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Basics of Polarimetric Scattering

1.1 Polarized Electromagnetic Wave
1.1.1 Jones Vector and Scattering Matrix

Radar transmits an electromagnetic (EM) wave and receives the scattered wave from the
target. The polarization of an EM wave is defined as the time—space variation of the electric
field vector in the plane perpendicular to its propagation direction. As depicted in Figure 1.1,
let us first define a coordinate system (v, iz, k), where k denotes the propagation direction, and
¥, h denote the directions of vertical and horizontal linear polarizations, respectively. (In this
book, unless otherwise specified, vectors are denoted as bold letters, for example, E, and
matrices are bold letters with a bar, for example, S. A letter with a hat (e. g., n) denotes a unit
vector.) A completely polarized monochromatic EM wave can be represented by two orthog-
onal components along 7, h (Kong, 2005)

E(Z; t) = EiOéieiki'r V 4 ‘A}Ev + ilEh (1 1)
E, = Egcos(kz — wt + ¢,), Ej = Egpcos(kz — ot + ¢),)

where E,, E, are the corresponding vertical and horizontal components of the electric field, k
is the wavenumber and w is the angular frequency. In addition, we have the following rela-
tionships, which can be readily derived:

k = k(X sin 6 cos ¢ + y sin 0 sin ¢ + Z cos ¢) = kk
NG

h = = —Xsin ¢ + y cos ¢, (1.2)
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cos 6 cos ¢ + y cos O sin ¢ — 7 sing

In spherical coordinates, where the source is located at the origin, we have 7 = @7
h=¢, k=i

Imagine when an EM wave passes a certain position in space; the tip of the electric field
vector will form a certain trajectory. The shape of such a trajectory is determined by the
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Figure 1.1 (a) Polarized EM wave and polarization vector. (b) Coordinate system of the polarization
vector

amplitude ratio and phase difference between the two orthogonal components, that is, the
polarization ratio,

|0l = Eon/Eov, @ =9, — @, (1.3)

The polarization of an EM wave is named after the shape of such a trajectory, that is, linear
polarization (when ¢ =mmx, m=0,1,2,...), circular polarization (when ¢ = mm+
/2, m=0,1,2,..., and E, = Egy) or elliptical polarization (in general). The trajectories of
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Figure 1.2 (a) Plane of polarization ratio. (b) Parameters of elliptical polarization
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different polarizations are depicted accordingly in the (|p|, ¢) plane as in Figure 1.2a. In fact,
any polarization trajectory can be expressed using the following ellipse equation:

E,\> _ EE En\’
< > -2 g cosg0+(—h> =sing (1.4)

EOV

There are three geometric parameters of such an elliptical trajectory: amplitude A, ellipti-
cal angle yx, and orientation v, as illustrated in Figure 1.2b, that is

A= \/E}, + Ej,

EoEon
E(Z)v + E(z)h

(1.5)

EyEop

Isin 2x| = 2 _Cokon
Egv - E%h

|sing|, tan2y =2 cos ¢

where the sign of x indicates the rotation direction, that is, counter-clockwise (4) or clock-
wise (—), the elliptical angle x determines the shape, and i indicates orientation.
We can write Equation 1.1 in the form of a complex vector,

- [2)- (2]

E, the‘iw

which is often referred to as the Jones vector. It can be found from Equation 1.3 that the
polarization ratio is in fact the ratio of these two elements

. EOheiﬁﬂh
= ¥ = - 1.7
o=l = (1)
The Jones vector can also be expressed using the elliptical parameters,
) cos —sin cos
E = acn| Y v | cosx (1.8)
—sinyy cos | |isinyx

where ¢, is the absolute phase. It can be seen from Equation 1.8 that transformation of the
Jones vector would correspondingly modify polarization characteristics. This is important in
radar polarimetry, as will be discussed later in Chapter 5.

A completely polarized wave incident upon a point target or deterministic simple target
would produce a completely polarized scattered wave, which is often called coherent scatter-
ing. As a polarized wave E; = ¢;E;0e™ ™ incident on a scatterer of volume v, and dielectric
constant &, (= &/¢g), the wave equation can be written as (Jin, 1994)

—iwep(egy — 1), T EW
vaan+Hmn{ (8 = 1) 0 (1.9)
07 r ¢ Vo
where the time-harmonic factor is e~ (i = —j = v/—1) and r is the distance from the scat-

tering point to the observation point. Solving Equation 1.9 under the far-field approximation
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yields the scattering E;wave

ikr
Ev(r) = —Tkz J-kY X [kv X E(I’ )][gm(r) _ 1]eﬂkS rdr/
ik Vo
= eTkz J(ws + hyhg) (e (r') — 1E()e ™" dr/ (1.10)
k " k
eikr _ eikr S Sun
= S Ei = Ez
r r |:Shv Shh:|

Here, the scattering field is now expressed by a 2 x 2 (dimensional) complex matrix, that is,
the scattering matrix, S. Each element of the scattering matrix Spqs P>»q = Vv, h, represents the
complex scattering coefficient under g-polarization incidence and p-polarization scattering.

For a single scattering, its scattering matrix has to be obtained by first calculating the internal
field E(r’) in Equation 1.10 and then performing the integration. Explicit solutions exist for
many canonical problems. For example, a small scatterer with its size a far smaller than the
wavelength, that is, ka < 1, can be solved by Rayleigh approximation. A non-spherical particle
such as an ellipsoid, a needle- or a disk-like particle with its smallest dimension d far smaller
than the wavelength, that is, kd(e;, — 1) < 1, can be solved using the Rayleigh—Gans approxi-
mation (Ishimaru, 1978, 1991). A scatterer of perfectly spherical geometry can be solved using
Mie theory. Explicit expressions for S also exist for symmetric geometries such as cylinders,
spheroids, and so on. Analytic calculations of the scattering matrix for these examples under the
Rayleigh—Gans approximation are given later in this chapter. For a more complete derivation,
readers are referred to the literature focusing on EM theory (e.g., Jin, 1994).

For a large scattering body with complicated geometry, we have to resort to numerical
methods such as the method of momentss (MoM), finite element method (FEM), and finite
difference time difference (FDTD), or high-frequency methods such as geometrical optics
and physical optics. Chapter 11 will introduce a high-frequency method for calculation of
scattering from very complex targets in natural environments.

In practice, fully polarimetric radar measures the entire scattering matrix S, while single-
polarization radar (single-pol) or dual-polarization radar (dual-pol) can only measure one or
two elements of the scattering matrix. Conventionally, co-pol refers to scattering with the
same polarization for incidence and scattering, while cross-pol refers to different polariza-
tion for incidence and scattering.

Another important concept is the scattering coefficient or radar cross-section (RCS). It is
defined as the power ratio of scattering versus incidence as if the scattered field were uni-
form in all directions:

2
Opg = 47|Spg|”  (m?) (1.11)
The RCS is more useful for single-polarization radar where phase information is not critical.

1.1.2  Stokes Vector and Mueller Matrix

As opposed to coherent scattering for a single deterministic target, incoherent scattering is
from random or distributed targets, for example, random discrete particles, random media,
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and randomly rough surfaces. Incoherent scattering is studied from a statistical perspective.
That is based on the second-order moment of the random field <EYE;*> which is in the unit
of power.

Incoherent scattering produces a partially polarized wave, which is usually described
using the Stokes vector I, which consists of four Stokes parameters as follows:

1
1= (BP+IEL) = (B, +E)

1
n
1 2 o\ 1,0 2
0= 5<|E»| — |Exl > = E<EOV — Egy)
! X (1.12)
U= 52Re<EVEZ> = ;2<E0VE0;1 cos @)

1 1
V ==2Im(E,E},) = —2(Eo,Eq sin ¢)
U n

where * denotes conjugate, n denotes wave impedance, and (-) denotes the ensemble aver-
age. Stokes law gives

P>Q*+U*+V? (1.13)

where the equality only holds for a completely polarized wave. For a completely polarized
wave, only three of the Stokes parameters in Equation 1.12 are independent. This corre-
sponds to the above-mentioned three geometric parameters of elliptical polarization:

1
| {cos2yrcos2y
1= I'sin 24 cos 2 (1.14)

Isin2y

With given intensity /, any complete polarization can be mapped into a point on a sphere
in 3D (Q, U, V) space. The sphere with radius I is referred to as the Poincaré sphere. Partial
polarizations will be distributed inside the Poincaré sphere. Interestingly, two angles defining
a 3D vector pointing to any point on the Poincaré sphere are equal to the parameters 2y, 21
of the elliptical polarization on that point. Thus, we can draw the distribution of polarizations
on the Poincaré sphere as in Figure 1.3. It can be directly mapped to the polarization ratio
plane in Figure 1.2.

Another commonly used form of Stokes parameters are defined as

1 1 1 1
IV:—<\EV|2>, I, :—<|Eh|2>, U=-2Re(E,E,), V=-2Im(EE]) (1.15)
n n 0 1

These two definitions of Stokes parameters can be transformed into one another.
Incoherent scattering of random or distributed targets has a depolarization effect, which
renders the scattered wave to be a partially polarized wave. Using Stokes vectors I;, I to
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Figure 1.3 Poincaré sphere

represent the incident and scattered wave, respectively, the incoherent scattering is then
represented using a 4 x 4 real Mueller matrix

L=M-I (1.16)

The Mueller matrix is in fact the second-order moment of the scattering matrix. From Equa-
tions 1.10 and 1.15, we have

<|Sw|2> <|Svh|2> Re(S,S%,) —Im(S,S%,)
M= | (sel) (sl Re(SpSj) —Im(SpS) (1.17)

2Re(S,Sp) 2Re(SuSh) Re(SwSy, +SuSh)  —Im(S,Si, — SuS;,)
21m(S,,S;.)  2Im(S,,S5,) Im(S,,S5, + SuSp,)  Re(SSi, — SunSp, )

Some useful conclusions about the Mueller matrix are given here. For coherent scattering,
only seven of the 16 elements of the Mueller matrix are independent, which corresponds to
seven degrees of freedom in the scattering matrix (the ensemble average eliminates the abso-
lute phase). For most natural targets, co-polarization and cross-polarization are not correlated,
which makes the eight elements in the top-right and bottom-left quarters approach zero. For
the remaining eight elements, the top-left quartet reflect the average power of the two polar-
izations and the bottom-right quartet reflect the correlation between different polarizations.

From the Mueller matrix, we can also derive polarization signatures of the target, which
are defined as follows:

co-polarization signature

1
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cross-polarization signature

020 ) =43 [ 1, = 1, v)] (1.19)
where the superscript T denotes transpose. Note that polarization signatures o.(x, %),
o4(x, V) are in fact the co-polarized (co-pol) and cross-polarized (cross-pol) scattering
coefficients under elliptical polarization incidence of the parameters yx, . Substituting
x =0°% =0°or x =0° v = 90° into Equation 1.19, it gives the horizontally or vertically
co-pol and cross-pol scattering coefficients.

In addition, we have the polarization degree defined as

QU+ V2

; 2 (1.20)
and the co-pol/cross-pol phase difference as
My — M3y
= tan 1 =22 1.21
Do Mas + Mas (1.21)

and M; denotes the i,j element of the Mueller matrix M. Clearly, we have the inequality
my < 1, where m; = 1 when the scattered Stokes intensity I, is completely polarized. The
quantity [Q? + U? + V?]l/ % denotes a point inside the Poincaré sphere, and the radius of
the Poincaré sphere is equal to /.

Table 1.1 gives few examples of the scattering matrix of ideal scattering targets. The corre-
sponding polarization signatures are given in Figure 1.4.

Table 1.1 Example scattering matrices of ideal scattering targets

Sphere, Plane, or Corner reflector S = (1) 01 }

. (1 0
Diplane S = 0 1 }

. . [0 1
Diplane (45° tilted) S = _1 0}

. . . (1 0
Dipole (vertically oriented) S = 0 0}

. o [ 1 1
Dipole (45° tilted) S= 1 1 }

o (1

Helix (right-handed) S= i1
Helix (left-handed) S = 1 _l’}
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Figure 1.4 Co-pol and cross-pol signatures of ideal targets
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e fdeg
(e) Right-hand helix

y fdeg

Figure 1.4 (Continued)

1.2 Volumetric Scattering
1.2.1 Small Particle under Rayleigh—Gans Approximation

Small-particle scattering is common in natural environments, and thus is very useful for
remote sensing studies. For modeling scattering of the vegetation canopy, we mainly use the
Rayleigh—Gans approximation of non-spherical particles including spheroids, disk-like and
needle-like particles (Ishimaru, 1978; Jin, 1994).

Under the Rayleigh approximation, the term in Equation 1.10 becomes exp(—ik; - r’) ~ 1,
that is, it ignores the coherent effect of different elements inside the particle. The internal
field E(r’) can be obtained using electrostatic principles. Hence, the scattering matrix can be
calculated.

For non-spherical particles whose smallest dimension meets the condition
kd(eg — 1) < 1, we can still use the Rayleigh—Gans approximation, where the internal field
is approximated as E(r') = &;E, exp(ik; - r’). However, the term exp[i(k; — k) - r'] is kept in
order to account for the coherent effect of different elements, that is

ikr k2 R B ) ,
E (r) = ‘%E (Vs + hshs) - Ay - &Eo J[sm(r’) — 1)k gy/ (1.22)
Vo

Notice that the above integral is in fact the Fourier transform of &g, — 1 in the direction
k; — k. If &, — 1 is limited to within a small region, the scattering is smooth along the wave-
number domain Kk; — kg, that is, it is a smooth angular distribution, which is close to Rayleigh
scattering. On the other hand, the scattering will focus on a narrow forward direction, with a
complicated angular distribution. In this sense, it resembles the relationship between time-
domain and frequency-domain signals.

Given a small ellipsoid of semi-axes a, b, ¢ and volume vy = (47/3)abc, the term A, in
Equation 1.22 can be obtained as

3 NN
- XnXn “ A~ PN .
A, = —————, X]| = Xp, X2 =Y, X3 = I, 1.23
’ Zl+<ss/so—1>g,, P R T (1-23)

n=1
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where Xy, y;,, Z» denotes the local coordinates of the ellipsoid, g, is expressed as

g = a;;c l dsm’ R =[(s+a)(s + b*)(s + )] (1.24)

and g,, g3 can be expressed in the same way as g; with a replaced by b, c, respectively. It can
be found that g, + g, + g3 = 1.

The scattering matrix is thus derived as

SPQ(97¢;GI7¢I):ﬁ'T'2I/7 qu:V,h
3

_ o 3 . 2 &/e0 — 1 (1.25)
T= T,x, ny T, =1ty 1 ty), Ih= _k3 b ——F—F——
; " 2k (L4 ita) 9 acl+(3s/30_l)gn

Note that the imaginary part of T, is included so that the scattering matrix S,, can be accu-
rate enough when later used to calculate the extinction coefficient under the optics theorem
in Chapter 2.

Assuming that the ellipsoid is rotationally symmetric, that is, a = b, which is the

case for most particles in the natural environment, then the scattering matrix can be
expanded to

3 A L
Svv(0s, 953 0, 41) = o (T1(05 - 6:) + (To — T1)(6s - 2) (2 - 6)]
3 S L
Sun(0s: 53 0, 8) = o (T1(05 - &) + (To — T1)(6s - 2) (2 - )]
3 (1.26)
S (05, b3 00, ;) = % [T1 (s - 6:) + (To — T1) (s - 2) (2 - 67)]
3 S L
Sin(0s, 33 01: 6:) = 27 [T1(¢s - 81) + (To = T1) (@ - 2) (2 - 61)]
Note that the orientation of the particle’s symmetry axis is represented by 2.
Calculating the integral of Equation 1.24, we have
1
= — 1 —
81 2( 83)
2 7 _ 2
L ¢ tan~! i ifa=b>c
a—c? 2 — 2 c (1.27)
8= 2 7 _ 2
a c c—Vct—a
1+ In ifa=b<c
a? — 2 N ) C—|—‘/C2—a2‘|

where the two cases correspond to prolate and oblate ellipsoids, respectively.
For a disk-like particle, with radius a, height 2h, and volume vy = 27a*h, and given
h < a, the integral of Equation 1.22 can be derived as
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2J4 {ka\/sin2 6 + sin’ 6; — 2 sin 6; sin ; cos (¢, — qbi)}
Jdr'exp[—i(k; —ky) -1 = (1.28)
ka\/sin2 6, + sin” ; — 2 sin 6, sin 6; cos(¢; — ¢;)

Vo

@/’ |, 1 N RVACTORE
= - sin | Y (1.29)
B -1 -1 alh

where J; () denotes the first-order Bessel function of the first kind.
For a needle-like particle with radius a, length 24, and volume vy = 27a*h, and given
h > a, the integral in Equation 1.22 can be derived as

) sin[kh(cos 6; + cos 6;)]
dr'exp[—i(k; — k;) - Y] =
J rexpl—i(ki — k;) - r] kh(cos 6; + cos 6;)

(a/h)? 1 L—/1—(a/h)’ (1.31)

_ 1+ 1
1 (a/h)’ 24/1 = (a/h)? * 1+4/1— (a/h)’

(1.30)

83 =

Under extreme conditions, & < a and & > a, Equations 1.29 and 1.31 are consistent with
Equation 1.27.

These expressions are critical in computing the scattering matrix, phase matrix, and
extinction coefficient, and for modeling the scattering behavior of random particles in the
vegetation canopy.

1.2.2  Slim Cylinder

A finite-length slim cylinder is often used to model the trunk, branches or twigs of trees. Its
scattering can be solved as in Equation 1.10

Ey(r) =—& J(m + ) (r') — TE(K)e ™ ar (1.32)
Vo

where the internal field term E(r’) can be approximated as if it was an infinitely long cylin-
der, for which the explicit solution can be found. The internal field of an infinitely long cyl-
inder can be found, for example, in Wait (1986) and Karam and Fung (1988). Substituting
E(r') into Equation 1.32 and completing the integral, it yields the explicit expression of the
scattering field E, and hence the scattering matrix S (Karam and Fung, 1988).

Given the cylinder parameters of length 2L and radius a, the dielectric constant
& (= &/¢0), and the fact that its axis is aligned with Z, the scattering matrix S fora cylinder
can be derived as
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S (05, 0i, 0y — ¢;) = kSL(em — Dpg{(eqnBo cos O; cos 6; — Z sin ;)

o0
+ 22[(6,”,3,, cos 0; + inhyyA,)cos 0y — ey, Zy, sin Og)cos[n(p, — ¢;)]} (1.33)

n=1

Shh (Qsaeia ¢s - ¢1) = k(2)L(85n - l)ﬂsi {BonhOh + 2 Z[(nhnth - ienhAnCOS Qi)cos[n(¢>s - ¢1)] }

n=1
(1.34)
Sun(05,01, 5 — &;) = —2ikg L(zan — 1)pg > [(ennBucos; + inhuA, )cos by
n=1
—eunZy sinbgsin[n(¢, — ¢;)] (1.35)
o0
Siv(05,6i, 0, — ;) = 21k Lies, — Vg Y [(nhnByn — ienA, cos0;)sin[n(p, — ¢;)]}  (1.36)
n=1
where
k k
An :%(znfl _Zn+1)7 Bn :%(znfl +Zn+1)
;’; o (1.37)
Zn = uz—_vz[an (Vs)]n+1(u) - Van (u>Jn+1 (Vs)]
u=kyp,a, vy=koasinby, v;=koasinb;, ki, =ko+/ (e —cos6;)
_ sinfkoL(cost; +cosby)]  [uo (1.38)
i = koL(cos8; +cosf;) = €0
o SO [ HY () S0 | sing (11 (139)
R () [viHP (v;)  udy(u) RuJn(u) |V} u?
ing; [1 1 ing; | HY' (v)) e’
My = — | = —— | ncosty, nhy=—— G R (1.40)
R.J,(u) [vi u? RyJ,(u) viH’(f)(vi) uJ,(u)
and

1 H (v, ' HY (v) el 11\’
R, = L m2HO0) H 2 () _w} [ ONAC) _(___2> 2 cost o,
iH; n\U

270 Vng,z)(Vi) uJ, (u) u? Vi
(1.41)

Note that J,,(u) and J/,(u) stand for the nth-order Bessel function and its derivative, respec-
tively; and H'? (v;) and H'?) (v;) are the nth-order Hankel function of the second kind and its
derivative, respectively.
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It can be seen from Equations 1.35 and 1.36 that there is no cross-polarized backscatter-
ing, that is, S,, = Sp, = 0 under the condition ¢, = 7 + ¢;.

Interestingly, it can be found that, if koL > 1 and cos 6; + cos 6 # 0, then p; =0 in
Equation 1.38; if cos6; + cos 6, = 0, then u,; = 1, which means that the scattered wave
propagates along the cone surface forming angle 6; with respect to axis 2.

In the general case when the cylinder orientation z; differs from the global coordinate Z,
then the above expressions should be defined in its local coordinates (X, ,, Z¢). The scatter-
ing field in Equation 1.32 and the scattering matrix in Equations 1.33—1.36 have to be further
converted to the global coordinate system via coordinate conversions, which will be intro-
duced in subsection 1.3.7.

1.3 Surface Scattering
1.3.1 Plane Surface

Surface scattering is the most common scattering in the natural environment. The most basic
model would be an infinite perfectly flat surface. Its scattering will concentrate on the specu-
lar direction, that is, reflection, which is directly solved as the Fresnel reflection coefficient.

As shown in Figure 1.5, a plane surface has a reflection matrix and a transmission matrix
written as

~ (R 0] ~ [T, 0] T[1+R 0
R_|:0 Rh]7 T_|:0 Th:|_[ 0 1+Rh] (142)

where R,, R;, denote the Fresnel coefficients of vertical and horizontal polarization

& cosf — /e, —sin’ 0 cosf — /e, — sin’ 0

= ., R,=
& cosf+ /e, —sin’ 0 cos O+ /e, — sin’ 0

R,

(1.43)

z
A

7 v,

h
0|0r
£0
>
&1 X
Ot
Vi

Figure 1.5 Reflection and transmission of a plane surface
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where 6 is the incident angle, and &, = ¢; /& is the relative dielectric constant. The reflection
angle and transmission angle are related to the incident angle according to Snell’s law:

0, =0, /ersinf, = \/zosin0 (1.44)

For incoherent scattering, the Mueller matrix of plane surface reflection and transmission
can be easily derived from Equation 1.17 as

IRJ> 0 0 0
0 |R 0 0

Ry = IR (1.45)
0 0 Re(RR;) —Im(R.R})

0 0 Im(R.R;) Re(RR;)

[T, 0 0 0 1
0 |74} 0 0
Tyos =&, - cos 0, . cosb “ (1.46)
0 0 s 0 Re(T,T;) wosd Im(7,T5,)
cos 6, " cos 6,
Im(T, T Re(T,T;
L 0 0 cos 0 m( h) cosf o h) .

Note that the transmission Mueller matrix, Equation 1.46, contains a factor of &, because the
Stokes vector includes wave impedance and the transmitted wave and the incident wave are in
different media. Since the Mueller matrix is a real matrix, only the real part of ¢, is used here.
Also note that the same letters are used to denote both scattering and Mueller matrix, simply
because they are in fact the same reflection or transmission but in different forms.

1.3.2 Rough Surface

In natural environments, most surfaces are randomly rough surfaces, for example, the ground
surface, sea surface, and building facets. A randomly rough surface is often described by a
random height profile, that is, z = &(x) for a 2D rough surface, and z = &(x,y) for a 3D rough
surface. When calculating rough-surface scattering, the most important entity is the correla-
tion function of the height profile and its Fourier transform, that is, the spectral density func-
tion (or spectral function).

A Gaussian rough surface is the most basic type of rough surface. It follows the Gaussian
distribution function:

p(&(x,y)) = exp[—£7/(28%)] (1.47)

1
\V2ms

Letr;, = (x1,y,), the correlation function between r;, and r,,, be

_ 2
8 C(r11,121) = (&(r11)E(ra0)) = 8% exp <_ %) (1.48)
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where the correlation length £ in both x and y directions is simply assumed to be the same (it
can be different as £, /,). Then, the joint probability density function can be derived as

B 1 -0 + s%}
p(S(xay)ag(xlayl))_zﬂazm exp[ 282(1 7C2) (149)
0 0 B 1 oF + B2
ez asen] o= gee]) = e aew) 0
where 6%|C”(0)| is the mean-square surface slope
2 21 282
Py =81C0)] =5 (1.51)

In general, a surface is considered of higher roughness if § is larger, £ is smaller or p, is
larger.
The spectral function of a Gaussian surface can be obtained as

= oPITL _ L ap L pop
pE J J dr; C(ry) 47_[8 L expLﬁLE} (1.52)

For different types of rough surfaces, the same scattering model can be applied but with
different spectral functions. The most commonly used spectral functions include the
Gaussian function, exponential function, and the Pierson—-Moskowitz empirical spectrum,
which is often used to model the wind-driven sea surface (Fung and Lee, 1982; Huang and
Jin, 1995).

The scattering model of a rough surface is illustrated in Figure 1.6. We define the random
height profile function as z = &(x,y). If a polarized wave E, is incident in the direction
(7 — 6;,¢;), the scattered wave E_ in the direction (65, ¢,) can be written as

ikr

ES(r) = T§(05a¢s;0i7¢i) : Ei (153)

Following Huygens’ principle (Kong, 2005), Equation 1.53 can be derived as integration
of the induced electric and magnetic fields on the rough surface,

¥
B

Figure 1.6 Scattering model of a rough surface
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Ey(r) = Jdp’{iwuo(_}(r, Y- [ x HIE) 4V x G(r, ) - [ x E(F)]} (1.54)
A
where G (r,1’) denotes the dyadic Green function, E(r’), H(r’) are the induced electric and

magnetic fields at position r'(€ S), and 7 denotes the local normal vector at position r/, that
is

e g0 o
M irerE (e Aeghy) (1.55)

Under the far-field approximation, this yields

E,(r) = (T — kky) .JAdp’{lzs x [it x E(r')] + noli x H(r')] }e ™ (1.56)

Clearly, E(r) and E(r'), H(r') are random. However, the incoherent scattering, that is, the
ensemble average of the scattering wave, <\Es|2>, is of interest to us, which is further related
to the correlation function and spectral function of the rough surface.

Approximate analytical solutions to the problem of rough-surface scattering can be
mainly categorized into the Kirchhoff approximation (KA) approach, which is valid for
large-scale roughness, the small-perturbation approximation (SPA), suitable for small-
scale roughness, the two-scale approximation (TSA) approach, which combines the former
two, and the integral equation method (IEM), which are introduced in detail in the follow-
ing subsections.

1.3.3 Kirchhoff Approximation

If the rough surface fluctuates on a large scale, meaning that its average radius of curvature is
far larger than its wavelength, then any portion of the surface can be locally seen as a flat
facet and the induced current can be approximated as the equivalent tangential field. The
validity condition of KA can be summarized as

kil{>6 k&> \/ﬁ/(cos 0; —cosb;), R.>Ar (1.57)

where

R.=$

ga“c@)‘
T g

denotes the mean radius of curvature, the wavenumber k; = (27/A)\/e€1, and ¢; is the

dielectric constant.
For a Gaussian rough surface, this translates to

2 > 27681 (1.58)
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Using KA, Equation 1.53 can be derived as

k ikr B A ) ,
(1) =y Boll — ki) | dp'Fla p)ete (1.59)
A

where
F(a, B) = (140 + )2 {= (& - ) (0 ki) (1 = Ru)i; + (&1 - p) (7 x ;) (1 + Ruy)
X

(&1 - ) ks > (7t ;)] (1 + Rue) + (& - pi) (- ki) (k< G;) (1 = Rug)} (1.60)

kg = ki — Ky = kaokt + kayd + kac? (1.61)

The local Fresnel coefficients are

k cos 0, — \/k% — k? sin® 0 g1k cos By — €0 /k% — k% sin? 0
Ry = , Ry= (1.62)
k cos 0;p + \/k% — K sin” 0y &1k cos B; + €o4 /k% — K2 sin” 0y

where k, k; denote the wavenumber in the upper and lower half-spaces, respectively. The
local incident angle 6, is determined by cos 6;y = — - IAc,'.

The integration of F(«, 8) can be calculated using the stationary phase method (Tsang
et al., 1985; Jin, 1994), that is

ikeikr _ A
B (1) = % By (T k) - Flan, o)1 (1.63)
= J dp' exp(iky - '), kg =k; —Kk; (1.64)
A

where oy, f, denote the stationary phase points, and / in Equation 1.64 is a random term
related to the rough surface.

The second-order moment of scattering fields consists of two components: coherent part
E,,(r) (mean-square) and incoherent part E(r) (variance):

(E.0)P) = [Eu(r) + (E(x)P) (1.65)
2 2
(e =S s e, o)+l Flao, )] IO (1.66)
2 2
BG) = SIE T B, o) + b Floo. )] - () - [0F) (1.67)

For a Gaussian rough surface, the random term is calculated as
D = JdXdeQLx — x[)(2Ly — |y]) - exp(—k},8%) = 47°A exp(—kz.8%)8 (kar) 8 (kay)

(1.68)
where 2L, - 2L, = A, and 8(kgy), 8(kgy) are the Dirac delta functions.



18 Polarimetric Scattering and SAR Information Retrieval

The coherent part |E,,(r)|*, however, only exists in the specular direction

Dy = (I1") = [(Df
=A de J dy{exp[—k2.8°(1 — C(r1))] — exp(—k3.8%) exp(ikawx + ikayy) (1.69)

For a Gaussian rough surface, it can be explicitly derived as

> (kg’zgz)m 2 (kzzix + kéy)éz 2 2
Dy = nAW;WE exp |- exp(—k;.6°) (1.70)
Finally, the bistatic scattering coefficient is written as
.o A (E(r)), . PP
ko ki) = ————T — e (k) v (koo ki), pyg = v (1.71)

B A cos ;| Eo|} T

where superscripts ¢, ic denote the coherent and incoherent parts, respectively, that is

L. 4m|Ry)
g (Ks, ki) = Si\np90| exp(—4k>8” cos” 6,)8(6; — 6:)8(¢s — #;)8pq (1.72)
. k2 )
Vg (ks ki) = mhﬁs - Fy(eo, By)|"D1 (1.73)

where R0 (p = v, h) is the Fresnel coefficient of flat surface at incident angle 6;, and Spp =1,
8yq(p # q) = 0. Further,

Ika|*
g (1.74)

AS~F (01 ,,3 2:%
|p q( 0 0)| k2|k[><ks|4kdz

Fow = |(hs - ki) (i - k) Ry + (0 - ki) (9 - k) Ry (1.75a)
Fon =105 k) (07 - ks)Rug + (hy - ki) (i - keg)Roe (1.75b)
Fon = s - ki) (i - k) Rug — (B - ki) (9; - ks) Ry (1.75¢)
P = 10 - Ta) (91 - k)Re = (b - ki) s - ) R (1.754)
where
o Ka/kak + kay [kad + 2 (1.76)

(1 + KoK+ Ky /)2
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Given k — oo, the bistatic scattering coefficient can be simplified to

y (]AC ]}.):Lﬁf p<@ kﬂ) (1.77)
pai cos@,-|fc,-><1Acs\4k2Z b4 ka:”  ka: '

Using Equation 1.50, the bistatic scattering coefficient of Equation 1.77 is written as

(1.78)

A |Ed|4 1 ex kfzix + k¢21\
costilk; x k|* ¢4 "1 282 C"(0)] P

ko, ki) = _
Vpalks: ki) 212.8%[C" (0)]

and the backscattering coefficient is calculated as

R(0)] ( tan? ; )
6) — o (o) — — IROF _ ( tan’6; 1.79
th( ) o2 ( ) COS4 9,232|C”(O)| Xp 232|C1/(O)| ( )

om(0i) = oun(6;) =0 (1.80)

where R(0) is the Fresnel coefficient of the flat surface at zero degree incidence. Note that
the term §%|C"(0)| is in fact the square of the average slope. In the case of a Gaussian corre-
lation function, we have |C"'(0)| = 2/%. Some of the terms related to wavenumber can be
expanded as

k3 = 2k*[1 + cos 6; cos O — sin ; sin 6, cos(¢, — ¢;)] (1.81)
k3, = k*(cos 6; + cos 6,)* (1.82)
|k; X ks|* = 1 — [cos 6; cos B — sin 6; sin 6, cos(p, — ¢;)] (1.83)

Likewise, the transmission coefficients under KA can be derived, for which readers are
referred to Tsang, Kong, and Shin (1985, p. 89).

1.3.4 Small-Perturbation Approximation

SPA, also referred to as the small-perturbation method (SPM), is valid when the roughness is
very small compared to the wavelength (Rice, 1963), that is, the root-mean-square height
8 < A and mean slope s is comparable to k5§, which can be represented by the following
inequalities (Chen and Fung, 1988):

kit <3, ks<03, s<0.3 (1.84)

From Huygens’ principle, Equation 1.53, let us expand the incident field E;, the scattered
field Ey, and the surface field E(r’) on a rough surface into a perturbation series of k&. The
zero-order term of the scattered field is the specular reflection of the plane surface. The first-
order term is the incoherent part of the rough-surface scattering. Higher orders corresponds
to multiple scatterings occurring on the rough surface. For detailed derivation of the SPA
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solution, readers are referred to the literature, such as Bass and Fuks (1979), Ulaby, Moore,
and Fung (1982), and Tsang, Kong, and Shin (1985).
The first-order SPA bistatic scattering coefficient can be written as

YSPAD (ky, ki) = 167k* cos® 6, cos 0:F g W (ks — ki) (1.85)

where W(|k,|) is the spectral function and

K-k

Fp = 2oy — b 1.86
" ‘(kzs + klzx)(kzi + klzi) co8 (¢S ¢l) ( )
KB -k 2

F,, = L K3k sin 0, sin 6;—k*ky.ok1z cos(dy—; 1.87
‘(k%kzv + kzklz.v)(k%kzi + kzklzi)[ e ) festle COS((P’ ¢ )] ( )

Kk (k2 — K :
Fhv - ‘ B lz2( ] ) Sinz((ps - ¢z) (188)

(klkzi +k klzi)(kzs + klzs)
kk (k3 — k>

Fo= |5l g g (1.89)

(k%kzs + kzklzs)(kzi + klzi)
For a Gaussian rough surface, it can be further expanded as
FUN 1
SPAI A 2 22 2 2
y1(>q ) (ks, ki) = 4k* cos? O, cos 6,82¢ g €XP <—dep£ ) (1.90)
ky, = kg, + kg, = k*[sin® 6, + sin” 6; — 2 sin 6 sin 6; cos(@, — ;)] (1.91)

While in the backscattering direction, it simplifies to

ki — kyil® 5
FB == 2 =R 1.92
Ol |Rnol (1.92)
2
s _ |k — ) (kK sin® 6; + Kki,) (1.93)
" (ke + Kk)?
Fy,=Fj, =0 (1.94)

where the superscript B denotes backscattering. Hence, the backscattering coefficient can be
written as

o\ SPAD — 167k* cos® 6;|Ryo|* W (2K sin 6;) (1.95)
2
(k2 — Ik*) (K3k* sin® 0; + K2k3.)

oSPAD — 167k* cos* 6;W (2k sin 6;) > —
(klkzi +k klzi)

(1.96)
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(SPAI) (SPAI)

o, ~=o, =0 (1.97)
For a Gaussian rough surface, this yields
o\ SPA — 4k*520% cos* 6;|Ryo|Pexp(—k>2 sin” 6;) (1.98)
2
ki — k) (ki ksin®6; + k*k7,
olSPAD — 44822 cos* 0; exp(—k>£2 sin” 6;) (i )2( ! 12 —Z E) (1.99)
(kikzi + k°kiz)
Note that the term |Rh0|2 is the horizontal-polarization Fresnel reflection coefficient.
Interestingly, the factor in GVEPAI can also be written as
. 2 2
K — k) (kK sin® 0; + K°k7 ki — k) T3, sin” 6;
( 1 )g 1 12 —;— lzz) — Rv0+( 1 2) vo 81N ' (1100)
(KPky + Kkiy) 2k7 cos? 6;

where R, and T, denote the vertically polarized Fresnel reflection coefficient and Fresnel

transmission coefficient, respectively.
(SPAI)

Clearly, the first-order SPA solution has no cross-polarization contribution: o, =+
a,(quAl), O'EZP Al (ip A = 0. However, GSPM), GSZPAz) # 0 for the second- or higher-order

solutions (Tsang, Kong, and Shin, 1985).

1.3.5 Two-Scale Approximation

In reality, natural surface roughness exists at different scales and therefore cannot be dealt
with by either the KA or SPA approach only. The two-scale approximation (TSA) approach
is a simple combination of KA and SPA (Wu and Fung, 1972; Jin, 1994). As illustrated in
Figure 1.7, the basic assumption for the TSA model is that there is small roughness riding on
top of a large fluctuation.

Based on the independent KA and SPA solutions, the TSA combines the two after corre-
sponding modifications. The KA scattering coefficient has to be modified to take into
account the dimming effect by small roughness. On the other hand, the SPA solution has to
be modified to take into account the local slope.

The TSA backscattering coefficient consists of two parts:

opp (ki) = i (ki) + (o5 (ki) (1.101)

N

A
=

Figure 1.7 Two-scale model: small-scale roughness riding on large-scale fluctuation
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The TSA bistatic coefficient is written as
Voo (ks ki) = Vi (ks ki) + (v (e, ki) (1.102)

The second term represents the ensemble average of the SPA solution over the distribution of
local slope caused by large-scale fluctuation, that is

o0 [o.¢]

Voo™ (st ki) = J déy J g, vy ™ (ke Kir)
—cot 6, —cot 0;
[1+ (& cos ¢; + &, sin ¢;)tan 6,]p(&,., &) (1.103)

where cot6; = cot6;/cos ¢;, cotd, = cot6;/sin ¢; is included to account for the self-
shadowing effect. Let ¢; =0, then the integration ranges of d§,,d§, become
(—cot 6;,00), (—00, 00), respectively. P(£,,&,) is the probability distribution function of
local slope (&, £, ), which is defined as

3 85

§v =50 = &:C0sdo +Esindy, &y =55 = £,05 ¢y — &;sin o (1.104)

Then, the local coordinates (X, 9, 2¢) relate to global coordinates (¥, 3, 2) as

/

Xe ailn app ap X
~ ~
Y = | dy1 day axa y (1105)
2 a3 axn  as Z
where

aj| = cos 0,cos¢,, ajy = —cos f,sin ¢p,,, a;3 = sinb,

axr = sin ¢na az = COS ¢n7 a23 =0

a3 = —sin6,cos ¢,,, azx, = sin6,sin ¢,,, azz = cos 6,

Furthermore, the local angles and local slopes are written as

COS 9,, = (l + %-)26/ + 55/)1/2 = (1 + Sf + %_3)1/23 tan ¢n = ‘s;:y’/gx’
& = (08/00)(0p'/0x') = tan 6, cos ¢,
&, = (08/00')(0p'/0Y') = tan 6, sin ¢,

Scattering from a randomly rough sea surface using an application of the TSA model can
be found in Huang and Jin (1995).

1.3.6 Integral Equation Method

In practice, the KA is often used in circumstances of high frequency and small incident
angle (<20°), while the SPA is suitable for cases where the frequency is low and the
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incident angle is large (20°-84°). The TSA combines the two types of scattering indepen-
dently and thus is still limited by their respective constraints. Fung (1994) developed the
integral equation method (IEM), which introduces a complementary field into the KA
framework and takes into account the scattering caused by rapid fluctuations. Most of
this book will employ the IEM solution to rough-surface scattering. Its validity condition is
written as

kS -kl < 1.24/& (1.106)

The Mueller matrix form of the IEM rough-surface scattering is written as (Fung, 1994)

(lSW|2> <‘Svh|2> Re(S,,Sy,) —Im(S,,S,)
(1Sm[*) (1m[*) Re (S Spn) —Im (8, S}4)
2Re(SwSy,) 2Re(SwSh,) Re(SuwSy, +SwSh,) Im(SS;, —SuwSy,)
2Im(S,,S;,) 2Im(S,sSs,) Im(S,,S}, +SwSy,) Re(SuSy, — SunSh,)

M(957¢s;n_9i7¢i) =

(1.107)
where
* k2 S n/n ynx W<n>(kd‘7kd)
<SPqus>:§exp [_62(k§1+k§s)] 2182 (Ipq]rs)+7 p7q7r7S:v7h (1108)
e
n n (k s)nF (_kxi;_k l)+<k i)nF (_kxsy_k s)
I = (kei+key)"f g exp(—87kikz) +——24 Y 5 S 22 (1.109)
The KA coefficients are
2R [5ind,sind, — (1-+cosicos6,)cos(, — ¢,)]
=————|sin6;sinf, — cosB;cosby)cos(p, — ¢;
" cosB; +cosb, b @
2R - -
fhh:~7h[Sineisinéx—(1—i—cos@icosex)cos(gos—goi)] (1.110)
cos6; +cos O
fiw=(Ry—Ry)sin(¢;—;), frn = (Rv— Ry)sin(g; — ¢y)
and the complementary field coefficients are
Fyy=—(cu, —qt,/e,)(tvca +uercr) + (v —ctyu, /q)cs
Fn=(cup — qty) (thea +upey) — (vﬁ —ctpity/q)c5
Fiy=(cu—qt/e,)(t/cs+ue /q)sq+ (u* —ctu/q)s*s,
Foo=(ct—qu)(u/cs+1q)sq+ (> — ctu/q)s>s,
n=(ct—qu)(u/c;+1q)sq+( /4)s°sa R

F), =—(cstty — gty /&) (tvca +uve,cy) + (t% —Cstylty/g)cs
Fiy, = (csun—qytn) (thea+uncy) — (1, — cstuitn/ q,)c5

Fj, =—(cst —qgu)(u/cs+1/q,)sa— (0 — cstu/q,)s7sa
Fyy=—(cu—qgt/e,)(t/cs+uer/q,)sa— (1 —ctu/q,)s354
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where the numerous symbols employed are defined as

s =sin6;, s;,=sinfy, s;=sin(p, — ;)
c=cosb;, c¢,=cosby, cg=cos(p, — ;)
q= &, — sin’0;, qS:\/er—sinZGX
Ca—SSs ,  Cq—SSs Sy —SCy
qcs a= g,c QTS TR T (1.112)
tv=1+R,, t,=14R;,, t=14+(R,—Ry)/2

u,=1-R,, uy,=1-R;,, u=1—(R,—R;)/2

kx:ksinéicosgai, ky:ksiné,-singoi7 kZ:kcosél-

Cc1 =

ksx=ksinfscos @, ks =ksinbgsing,, ks =kcosd

For rough-surface transmission, the Mueller matrix M(6,, ¢,; w — 6;, ¢;) has exactly the
same form as for scattering but with its elements replaced by (Fung, 1994)
ki W (k1 gy, k1ay)

(S)ySE,) :é exp[— 8 (k% +K2)] 232" (" )

pq VV nl ) Pa%",sz\%h (1113)

(_kzt)nFlpq(_kxiy _kyi) + (kzi)nFlpq(_kxh _kyl)

1, = (ks ket )" f 1 exp(— 8 heihr) + 5 (1.114)
fzv = Au, + Bt,, f;’lh = —Bt, —Auyy,
fw=Cu+tsst, fi,=su+Ct (1.115)

F' = —(cu, —qt,/e)(tvcy + A1) — (V2 — ctyu, /q)As
F;:h = (cu;, — qlh)(thf + u;,Al)m/S, + (V% — Cthuh/q)Azm/sr

(cu—qt/e,)(um/q—1t/ci)sy — (0 — ctu/q)s>sy /m
Fly, = (ct—qu)(tm/q—t/c,)spm /e, — (£ — ctu/q)s>ss /m
"= —(qu, —cimt, /&) (ticr + u,AL) — (i /q, — tyuy, /m)AS (1.116)
Fiy = (quun — comty) (tncy +upAL )m /e, + (et /q, — titn /m)mA, '
Fit, = (qit — comu)(t/q, —u/c)s /m~+ (cmu’ /q, — tu)yms; sy
Ftvth = (qu—cmtfe,)(u/q, — t/C)Sf + (Ctmtz/‘]t - tu)stzsf

B
<3
<

I

e}
|

and

s =sinf;, s,=sin6,, sy =sing,, c=cosb;, c¢;=cosb;, Cr =Cos g,
m =.\/¢, q,= V' 1—¢,sin%6,
A =(c+SZ)cr+sr5Zy, B=cicr+Zys,

C =csp(c+SZy) +Zy(sic — scicy)
_msG s T msisy

N

me;—c Y me,—c (1.117)
5:8 — mc s(s; —scr/m ms;s —c s:(s — s;,cem
A1:I fv Ay = (s f/ ), At]: : f’ Atzzt( L )
cmey C q:¢ ¢

t, —1—|—RV7 th=14+Ry, t—1+(R Rh)/2
I/lv—l v, uh—l—Rh, l/l—l—(R Rh)/2

k, = ksin®; cosg;, ky = ksin®; sing;, k; = kcosb;

kix —km51n0,cos<p,, k,‘—kmsmetsm(p,, ksz—kmcose,
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1.3.7 Tilted Surface or Oriented Object

A rough surface may be tilted as a result of topographic fluctuation. Terrain objects or build-
ing surfaces may have different orientations in common global coordinates. Thus, a general
method of coordinate conversion would be useful in adapting canonical scattering models for
a tilted surface or oriented object.

As shown in Figure 1.8, the orientation of local coordinates (3',3',7) is defined by three
Euler angles «, 8, y (Tsang, Kong, and Shin, 1985; Jin, 1994). Through three steps of rota-
tion, (¥',3,7’) can be aligned with the global coordinates (%, 9, 2): that is, first rotate along 2’
by angle o so that ' is located in the xoy plane (' becomes 3”); then rotate along z’ by angle
B so that 3 is overlapped with Z; finally, rotate along Z by angle y so that 3" is overlapped
with ¥, so do the other two axes.

The coordinate conversion can be expressed in matrix form as

[y Z]'=T-[x y ]

T11 = cos ycos Bcosa — sin y sin«,

T, = —sinycos Bcosa —cosysinw, Ti3 = sinfcosw (1.118)
T,1 = cos y cos Bsina + sin y cos «,

Ty = —sinycos Bsina +cosycosa, T,r3 =sinpBsina

T3 = —cosysin B, Tz =sinysing, Ti3 =cosp

If the scatterer has rotational symmetry along ', without loss of generality let &« = 0 and it is
simplified to
cosycosB —sinycosf sinp
T= sin y cos y 0 (1.119)
—cosysinf sinysinf cospf

Zho'h'= A £207'= B
Zy'oy'=«a
Zyoy'=y

Zy'oz'=n/2

k Zzok=6
ZXxoc= ¢

Figure 1.8 Global coordinates and local coordinates
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In addition, the wave propagation vector (6, ¢) defined in (&,7,2) and the vector k(¢', ¢')
defined in (¥',3’,7’) has the following conversion:

6 = cos™!'(—sin 6 cos ¢ sin Bcos y + sin @ sin ¢ sin y sin B + cos 6 cos B)
cos ¢'sin & = sin 6 cos @ cos B cos y — sin @ sin ¢ cos Bsin y + cos § sin B (1.120)
sgn(¢’) = sgn(sin O cos ¢ sin y + sin O sin ¢ cos y)

Note that the polarization basis defined in two coordinate systems also differs by a certain
angle A. Here, it is defined as the angle required to rotate (¥, 3 ) clockwise (as seen from the
k direction) to (v, h), that is

#)-(kx2) cosp—cosfcost
|2 x k||z x k| =  sin@sind (1.121)
sgn(A) = sgn[(A' x h) - k] = sgn[sin(¢ + y)]

cosA=1h -h=

Now we can conclude the coordinate conversions of the scattermg matrix S(6;, ¢, 6;, ¢;),
S'(0,,¢,:0;,¢,) and the Mueller matrix M(6,, ;6;,¢,), M (€', ¢ ;0'1,¢,):

-1

§(933§0x;9i7¢i) = U(AS) : §(9/S7(p/s;9/iv(p/i) U (Al) (1122)
M(Gsﬂps%@ia%) = U4><4(A5) ’W(e/ﬂga/m 17()0 ) U4><4(A) (1123)

where the polarization basis rotation matrix is given as (Xu and Jin, 2006)

— cosA  sinA
Ud) = [—sinA cosA] (1.124)
cos? A sin?A lsin 2A 0
1
— .2 .
U, ,(A) = | sin A cos?A —ism2A 0 (1.125)

—sin2A  sin2A cos 2A 0
0 0 0

—

With the above equations, we can always calculate the new scattering matrix and Mueller
matrix of a scatterer after being rotated to a new orientation.
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