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Introduction

1.1 MATITEMATTCAL INDUCTTON

The pricciple of matnematica. induction has been used for amous 350
vears. [0 was [amiliar to Fermat. in a disguised form. but the Lrst clear
stasement seems to have been made by Pasesl o proving results about
the arrangement of numbers now known as Pascal’s Trlange, This boox
contains any appdcasions of inductive arguiness and <he alis Lere s to
give sone preliminary exanples, ustrating why the neslod Lag becone an
irdiznengable tool I matkeatics.

Wo begin with a general fornsidation of the prineiple. Let popa,pa, .. be
staterments or propositions, each of which may be true or false.

The Principle of Induction

Suppose thaet 1 b8 Brue
P = Pngl,

F FER Wb, )
wrud that, for v =

tHhen Pl o P . ave oll frue.

Pezlaus the most familisz anplications are concerned with proving stetoments
lixe the following o,

Example 1.1
Dyt l+2+—l_?]':)7v:7v+l}

Proof The statenent p- aneans that 1 = 5101+ 1;, which is true. Now
sunposc that g, s frue for some > 1 Thew, by addivg (n + 1) to each side
of 2l:e cguation p,, we ohtaln

s

142+ 4nt+n+l)=su{n+l+n+1 =53]

s+ 11in +2).

Tn onlor words, py = pra. Thon i follows frows the prineiple shes psis frue
[ ovory o = 1. 0
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Tl next example is slightly harder, ous the arguinent is very similar
Example 1.2

o onln+ 10020+ 1;
; ,

Proof In :ais case, po reduces to the obvious steaferient that 1 = 10 I7 oy,
halds for some, # > 1, thew we lave

5 min 4+ 13 (20 4+ 13
' 6
4 lin2a4+ L +6n+ 15}
' 6
1) in+2)20 4+ 3)

G

P42+ 27+ w4+ = RN

Tl last expression s eguivalent <o the right 2and side of the equation paa,
s0 wo Lave sLowi that py = ot O

1.2 HISTORICAL BACKGROUND

The historical material iz tkis section is hased on the book by Bover [Bovig].
It is remarkadle that Fermzal published wvery little on the theory of mumbers,
buat meary of his pesetrativg fdess were woted ntle margias of = 1621 edition
of the Arithenedticn of Diopnantas. Some of his theorems were uroved by oan
induestive metnod shat Le called infindte descent and e used it witlh great
lgerdty, Wo can Lugtrate 2l method more sineply by provicg a well ows
sical resu.t,

ol

Example 1.3
/2 ig ‘rrational.

Proof We begir: by assiining that

where k-and kg are posgitive Integers. Tais will lead to 2 cortradiction whick
shows “nat 2 carnot be expressed as a2 ratio of ntegers.

Our aasinnotion mieang that kr}) = 2%_;) s0 konugt De even ard & > ke,
Now write k. = 2kg, so that k5 = Qkﬁ ard wo abtaln
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Figure 1. The Chinese sriangle

By zepeating this arguncens, we can obtain an cgiretion

Jo o K

Ft
for overmy no= 1,2,3, ., waere Ay > ky > kg, Tlis infilte descent i
npossisle. sincee the number of positive ntegers below k- s dnlte, O

Figures 1 2ud 2 give fwao ciforent sketches of what is weisleadizg’y callee
Pasce s Trizngle. The Jrst is a Clinese version fromn a diagram that aphesrec
i1 the Seu-pdon pi-chien (Preciovs Mivrror of the Four Elemenis) by Chu Shi-
caleh in 2303, Chu disclaims credit for the triange and it seems likelv that it
origihated in China asous 1100, Note sae use of rod numeras anc e #ero
symbol in Figure 1. 15 18 aso interesting that fornulae for the swmmation of
series. ke taose 1o our Hist two examples, aso appeared withous proof in
the Precipus Mivror. OF conrse, bosh Egures roprosent the semo maszematics.
objeet. The ressow <las the triangle is associated with Pasea. is slas, o 1654,
he gave a clear axplacation of <he methoed of nduetion and “sed 15 to prove
some new resicts about Lo tiiangle. T faes, sloe constinetion of this iufivite
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Figure 2, Pascal's trisnge

triznglo is recirsive so, witsa Lindsigat, iuduesive proofs now seem vory natural.

Lot the vta number i she nth row of Figire 2 bo denoted by {7} for
=01 0 ang n = 0,1, . The fizst and last aurmchers i each row are
botn L, so )

P =1 Tre triacgle s congiricied by using she relation

AN fw n i 1
e+ 1/ \r r+1

forr = 1.2, .,nn— L. to ootain tle (n4 1ith row from the wth. In other worcs.
each entry is obiaired by acding together the pair of numbers Immediate.y
above it in the previous row. It is a stralgntforward matter to estanlish the
usuz. formula expressing (7in termns of fact

Example 1.4
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Proof Let us taxe z, to be the statement that ecuation {1.2) Zolds Zor

r=0, L ... Note that pe and g are soth true, provided that 0fis i
as 1. Now sunpose that g, is Srie for some n > 1 and use tlhe rel
o Obtall

1terpreted
sion (11

The calculation s vald Tor » = 0,1, ..., — 1 and we already know that

sy P . . e e

Yy = _’;L I = 1. This con:pletes the verifeation of pa.i. a
A dual histories. poins is thet e Priveiple of Tnduction was included in

L88Y 2g one of Peano’s axioms Zor the vatural muabers, thereby recognizing

it as one of the Zoundations of arithmetic.

1.3 DYNAMIC PROGRAMMING

was co'ued by Bellman [Bel57] to deseribe
the fechiicues which he brought fageiler to stidy a cless of outincization
prablems ivolving sequences of deeisions. There Lave been neany apulicetions
anc [urther cevelopments since that time. A central alm of this boox is to
describe the metnod at an elementary level and to llustirate the range of
passthle applications.

Our sunject i3 sequential. or muti-stage cecision problems, where the thhe
varizble is used to order she secuence. We shall bepls wish detenaivistic
exrnples wiiea do not iuvoelve sny racdon: quentitios or naknown parametoers.
Az we ghall gsee later, rardon: variation can be luchided by taking expectations.
Siatistical problems aze usually more cifficult to formilate and solve, Hut It s
worth mmentloning that some of tae techniques of dyvnamic programmning drst
emerged n ke imvesiigation of sequential ceciglons by Wald and others. A
compreicusive account of these statistival developinents cazn be found ia the
hook by DeGroot [DeG7H).

Belana ceserves the credis for giving a clear statenert of he princiules
of cvnamic programming and Zor demonssrating a wide range of anplicasions.
but it woud be mideading to suggest that the method is new since It reles
heavily on mathematical induction. 15 turns out that it is natural to treat a
sequence ol decisions by reversing the order and. for this reason, *he analysis
is called dachmards induction,

A defernnivistic 1odel wlich covers meany applications aud a staseraont of
Beloman™s prineipd iy will be given in Clapter 2. 15 will be Leipful

to corsidor Arst somo siniple oxamnlos,

¢ of opten



7

] DECISION THEORY

Example 1.5 The cnfries n tle matrix

2 5 4 & 8
4 2 8 4 1
503 2 00§
03 & 5 0

represeat costs associated with the positzions in Lo rectange. It s reguired
to fird an opiimal route fron: the ton left hand corner fo the botion: right.
hard corner which consists of gleps, either to the right or downwards, at each
stage. The cost of following any sarilcular route is tae sum of all the entries
encounrtered on the wayv. For exarmple, the cost of moving down the frst coluinn
anc along the botton row 82 +2 4+ 54+ 0+ 348 -+-54+0 =27, Au outiine.
route is one for wl:lcl: the total cost Is a minimun:,

In order o Aad such a route. we construet anosner matrix n whicl eacl
entry represesits o ninimui cost, Zor that position, of reachinzg the bhottomn
right-hard corzer. The complete miniman-cost matrix is

24 23 25 — 22 1¢

| | | | |

22 — LR 22 14 — 10
| |

21 — 8 — 13 — 11 i

| ! 1

o= I = 13 — 5 — [}

anc the covstruetion procecds by exanining the eolunius fu reverse orcon.
Tlas, Zor the position iz zow 1, colunm %, there is ouly one adnissible path,
as indicated by the arrows. and the minimum cost s 54+ 14+ 0+ 0 =16 We
can how ceal with sositions n conumn 4. starting at she sotiom where tae
minimum cost s b+ 0 = 5 The next entry in row 3. column 4, s obtainec
by noting ozt it s preforable to ek she iaitial move dowiwerds, giving &
total cogs 84 5 = 17, rashor than moving to Lo right. It does not take long
to work beekwsards througl sle mateix i this wayr the minlcam cost for any
position can be fod by comparing the swo nelglbowring entrios on the right
and. nelow it The lagt entry o be oblained is taat In the ton left rand corner
and this is based o the f2¢d that the smallest <otal of 24- 22 = 24 i3 achieved
by m:aking the drst move dowewsrds, Noticee las the optisel rovte thzrougl:
the 1 x s deterinived by following the arrows acd, Lually, we can verify
the miniznmn total cost by adding ap the appropriate entries iz the origine!
marie 244 +2 4342464050 =24

A similar problemn is that of Ending <ke shortes? path hetween two vertices
in a metwork. The theory required for coustructing such paths and 2 relatec
teckuique called critical path analysiz will e considered i Chapter 3. In order
to introdice the bagle ideas, suppose we nave a mefwork with vertices labellec
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B
Figure 3. Network for Exsmple 1.6
L, 2,...,7, wloere the aiim s to find tle ehostest path between vertex 1 and

vertex . Some, sus not all, naivs of vertices are directlyv Jinked by an arc anc
the distance dy; between 4 and j is given for these nairs. For simplicity. let us
assllle that thore is at leags one patl bebweon any two versices: 138 lewgtl s
obtzined by adding 2lo dyy over the comvosponding sequence o ares, For any
voertex £, the munber of alterastive pesas frown 4 fo o is Baite. Let £, be the
length of the shortess of <hese pazls, Thuy, fio = 0 and it is not difficels to
see that, for cech § <2,

ki

Fi=min{dy,; + £ }. (2.3
3

Tle micimization on the rigas of this equation Is equivalent o choosing a
direction of departure from vertex i@ the ncex § runs over al. vertices direciv
lintked to 7 by an are.

Suppose that all the given distances oy ave positive, Thon it can be shown
that %1e systein of equations (1.3} 1ag a uznique solution for the shostest
lengitls, Foy Fou vy frop, with £y = 00 If we can determine this solution, then
a1 optimal pain from 1 to » can be Zound Dy following direciions that attain
the minimumn in (1.3} at every vertex o1 tke wav 1he solution is consioucied
by bacgwards lduetion: more precisey

tne fpoare determined in ncreasizg

order. This s best cemonstrased by looking at & narticialar case.

Example 1.6 Vertices 1.2.....20 are shown in Flgure 3 anc each are Is
narked with its lengil d,;. Tlhe solusion, giving the length of the shortes:
patl to vortex 10 Jor each 4, s found by working Jom righs so left on she
networl:

i= 1 5 7 8 & 3 2 L 4
= 62 <4 5 v 11 12 13 14 18
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The f; satisfy cquation (1.3) and, for cech vertex 4, the solution indicsses =
direetion as shown by tle arrows. Tlaws, the shortess pesn fron: 1to 10 s

l—=3—-5—=7—-0—11}

anc its length is given by

H=245+434+2+2=14

1.4 THE EXECUTIONER’S TALE

We and this horoduetion wish a cantionary tax. Inductive arpgunenss are
not alwavs stralgltforward and tae olowing anecedote cosaing one thet s
poaagible, bt false.

Many vears ago, ote Friday in court, 2 prisoner was convicied of a crime
anc sentenced to deatl. The executioner visited nirr In his cell and offerec
z hope of freedors. “Ag it nappens’, he gald, T ain allowed sorme digeredion
i1 vy work and 1 enjoy an oceasional ganzble, In vour ease, e execution iy
seneduied Jor vext week snd I Lave written the day: Mondey, Tuesdey, ... or
Satuzdey, on a paper sealed In this envelope. T will visit vour here early on
Moncay anc ther on *ne folowing days. if recessary. and ask whether you
krow the dav of vour execution. If vou answer correctly at the Lrst attemps.
thern vou can go [ree. But otherwise T must do my job.

Tle folowing Mondav when the exectutioner arrived to ask nis question. the
prisorer roplicd nmoediagoly, TYos, it must be todey” "What makes voun say
that?’ said the executionor and shis was sloe prisoner’s argumess. ‘Congidor
the situation on Saturday mornicg. If vou asrive then, T sna’ll be certain that
it s she appointed day, so i nast be earlior e the week. Now congider Friday.
IZ you ask mme then, I will he sure of the answer Decause we have eliminaled

Satuzday. Having excluded both thke last two days, we can zepeat the same
arguneitt for Thursday, and so vz By praceeding hackwards in time we can
climmizate 2he cavs tntil Monday 1s oft as 2o ouly possibilitv.” The urisoner
seemned quize satisfod with his conclusion and, o e fair, the cxecationer dic
not betray any emmotion as he handed over the eovelope to be ouered it was
Wecdnesday!

TlLere are several conflsing features in tne above arguiment; more than
enougl o invalidate tae conclusion.

1.5 SUMMARY

Part T of this boox is concomned wizle deserndinistic dynanic progrananing
anc. ke hagle theorv is described in Clhapter 2. The mathematical model
constructed there is i diserete time ang it involves motlon in a gtale space
where ‘e changes o state are controled by a secuence of actions or decislons.
Many sequential decision vroblers can he specified in Snis wav, but the general
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model i iniroduced meainly S0 clarify ke underlving iceas. There are many
other pronlems that do not £t converiently into this struetire, but thev can
be Investigated by using $he same ariceiples. In particuiaz, the lenguage =nc
notation uged %o describe networks ard critical path analysiz in Chapier 3
are quite differcss, but tle mnaiz ideas are shinilar, Tle followizg chapier also
gives aupications of discrete dveamnic urogrsinminzg, each of which regquiires =
slightly different a-‘;;)p:'oa-‘;c'.h, The method of backwards induction is developec
further in Clanter 5 v showling how tlhe specia. nronerties of convex anc
concave hunesions can be use¢ to simplity the analysis of sequential cecisions.
Some of the most interesting applications of dvnamic programming ivolve
wodels wlica wende mandom variation. If 2l the racdem variables aeve
kiown distribations, =le model is called stochastic b, if there are anxmow:
distributions, it s statistical. Part 11 of a0 hook, cousisiing of Chapters 6, 7
anc & extends the principles of dyramic programining o stochastic modes.
I4 is & giraightforward matier to extend ke model of Chanter 2 by introducing
ratidort variables and expeciaticus. The aim iz to minimize the total expected
cogt over ke period of nterest, since we carnot oredict the exact costs
associated with differens decisions. Sinzilarly, i of ner cases, it Is uprap=iate to

axinize cxuceted rowards. The genersl rincinles are 1o seriovsly affocted,
bt we now Lave a mmuch wicer renge of possible auplivations. In Part 11, we
shall restrict attention fo simple Zorms of declsion vrocecure. Chapter 7 is
concerned with optimal stopping problems. wlere the essensial choice at eacl
stage Is woetner 2o stop the tnderlyving random process or alow It to continue,
The special sroslems discussec in Chapier 8 also Involve optinal stopping
various difforent settivgs. For exsunple, o the waiage problem, sometimos
calod the secretary problet, the aing s 2o fad an opsimal policy for selecting
the best frows a sequence of candidises arranged o randon order.,

Pazt T11 s an iusroduetion o more adveneed sopics. The theory of Markov
decisionr processes wag developed o deal with sequential decisions In a general
reodel for random processes with discrete tinte and gpace variableg. Clapterg @
anc _1 desceribe inetl:ods for constructinzg alicies that are outineal fn 2le long
rizl. This s done drst by discounting futuze costs so that the tatal expectation
over #21 aflaite perlod of time s Inlte. However, discountizg s not always
apprapriate axd, in Chapter 20, another apuroact s descrined wlibicl: leads to
the minimization of the average cost over an infinite futtre. A full account of
the theory and applications of Markov cecision processes is cortained in tae
recers sook by Puterman [Pus@d).

Tle fiva. clapter dosesibes a stasistioal decsion problem. Wald's
Pudamersal work i sequential ansiysis [Waldy] led to the emorgence of
ideas very sindlar <o tae dviaanie prograniming teclnigues being developed
independensy by Bollman., A sov vesuls oo seguential aypothesis fosting is <he
optimality of Wald's sequential probability ratio test and the proof obtained
by Arrow, Blackwell and Girshlick [ABG'-lf}] illustrates this sinilarity of ideas.
The ook by DeGroot [DeGTl] covers the statistical background and gives




10 DECISION THEORY

& nore detziled descrintion of this and many other declsion probloms i
stetistica,

A comprelensive treatment of dvnamic programming anc its applications
is contained i the two volumes by Whittle [Whig2], [WLiS3]. They present
& wice range of sequentiz. decision proslems n detenmivistic and stochastic
control, neluding Markov declgion nrocesses and some statistical problems.

EXERCISES

1.1 Show =las, for any positive lutoger o,

1+l+ 1 N N 1 _n
2% 12 win+l) n+l

1.2 Prove taas
9 i 9 9
1+ + +ot ="
0+ )+ ) ()

1.3 Use the moethod of infinite descent to prove that +/3 & Srational.

1.4 It ig roguired to stazt at the (1,10 pogition In the mafrix below and
proceed to the puposite corier, moving oie gtep o the right or one step
cown at cact stage, in stch & way as to micindize (e stun of 2he clements
encoursered. Find the optimal pashs for this matrix,

L {) 4 =5 2
. 1

3 2 4 -
4 3 =2 7 H
6 -4 -1 2 {)

1.5 Sketel: tlie network Lavizg 20 verticos snd 15 ares with lengils 4,

speciicd as follows:

dig = 3, dag = 0, = 4 =14,
(J':'|3 = 4, {;‘:_17 = 8. B = ].0_-_ = ’:)
{{'11.1 = 5_. {{",3'7 = 5_. -'(‘{.78 = ?, = 8,

Find the shortest nash from vertex 1 to vertex 10.

5 oo it

1.6 Invert your own networs and construet the shortess e





