (1.3.3} everywhere
on I';. Hence this function is also the solution of the classical formulation. Here,
the boundary conditions of {1.3.2) and (1.3.3) can be termed natural, as they do
not have to be satisfied by the members of the trial function set but are imposed
via the variational formulation.

An alternative, so-called weak, formulation of the problem, resulis from mani-
pulating equation (1.3.9), assuming that the functions involved are sufficiently
smooth. Using the result

[div(k grad TY W — div[Wkgrad T| — kgrad T-grad W (1.3.10)

and the Divergence Theorem, we produce, from cquation (1.3.9), the equation

r eT "
k—-WdI' - | [kgrad T-grad W— QW]dQ
v+ 6)’1 L)
=¥ f’l’ﬁj']WdI‘--Lbl k— +\‘[Wdl“ Q) {1.3.11)
w v e
which can be simplified, if we adopt the value @~ -1, to
il ‘-t ~ T Iﬂ
kgrad Tgrad WdQ — l QWda + Wké dl'— ' WwRdl
S0 o {1 w T ah’. v Iz
o 4 [ [T -fWwdr {1.3.12)

Wiy

A further simplification is possible if we also requtre that the members of the trial
function set, 7, satisfy the boundary condition of equation £1.3.2), In this case,
the variational formulation becomes: find 7 in % such that

i i r ar ;
kgrad T grad WdQ — l QWwdaaq .« l Wk—dl" — widl™ (1313
S0 v W, on vI;

for every W in the weighting function set % It is apparent that, for this
variational formulation, the continuity requirements which are placed upon the
members of the trial function set are reduced, whereas increased continuity
requirements are placed upon members of the weighting function set. In fact, the
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requirement here is that members of both sets must be continuous (i.e. they must
exhibit €° continuity} that the sets can be defined as

7 —IT|T—~fixjonT.; Tis C% (1.3.14)
W= [WWis C°) (1.3.15)

A further simplification follows if the set of weighting functions is restricted to
consist of those functions W which satisfy the homogeneous form of the boundary
condition of equation {1.3.2}, ie.

W=0 on I'y (1.3.10)
Now, equation (1.3.13) implies that we look for Tin %" such that
" i ~
kgrad Tgrad WdQ — l oWda — | WXdr {1317
Ee] v € w2

for every W in %", For this formulation, the appropriate trial and weighting
function sets are

7 ={FIT=fix)on I;Tis C°%} (1.3.1%)
¥ = {W|IW=0onl'; Wis C°} (1.3.19)

and it is apparent that there is now 4 close relationship between the two function
sets. This close relationship is an attractive feature of this weak formulation for
the heat conduction problem. This weak formulation is frequently preferred for
both mathematical reasons and {or practical applications.

FFor the weak formulation of equation (1.3.171-(1.3.193, the boundary condition
{1.3.2) is an essential boundary condition, as it is directly imposed upon the
members of the trial function set. On the other hand, the boundary condition
{1.3.3}, which is automatically satisfied by the function T{x) which is determined
by the formulation, is a natural boundary condition as it is not directly imposed
upon the members of the tral function set. The identification of any natural
boundary conditions cerresponding to a particular varigtional formulation can
have important practical implications when an approximate solution of the
problem is being attempted, as it can simplify considerably the construction of
the trial function set.

1.3.2 Multi-material problems

For steady heat conduction in a region Q consisting of two (or more) separafe
materials, it has been shown in equation (1.2.20} that the classical formulation
requires the satisfaction of certain additional conditions at material interfaces.
To consider the effect of this on our variational formulation, we assume that
Q is made up of two regions, €3, and Q,, with material interface I', as shown in
Figure 1.2.2. 'The classical formulation is then: determine a continuous function
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Fix) such that

divikgrad ) ~ Q0 — 0 in 2 {1.3.2()

T f{x} forxonl, {1321
T

Gx)— —tkgrad Tyn— -k~ =W(x,7) forxonD, (1.3.22)
an

{kgrad T, »n—(kgrad T};-R for x on & {1.3.23)

where the subscripts | and 2 refer to conditions appropriate to the regions £,
and {2, respectively and where &, k,, £, and @ are prescribed functions. We
will demonstrate that an appropriate weak formulation for this problem is again
the formulation implied by (1.3.17j-(1.3.19}. This can be proved by noting that,
using equation (1.3.10),

I ~

kgrad T-grad Wd€ — (div(Wkgrad Th — Wdiv(k grad T)]dQ

« N R A 15

(1.3.24)

and it follows, using the Divergence Theorem over the regions Q, and 3,
separately, that

jkgrad?‘-grad Wda— — | Wdivikgrad T}d£'2-+-' Wkagrad T'ndl’
n w3 ~ Tz
I
B . W1 kgrad T+i]dl° (1.3.25)
ol

where, for x on T, [ f(x)] — fyix} -~ f.(x} denotes the change in f across I
Thus the variationa! formulation of equations (1.3.177-(1.3.19} is, in this case,
cquivalent to finding the function T in the trial function set % of equation
(1.3.18) which is such that

-

!

[div(kgrad T} + QIWdQ+ | [kgrad Ton + RIW dI
w 2 ~ Tz

”~

4 J [ikgrad T-R11W dI"—0 (1.3.26)
T

for all # in the weighting function set % of equation (1.3.19}. This statement
implies that the lunction T(x} which satisfies the weak variational formulation
will also be the solution of the classical problem defined by equations {1.3.20)—
{1.3.23). The important feature to note is that both the boundary condition on
I, and the interface condition on T are natural boundary conditions for this
weak formulation.
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1.3.3 Transient problems

The inclusion of the effects of the time variable can be made directly within the
variational formulations outlined above, provided that Q and [ now refer to
the full space—time domain and its boundaries respectively. However, this is not
the approach generally followed in this text, where the main intention is to treat
the space and the time domuains separately. In this case, the time ¢ is considered
as a real parameter and we develop a family of one-parameter variational
formulations in t. We illustrate this approach by considering a problem, which
is to be solved for a single material within a spatial domain € with spatial
boundary I', whose ciassical formulation is: find 7{x, ¢} such that

i T
div(k grad T]4Q-—p('(q forxinLt>0 (1.3.27)
at
T—f(x. 1) forxonl,, 10 (1.3.2%)
. arT .
g{x, ) — —thkgrad Trn— —k-;1 —NW(x, T.t) forxonT, >0 (1329
on
T — gix} forxin€t—0 (1.3.30)

Here g, 0.k, f,g. W and Q are prescribed functions. To determine the solution
over the interval 0 < ¢ « 7, we define trial and weighting function sets by

T =T, T~ fix.bon T 0<i<n Tgx)in Q=0 Tis C% (1.3.31)

W — WX W~0on T ;: Wis C% (1.3.32)
and we consider the variational formulation: find 7ix,:}in .9 such that
([ or . . ( C
' pc"- W+ kgrad T-grad W |dQ J oW dQ J wRAT (1.333)
a ot Q I

for every ¢t in the range 0 <t <1 and for every W(x) in #. By emploving
equation (1.3.24} and the Divergence Theorem on the left-band side of this
equation, it can be demonstrated that the solution T of this variational problem
will also be the solution of the classical problem of equations {1.3.27)-(1.3.30L
[t should be noted that the boundary condition of equation (1.3.28) and the initial
condition of equation (1.3.30) are essential conditions within this formulation,
while the boundary condition of equation {1.3.29) is natural,

1.4 THE GALERKIN APPROXIMATE
SOLUTION METHOD

The integral weak variational formulation of the heat conduction problem is the
starting point for the development of the Galerkin method for constructing
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approximate solutions. We illustrate the approach by concentrating upon a
particular example and we consider the solution of the steady linear heat conduc-
tion problem of equations (1.3.1)—(1.3.3), using initiaily the variational formulation
of equation (1.3.17)-{1.3.193. We begiu by determining any function y(x) which
satisfies the essential boundary condition on I'; Le.

yix)— f(x} forxonT, (1.4.1}

and choose a complete set of continvous approximating functions N, N,, ...,
such that each member N, of this set satisfies the homoegeneous form of the
boundary condition on I Le.

Nixj=0 forxonl'. {1.4.2)

The completeness requirement guarantees that these approximating functions
form a basis for the trial and weighting function sets of {1.3. 18} and (1.3.19}, L.e.

9‘-—{T|T=1,";+ T aN; T f(x)on [,; Tis Cﬂ‘} (1.4.3)
F=1

[ -2,
'W’;iW]W-_ S BN W=0onl;Wis CO)l) {1.4.4)
=1 4

where a,,a,,..., and 6., b,,..., are constants, To construct an approximate
solution to the problem, we consider subsets 7 M and ™™ of finite dimension
M, of the trial and weighting function sets, which are defined by

Af
‘e«‘f“}.—g?‘t’?f WY aN;T—fixpon T i Tis €%} (1.4.5)
L i=:
.I’ M
WM 1 WW=Y bN;W—0onl;Wis CO_I (1.4.6)
i-1 J

The Galerkin approximate solution is determined by employing the weak varia-
tional formulation of {1.3.17)-{1.3.15} as follows: find T in " such that

”

OWdo —
e

' kgrad T-grad WdQ —
« £

WK dl (1.4.7)

w

w

for every W in the weighting function set # ™ 1t can be observed from {1.4.6)
that every W in % is formed as a linear combination of the approximating
functions N, N, ..., N and hence the requirernent of equation {1.4.7) is equiva-
ient to the requirement that the function T be such that
kgrad T-grad N, dQ — ‘ Q;\rfdsz—J NRAT  fori= L2, M (148)
« N Iz

o 0
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Inserting the assumed form for Tfrom equation (1.4.3), it follows that

~ M on
| kegrady-grad N, dD + L <} l kgrad Ngrad Nfdﬂ}aj
Wil il Legq
o *
| N0 | NRdr fori—1.2,...,M (1.4.9)
+ L wlia

This set of Af equations can be expressed in the matrix form
Ka:-—r {1.4.10)
where a is the vector defined by
al = (a,, ay. ... Gy {L4.11)

and r is a vector with typical entry

- "

F—= I ON,dQ - '

w3 w I

ARdl -~ {‘ kgrad ye-grad N, dQ (1.4.12}

w L2
The M x M matrix K will, in general, be full with typical entry
Kij= | kgrad Ngrad N,d€ (1.4.13)
o 53

The solution of the equation system (1.4.10) for the constants ¢, a,.... .4y
completes the determination of the Galerkin approximate selution T in the
subset 7,

1.4.1 Optimality of the Galerkin approximation

For the probiem of steady linear heat conduction, we are able to demonstrate,
rather easily, that the Galerkin approximation possesses a certain optimality
property. If

E=Ex)=T-T (14.14)
denotes the error in the Galerkin approximation and
Eg¢n Egix}ee T -§ {1.4.15}

is the error which results when any other function § in ™ is used as an
approximation to 7, then the optimality result can be expressed as

IET <] Esll (1.4.16)

where ||+ || denotes an appropriate measure, i.e. among the whole set of functions
F'™ the function constructed according to the Galerkin procedure is the best
approximation possible according to the measure.
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From equation (1.3.17), the exact solution T satisfies

kgrad T-grad WdQ = | OWdQ— | WRdrI (1.4.17)
0 o]

o L

o

for every W in the weighting function set %7 Since #7™' is a subset of %7, this
equation must also be valid for every W in % . From equation {1.4.7), the
Galerkin approximation T satisfies

+ Iﬁ Iﬁ
kgrad T-grad W dQ — | QW dQ — | wxdl® (1.4.18)
e v [N )

for every W in the weighting function set %™, Subtracting these two equations,
it follows that

.
| kgrad E-grad WdQ — 0 (1.4.19)
[y

for every W in the weighting function sct % ™*0_If we define a measure according
to

Ll

Fik -—J k grad f-grad £ d€ (1.4.20)
143

the result

-

FEeeT S (T T+(T-8=E~(T-5) (1.4.21)

leads to

|Esll?— | kgrad B-grad £4Q 12| &prad E-grad(T- - §)dQ

TRt w k2
~

+ | kgrad(T— §)-grad(T— S)d0 (1.4.22)
w i

Since both T and § belong to 7, it can be observed, from equations (1.4.5)
and (1.4.6), that T 8 belongs to % ™. Hence, from equation {1.4.19), we deduce
that

~

] kgrad E-grad(T— §)dQ =0 (1.423)

o {2
and it follows that equation (1.4.22) can be written as
VEsI*— 1EI? +1T—S* (1.4.24)

The optimality result of equation {1.4.16} is now apparent since, from the definition
of the measure in equation (1.4.20), | T - §|? is strictly non-negative.
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1.4.2 Convergence of the Galerkin approximation

The Galerkin method, as cutlined above, can be used with confidence in practice
to construct approximate solutions to problems involving heat conduction if
the convergence of the procedure can be demonstrated, i.e. if it can be proved
that T-» T as the dimension M of the subsets 7™ and #¥" increases, The
proof of convergence is not straightforward, but it is possible to show that, for
linear heat conduction problems, convergence occurs according to the measure
defined by equation (1.4.20), e that JT- T »0as M .

1.5 FINITE ELEMENT APPROXIMATING FUNCTIONS
IN ONE DIMENSION

It is apparent from the preceding discussion that the analyst who is interested
in obtaining approximate solutions to heat conduction problems by the varia-
tional approach is immediately faced with the difficulty of choosing a suitable set
of approximating functions. The finite element method helps the analyst in this
respect by providing a systematic way of constructing a polynomial approximat-
ing function set of any desired dimension. M, by utilising the results of interpelation
theory.

Consider the construction of an approximate selution to the one-dimensional
steady linear heat conduction problem defined by

d/ drh

i - 0=0 —1l=fat (1.5.1

d*( a )¢ - 10
T=f até—=—1 {1.5.2)
T T

Y (1.5.3)
dn dé

where & and @ are prescribed functions and f and ¥ are prescribed constants.
To obtain a solution by the finite element method, we begin by placing a set
of M + | points, or nodes, at selected points ¢, &,,.... &y, on the region, or
clement, defined by — 1< ¢ < 1. One of these nodes is located at £ — —1 and
another is located at &= 1. For present purposes, the nodes are numbered
according to the numbering system shown in Figure 1.5.1. With each node j
we define the associated Lagrange interpolation polynomial é”;““(rf}, of degree
M. according to the requirernents that

I {1 eme (1.5.4)
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Figure 1.5.1 Node numbering for ane-Gimensisna probifem using finedr clomonts.
of !

which leads to the expression

p M+t (& &)
LN S {1.5.5}
! {ljx (& - &)
L]
If we now adopt the choice N, — ,%.”}”}, then the function

M+
T ¥ ;N (1.5.6}

i=1

is such that 7— a; when & = ¢, ie. the coefficient g; is the value of the function

T at the point & = £, T'o denote this, we replace the representation of equation
{1.5.6) by

. M+1
T ¥ LN, (1.5.7)
i=1

and adopt the definitions

o i1 .
G LT =y TN =fN;T=faté=—1 (1.5.8)
i 401

for the trial function set and

LML) N
'%"(“}-—,{WJW-— Y BNgW—0atf-— 1} (1.5.9)
Q=2
for the weighting function set, Following the procedure outlined in Section 1.4,
these finite dimensional trial and weighting functions sets can be used to determine
an approximate solution to the problem of equations (1.5.13-(1.5.3) by the Galerkin
method. The resulting solution is the Galerkin finite element approximation
which is obtained when a polynomial of order {or degree) M is employed over a
single M + 1 noded finite element.

In the current context, the function N; is termed the finite element shape
function associated with node j and it is informative at this stage to examine
some low order one-dimensional ¢lements in greater detail.

1.5.1 The linear element

‘The linear element, for which M =1, has two nodes, located at £= - 1 and at
& — 1, as shown mt Figure 1.5.2. The corresponding shape functions are linear
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Figure 1.5.3 Shapefunciions andlorm of function for one-dimensicnaliinoar element.

over the element and equation {1.5.3} can be used to construct expressions for
these functions as

NAG (=02 N =(1+8)2 (15.10)

These shape functions are shown in Figure 1.5.3, which also shows the form of
the function T when nodal values T, and T, are prescribed.

The problem of equations {1.5.13-(1.5.3) is defined over the region —1 < £ 1.
Problems involving the more general region x, < x £ x, can be handled by
mapping the region — 1§ <1 into the region of interest. An isoparametric
mapping accomplishes this by employing the element shape functions and defining
the mapping by

2
x= ) x;N{{) —lgégl (1.5.11)
i—1

I this case, the trial and weighting function sets of (1.5.8) and (1.5.9) will become

TG AT T =~ TN 8y = fNeR T—fatx = x, 3 (15.12)

12

WU W x) Wx) = byN,(E W= 0at x = x, } (1.5.13)
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with the relation between the coordinates x and £ being given by the mapping
of equation {1.5.11}.

1.5.2 The quadratic element

When M — 2, the nodal shape functions are quadratic over the element. We
consider the case where the three nodes are equally spaced and located at the
points £ - - -1, & ~0and £:— 1. Using equation (1.5.5), the corresponding nodal
shape functions are readily shown to be

Ny(& = =¢1-38)/2 Nf&y = (1 &) NG~ &2 (1514

These shape functions are displayed in Figure 1.5.4, which also shows the form
of the function 7" when nodal values 7,, T, and T are prescribed.
Approximate solutions to problems involving the general region x, < x € x,,
with nodes located at x,,x, and x,, can also be handled by using a single
quadraticelement. This is accomplished by again mapping the region — 1 < £ =
into the region of interest and this can be achieved by the isoparametric mapping
3
x= Y NG —1=E] (1.5.15}

i=t

{a)

()

b

}"E

Figure 1.8.4 Shapo functicns and form of funcion for one-dimensions! quagratic
H) et s

{HETENE,
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The trial and weighting function sets of (1.5.8) and (1.5.9} now become

\ _
.?'*2‘={'?(x}:?"fx) —i = Y TNJERY = N :?'afat.x—«xl} (15.16)
L jimz

3
w2 — { Wx)Wix)= 3 bN{LW—0atx— x:} {1.5.17)

=2 -

with the relation between the coordinates x and & being given by the mapping
of equation {1.5.135).

1.6 FINITE ELEMENT APPROXIMATING FUNCTIONS
IN TWO DIMENSIONS

Now consider the construction of an approximate solution to a two-dimensional
heat conduction problem on a square region defined by

d7 8T\ @ &1
i(k _>_;_..( (ki.;)g-Q.—O ol éEnal (1.6.1]
N 8L/ g\ oy
1= 1) onn— —1 1.6.2)
g kT % onc—+landonn—1 (1.6.3)
n

Here &, £, and @ are prescribed functions. If an approximate selution to this
problem is to be sought by applying the Galerkin procedure, 2 suitable polyno-
mial approximating function set can be obtained by direct extension of the
one-dimensional finite element ideas introduced previously. We select a set of
M+t points £, ., 8ppary such that & = —1 and {. =1, and a set of
M1 points#, . Hp.eee  Har 2 o such that y, = — Land »,, ., — 1. Nodes, numbered
so that the first 43 lie on the boundary and the first M -- 1liconthelines — - -1,
as shown i Fipure 1.6.1, are located at the points (¢, #,} and the associated
Iagrange interpolation polynomials M} and My are constructed. For
node j, located at (&, »,), the finite element shape function is defined by

N, — LMEL ) {1.6.4)
It is readily demonstrated that this function has the value unity at node f and
the value zero at all the other nodes. The trizl function set for these approximating
functions becomes

M+ 1) ML

MMl {ﬁ:«“"_- W Y TNgw= Y fiN;T=fonny— -1 } {1.6.5}

F=M=2 i=1
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Figure 1.6.1 Node numbering for two-dimensional problem using linear slements.

angd the corresponding weighting function set is

M+ 12
MM %, WiW= 3 bN;W—=0onng— - 11 (1.6.6)
4 JuM+2 B
Note now that the members T of the trial function set satisfy 7=/ on the
boundary # — — 1, where

fiery="% £NJE 1) (1.6.7)

In this representation, f; denotes the value of f{) at node j, 1.e. at £-:¢;, and
(1.6.7} is the Lagrange interpolating polynomial of degree M which passes
through the prescribed values f,, f,,..., fy . atthepoints &, &, &0

It s informative at this stage to derive the shape functions and the correspond-
ing trial and weighting function sets for some low order two-dimensional elements.

1.6.1 The linear element

The cholce M — 1 leads to a four-noded square element with the nodes Jocated
at the corners, as shown in Figure 1.6.2, quations (1.5.5) and {1.6.4} can be used
1o show thal the corrésponding nodal shape functions are

N.—(1 -84l nyd Ny — {1+ 8- py/4

v 1.6.8)
Nym (IOt md No= (1 — O + 4
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&'. L.
1 2

Figure 1.6.2 Four-noded square element.

[y

N t

Figure 1.6.3 lurm of shape funcifons for four-noded alemernt.

The form of these shape fg_nctions is illusteated in Figure 1.6.3, which also shows
the form of the function T when nodal values 7., T,, Ty and T, are prescribed.
For the problem

g/ eryN a/ &r
Y S VU OF 'SVl SUNF T xin 2 £6.9
E’,\L ax ) AN ) ¢ { |
T £ xonT, {1.6.100
ar .
g - ki N(X) xonl, (1.6.11)
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I

Figure 1.6.4 Approximation of a given region by a four-noded guadrialeral

the region Q is approximated by a single four-noded, straight-sided clement, To
accomplish the approximation we first select four points (x,. 3 /= L 2. 3. 4. 0on
the boundary T, with {x,.v.} and (x,.y,) located at the end points of [';. The
approximation to € is then the region formed by the isoparametric mapping of
the region — 125, 5 << 1 to the {x, 1) plane, defined by

R

4
X = -‘ﬁij(és i} = }_: yj‘N_j{‘:- ) (1.6.12)

P

7

This progess is iflustrated in Figure 1.6.4, with the darkly shaded area indicating
the ¢rror which is made in approximating a region in this manner.

When a single Hnear element is used in this way to construct a Galerkin
approximate solution to problem(1.6.9)-{1.6,11), the trial and weighting function
sets are

- o 2
= E Tle | Ty = + _Zs TN &k = ;1 SN & T=7 on e -1

[

i1.6.13)
. f 4
g 12 <t Wix, P Wix, y= Z BN W=00ng= -1

i=3

(1.6.14)

e

with the relation between the coordinates {x,y) and {&, 1) being defined by the
mapping of equation {1.6.12). In this way, the Galerkin solution is constructed
over the approximated region in the (x, y) plane.
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1.6.2 The quadralic efement

We consider the choice M =2, with the nodes located at the corners of the
clement, at the mid-points of the element sides and at the ¢lement centre. The
nine nodes are numbered as in Figure 1.6.5, and the corresponding nodal shape
functions foliow fram equations {1.3.5) and {1.6.4) as

N, =8 =8t =4 Ny (1= 8y —mi2

Ny = (&% + &)n* —n)/d Ny — (& 4+ &il-- 592

Ns—= (4 &)y* + n)id Ng=(1-= 2"+ 5}2 (1.6.15}

Ny (=8 =4 Ne—(&* =il —g7)2

Ng—= (1 =& -nh)

The form of these shape functions is illustrated in Figure 1.6.6, which also shows
the form of the function T when nodal vatues T., 7,..... T, are prescribed.

An approximate solution 1o the problem of equations {1.69)—(1.6.11) may be
constructed by first emploving an isoparametric mapping of a single nine-noded
element to approximate the region of interest, £, in the (x, ) plane. This is
accomplished by selecting eight points (x,. 3,5 /= 1,2,....8, on the boundary I',
with (x.,¥.)and (x,. v4] located at the end points of I'; and {x,, v;) also located
on ™., A point (x,, ye) % also selected on the interior of Q. The isoparametric
relation

3 9
x—= 3y N y= Y o NAL (1.6.16)
is then used to map the region —1 = ¢, n < 1 into the {x,} plane. This process
is illustrated in Figure 1.6.7, with the darkly shaded area indicating the error
which is made in approximating the region in this manner,

When a single quadratic efement is used in this way to construct a Galerkin

approximate solution to problem (1.6.9} -(1.6.1 1. the trial and weighting function

[+
L
H—3
t
vy
£
N

e -0
1 2 3

Figure 1.6.5 ANine-ncded guadriateral element.
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seis are
a 3

(
i?xy”f(xv]—l,;—leN cn]q;-"LfN T -fonp— — 1?};

i=

{(I.e.17)

o
w‘ff’i-_{wu Vi Wik, ) = th {&.opy W= Oonrg_—l} (1.6.18)

b i=

with the relation between the coordinates {x, ¥) and (&, 4} being defined by the
mapping of equation {1.6.16).

1.6.3 The quadratic serendipity element

The serendipity family of elements provides an alternative approach to the
problem of defining polvnomial approximating functions over a square region.
These elements possess a reduced number of internal nodes and the shape
function associated with node jis determined directly from the requirement that
{1 atnodej

j (1.6.19)
0 atnodek &k #£j

We tllustrate this approach for an eight-noded element, with the nodes located as
shown in Figure 1.6.8. In this case, it is easy to confirm that the corresponding
nodal shape functions are
Ny—(1 &L mC 1 o-mfd Ny (1 (- )2
Ns (TEO = 1 S-md Ng=(1 2000 -5%72
Ny (L4 QU mi—1 54+ mfd  Ne--(1=E3)1 472
Ny= (1= =m(=1—C—nyd  Ng=(1-80 32

(1.6.20)

-y

-
i
.

1 2

o
|

Fay

Figure 1.6.8 Light-noded quadralc serendipity giement,
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T 1

Figure 1.8.8 Form of shaps funichans an o funclion for aight-noded qua Srifaters!

The form of theze shape functions is iflustrated in Figure 1.6.9, winch also shows
ihe form of the function 7 when nodal vatues T,, Ty,..., T, are prescribed.

A single eight-noded element can be used to obtain an approximate solution
to the problem of equations {1.6.9-(1.6.11}. By selecting eight points {x, v
Fe 1,2.....8, on the boundary I, with (x, )} and {x.y;} located at the end
points of I, and {x,.y,} also located on 'y, an slement can be created which
approximates the region {2 by mapping the region 1 =2, <1 by the iso-
parametric relation

kel i

o NE re= Y NS ) (1.6.21)
im

i1

When this element is used to construct a Galerkin approximate solution to
problem (L6.9)-{1.6.11}, the trial and weighting function sets are

: 8
oL Tl s =v+ T TN s = T iNgaaT=Tonn 1]
Ped i=1 )
(1620
y { 4 b
# % Wie, v Wix, 1) = }‘ };_I;Njf_i, phW=0omnpg= ~1 1> 11.6.23)

with the relation between the coordinates (x. v} and (I, #) now being defined by
the mapping of equation (1.6.21%
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1.7 A PRACTICAL IMPLEMENTATION OF THE
GALERKIN FINITE ELEMENT METHOD

In the description of the Galerkin finite element method which has been presented
above, it can be observed that the nodes on Iy, al which essential boundary
conditions have to be tmposad, are treated from the outset in a different fashion
to the other nodes, This observation leads to unnecessary complexities when
attempting to develop a computational implementation of the procedure,

To illustrate how these complexities can be overcome, consider the problem
of selving the differential equation (1.6.1) using the element ¢ shown in Figure
1.6.1. We begin by assuming that neither of the boundary conditions will be
treated as gssential conditions and work with the trial function set

T . ¥ Rt L
g 1, <: T|'f = Z Tj.;\l’J. 5 (1.72.1)
and the weighting function set
- ik -
M )a WA == }; h,_.-NJ} {1.7.2)

An appropriate starting point for the construction of a finite ¢lement approximate
solution is then to emplov equation {1.3,12) as the basis of a variational formula-
tion m the form: ind T in 7™ ™" such that

~ ) "

K arad Tgrad N,d0 — QN[-dQ—J N.gdl — [ NNdT
L I

o Jrr I

+ l{fj [T—7iN.dI (1.7.3)
;

1

where 4 s an approximation 1o the unknown value of the flux on I.. Inserting
the assumed form for T from equation {1.7.1}, it follows that the finite elemen?
approximation is determined by the solution of the {M + 1) x (M + 1} matrix
equation system

K.T,~r,—q, (1.7.4)

where the vectors T, and q, are defined by
1‘3'_'{7'1-‘1«23-“"1'{'”&1:?-} qg‘_'[fi'h‘h ---=Q4MEO‘--'¢O} (1'?'51

and where
P
g;— | gN,dl' (1.7.6}
W
where ¢ is now (o be regarded as equal to the unknown heat flux on T, and equal
to the specificd heat flux {Le. ¢ = W) on I',. The matrix K, and the vectorr, have
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typical entries
K= l k grad N;-grad N, dQ
R+

n

.
r, = ‘ ON dQ ¥ | [T-FINdD (1.7.7
sl Iy

At this stage, we satisly the boundary condition on I'; by imposing the values
T,—f, fori—=1,2,...,M 1 (1.7.8}

so that the integral over I, in equation (1.7.7} disappears from the formulation.
Liquation system (1.7.4) can then be solved for the approximations to the values
of the temperature at the M(M . 1)nodes not subject to the specified temperature
boundary condition, It 15 readily demonstrated that these will be exactly the
values determined by the direct application of the Galerkin method as cutlined
previousiy, At the same time, the solution process will give values for the approxi-
mation to the integrated flux, g, at all nodes at which the value of the temperature
has been specified.

It can be observed that, if Q is represented by its Lagrange interpolant over Q
and if W is represented by its Lagrange interpolant on I, the approximations

| (M= 1)7 [l
ONdDx Y [ ij;.dg}gf fori—1,2,...,(M+ 1) (1.7.9)
n P

F=1

) [

and

~ 4M " :
RN dQa Y L ij;erN}- fori-«M «1,M~+2,...,4M
1

w2 J=M w2

(1.7.10}

can be employed to simplify the evaluation of the components of the vectors r
defined in equation {1.7.7) and ¢ in equation (1.7.6).

1.8 FURTHER OBSERVATIONS

We have now laid some of the important foundations related to the use of the
finite element method for the approximate solution of heat conduction problems
and we are ready to begin studying, in detail, the practical implementation of the
method. However, before we embark on this study, a few further observationscan
be made on the theory which has been introduced in this chapter.

The reader will have observed that the shape functions for the two-dimensionat
linear and quadratic elements, introduced in the last section, contain additional
termns to those that would be presentin a complete linear or quadratic polynomial
in ¢ and #. Thus, for example, the linear element shape functions contain the
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bilinear term ¢», while the quadratic Lagrangian element shape functions contain
the terms &%y, &n? and E*n?. The quadratic serendipity element contains the
additional terms &%y and &én?. These parasitic polynomial terms cannot be
removed from the nedal shape functions for square elements. The construction
ofelements which are triangular in shape generally leads to nodal shape functions
which are in the form of complete polynomials, but such elements will not be
treated in any detail in this book.

It will also be apparent that the evaluation of the entries in the matrix K, and
the vector r, of equation (1.7.7) will require the evaluation of integrals, over the
approximated area of interest, when the solution of a problem such as (1.6.9)-
{1.6.11}1s attempted by the Galerkin method. We will be following an approach
in which such integrals are evaluated approximately, by standard numerical
integration technigues in the mapped (£, #) plane. This topic will be addressed in
the next chapter,

The analyst who is interested in improving the accuracy of the computation
camn achieve this by increasing the dimension M of the trial function set, i.e. by
employing a higher-order element. In practice, however, the approach which is
normally adopted is to use low-order elements {such as the linear or quadratic
elements introduced above} and to improve the solution quality by sub-dividing
the region of interest into a number of elements, as illustrated for example in
Figure 1.2.3, and to employ a piecewise {local) low-order interpolation of the
solution over each element. The resulting approximate solution 7' will possess
C® continuity, e.g. considering an assembly of quadratic serendipity elements,
inter-element continuity of the approximation is assured as the three nodes
located along any element side determine a unique guadratic expansion. This
sub-division of the region of interest means that the process of evaluating integrals,
such as those appearing in equation (1.7.7}, will require further attention. The
way in which this complication can be handied will be considered in the next
chapter.
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