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The main requirement for this book is the basic knowledge of calculus
and statistics as covered by most undergraduate courses in engineering and
science subjects. However, we will provide a brief review of mathematical
foundations in the first few chapters so as to help readers to refresh some of
the most important concepts.

Most mathemaiical models in physics, chemisiry, biology and many other
applicaiions are formulated in terms of differential equations. If the variables
or quantities (such as velocity, temperature, pressure) change with other in-
dependent variables such as spatial coordinates and time, their relationship
can in general be written as a differential equation or even a set of differential
eguations.
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4 CHAPTER 1. DIFFERENTIAL EQUATIONS

1.1 ORDINARY DIFFERENTIAL EQUATIONS

An ordinary differential equaiion (ODE) is a relationship befween a function
y{z) of an independent variable x and its derivatives ¥, %7, ..., ¥*®). Tt can
be written in a generic form

‘I’(it:,y,y’r,y”}‘._,y[n)) =0, (11}

where ¥ is a function of z,%, ..., and y™. The solution of the equation is
a function y = f{x), satisfving the equation for all z in a given domain €.
The order of the differential equation is equal to the order % of the highesi
dertvative in the equation. Thus, the so-called Riccati equation

v +al@)y® + b(z)y = c(z), (1.2)
is a first-order ODE, and the following equation of Euler-type
229" + a1y + aoy = 0, (1.3)

is a second order. The degree of an equaiion is defined as the power to which
the highest derivative occurs. Therefore, both the Riccati equation and the
Euler equation are of the first degree.

An equation is called linear if it can be arranged into the form

an ()™ + ... + ar(@)y + ao(zly = dle), (1.4)

where all the coeflicients depend on x ouly, not on y or any of its derivatives.
If any of the coefficients ig a function of ¥ or any of its derivatives, then the
equation is nonlinear. If the right-hand side is zero or @(z} = 0, the equation
is homogeneous. It is called nonhomogeneous if ¢(xz) #£ 0.

To find a soluiion of an ordinary differential equaiion is not always easy,
and it is usually very complicated for nonlinear equations. Even for linear
equations, solutions can be found in a straightforward way for only a few
simple cases. The solution of a differential equation generally falls into three
types: closed form, series form and integral form. A closed form solution is the
tvpe of solution that can be expressed in terims of elementary functions and
some arbitrary constants. Series solutions are the ones that can be expressed
in terms of a series when a closed form is not possible for certain types of
equations. The integral form of solutions or quadrature is sometimes the
only form of solution that is possible. If all these forms are not possible, the
alternatives are to use approximate and numerical solutions.
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1.1.1 First-Order ODEs

1111 Linear ODEs A first-order linear differential equation can generally

be written as
¥ +alz)y = ¥z}, (1.5)

where a{r) and b{zx) are the known functions of . Multiplying both sides of
the equation by exp| f a{z)dz], calied the integrating factor, we have

yrelf a(z)dz + a(;c)ye-r afzyde __ b(a‘:)ef a(m}dm‘ (16)
which can be written as
[yef a(a:)rim]r _ b(:t:)ef a{z)dz (1_7)

By simple integration, we have
yel oleids /b(:z:}ef az)zgy 4 O, (1.8}
S0 its solution becomes
y(z) = e—fa(z)dmfbix)ef al@ide gy, 4 (e aled (1.9)
where C is an integration constant.

B EXAMPLE 1.1

T i

For example, from ¢'{z) —y{z) = e¢%, we have a{z) = ~land b =%,

so the solution is

y('z:) =e—f(—1)d$fe—:vef{—1)d$ +Ce-—f{-—1)dx

=e° fe_zwdz +Ce” = ——;—e_w + Ce”. (1.10)

1.1.1.2 WNonlinear ODEs For some nonlinear first-order ordinary differential
equations, sometimes a transform or change of variables can convert it into
the standard first-order linear equation {1.5). This is better demonstrated by
an example.

The Bernoulli’s equation can be writfen in the generic form

v +ple)y =gz, n#EL (L11)

In the case of » = 1, it reduces io a standard first-order linear ordinary
differential equation. By dividing both sides by y™ and using the change of
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variables ) ,
wr)=—, o= d-my _:)y, (1.12)
¥
we have
w' + (1= n)p(ziu = (1 - njg(z), (1.13)

which is a standard first-order linear differential equation whose general solu-
tion is given earlier in (1.9).

B EXAMPLE 1.2

In the simpler case when p(z} = 2z, g(z) = —1 and n = 2, we have
w —2¢u=1 '{,z(:.z“)—i
’ ylz)

For the initial condition {0} = 1, we have 2{0) = 1. Using solution
{1.9), we have

[
w(z) = %e”zerf(:z) + Ae™,
where A is the integration constant to be determined.

If we further set «{0) = 1 as an initial condition, we have A = 1.
Thus, the solution for y(z) becomes

2e—"

YD) = i) 1)

In general, such transformations are not always possible.

1.1.2 Higher-Order ODEs

Higher-order ODEs are more complicated to selve even for the linear equa-
tions. For the special case of higher-order ODEs where all the coeflicients
Ty ony 31, Gy AFE CONRstanis,

apy™ + -y + a0y = f(2), (1.14)

its general solution y(z) consists of two parts: a complementary function y.{z)
and a particular integral or particular solution y7{z). We have

yz) = yelz) + yp (@), (115}

The complementary function which is the sclution of the linear homoge-
neous equation with constant cocflicients can be written in a generic form

(r}

anyy" + an_lyg“_” +otay+a=0 {1.16}
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Assuming y = Ae* where A is a constani, we get the charaeteristic equation
as a polynomial

an)\”+an_1/\(“_1) +---4aAta=0, (117)

which has n roots in the general case. Then, the solution can be expressed as
the summation of various terms y{x) =3 ;_, cxe*® if the polynomial has n
distinct zeros Ap,...A,. For complex roots, and complex roots always cccur in
pairs A = r & iw, the corresponding linearly independent terms can then be
replaced by e[ A4 cos(wz) + Bsin(wz)].

The particular solution y;{r) is any y{z) that satisfies the original inho-
mogeneous equation {1.14). Depending on the form of the function f{z), the
particular solutions can take various forms. For most of the combinations of
basic functions such as sinz, cosx, €, and 2", the method of the undeter-
mined coefficients is widely nsed. For f{x) = sin{az) or cos{az), then we can
try y, = Asinax + Bsinar. We then substitute it into the original equation
{1.14) so that the coefficients A and B can be determined. For a polynomial
flz) = &" where n = 0,1,2,....,N, we then try g = A+ Bz + ... + Qa"
(polynomial). For f{z) = e**z”, we can try 4y = (A+ Bz + ..Qx")e*.
Similarly, for f{z) = *sinax or f(z) = " cosaz, we can use y} =
eb*(Asinaz + Beosar). More general cases and their particular solutions
can be found in various texthooks.

A very useful technique is to use the method of differential operator D. A
differential operator D is defined as

(1.18)

Since we know that De™ = Ae*® and D%e™ = \?e**| 50 they are equivalent
to D — A, and D" — A*. Thus, any polynomial P(D)} will map to a corre-
sponding F{A). On the other hand, integral operator D~1 = f dxz 18 just the
inverse of differentiation. The beauty of the differential operator form is that
one can factorize it in the same as for a polynomial, then solve each factor
separately. The differential operaior is very useful in finding out both the
complementary functions and particular integral. This method also works for
sin , cos 7, sinh & and others, and this is because they are related to e'* via
sinf = L{e” — ¢7%) and coshz = (¥ + ¢7?}/2.

Higher-order differential equations can conveniently be written as a system
of differential equations. In fact, an nth-order linear equation can always
be written as a linear systein of » first-order differential equations. A linear
system of ODEs is meore suitable for mathernatical analysis and numerical
integration.



8 CHAPTER 1. DIFFERENTIAL EQUATIONS

1.1.3 Linear System

For an nth order linear equation {(1.16}, it can always be written as a linear
system

dy dyn dfn—1 _
dﬂ? =%, de‘ =Yr. oy d.’E = ¥Yn—1,
—a. {21 = n_1{X)Yn_1 + ... + 21 (E)gn + ao{@)y + B(z), {1.18)

which is a system for w = [y 1 %2 .. Ya_1]”- If the independent variable x
does not appear explicitly in z;, then the sysiem iz said to be antonomous
with important properiies. For simplicity and in keeping with the convention,
we use I = ¢ and & = du/df in our following discussion. A general linear
system of nth order can be written as

(31 @11 612 - Glay
o go1 @2z ... oy tig
=1 . . . . (1.20)
ﬁn p1  dnpo tnn L
or
it = Au. {1.21)
If we u = vexp(At), then this becomes an eigenvalue problem,
(A - Mjv=0, {(1.22)
which will have non-null solution only if
det{A — AL} = 0. (1.23)

1.1.4 Sturm-Liouville Equation

One of the commonly used second-order ordinary differential equations is the
Sturm-Liouville eguation in the interval z € [a, 8]

d d
—[p@ 5] + a@y + M =0, (1.24)
with the boundary conditions
yle) +ay'(e) =0,  y(b) + 8y (b) =0, {1.25)

where the known function p{z} is differentiable, and the known functions
g(z),r{z) are continuous. The parameter A to be determined can only take
certain values A, called the eigenvalues, if the problem has solutions. For the
obvious reason, this problem is called Sturm-Liouville eigenvalue problem.



1.1 ORDINARY DIFFERENTIAL EQUATIONS 9

Someiimes, it is possible to transform a nonlinear equation into a standard
Sturm-Liounville equation, and this is better demonstrated by an example.

H EXAMPLE 1.3
The Riccati equation can be written in the generic form

¥ =p(z) + q(z)y +riz)y®,  r(z) #0.

If r{z) = 0, then it reduces to a first-order linear ODE. By using the
transform

LGN
or
we have

u” — Pz’ + Q{z)u =0,
where P(z) = —r'(z)/r(z) + g(z} and Q{z) = r(z)p{z).

For each eigenvalue A, there is a corresponding solution #y , , called an eigen-
function. The Sturm-Liouville theory states that for two different eigenvalues
A # A, their eigenfunciions are orthogonal. That is

b i
f U, (@)r, (@)r(@)ds = 0, or / . (@) (2)r(@)dx = Gyom,

where dimy = 1 if m = n, otherwise §,,,, = 0if m £ n. K is possible to arrange
the eigenvalues in an increasing order

M <A << Ay <o =00,

Now let us study a real-world problem using differential equations. Many
fluid flow problems are related to flow through a pipe, including the water
flow through a pipe, oil in an cil pipeline. Let us look at the Poiseuille flow
in a cylindrical pipe.

B EXAMPLE 1.4

The laminar flow of a viscous fluid through a pipe with a radius r = @
is under a constant pressure gradient (see Fig. 1.1)

Vp=AP/L=(P,~ P)/L,

where F; and P, (< P;) are the pressures at inlet and outlet, respectively.
I is the length of the pipe. The drag force is balanced by pressure
change, and this leads to the following second-order ordinary differential
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pressurre gradient (Vp)

T = P
_b /
. ow (Q)
UV t
— 1
— \
[ S

Figure 1.1 Flow through a pipe under pressure gradient.

equation

AP . 14d [rdv(r)
r el ar I
where 1 is the viscosity of the fluid. This equation implies that the flow

veloeity v is not uniform, it varies with r. Integrating the above equation
twice, we have

AP
v(r) = -—-—nr + Alnr+ B,

where 4 and B are integrating constants. The velocity must be finite at
r = 0, which means that A = (0. The no-slip boundary v =0 at r = a
requires that

AP

4La+B 0.

Thus, the velocity profile is

AP

o) = g (e =)

Now the total flow rate ¢ down the pipe is given by integrating the flow
over the whole cross section. We have

Q= fo Zarv{ridr = TAP/ (a%r — PYdr = — ﬂgif (1.26)

Here the negative sign means the flow down the pressure gradient.

We can see that the flow rate is proportional to the pressure gradient, inversely
proporticnal to the viscosity. Double the radius of the pipe, and the flow rate
will increase to 16 times.

1.2 PARTIAL DIFFERENTIAL EQUATIONS

Partial differential equations are much more complicated compared with or-
dinary differential equations. There is no universal solution technigue for
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nonlinear equations, even numerical simulations are nsually not straightfor-
ward. Thus, we will mainly focus on the linear partial differential equations
and equations of special interest.

A partial differential equation (PDE) is a relationship containing at least
one partial derivative. Similar io the ordinary differential equation, the high-
est nih partial derivative is referred te as the order n of the partial differential
equation. The general form of a partial differential equation can be written

as
2 2
¢(u,ﬂr?y=- Bu ou ' G%u O )=0- (1.27)

where u is the dependent variable, and x,y, ... are the independent variables.
A simple example of partial differential equations is the linear first-order
partial differential equation, which can be written as

) 5 + b5 = o) (1.29)
for two independent variables and one dependent variable . If the righi-hand
side is zero or simply f{x,%) = 0, then the equation is said to be homogeneons.
The equation is said to be linear if a, b and f are functions of z, y only, not u
itself.

For simplicity in notation in the studies of PDEs, compact subscript forms
are often used in the literature. They are

_ _ du _ _ Bu _ O %
’U;:&;U: %’ %=8yu=3—y, U'a;x:@, Ugy = ng’ (129)

and thus we can write {1.28) as

Gtig +buy = £ {(1.30)

1.2.1 First-Order PDEs

A first-order linear partial differential equation can be written as

a(:a:, y)uff + b(SL‘, y]”y = f(xs y)% (1‘31)

which can be solved using the method of characteristics in terms of a param-
eter s d d
T dy _
ds " ds
which essentially forms a system of first-order ordinary differential equations.
The simplest example of first-order linear partial differential equations is the
first-order hyperbolic equation

du
b = =1 (1.32)

g + cug = 0, (1.33)
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where ¢ i3 a constant. It has a general solution
u =Pz — ot), (1.34)

which is a travelling wave along the z-axis with a consiant speed c. If the
initial shape is u{z, 0} = ¥(x), then ulx, £) = ¢(x— et} at time ¢, therefore the
shape of the wave does not change with time though it position is constantly
changing.

1.2.2 Classification of Second-QOrder PDEs

A linear second-order partial differential equation can be written in the generic
form in terms of two independent variables © and v,

Uy + Dligy + Cliyy + g, + huy + kv = f, (1.35}

where a,b,¢,g, b,k and f are functions of x and y only. If fiz,y, 1) is also a
function of «, then we say that this equation is quasi-linear.

If A = 5 — dac < 0, the equation is elliptic. One famous example is the
Laplace equation @, + tiyy = 0.

If A > 0, it is hyperbolic. A good example is the wave equation wy = %ty

If A =0, it is parabolic. Diffusion and heat conduction are of the parabolic
type v = Allgg.

1.3 CLASSIC MATHEMATICAL MODELS

Three types of classic partial differential equations ave widely used and they
cceur 1n a vast range of applications. In fact, almost all books or studies on
partial differential equationsg will have to deal with these three types of basic
partial differential equations.

Laplace’s and Poisson’s Equation: In heat transfer problems, the steady
state of heat conduciicn with a source is governed by the Poisson equation

kvzu = f(:;;: Y, t)? {;E! y) € fZ, (136)

or
Ugz + Uyy = ¢lz, 4, E), (1.37)

for two independent variables & and y. Here %k is thermal diffusivity and
Flz,y,t) is the heat source.  is the domain of interest, usually a physical
region. If there is no heat source (¢ = f/x = 0), it becomes the Laplace
equation. The solution of a function is said to be harmonic if it satisfies
Laplace’s equation.

In order to determine the temperature « completely, the appropriate bound-
ary conditions are needed. A simple boundary condition is to specify the tem-
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perature . = up on the boundary #}. This type of problem is the Dirichlet
problem.

On the other hand, if the temperature is not known, but the gradient du/dn
is known on the boundary where n is the outward-pointing unit normal, this
forms the Neumann prablem. Furthermore, some problems may have a mixed
type of boundary conditions in the combination of

Ju
mﬁ'ﬁ% =

which naturally occurs as a radiation or cooling boundary condition.
Parabolic Eguation: Time-dependent problems, such as diffusion and tran-
sient. heat conduction, are governed by the parabolic equation

g = kttg. (1.38)

Wiitten in the n-dimensional case &y = 2,29 = ¥, %3 = 2,..,, it can be ex-
tended to the reaction-diffusion equation

ue = EV2u+ Flu, 1,0 Bny ). (1.39)

Wave Eguation: The vibration of strings and travelling seismic waves are
governed by the hyperbolic wave equation.
The 1D wave equation in its simplest form is

U = U, (1.40)

where ¢ is the velocity of the wave. Using a transformation of the pair of
mdependent variables
£ =x+d, (1.41)

and
n=1x—c, (1.42)

for t > 0 and —oo < & < 00, the wave equation can be written as
Uen = 0. (1.43)
Integrating twice and substituting back in terms of x and ¢, we have
uwiz,t) = f{e + ) + glz — o), (1.44}

where f and g ave functions of =z + cf and = — f, respectively. We can see
that the solution is composed of two independent waves. One wave moves to
the right and one travels to the left at the same constant speed c.
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1.4 OTHER MATHEMATICAL MODELS

We have shown examples of the three major equations of second-order linear
partial differeniial equations. There are other equations that occur frequently
in engineering and science. We will give a brief description of some of these
equations.

Elastic Wave Equation: A wave in an elastic isotropic homogeneous solid

is governed by the following equation in terms of displacement u,
8u 5
poz = AV Ut A+ uV(V-u)+f, (1.45)

where p is density, A and p are Lamé constants, and f iz body force. Such
an equaiion can describe two types of wave: transverse wave (S wave) and
longitudinal or dilatational wave (P wave). The speed of the longitudinal

wave is
vp =V (A +2u}/p, (1.46)

and the transverse wave has the speed

vs = 1/ p. (1.47)

Reaction-Diffusion Equaiion: The reaction-diffusion equaiion is an exten-
sion of heat conduction with a source f

uy = DV + fz,y, 2,u), (1.48)

where D is the diffusion coefficient and f is the reaction rate. One example
is the combustion equaiion

e = Dugy + Que™ ™™, {1.49)

where ¢ and A are constants.

Navier-Stokes Equotions: The Navier-Stokes equations for incompressible
tlow in the absence of body forces can be written, in terms of the velocity u
and the pressure p, as

Vou=10, plu + (u- Viu] = uV%a — Vp, {1.50)

where p and p are the density of the fluid and its viscosity, respectively. In
compuiational fluid dynamics, most simulations are mainly related to these
equations. We can define the Reynolds number as Re = pl/ L/ where U is
the typical velocity and L is the length scale.

In the limit of Re <« 1, we have the Stokes flow governed by

#V:u = Vp. (1.51)
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In the other limit of Re > 1, we have the inviscous Aow
V. .u=0, plas + (u- Viul = —Vp, (1.52)

where there is siill a nonlinear term {u- Vju.
Groundwater Flow: The general equation for three-dimensional groundwa-
ter flow is 8 i 5
£ 2 o
Se = =-Vp—-85,B , 1.53
& 5t 7 F ¥ ] 51 + Q ( )
where ¢ = a5 /3 is the mean sivess, p is the pore water pressure, and
is source or sink term. S, is the specific storage coefficient and B is the
Skempton constant. k is the permeability of the porous medinm and j is the
viscosity of waier. This can be considered as the inhomogeneouns diffusion
equation for pore pressure.

1.5 SOLUTION TECHNIQUES

Each type of equation usually requires differeni solution techiniques. However,
there are some methods that work for most of the linearly partial differen-
tial equations with appropriate boundary conditions on a regular domain.
These methods include separation of variables, method of series expansion
and transform methods such as the Laplace and Fourier transiorms.

1.5.1 Separation of Variables

The separation of variables attempts a solution of the form
u =X ()Y (y)Z(2)T(2), (1.54)

where X (x}, Yy}, Z(z), T{t) are functions of z,y, 2, {, respectively. By deter-
mining these functions that satisfy the pastial differential eguation and the
required boundary conditions in terms of eigenvalue problems, the solution of
the original problem is then obtained.

As a classic example, we now try to solve the 1D heat conduction eguation
in the domain z € [0, L] and t > ©

Uy = Kligg, (155)

with the initial value and boundary conditions

Hulx,t)

u{0,£) =0, Fra

=0,  ulz,0} = 4(x). (1.56)
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Letting u{x, £y = X(#}T(2), we have

X"(z) _ T'(%)
~ =T (1.57)

Ag the left-hand side depends only on z and the right-hand side only depends
on £, therefore, both sides mnst be equal to the same constant, and the con-
stant can be assumed to be —A2. The negative sign is just for convenience
because we will see below that the finiteness of the solution T'(¢) requires that
eigenvalues A2 > 0 or A are real. Hence, we now get two ordinary differential
equations

X"y + 22X {x) =0, T+ kX2 T(t) =0, (1.58)

where X is the eigenvalue. The solution for T'{t) is
T = Ape %, {1.59)
The basic solution for X (z) is simply
X{x) = acos Ax + Fsin de. {1.60)
So the fundamental solution for u is
u(z,t) = {crcos Az + Bsin Az)e~> {(1.61)

where we hiave absorbed the coefficient 4,, into & and 3 because they are the
undetermined coefficients anyway. As the value of A varies with the boundary
conditions, it forms an eigenvalue problem. The general solution for v should
be derived by superposing solutions of {1.61), and we now have

u= Z X, T, = Z(o:n 08 A + B 80 Ap)e™ Rt (1.62)

=1 =1

From the boundary condition u(0,t) = 0 at z = 0, we have

0= ane M, (1.63)

n=1I

which leads to @, = 0 since exp(—A%kf) > 0.

Fu _ .
From 52 T 0, we have

Ancos i, L =0, {1.64)

which requires
_(@n—=1lj=

AnL ,
' 2

(n=1,2,.) (1.65)
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Therefore, A cannot be continucus, and it only takes an infinite number of
discrete values, called eigenvalues.

Each eigenvalue A = A, = %ﬁ, {n =1,2,...) has a corresponding eigen-
function X, = sin{A,z). Substituting into the solution for T'{t), we have

Cqyp1Z
Fn—1jm ki

Tult) = Ape™ ai? (1.66)

By expanding the initial condition into a Fourier series 80 as to determine the
coefficients, we have

?A(T) f) = Z ren (—'"-'—'—(271 _-Ll)ﬂ—x) _1€2ﬂ2_1.1 ngkf’,

fa = %/: W(zx)sin [(_Q?E_;Tl)_{f]dx_ (1.67)

B EXAMPLE 1.5

In the gpecial eagse when initial condition u#{x,t = 0) = ¢ = uy is con-
stant, the requirement for v = ug at £ = (0 becomes

g = Zﬁ‘n sin Qn;% {1.68)

=1

Using the orthogonal relationships

L

. MAT | NxT

sin sin —dx = 0, m#n,
a L L

and
f (sin —)2d % (n=1,2 .3}

and multiplying both sides of Eq.(1.68) by sin[(2n — 1jaz/2L], we have
the integration

H E o (@n—1xz Qug L
5n§ —j; 8in TUO@ = m: (n=1,2,..),

which leads to
B = 75— n=12..,
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and thus the solution becomes

Ay 1 _fmmvix?he o (2n— Vma
= — —_—e L2 N ——————. 1.69
“= ; (2n — 1)( ! = 2L (1.69)

This solution is essentially the same as the classical heat conduction problem
diseussed by Carslaw and Jaeger in 1959. This same solution can also be
obtained using the Fourier series of up in 0 < 2 < L.

1.5.2 Laplace Transform

The integral transform can reduce the number of the independent variables.
For the 1D time-dependent case, it transforms a partial differential equation
into an ordinary differential equation. By solving the ordinary differential
equation and inverting it back, we can obtain the solution for the original
partial differential equation. As an example, we now solve the heat conduciion
problem over a semi-infinite interval [G, oo),

Wy = kltgz, wlx, 0) =0, u(0,1} =Tp. (1.70}

B EXAMPLE 1.6

Let @{z, s} = ff u{z, )e~**dt be the Laplace transiorm of u(z,1), then
Eq.{1.70) becomes

d?a ~ T
& s

st =k
which is an ordinary differential equation whose general solution can be

written as
G= Ae VE® + BeVi®,

The finiteness of the solution as z — oo requires that B = 0, and the
boundary condition at z = 0 leads to

= &e_\/%”‘
F
By using the inverse Laplace transform, we have

3= T@erfc(ﬁ),

where erfc({z) is the complementary error function.

The Fourier transform works in a similar manner to the Laplace transform.
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1.5.3 Similarity Solution
Sometimes, the diffusion equation
Hy = Kitzp, {(1.71)

can be solved by using ihe so-called similarity meihod by defining a similar
variahble

2
x x
=—, or = —. 1.72
n== (== (1.72)
One can assume that the solution to the equation has the form
@ mz
w=(kt)f [W] (1.73)

By substituting it into the diffusion equation, the coefficients o and 3 can be
determined. For most applications, one can assume o = 0 so that « = f{{).
In this case, we have

4¢u” 4+ 2 + (Bt = 0, (1.74)
where &' = du/d{. In deriving this equation, we have used the chain rules of
differentiations

2 _bx o _ 0K
gz~ B8Oz’ Bt Aot
Since the original equaiion does not have time-dependent terms explicitly,

this means that all the exponents for any #-terms must be zero. Therefore,
we have

(1.75)

8=1 (1.76)
Now, the diffusion equation becomes
" _ 1 C '
Q) =—(3+3)1" (L.77)
Using {in f'Y = f/f’ and integrating the above equation once, we get
K S_C-/ 4
= 1.78
e (1.78)
Integrating it again and using the substitution ¢ = 4£2, we obtain
g z T
u=A] e*dt=Cerf{—=—)+D, 1.79
| e = cat( ) (1.79)

where C' and D are constants that can be determined from appropriate bound-
ary conditions.
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For the same problem ag (1.70}, the bonndary condition as r — oc implies
that £ + D =, while «{0,¢) = T means that D = —C = Tj. Therefore, we
finally have

u="Th [1 - erf(‘/%)] = Tgerfc(\/%).

1.54 Change of Variables

In some cases, the partial differential equation cannot be written in any stan-
dard form; however, it can be converted into a known standard equation by
a change of variables. For example, the following simple reaction-diffusion
equation

o &y

— =k— — au, 1.80

&t Ax? (1.80)

describes the heat conduciion along a wire with a heat loss term —aw. Carslaw
and Jaeger show that it can be transforined into a standard egnation of heat
conduction using the following change of variables

4= ve” ™, {1.81)

where v is the new variable. By simple differentiations, we have

du B _,, cwt OV Fu v,
_:_'(}’_, ah at __:_'Ct ]_.
g ot v gt T e gET gt o U8
we have s 92 5
' _ YU e _ i o Vo—at
i ae — = ka-&-:—j —ou = k@e —ae, (1.83)
R
which becomes 5 g2
T —at v — et
i =k— . 1.54
5" 822" (1.84)
After dividing both sides by e~ %% > 0, we have
dv v
o _pd 1.85
9t &2 { )

which is the standard heai conduction equation for v.

For given initial {usually constant} and boundary conditions (usually zero),
we can use all the techniques for solving the standard equation to get solutions,
However, for some boundary conditions such as # = up, a more elaborate form
of change of variables is needed. Crank introduced Danckweris’s method by
using the following transform

i
u= o:[ ve~*Tdr + ve ™. (1.86)
o
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Noting that 2% = ave ™ — ave™* + e~ it is straightforward to show

u u

For the boundary condition % = wug, we have v = vy = wup, and this is because
&

1= Uy = vy [ e dr +upe T =y —wpe” " g™ =y, (1.88)
0

which is the same boundary condition as that for u.

There are other important methods for solving paréial differential equa-
tions. These include Green’s function, series methods, asymptotic methods,
approximate methods, perturbation methods and naturally the numerical
methods.

EXERCISES

1.1 The so-called Coriolis force or effect exists in a rotational system, which
makes the falling ohject lands slightly to the east (without considering air
resistance). Assuimme the falling height is A, estimate the distance deviation
to the east due to this Coriolis acceleration & = 2w where w is the angular
velocity of the Earth’s rotation and v is its falling velocity.

1.2 Find the general solution " —y = 0 for x > 0.

1.3 The governing equation for the damped simple harmonic motion can be
written as a general second-order ordinary differential equation

i + 2nwelt + wiv = 0,

where wy ig the so-called undamped frequency, and # is called damping coef-
ficienit. Show that n > 1 and 1 < 1 will lead to different characteristics in the
systeri.

1.4 The Laplace equation is ofien written as Au = 0 oz % + %“ =10
in 2D case. Define a polar coordinate system (r, #} so that z = reos# and
y = rsind, and then write the Laplace equation in the polar coordinates.

1.5 The FitzHugh-Nagumo equation occurs in many applications such as
biclogy, genetics and heat transfers. In the 1D case, it can be written as

Bu  Fu

Ezg&a-l-u(u—l)(f\—u),

where A is a constant. Show that this equation supports a traveling wave
solution
(1) = Aexpim) + AB exp{nz}
7 Aexplm) + Bexp(ne) + K
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where 1 N N
& T
m = ——,\)t:t—, :A(——l)ti—w,
Th (2 /2 12 5 \/5
and A, B and K are arbitrary constants.

1.6 The Klein-Gordon equaiion %‘f = (12%% — bu occurs in gquantum field

theory and other applications. Verily that u(z,t} = sin(Az)[4 cos{wi) +
Bsin(wt)] is a solution if b = —a2A? + w2, If u(z,t) = exp{EAz)[A cos(wi) +
Bin{wt)] is also a solution, what is the relationship between a, b, A and w.

1.7 In many applications, pariial differential equations can be rewritten in
other forms so that they can be linked with other well-known equations. For
example, the so-called telegraph equaiion

Py Bu L%

W‘l"vaza @-Hm, »>0,6<0,
can be transformed into the Klein-Gordon equation by a transform u{z,1) =
exp(—3vtjw(z, ). Show that this is true.

1.8 The Burgers equation in one-dimensional case is often written as
du  Hu + u&u
8t Ox2 Sz’
Show that it can be transformed intoc the standard linear diffusion eguation

by the so-catled Hopf-Cole transformation w(z, 1} = %%ﬁ.
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