CHAPTER 1

Noise and
Frequency Stability

Frequency stability or instability is a very important parameter in both
modern terrestrial and space communications, in high-performance
computers, in GPS (global positional system), and many other digital
systems. In this connection, even very small frequency or phase
changes of steering frequency generators (exciting oscillators, clock
generators, frequency synthesizers, amplifiers, etc.) are of fundamen-
tal importance. Since all physical processes are subject to some sort of
uncertainties due to fluctuations of individual internal or external para-
meters, generally designated as noise, the investigation of the overall
noise properties is of the highest importance for the analysis of fre-
quency stability.

In practice, we encounter three fundamental types of noises that
differ by the power in the time or frequency unit S(f) (generally in the 1
Hz bandwidth), the latter being called the power spectral density
(PSD—=see Fig. 1.1).

There are three major types of noises:

1. White noise with a constant PSD: S(f) ~ const.

2. Flicker noise or 1/fnoise with the PSD S(f) ~ 1/f*, where the pow-
er a is very close to one.

3. Random walk or Brownian motion {often as the Wiener-Levy
process) with S(f) ~ /2.
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Fig. 1.1 Fundamentat types of noises [1.1, 1.2]. (Copyright € IEEE. Reprinted with
permission. )

The last two noise processes with their integrals [generating PSD S(/)
proportional to ~f2, ~f4, etc.] are often called colored noises.

1.7 WHITE NOISE

Typical representation of white noise consists of black body radiation
or the thermal noise of resistors, or shot noise, in electronic devices.

1.1.1 Thermal Noise

In 1928, Johnson [1.3] and Nyquist { 1.4} published a theory explaining
the existence of thermal noise in conductors. It is caused by short cur-
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rent pulses generated by collisions of a large number of electrons. The
result is such that a notseless conductor is connected in series with a
generator with a root mean square (rms) noise voltage, ¢, (see Fig. 1.2)

er= 4kTRAS 1.1

where & is the Boltzmann constant, T the absolute temperature (see
Table 1.1), R is the resistance of the conductor ({2), and Af'is the fre-
quency bandwidth (in Hz) used for the appreciation of the noise action.

After dividing (1.1) by the frequency bandwidth Af, we arrive at
the PSD in 1-Hz bandwidth, that is,

S, (f)=4kTR  (V/Hz) 1.2
Similarly, with the assistance of the Thevenin theorem we get the noise

current, i, flowing into the resistance R or the conductivity G = 1/R,
that is,
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Fig. 1.2 Thermal noises of conductors [1.2]. (Copyright © IEEE. Reprinted with
permission.)
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Table 1.1 Several physical constants

Physical constants Symbols Numerical Values
Planck constant h 6.625 X 10735 (Js)
Boltzmann constant k 1.380 x 1072 (J/K)
Electron charge q 1.6 x 10-"?(C)
Speed of light ¢ 299,792 458 (m/s)
Noise voltage 4TR, T=29K,R=10 107198 (V2 rms)
Noise voltage 4kTR; T=296 K, R=50 ) 107181 (V2] rms)

S (f)=4KTG (A*/Hz) 1.3

(See Fig. 1.2.) In instances with a general impedance or admittance,
we introduce only the real parts into the above equations. Further,
since both PSDs (1.2) and (1.3) are constant in a very large frequency
bandwidth (with no filter at the output), we call this type of noise white
( in accordance with optical physics). By considering the noise power
in a frequency range Af = fuign — fiow, We get

o
FPa= J iﬂ;}ﬂdf= T (frign = Srow) = KT, (Ws) 14

i

However, by increasing the upper bound £, above all limits the noise
power P, would also increase above all limits. But this is not possible
and the correct solution is provided by quantum mechanics, which
changes noise PSD for extremely high frequencies into relation (1.5),
where # is the Planck constant, = 6.625 x 1073 (Js).

EXAMPLE 1.1
Compute the thermal noise generated in the 1 Hz bandwidth in
the R = 50-{) resistor placed at room temperature

ahf
Pas ey (Ws) 1.5

k=138 x 10-23 (J/K)

7=296 (K)

R=50(Q)

<el>=4x 138 x 1072 x296 x 50 =8.17 x 10~19=10718! (M
or ¢, = 1,107 mV
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1.1.2 Shot Noise

In all cases where the output current is composed of random arrivals of
a large number of particles, we again witness fluctuations of the white
noise type [1.5].

By considering an idealized transition in Fig. 1.3, where electrons
flow randomly from A to B and holes flow from B to A, in a negligible
transit time, each particle arrival is connected with transport of a cur-
rent pulse. Consequently, in a time unit 7 (s) the number of # charges
generates the current

" 1.6

EE™!

where g is the electron or hole charge, ¢ = 1.6 x 1071° (C). It was shown
earlier [1.5] that the probability of the transition of the charge carriers
was subjected to the Poisson distribution (see also Section 1.4.2.3):

< g
n!

plm)y= e ™ 1.7

where <a> is the mean value of the number of carriers in the time unit.
In such cases, the variance is equal to

o (ny=<n> 1.8

By reverting to (1.6), we get for the mean current

I :E < Q> 1.9
u
— ilt})
weighting
A_ | window
electrons * } holes 1 R,
BT T low-pass
filter

Fig. 1.3 Circuit model for the shot noise [[.2]. (Copyright © IEEE. Reprinted with
permission.)
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and for its variance value,

2
T T

1.10

To arrive at the PSD, we use a bit heuristic approach with the assis-

tance of the autocorrelation [cf. (1.94)]

o0

S = 2]02 cos(er)dt =2 [ o (i) cos(wt)dt =
1] 0
sin wf

.
20°)— /5m2% %=2q1

EXAMPLE 1.2
Find the PSD S, (/) of the shot noise for the transistor current

I=1mA  5,=2x16x107Mx103=32x 102

For PSD of other currents, see Fig. 1.4.
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Fig. 1.4 Noise current through a semiconductor junction [1.2]). (Copyright © IEEE.

Reprinted with permission.)
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1.2 COLORED NOISES

Until now we have discussed PSD of noises generated by slow time-in-
dependent fluctuations, that is, with constant PSD over a large Fourier
frequency range. However, with oscillators and other frequency gener-
ators, we encounter phase fluctuations with frequency-dependent
PSDs proportional to 17/, 1/f?, or even to 1/f7, 1/f*, at very low Fourier
frequencies that are often called colored noises.

In the mid-1920s, Johnson [1.3] found that at very low frequencies
the shot noise in vacuum tubes did not follow white noise at low fre-
quencies and he introduced for the additive noise the name flicker
noise. This name is still used. Subsequent observations proved the 1/f
law for a much larger set of physical phenomena on one hand and its
validity at very low frequencies on the other hand. Some years later,
Bernamont [1.6] suggested a law for its PSD:

SAS)y=— 112
A '

where the power of « was in the vicinity of one. In electronic devices, the
higher order noises are often generated by integration in the correspond-
ing Fourier transform division by s (cf. Table 1.2). The only exception
presents 1/fnoise fluctuations encountered both in crystal resonators and
oscillators, and in many other physical systems [1.7] (dispersions of cars
on highways [1.8], frequency change around 50 or 60 Hz in power line
systems [1.9], or even flooding in the Nile river valley [1.1]; the latter ref-
erence is based on the time dependence of generating fluctuations). Note
that all are based on the time.

The problem of colored noises was investigated by many authors
in the past from different points of approach and often with different
results; particularly, with the ever-present 1/f noise. For example,
Keshner [1.10] investigated noises with different slopes, i//, and ar-
rived at a number of variables needed for generation of the desired col-
ored noise (cf. Fig. 1.5). His finding for 1//noise is one degree of free-
dom per decade.

1.2.1 Mathematical Models of 1/#* Processes

Characterization of the frequency stability of all types of generators,
inclusive of phase-locked loops (PLLs), is important for applications;
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Fig. 1.5 {a) A linear system yiclding 1/f noise (approximately) (¢ach section has a
one-state variable, which is the capacitor voltage). (b) A curve fit of the power spectral
densities of an approximating linear system to obtain 1/ {a = 0.25, 0.5, 1, 1.5, 2)
[Adapted from 1.10.]

in the first place for their designers, and vice versa for users. In the
mid-1960s, theoretical principles of the phase noise theory in frequen-
¢y generators were established [1.11] and later a number of practical
papers were published (e.g. [1.12, 1.13]). Here, we will briefly recall
the corresponding theory.

Solution of the noise problems is performed with the assistance of
statistics by investigating correlations and by the transformation of the
time domain processes into the (complex) frequency domain via the
Laplace transform (cf. Appendix at the end of this chapter).

o

SN = e 1.13

o



1.2 COLORED NOISES 9

In instances where the lower bound of the above integral is — the
Laplace transform changes into the Fourier transform, the correspond-
ing pairs for important time functions encountered in practice are sum-
marized in Table 1.2.

Reverting to the investigated time function, f#) in (1.13), the
process can be represented as a power series:

J@W=astat+an’+ ;5 limala.s") =const 1.14
By retaining only the first two terms, we arrive at the exponential ap-
proximation that represents a large set of actual situations of the time
domain fluctuations,

S =as~ar+n(t)y=a.e"" " =ae™ 1.15

with the respective Fourier transform (cf. Table 1.2),

F(s)=-2e 1.16
) s+a

After multiplication with the complex conjugate of F(s), we arrive at
the so-called Lorenzian PSD (c¢f. Section 1.5.1, Brownian Motion):

S(f)= a, 1.17
(f) g

Table 1.2 Fourier and Laplace transform pairs for important time functions,
encountered in practice

Type A9 Fis) Process
Unit step u() 1/s [F(s)/s] Integration
Ramp ¢ 1/s2 Aging
Differentiation dfieyde sF(s)
Time delay ft—1) F(s)e~
Lzt s
2/t s

1 Ttk)/s* (k> 0) T = (k- 1)t

e 1i{a + 5) Exponential decay

e /(@ + s)? Exponential decay with aging

sin{ar) al{a® + 5%
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1.2.2 1/f Noise {Flicker Noise)

To generate the PSD of the 1/f slope, so often observed in practice, we
encounter a large number of approaches. McWorther [1.14] suggested
the mathematical model (for the flicker noise generated in semicon-
ductors) as a multistep process composed of single events (cf. Fig.
1.6a):

>S—r1 1.18

" 1+(27fr)

By assuming that in the time domain we have a set of events of the
type in equation (1.15), the PSD will retain the shape as in equation
(1.17) as long as the time constants, a, do not change appreciably from
one. The final amplitude of the PSD is then still a2 at low Fourier fre-
quencies. To arrive at the flicker noise behavior, we start with inspec-
tion of the PSD, S(f), in (1.17) and find that in the neighborhood of the
corner frequency, 27f = 1/7, its slope is approximately proportional to
1/f. Evidently, by proportionally increasing the time constant and de-
creasing the amplitude in the corresponding series,

a:/ 7 1.19
5= 2(2 wf +1/ 7))

The summation reveals a slope of 1/f (see the example in Fig. 1.65),
where we have chosen /7., = 10 and arrived at a nearly perfect slope
of 1/f. This finding is in a good agreement with a discussion by Keshn-
er [1.10]). However, note a rather forceful, not random, condition on the
amplitudes and time constants in the set of the Lorentzian noise char-
acteristics (1.19) needed for the generation of the flicker noise system.
The difficulty is that this is true for voltage or current fluctuations
(e.g., [1.15, 1.16]), however, in instances of other physical quantities
(transfer of power, flow of cars on a highway, etc.) the rms of (1.19)
must be used. Effectively, we face a fractional integration discussed in
connection with the 1/f fluctuations by Halford [1.17] or suggested by
Radeka [1.18].

In another approach, let us again consider a flow (e.g., of power)
with losses during defined time periods (cf. Fig. 1.7). In that case, we
introduce a sampling process with the dissipated energy, Py, during



1.2 COLORED NO1SEs 11

1
\\
]
\ \
\\
102 X
kN
S{w)
RN
-3
10 S
_.._\“\‘\
\
107 A
\
108
107 10 102 18 10
win Ke
(a})
-120 T
~130 [ 1f 1
-140 | .
St -150 - -
-------------‘k--- Ny
'o.. \\‘ haal SV,
- LY
-160 - ‘-..... \\
+o;ooo;‘;ao‘o‘o‘ooooooootovooaovovoo"‘,voovv"ooo‘viv
4’.‘ \‘
-170 [ "
., N
., .
-180 : : AY A
1 10 100 1103 1104 1108
F{H2)

(&)

Fig. 1.6 (a) Flicker phase noise generated by a set of several 1//7 noises. Their sum-
mation (the solid line) presents the ideal slope 1//[1.14]. (5) The simulated slope 1/f,
with five 1//2 noise characteristics providing the background set.
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P, P, Py

-3T o7 -T e
Fig. 1.7 Generation of the phase noise in the sampled form reduced to a set of puls-
es.

one sampling period T,. In the next period, we encounter nearly the
same energy losses, and so on. Generalization reveals a sampling
process whose noise model in the z-transform is {cf. [1.19, 1.20])

Proisel2) = L(Paiss.o + Possaz  + Paiggaz 2+ Paiggaz "+ 1) =
Po 1.20
Puss 1
p, 1-z71

where P, is the energy of the flux. To get the corresponding Fourier
transform, we have to replace z-! with % and multiply by the transfer
function H(s)

H{s)= 1-e ™ 1.21
with the result
s 1
Pnoisc(‘g) = PdISS__ 1.22
P, s

However, to get the PSD of the noise power we must apply on the com-
plex product of P,y * P¥,,. the rms operation and thus we arrive at
the 1/fslope (i.e., at the slope of PSD 10 dB/dec in 1-Hz bandwidth):

P diss ‘i

1.23
P, f

S noise(f ) =
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Where Py, ; are losses in individual periods and P, the overall power
in the steady-state flow.

In this connection, we recall the paper by Kasdin and Walter {1.19]
who suggested the sampling process for generation of the flicker noise.
By assuming the memory system shown schematically in Fig. 1.8 and
the corresponding z-transform, they assumed both X(z) and ¥(z) to be
energy during one sampling period. After very complicated computa-
tions, they arrived at the desired 1/f slope and found the approach ac-
ceptable from the stochastic point of view but had to apply the frac-
tional integration (i.e., to arrive at the PSD, application of the rms
operation on the respective transfer function).

Finally, we have to mention Hooge's formula presented 1969
[1.21], since it was intensively studied, for relation of the power spec-
tral density of current or resistance fluctuations:

= const — 1.24

54S) _ Sarlf) 1
I’ R’ f

(see Section 1.5.2.2.)

1.2.3 1/f2, 1/f3, and 1/f* Noises

The PSD of the first type of noises, also designated as the so-called
random walk, is generated by the randomly distributed pulses of the
type (1.15). With the assistance of (1.17) we get for the system of n
pulses the PSD:

X@) Ye)

zh1

Fig. 1.8 Basic block diagram of the z-transform approach for generation of 1/f noise.
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S(f)=2f—;,‘:§} 1.25

Note that the above PSD changes into a pure 1/f? spectrum for high
Fourier frequencies (f > a,). To this class of noise generators, the sto-
chastic Wiener—Levy process (Sec. 1.5.2) may be enclosed. Another
origin of the 1/f? noise is integration of white noise (e.g., in oscilla-
tors) and due to the Laplace transform the process as realized by divid-
ing by s (cf. Table 1.2).

EXAMPLE 1.3

In oscillators, the thermal white noise originating in the maintain-
ing electronics generates frequency fluctuations with PSD, as in
(1.2}

45TR  2kT

v: P,

Sf)= 1.26

However, the oscillating condition requires that the phase around
the loop is equal to 27 (n =1, 2, ...). But this condition is connect-
ed with integration (i.e., division by s in the Fourier transform),
which changes the white phase noise inside the resonance range
into the random walk with the PSD (cf, Chapter 2, Sec, 2.1.3):

2kT
P.f*
Similarly, the higher order notses (1/f and 1/f?) in the oscillator

maintaining electronics generate the phase noise with PSD in-
versely proportional to £~ or £ * due to the integration process.

1.27

SAf)=

1.3 SMALL AND BAND LIMITED PERTURBATIONS
OF SINUSOIDAL SIGNALS

Till now, we have considered single-frequency generators, that is, os-
cillators with rather small and continuous amplitude and phase pertur-
bations. However, in frequency synthesizers, particularly direct digital
synthesizers (DDS), we encounter many spurious signals. In the fol-



1.3 SMALL AND BAND LIMITED PERTURBATIONS 15

lowing sections, we will investigate some of their properties [1.2,
1.22].

1.3.1 Superposition of One Large and a Set of
Small Signals

In actual frequency synthesizers, PLL systems not excluded, we al-
ways encounter many generally small spurious signals accompanying
the carrier. The composite signal may be written as

0= 3 ot + 4. 128
After introducing
wd T B,= o+ (. — )t + b, = wit + D) 1.29
and after putting
= ’;—l 1.30
we get
N
)=V, 3, ancoslayt + @)=
v N 131
W cos(@, 1), ancosl @]~V sin(w, 1}y, apsin[@y(1)]
n=1 n=l
or
W(t) = V,a(t)cos[ant + dX2)] 1.32

where a(7) is the normalized instantaneous amplitude

2

Y 2 Y
)= [Ean cos D, (1) } +[zansin @n(t)] 1.33
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and dX(?) is the instantancous phase departure

N
2 apSingylt)

(1) = arctan 2L 1.34
S, apcos @yt

=l

Without any loss of generality, it is possible to choose the time scale in
such a way that

d=d(1)=0 1.35
If only small perturbations are assumed one may put
ar®aqr (n=23,.,N) (note ey =1) 1.36

With this situation, the spurious amplitude is
N
a() =1+ @.c0s Pp(t) 1.37
n=|

and the spurious phase is

N N
@(t)=arctan 2 aySin @y} = 2 aySing,(t) 1.38
n=1 n=1

EXAMPLE 1.4
For the superposition of one strong signal ¥, cos(w,f) and one
weak signal ¥, cos(w,! + @) (ie., ¥ = ;) we get

v()=Vv, [l + %COS(QI + ¢'2)}COS|:¢0.!+ g—zsin(ﬂt + ‘352)} 1.39

1 1

Evidently, in the first approximation we face a simultaneous am-
plitude and phase modulation of the stronger signal at the rate of
difference frequency, §} = |w, — w,|, with the modulation indexes
V5/¥,. In the case of its larger value, higher order terms must be
added.
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1.3.2 Narrow Bandwidth Noise
In instances where the noise power is concentrated in a relatively nar-
row band around the frequency w,, the noise voltage can be expressed
as
e(t)=elt)cos g — e, (f)sin @it 1.40

where the slowly varying time functions e (¢) and e.(#) are statistically
independent. Note that (1.40) resembles (1.31). Consequently, the
product of the mean values is zero if <e(f)> is zero, that is,

<‘€c(‘)es(r)>=<ec(1) >< e_c(t)>=0 1.41

and also

<edt)y>=<gff)>=0 and < N(f)>=<X)>=<X1)> 142

1.4 STATISTICAL APPROACH

In the previous sections, frequency stability was discussed from the
point of view of common noises. However, the problem is much more
complicated since actual situations may contain both continuous and
sampled systems, both random and discrete fluctuations, and even oth-
er processes solved with the advantage of statistical approaches whose
basic properties are discussed briefly in the following sections.

1.4.1 Probability

When inspecting physical, biological, economical, and many other
processes, we find either a deterministic model or start from experi-
mental observations and guess the details. One of the tools we use is
the appreciation of the outcome with the assistance of probability the-
ory, which is the ratio of the positive outcomes of an experiment n, to
all trials »,,,:

p=1r 1.43
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The corresponding theory was well established in the past (e.g.,
[1.22]). Here, we recall the three axioms, namely, that the result is al-
ways a positive number between zero and one, that the probability of
mutually independent events is equal to the sum of individual proba-
bilities, and that the probability of the whole set of events is equal to 1
(cf. Fig. 1.9)

P(e,<x)=0; P(x=S)=1
P(Ax+Bx):P(Ar)+P(Bx)_P(Av)P(BI)

1.44

In addition, conditional probability of mutually independent events is
equal to their product

P(A4.|B.)=FP(4,)P(B.) 1.45

Note that all operations are performed on sets subjected to the Boole
summations and multiplications.

1.4.2 Random Variables, Distribution Function,
Density of Probability

Let us assume an experiment £ with events e, identified by real or
complex numbers, &¢;), which will be designated as random variables.
Next, we define the probability of a set of events meeting condition

fle)<x P(Esx)=FAx) 1.46

Fig. 1.9 Idealization of the probability space S = 1 of all the evenis ¢,. A represents
the set of the ¢4; events and B the set of the e, events.



1.4 STATISTICAL APPROACH 19

where F(x) defines the distribution of the probability, which is a
monotonic nondeclining function from 0 to 1. A typical behavior is
presented in Fig. 1.10 for both continuous and discrete variables.

By reverting to the continuous variable, we define its derivative
and designate it as the probability density function or simply probabil-

ity density f(x) or p(x),

SF(x)

Sx

f(x)= 1.47

if this derivative exists. Further, the probability for x between @ and b is
P(a<x<b)=F(b)- F(a) 1.48

The mean or the expected value (the moment of the first order) is

E(x)= plx)= fo(x)dx or E(x) =%ﬁ;xi 1.49

—oa

Generally, the mean values of the sth order of random variables are
designated as the nth-order moments:

oo

mo=<£'>= [ x"f(x)dx 150

—w

T @ (b)

Fix)

0 5§ —>

Fig. 1.10 Probability distribution function: (g) a continuous variable and (») a dis-
crete vaniable,
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Central moments are important;

oo

=< =) > = [ (=, f () 151

-ca

The central moment of the second order defines the variance, o2, or
distribution and the corresponding rms, &, the so-called dispersion:

1'-"'2:0'2:??32;'??13; 1.52
1.4.2.1 The Uniform Distribution
The simplest probability density function f{x) is assumed to be constant
between a and b on the x axis and zero otherwise (cf. Fig. 1.11):
1
fixy=—— and 0 elswere 1.53
b—a

The corresponding mean and variance are

b—a 2 1 2
_b-a Lo 1.54
A o=pe-9

1.4.2.2 Binomial Distribution

We face a discrete distribution and the task is to compute the proba-
bility of the event £ in # trials. Let p be the probability of the positive

Fix

0 a b
X —

Fig. 1.11 The probability density function f{x} of the uniform distribution.
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outcome and ¢ = | — p the probability of the opposite. The probabihi-
ty of the occurrence of the event £ occurring only once in a sequence
of trials is

PO =pq” 1.55

In instances where the sequence is unimportant, the probability is

PO=npq"" 1.56

Finally, if the event & should repeat k times the probability is

PO=(p'g" 1.57

The first and second moments are computed in Section 1.4.3.1:

H=pn 0-2=pn 1.58

1.4.2.3 Poisson Distribution

For a very large number of trials, » — o, and, p — 0, the binomial
distribution passes into the Poisson distribution [1.22 p. 72] from
(1.57):

& nk n! % n,_ﬁ(np)k

Pl =GP g~ rreyeyL s

k

(Hp)k o /‘l -A

k¢ e

(1— pn)=~
1.59

The mean and variance are the same as above, namely, equal to A = pn
(cf. shot noise).

1.4.2.4 Gaussian Distribution

Another limiting process of the binomial distribution for large n results
in the Gaussian or normal distribution. Computation of the probability
density is a cumbersome one. The asymptotic solution is based on in-
troduction of a new variable, k = np + x, and application of the Stirling
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approximation for factorials, and after approximating powers of bino-
mials close to one,

n!=n"e—n fzm[l_'_é_] (1+a‘),ﬂz€ﬁz"gﬂ+ﬂ) ,‘zeﬂail—aﬂ) 1.60
n
After introduction of these approximations into (1.59), we finally ar-
rive at the density function:

()"

Pue™ e
« (pn+ x) e #D) D pr+ x)
1

{pr+x)
[1+iJ e J2m(pn+x) 161

pr

en

x? Ak

1 €1 _e

~ =~ =2 = f(x)
e[(pn+.t)ﬁ[1—;§;]—x] * JZﬁ'(pn +x) JZ’J’Tpﬂ 0'\/—27?'

and after integration we arrive at the Gaussian distribution function
F(x):

Iefx—x,, }2/(202)dx Xe= M 1.62

—on

1
F(x) =
where o7 is the vaniance, o is the dispersion, and u is the mean value of
the process. Note that this distribution is also designated as the normal
distribution and is, by far, the most important. It is often postulated in
congcrete situations when solving actual probability problems. Numeri-
cal values of F(x) are published in tables or on-spot computed. The nor-
malized distribution function F(x) for &= 1 and u = 0 is depicted in Fig.
1.12. Note that there are other distributions; however, we feel that those
mentioned here are sufficient for information needed in this book. The
sample distributions ¥° is discussed in Chapter 5, Sec. 5.2.4.

EXAMPLE 1.5
Determination of the density function of £, (v)= g(x), where x is
randomly distributed in the interval (—, ). Papoulis [1.22] pos-
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Fig. 1,12 The normal distribution for ¢=1 and p = 0.

tulated the fundamental theorem: If x|, x,, ..., X,,, ... are all real
reots of £, (y)= g(x), then the density function 1s

fJ(XI}_'_‘“_,’_ fx(x“)+...+ g’(x)_—,w 1.63
gx) g dx

fJm=

For an important case (cf. Fig. 5.164),

y=sin{x+6) f_‘.(y)=72 1.64

2mf1-3°

1.4.3 Characteristic Functions

The Fourier transform of the probability density f{x) is the so-called
characteristic function of the random variable &

)

DLu)=< ™ >= J £ Ax)elxdy 1.65

-

We have seen that the introduction of the moments simplified some
conclusions and certain computations encountered in the probability
applications. Similarly, adoption of the characteristic function and its
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logarithm simplifies some statements about moments. Expansion of
the e-funtion in (1.65) in series reveals

a0 . k
Dlu) = [ fé(x)[l+jux+---+—(ﬂ;) +oot de =

1.66

uW2<g>  (wk

X
5 e <EF >t

1+ ju<é>—

Note that the characteristic function of the random variable £ is easily
evaluated from the knowledge of moments, the first and second order
often suffice.

1.4.3.1 Characteristic Function of the Binomial
Distribution

For a large », the integration in (1.65) can be approximated with the
summation of the binomial series:

D(u)~ é(i’)p"q""‘ef"* =(pe”+q)" 1.67
The first derivation reveals the mean value (the first moment):
mi=—jn(pe” + )" (pe ) o= np=<£> 1.68
Similarly, the second moment and the variance are:
mr=<&>=np(np+1) g=<&>-<¢>=np 1.69

1.4.3.2 Characteristic Function of the Gaussian
Distribution

After introducing the probability density function of the Gaussian dis-
tribution f{x) (1.62) into the characteristic function definition (1.65),
we have
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o0 [ g 0

J -
- 1.70
Je*"‘xo’z”‘zf’z’cos(jxu)dx

—oa

9]

1
aN2T
For the evaluation, we used the property that f{x} is an even function,

that is, f{—x) = f{x), and that it is concentrated around x = 0. With the
assistance of the Dwight formula 861.20 [1.23] we arrive at

1 Ly
Plu)= e 1.71

1.4.3.3 Characteristic Function of the Sum of
Distributions

The Fourier transform of the probability density simplifies some solu-
tions, for example, of sums of random variables:

p=a-&+h
. _ , 1.72
@w(u) =< e.fw;' = e;u(a§+b} == e;yt,@g(au)
or generally for
{= f + + o fn
e 1.73

D u)= 4’{.1(“)@;.2(”)---@g,u(“)

Note, that limitation of the characteristic function to the two first mo-
ments reveals

@ (u) =(1 +iﬁ£§,—j —%zi <£? > +higher order terms)  1.74

from which it follows that the mean value is the sum of the individual
mean values and the variance is the sum of individual variances. Now,
let us calculate the distribution for n-Gaussian probability distributions:
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F(x) - 21 Je—(iar2 2Haftadr. bt julag *x00 * o Xoslefyy =

1.75
0'32 T

1 e 2
e (x-1,)2/(20) |:x0=2x0f 02:20%!]
i i

After comparing (1.74) with (1.75), we conclude that the sum of par-
tial distributions, irrespective of the type, finally results in the Gauss-
ian or normal probability distribution. The process is often designated
as the central limit theorem.

1.4.4 Stochastic Processes

In instances where the evaluated system is accompanied with a lot of
disturbing signals subjected, in addition, to time fluctuations, it is la-
beled as a stochastic process encountered in different fields of engi-
neering. The situation is generally so complicated that it is difficult to
solve in the closed form; the proper situation is with frequency stabili-
ty of oscillators, frequency synthesizers, communications channels,
and so on. Now, let us assume an experiment formed by a set of ¢,
events with assigned time functions x,(7); in such a case, we face a
class forming a stochastic process x(f), where time ¢ may have any val-
ue, either continuous or discrete. In instances where the time is fixed, ¢
= t,, then x,(¢) is a random variable of the event e,

1.4.4.1 Distribution Functions and Probability
Density

Similarly, as with the time-independent system, the probability distrib-
ution function is

F{(x1..xnitr ta )= PIX() € 31 x(t,) S ] 1.76
with the probability density

S'F(x . xuitr...ta1)

1.77
5x1 aae 5xn

Slxi xptrt)=
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It is evident that the above equations are not suitable for solving sto-
chastic processes. The solution provides either an analytical descrip-
tion, where the parameter is the random variable as, for example,

Wit) = Asin(wt + &) 1.78

or we must content ourselves with partial information about the inves-
tigated stochastic process, such as the knowledge of the moments,
Generally, the mean or the expected value which, however, remains a
function of time is

o0

) =< x(1)>= jxf(x,r)dx 1.7

—oa

Similarly, the autocorrelation is the moment of the second order of the
random variables x(¢,) and x{#,), that is,

Rt t2) =< x(g)x(£,) 2 J xixof (xnxztut)dodss 1.80

—ua

Furthermore, the autocovariance is

Cltnt2) =<[x(t) — We)l[x(2) — 722)] > 1.8]

and the variance of the random variable (r.v.) x(¢) is given by
T =C00 =R~ 7'(1) 1.82

Autocorrelation or, eventually, autocovariance characterizes the statis-
tical relationship of both random variables x(¢)) and x(#,) for any times
¢ and #,.

1.4.4.2 Stationary Stochastic Processes

Very important are stochastic processes that are invariant with respect
to shift on the time axis and are designated as stationary in the strict
sense. In this case, the probability density for any time shift 3 is

f(xl-“xm‘tl+6.-.tn+6)=f(x]‘..xn;tlu.tn) 1.83
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When choosing & = —#, we find out that the probability density is a
constant, and consequently the mean or expected value is also a con-
stant

< x(t)>= E[x(1)] = m,, = const 1.84

However, the second-order moment is a function of the time differ-
ence:

<[x(¢)x(22)] > =<[x(#)x(t + )} > = Ro(7) 1.85

In instances where x(f) is real, the autocorrelation is also real and in
addition is an even function:

RoA7)=Rul-7) 1.86
and the autocovariance is
Cod7) = Rl T) — ¥, 1.87
Furthermore, it follows that autocorrelation of a sum
z(8) = x{t) + y(1) .88
may be expressed as a sum of autocorrelations:
R=Ro(T)t Ry(1}+ Ry(7)+ R(7) 1.89

and for any time shift 7, the probability density is constant. However,
the autocorrelation of a product

wit)=x(8)p(t) 1.90
generally cannot be expressed as a function of the second-order mo-
ments. Only in instances where both time processes are independent is

the autocorrelation equal to the product of partial autocorrelations

Rud ) =R(T) R (7)< R(0) 1.91
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Finally, we conclude with the fact that usually we do not know all the
information needed for stationary processes (cf. 1.83). In such cases,
we must be content with the statement that fhe process is stationary in
the wide sense or weakly stationary.

1.4.4.3 Random Walk

The random walk is the sampling process taking equal steps either in
the positive or negative sense (direction). By taking advantage of the
central limit theorem, we may assume that the corresponding probabil-
ity density of individual steps is

p(x)=xe" 1.92

The corresponding variance after n steps is (Dwight [1.23], Eq. 860.12)
02=2JI e"z”""zdx=ngf 1.93

f=]

! —pa

1.4.5 Ergodicity

Ergodicity deals with problems of determining the statistics of the
process x(f): The process is ergodic in the most general form if all its sta-
tistics can be determined from a single function x(#, £) of the process, or
the process is ergodic if the time averages equal ensemble averages. The
various criteria for ergodicity are discussed in detail by Papoulisin [1.22].

1.5 POWER SPECTRA OF STOCHASTIC PROCESSES

Power spectra or spectral density of the process x(#) is the Fourier
transformation of its autocorrelation:

oo

S(w) = [ R(Pe™dr 1.94

—en

with the inversion formula

o

R(r)=- [ S(w)e’ dw 1.95
27

—oa
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and with the results for real processes

S(-w)=S{w)

= 1.6

S(w)= JR( neos(wr)dr  R(r)= 2]_‘,7 JS(m) cos(wndw

—x —oe

Table 1.3 Shows the correspondence between a process x{¥), its auto-
correlation R(7), and the power spectrum S{w).

1.5.1 Brownian Motion

The random movement of particles immersed in liquids is referred to
as Brownian motion. The first observations (1827) were provided with
mechanical particles, however, later studies proved a more general
process. Let us start with the velocity of a free particle in a viscous
medium. With the assistance of the laws of motion, we arrive at the
following differential equation:

av(t)

m +bv(t)y=B{t)y=m n(t) 1.97

where m is its mass, b is the friction force proportional to the velocity
v(t), and B(f) represents the collision force [1.22]. In cases where the
observation time is long, one may assume that w(r), B(f), and n(¢) are

Table 1.3 Comespondence between a process x(f), its autocorrelation (R)¢, and
power spectrumn S(w) [1.22]

x(1) R(T) S(w)
ax(f) lal*R(7) lal*S(w)
dx(t) _d’R(7) @ S(w)
dr a7
d"x(1) e TR S,
" e @
x{p)eieor R(m)erior S(w + o)

R(7) cos wyT L[S(w + wg) + S(tw - ay))
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stochastic processes but »n(f) is normal white noise with a zero mean
and spectrum S, (f) = a. Now let us assume a long observation time,
that 1s,

PR 1,98
b

B

one may consider v(¢) as a stationary process and (1.97) as stochastic.
With the rules for the derivation of the spectra of stochastic processes
(cf. Table 1.3) we get

wzsv(w)-Fﬁsz(w):Sn(w) 1.99
Consequently, we arrive at the Lorezian spectrum

d

a
SV = o e s
v B/ 2my f

(0> 8) 1.100

1.5.2 Fractional Integration (Wiener-Levy Process)

Let us consider the situation where the output events are random, with
nearly equal changes in one or the opposite direction, with the nearly
constant variances (Ae;)* in each period or time span. By taking into
account the central limit theorent, the vanance of the expected change,
after » steps, will be

<(Ae)’ > = nT <(Ae

one step

) > 1.101

The situation is explained in the following example:

EXAMPLE 1.6

One hundred years ago, K. Pearson and Lord Rayleigh [1.24] pre-
sented the following random-walk problem: A man (presumably
very drunk) takes steps of equal length m from a starting point O,
one after the other in successively random directions. Where will
he likely be after » steps? If n is large, the probability that he is at
a distance » and » + dr from the starting point is

2F

nmz

P(rydr=——¢ """ \dr 1.102
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His average distance is equal to the distribution o, that is,

Fa= er(r)dr =%JE 1.103

&

[ef. Eq. (1.93)] with the assistance of Dwight formula 860.12.
Since each step takes some time, n is a measure of time, and so the
distance will increase with the square root of time (see Fig. 1.13).

1.5.2.1 Power Spectra with Fractional Integration
Proportional to ./t
Reverting to relation (1.102) and considering the time dependence of

the final o, we may also suppose Aeg; to be a function of time without
any appreciable error. In the first approximation, we propose for its

time dependence

Ae(t)~ o(AeWt 1.104

Probability
T Dansity, Pir)

i

141210 8 6§ 4 2 0 2 4 6 8 101214
Number of paces fram starting peint

@

Probability
* Gensty, Pir}

16141210 8 6 4 2 D 2 4 6 8 W0 121418
Number of paces from starting point

o)

Fig, 1,13 Probability surface of a random walk (position of the drunken many): (a) af-
ter 18 random paces, and (b) after 72 random paces) [1.24].
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With the assistance of the Table 1.2, we get for the Fourier transform

F(s),,=s"a(A.) 1.105

and for the corresponding PSD

Salf 3%02(56) 1.106

1.5.2.2 Power Spectra with Fractional Integration
Proportional to 1/./t

In Section 1.2, we have showed that the origin of the flicker fluctua-
tions in physical systems is based on the loss of energy [1.20). Here we
recall, once more, the problem in a much more general way, where the
resonator (oscillator) system is supplied from an ideal voltage source ¥
with current I. However, during its passage through the system some
energy is lost; let it be £y during one time segment. With the assis-
tance of the corresponding power, the loss is equal to

Ediss™ PaisT o 1.107

Since the dissipated energy in each period (or time span) is rather con-
stant, the effective power decreases and after » periods it may be equal to

: —(n=1DPo
Pdigﬁ‘" =< fioiseR . nPdlss,nTo (HT )Pdlhh,ﬂ—lTﬂ :%PdissTo ]_.108
iy

which is inversely proportional to the elapsed time. Hence, the noise
current is alse a function of time and without any appreciable error, in
the first approximation, we propose for its time dependence

1 PusT
noisel ) =% 4 [= - ——— 1.109
FroiselF) . R
whose Fourier transforrn is (Table 1.2)
Inoise(S) = E ’ PdiSSTG 11 10

S Ry
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and the corresponding PSD with respect to the current P (i.e., the
phase noise) is

T PosTo 7 PusTo 1 7 —a 1 1111
Y = = =ar; .
f PR f P, fLQ TS

where P, is the effective power in the system and P /Py, = Q is the de-
vice quality factor, The last expression in (1.111) is valid for the quartz
crystal resonators or oscillators (cf. Chapter 2). Since the process is
much more general, here we recall an earlier example shown in Fig.
1.14, presenting the PSD Sg(f)/R? for an India ink resistor in accordance
with (1.109). The validity extends for more than 10 decades with a =
1.21 [1.1].

S f)=

savRe pan

12 L‘[4I’I!l‘lo I‘ l: lrl. I'l Y
10710 100 107 10 107 10 10 10" 107 10 10 10

frequency {Hz}

Fig. 1,14 Relative resistance fluctuation spectrum, Sg(f}/RZ, for India ink resistor.
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APPENDIX

Throughout the entire book we refer to the instantaneous phase or fre-
quency,

ant) = %(wot + (1)) =(w, + @(1)) Al

and to their power spectral densities (PSD) S,(f) or the normalized
fractional frequency PSD S,(f) = (f/f,S(f) (ie., to the one-sided
PSPs). Actually, however, we deal with the double-stded PSD:

2

S(w)ﬁ%[Sw(w+ w3tS (0—w,)] A2

where P, is the carrier power. The approximation is valid except for
+ w, and the surrounding narrow bands containing all the high modu-
lation index, low frequency side bands. In the case of the validity of
(A.2), we define the two-sided PSD ¥(w) as

Lw)=S (wtw,)=S (0-w,) A3



