CHAPTER 1

BASIC CONCEPTS AND FORMULAS

The main tools in investigation of the Schridinger equation are methods of functional
analysis and theery of distributions: the Fourier transform, the Fredholm Theorem, and
the Scbolev Embedding Theorems. In particnlar, the Fourier transform allows us to obtain
an integral representation for the free Schrédinger propagator. The bounds for differential
operators and the Sobolev Embedding Theorem extend to the weighted Sobolev spaces
using the techniques of pseudodifferential operators.

1 DISTRIBUTIONS AND FOURIER TRANSFORM

A detailed theory of tempered distributions can be found in [24, 40, 41, 72, 78]. It is
one of the main tools of the modern theory of partial differential equations.

Definition L.1. The Schwartz space of test functions 8§ = S(R™) is the space of all
smooth complex-valued functions p{x) on R" with finite seminorms

Neollw,o = Sﬂgp(w)N |8%p(z)] < oo
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Jorall N > 0 and all multi-indices o« = {ay, ..., an) withap = 0,1, ...

Thus, functions in & with all their derivatives decay faster than the inverse of any
polynomial. A sequence ¢y converges to (0 in & if for all ¥, a

“(Pk“N‘cx_*O: k—oa.

Definition 1.2. The Schwartz space of tempered distributions 8’ = S§'(R®) is the
space of all linear continuous functionals f : & — C. By definition,

(F.o)=flp), pes. (L.1)

For f(z) € C(R™) or f{z) € £* := L%(R"), the corresponding distribution is
defined by

(frg) = f f@px)ds, peS.

The Fourier representation for ¢/{z) &€ S{R™) reads

Vo) = G [ O, a2
WO = Ple) = gy [ uiaye. 13

The Fourier transform F is a linear bicontinuous bijection S{R™) — S(R"). It can
be extended by continuity to tempered distributions by the formuia

(F, ) :={f.d), ¢€S,

so F' : & — & is also a linear bicontinuous bijection. Let us note the following
basic properties of the Fourier transform in §”:

Fl. Forf c &'
FIV;f{z)] = i Ff(&), j=1L.,n, (1.4)
8
a_a':j .
F2. F: £? — L£? is a unitary operator, and the Plancherel identity holds,

where V; =

0 =0l Gon, o) = f (@B = @b, (1S5)

where 1, Yn, 2 € L2 and || - || stands for the norm in £2.

F3. Ffor 1,}5 € LY .= LYR™), formula (1.2) remains valid. Similarly, the second
formula holds for 4 € £1.
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2 FUNCTIONAL SPACES

We will work with various versions of the Sobolev functional spaces. The introduction
of the spaces and weak derivatives by Sobolev around 1930 resuvlted later in the
Schwartz theory of distributions and turned the theory of partial differential equations
into a chapter on modern functional analysis.

2.1 Sobolev spaces

We denote by H® = H°(R3) the Sobolev space for s € R. Fors = 0, 1, 2, ...
this is the Hilbert space of functions which belong to the £ space as well as their
distribution derivatives up to the order s. In particular, #” = £2. For an arbitrary
s € R the Sobolev space is defined in terms of the Fourier transform: H* is the
Hilbert space of tempered distributions ()} with the finite norm

9lls = & HEN < o0 2.1
By the Plancherel identity, the Sobolev norm (2.1) can be written as
Holls = VY9l (V)9 = F g%,
Obviously:
i} The embedding H® < H*? is continuous for 81 > sa.

ii) The scalar product {-,-} in £ extends fo the duality between H* and H~* for
every s € R:

(b2 = (&) (€), (€) (e / (e

where 1, € H® and s € H™5,

For any subset B C R2, denote
H3(B) = {¢ € H® :supp vy C B} . 2.2)
The following Sobolev Embedclmg Theorems play a crucial role everywhere below.

Theorem 2.1. ([40, Theorem 5.3]) For any s > 3/2 the embedding H*(R?) C
Cy(R?) is a bounded operator.

Theorem 2.2. ([40, Theorem 7.2]) For any bounded subset B  R? and s1 > s»,
the embedding .
H(B) ¢ H2(R?) (2.3)

is a compact operator.

By definition (see [40, p. 19], [55, p. 233], and [96. p. 277]), embedding (2.3) is
compact if

forany C > 0, the set {1p € H*(B) : [, < C}
is contained in a compact subset of H**(R?) . (2.4)
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2.2 Agmon-Sobolev weighted spaces

For o € R denote by £2 = LZ(R?) the Hilbert space of functions y(z) € LZ (R?)
with the finite norm

Hellez = [{2) ()l < oo

The weighted norms are a suitable tool for characterization of diverging waves with
the conserved L?-norm. Namely, let us consider a function /(x, ) such that

[ (x, t]“;:z_d —+0, t— o0, (2.5)

where & > 3/2. Then obviously
f Wz, ))de =0, t-— o0, (2.6)
fx|<R
forany B > (. The inverse is true if
/ h(x, ) *dx =const , teR. (2.h
B2

Exercise 2.3. Check that (2.6) together with (2.7) implies (2.5).

Further, let us define weighted Agmon-Sobolev spaces. For 5,0 € R we will
denote by H: = HZ(R?) the Hilbert space of tempered distributions () with the
finite norm

li9llzeg == V¥ el2)licz < oo (2.8)

In particular, #S = £2 and H§ = H°. By definition, the operator {1 — A) :
H: — H2% is continuous for any p, 5,6 € R. The following lemma will play an
important role below,

Lemma 2.4. Forany s,c € R:
i) The operator of multiplication by x; : H3 — HZ_, is continuous.
it) The operator of differentiation 8; : M2 — H3™L is continuous.

Progf. i) We should check that

2i%lla_, < Clivllsg -

g—1

In other words,
{2y =9 ()] < CH (V)9 2.9)

Let us denote f = ()7 (V). Then v = (V)~*[(z)~7 f], and hence (2.9) reads
[y [z V) 5 () 7 AN < CUIF -

The product of the operators (z}”~1{V)*z;{V)~*{x}~7 is a continuous operator
in £2 by theorems on composition and boundedness of pseudodifferential operators
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(PDOs). The theorems for the classes of PDOs, generated by the operators {x)“ and
{V)* with any s, o € R, can be proved by standard PDO technique |3, 40, 77].

ii) The continuity of the operator &; : Hj — H:71 follows similarly. N

The Sobolev Embedding Theorems 2.1 and 2.2 extend to the weighted Sobolev
spaces:

Theorem 2.5. i) For 5 > 3/2 and any 6 € R the embedding H5 < C(R®) is
continuous.

ii) For s1 > s2 and o1 > o9 the embedding H C H;2 is a compact operator.

2.3 Operator-valued functions

Let H; and H, be two Hilbert spaces. Denote by £{H;, H) the space of linear
continuous operators A : f, — Hy with the norm

HA”H1—>H2 = sup l|A¢5‘|Hz <00,

1)l 2, =1

Let 2 be a subset in C and A{w) : H; — Ho be an operator-valued function defined
forw € (L

Definition 2.6. i) An operator-valued furnction A{w) is uniformly continuous if
AW — Al op, = 0, W —w,

for any w € §L

i) An operator-valued function A(w) is strongly continuous if A(w)y € C(§}, Hy)
foreach € Hy.
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3 FREE PROPAGATOR

The free Schridinger equation
Wz, t) = —Ap(z,t), zeR?, 3.1

corresponds to the zero potential V() = 0. Here all the derivatives are understood
in the sense of distributions. The solution is defined uniquely by initial condition

P(x,0) = ¢o(x), =x€ R®. (3.2)

3.1 Fourler transform

A formula for solutions to the initial problem (3.1}, (3.2) can be calculated by the
Fourier transform using the methods of analytic functions. Let us consider solutions
¥(-,t) € C(R, £2) to (3.1), (3.2).

Proposition 3.1, For every initial dataspy € L£2NLY, the solution (-, t) € C(R, L?)
exists and is unique. Fort € R\ 0 it is given by

1

Ylz,t) = @i’

/ ey (0)dy, aaxzeR:.  (33)

Proof. Step i) After the Fourier transform, (3.1} is equivalent to the ordinary differ-
ential equation

iOp(E, 1) = E2(E, 1), EteR* xR,

in the sense of distributions. Therefore,

afefhie ] =0, £teRSxR, (3.4)
and then s

e hp(E ) =CE), EteRP xR, (3.5)

where C(£) is a tempered distribution of ¢ € R®. The condition %(-,t) € C(R, £?)
is equivalent to (-, ) € C'(R, £2) by property F2 of the Fourier transform. Hence,
setting £ = 0 in (3.5), we obtain

do(f) = C(&), <R,
Finally, ,
P 8) =e o). &tEeRPXR, (3.6)
in the sense of distributions. Obviously, :f)(-,t) € C(R, L2) for every v € L2

Thus the existence and untiqueness of the solution are proved. It remains to prove the
integral representation {3.3).

Step i) First we will prove (3.3) for Im ¢ < 0. More precisely, formula (3.6) gives
the holomorphic continuation of ¢4 (-, ¢) from £ € R to a holomorphic function of t €
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—:={t € C: Im t < 0} with the values in £2. Respectively, (-, ) = F~14(-, t)
is also a holomorphic function of ¢ € €™ with the values in f_:,z by F2. Hence, it
suffices to calculate the function (-, ¢) fort € €. In this case ¥(-, ) € £'. Indeed,

(&, £ = le <t ho(€)] < e o ()]
since Iin ¢+ = —¢ < (). Hence,
/1@3(& £)[d€ < (e || - lghol| < 00

by the Cauchy-Schwarz inequality. Now property F3 implies that the inversion of
the Fourier transform (3.6) is given by

Plz,t) = © )3 ) f e~ 8T, t)de, teC. 3.7
Substituting (3.6) into (3.7}, we get

biw,t) = f | f e (y)dy | dt (3.8)

(27)?

where we have expressed ¢5(¢, 0) by (1.3) since 93(:, 0) € L. By the Fubini Theorem,
we can change the order of integration in (3.8) and obtain

1 il 2
ve.t) = [ Glto oy,  Gltny) = o [ e,
(3.9)
for t € €. The last Gaussian integral is calculated in the next section:
]. _ ife— 2 _
Glt,z,y) = m ®, teC . 3.10)

Step iii) Finally, let us obtain (3.3) for real ¢ # 0 taking into account our assumption
o € L2N LY. By (3.9) and (3.10), forx € R3 and t € R\ 0,

Yo t—ie) = ———m— / 46245 o () dy

{dmi(t - EE))S‘K2
1 -p1?
= Plz,t) = W/S © - Poly)dy

since ¢y € L1, On the other hand, formula (3.6) implies that ¢(-, £ — i) — ¢(-, )
in £Z for all £ € R. Hence, for some sequence €z — 0+, dependingont € R\ 0,

Pz, t —ieg) = d(z,t), aaxeRd. (3.11)

Therefore,
Pz, t) = d(x,t), aaccR3, (3.12)
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which proves (3.3). O
Covollary 3.2. Formula (3.3} implies the estimate

[z, &) < Clt732, aa.xcR?, (3.13)
for the solution to the free Schrédinger equation with o € L2 N LT,
Exercise 3.3. Deduce (3.5) from (3.4).
Hint: For a distribution of t € R, the equation f'(t) = 0 for t € R implies that
Sf(t) = const.
3.2 Gaussian Integrals

It rernains to check (3.10). Using elementary algebra, we find that

g—ypn (z—w)?
(o -y + &t =tle+ = - ==
Then _ .
Gt o.y) = A(t)e T, (3.14)
where

1 . g2 1 ipe2
At) = —itle+ I ge /' —y
©= G f® €= Ju® %

Here we have changed the contour of integration using the Cauchy theorem since the
integrals converge for t € C~ . In the spherical coordinates the last integral reads

; 2 e 1 a0 ., 2
1 < e_“sgd{f = = et 2 gy = > eTHT p2dp
(2m)3 Jps (27} Jo (27)?

Substituting z = 7(it)1/2, where we choose arg(it)'/2 € (—n/4,n/4) fort € C~,
we obtain that

1 2 o
= ———— - 1
Alt) ST /Le z°dz, (3.15)
where L = {2 = r(it)'/2 : r € R} is the contour in the complex plane (see Fig.
1.1). Then
] e~ 22dz — / e 2dy = ﬁ , (3.16)
L R 2

where the first identity follows from the Cauchy Theorem. Substituting the result
into (3.15), and (3.15) into (3.14), we obtain (3.10).

Exercise 3.4. Check the last identity in (3.14).

xj;tyj fori=1,23 onehasfort c C~

fe—it[H“—;,!]’dg — /e—it[£+ib]2d§
R R

f e~ g = / e g, (3.17)
Im £=h R

Hint: Setting b; = Im
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Im z
'\-»9,-"'
",
R
L
Re 7750
Rez
Re z7=0)
‘e’e:;-_‘
% .

Figure 1.1 The function e_zz decays in gray sectors.

where the last identity follows from the Cauchy Theorem.

Exercise 3.5. Check the last identiry in (3.16).
Hint: /ntegrate by parts, and obtain

1
Jeean = [aaes =3 [ et = vap2.
R 2 E 2 )1

Exercise 3.6. Check the last identity in (3.18).
Hint: Use the identities

je_$2d.1:/ e'ygdy 2/ e_($2+y2)dmdy= 7,
1 R ®?

where the last identity is obvious in polar coordinates.

(3.18)

(3.19)






