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I. INTRODUCTION

During the past two decades, considerable effort has been devoted to the control
of physical and chemical phenomena at the atomic and molecular scale governed
by the laws of quantum mechanics [1-11]. Quantum control offers the ability to
not just observe but also actively manipulate the course of processes on this scale,
thereby providing hitherto unattainable means to explore quantum dynamics and
opening the way for a multitude of practical applications [8, 9, 12-23]. Owing to
the tremendous growth of research in this area, it would be impossible to cover
in one chapter all the advances. Therefore, this chapter is not intended to be a
complete review of quantum control, but rather will focus on a number of important
topics, including controllability of quantum systems, quantum optimal control
theory (QOCT), adaptive feedback control (AFC) of quantum phenomena in the
laboratory, and the theory of quantum control landscapes (QCLs).

The origins of quantum control can be traced back to early attempts at the
use of lasers for the selective breaking of bonds in molecules. The concept was
based on the application of monochromatic laser radiation tuned to the particular
vibrational frequency that would excite and, ultimately, break the targeted chem-
ical bond. However, numerous attempts to implement this strategy [24-26] were
largely unsuccessful due to intramolecular vibrational redistribution of the de-
posited energy that rapidly dissipated the initial local excitation and thus generally
prevented selective bond breaking [27-29].

Important advances toward selective quantum control of chemical and phys-
ical processes were made in the late 1980s, when the role of quantum interfer-
ence in optical control of molecular systems was identified [30—-40]. In particular,
Brumer and Shapiro [30-33] proposed to use two monochromatic laser beams
with commensurate frequencies and tunable intensities and phases for creating
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quantum interference between two reaction pathways. In this approach, control
over branching ratios of molecular reactions, in principle, can be achieved by tuning
the phase difference between the two laser fields [41—43]. The method of coherent
control via two-pathway quantum interference was experimentally demonstrated
in a number of applications in atomic, molecular, and semiconductor systems
[44-59]. Although the practical effectiveness of this method is limited (by a num-
ber of factors including the problem of identifying two particular pathways among
adense set of other transitions, the difficulty of matching excitation rates along the
two pathways, and undesirable phase and amplitude locking of the two laser fields
in optically dense media [60]), the concept of control via two-pathway quantum
interference has played an important role in the historical development of the field
[1, 6,61, 62].

Another important step toward selective control of intramolecular reactions was
made by Tannor, Kosloff, and Rice [34, 35], who proposed the method of pump—
dump control, based on the use of two successive femtosecond laser pulses with
a tunable time delay between them. In this approach, a vibrational wave packet
generated by the first laser pulse (the “pump”) evolves on the potential energy
surface (PES) of an excited electronic state of the molecule until the second laser
pulse (the “dump”) transfers the population back to the ground-state PES into the
desired product channel. Product selectivity can be achieved by using the time
delay between the two pulses to control the location at which the wave packet is
dumped to the ground-state PES [3, 5]. The pump—dump control method was ap-
plied in a number of experiments [63—67]. A useful feature of pump—dump control
experiments is the possibility of qualitatively interpreting the control mechanism
by developing a simple and intuitive picture of the system dynamics in the time
domain. Moreover, the pump—dump scheme also can be used as a time-resolved
spectroscopy technique to explore transient molecular states and thus obtain infor-
mation about the molecular dynamics at various stages of a reaction [68—75]. While
the employment of transform-limited laser pulses in the pump—dump method can
be satisfactory for some applications [3, 5, 14], the effectiveness of this technique
as a practical control tool can be immensely increased by optimally shaping one
or both the pulses.

There also exist other control methods employing pairs of time-delayed laser
pulses; however, in contrast to pump—dump control, the goal of these methods
is primarily to transfer population between discrete quantum states in atoms
and molecules. In one approach, known as stimulated Raman adiabatic passage
(STIRAP), two time-delayed laser pulses (typically, of nanosecond duration) are
applied to a three-level A-type configuration to achieve complete population trans-
fer between the two lower levels via the intermediate upper level [76-83]. The
laser-induced coherence between the quantum states is controlled by tuning the
time delay, in order to keep the transient population in the intermediate state almost
at zero (thus avoiding losses by radiative decay). The applicability of the STIRAP
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method is limited to control of population transfer between a few discrete states as
arise in atoms and small diatomic and triatomic molecules; in larger polyatomic
molecules, adiabatic passage is generally prevented by the very high density of
levels [82, 83]. In another method, referred to as wave packet interferometry (WPI)
[20], population transfer between bound states in atoms, molecules, and quantum
dots is controlled by employing quantum interference of coherent wave packets
excited by two laser pulses with a tunable time delay between them [84-96].

The possibility of significantly improving control capabilities by using specially
shaped ultrafast laser pulses to produce desired quantum interference patterns in
the controlled system was proposed in the late 1980s [36—40]. Independently,
significant advances have been made in the technology of femtosecond laser pulse
shaping [97-99]. In first applications of pulse shaping to optical control of quantum
phenomena, only the linear chirp' was tuned. Linearly chirped ultrashort laser
pulses were employed for control of various processes in atoms and molecules
[100-122]. In particular, when applied to molecules with overlapping emission
and absorption bands, pulses with negative and positive chirp excite vibrational
modes predominately in the ground and excited electronic states, respectively
(this effect was utilized for state-selective control of vibrational wave packets
[100, 104—106]). Another useful property is the ability of negatively and positively
chirped pulses to increase and decrease, respectively, the localization of optically
excited vibrational wave packets in diatomic molecules [101-103] (the localization
effect of negatively chirped pulses was employed to enhance selectivity in pump—
dump control of photodissociation reactions [103] and protect vibrational wave
packets against rotationally induced decoherence [123]).

The control approaches discussed above share the same fundamental mech-
anism based on quantum interference induced by laser fields in the controlled
system. However, another common feature of these methods is the reliance on
just one control parameter (e.g., the phase difference between two monochro-
matic laser fields, the time delay between two laser pulses, or the linear chirp
rate), which is only a nascent step toward the full exploitation of control field re-
sources for controlling quantum phenomena. While single-parameter control may
be effective in some simple circumstances, more flexible and capable control re-
sources are required for more complex systems and applications. The concept of
control with specially tailored ultrafast laser pulses has unified and generalized
the single-parameter control schemes. Rabitz and coworkers [36-38] and others
[39, 40] proposed to steer quantum evolution toward a desired target by specif-
ically designing and tailoring the time-dependent electric field of the laser pulse
to the characteristics of the system and the control objective. In particular, QOCT

I'The linear chirp represents an increase or decrease of the instantaneous frequency w(f) as a function
of time ¢ under the pulse envelope: w(t) = wo + 2bt, where wy is the carrier frequency and b is the
chirp parameter that can be negative or positive.
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[36—40, 124-129] has emerged as the leading theoretical tool to design and ex-
plore laser pulse shapes that are best suited for achieving the desired goal (see,
for example, Refs. [3, 5, 11, 130, 131] for earlier reviews). An optimally shaped
laser pulse typically has a complex form, in both time and frequency domains,
in keeping with the rich dynamical capabilities of strongly coupled multiparticle
quantum systems. In this fashion, the phases and amplitudes of the available spec-
tral components of the field are optimized to excite an interference pattern among
multiple quantum pathways to best achieve the control objective.

The fruitful synergistic influence of theoretical and experimental advances has
played a central role in the development of the quantum control field. A combina-
tion of the conceptual insights described above and breakthroughs in ultrafast laser
technology ultimately resulted in the establishment of the AFC laboratory proce-
dure proposed by Judson and Rabitz [132]. AFC has proved to be the most effective
and flexible practical tool for the vast majority of quantum control applications
[4, 7-9, 12, 13, 19, 133-138]. In AFC experiments, femtosecond pulse-shaping
technology is utilized to the fullest extent, guided by measurement-driven, closed-
loop optimization to identify laser pulses that are optimally tailored to meet the
needs of complex quantum dynamical objectives. Optimization in AFC uses a
learning algorithm, with stochastic methods (e.g., genetic algorithms and evo-
lutionary strategies) being especially effective due to their inherent robustness to
noise and to operational uncertainties [4, 139, 140]. A sizeable body of experimen-
tal research has demonstrated the capability of AFC to manipulate the dynamics
of a broad variety of quantum systems and explore the underlying physical mech-
anisms [8, 9]. Owing to modeling limitations, QOCT-based control designs are
typically less effective in practice than solutions optimized via AFC directly in the
laboratory for the actual quantum system. However, theoretical studies employing
QOCT and other similar methods are extremely valuable for analyzing the fea-
sibility of controlling new classes of quantum phenomena and providing a basic
understanding of controlled quantum dynamics [141].

Theoretical research in the field of quantum control involves the exploration of
several fundamental issues with important practical implications. One such issue
is controllability that addresses the question whether a control field, in principle,
exists that can drive the quantum system to the target goal [10, 134, 142, 143].
A related but distinct issue is concerned with the existence and multiplicity of
optimal controls, that is, solutions that maximize the chosen objective functional
[144, 145]. More generally, the objective as a function of the control variables
forms the QCL [146, 147], and exploration of its entire structure is of fundamental
importance. The study of QCL topology builds on controllability results. In turn,
the characterization of the critical points® of the QCL forms a foundation for

2 A critical point is a location on the landscape at which the gradient of the objective with respect to
the control field is zero.
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analyzing the complexity of finding optimal control solutions [148—151]. This
theoretical analysis has direct practical implications as its results provide a basis
to determine the ease of finding effective and robust controls in the laboratory
[148] and can help identify the most suitable optimization algorithms for various
applications of quantum control [152, 153].

This chapter is organized as follows. Controlled quantum dynamics is described
in Section II, including a review of the basic notions of quantum theory needed
for the remaining presentation. Controllability of closed and open quantum sys-
tems is discussed in Section III. QOCT is presented in Section 1V, including the
mathematical formalism of objective functionals and methods employed to find
optimal control solutions, as well as a survey of applications. In section V, nu-
merous laboratory implementations of AFC of quantum phenomena are reviewed.
Section VI discusses the relationship of QOCT and AFC, along with the role of
theoretical control designs in experimental realizations. Section VII is devoted to
the theory of QCLs, including such topics as the characterization of critical points
that determine the QCL topology, conditions of control optimality, Pareto opti-
mality for multiobjective control, methods of homotopy trajectory control, and the
practical implications of QCL analysis. A summary of this chapter is presented in
Section VIII.

II. CONTROLLED QUANTUM DYNAMICS

In this section, we present basic results from quantum theory that are needed to
describe the dynamics of closed and open quantum systems under the influence
of external time-dependent controls. Coherent control of quantum phenomena
involves the application of classical fields (e.g., laser pulses) to quantum systems
(e.g., atoms, molecules, quantum dots, etc.). Consider first a coherently controlled
closed quantum system (i.e., a system isolated from the environment during the
control process) whose evolution is governed by the time-dependent Hamiltonian
of the form

H(t) = Ho + H(1) ey

Here, Hy is the free Hamiltonian of the system and H, () is the control Hamiltonian
(at time 7) that represents the interaction of the system with the external field. In
the mathematically oriented literature, the control Hamiltonian is usually formally
written as He(t) = ), cm(t)Hy,, Where {c,, (1)} are real-valued control functions
at time ¢ and {H,,} are Hermitian operators through which the controls couple to
the system. In physical and chemical applications, the control Hamiltonian is often
given by

He(1) = —e(D)p @)
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where 1 is the dipole operator and &(¢) is the control field at time . The Hamiltonian
of the form given in Eq. (2) adequately describes the interaction of an atomic or
molecular system with a laser electric field in the dipole approximation or the
interaction of a spin system with a time-dependent magnetic field. However, other
forms for H.(¢) can arise including those nonlinear in &(¢). For the control fields,
we will use the notation &(+) € K and ¢, () € K, where K is the space of locally
bounded, sufficiently smooth, square integrable functions of time defined on some
interval [0, T], with T being the target time for achieving the desired control
outcome.

The Hilbert space H of a quantum system is spanned by the eigenstates of
the free Hamiltonian Hy. Let 7(H) be the space of trace class operators on H. For
example, for an N-level quantum system, H = C" is the space of complex vectors
of length N and 7(H) = My is the space of N x N complex matrices. The set of
admissible states of a quantum system, which are represented by density matrices
on the Hilbert space H, is denoted as D(H). Any density matrix p € D(H) is a
positive operator of trace one, that is, p > 0 and Tr(p) = 1 (thus, D(H) C T(H)).
The density matrix of a pure state satisfies Tr(p%) = 1 and can be expressed as
o = |¥) (¥, where |¢) is a normalized complex vector in H. Any quantum state
that is not pure can be represented as a statistical mixture of pure states and therefore
is called mixed; the density matrix of a mixed state satisfies Tr(,oz) < 1.

The time evolution of a closed quantum system from ¢ = 0 to ¢ is given in the
Schrodinger picture by

o) = U®poU' (1) ?3)

where p(?) is the density matrix of the system at time ¢, pg = p(0) is the initial state,
and U () is the system’s unitary evolution operator (for an N-level quantum system,
U(t) is an N x N unitary matrix). If the state is initially pure: pg = |¥o) (Yo, it
will always remain pure under unitary evolution: p(t) = |{(¢)) (¥ (t)|, where

() = U®)lo) “

The evolution operator satisfies the Schrodinger equation:
d U = i HnU@), UO0)=1 4)
d " h ’ B

where [ is the identity operator on H. The corresponding evolution equation for
the density matrix (called the von Neumann equation) is

i

5 L@, p(O], - p(0) = po (6)

™=
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and the Schrodinger equation for a pure state is

d i
2V O) == HOW @), ¥ 0) = [vo) N

In practice, it is often necessary to take into account interactions between quan-
tum systems (e.g., between molecules in a liquid or between electron spins and
nuclear spins in a semiconductor material). If for a particular problem only one
of the interacting subsystems is of interest (now referred to as the system), all
other subsystems that surround it are collectively referred to as the environment.
A quantum system coupled to an environment is called open [154]. A molecule in
a solution or an atom coupled to the vacuum electromagnetic field are examples
of open quantum systems. The interaction with the environment typically results
in a process of decoherence, in which a coherent superposition state of an open
quantum system is transformed into a statistical mixture (decoherence is often
accompanied by dissipation of the initial excitation, although in some situations
pure dephasing is possible; see Refs. [154, 155] for details). Generally, all quan-
tum systems are open; however, whether environmentally induced processes are
important depends on their rate relative to the rate of the coherent evolution. From
a practical perspective, the importance of decoherence also depends on the con-
trol objective. In chemical applications such as control over the yield of a reaction
product, environmental effects may play a significant role in the liquid phase where
relaxation processes happen on the timescale of the order of one picosecond [8, 9,
156, 157]. On the other hand, decoherence induced by collisions in the gas phase
can often be neglected (at least at low pressures), as the time between collisions
is much longer than the characteristic period of vibronic dynamics controlled by
femtosecond laser pulses [8]. In contrast, in quantum information processing, an
unprecedented level of control accuracy is required to minimize quantum gate
errors, and therefore decoherence needs to be taken into account for practically all
physical realizations [158].

The state of an open quantum system is described by the reduced density ma-
trix p = Trenv(prot), Where pyo represents the state of the system and environment
taken together, and Tr.p,, denotes the trace over the environment degrees of free-
dom. There are many models of open-system dynamics depending on the type of
environment and character of the system—environment coupling [154, 155]. If the
system and environment are initially uncoupled, pit(0) = p(0) ® pPeny, then the
evolution of the system’s reduced density matrix from ¢ = 0 to ¢ is described by a
completely positive, trace-preserving map &;:

p(t) = ®;po (®)

where pg = p(0). A linear map @ : 7(H) — 7(H) is called completely positive if
themap ® ® I; : 7T(H) ® M; — T(H) ® M, (where I is the identity map in M)
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is positive for any / € N. A map & is called trace preserving if Tr(®p) = Tr(p)
for any p € 7(H). The map (8) can be defined for any time 7 > 0, and the entire
time evolution of the open quantum system is described by a one-parameter family
{®; | t = 0} of dynamical maps (where @ is the identity map I).

Any completely positive, trace-preserving map has the Kraus operator-sum
representation (OSR) [159-161]:

pt) = Dipo = Y K;(0)poK (1) ©)
j=1

where {K;} are the Kraus operators (N x N complex matrices for an N-level
quantum system). The trace preservation is ensured by the condition

S Klok;mn =1 (10)

j=1

Here, n € N is the number of Kraus operators. We will refer to completely posi-
tive, trace-preserving maps simply as Kraus maps. Unitary transformations form
a particular subset of Kraus maps corresponding to n = 1. There exist infinitely
many OSRs (with different sets of Kraus operators) for the same Kraus map. For
any Kraus map for an N-level quantum system, there always exists an OSR with
aset of n < N? Kraus operators [161].

While the Kraus-map description of open-system dynamics is very general, it
is often not the most convenient one for numerical calculations. With additional
assumptions, various types of quantum master equations can be derived from the
Kraus OSR [154, 155]. In particular, for a Markovian environment (i.e., when the
memory time for the environment is zero), the set of Kraus maps {®; | # > O} is a
semigroup, which means that any two maps in the set satisfy the condition [154]

q)tl q)tz = (btl-‘rtzv f, 1 > 0 (11)

In this situation, the dynamics of an open quantum system is described by the
quantum master equation of the form [154]

d
2P = —iLp(®) (12)

where the linear map £ (also referred to as the Liouville superoperator) is the gener-
ator of the dynamical semigroup, that is, ®, = exp(—iLt). The evolution equation
of the form (12) is often referred to as the Liouville—von Neumann equation. For
an N-level quantum system coupled to a Markovian environment, the most general
form of the map L can be constructed, resulting in the quantum master equation
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of the Lindblad type [154, 155, 162]:

d i N 1 1 t 1 +
Ep(l‘) = —ﬁ[H(f), p(O] + Z Vi [Lip(t)Li - EL,.L,-p(t) - Ep(t)LiLi

i=1

13)

Here, {y;} are nonnegative constants and {L;} are the Lindblad operators (N x N
complex matrices) that form (together with the identity operator) an orthonormal
operator basis on H. By convention, {L;} are traceless. The first term in Eq. (13)
represents the unitary part of the dynamics governed by the Hamiltonian H and
the second (Lindblad) term represents the nonunitary effect of coupling to the
environment. The constants {y;} are given in terms of certain correlation functions
of the environment and play the role of relaxation rates for different decay modes
of the open system [154].

III. CONTROLLABILITY OF QUANTUM SYSTEMS

Before considering the design of a control or a control experiment, a basic issue
to address is whether in principle a control exists to meet the desired objective.
Assessing the system’s controllability is an important issue from both fundamental
and practical perspectives. A quantum system is called controllable in a set of
configurations, S = {¢}, if for any pair of configurations {; € S and ¢, € S there
exists a control that can drive the system from the initial configuration ¢; to the
final configuration ¢, in a finite time 7.3 Here, possible types of the configuration
¢ include the system’s state p, the expectation value Tr(p®) of an observable (a
Hermitian operator) ®, the evolution operator U, and the Kraus map ®, with the
particular choice depending on the specific control problem.

First, consider the well-studied issue of controllability of closed quantum sys-
tems with unitary dynamics [142, 143, 163—-179]. A closed quantum system is
called kinematically controllable in a set Sk of states if for any pair of states
p1 € Sk and p; € Sk, there exists a unitary operator U, such that po = Up U f,
Any two quantum states that belong to the same kinematically controllable set Sk
are called kinematically equivalent. As unitary evolution preserves the spectrum of
adensity matrix, two states p1 and p» of a closed quantum system are kinematically
equivalent if and only if they have the same eigenvalues [171, 172]. Therefore, all
quantum states that belong to the same kinematically controllable set have the
same density-matrix eigenvalues (and, correspondingly, the same von Neumann

3More generally, the definition of controllability can be extended by considering the asymptotic evolu-
tionin the limit 7 — oo. For the sake of simplicity, we will consider here only finite-time controllability.
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entropy and purity [158]). For example, all pure states belong to the same kine-
matically controllable set. However, any pure state is not kinematically equivalent
to any mixed state. For a closed quantum system, all states on the system’s Hilbert
space are separated into disconnected sets of kinematically equivalent states.

It is also possible to consider controllability in the dynamic picture. Assume
that the Hamiltonian H(¢) that governs the dynamics of a closed quantum system
through the Schrodinger equation (5) is a function of a set of time-dependent con-
trols: H(t) = H(c1(?), ..., ck(?)). A closed quantum system is called dynamically
controllable in a set Sp of states if for any pair of states p; € Sp and py € Sp there
exist a finite time 7 and a set of controls {c{(-), ..., cx(+)}, such that the solution
U(T) of the Schrodinger equation (5) transforms pj into pz: pp = U(T)p1U T(T).
Since a closed system is controllable only within a set of kinematically equivalent
states, a dynamically controllable set of states Sp is always a subset of the corre-
sponding kinematically controllable set Sk. If the dynamically controllable set of
pure states coincides with its kinematically controllable counterpart (i.e., the set of
all pure states), the closed quantum system is called pure-state controllable. If for
any pair of kinematically equivalent states p; and p; there exists a set of controls
that drives p into p in finite time (i.e., if all dynamically controllable sets of states
coincide with their kinematically controllable counterparts), the closed system is
called density-matrix controllable.

It is also possible to consider controllability of closed quantum systems in the
set of unitary evolution operators. A closed quantum system is called evolution-
operator controllable if for any unitary operator W there exists a finite time 7" and a
set of controls {c{(-), ..., ck(-)}, such that W = U(T), where U(T) is the solution
of the Schrodinger equation (5) with H(t) = H(c1(?), ..., ck(t)). For an N-level
closed quantum system, a necessary and sufficient condition for evolution-operator
controllability is [143, 171-173] that the dynamical Lie group & of the system
(i.e., the Lie group generated by the system’s Hamiltonian) be U(N) [or SU(N)
for a traceless Hamiltonian]. It was also shown [171-173] that density-matrix con-
trollability is equivalent to evolution-operator controllability. For specific classes
of states, the requirements for controllability are weaker [165-167]. For exam-
ple, pure-state controllability requires that the system’s dynamical Lie group &
is transitive on the sphere S>¥ ~!. For infinite-level quantum systems evolving on
noncompact Lie groups, such as those arising in quantum optics, the conditions
for controllability are more stringent [179, 180].

Controllability analysis was also extended to open quantum systems
[181-188]. An open quantum system with Kraus-map evolution of the form (9)
is called kinematically controllable in a set Sk of states if for any pair of states
p1 € Sk and py € Sk there exists a Kraus map &, such that po = ®p;. It was
recently proved [186] that for a finite-level open quantum system with Kraus-map
evolution, kinematic state controllability is complete, that is, the system is kine-
matically controllable in the set Sx = D(H) of all states p on the Hilbert space.



12 CONSTANTIN BRIF, RA] CHAKRABARTI, AND HERSCHEL RABITZ

Moreover, for any target state p¢ on the Hilbert space H of a finite-level open
system, there exists a Kraus map & such that ®p = py for all states p on H [186].

The issue of dynamic state controllability of open quantum systems is yet to
be fully explored. To analyze this problem, first it is necessary to specify dynamic
capabilities, that is, the set of available controls. While unitary evolution of a closed
quantum system can be induced only by coherent controls, Kraus-map evolution
of an open system can involve both coherent and incoherent controls (the former
act only through the Hamiltonian part of the dynamics, while the latter include
interactions with other quantum systems and measurements). Let C be the set of all
available finite-time controls, which may include coherent electromagnetic fields,
an environment with a tunable distribution function [189], coupling to an auxiliary
system [190-197], measurements [181, 198-203], and so on. Each particular set
of controls, &£ € C, induces the corresponding time evolution of the system through
the Kraus map @, that transforms an initial state oy into the state p(t) = ®¢ 00 at
time 7. An open quantum system with Kraus-map evolution is called dynamically
controllable in the set Sp of states if for any pair of states p; € Sp and p; € Sp,
there exists a set of controls & € C and a finite time 7', such that the resulting Kraus
map Pg 7 transforms py into p2: p2 = P¢ 701. An open quantum system is called
Kraus-map controllable if the set C of all available controls can generate any Kraus
map ¢ from the identity map /. It follows from these definitions and the result
on kinematic state controllability described above that Kraus-map controllability
is sufficient for an open quantum system to be dynamically controllable in the
set Sp = D(H) of all states p on the Hilbert space [186]. In general, complete
dynamic state controllability is a weaker property than Kraus-map controllability,
since the former can be achieved even if the set of available controls generates
only a particular subset of all possible Kraus maps [186].

In principle, there exist various methods to engineer arbitrary finite-time Kraus-
map evolutions of open quantum systems. One method relies on the ability to
coherently control both the system of interest and an ancilla (an auxiliary quan-
tum system that serves as an effective environment). If a quantum system with
Hilbert space dimension Nj is coupled to an ancilla with Hilbert space dimen-
sion N,, such that (1) N, > st and (2) the ancilla is initially prepared in a pure
state, then evolution-operator controllability of the system and ancilla taken to-
gether is sufficient for Kraus-map controllability (and thus for complete dynamic
state controllability) of the system [186]. Another method of Kraus-map engi-
neering employs a combination of a measurement and a coherent control action
in a feedback setup. Specifically, the ability to perform a single simple measure-
ment on a quantum system, together with the ability to apply coherent control
conditioned upon the measurement outcome, allows enacting an arbitrary
finite-time Kraus-map evolution and thereby suffices for complete dynamic state
controllability [181].
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Analyses of controllability in closed and open quantum systems have important
implications for the theory of QCLs, which in turn is the basis for understanding the
optimization complexity of quantum control simulations and experiments. Specif-
ically, controllability is one of the underlying assumptions required to establish the
absence of regular critical points that are local traps in QCLs for several impor-
tant types of quantum control objectives. This fundamental property of the QCL
topology and its practical implications will be discussed in detail in Section VII.

IV. QUANTUM OPTIMAL CONTROL THEORY

In the majority of physical and chemical applications, the most effective way to
coherently control complex dynamical processes in quantum systems is via the
coordinated interaction between the system and the electromagnetic field whose
temporal profile may be continuously altered throughout the control period. For a
specified control objective, and with restrictions imposed by many possible con-
straints, the time-dependent field required to manipulate the system in a desired
way can be designed using QOCT [11, 130, 131]. This general formulation en-
compasses both weak and strong field limits and incorporates as special cases the
single-parameter methods such as control via two-pathway quantum interference
and pump—dump control.

A. Control Objective Functionals

The formulation of a quantum control problem necessarily includes the definition
of a quantitative control objective. Consider a coherently controlled N-level closed
quantum system, with the Hamiltonian

H(t) = Hy — () (14)

and the unitary evolution operator U(#) € U(N) that obeys the Schrodinger equa-
tion (5). In QOCT, the control objective for such a system can be a functional of the
set of evolution operators U(-) = {U(¢) | t € [0, T}, where T is the target time, as
well as of the control fields &(-). The general class of control objective functionals
(also referred to as cost functionals) can be written as

T
JIUCE), e()] = F(U(T))+/0 GU®), e(n)dt 15)

where F is a continuously differentiable function on U(N), and G is a continuously
differentiable function on U(N) x R. Usually, the first term in (15) represents the
main physical goal, while the second term is used to incorporate various constraints
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on the dynamics and control fields. The optimal control problem may be stated as
the search for

Jopt = max JIUC), e()] (16)

subject to the dynamical constraint (5). For the sake of consistency, throughout
this chapter we will consider only maximization of cost functionals; any control
problem can be easily reformulated from minimization to maximization and vice
versa by changing the sign of the functional. The cost functional of the form (15) is
said to be of the Bolza type. If only the term fOT G(U(2), e(t))dt is present, the cost
functional is said to be of the Lagrange type, whereas if only the term F(U(T))
is present, the functional is said to be of the Mayer type [204]. Three classes of
problems corresponding to different choices of F(U(T)) have received the most
attention in the quantum control community to date: (i) evolution-operator control,
(ii) state control, and (iii) observable control.

For evolution-operator control, the goal is to generate U(T) such that it is as
close as possible to the target unitary transformation W. The Mayer-type cost
functional in this case can be generally expressed as

FUM)=1—|W-=UD)| 7)

where || - || is an appropriate normalized matrix norm; that is, F1(U(T)) is max-
imized when the distance between U(T) and W is minimized. This type of ob-
jective is common in quantum computing applications [158], where F1(U(T)) is
the fidelity of a quantum gate [205, 206]. One frequently used form of the objec-
tive functional F1(U(T)) is obtained utilizing the squared Hilbert—Schmidt norm
[207] in (17) with an appropriate normalization (i.e., | X|| = CN)ITr(XT X))
[208-210]:

1
F(U(T)) = NRe{Tr[WT un)} (18)

Other forms of the objective functional, which employ different matrix norms in
(17), are possible as well [210-213]. For example, a modification of (18)

Fi(UT) = N~ Te[Wiu()] | (19)

which is independent of the global phase of U(T), can be used. Note that F1(U(T))
is independent of the initial state, as the quantum gate must produce the same
unitary transformation for any input state of the qubit system [158].

For state control, the goal is to transform the initial state pg into a final state
o(T) = U(T),OOUT(T) that is as close as possible to the target state pr. The
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corresponding Mayer-type cost functional is
F(U(T) = 1 = |U(T)poU'(T) — pxl| (20)

where || - || is an appropriate normalized matrix norm (e.g., the Hilbert—Schmidt
norm can be used) [145, 214-216].

For observable control, the goal is typically to maximize the expectation value
of a target quantum observable ® (represented by a Hermitian operator). The
corresponding Mayer-type cost functional is [124, 217-220]

F(U(T) = Tr [UM)poU(T)0) @1)

An important special case is state transition control (also known as population
transfer control), for which pg = |;)(¥i] and ® = |¢) (¢ |, where |) and | )
are eigenstates of the free Hamiltonian Hy. In this case, the objective functional
(21) has the form

F3(U(T)) = Pit = (Y |U)|1¥) (22)

which is the probability of transition (i.e., the population transfer yield) between the
energy levels of the quantum system [146, 221]. In many chemical and physical
applications of quantum control, absolute yields are not known, and therefore
maximizing the expectation value of an observable (e.g., the population transfer
yield) is a more appropriate laboratory goal than minimizing the distance to a target
expectation value.

Also, in quantum control experiments (see Section V), measuring the expec-
tation value of an observable is much easier than estimating the quantum state
or evolution operator. Existing methods of quantum state and evolution-operator
estimation rely on tomographic techniques [222-229] that are extremely expen-
sive in terms of the number of required measurements (e.g., in quantum computing
applications, standard methods of state and process tomography require numbers
of measurements that scale exponentially in the number of qubits [158, 229-233]).
Therefore, virtually all quantum control experiments so far have used observable
control with objective functionals of the form (21) or (22). For example, in an
AFC experiment [123], in which the goal was to maximize the degree of coher-
ence, the expectation value of an observable representing the degree of quantum
state localization was used as a coherence “surrogate,” instead of state purity or
von Neumann entropy, which are nonlinear functions of the density matrix and
hence would require state estimation. Nevertheless, future laboratory applications
of quantum control, in particular in the field of quantum information sciences,
will require evolution-operator control and state control, with the use of objective
functionals of the types (17) and (20), respectively, together with novel state and
process estimation methods [232-241].
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Recently, attention has turned to problems requiring simultaneous maximiza-
tion of several control objectives [242-245]. In the framework of QOCT, these
optimization problems are sometimes handled through the use of a weighted-sum
objective functional, such as [243, 244]

FyU(T) = Y aiTr [U(T)poU (18] (23)

1

which extends (21) to multiple quantum observables. Also, general methods of
multiobjective optimization [246—248] have been recently applied to various quan-
tum control problems [244, 245].

Another common goal in quantum control is to maximize a Lagrange-type cost
functional subject to a constraint on U(T) [249, 250]. For example, this type of
control problem can be formulated as follows:

T
m(a)x/ G(e(t)) dt, subjectto F(U(T)) = fo 24)
&) Jo

where F(U(T)) is the Mayer-type cost functional for evolution-operator, state, or
observable control (as described above), and fy is a constant that corresponds to
the target value of F. Often, the goal is to minimize the total field fluence, in which
case G(e(t)) = —(1/2)52(t) is used.

B. Searching for Optimal Controls

To identify optimal controls that maximize an objective functional J (of the types
discussed in Section IV.A), it is convenient to define a functional J that explic-
itly incorporates the dynamical constraint. For example, many QOCT studies
[11, 130, 131] considered pure-state evolution of a closed quantum system, for
which the dynamical constraint is satisfaction of Eq. (7). The corresponding
objective functional (e.g., for observable control) J = J(E), x(), e(-)] often is
taken to have the form

T

- r d ]
J = (Y(D)[O|yY(T)) —/ a(t)e* (t)dt — 2Re/ (x(@)] Li + lH(t)] |Y (1)) dt
0 0 t h

(25)

Here, the first term represents the main control goal of maximizing the expec-
tation value of the target observable ® at the final time T'; the second term is
used to restrict the fluence and shape of the control field, with «(f) being a weight
function; the third term includes an auxiliary state |x(¢)) that is a Lagrange mul-
tiplier employed to enforce satisfaction of the Schrodinger equation for the pure
state [Eq. (7)], and H(¢) is the Hamiltonian (14) that includes the time-dependent
control term. More generally, satisfaction of the Schrodinger equation for the evo-
lution operator of a closed quantum system [Eq. (5)] can be used as the dynamical
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constraint for different types of objectives, including evolution-operator, state, and
observable control. The corresponding general form of the objective functional
J=JUCE), V(E), e()]is

T T
J=FU)+ / G((r))dt — 2Re / {V'(t)[ + = H(t)} U(z)}
0
(26)

Here, an auxiliary operator V(¢) is a Lagrange multiplier employed to enforce
satisfaction of Eq. (5), and, for the sake of simplicity, we assumed that G depends
only on the control field.

QOCT can also be formulated for open systems with nonunitary dynamics
[128, 251-258]. For example, for a quantum system coupled to a Markovian envi-
ronment, the Liouville-von Neumann equation (12) must be satisfied. The corre-
sponding objective functional (e.g., for observable control) J = Jlp@), o), ()]
has the form

T T
J =Tr[p(T)O] — / a(t)eX(t)dt — / { T(z){ +t£] p(t)}dt Q27
0 0

Here, L is the Liouville superoperator (the generator of the dynamical semigroup),
and an auxiliary density matrix o(¢) is a Lagrange multiplier employed to en-
force satisfaction of Eq. (12). Extensions of QOCT to non-Markovian open-system
dynamics were also considered [256, 257, 259, 260].

Various modifications of the objective functionals (25), (26), and (27) are possi-
ble. For example, modified objective functionals can comprise additional spectral
and fluence constraints on the control field [261, 262], take into account nonlin-
ear interactions with the control field [263, 264], deal with time-dependent and
time-averaged targets [258, 265-267], and include the final time as a free control
parameter [268, 269]. It is also possible to formulate QOCT with time minimiza-
tion as a control goal (time optimal control) [270-272]. As mentioned earlier,
QOCT can also be extended to incorporate optimization of multiple objectives
[242-245].

A necessary condition for a solution of the optimization problem (16) subject
to the dynamical constraint (5) is that the first-order functional derivatives of the
objective functional J[U(-), V(), &(-)] of Eq. (26) with respect to V(-), U(-), and
&(+) are equal to zero. The resulting set of Euler—Lagrange equations is given by

d i

LU0 =—HOU®W, UO) =1 (28)

%V(t) = —%H(I)V(t), V(T) = VF(U(T)) (29)
2

G(e(1) — fIm{Tr[VJf OrU@)|} = (30)

3e(t) (t)
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where VF(U(T)) is the gradient of F' at U(T) in U(N). Critical points of the
objective functional, which include optimal controls, can be obtained by solving
this set of equations (various algorithms employed for numerical solution are
discussed below). In the special case of the objective functional J ), x(), ()]
of Eq. (25), setting the first-order functional derivatives of J with respect to x(-),
¥(-), and &(-) to zero results in the following Euler-Lagrange equations:

d i

2 VO) == HOW®).  [¥0)) = [vo) 3D

J .

21 X0 = —%H(t)lx(t)), |x(T)) = Oy (1)) (32)
1

&(r) = —%Im{<x(t)lulw(t))} (33)

Analogously, in the special case of the objective functional J[o(-), o(-), &(-)] of
Eq. (27), setting the first-order functional derivatives of J with respect to o(-),
p(+), and &(-) to zero results in the following Euler—Lagrange equations:

d
%p(t) = —iLp(t), p0) = po (34)
%a(t) =—iLlo(t), o(T)=0© (35)
1
_ _ t
e(t) = D Im{Tr[o"(Hup()] } (36)

An equivalent method for deriving optimal control equations is based on ap-
plying the Pontryagin maximum principle (PMP) [249, 250, 273]. For a bilinear
control system of the form (5) evolving on the unitary group, the PMP function
(also referred to as the PMP Hamiltonian) is defined as

H[U®), V(1), e()] := G(e(r)) — 2Re [(V(2), ihH(t)U(t»
= G(e(r) + %Im{Tr[vT(t)H(t)U(t)] } (37)

where (A, B) = Tr(AfB) is the Hilbert—Schmidt inner product. According to the
PMP, all solutions to the optimization problem (16) satisfy equations

du@r)  oH avie)  oH oH

dr v —dr U@ 0s®d)

with the boundary conditions U(0) = I, V(T) = VF(U(T)). It is easy to see that

for the PMP function of the form (37), the conditions (38) produce Egs. (28)-
(30). Satisfaction of the first-order condition §J /6e(-) = 0 or, equivalently,

=0, vtel0,T] (38)
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oH/0e(r) = 0 (Vt € [0, T]) is a necessary but not sufficient condition for optimal-
ity of a control &(-). So-called Legendre conditions on the Hessian 92H /9e(1')de(r)
are also required for optimality [204, 273]. The optimality criteria are discussed
in Section VIIL.B.

1. Existence of Optimal Controls

An important issue is the existence of optimal control fields (i.e., maxima of the
objective functional) for realistic situations that involve practical constraints on the
applied laser fields. It is important to distinguish between the existence of an opti-
mal control field and controllability; in the former case, a field is designed, subject
to particular constraints, that guides the evolution of the system toward a specified
target until a maximum of the objective functional is reached, while in the latter
case, the exact coincidence between the attained evolution operator (or state) and
the target evolution operator (or state) is sought. The existence of optimal controls
for quantum systems was analyzed in a number of studies. Peirce et al. [37] proved
the existence of optimal solutions for state control in a spatially bounded quan-
tum system that necessarily has spatially localized states and a discrete spectrum.
Zhao and Rice [144] extended this analysis to a system with both discrete and
continuous states and proved the existence of optimal controls over the evolution
in the subspace of discrete states. Demiralp and Rabitz [145] showed that, in gen-
eral, there is a denumerable infinity of solutions to a particular class of well-posed
quantum control problems; the solutions can be ordered in quality according to
the achieved optimal value of the objective functional. The existence of multiple
control solutions has important practical consequences, suggesting that there may
be broad latitude in the laboratory, even under strict experimental restrictions, for
finding successful controls for well-posed quantum objectives. The existence and
properties of critical points (including global optima) of objective functionals for
various types of quantum control problems were further explored using the analysis
of QCLs [146, 208-210, 217-221, 274] (see Section VII).

2. Algorithms Employed in QOCT Computations

A number of optimization algorithms have been adapted or specially developed
for use in QOCT, including the conjugate gradient search method [39], the Krotov
method [206, 275, 276], monotonically convergent algorithms [259, 277-282],
noniterative algorithms [283], the gradient ascent pulse engineering (GRAPE)
algorithm [284], a hybrid local/global algorithm [258], and homotopy-based meth-
ods [285-287]. Faster convergence of iterative QOCT algorithms was demon-
strated using “mixing” strategies [288]. Also, the employment of propagation
toolkits [289-291] can greatly increase the efficiency of numerical optimizations.
Detailed discussions of the QOCT formalism and algorithms are available in the
literature [5, 11, 130, 131].
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C. Applications of QOCT

Originally, QOCT was developed to design optimal fields for manipulation of
molecular systems [36—40, 124—129] and has been applied to a myriad of problems
(e.g., rotational, vibrational, electronic, reactive, and other processes) [5, 11, 130].
Some recent applications include, for example, control of molecular isomeriza-
tion [292-295], control of electron ring currents in chiral aromatic molecules [296],
and control of heterogeneous electron transfer from surface attached molecules into
semiconductor band states [297]. Beyond molecules, QOCT has been applied to
various physical objectives including, for example, control of electron states in
semiconductor quantum structures [298—300], control of atom transport in optical
lattices [301], control of Bose—Einstein condensate transport in magnetic micro-
traps [302], control of a transition of ultracold atoms from the superfluid phase to a
Mott insulator state [303], control of coherent population transfer in superconduct-
ing quantum interference devices [304], and control of the local electromagnetic
response of nanostructured materials [305].

In the context of open-system dynamics in the presence of coupling to a Marko-
vian environment, QOCT applications include control of unimolecular dissocia-
tion reactions in the collisional regime [128], laser cooling of molecular internal
degrees of freedom coupled to a bath [252, 253, 306], control of vibrational wave
packets in a model molecular system coupled to an oscillator bath at finite temper-
atures in the weak-field (perturbative) regime [251, 307], creation of a specified
vibronic state, population inversion, wave packet shaping in the presence of dis-
sipation in the strong-field regime [255], control of ultrafast electron transfer in
donor-acceptor systems where the reaction coordinate is coupled to a reservoir
of other coordinates [308], control of photodesorption of NO molecules from a
metal surface in the presence of strong dissipation [309], control of excitation of
intramolecular and molecule-surface vibrational modes of CO molecules adsorbed
on a metal surface in the presence of dissipation to baths of substrate electrons and
phonons [258, 310], and control of current flow patterns through molecular wires
coupled to leads [311]. Also, QOCT was actively applied to the problem of pro-
tection of open quantum systems against environmentally induced decoherence
[216, 257, 312-321].

Recently, there has been rapidly growing interest in applications of QOCT to
the field of quantum information sciences. As mentioned above, one of the im-
portant problems in this field is optimal protection of quantum systems against
decoherence. Applications of QOCT to quantum information processing also in-
clude optimal operation of quantum gates in closed systems [180, 205, 206, 250,
322-335] and in open systems (i.e., in the presence of decoherence) [213,336-351]
and optimal generation of entanglement [268, 269, 350, 352—-354]. One particular
area where QOCT methods have proved to be especially useful is design of op-
timal sequences of radiofrequency (RF) pulses for operation of quantum gates in
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systems of coupled nuclear spins in a nuclear magnetic resonance (NMR)
setup [284, 355, 356]. In a recent experiment with trapped-ion qubits, shaped
pulses designed using QOCT were applied to enact single-qubit gates with en-
hanced robustness to noise in the control field [357]. Optimal control methods
were also applied to the problem of storage and retrieval of photonic states in
atomic media, including both theoretical optimization [358-360] and experimental
tests [361-363].

D. Advantages and Limitations of QOCT

An advantage of QOCT relative to the laboratory execution of AFC (to be discussed
in detail in Section V) is that the former can be used to optimize a well-defined
objective functional of virtually any form, while the latter relies on information
obtained from measurements and thus is best suited to optimize expectation values
of directly measurable observables. In numerical optimizations, there is practically
no difference in effort between computing the expectation value of an observable,
the density matrix, or the evolution operator. In the laboratory, however, it is much
more difficult to estimate a quantum state or, even more so, the evolution operator
than to measure the expectation value of an observable. Moreover, state estimation
error increases rapidly with the Hilbert space dimension [225, 364]. The very large
number of measurements required for accurate quantum state/process tomography
[229-232] renders (at least presently) the use of adaptive laboratory methods for
state/evolution-operator control rather impractical.

QOCT is often used to explore new quantum phenomena in relatively simple
models to gain physical insights. The realization of quantum control is ultimately
performed in the laboratory, and in this context QOCT fits into what is called
open-loop control. Generally, in open-loop control, a theoretical control design
(e.g., obtained by using QOCT or another theoretical method) is implemented in
the laboratory with the actual system. Unfortunately, there are not many prob-
lems for which theoretical control designs are directly applicable in the laboratory.
QOCT is most useful when detailed knowledge of the system’s Hamiltonian is
available. Moreover, for open quantum systems, it is essential to know the details
of the system—environment interaction. Therefore, the practical applicability of
QOCT in the context of open-loop control is limited to very simple systems, that
is, mostly to cases when a small number of degrees of freedom can be controlled
separately from the remainder of the system. This may be possible when the con-
trolled subsystem has characteristic frequencies well separated from those of other
transitions and evolves on a timescale that is very different from that of the rest of
the larger system. A well-known example of such a separately controllable sub-
system is nuclear spins in a molecule, which can be very well controlled using
RF fields without disturbing rotational, vibrational, and electronic degrees of free-
dom. Another example is a subset of several discrete levels in an atom or diatomic
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molecule, the transitions between which frequently can be controlled in a very pre-
cise way without any significant leakage of population to other states. However,
for a majority of interesting physical and chemical phenomena, controlled systems
are too complex and too strongly coupled to other degrees of freedom. For such
complex systems, the accuracy of control designs obtained using model-based
QOCT is usually inadequate, and hence laboratory AFC is generally the preferred
strategy. In these situations, QOCT may be more useful for feasibility analysis and
exploration of control mechanisms, as basic features of the controlled dynamics
possibly can be identified in many cases even using relatively rough models.

V. ADAPTIVE FEEDBACK CONTROL IN THE LABORATORY

Many important aspects of quantum control experiments are not fully reflected in
theoretical analyses. In particular, control solutions obtained in theoretical studies
strongly depend on the employed model Hamiltonian. However, for real systems
controlled in the laboratory, the Hamiltonians usually are not known well (except
for the simplest cases), and the Hamiltonians for the system—environment cou-
pling are known to an even lesser degree. An additional difficulty is the computa-
tional complexity of accurately solving the optimal control equations for realistic
polyatomic molecules. Another important difference between control theory and
experiment arises from the difficulty of reliably implementing theoretical control
designs in the laboratory owing to instrumental noise and other limitations. As a
result, optimal theoretical control designs generally will not be optimal in the lab-
oratory. Notwithstanding these comments, control simulations continue to be very
valuable, and they even set forth the logic leading to practical laboratory control
as explained below.

A crucial step toward selective laser control of physical and chemical phe-
nomena on the quantum scale was the introduction of AFC (also referred to as
closed-loop laboratory control or learning control). AFC was proposed and theo-
retically grounded by Judson and Rabitz in 1992 [132]. In AFC, a loop is closed in
the laboratory (see Fig. 1), with results of measurements on the quantum system
used to evaluate the success of the applied control and to refine it, until the control
objective is reached as best as possible. At each cycle of the loop, the external
control (e.g., a shaped laser pulse) is applied to the system (e.g., an ensemble of
molecules). The signal (e.g., the yield of a particular reaction product or popula-
tion in a target state) is detected and fed back to the learning algorithm (e.g., a
genetic algorithm). The algorithm evaluates each control based on its measured
outcome with respect to a predefined control goal and searches through the space
of available controls to move toward an optimal solution.

While AFC can be simulated on the computer [132, 365-378], the important
advantage of this approach lies in its ability to be directly implemented in the



CONTROL OF QUANTUM PHENOMENA 23

control

Figure 1. A schematic depiction of a closed-loop process employed in adaptive feedback control
(AFC) of quantum phenomena. The input to the loop is an initial control guess which can be a design
estimate or even a random field in many cases. A current design of the laser control field is created
with a pulse shaper and then applied to the sample. The outcome of the control action is measured,
and the results are fed back to a learning algorithm. The algorithm searches through the space of
possible controls and suggests an improved field design. Excursions around the loop are repeated until
a satisfactory value of the control objective is achieved. Adapted from Ref. [4]. (See the color version
of this figure in Color Plates section.)

laboratory. Most important, the optimization is performed in the laboratory with
the actual system and thus is independent of any model. As a result, the AFC
method works remarkably well for systems even of high complexity, including,
for example, large polyatomic molecules in the liquid phase, for which only very
rough models are available. Second, there is no need to measure the laser field
in AFC because any systematic characterization of the control “knobs” (such as
pulse shaper parameters) is sufficient. This set of control “knobs” determined by
the experimental apparatus defines the parameter space searched by the learning
algorithm for an optimal laser shape. This procedure naturally incorporates any
laboratory constraints on the control laser fields. Third, optimal controls identi-
fied in AFC are characterized by a natural degree of robustness to instrumental
noise, since nonrobust solutions will be rejected by the algorithm. Fourth, in AFC,
it is possible to operate at a high-duty cycle of hundreds or even thousands of
experiments per second by exploiting (i) the conceptual advantage of the evolv-
ing quantum system solving its own Schrodinger equation in the fastest possible
fashion and (ii) the technological advantage of high repetition rate pulsed laser
systems under full automation. Fifth, in AFC, a new quantum ensemble (e.g., a
new molecular sample) is used in each cycle of the loop that completely avoids
the issue of back action exerted by the measurement process on a quantum sys-
tem. Thus, AFC is technologically distinct from measurement-based real-time
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feedback control [379-384], in which the same quantum system is manipulated
until the final target objective is reached and for which measurement back action
is an important effect that needs to be taken into account.

The majority of current AFC experiments employ shaped ultrafast laser pulses.
In such experiments, one usually starts with a random or nearly random selection
of trial shaped pulses of length ~10~13 s or less. The pulses are shaped by mod-
ulating the phases and amplitudes of the spatially resolved spectral components,
for example, by means of a liquid crystal modulator (LCM), an acousto-optic
modulator (AOM), or a micromechanical mirror array (MMA). The experiments
employ fully automated computer control of the pulse shapes guided by a learning
algorithm. The shaped laser pulses produced by this method can be viewed as
“photonic reagents,” which interact with matter at the atomic or molecular scale to
facilitate desired controlled outcomes of various physical and chemical phenom-
ena. Femtosecond pulse-shaping technology has significantly advanced during the
last two decades [7, 97-99, 385-407]. Moreover, the AFC approach itself can be
used to produce optical fields with prescribed properties [408—421].

A. AFC of Photophysical Processes in Atoms
1. AFC of Rydberg Wave Packets in Atoms

In one of the first applications of AFC, in 1999, Bucksbaum and coworkers [422]
manipulated the shape of an atomic radial wave function (a so-called Rydberg wave
packet). Nonstationary Rydberg wave packets were created by irradiating cesium
atoms with shaped ultrafast laser pulses. The atomic radial wave function generated
by the laser pulse was reconstructed from state-selective field ionization data using
a variation of the quantum holography method [423]. The distance between the
measured and the target wave packet provided the feedback signal. In the linear
weak-field regime, AFC equipped with a simple gradient-type algorithm was able
to change the shape of the Rydberg wave packet to match the target within two
iterations of the feedback control loop. If the wave packet is created in the strong-
field regime, then a more sophisticated learning algorithm is generally required to
implement AFC.

2. AFC of Multiphoton Transitions in Atoms

Control of bound-to-bound multiphoton transitions in atoms with optimally shaped
femtosecond laser pulses provides a vivid illustration of the control mechanism
based on multipathway quantum interference. Nonresonant multiphoton transi-
tions involve many routes through a continuum of virtual levels. The interference
pattern excited by the multiple frequency components of the control pulse can en-
hance or diminish the total transition probability. The interference effect depends
on the spectral phase distribution of the laser pulse. A number of experiments
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[424-426] used AFC to identify pulse shapes that are optimal for enhancing or
canceling the probability of making a transition. Owing to the relative simplicity of
the atomic systems studied, it was possible to compare the results of the AFC ex-
periments with theoretical predictions and verify the control mechanism based on
quantum interference of multiple laser-driven transition amplitudes. A related ex-
periment [427] demonstrated that AFC-optimized shaped pulses enhance resonant
multiphoton transitions significantly beyond the level achieved with transform-
limited pulses, although the latter maximize the pulse’s peak intensity. Another re-
cent experiment [428] employed AFC to discover strong-field shaped laser pulses
that maximize the probability of nonresonant multiphoton absorption in atomic
sodium by optimally counteracting the dynamic Stark shift-induced stimulated
emission. AFC with shaped femtosecond laser pulses was also applied to optimize
multiphoton ionization in calcium and potassium atoms and explore underlying
control mechanisms [429, 430].

3. AFC of High-Harmonic Generation

An important physical application of AFC is coherent manipulation of soft X-rays
produced via high-harmonic generation (for recent reviews, see Refs. [18, 19]).
In a pioneering experiment, Murnane and coworkers [431] used shaped ultrashort
intense laser pulses for AFC of high-harmonic generation in atomic gases. Their
results demonstrate that optimally shaped laser pulses identified by the learning
algorithm can improve the efficiency of X-ray generation by an order of magnitude,
manipulate the spectral characteristics of the emitted radiation, and “channel” the
interaction between nonlinear processes of different orders. All these effects result
from complex interferences between the quantum amplitudes of the atomic states
created by the external laser field. The learning algorithm guides the pulse shaper to
tailor the laser field to produce the optimal interference pattern. Several consequent
AFC experiments explored various aspects of optimal high-harmonic generation
in atomic gases [432-434]. Further experimental studies used AFC for optimal
spatial control of high-harmonic generation in hollow fibers [435, 436], optimal
control of the brilliance of high-harmonic generation in gas jet and capillary setups
[437], and optimal control of the spectral shape of coherent soft X-rays [438]. The
latter work [438] has been a precursor to a more recent development, in which
spectrally shaped femtosecond X-ray fields were themselves used to adaptively
control photofragmentation yields of SFg [439].

B. AFC of Electronic Excitations in Molecules

The first AFC experiment was reported in 1997 by Wilson and coworkers [440].
Femtosecond laser pulses shaped by a computer-controlled AOM were used to ex-
cite an electronic transition in molecules (laser dye IR125 in methanol solution).
The measured fluorescence served as the feedback signal in AFC to optimize the
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population transfer from the ground to first excited molecular electronic state.
Both excitation efficiency (the ratio of the excited state population to the laser en-
ergy) and effectiveness (the total excited-state population) were optimized. Simi-
lar AFC experiments were later performed with different molecules in the liquid
phase [156, 441-451]. In particular, two-photon electronic excitations in flavin
mononucleotide (FMN) in aqueous solution were controlled using multiobjective
optimization (a genetic algorithm was employed to simultaneously maximize the
fluorescence intensity and the ratio of fluorescence and second harmonic gener-
ation intensities) [451]. Molecular electronic excitations were also optimized in
AFC experiments in the solid state, with a crystal of a-perylene [449, 452].

Since these AFC experiments are performed in the condensed phase, an impor-
tant issue is the degree of coherence of the controlled dynamics. This issue has
been recently explored in a series of AFC experiments [156], in which the level of
attained control was investigated by systematically varying properties of the envi-
ronment. Specifically, AFC was applied to optimize the stimulated emission from
coumarin 6 (a laser dye molecule) dissolved in cyclohexane and the recorded op-
timal pulse shape was used with several other solvents (linear and cyclic alkanes).
The results revealed an inverse correlation between the obtained degree of control
(as measured by the enhancement of stimulated emission relative to that achieved
by excitation with the transform-limited pulse) and the viscosity of the solvent.
This study indicates that the control mechanism involves a coherent process (i.e.,
based on quantum interference of coherent pathways) and that environmentally
induced decoherence limits the leverage of control on the particular molecular
system. Coherent control mechanisms were also identified in a number of other
recent AFC experiments that optimized molecular electronic excitations in the
liquid phase [157, 450].

C. AFC of Multiphoton Ionization in Molecules

The use of polarization-shaped femtosecond laser pulses can significantly en-
hance the level of control over multiphoton ionization in molecules. In 2004,
Brixner et al. [453] demonstrated that a suitably polarization-shaped laser pulse
increased the photoionization yield in K, beyond that obtained with an optimally
shaped linearly polarized laser pulse. This effect is explained by the existence of
different multiphoton ionization pathways in the molecule involving dipole tran-
sitions that are preferably excited by different polarization directions of the laser
field. Suzuki et al. [454] applied AFC with polarization-shaped laser pulses to
multiphoton ionization of I, molecules and optimized the production of oddly and
evenly charged molecular ions. Weber et al. [455] performed AFC experiments
with polarization-shaped laser pulses to optimize the photoionization yield in NaK
molecules. Free optimization of the pulse phase, amplitude, and polarization re-
sulted in a higher ionization yield than parameterized optimization with a train of
two pulses.
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Woste and coworkers [456-461] controlled multiphoton ionization in K; and
NaK using femtosecond laser pulses with phase and amplitude modulation, but
without polarization shaping. In particular, one series of AFC experiments [459]
explored the controlled dynamics by means of control pulse cleaning, which is a
process of removing extraneous control field features by applying pressure in the
optimization algorithm with an appropriate cost function on the spectral compo-
nents of the pulse [365]. In another series of AFC experiments [460], the control
mechanism of multiphoton ionization in NaK was analyzed by systematically re-
ducing the complexity of the search space. Woste and coworkers [457, 462—464]
also demonstrated that AFC is capable of achieving isotope-selective ionization of
diatomic molecules such as K; and NaK. They showed that differences between
the dynamics of excited vibrational wave packets in distinct isotopomers can be
amplified by optimally tailored control pulses. Leone and coworkers [465] applied
AFC to optimize the weak-field pump-probe photoionization signal in Lip and
used time-dependent perturbation theory to explain the control mechanism.

D. AFC of Molecular Alignment

The controlled alignment of molecules has attracted considerable attention as it can
provide a well-defined sample for subsequent additional control experiments. At
high laser intensities (~10'3~10'* W cm~2), dynamical variations of the molecu-
lar polarization can have a significant effect on alignment. By shaping the temporal
profile of such an intense femtosecond laser pulse, it is possible to achieve control
over molecular alignment. Quantum dynamics of laser-induced molecular align-
ment is amenable to theoretical treatment and optimization [243, 466—470] and
can be successfully controlled using simple ultrafast laser pulses [471-474]. AFC
provides a very effective general laboratory tool for alignment manipulation, mak-
ing the best use of the laser resources. AFC of molecular alignment with intense
shaped laser pulses was successfully demonstrated at room temperature for N, and
CO [475-477].

E. AFC of Photodissociation Reactions in Molecules

A long-standing goal of photochemistry is selective control of molecular fragmen-
tation. During the last decade, AFC employing shaped femtosecond laser pulses
has achieved significant successes toward meeting this goal [8, 9, 12]. Selective
quantum control of photodissociation reactions in molecules using AFC was first
demonstrated by Gerber and coworkers in 1998 [478]. They studied photodisso-
ciation of an organometallic complex and employed AFC to maximize and mini-
mize the branching ratio of two fragmentation products. The success of this AFC
experiment triggered an ongoing wave of research activity in this area. In partic-
ular, Gerber’s group [479-482] explored various aspects of AFC of photodissoci-
ation and photoionization reactions in polyatomic molecules in the gas phase and
demonstrated that the control mechanism is not simply intensity dependent, but
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rather employs the spectral phase distribution of the shaped laser pulse to steer
the dynamics of the excited molecular vibrational wave packet toward the target
reaction channel.

In 2001, Levis and coworkers [483] used AFC with shaped, strong-field laser
pulses to demonstrate highly selective cleavage of chemical bonds in polyatomic
organic molecules in the gas phase. The use of strong laser fields (with intensities
of about 10'> W cm™2) helps to effectively increase the available bandwidth, as
transitions to excited molecular states are facilitated by the dynamic Stark shift.
This effect opens up many reaction pathways that are inaccessible in the weak-field
(perturbative) regime due to resonant spectral restrictions [12]. Although theoreti-
cal treatment of the complex strong-field molecular dynamics is extremely difficult,
this complexity in no way affects employment of AFC in the laboratory, where
the molecule solves its own Schrodinger equation on a femtosecond timescale.
By operating at a high-duty control cycle, a learning algorithm is typically able to
identify optimal laser pulses in a matter of minutes.

Selective control of molecular fragmentation in the gas phase was demonstrated
in several other AFC experiments with shaped femtosecond laser pulses [484—489].
In particular, AFC of branching ratios of various photofragmentation products of
dimethyl methylphosphonate was performed in the presence of a high background
of a hydrocarbon and water [489]. The ability to achieve highly selective control
under these conditions demonstrates that AFC may provide the means to identify
complex airborne molecules. As mentioned in Section V.A.3, photofragmentation
of SFe was controlled in an AFC experiment [439] using spectrally shaped fem-
tosecond X-ray fields produced from intense shaped laser pulses via high-harmonic
generation.

Significant attention has been devoted to the analysis of quantum dynamical pro-
cesses involved in molecular photofragmentation control achieved in AFC experi-
ments [490—498]. In particular, laboratory AFC optimizations were supplemented
by theoretical ab initio quantum calculations to help clarify photofragmentation
control mechanisms [490, 492-494]. In several other studies [495-497], a change
in the basis of the control variables made it possible to reduce the dimension of
the search space and thus elucidate control mechanisms of selective molecular
photofragmentation. In another work [498], pump-probe spectroscopy was uti-
lized to reveal a charge-transfer-based control mechanism in selective photofrag-
mentation of polyatomic molecules in AFC experiments with intense shaped
laser pulses.

Recently, Dantus and coworkers [499, 500] reported a study of molecular frag-
mentation using intense femtosecond pulses, in which they did not apply algorithm-
guided AFC, but rather evaluated a large set of predetermined pulse shapes. They
concluded that the yields of photofragmentation products are mainly controlled by
the pulse intensity, while the details of the pulse shape (e.g., the spectral phase
distribution) are not important. Levis [501] pointed out that the experimental
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conditions employed by the Dantus group obscure connections to coherent pro-
cesses that occur below the saturation threshold for ionization. Moreover, the search
over a set of predetermined pulse shapes [499] cannot guarantee discovery of op-
timal controls, even if the employed set is very large. In a parameter space of the
size characteristically available from a typical pulse shaper, only a dedicated op-
timization algorithm is capable of consistently identifying optimal control fields
that commonly lie in a null space of the full search space.

F. Applications of AFC in Nonlinear Molecular Spectroscopy

Shaped femtosecond laser pulses were successfully used to enhance resolution and
improve detection in several areas of nonlinear spectroscopy and microscopy [22].
Of particular interest are experiments that employ AFC to identify optimal pulse
shapes. One area of nonlinear molecular spectroscopy is control of vibrational
modes via stimulated Raman scattering (SRS). In the gas phase, a number of
AFC experiments [502-504] manipulated molecular vibrations excited via SRS
by intense ultrafast laser pulses in the impulsive regime (i.e., when the duration of
the control laser pulse is shorter than the vibrational period). In the liquid phase,
AFC was applied to control relative intensities of the peaks in the Raman spectrum,
corresponding to the symmetric and antisymmetric C—H stretch modes of methanol
[505-508]. The modes were excited via SRS in the nonimpulsive regime (i.e., the
duration of the control laser pulse exceeded the vibrational period). The control
pulse was shaped and the forward-scattered Raman spectrum was measured to
obtain the feedback signal, with the goal of achieving selective control of the
vibrational modes. However, it was argued [509, 510] that in nonimpulsive SRS, the
relative peak heights in the Raman spectrum do not reflect the relative populations
of the vibrational modes and that control of the spectral features demonstrated in
the experiments [505-508] does not involve quantum interference of vibrational
excitations, but rather is based on classical nonlinear optical effects.

Another important area of nonlinear molecular spectroscopy is control of molec-
ular vibrational modes via coherent anti-Stokes Raman scattering (CARS). Several
groups [511-518] used AFC in a CARS setup to optimally control vibrational dy-
namics in complex molecules. The Stokes pulse was shaped and the feedback
signal was derived from the intensities observed in the CARS spectrum. In par-
ticular, AFC was applied to achieve selective enhancement or suppression of one
or more vibrational modes in polymers [511] and organic molecules in the liquid
phase [512-514, 516, 517]. Molecule-specific enhancement or suppression of the
CARS spectral lines for a mixture of benzene and chloroform, demonstrated in a
related AFC experiment [515], is an example of optimal dynamic discrimination
(ODD) that will be discussed in more detail in Section V.H.

Control of molecular vibrational dynamics is possible not only through Raman-
type processes, but also directly in the infrared (IR) regime. Zanni and coworkers
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[519] demonstrated selective control of vibrational excitations on the ground elec-
tronic state of W(CO)g using shaped femtosecond mid-IR pulses. The spectral
phase distribution of the pulse was optimized using AFC to achieve selective
population of the excited vibrational levels of the 77, CO stretching mode. In a
related AFC experiment [520], polarization-shaped mid-IR pulses were used to
selectively control vibrational excitations of the two carbonyl stretching modes in
Mn(CO)sBr.

G. Applications of AFC in Multiphoton Microscopy

An important application of AFC with shaped femtosecond laser pulses is in
multiphoton excited fluorescence (MPEF) microscopy. For a given pulse energy,
the transform-limited pulse has the maximum peak intensity, which helps to in-
crease the fluorescence signal intensity, but unfortunately also increases the rate
of photobleaching of the molecules (which is especially undesirable with samples
of live cells). Use of optimally shaped pulses instead of a transform-limited pulse
can reduce the bleaching rate, enhance spatial resolution, and increase contrast
in biological fluorescence imaging. In a series of AFC experiments with shaped
laser pulses, Midorikawa and coworkers [521-524] optimally controlled MPEF
microscopy in different fluorescent biomolecules. Attenuation of photobleaching
by a factor of 4 (without decreasing the fluorescence signal intensity) was demon-
strated in two-photon excitation fluorescence (TPEF) from a green fluorescent
protein [521]. Another AFC experiment [522] achieved selective control of two-
photon and three-photon fluorescence in a mixture of two biosamples. The use
of optimally tailored pulses helped to minimize the harmful three-photon fluo-
rescence from the amino acid L-Tryptophan, without a significant loss of useful
two-photon fluorescence from a green fluorescence protein. Optimally shaped su-
percontinuum pulses from a microstructure fiber were used in TPEF microscopy
in another experimental study [523]. The pulse was shaped prior to propagation
through the fiber, and AFC maximized the fluorescence signal contrast between
two fluorescent proteins. A novel phase modulation technique for ultrabroadband
laser pulses was developed for selective excitation of multiple fluorophores in
TPEF microscopy [524]. This technique was applied to dual-color imaging of
cells containing two types of fluorescent proteins, and AFC was employed to find
the phase modulation that maximizes or minimizes the individual TPEF intensity
from one of the fluorophores.

H. Applications of AFC for Optimal Dynamic Discrimination

Discrimination of similar systems is important for many practical problems in sci-
ence and engineering. In particular, selective identification of target molecules in
a mixture of structurally and spectroscopically similar compounds is a challenge



CONTROL OF QUANTUM PHENOMENA 31

in areas such as selective excitation of multiple fluorescent proteins in microscopy
of live samples, targeted component excitation in solid-state arrays, and selective
transformation of chemically similar molecules. Theoretical studies [525-527] in-
dicate that quantum systems differing even very slightly in structure may be distin-
guished by means of their dynamics when acted upon by a suitably tailored ultrafast
control field. Such optimal dynamic discrimination can, in principle, achieve dra-
matic levels of control, and hence also provides a valuable test of the fundamental
selectivity limits of quantum control despite noise and constrained laser resources.
AFC provides a very effective laboratory means for practical implementation
of ODD.

In 2001, Gerber and coworkers [528] experimentally demonstrated selective
multiphoton excitation of two complex molecules in a solution. The goal was to
electronically excite one molecule while simultaneously suppressing electronic ex-
citation of the other. While these two molecules are electronically and structurally
distinct, their emission ratio is practically unaffected by variations in single con-
trol parameters, such as wavelength, intensity, and linear chirp. Nevertheless, AFC
was able to identify optimally shaped femtosecond laser pulses that improved the
signal by approximately 50%. These results obtained in the presence of complex
solvent/solute interactions aroused significant interest in ODD. In particular, AFC
of photoproduct branching ratios in two very similar organometallic complexes
CpFe(CO),Cl and CpFe(CO),Br (where Cp = CsHs) was sensitive enough to de-
tect differences between FeCl and FeBr bonding properties [482]. This finding
suggests the possibility of performing ODD of individual compounds in mixtures
of chemically similar molecules. Other examples of ODD include isotope-selective
ionization of diatomic molecules [457, 462—464], molecule-specific manipulation
of CARS spectra from a mixture of benzene and chloroform [515], and selective
excitation of multiple fluorophores in TPEF microscopy [523, 524].

A recent experimental demonstration of ODD by Roth et al. [157] achieved dis-
tinguishing excitations of two nearly identical flavin molecules in aqueous phase.
The absorption spectra for flavin mononucleotide and riboflavin (RBF) are prac-
tically indistinguishable throughout the entire visible and far UV. This implemen-
tation of ODD used a shaped UV pulse centered at 400 nm and a time-delayed
unshaped IR pulse centered at 800 nm. The first pulse creates a coherent vibrational
wave packet on an excited electronic state, and the second pulse disrupts the wave
packet motion and results in additional excitation to a higher state and consequen-
tial depletion of the recorded fluorescence signal. The effect of slight differences in
the vibronic structure of the two molecules upon the dynamics of the excited wave
packets is amplified by tailoring the spectral phase of the UV pulse. Since further
excitation produced by the second pulse depends on the precise structure, po-
sition, and coherence of the tailored wave packet, it is possible to dynamically
interrogate the two spectrally nearly identical systems and thereby produce a
discriminating difference in their respective depleted fluorescence signals. Pulse
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shapes that maximally discriminate between FMN and RBF were identified us-
ing AFC. The optimized depletion ratio could be changed by ~+£28%, despite
the initially indistinguishable linear and nonlinear optical spectra. In contrast, if
the UV pulse is transform limited, then the fluorescence depletion signals from the
flavins are indistinguishable.

I. AFC of Photoisomerization in Complex Molecules

The control of molecular structure transformations is a coveted goal in chemistry.
In particular, control of cis—trans isomerization has attracted much attention due to
the importance of this process in chemistry and biology (e.g., it is a primary step of
vision). AFC of cis—trans photoisomerization in cyanines (in the liquid phase) with
shaped femtosecond laser pulses was first reported by Gerber and coworkers [529].
This experiment demonstrated that by using optimally shaped laser pulses it is pos-
sible to enhance or reduce isomerization efficiencies. The mechanism underlying
isomerization control was discussed in a number of theoretical works [530-532].
In particular, Hunt and Robb [531] showed that the generation of the frans versus
cis product is affected by the presence of an extended conical intersection seam on
the PES of an excited electronic state and that photoisomerization can therefore
be coherently controlled by tuning the distribution of momentum components in
the photoexcited vibrational wave packet. The validity of this coherent control
mechanism was corroborated in further AFC experiments by Yartsev and cowork-
ers [533, 534] who demonstrated that optimally shaped laser pulses can be used
to modify the momentum composition of the photoexcited wave packet and thus
achieve significant control over the outcome of the isomerization process. Still,
recent theoretical studies [535, 536] suggest that environmentally induced relax-
ation may affect coherent control of isomerization and other branching reactions
in an excited state.

AFC of the retinal molecule in bacteriorhodopsin (from the all-trans to the
13-cis state) was demonstrated by Miller and coworkers [537]. This experiment
employed both phase and amplitude modulation of femtosecond laser pulses and
operated in the weak-field regime. By using optimally shaped pulses, it was pos-
sible to enhance or suppress the quantity of molecules in the 13-cis state by
about 20%, relative to the yield observed using a transform-limited pulse with
the same energy. They further explored the mechanism of coherent control of reti-
nal photoisomerization in bacteriorhodopsin using time- and frequency-resolved
pump-probe measurements [538]. Experimental data together with a theoretical
analysis suggest that the isomerization yield depends on the coherent evolution
of the vibrational wave packet on the excited-state PES in the presence of a con-
ical intersection. According to this analysis, control of retinal photoisomeriza-
tion is dominated by amplitude modulation of the spectral components of the
excitation pulse. Gerber and coworkers [539] also demonstrated AFC of retinal
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isomerization in bacteriorhodopsin. In this experiment, they pioneered the con-
trol scheme with unshaped-pump and time-delayed shaped-dump femtosecond
laser pulses.

The role of quantum coherence effects in control of retinal isomerization in
bacteriorhodopsin is still not fully clear, as a recent experiment by Bucksbaum and
coworkers [540] found no dependence of the isomerization yield on the control
pulse shape in the weak-field regime. In the strong-field regime, they found that the
yield of the 13-cis isomer is maximized by a transform-limited pulse, which could
indicate that the yield depends only on the pulse intensity, with quantum coherence
not playing a significant role. These findings (especially for weak fields) apparently
contradict the optimization results obtained by Miller and coworkers [537]. It is
possible that these discrepancies could be explained by differences in experimental
setups. In particular, Bucksbaum and coworkers [540] used only phase modulation
of the control pulse, whereas Miller and coworkers [537, 538] argued that control is
mainly achieved by amplitude modulation. Additional experimental and theoretical
work will be needed to fully explore the mechanisms underlying condensed-phase
control of photoisomerization in complex molecular systems.

Other examples of structural transformations in complex molecules include
ring opening in cyclohexadiene along with isomerization as well as cyclization
reactions in cis-stilbene. Carroll et al. [541, 542] demonstrated AFC of the pho-
toinduced ring-opening reaction of 1,3-cyclohexadiene (CHD) to form 1,3,5-cis-
hexatriene. Kotur et al. [543] used AFC with shaped ultrafast laser pulses in the
deep UV to control the ring-opening reaction of CHD to form 1,3,5-hexatriene.
Greenfield et al. [544] performed AFC of the photoisomerization and cyclization
reactions in cis-stilbene dissolved in n-hexane. They employed phase-modulated
266 nm femtosecond pulses to maximize or minimize the yields of cis- to
trans-stilbene isomerization, as well as cis-stilbene to 4a,4b-dihydrophenanthrene
cyclization. In all these experiments, AFC-optimized shaped pulses significantly
increased the target product yield relative to the effect of transform-limited pulses
of the same energy.

J. AFC of Energy Flow in Biomolecular Complexes

Applications of quantum control to increasingly complex molecular systems have
been considered. In particular, Motzkus and coworkers used AFC with shaped
femtosecond laser pulses to control and analyze the energy flow pathways in the
light-harvesting antenna complex LH2 of Rhodopseudomonas acidophila (a pho-
tosynthetic purple bacterium) [545, 546] and 3-carotene [547]. They demonstrated
that by shaping the spectral phase distribution of the control pulse, it is possible to
manipulate the branching ratio of energy transfer between intra- and intermolec-
ular channels in the donor—acceptor system of the LH2 complex [545]. Analysis
of the transient absorption data was used to decipher the control mechanism and
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identify the molecular states participating in energy transfer within LH2 [546] and
[-carotene [547]. These results indicate that coherent quantum control is possible
even in very complex molecular systems in a condensed-phase environment.

K. AFC of Photoinduced Electron Transfer

AFC has been applied to quantum control of intermolecular photoinduced electron
transfer. Yartsev and coworkers [548] reported an AFC experiment that maximized
the yield of ultrafast electron injection from the sensitizer to TiO, nanocrystals
in the core part of a dye-sensitized solar cell. The electron transfer process was
monitored using the transient absorption signal. The impulsive structure of the
optimal laser pulse was observed to correlate with the coherent nuclear motion
of the photoexcited dye. The pulse shape and the transient absorption kinetics
were explained by an impulsive stimulated (anti-Stokes) Raman scattering process,
followed by electronic excitation.

L. AFC of Nuclear Motion in Fullerenes

Fullerenes are a class of molecules of considerable interest in many areas of sci-
ence. Laarmann et al. [549] employed AFC-optimized femtosecond laser pulses
to coherently excite large-amplitude oscillations in Cgo fullerene. The structure
of the optimal pulses in combination with complementary two-color pump-probe
data and time-dependent density functional theory calculations provided informa-
tion on the underlying control mechanism. It was found that the strong laser field
excites many electrons in Cgp, and the nuclear motion is excited, in turn, due to
coupling of the electron cloud to a radially symmetric breathing mode. Despite the
complexity of this multiparticle system with various electronic and nuclear degrees
of freedom, the optimal control fields generated essentially one-dimensional os-
cillatory motion for up to six cycles with an amplitude of ~130% of the molecular
diameter.

M. Applications of AFC in Semiconductors

Quantum control has found applications beyond atomic and molecular phenomena.
In particular, it is possible to use optimal control methods to manipulate various
processes in semiconductors. Kunde et al. [550, 551] demonstrated AFC of semi-
conductor nonlinearities using phase-modulated femtosecond laser pulses with the
purpose of creating an ultrafast all-optical switch. Optimal pulse shapes discovered
in this AFC experiment enhanced ultrafast semiconductor nonlinearities by almost
a factor of 4. Chung and Weiner [552] employed AFC with phase-modulated fem-
tosecond laser pulses to coherently control photocurrents in two semiconductor
diodes with spectrally distinct two-photon absorption responses. AFC was able to
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identify pulse shapes that maximized or minimized the photocurrent yield ratio
for the two diodes.

N. AFC of Decoherence

Manipulation of quantum interference requires that the system under control re-
mains coherent, avoiding (or at least postponing) the randomization induced by
coupling to an uncontrolled environment. Therefore, the ability to manage environ-
mentally induced decoherence would bring substantial advantages to the control
of many physical and chemical phenomena. In particular, decoherence is a funda-
mental obstacle to quantum information processing [158], and therefore the ability
to protect quantum information systems against decoherence is indispensable.

The possibility of using AFC for optimal suppression of decoherence was first
proposed by Brif et al. [553] and numerical simulations in a model system were
performed by Zhu and Rabitz [374]. Walmsley and coworkers [123] have recently
applied AFC to extend the coherence time of molecular vibrational wave packets.
The concept underlying this experiment is the use of coherent preparation of the
quantum system to alter nonunitary decoherent dynamics induced by an uncon-
trolled environment. In this experiment, a gas-phase ensemble of K, at 400 °C was
irradiated by a shaped femtosecond laser pulse, inducing a vibrational wave packet
in the lowest excited electronic state. Decoherence of this wave packet is caused
by coupling of the vibrational mode to the thermalized rotational quasi-bath. The
amplitude of quantum beats in the fluorescence signal provides an estimate of
the degree of wave packet localization in the phase space and therefore can be
used as a coherence surrogate. The optimal pulse identified by AFC increased
the quantum-beat visibility from zero to more than four times the noise level and
prolonged the coherence lifetime by a factor of ~2 relative to the beats produced
by the transform-limited pulse.

A well-known strategy for suppressing decoherence is through application of
pulse sequences designed to dynamically decouple the quantum system from the
environment [554—-565]. Open-loop control experiments [S66—570] employed the-
oretically designed pulse sequences based on particular environment models. How-
ever, actual experimental environments can significantly differ from the models.
To overcome this difficulty, Bollinger and coworkers [571] recently used AFC to
tailor the dynamical decoupling pulse sequence to an actual noise environment.
In this experiment, the system was a quantum memory realized in an array of
cold ?Be ions in a trap, with qubit states realized using a ground-state electron
spin-flip transition. The main source of qubit-state decoherence is magnetic field
noise. A sequence of microwave 7 pulses used for qubit control in this laboratory
configuration is technologically quite different from shaped femtosecond optical
laser pulses typically employed in molecular control experiments; however, the
fundamental concept of AFC is still fully applicable. Optimal pulse sequences
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discovered in this AFC experiment, without a priori knowledge of the noise envi-
ronment, suppressed the qubit error rate by a factor of 5—10 relative to benchmark
model-based sequences.

O. Future Applications of AFC

As discussed above, AFC has proved to have broad practical success as a means
of achieving optimal control of quantum phenomena in the laboratory. One rec-
ognizable trend is the extension of AFC applications toward the manipulation of
increasingly more complex systems and phenomena. Along this avenue, imple-
mentation of AFC could bring significant benefits to areas such as near and even
remote detection of chemical compounds (first steps in this direction have recently
been made [489, 572]), optimal control of molecular electronics devices, and op-
timal control of photoinduced phenomena in live biological samples (including
nonlinear microscopy and ODD, as indicated by recent experiments performed in
Midorikawa’s group [521-524]).

Increasing use of AFC is also likely in optimal control of photophysical phe-
nomena. One important area is coherent manipulation of quantum processes in
solid-state systems, especially in semiconductor quantum structures [573, 574].
Another potential application is optimal storage and retrieval of photonic states in
atomic vapor and solid-state quantum memories [362, 363, 575-580]. The AFC
methodology may be also applicable to physical problems where, instead of laser
pulses, other means (e.g., voltages applied to an array of electrodes) are used to im-
plement the control. Examples could include optimal control of coherent electron
transport in semiconductors by means of adaptively shaped electrostatic potentials
[581], coherent control of charge qubits in superconducting quantum devices by
gate voltages [582, 583], and coherent control of photonic qubits in integrated op-
tical circuits via the thermo-optic effect [584]. Several types of quantum systems
(e.g., flux qubits in superconducting quantum devices, hyperfine-level qubits in
trapped neutral atoms and ions, electron spins of donor atoms in silicon, etc.) can
be controlled by pulses of microwave radiation (e.g., AFC-optimized dynamical
decoupling of trapped-ion qubits by a sequence of microwave m pulses [571], dis-
cussed in section V.N). Many possible applications of AFC could have significant
implications for the progress in the field of quantum information sciences. A new
domain of quantum control involves manipulation of relativistic quantum dynam-
ics with extremely intense laser fields [585] for accelerating particles and even
intervening in nuclear processes in analogy to what is happening in atomic-scale
control. AFC methods could possibly become useful for optimal control of such
laser-driven high-energy phenomena.

Despite significant advances achieved in the field of quantum control during the
last decade, the experimental capabilities are limited by currently available laser
resources. In particular, many new applications would open up, if reliable sources
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of coherent laser radiation with a much wider bandwidth become available. Such
resources could make possible the simultaneous manipulation of rotational, vibra-
tional, and electronic processes in molecules in a more effective fashion, thereby
achieving hitherto unattainable levels of control. Moreover, if pulse-shaping tech-
nology can be extended to coherent radiation in the attosecond regime as well as
in the range of MeV photon energies, a multitude of new applications in X-ray
spectroscopy, medical physics, and control of nuclear dynamics could arise.

P. Algorithmic Advances for Laboratory AFC

The learning algorithm is an important component of laboratory AFC. The majority
of AFC experiments employ stochastic algorithms such as evolutionary strategies
[586] and genetic algorithms [587]. Historically, genetic algorithms were char-
acterized by the use of recombination, while evolutionary strategies primarily
relied on mutation; however, modern algorithms guiding AFC experiments and
simulations typically incorporate both types of genetic operations and are vari-
ably called genetic algorithms or evolutionary algorithms. These algorithms are
very well suited to laboratory optimizations as they naturally match the discrete
structure of control “knobs” (e.g., the pixels of a pulse shaper) and are robust
to noise. Moreover, robustness to noise in AFC experiments can be enhanced
by incorporating the signal-to-noise ratio into the control objective functional
[365, 588]. Various aspects of evolutionary algorithms and their application to
AFC of quantum phenomena were assessed [140, 589]. Evolutionary algorithms
can be also used in multiobjective optimization [590, 591], and the applica-
tion of this approach to quantum control problems was studied theoretically
[243-245, 592] and demonstrated in AFC experiments [451, 459].

Other types of stochastic algorithms include, for example, simulated annealing
[593] and ant colony optimization [594, 595]. Simulated annealing was utilized in
some AFC experiments [417, 524], and it seems best suited to situations where just
a few experimental parameters are optimized [596, 597]. Ant colony optimization
was used in an AFC simulation [377], but it is yet to be tested in the laboratory.

As will be discussed in Section VII, the absence of local traps in QCLs (for
controllable quantum systems) has important practical consequences for the opti-
mization complexity of AFC experiments. In particular, deterministic search algo-
rithms can be used to reach a globally optimal solution. Deterministic algorithms
(e.g., the downhill simplex method) were successfully implemented in several AFC
experiments [418, 544, 571]. Recently, Roslund and Rabitz [152] demonstrated
the efficiency of a gradient algorithm in laboratory AFC of quantum phenomena.
They implemented a robust statistical method for obtaining the gradient on a gen-
eral QCL in the presence of noise. The experimentally measured gradient was
utilized to climb along steepest-ascent trajectories on the landscapes of several
quantum control problems. The optimization with the gradient algorithm was very
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efficient, as it required approximately three times fewer experiments than needed
by a standard genetic algorithm in these cases. High algorithmic efficiency is es-
pecially important for AFC of laser-driven processes in live biological samples, as
damage (e.g., due to photobleaching) can be reduced by decreasing the number of
trial laser pulses. Still, evolutionary or other stochastic algorithms may be prefer-
able over deterministic algorithms in many AFC experiments due to their inherent
robustness to noise. Hybrid stochastic—deterministic algorithms (e.g., derandom-
ized evolution strategies) seem to offer the most flexibility and efficiency [153].

VI. THE ROLE OF THEORETICAL QUANTUM CONTROL DESIGNS
IN THE LABORATORY

A significant portion of theoretical research in the area of quantum control is de-
voted to model-based computations that employ QOCT (or other similar methods)
to design optimal control fields for various physical and chemical problems (see
Section IV.C). Notwithstanding these extensive QOCT-based control field designs,
experiments seeking optimal control of molecular processes overwhelmingly em-
ploy AFC methods as described in Section V. This raises important questions about
the practical utility of open-loop control and the role of theoretical methods such
as QOCT in control experiments [141]. In considering this matter, it is important
to keep in mind that the AFC procedure grew out of observations from QOCT
simulations and associated analyses.

As discussed in Section IV.D, the practical laboratory relevance of theoretical
designs depends on the complexity of the system of interest, with simpler cases
yielding theoretical models closer to reality. For example, in numerous NMR ex-
periments employing RF fields to manipulate nuclear spins [598, 599], includ-
ing NMR realizations of quantum gates [355], theoretically designed sequences
of pulses (some of which were developed using QOCT [284, 356]) can function
quite well. At the other extreme of system complexity are electronic and vibrational
processes in polyatomic molecules whose dynamics cannot be accurately modeled
at the present time. An objective assessment is that models used for polyatomic
molecules in control computations are currently too simplified and computational
techniques inadequate for the true levels of complexity, resulting in theoretical
designs that are not directly applicable to control experiments that work with real
systems. Optimal control is generally based on creating interference of multiple
quantum pathways, which can be very sensitive to the detailed properties of the
system (e.g., evolution of a laser-induced vibrational wave packet can be strongly
influenced by small variations in a molecular PES, as evident from experimental
ODD results [157]). Therefore, even small inaccuracies of theoretical models or
associated numerical procedures may result in control designs that are not optimal
for the actual systems.
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These considerations lead to the conclusion that open-loop control experiments
employing theoretical designs may be useful for some systems and impractical
for others. The boundary between the systems for which modeling is sufficiently
reliable and the systems for which it is not depends on available Hamiltonian data,
numerical algorithms, and computational power. Of course, with time, better mod-
eling will become available for more complex systems, although the exponential
increase in the Hilbert space dimension with the system complexity is a funda-
mental feature of quantum mechanics that significantly hinders the effectiveness
of numerical control designs for practical laboratory implementation. Therefore,
AFC will likely continue (at least in the foreseeable future) to be much more effec-
tive for optimal manipulation of electronic and vibrational processes in molecules
with four and more atoms than employment of theoretical control designs.

Notwithstanding this assessment, theoretical control studies should continue
to have high significance. Theory can be especially important in exploring the
feasibility of various outcomes for controlled quantum dynamics; even semi-
quantitative modeling may be successful for such purposes in many applications.
Theoretical control simulations can provide important guidance for the selection
of the experimental configuration, thereby helping to make AFC a more effec-
tive practical tool. Also, control solutions obtained via theoretical model-based
computations (in particular, QOCT) should play an important role by advancing
the general understanding of the character of controlled dynamics and control
mechanisms.

The open-loop control procedure is not limited to the use of optimal theoretical
designs generated via QOCT and similar methods. Moreover, optimality in not
always required in quantum control. In the conceptually allied field of synthetic
chemistry, progress has often been achieved via intuition-guided trials, leading to a
gradual increase in reaction yields. Following this venerable tradition, some recent
open-loop control experiments seek improvement by employing ultrafast shaped
laser pulses with so-called “rational” or “judicious” control designs obtained us-
ing a combination of intuition and arguments based on some knowledge of system
properties (e.g., spectral information or symmetry). This approach is popular in
nonlinear spectroscopy and microscopy [22, 600-613], as well as in some other
atomic [614—621], molecular [471-474, 622], and solid-state [623—626] applica-
tions. While in many situations such “rationally” designed control pulses enhance
the spectroscopic resolution or increase the control yield compared to results ob-
tained with transform-limited pulses, in general they are not optimal. Experience
gained from numerous quantum control experiments indicates that intuition gener-
ally fails to discover the most effective controls (except for the simplest systems),
and therefore in most cases the degree of control can be increased via closed-
loop optimization employing a suitable learning algorithm. In some situations,
intuition-driven control may be effective in providing a guide to initial fields for
subsequent optimization under AFC.
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VII. QUANTUM CONTROL LANDSCAPES

From the practical perspective, the goal of quantum control is to discover optimal
solutions for manipulating quantum phenomena. Therefore, it is important not only
to study general conditions under which optimal solutions exist [37, 144, 145], but
also to explore the complexity of finding them. Underlying the search for optimal
controls is the QCL, which specifies the physical objective as a function of the
control variables. Analysis of QCLs [147] can not only establish the existence
of optimal control solutions and determine their types (e.g., global versus local
maxima and true maxima versus saddle points), but also make it possible to obtain
necessary conditions for convergence of optimization algorithms to global maxima
along with bounds on the scaling of the convergence effort. Surprisingly, these
properties are independent of details of a particular Hamiltonian (provided that the
system is controllable), which makes the results of landscape analysis applicable
across a wide range of controlled quantum phenomena.

A. The Control Landscape and Its Critical Points

The ease of finding optimal control solutions strongly depends on the properties of
the search space associated with the objective as a functional of control variables.
To characterize these properties, it is convenient to express the objective functional
in a form that implicitly satisfies dynamical constraints. Consider a quantum con-
trol problem with a fixed target time 7 for a closed system with unitary evolution.
Denote by U7 : e(-) — U(T) the end point map from the space of control fields
to the space of unitary evolution operators, induced by the Schrédinger equation
(5), so that U(T) = Ute(-). A Mayer-type cost functional J = F(U(T)) itself de-
scribes a map F from the space of evolution operators to the space of real-valued
costs. Thus, the composition of these maps, 7= FolUr : K — R,is amap from
the space of control fields to the space of real-valued costs. This map generates the
functional J[e(-)] = F Ure(-) = Je(-). The functional J[e(-)] is referred to as the
quantum control landscape. The optimal control problem may then be expressed
as the unconstrained search for

Jopt = m(a)x Je(-)] (39

The topology of the QCL (i.e., the character of its critical points, including local
and global extrema) determines whether local search algorithms will converge
to globally optimal solutions to the control problem [148]. In recent years, QCL
topology studies have become an active area of research [146, 147, 169, 208-210,
217,219-221, 627]. A model QCL with topology characteristic for state transition
control (see discussion below Eq. (46)) is shown in Fig. 2.

The critical points of the QCL (also referred to as extremal controls) are defined
as controls at which the first-order functional derivative of J[e(-)] with respect to
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Figure 2. A model QCL. The control objective J is shown as a function of two control variables
x; and x; out of possibly many in a realistic control experiment. The inset indicates that each point on
the landscape corresponds to a particular choice of the control field £(-). The topology of the depicted
landscape is characteristic for the important case of state transition control, for which no local extrema
exist and the global maximum is a continuous manifold, denoted in the figure by the solid curve (a).
The dotted line (b) shows a level set that is a collection of control fields that all produce the same value
of the objective functional J. Adapted from Ref. [147]. (See the color version of this figure in Color
Plates section.)

the control field is zero for all time, that is,

8J[e()]

=0 =0, Vtel0,T] (40)

The critical manifold of the QCL is the collection of all critical points:

Me) := {e() | 8J/8e(t) =0, Vt e [0, T} 41)

1. Regular and Singular Critical Points

An important concept in landscape topology is the classification of a critical point
as regular or singular [628, 629]. Using the chain rule, one obtains

8 8U(T)>
se(t) Se(t)

where VF(U(T)) is the gradient of F at U(T) and §U(T)/ée(¢) is the first-order
functional derivative of U(T') with respect to the control field. A critical point of

<VF(U(T)), @2)
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J[e(-)] is called regular if SU(T)/8e(t) is full rank and V F(U(T)) = 0. The full
rank condition on §U(T)/ée(t) is equivalent to the condition that the map U7 is
locally surjective in the vicinity of the critical point; that is, for any local increment
S8U(T) in the evolution operator there exists an increment §&(-) in the control field
such that Ur[e(-) + 8e(-)] = Ure(-) + SU(T). Also, for the Hamiltonian of the
form (14), one obtains

sU(T) i

e = 7UDH® (43)
where

w0 = Ul(t)pU(t) (44)

is the time-dependent dipole operator (in the Heisenberg picture). Then, for an
N-level quantum system with an orthonormal basis {|£)}, the full rank condition
on §U(T)/8e(t) is equivalent to the condition that

{Re [(Cln@1€")], Im [(Clu@le)] | €=1,...,N, €' > ¢} (45)

is a set of N2 linearly independent functions of time (on the interval ¢ € [0, T])
[210]. Evidence from various quantum optimal control computations shows that
this condition is generally satisfied for critical points that are physically relevant
control fields; however, there exist known exceptions when a critical point corre-
sponds to a constant control field (e.g., zero field) [147]. Indeed, when a closed
quantum system governed by the Hamiltonian of the form (14) is driven by a con-
stant field, the rank of the dipole moment 1(¢) is at most N 2 _ N + 1, so that the
full rank condition is not satisfied [210]. Since constant control fields are imprac-
tical in typical laboratory circumstances, theoretical studies have focused mostly
on properties of regular critical points at nonconstant controls.

Note that for some particular physical objectives, the conditions for regularity
of the QCL critical points can be weaker than the general condition of Eq. (45).
Consider, for example, an important special case of state transition control, for
which the Mayer-type cost functional J = F3(U(T)) = Pi_¢ of Eq. (22) is the
probability of transition between two energy levels |;) and |yf) of the quantum
system. Let {|¢)} be the set of the eigenstates of the free Hamiltonian Hyp, and
denote the initial and target states as |;) = |i) and |f) = | f), respectively. Then
the condition (40) for critical points becomes [221]

560) > @I UML) [(FIUD) 3 =0, Vi el0,T]

§Je()] 2 [
Im
0

(46)
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One can recognize [221] that among nonconstant controls there are only two
types of critical points: (i) controls that satisfy (f|U(T)|i) = 0, which implies
J = P_,; = 0 (corresponding to the global minimum) and (ii) controls that sat-
isfy (|UT(T)| f) = 0, V€ = i, which implies J = Pi_; = 1 (corresponding to the
global maximum). In this situation, a critical point is regular if

{Re [(ilu@]O], Im [{{[|u@]O)] | £=1,..., N} (47)

isasetof 2N — 2 linearly independent functions of time (on the interval ¢ € [0, T'])
[221]. Similar to the stronger regularity condition of Eq. (45), the condition of Eq.
(47) is generally satisfied for critical points that are physically relevant control
fields, with known exceptions arising for some quantum systems when a critical
point corresponds to a constant control field [147]. Once again, since constant
control fields are not applicable in typical quantum control experiments, theoretical
analyses of the state transition QCL have focused mostly on properties of regular
critical points at nonconstant controls.

A critical point of J[e(-)] is called singular if the rank of U (T /3¢(t) is deficient
that is, if the map U7 is not locally surjective in the point’s vicinity. A critical point
is called kinematic if VF(U(T)) = 0 and nonkinematic if VF(U(T)) # 0. By
definition, all regular critical points are kinematic. Among singular critical points
some are kinematic and some are nonkinematic (i.e., for the latter 6J/8e(¢) = 0,
whereas VF(U(T)) # 0) [629]. In QCLs, the measure of regular critical points
appears to be much greater than that of singular ones [629]. Therefore, attention
has been focused mostly on the characterization of regular critical points, and
several important results have been obtained [147]. Nevertheless, singular extremal
solutions have been recently experimentally demonstrated in time optimal control
of a spin-1/2 particle in a dissipative environment [630]. Singular critical points
arising at constant controls (in particular, at zero field) in some special quantum
systems were discussed in Ref. [147].

2. Kinematic Critical Manifolds

As defined above, all kinematic critical points (including all regular ones) satisfy
the condition

VFU(T)) =0 (48)
Correspondingly, the manifold of kinematic critical points,
M) == {U(T) | VFU(T)) = 0} (49)

is determined solely by the functional dependence of the objective J = F(U(T))
on the target time evolution operator (i.e., it is completely independent of the
details of dynamics comprised in the system’s Hamiltonian). The condition (48)
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can be explored in more detail for QCLs arising from various Mayer-type cost
functionals.

First, consider the case of evolution-operator control with the objective func-
tional J = F1(U(T)) of Eq. (18). Let us locally expand the evolution operator
U(T) to its unitary neighborhood:

U(T) = Uga(T) = e**UT), seR, AT=A4 (50)
Under this expansion, the objective is given by
J= %Re{Tr[WTeiSAU(T)] } (51)
The condition (48) is satisfied if and only if
gl _ iTr{A[WTU(T) ~Ul(mw]} =0, vAT=4 (52)
ds |,—y 2N
Owing to the arbitrariness of A, the condition (48) is therefore equivalent to
wiur = vt(mw (53)

that is, WIU(T) is required to be a Hermitian operator: wiu(r) = (Wiu(n'.
Since the operator WTU(T) is unitary, if it is also Hermitian, then its square is
the identity operator I, which means that eigenvalues of WTU(T) are +1 and —1.
Therefore, for an N-level quantum system, the condition (53) implies [208, 209]

wiu(r) = Y X,y (54)
where Y is an arbitrary unitary transformation,
X =l ® In_i (55)

I; is the [ x [ identity matrix and k =0, 1, ..., N. Correspondingly, there are
N + 1 distinct critical submanifolds labeled by k, with critical values of J
given by

Jr=1—— 56
k N (56)
From Eq. (54), the kth critical submanifold is the orbit of Xj in U(N). Since
Xy is invariant under the action of any operator of the form Z; & Zy_x,
where Z; € U(k), Zy—_ix € U(N — k), this orbit is diffeomorphic to the quotient
space [209]

o, U(N)

A (57)
Uk) x UN — k)
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which is a complex Grassmannian manifold. Thus, the kth critical submanifold
can be expressed as

M(U) = { UT) | WIU(T) = YTXiY, ¥ € &) (58)

and the entire critical manifold is

N
MU) = M) (59)
k=0

Topologically, the critical submanifold 27 (U) is equivalent to the Grassmannian
manifold &y, and its dimension is

dim M (U) = dim &, = N> — k> — (N — k)> = 2k(N — k) (60)

Thus, the global optima corresponding to k =0 and k = N (with Jyp =1 and
Jn = —1, respectively) are isolated points, while local extrema corresponding to
k=1,2,..., N — 1 are smooth, compact submanifolds embedded in U(N). As
we will see below, all regular local extrema are saddle-point regions.

Now consider observable control with the objective functional J = F3(U(T))
of Eq. (21). Once again, we locally expand the evolution operator U(T) to
its unitary neighborhood as in Eq. (50). Under this expansion, the objective is
given by

J = Tr[e5AU(T)poUN(T)e 4 0] 61)
The condition (48) is satisfied if and only if

i% = iTr{ A[U(T)poU'(T), ©]} =0, VA' =4 (62)
s=0

Owing to the arbitrariness of A, the condition (48) is therefore equivalent to
[U(T)poU(T), ©] =0 (63)

That is, the density matrix at the final time is required to commute with the target
observable operator [146, 169, 217]. This condition for a kinematic critical point
was studied in the context of optimization of Lagrange-type cost functionals with
an end point constraint [627, 631, 632] as well as in the context of regular extremal
solutions for Mayer-type cost functionals [169, 217]. The condition (63) can be
further analyzed to characterize critical submanifolds for observable control of an
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N-level quantum system. Let R and S denote unitary matrices that diagonalize pg
and O, respectively, that is,

Po = RipoR = diag{&, ... . E15... &, .... &) (64)

O = STpoS = diag{61,...,615...50p,...,0,) (65)

Here, & > --- > &, are r distinct eigenvalues of pp with multiplicities

{n1,...,n} and 6y > --- > 6, are p distinct eigenvalues of ® with multiplic-
ities {m1, ..., mp}. Then the objective functional J can be written as

J =Tr[U()poUN(T)8)] (66)

where U(T) = STU(T)R. The condition (63) that p(T) and ® commute is equiv-
alent to the condition that the matrix U(T) is in the double coset £, of some
permutation matrix P, [219]:

U(T) € Ry = U(n)P,U(m) (67)

Here, U(n) is the product group U(ny) x --- x U(n,), where U(n;) is the n;-
dimensional unitary group acting on the eigenspace of &;. In the same manner, U(m)
is the product group U(my) x --- x U(mp), where U(m;) is the m;-dimensional
unitary group acting on the eigenspace of 6;. Thus, each critical submanifold cor-
responds to a particular choice of the permutation 7,

M(U) = { UT) | STU(T)R € £} (63)
The entire critical manifold is

mw)= |J M) ={ U@ | STUD)R € 8} (69)
HEGN

where R is the union of all the double cosets K;:

A= U U(n) P, U(m) (70)
71661\/

and Gy is the group of all permutations on N indices, that is, the symmetric group.

As shown by Eqgs. (64) and (65), the diagonalizing matrices R and S arrange
the eigenvalues of py and ©, respectively, in decreasing order. Therefore, the
identity permutation 7w = (1) with the matrix Py = Iy corresponds to the crit-
ical submanifold that is the global maximum of J. In a similar manner, the
permutation matrix 7 that rearranges the matrix elements of pp in increasing
order: Pﬁ,bon;l = diag{&,,...,&:...;&1, ..., &1}, corresponds to the critical
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submanifold that is the global minimum of J. When both py and ® are fully
nondegenerate, one obtains

N N
Jmax = J1) = Z&'@i, Jmin = Jz = Z§N+1—i9i (71)
i=1 i=1

In the case of state transition control, both pg = [v;) (1| and ® = |ys) (Y| are
already diagonal (in the basis of the eigenstates of Hp) and each of them has only
one nonzero eigenvalue. Then, the matrices R and S are needed just to arrange the
eigenvalues in decreasing order, resulting in py = ® = diag{1;0, ..., 0}. Con-
sequently, the identity permutation = = (1) corresponds to the global maximum
Jmax = Ja) = 1, while all other permutations correspond to the global minimum
Jmin = Jz + (1) = 0, and no local (intermediate) extrema exist.

Topologically, 91,(U) is equivalent to K, for every m and, correspondingly,
IM(U) is equivalent to K. The structure of the critical manifold depends on any
degeneracies in the spectra of pp and ®. When both py and ® are fully nondegen-
erate, then U(n) = U(m) = [U(1)]", and £ consists of N! disjoint N-dimensional
tori labeled by the permutation matrices [219]. The occurrence of degeneracies in
the spectra of pg and ® will merge two or more tori together, thereby reducing the
number of disjoint critical submanifolds and increasing their dimensions. In partic-
ular, for state transition control, U(n) = U(m) = U(1) x U(N — 1), there are only
two critical submanifolds corresponding to the global maximum and minimum,
respectively,

Amax = Ky = [U) x UWNV — D]IN[U) x UN — 1)] (72)
fmin = Rr 2y = [ J [U1) x UN = DIPL[U) x UN = 1] (73)
7 #(1)

A detailed characterization of the critical submanifolds for all possible degenera-
cies was performed by Wu et al. [219].

B. Optimality of Control Solutions

As discussed in Section IV.B, satisfaction of the condition for a critical point (i.e.,
Eq. (40)) is a necessary but not sufficient condition for optimality of a control
[204, 249]. For Mayer-type cost functionals, a sufficient condition for optimality
is negative semidefiniteness of the Hessian of J. The characteristics of critical
points (in particular, the presence or absence of local optima) are important for
the convergence properties of search algorithms [147]. To classify critical points
as global maxima and minima, local maxima and minima, and saddle points, we
examine the second-order variation in J for an arbitrary control variation e(-).
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For Mayer-type cost functionals J = F(U(T)), this second-order variation can be
written as

820 = Qp(8U(T), SU(T)) + (VF(U(T)), 8 U(T)) (74)

where 8U(T) and 82U(T) are the first- and second-order variations, respectively,
of U(T) caused by a control variation 8&(-) over [0, T], and QF is the Hessian
quadratic form (HQF) of F(U). Assuming that the critical point &(-) is regular
(i.e., that the gradient of F(U) is zero), we obtain

827 = Qp(8U(T), SU(T)) (75)

This HQF was studied for evolution-operator control [208-210] and observable
control [148, 218-220]. The optimality of regular critical points can be determined
by inspecting the number of positive, negative, and null eigenvalues of the Hessian
or, equivalently, the coefficients of the HQF when written in a diagonal basis. An
issue of special interest is to determine whether any of the regular extremal con-
trols are local maxima (frequently referred to as local traps due to their ability to
halt searches guided by gradient algorithms before reaching the global maximum).
A detailed analysis for evolution-operator control and observable control reveals
[147, 148, 208-210, 218-220] that for controllable closed quantum systems all
regular optima are global, that is, no local traps exist. Except for the global maxi-
mum and minimum, the remainder of regular extrema are saddle points. Moreover,
arecent numerical study [629] indicated that none of the identified singular critical
points are local traps. The basic steps in the derivations of these important results
are presented below.

To analyze the kinematic structure of the landscape (i.e., the dependence
of J on U(T)) in the vicinity of a regular critical point, it is convenient to
use the local expansion of the evolution operator to its unitary neighborhood:
U(T) — ¢AU(T), as in Eq. (50). The second-order variation in J of Eq. (75) is
then given by

d*J

82J(A) = —
ds* s=0

(76)

where the Hermitian operator A serves as a kinematic variable on the landscape.
For evolution-operator control, using J of the form (51) and Eq. (76), one
obtains

§2J(A) = —%Re{Tr [A2Wiu()] ) (77)
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Using Eq. (58), the HQF at the kth critical submanifold can be expressed as
1 ~
82 J(A) = —NRe{Tr [A%X]} (78)

where the operator X; is given by Eq. (55) and A = YAY', ¥ € &;. Using an
orthonormal basis {|£)}, Eq. (78) can be expressed as

—1,¢<k

N
1 -
S J(A) = —— 2| A20), = 79
1 (A) N;xk,l<| 10),  xie {+1,£>k (79)

For k = 0, the critical point Jy = 1 is the global maximum; indeed, Xo = Iy
has only positive eigenvalues, and the HQF at this point is always negative. For
k = N, the critical point Jy = —1 is the global minimum; indeed, Xy = —Iy
has only negative eigenvalues, and the HQF at this point is always positive. For
critical submanifolds corresponding to k = 1,2, ..., N — 1, the operator X; has
both positive and negative eigenvalues, and therefore §2Jx(A) has both positive
and negative diagonal coefficients. This result proves that all regular local extrema
are saddle points.

The Hessian of J can be also expressed in the dynamic picture of the QCL (i.e.,
when J is considered as a functional of &(+)). For the Hamiltonian of the form (14),
it can be shown that [148]

sU() i

56y ﬁU(t),u(t) (80)
Su(t) i )
5ot ﬁ[u(t), w(@)] (81)

for r > . Using these results, the Hessian

H(t,¢) = 827] (82
T Se(t))se(r) )
can be expressed as [210]
/ 1 T /
H(1, 1) = ———Re{Tr[WU(Du()u")] } (83)

R:N
Correspondingly, at the critical submanifold 9% (U), the Hessian is given by

1
Hit, ) = = o Re{Tr [Xefe0tt)] } (84)

where fi(t) = Y,u(t)YT, Y € &,.. The bounds on the Hessian as well as its ranks
and signatures at the critical submanifolds were obtained by Ho et al. [210].
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A similar analysis of the HQF can also be performed for observable control.
Using J of the form (61), Eq. (76), and condition (63) for kinematic critical points,
one obtains:

82J(A) = 2Te[AU(T)poU'(T)A® — A*U(T)poU'(T)O] (85)
At a critical submanifold 91, (U) corresponding to a permutation m, the HQF is
82 J7(A) = 2Tr[AP,po Py 'AG — A% P, P, ' O] (86)

where pg = RT,OR, ®=50S, A =STAS, and R and S are unitary matrices
defined by Egs. (64) and (65). Based on Eq. (86), it can be shown [219, 220]
that, besides the two submanifolds corresponding to the global maximum and
minimum of J, the HQF at any other critical submanifold has both positive and
negative diagonal coefficients; that is, all regular local extrema are saddle points.
In the special case of state transition control, the HQF at the global maximum and
minimum manifolds is given by

8% Jmax (A) = =8> Jmin(A) = — Y |An? (87)
C£1

where {A ¢} are matrix elements of A in the same basis as the diagonal represen-
tation of oy and ©.

An expression for the Hessian of J in the dynamic picture of the QCL, for the
Hamiltonian of the form (14), was obtained by Ho and Rabitz [148]:

1
H 1) = -5 Tr {te), w1, w(®lpo} (88)

where ©(T) = UT(T)OU(T) is the target observable in the Heisenberg picture at
the final time. They also obtained bounds on the Hessian, computed its ranks at the
critical submanifolds, and used the expression (88) to prove the absence of local
traps among regular critical points in the QCL for observable control [148].
Analysis of the Hessian of the objective functional was also extended (in the
kinematic picture) to the QCL for observable control of finite-dimensional open
quantum systems with Kraus-map dynamics [274]. The QCL topology of such
systems has the same basic characteristics as that of closed quantum systems
described above; that is, all regular critical submanifolds, except for the global
maximum and minimum, consist of saddle points. The underlying assumption of
this analysis is Kraus-map controllability (see Section III). Also, it was recently
shown [633] that the evolution of a quantum system undergoing real-time feedback
control (RTFC), including effects of measurements, feedback actions, and inter-
actions with auxiliary quantum systems, can be generally represented by a Kraus



CONTROL OF QUANTUM PHENOMENA 51

map. Therefore, open-loop control, AFC, and RTFC, despite the operational and
technological differences between them, have a common fundamental property, as
they all share the same QCL topology, characterized by the absence of local traps
under the assumption of Kraus-map controllability.

C. Pareto Optimality for Multiobjective Control

Many practical quantum control problems seek to optimize multiple, often com-
peting, objectives. In such situations, the usual notion of optimality is replaced by
that of Pareto optimality. The Pareto front of a multiobjective control problem is
the set of all controls such that all other controls have a lower value for at least one
of the objectives [246-248]. The analysis of the Pareto front reveals the nature of
conflicts and trade-offs between different control objectives. The structure of the
landscape for multiobservable control is of interest and follows directly from that
of single-observable control [244]. Of particular relevance to many chemical and
physical applications is the problem of simultaneous maximization of the expecta-
tion values of multiple observables. Such simultaneous maximization is possible if
the intersection () smﬁmax) (where zmﬁma") is the maximum submanifold of the ith
objective) is nonempty and a point in the intersection can be reached under some
control £(-); in this regard, the dimension of the intersection manifold [, E)ﬁl(max)
has been analyzed [245]. It has been shown that the common QOCT technique of
running many independent maximizations of a cost functional such as (23) (using
different weight coefficients {«;}) is incapable of sampling many regions of the
Pareto front [245]. Alternative methods for Pareto front sampling are discussed
further below.

D. Landscape Exploration via Homotopy Trajectory Control

The absence of local traps in QCLs for observable control and evolution-operator
control has important implications for the design of optimization algorithms. Many
practical applications require algorithms capable of searching QCLs for optimal
solutions that satisfy additional criteria, such as minimization of the field flu-
ence or maximization of the robustness to laser noise. So-called homotopy trajec-
tory control algorithms (in particular, diffeomorphic modulation under observable-
response-preserving homotopy (D-MORPH)) [285-287] can follow paths to the
global maximum of a Mayer-type cost functional, exploiting the trap-free nature
of the QCL, while locally optimizing auxiliary costs. The essential prerequisite
for successful use of these algorithms is the existence of a connected path between
initial and target controls under the posed conditions. Homotopy trajectory control
is closely related to the notion of a level set that is defined as the collection of con-
trols that all produce the same value of the cost functional J. Theoretical analysis
[147, 286, 287] predicts that for controllable quantum systems in the kinematic
picture, each level set is a continuous manifold. A homotopy trajectory algorithm
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is able to move on such a manifold exploring different control solutions that result
in the same value of the cost functional, but may differ in other properties (e.g., the
field fluence or robustness). A version of the D-MORPH algorithm was also de-
veloped for evolution-operator control of closed quantum systems; this algorithm
was able to identify optimal controls generating a target unitary transformation up
to machine precision [328].

Homotopy trajectory algorithms are also very useful for exploring QCLs for
multiple objectives. For example, in order to traverse the space of expectation
values of multiple observables while locally minimizing a Lagrange-type cost, a
special control algorithm was developed [244]. This algorithm is also applicable to
a general class of Pareto quantum optimal control problems [245]. The algorithm
can traverse the Pareto front to identify admissible trade-offs in optimization of
multiple control objectives (e.g., maximization of multiple observable expectation
values). This method can continuously sample the Pareto front during the course of
one optimization run [245] and thus can be more efficient than the use of standard
QOCT with cost functionals of the form (23).

E. Practical Importance of Control Landscape Analysis

The absence of local traps in QCLs of controllable quantum systems has very
important implications for the feasibility of AFC experiments (see Section V).
The relationship between the QCL structure and the optimization complexity of
algorithms used in AFC has been the subject of recent theoretical analyses [147,
149-151]. The results of these studies support the vast empirical evidence [148],
indicating that the favorable QCL topology strongly correlates with fast mean
convergence times to the global optimum. The trap-free QCL topology also ensures
convergence of gradient-based optimization algorithms to the global maximum.
These algorithms can be used to search for optimal solutions to a variety of quantum
control problems. In addition to theoretical studies (mostly using QOCT), gradient
algorithms are also applicable in quantum control experiments [152], provided that
measurement of the gradient is sufficiently robust to laser and detection noise (see
Section V.P).

The theory of QCLs was also used to explain a dramatic degree of inherent ro-
bustness to laser-field noise, observed in many AFC experiments involving strong-
field control of nonlinear photophysical and photochemical processes (e.g., high-
harmonic generation (see Section V.A.3), multiphoton ionization (see Section V.C),
and molecular fragmentation (see Section V.E)). This behavior can be understood
in terms of an extensive null space of the Hessian at the top of the QCL, implying
a very gentle slope near the global maximum [218, 221]. This characteristic of
the QCL makes it possible to tolerate much of the laser noise while maintaining
a high control yield. Such robustness is expected to be a key attractive feature of
observable control across virtually all quantum phenomena.
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Significant efforts have been recently devoted to experimental observation of
QCLs, aiming both at testing the predictions of the theoretical analysis and at
obtaining a better understanding of control mechanisms. Roslund et al. [634] ob-
served quantum control level sets (for maximization of nonresonant two-photon
absorption in a molecule and second harmonic generation in a nonlinear crystal)
and found them to be continuous manifolds (closed surfaces) in the QCL. A diverse
family of control mechanisms was encountered, as each of the multiple control
fields forming a level set preserves the observable value by exciting a distinct
pattern of constructive and destructive quantum interferences.

Wollenhaupt, Baumert, and coworkers [635, 636] employed parameterized
pulse shapes to reduce the dimensionality of the optimization problem (maxi-
mization of the Autler—Townes contrast in strong-field ionization of potassium
atoms) and observed the corresponding two-dimensional QCL. To better under-
stand the performance of AFC, the evolution of different optimization procedures
was visualized by means of trajectories on the surface of the measured QCL. Mar-
quetand et al. [637] observed a two-dimensional QCL (for maximization of the
retinal photoisomerization yield in bacteriorhodopsin) and used it to elucidate the
properties of molecular wave packet evolution on the excited-state PES. It is im-
portant to note that the theoretical analysis of QCL topology has been carried out
with no constraints placed on the controls (see Sections VII.A and VIL.B). A main
conclusion from these studies is the inherent lack of local traps on the QCLs. How-
ever, significant constraints on the controls can distort and isolate portions of the
erstwhile trap-free landscape to produce apparent (i.e., false) traps. Such structure
has been seen in some experimental studies [635—-637] in which the number of
control variables was artificially reduced.

VIII. CONCLUSIONS

This chapter reviewed several important topics in the field of quantum control,
including controllability of closed and open quantum systems, the formalism of
QOCT, AFC of quantum phenomena in the laboratory, and the theory of QCLs.
We also attempted to emphasize the synergistic connection between the theoretical
and experimental advances, which has been of central importance for the recent
development of the field. There are many aspects of quantum control that we
are unable to discuss here in sufficient detail. We refer the interested reader to
thematic reviews available on many topics, including single-parameter control
methods [3, 5, 6, 20, 61, 62, 82, 83], controllability of quantum dynamics [10],
the formalism and applications of QOCT [10, 11, 130, 131], femtosecond pulse-
shaping technology [7, 97-99], applications of laboratory AFC [8,9, 12, 13,17-19,
133, 135, 138, 638], quantum control experiments with “rational” control designs
[14, 22, 23], and the formalism of QCLs [147].
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Among theoretical advances made in the last few years in the general area of
quantum control, the introduction of QCLs is of special note. The analysis of the
QCL topology provides the basis for understanding the complexity of optimizing
different types of control objectives in the laboratory. In turn, this understanding
can help identify the most suitable optimization algorithms for various theoretical
and experimental applications of quantum control (see Sections VIL.D, VILE, and
V.P). In addition, the landscape analysis may be extended to the study of quantum
control problems involving simultaneous optimization of multiple objectives (see
sections VII.C and VIL.D). This research area is still at an early stage of devel-
opment with much remaining to be investigated. In particular, an open issue that
deserves significant attention is the effect of field constraints (e.g., due to limited
laboratory resources) on the accessible regions of QCLs.

There are several additional research directions for which exploration of the
QCL features may provide important insights. One ubiquitous problem with wide-
ranging implications is evaluation of the robustness of control solutions to noise
and imperfections, which depends on the degree of flatness of the QCL around an
optimal solution. The landscape-assisted robustness analysis may have important
implications for design of various systems and processes, from chemical reactions
to quantum computers. Another interesting issue is related to a phenomenon dis-
covered for observable control of an open quantum system prepared in a mixed
state and coupled to a thermal environment [274]. Specifically, the range of the
QCL (i.e., the difference between maximum and minimum expectation values of
the target observable) decreases when the temperature of the environment rises.
Therefore, an important application of the QCL analysis would be determination
of the fundamental thermodynamic limits on the control yield for open quantum
systems.

Quantum optimal control may facilitate future advances in many new areas of
research. In particular, the ability to steer quantum evolution in an optimal fashion
should be useful for acquiring better knowledge of the structure and dynamical
behavior of quantum systems, as well as the mechanisms by which physical and
chemical phenomena can be managed. For example, in many AFC experiments,
the characteristics of the resultant optimal control fields were used (often in combi-
nation with additional measurements and simulations) to decipher physical mech-
anisms responsible for the achieved control [446—450, 452, 460, 476, 479, 480,
490, 492-498, 502, 503, 515, 517, 519, 533, 534, 538, 542-544]. However, much
additional theoretical and experimental work is still needed to better understand
the controlled dynamics of complex systems.

A challenging problem of particular importance is to clarify the role of coherent
quantum effects in the control of photophysical and photochemical phenomena
in the condensed phase. In a related area, recent experimental studies reported
manifestations of long-lived electronic quantum coherence in energy transfer pro-
cesses in photosynthetic systems [639—643]. Evidence of long-lived electronic and
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vibrational quantum coherence was also found in intrachain energy transfer in a
conjugated polymer [644, 645]. These findings have attracted significant attention
[646—649] to the possible role of quantum coherence in efficient biological light-
harvesting and other phenomena involving energy transfer at the macromolecular
level. A number of theoretical models [650-670] were developed to explain the
existence of quantum transport in the presence of strong coupling to a thermal
environment. An important open issue of immediate relevance is the possibility of
using quantum control methods to optimally manipulate and explore the dynam-
ics of energy transfer and other photoinduced processes in complex chemical and
biological systems.

Hamiltonian identification is another potentially important application of quan-
tum control aimed at revealing detailed information about physical systems. Ex-
traction of the Hamiltonian from measured data is an inverse problem that generally
suffers from ill-posedness due to inevitable incompleteness of the data used for in-
version. Recent attempts to address this challenging problem include Hamiltonian
identification via inversion of time-dependent data (instead of traditional use of
time-independent spectroscopic data) [671-676] and application of global, non-
linear, map-facilitated inversion procedures [677, 678]. In this context, it appears
that suitable controls can be used to significantly increase the information content
of the measured data. For example, it may be possible to control the motion of a
molecular wave packet to gain more information on interatomic forces in selected
regions of a PES [130]. An interesting proposal that may further advance this
concept is optimal Hamiltonian identification [679, 680], which aims to employ
coherent control of quantum dynamics to minimize the uncertainty in the extracted
Hamiltonian despite finite data resolution and noise.

Control of quantum phenomena is a thriving research field characterized by a
remarkable growing breadth of applications. As virtually all atomic and molecular
dynamical processes should be amenable to control, the field is still young in its
development, notwithstanding the many major advances made in recent years.
We hope that this perspective on the many important directions of theoretical
and experimental quantum control research will contribute to facilitating future
progress in the field.
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