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Introduction

The parallel developments of the finite element methods (FEM) in the
1950's [1, 2] and the engineering applications of the stochastic processes in the
1940's [3, 4] provided a combined numerical analysis tool for the studies of
dynamics of structures and structural systems under random loadings. There are
books on statistical dynamics of structures [5, 6] and books on structural
dynamics with chapter(s) dealing with random response analysis [7, 8]. In
addition, there are various monographs and lecture notes on the subject.
However, a systematic treatment of the stochastic structural dynamics applying
the FEM seems to be lacking. The present book is believed to be the first
relatively in-depth and systematic treatment of the subject that applies the FEM
to the field of stochastic structural dynamics.

Before the introduction to the concept and theory of stochastic quantities
and their applications with the FEM in subsequent chapters, the two FEM
employed in the investigations presented in the present book are outlined in this
chapter. Specifically, Section 1.1 is concerned with the derivation of the
temporally stochastic element equation of motion applying the displacement
formulation. The consistent element stiffness and mass matrices of two beam
elements, each having two nodes are derived. One beam element is uniform and
the other is tapered. The corresponding temporally and spatially stochastic
element equation of motion is derived in Section 1.2. The element equations of
motion based on the mixed formulation are introduced in Section 1.3. Consistent
element matrices for a beam of uniform cross-sectional area are obtained. This
beam element has two nodes, each of which has two degrees-of-freedom (dof).
This beam element is applied to show that stiffness matrices derived from the
displacement and mixed formulations are identical. The incremental variational
principle and element matrices based on the mixed formulation for nonlinear
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structures are presented in Section 1.4. Section 1.5 deals with constitutive
relations and updating of configurations and stresses. Closing remarks for this
chapter are provided in Section 1.6.

1.1 Displacement Formulation-Based Finite Element Method

Without loss of generality and as an illustration, the displacement
formulation based element equations of motion for temporally stochastic linear
systems are presented in this section. These equations are similar in form to
those under deterministic excitations. It is included in Sub-section 1.1.1 while
application of the technique for the derivation of element matrices of a two-node
beam element of uniform cross-section is given in Sub-section 1.1.2. The tapered
beam element is presented in Sub-section 1.1.3.

1.1.1 Derivation of element equations of motion

The Rayleigh-Ritz (RR) method approximates the displacement by a linear set
of admissible functions that satisfy the geometric boundary conditions and are
p times differentiable over the domain, where p is the number of boundary
conditions that the displacement must satisfy at every point of the boundary of
the domain. The admissible functions required by the RR method are
constructed employing the finite element displacement method with the
following steps:

(a) idealization of the structure by choosing a set of imaginary reference or
node points such that on joining these node points by means of imaginary lines
a series of finite elements is formed;

(b) assigning a given number of dof, such as displacement, slope, curvature,
and so on, to every node point; and

(c) constructing a set of functions such that every one corresponds to a unit
value of one dof, with the others being set to zero.

Having constructed the admissible functions, the element matrices are then
determined. For simplicity, the damping matrix of the element will be
disregarded. Thus, in the following the definition of consistent element mass
and stiffness matrices in terms of deformation patterns usually referred to as
shape functions is given.

Assuming the displacement u(x,7) or simply u at the point x (for
example, in the three-dimensional case it represents the local co-ordinates 7, s
and ¢ at the point) within the e'th element is expressed in matrix form as

u(x,t) = Nx)q(?) , (1.1)
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where N(x) or simply N is a matrix of element shape functions, and ¢(f) or
q a matrix of nodal dof with reference to the local axes, also known as the
vector of nodal displacements or generalized displacements.

The matrix of strain components & thus takes the form

e = Bq, (1.2)

where B is a differential of the shape function matrix N.
The matrix of stress components ¢ is given by

o = De, (1.3)

where D is the elastic matrix.
Substituting Eq. (1.2) into (1.3) gives

o = DBq . (1.4)

In order to derive the element equations of motion for a conservative system,
the Hamilton's principle can be applied

L=T-(U~+W), (1.5)

where T and (U + W) are the kinetic and potential energies, respectively.

It may be appropriate to note that for a non-conservative system or system
with non-holonomic boundary conditions, the modified Hamilton’s principle [9]
or the virtual power principle [10, 11] may be applied. Non-holonomic systems
are those with constraint equations containing velocities which cannot be
integrated into relations in co-ordinates or displacements only. An example of
anon-holonomic system is the bicycle moving down an inclined plane in which
enforcing no slipping at the contact point gives rise to non-holonomic constraint
equations. Another example is a disk rolling on a horizontal plane. In this case
enforcing no slipping at the contact point also give rise to non-holonomic
constraint equations.

The kinetic energy density of the element is defined as

dr = Y puludv (1.6)

where p is the density of the material, dV is the incremental volume, and the
over-dot denotes the differentiation with respect to time .
By making use of Eq. (1.6), the kinetic energy of the element becomes

=%/‘f/‘p11TudV. (1.7)
v
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The strain energy density for a linear elastic body is defined as

du = %sTo av = %STDS av . (1.8)

The potential energy for a linearly elastic body can be expressed as the sum of
internal work, the strain energy due to internal stress, and work done by the
body forces and surface tractions. Thus,

U+W:f{de—f{fuT@dV—/;fuT?dS, (1.9)

where S now is the surface of the body on which surface tractions Y are
prescribed. The last two integrals on the right-hand side (rhs) of Eq. (1.9)
represent the work done by the external random forces, the body forces O and
surface tractions Y. In the last equation the over-bar of a letter designates the
quantity is specified.

Applying Eq. (1.8), the total potential of the element from Eq. (1.9)

becomes
U+w=2L([e’Deav - ([« OaV
L[~ f[f

- Tyds.
g

Substituting Egs. (1.7) and (1.10) into (1.5), the functional of a linearly elastic
element,

(1.10)

Lzéfff(pqu—sTDs +270)dv
14
+ TYds.
iz

On substituting Egs. (1.1) through (1.3) into the last equation and using the
matrix relation (XY)T = YTXT, the Lagrangian becomes

(1.11)

L= %f{f(quNTNq' -¢"B'DBg
(1.12)
2¢'N"Q)dv "N'YdS .
v 2g . gq
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Applying Hamilton's principle, it leads to

)

f( 6qTf£prTNqu - éqTfﬁBTDBqu

4

(1.13)
. 5qTf£fNT§dV+ 5qTfoNT?dS) dt = 0.

Integrating the first term inside the brackets on the left-hand side (lhs) of Eq.
(1.13) by parts with respect to time ¢ results

3
&g" NENAV g dt
Jod [ foxas
- [aqTfUpNTNqu‘}tz (114
tl
h
- [8q7 N'NdVdt.
{ q fifp g

According to Hamilton's principle, the tentative displacement configuration
must satisfy given conditions at times ¢, and f,, thatis,

dq(t) =0, 8q(t) =0.

Hence, the first term on the rhs of Eq. (1.14) vanishes.
Substituting Eq. (1.14) into (1.13) and rearranging, it becomes

:fjaqT( [ { [eNTNdv g+ [ { [B'DBAVq
—f{fNT@dV—foNTT’dS) dt=0.

As the variations of the nodal displacements 8¢ are arbitrary, the expressions
inside the parentheses must be equal to zero in order that Eq. (1.15) is satisfied.
Therefore, the equation of motion for the e'th element in matrix form is

(1.15)
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mg + kq =f, (1.16)

where the element mass and stiffness matrices are defined, respectively as

= NINGv, k= B'DBavV ,
m = f[fe 1]

and the element random load matrix
f= NQadav NYds .
fffwom - ff

Applying the generalized co-ordinate form of displacement model the
displacement can be expressed as

u=0¢, (1.17)

where @ is a matrix of function of variables x and ( is the vector of generalized
co-ordinates, also known as generalized displacement amplitudes. The
coefficient matrix may be determined by introducing the nodal co-ordinates
successively into Eq. (1.17) such that the vector u and matrix ® become the
nodal displacement vector g and coefficient matrix C, respectively. That is,

q = CC. (1.18)
Hence, the generalized displacement amplitude vector
{=Clq, (1.19)

where C™ is the inverse of the coefficient matrix also known as the
transformation matrix and is independent of the variables x.
Substituting Eq. (1.19) into (1.17) one has

u=®C1q. (1.20)
Comparing Egs. (1.1) and (1.20), one has the shape function matrix
N=&C™!, (1.21)

On application of Egs. (1.16) and (1.21), the element mass, stiffness and load
matrices can be evaluated.

To provide a more concrete illustration of the shape function matrix and a
better understanding of the steps in the derivation of element mass and stiffness
matrices, a uniform beam element is considered in the next sub-section.
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1.1.2 Mass and stiffness matrices of uniform beam element

The uniform beam element considered in this sub-section has two nodes, each
of which has two dof. The latter include nodal transverse displacement, and
rotation or angular displacement about an axis perpendicular to the plane
containing the beam and the transverse displacement. For simplicity, the theory
of the Euler beam is assumed. The cross-sectional area 4 and second moment
of area [ are constant. Let p and E be the density and modulus of elasticity of
the beam. The bending beam element is shown in Figure 1.1 where the edge
displacements and angular displacements are included. The convention adopted
in the figure is sagging being positive.

e ( =
Nod.e il Noiig /
WL F—x—> o 1{
¥ L

Figure 1.1 Uniform beam element with edge displacements.

Applying Eq. (1.17) so that the transverse displacement at a point inside the
beam element can be written as

u=w=®(, ®=11 x x* x%] (1.22a, b)

F=4 G GG (1.22¢)

Consider the nodal values. At x =0, w =w,;_, and O =ow/ox =0, | so that
upon application of Eq. (1.22a) one has
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w_ =[1 00 01, 6_,=[0 1 0 0]C. (1.23a,b)

Similarly, atx =, w = w; and 6 = 0, so that upon application of Eq. (1.22a) it
leads to

w=[1 0@ 2Jg, 6-=[0 1 2 3. (1234

Re-writing Eq. (1.23) in matrix form as in Eq. (1.18), one has

w.ol [1o00 ol &
0, 010 0]0¢,
J - _ (1.24)
w, 1002 ¢ ¢
0, [0 1 20 32\ ¢,
Thus, the inverse of matrix C becomes
¢ 0 0 0]
3
c_ 10 e 00 (1.25)

el =30 -2 30 -¢2
2 0 -2 0

Making use of Egs. (1.22b) and (1.25), the shape function matrix by Eq. (1.21)
is obtained as

N =[N, N, Ny N, (1.26)
in which
N, =1-382+28, N,=x(1-26+8), ¢-

N,=38-28, N,=-x(-8).
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Substituting Eq. (1.26) into the equation for element mass matrix defined in Eq.
(1.16), one can show that

156 220 54 -13( ]
0 2 2
. 40 130 -3¢
m=pAfNTNdx=p—Av‘ (1.27)
A 420 | symmetric . 156 -22{
4¢% |
Similarly, the element stiffness matrix is obtained as
6 30 -6 3¢
0 2 2
. 200 =30 ¢
k - ﬂfBTde _ 2E (128
0 : 0 | symmetric . 6 -3
20 |
in which
B—a2N—B B, B,. B B . =12x-6
‘g‘[u 12 L3 14}9 jp = 12x - 6L,

— 2 _ _ 2
B,=6xt-4%, B,=-12x+60, B, =6xl-20.

1.1.3 Mass and stiffness matrices of higher order taper beam element
The tapered beam element considered in this sub-section has two nodes, each
of which has four dof. The latter include nodal displacement, rotation or angular
displacement, curvature, and shear dof. This is the higher order tapered beam
element first developed and presented by the author [12].

The tapered beam element of length ¢, shown in Figure 1.2, is assumed to
be of homogeneous and isotropic material. Its cross-sectional area and second
moment of area are, respectively given by

A(x) = ¢;b(s)d(x) , Ix) = czb(s)d3(x) R (1.29)

where ¢ and ¢, depend on the shape of the beam cross-section. For an elliptic-
type closed curve cross-section, they are given by [13]
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Figure 1.2 Linearly tapered beam element: (a) beam element with edge
forces; (b) tapered beam element; (c) cross-section at section S-S in (b).

F( : +1)F( 3 +l)
By 33
= , (1.30a, b)

in which I'(.) is the gamma function, and p, and p, are real positive numbers
which need not be integers. When | = u, = 1, the cross-section is a triangle and
in this case the factor 1/12 in ¢, should be replaced by 1/9. When p; = p, =2,
the cross-section is an ellipse. As b, and p, each approaches infinity, it is a
rectangle.
The cross-sectional dimensions, b(x) and d(x), vary linearly along the length
of the element so that
b(x)=b, |1+ (- 1)% , dx)=d_,

1+ - 1)% , (13la,b)

where o =b;/b;_, and p =d,/d, _ are the taper ratios for the beam element.
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Substituting Eq. (1.31) into (1.29) leads to
A@) = 4, (1 + v,E + 1,8, (132a)

1) = Iy(1 + 8,8 + 8,8 + 8,8 + 8,8, (1.320)
£ = % Y, =(@-D+@-1), y,=(@-DP-1),

8 =(@-1D+3B-1, & =3@-DE@-1) +3PB-17,

6, =3(@-DE-’+B-1, 8 =(@-DPE-1’°,

A;_yand [; _ | are respectively the cross-sectional area and second moment of
area associated with Node i - 1.

It should be noted that in applying Eq. (1.32) to hollow beams, of square or
circular cross-section, for instance, either the ratio 5/d must be small or the ratio
b/d must be constant because in Eq. (1.29) for a square hollow cross-section ¢,
=4andc,=(2/3)[1+ (b/aDz], and for a circular hollow cross-section ¢; = 7 and
¢, = (n/8)[1 + (b/d)’].

With the cross-sectional area and second moment of area defined, the
element mass and stiffness matrices can be derived accordingly. To this end let
the transverse displacement of the beam element be

8
_ j-1 _
w = ; ij , or w=®¢, (1.33)
where the row and column vectors are respectively
<I>=[1xx2x3x4x5x6x7], C=[C1 6,00 0 G ¢, CS}T.

Equation (1.33) can be identified as Eq. (1.17) in which the displacement
function u is replaced by w. Thus, the nodal displacement vector in Eq. (1.18)
for the present tapered beam element becomes

Pw, Fw,

qz[wi—l 0, b, ¥,_, w09, l‘pi]T’ b, = 3 - ¥, = -

x 2 ox3
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The corresponding coefficient matrix in Eq. (1.18) is obtained as [12]

0 0 O 0 0 0
0 0 O 0 0 0
2 0 0 0 0 0
0 6 O 0 0 0

o O o =
(=

1o e ¢ ¢ o 7
1 20 362 4¢3 50 6r° 78
0 2 60 120 2003 300* 420°

(=

0 0 6 240 600> 1200 2100*

The inverse of matrix C can be found to be [12]

Cc'=

1 0 0
0 1 0 0 0 0
0 0 1 0 0 0
2
1
0 0 0 — 0 0
6

-35/0* -20/®> -5/ -2/30 35/ -15/3

84/¢° 45/* 10/ 10> -84/° 39/¢*

-70/06 -36/6°> -15/20* -2/30® 70/° -34/0° 13/2¢* -1/2¢

20/07  10/0°  2/0°  1/60* -20/07 10/¢®

(1.34)

0 0

0 0

0 0
5122 -1/6t
-7/ 1722
-2/°  1/60*

With this inverse matrix and operating on Eq. (1.21) one can obtain the shape
function matrix for the present higher order tapered beam element as

N = [Nn Nyp Nyg Ny Nys Nig Ny le] ’

where the shape functions are defined by

N =1 - 358" + 84E° - 70E° + 2087,

(1.35)
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N,= E{l - 208% + 458" - 368° + 10€°),

Mf%@w@—w¥+m€—w?+%ﬂ,

Nm=%@WU—4E+&2—M?+?%

N, = 35E% - 8485 + 7085 - 20¢7 ,

Ny = E0(39E* — 15E° - 34E° + 10E°),

széﬁwbé—Mé+mé-%ﬁ,

Nﬁ=%@ﬁb?—a—3é+?%

By making use of Egs. (1.28) and (1.16), one can find the mass and stiffness
matrices of the tapered beam element. These element matrices are given in
Appendix 1A.

1.2 Element Equations of Motion for Temporally and

Spatially Stochastic Systems

The displacement based FEM presented in Section 1.1 can straightforwardly
be extended to temporally and spatially stochastic systems. Without loss of
generality and for easy understanding in the following presentation the notation
applied in the last section is adopted in this section.

Consider now the elastic matrix in Eq. (1.2) is replaced by the following
spatially stochastic elastic matrix,

D,=D+D, (1.36)

in which D is the deterministic elastic matrix while the second term on the rhs
is the spatially stochastic component of the elastic matrix whose ensemble
average is zero such that the element stiffness matrix with spatially stochastic
elastic component becomes

k, =k +k, (1.37)
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where the element stiffness matrices associated with the deterministic and
spatially stochastic components are, respectively

k=HY#DBﬂZ E=HY#ﬁBWH (1.38a, b)
v |4

To provide a simple example, suppose the modulus of elasticity of the material
is spatially stochastic such that it can be written as

E, -E+E, (1.39)

where E is the deterministic component of the modulus of elasticity whereas the
second term on the rhs of Eq. (1.39) is the spatially stochastic component of the
modulus of elasticity with zero ensemble in the spatial domain.

With reference to Eq. (1.38Db), the spatially stochastic component of the
stiffness matrix can be written as

kh=k+l§=k+r(p, (1.40)

where the spatially stochastic component of the stiffness matrix is 7.
Substituting Eq. (1.40) into (1.16), the element equations of motion for the
temporally and spatially stochastic system becomes

mg + (k+re)q =f. (1.41)

For systems with other spatially stochastic material properties, similar element
equations of motion can be obtained accordingly. Note that the spatially
stochastic matrix » can have large stochastic variation. This is different from
that applying the SFEM or PFEM in which the spatially stochastic variation is
limited to a small quantity.

Applying Eq. (1.41) for the entire system, the assembled equation of motion
can be constructed in the usual manner.

1.3 Hybrid Stress-Based Element Equations of Motion

The main objective of this section is to provide the element equations of
motion by applying the hybrid stress FEM pioneered by Pian [14]. In addition,
it is shown by way of derivation of the element mass and stiffness matrices that
the hybrid stress-based FEM can give results identical to those obtained by the
displacement formulation-based FEM. The hybrid stress-based formulation is
presented in Sub-section 1.3.1 whereas the derivation of the element matrices
is included in Sub-section 1.3.2.
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1.3.1 Derivation of element equations of motion
The Hellinger-Reissner’s variational principle is adopted in this sub-section

nHR=f£f( of du - %OTCO) dV—f{beudV

- [ (To)(u-u)dS - [ [ "uds,
fsf o) (u-u fsfru

(1.42)

where o is the stress vector, u is the displacement vector, C is the compliance
matrix, b is the body force vector, T is the prescribed traction vector on
boundary S, U is the prescribed displacement on boundary S,, & is the linear
differential operator to derive strain from displacement, and I' is the linear
differential operator to evaluate surface traction from stress.

In dynamic problems, one can introduce the kinetic energy term to Eq.

(1.42) such that a new functional is formed

T—nHRzéfffpﬁTﬁdV—fff(oTSi’u—%oTCo)dV
V 4
(1.43)
« ([ (uav + ([ (ToY(u-u)dS + [ tTudsS.
f{f u fsf o) (u-u fsfru

It is observed that the lhs of Eq. (1.43) can be identified as the Lagrangian in
Eq. (1.11). Therefore, Hamilton’s principle can be applied. A formal
presentation is included in Section 1.4 for nonlinear dynamic problems.
Returning to the linear element equation of motion, the assumed
displacement field and assumed stress field are, respectively, given by

u =Ngq, c=Pp, (1.44a,b)

where B, different from that in Eq. (1.31b), is the vector of stress parameters, ¢
and N are defined in Eq. (1.1), and P is the stress shape function matrix.
Substituting Eq. (1.44) into (1.43) and some manipulation, one has

17 . 1
T - Tpp = Tppp = Equq - EBTHB - B'Gqg-fTq, (145

where T pp 18 similar to L in Eq. (1.11), f the nodal force vector, and
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H=f£fPTCPdV, G=f£fPTg€NdV, m =f£prTNdV,

in which H and G are known as, respectively, the generalized stiffness matrix
and leverage matrix.
For 7y in Eq. (1.45) to have an extremum value, one has

om om on
. _ DHR ot + DHR 5B + DHR 8q =0, (1.46)
DHR ot op b dq 1

in which it is understood that the division of a quantity by a vector is not
permitted in matrix operations. However, it is used as an abbreviation for the
partial differentiation of all the elements or entries in the vector concerned.
Since 8¢, 8B, and Oq are all arbitrary, Eq. (1.46) holds only if the following
equations are satisfied

o o OTom _ 0, Mome _ anDHR(%} =0. (147a,b,0)
q

2

ot op oq ot

When Eq. (1.47a) is satisfied, it simultaneously satisfies Eq. (1.47¢). Thus, Egs.
(1.47b) and (1.47a) give, respectively

-HB -Gg=0, Gg'm - p'G - fT=0. (1.48,b)
From Eq. (1.48a), one has
B=-H'Gq. (1.49)
Substituting Eq. (1.49) into the transpose of Eq. (1.48b) yields
m§ + GGH'Gg -f=0, ml=m.
This equation becomes Eq. (1.16) with the definition,
k=GH'G. (1.50)

Once the nodal displacement vector is determined, it is substituted into Eq.
(1.49) which is substituted, in turn, into Eq. (1.44b) to recover the stress vector.

1.3.2 Mass and stiffness matrices of uniform beam element

To provide an understanding of the steps involved in the derivation of element
mass and stiffness matrices by applying the hybrid stress or mixed formulation,
and for illustration as well as for simplicity, the beam element of uniform cross-
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sectional area 4 and length ( as shown in Figure 1.1 is considered in this sub-
section. Its material is assumed to be isotropic and homogeneous. It has two
nodes, each of which has two dof as in Sub-section 1.1.2. Thus, the shape
function matrix in Eq. (1.44a) is identical to that in Eq. (1.26). The assumed
stress shape functions and stress parameters are related to the stress by the
following equation

o=PB=[1 x x*B, B=[B, B, B

Applying the definitions in Eq. (1.45), the element mass matrix is identical to
that given by Eq. (1.27) since it is the same beam element with identical shape
functions. Similarly, the generalized stiffness matrix becomes

1 60 300 20¢?
=if 1ox x2ae=—L_| . 202 158|. (151
EI) 60EI
symmetric . 120*

The inverse of the generalized stiffness matrix is found as

3 - 12/ 10/0°
H'1=3TEI 64/> - 60/0° | . (1.52)
symmetric . 60/¢*
The leverage matrix is
R ) 0 -1 0 1
f ﬂdx -1 0 -1 ¢ |. (1.53)
0

0 %6 -0 50%6

By making use of Egs. (1.52), (1.53), (1.50), and after some manipulation, the
element stiffness matrix is found to be identical to that given by Eq. (1.28).
Now, consider a lower order stress shape function matrix so that

o=Pp=[1 xIp, B=[B B,
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In this case, the generalized stiffness matrix becomes

1 41 o |6 3¢
=— [1 x]dx=— . (1.54)
EIJ \x 6EI |31 20
The inverse of this matrix is
2
-1 2EI 20 -3t (1.55)
e |-3 6
The corresponding leverage matrix is
0
1) g2 0 -1 01
G-= N dx = . (1.56)
x| ox? 1 0 -1 ¢

0

By making use of Egs. (1.55), (1.56), and (1.50), one arrives at the identical
element stiffness matrix defined by Eq. (1.28) which agrees with that presented
in [15, 16]. This confirms the fact that the displacement and hybrid stress
formulations are equivalent [17].

The two and three stress parameters of the assumed stress fields give an
identical element stiffness matrix because they satisfy the Tong, Pian and Chen
condition [18, 19],

ns 2 nd - nr s (157)

where n, is the number of assumed stress modes, n, is the number of

generalized displacements, and #,. is the number of zero-eigenvalues or rigid-
body modes. In the three stress parameter case, the number of assumed stress

modes n, = 3, the number of generalized displacements n;=4, and the number
of rigid-body modes n, = 2. Therefore, Eq. (1.57) is satisfied. Similarly, for the
two stress parameter case, n, = 2, n; =4, and n, = 2. Thus, Eq. (1.57) is also
satisfied and therefore identical element stiffness matrix is obtained.

1.4 Incremental Variational Principle and Mixed Formulation-Based
Nonlinear Element Matrices
In this section the incremental mixed formulation for nonlinear element
equations of motion and derivation of the nonlinear mass and stiffness matrices
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for lower order flat triangular shell elements are presented. The formulation and
derivation of element matrices closely follow those presented in [20, 21]. As the
detailed presentation has been provided in the latter reference, the following is
an outline of [21] with some changes of symbols in the present section.

In addition to other advantages over the displacement formulation, the two
main ones are: (a) the elements derived are free of the locking phenomenon, and
(b) the strains and stresses are continuous through the application of Eq. (1.72).

In the following, Sub-section 1.4.1 deals with the formulation and
linearization of the nonlinear incremental variational principle while Sub-
section 1.4.2 includes an outline of the derivation of shell element matrices.

1.4.1 Incremental variational principle and linearization

Consider the dynamic counterpart of the Hellinger-Reissner variational principle
for every element of the nonlinear structural systems [22]

where the kinetic energy of the system is defined by

5

6f(T - Myp)dt = 0, (1.58)

Ty 1S the Hellinger-Reissner’s functional, and the remaining symbols have

T - %/‘f{/‘pdedV, (1.59)

their usual meaning. Note that the integrand in Eq. (1.58) is 7 in Eq. (1.45).

For nonlinear dynamic systems the incremental approach is adopted in the
response analysis. Therefore, in the following the incremental variational
principle and linearization are first presented.

As pointed out in [20, 21], the fundamental difficulty in any nonlinear
analysis is the unknown configuration of a body at time (¢+Af). In obtaining an
approximate solution, the static and kinematic variables in the current
configuration C* ofthe incremental formulation are assumed to be known. Their
values in an unknown neighbouring configuration C** A at a later time (t+A7)
are determined from the known solutions. In the present study the starting point
of such an incremental analysis is the incremental or modified Hellinger-
Reissner variational principle. It has two independently assumed fields, the
incremental generalized displacement and the incremental strain fields. The
incremental Hellinger-Reissner variational principle can be written as [21]
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Am, (AuAe) - % [ [- @eypae) + 207ae
ye (1.60)

+ 2(Ae)' D(Ae*) |aV - Wit

where the integration is performed over the reference volume ¥,

Au is the vector of assumed incremental displacement,

Ae is the vector of assumed incremental Green strain,

Ae" is the vector of incremental Washizu strain calculated from the vector

Au, see Eq. (1.61) in the following,

D isthe time-dependent material elastic matrix so that AS = DAe with AS
being the incremental second Piola-Kirchhoff (PK2) stress vector, see
later in the following,

o 1is the Cauchy or true stress vector at time ¢, and

WA s the work-equivalent term corresponding to prescribed body-force and
surface traction in configuration C* tAL

In Eq. (1.60), the component form of the incremental Washizu strain vector Ae"
is given by

Ae “l,j = Asij + A"l,j ,
1 1 (1.61)
Asij = E(AuiJ + Auj,i> . A'r]ij = EAuk,iAukJ ,
where the Einstein summation convention for indices has been adopted for the
integer k and the differentiation is with respect to the reference co-ordinates,
xit withi=1, 2, 3, at time ¢.
In the hybrid strain or mixed formulation FEM it is assumed that within
every element one can write

Au = NAq, Ae = PAPB, (1.62a,b)

where Agq is the vector of incremental generalized nodal displacements and AP
the vector of incremental strain parameters, while NV and P are the matrices of
displacement interpolation functions and strain interpolation functions.
Substituting Eq. (1.62) into Eq. (1.60) gives

A, (Agq,AB) = U - W"*Ayg) , (1.63)
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where
U = % [ |- @By P"DP@P) + 20B,Aq
Ve
* (Aq)T(BNL)TolTBNL(Aq) + 2(Aﬁ)TPTDBLAq
+ 2(Ae)' D(AT) |aV ,
V, is the volume of an element at the reference configuration,

e
o, i1s the matrix that contains the Cauchy stress components at ¢,

B; is the linear strain-displacement matrix, and

By, is the nonlinear strain-displacement matrix.
The last term within the square brackets in the last equation contains the third
order product of Ag and AP and therefore will be disregarded when linearizing
Eq. (1.60) or Eq. (1.63).

Note that in arriving at Eq. (1.63) the following two relations have been
applied

Ae =(B,)(Aq), ofAn="(Aq)'(By, ) (0,) (By,)Aq). (1.64a,b)
To proceed further one can define

H = !PTDPdV, G = lPTDBLdV,

e e

(1.65a, b)

ky, - ! By.) 0, By dV . F, = ! B od”, (1 65c.d)

e e

and substitutes Eq. (1.65) into Eq. (1.63) to give

5 a
A, (Ag,AB) = 2 a0, (1.66)

in which
1= - % ABYHAB), 1P =F (A, =% (Ag)k,(Ag),
¥ = ABYGAg) , 1 = - [Fe+AnT(Ag) ,

t+ At

with F(z+Arf), the externally generalized nodal force vector in C associated
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with the '+ 4! (Ag) term on the rhs of Eq. (1.63).
Applying stationarity to Eq. (1.66) with respect to AP yields

AP = H''G(Ag) . (1.67)

Substituting Eq. (1.67) into Eq. (1.66) and applying stationarity with respect to
Ag, it results in the following equilibrium equation

(k, + ky JAg) = F(t+Ar) - F,, (1.68)
where the linear or small displacement element stiffness matrix
k, = GH'G, (1.69)

and the matrix ky, on the lhs of Eq. (1.68) and defined by Eq. (1.65¢) is the
element initial stress stiffness matrix.

On the rhs of Eq. (1.68), F, is the pseudo-force vector. One may rewrite
F(t+Af) - F, as AF+F(t) - F,. Thus, F(t+At) - F|; consists of AF, the
incremental external force from the current time ¢ to the next time step (¢+Af),
and F(¢) - F, the equilibrium imbalance at time ¢. If the equilibrium at time ¢ is
satisfied in an average sense, F(¢) - F; vanishes and F(t+A¢) - F; reduces to the
increment of external force AF from ¢ to (¢+A¢). Note that Eq. (1.60) differs
from those presented by Boland and Pian [23], and Saleeb et al. [24]. The
variational principle applied in Refs. [23, 24] was based on the hybrid stress
formulation and it contained one additional term, which is, in the present
notation,

f [ (Ae)'D(e-¢*) Jav

Vt

(1.70)

where Ae and D are the same quantities in Eq. (1.60), but e is the vector of
Almansi strain accumulated from Ae. The vector ¢” is the Almansi strain vector
calculated from the total displacements u. In other words,
e =% (uiJ -y, ukJ) .

The aforementioned additional term, Eq. ( 1.70), accounts for the compatibility
mismatch due to inaccurate total displacements and strains. Boland and Pian
[23] argued that the term should not be expected to vanish. On the other hand,
the numerical experiments of Saleeb et al. [24] showed that, though totally
discarding the term resulted in convergence difficulties, including the term in
only the first iteration of every load step yielded essentially the same results as
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those having the term under all circumstances. In the present formulation, the
compatibility mismatch term vanishes as a consequence of the presently
employed hybrid strain formulation. Specifically, (Ae) TD(e -€") results in third
and fourth order products of strain terms after applying the linearization to the
incremental variational principle. Thus, these third and fourth product terms are
eliminated after linearization.

The above element level formulas are applied to every element. Once all the
element matrices have been determined, they are assembled to form the global
equilibrium equation. This equation is then solved for the displacement
increments.

Finally, at the element level the incremental Washizu strain can be obtained
by using Egs. (1.62b) and (1.67) as

Ae = P(AB) = PH 'G(Aq) , (1.71)
whereas the incremental PK2 stress can be found by the following equation

AS = DAe . (1.72)

1.4.2 Linear and nonlinear element stiffness matrices

This section is concerned with the presentation of an outline of the derivation
of element stiffness matrices. The element geometry and co-ordinate systems
are introduced first. The assumed incremental displacement field and the
assumed incremental strain field within an element are considered subsequently.
These are followed by the derivation of the linear and initial stress stiffness
matrices. A simplified version of the stiffness matrices from those derived with
the nonlinear formulation is included.

1.4.2.1 Element geometry and co-ordinate systems

The finite elements under consideration are the three-node flat triangular shell
finite elements. An example is shown in Figure 1.3. The three nodes are located
at the three corners of the mid-surface of the element. A local rectangular co-
ordinate system is attached to Node 1, with its 7-axis coinciding with the side
1-2, its t-axis being parallel to the normal of the element and its s-axis
perpendicular to the r-¢ plane. With such a co-ordinate system, the » and s co-
ordinates of Nodes 1, 2, and 3 are: (0,0), (r, ,0) and (r5,s3), respectively. A
director orthogonal frame with components d,., d; and d at any points on the
mid-surface is also considered. In the undeformed configuration, the director d
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coincides with the normal to the mid-surface of the shell element. However, as
the shell deforms, the director is, in general, not normal to the mid-surface.
Thus, the director orthogonal frame differs from point to point and from the
rectangular co-ordinate system. The director orthogonal frame serves as a basis
of measuring and recording the change of orientation of points situated on the
mid-surface. As indicated in Figure 1.3 the nodal dof are:

u being the displacement in the r-direction and should not be confused

with the assumed displacement vector defined in Eq. (1.62a),

v being the displacement in the s-direction,

w being the displacement in the z-direction,

0, being the rotation component about the r-axis,

0, being the rotation component about the s-axis, and

0, being the rotation about the -axis, or the drilling dof (ddof).
The right-handed screw rule is adopted in the present formulation.

Figure 1.3 Shell element in local and global co-ordinate systems.

1.4.2.2 Assumed incremental displacement field within an element
The isoparametric approach is employed. The local co-ordinates (7,s,f) of an
arbitrary point within the element can be written as
r r,
3
sl o= Ei P 'r]t EEI dit s (1.73)

i=1 ! i=1

I 0
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where the superscript ¢ denotes time ¢ and the over bars indicate variables that
are defined on the mid-surface. Recall that rotational or angular displacements
as well as directors and their increments are defined on the mid-surface.
Therefore, over-bars will not be placed on them for conciseness. The symbol d;,
withi=1, 2, 3, denotes the director of Node 7 at time #, while §; are the natural
or area co-ordinates of the triangle satisfying

3
0<E<1, YE-=1, (1.74a,b)
i=1
and 1’ is the co-ordinate along the director direction satisfying
/3 i
- — < < — 1.74c
LI ( )

with A° being the thickness of the shell at time z. Unless stated otherwise, h°
is considered constant over the entire element. The first summation of Eq. (1.73)
represents the position of the mid-surface while the second summation indicates
that the director orthogonal frame is interpolated in exactly the same way as the
mid-surface » and s co-ordinates. This scheme of interpolation is commonly
known as the continuum consistent interpolation [25].

The incremental displacements of any point within the element from time
t to t+At can be expressed as

Ay’ . AZ: ;

IR D AT A PR (1.75)
i=1 i1

Aw' AW

In this equation the first summation term contains incremental displacements of
any point located on the mid-surface. The second summation term includes the
change in orientation of director of any point on the mid-surface which is
interpolated from Ad;/, the increment of director of Node i from time ¢ to #+At.
By following the steps in Refs. [20, 21], one can obtain the shape function
matrix through the following equation

[Aut Av' Aw’ ]T=
(1.76)
N|aE? 400 A0 26 [,
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where the displacement shape function matrix for the shell element is

N = [Nu Ny, Ny ]3><18 > (1.77)

in which the incremental displacement row vectors
80 = [au A Aw], 00 = [a6!, A6, A|, i=1,2,3,

ti |

and the 3 x 6 sub-matrix N|; is defined by

Ei 00 'ﬂtEi A:(u) T]tﬁi A:(lz) 171‘
N,=[0 E 0 nE Ay, NE AN 4, (1.78)
00§ 0 A;(sl)‘P_i n'g, A:(32)“7,» 0

where the 3 x 2 matrix A is
t t
Ai(ll) Ai(12)
t t 1 t t
A; = Aigy Ay | = ‘Qi(ris) > (1.79)
t t
Ai(31) Ai(32)

where the skew-symmetric matrix

0 _dtf dstz
Q=|d; 0 -4, (1.80)
-dy dy 0

and (T} ) consists of the first two columns of the exponential mapping 1",-'
which is an orthogonal matrix associated with Node i at time 7. The exponential

mapping satisfies the following relation

d! =T'e

1 i73

(1.81)

with e; being the unit vector along the z-axis. That is, e;= [O,O,l]T. The lhs of
Eq. (1.81) is the current position of the director at Node i and is known from
configuration updating [20, 21].
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That is, the known director is given by
d' = RAG)Yd Y, (1.82)

where the transformation matrix
R(AB) = cos(|AB )T, + %(Aew : (1.83)

in which AB = (A6,)"" A and |-| denotes the magnitude of the enclosed
vector, L, is the unity matrix of order 3 while AB® is a skew-symmetric matrix
constructed from AD,

0 -A8, A8,
A =|AB, 0 A8 |. (1.84)
~AB, AB 0

Applying Eq. (1.81) the matrix F,-t can be determined and therefore Al-t in
Eq. (1.79) can be found.

Substituting Eq. (1.79) into (1.78) the displacement shape functions can be
obtained. Note that in Eq. (1.78)

p = (a31£3 T dp 2)51 ) p, = (aIZEI B a23E3>E2 )
p; = (a23§2 B a31£1>E3 > q, = (b31£3 B bl2£2>£1 >

q, = (b12£1 ~byts >§2 ’ q; = (b23£2 - b31£1)€3 ’
with the coefficients on the rhs being defined as

2a12 = {,,c08Y,,, 2b12 = {,,siny,, ,

2a23 = (,,C08Y,,, 2b23 = ly,siny,, ,

2a31 = 0, cosy,,, 2b31 = 0y, siny,, ,

in which, as shown in Figure 1.4, {;; is the length of the side of the triangular
element joining Nodes i and ;.

In closing, it should be noted that because of the incorporation of the ddof
in the foregoing formulation, the displacement shape function matrix defined by
Eq. (1.78) makes the present finite element sub-parametric since different
schemes are employed for the geometry and displacements.
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':.'I 1"
Figure 1.4 Triangular element on the 7-s plane of the

local co-ordinate system.

1.4.2.3 Assumed incremental strain field within an element
The assumed strain field for any point within the element is defined as

Asr Ass Asrs Asst Astr Assrs}T =

(1.85)
P[AB, AB, ... AB, AB,[",
where the strain shape function matrix is defined by
1 2
PO 2] (o),
P = , (1.86a)

[0]]><9 6x10

in which the sub-matrix [Ps(l) P5(2) 15 « o 1s the strain shape function matrix
without the ddof. The two component sub-matrices are

(100 0 0
010070
PP"-1o010 0 nl > (1.86b)
00000 0
00000 0],
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0 0
0 0
PO - 0 0
~53(1-28)) 5,(28,+2E,-1)
_—r3(1—2E2) r32(2E2+2E3—1) r2(1—2€3)_

0
0
0 , (1.86¢)
0

5x3

with r3, = r;-r,, and the superscript s on the lhs of Eq. (1.85) denoting the
skew-symmetric part of the strain tensor. Note that the incremental assumed
strain components Ae,, Ae,, and Ae,. employ the engineering definition. Of
the strain parameters, Af3; through Ap; are associated with membrane strains,
AB, through AP, bending strains, AP, through AP, transversal strains, and
AP, the skew-symmetric strain component.

1.4.2.4 Linear element stiffness matrix k;

With reference to Eq. (1.68), the element stiffness matrix is the sum of linear
and initial stress stiffness matrices, k; and k,; . The outline of the derivation of
the linear stiffness matrix k; is presented in the following.

Recall that the element linear stiffness matrix is defined by Eq. (1.69) in
which the inverse of the generalized stiffness matrix A and the leverage matrix
G are required. These, in turn, require the strain shape function matrix P, and
the strain and displacement matrix B; for a given material elastic matrix D.
Since P is obtained by using Eq. (1.86a) and therefore B; is required.

Symbolically, one can write

B =B

L L B

B, |, (1.87)

1 2 3

where the sub-matrices are defined by

B

L-:BLA+BLM+BL.+BL1,.’ i=1,2,3, (1.88a)

i mi si

in which the first, second, third, and fourth terms on the rhs are respectively
associated with the membrane, bending, shear, and torsional components of the
element linear stiffness matrix. The membrane and bending parts are

m b
B" B,
B, =| |, B, =| "/, (1.88b, ¢)
" [0]5,6 ? |[0]5,6
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in which [0] 5, 4 1sa 3 x 6 null matrix and
&, 0 000 p
Bii=| 0 8,000 ¢, |
E’i,s E’i,r 000 p_i,s+ai,r

000 nE ,A:(u) g, rA:(u) 0
=10 0 0 "]E A1(21) TIE: sA1(22) 0],

000 b b, 0
where the elements or entries have been defined in Eq. (1.78) except

b3l:1 = Tlt(a,r iy T +E, Ax(u)) b3bs = Tlt(a,, i22) * +E, A1(12)>

El,r = - 1/r2t 4 El,s = (r3t_r2t)(r2ts3t)_l s Ez’r = l/r2t s

EZ,S = - I‘;(I‘;S;) Y E3’r = 0 Y E3,S = ]./S3t Y

]
.
N;.
hII
)

The shear component on the rhs of Eq. (1.88a) is defined as

[0]5,6 )
B, = T B =100 & b b0, (1880
Li ;

00 0 0 0 O

where

s t t
byy = T]tg,»,sAi(n) DT EiAi(21) >
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s t - t s t —_ t
bys = TltEi,sAi(n) G " E;’Ai(22) s bsy = n’Ei,,Ai(31> Wire E,Ai(u) >

s 1 - t
bss = T\ta,»,,Ai(az) gt E,-Ai(u) .

The torsional component by the displacement formulation is defined by

v, F, 12
BLzl & 2’l’050’05bg’_—35_i’
2| rs, F, rS,  F,
(1.88)
O’O’O’bf25l,0’0’0’0’b1d8 ’
53
1x18
in which

bg = 2%, + (171,s - ‘71,r> , b = 28+ (ﬁZ,s - 472,,) ’

blil = 2E3 + (p_3,s - 63’r) .

With Egs. (1.86a) and (1.87) defined, the element generalized stiffness matrix
and the leverage matrix can be evaluated. Thus, the linear element stiffness
matrix k; can be determined. It is convenient to express it as

k, = kLm * kLb * kLs + ko (1.89)

where the component matrices are understood to be of the same order and in
proper locations inside the matrices. They are defined by

k =(GLM)TH'1GLM, k =(GLb)TH'1GLb, (1.90a, b)

L L,

m

k, = (G fHG, . k=%G.h [(B B dd, g q)
A

s

in which G, is the shear modulus of elasticity of the material, H is evaluated by
Eq. (1.65a), and G by Eq. (1.65b) such that
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— T — T
G, =[P'DB, 4V, G, =[P'DB, dv, (1912, b)
4 4

JBBL] (1.91c, )

m

G, = f P'DB, dV, B, = [BL
14

Lb LbZ ]

s

B, = [BLMB BLB}’ B, = [BLIBL_QBLSJ’ BL,= [BL,IBL,ZBL,J > (1.91e, 1, g)

where the sub-matrices have been defined in Egs. (1.88a) through (1.88d). The
order of every matrix in Egs. (1.91¢) through (1.91g) is appropriately adjusted
to 6 x 18. For completeness, the explicit expressions for the element stiffness
matrix defined by Eq. (1.89) are presented in Appendix 1B.

1.4.2.5 Element initial stress stiffness matrix ky;
To obtain the element initial stress stiffness matrix £k,,, one first has the
nonlinear strain-displacement matrix B,, as

ONy; ONy, ONy,
or os on

, (1.92)

BNL
9x18

where Nj; with i = 1,2, 3, are defined in Eq. (1.78). For instance,

000 &Agyy EAjy O

aNli aNlI t t
= = 000 Ei Ai(21) &,’ Ai(22) 0
on on'

000 E A§(31) g, A§(32) 0

It is noted that the partial differentiation in Eq. (1.92) is with respect to the local
co-ordinates at time ¢ or in configuration C ! According to Eq. (1.65¢), the
evaluation of k,, requires the Cauchy stress matrix o, in addition to the
nonlinear strain-displacement matrix B,,. Hence, the Cauchy stress matrix

0115 (012+°§2)13 o5 1
0, = (012_012)13 0315 0y (1.93)
o3 L 0L 0,
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with O, being a 3 x 3 null matrix. Note that because of 0},, matrix o, is no
longer symmetric. Consequently, k; is non-symmetric. However, in the present
study o}, is disregarded since its contribution has been assumed to be small.

Further, in [26] Bufler has shown that for conservative systems tangent stiffness
matrices are symmetric. Thus, Eq. (1.93) can be reduced to

o, o, o051

o, = o, o,I; 0,1, (1.94)

05,5 031 O,
Equations (1.71), (1.72) and (1.86a) indicate that, the membrane components of
the incremental PK2 stress, AS are constant within an element. The bending
components vary in the thickness direction only. However, the transverse
components vary linearly within the element. Consequently, the PK2 and
Cauchy stresses at time 7, S and o are functions of mid-surface position. Their
updating requires storage of stresses at the three nodes.

Returning to the integration of Eq. (1.65), if one considers o as mid-
surface position dependent, it would produce very tedious expressions.
Therefore, in the present study the transverse stress components of o are
considered constant in the element. That is, all the stress components of ¢ are
computed and updated only at the centroid of every element. The justification
for such an operation is that the membrane and bending stresses in shell
structures are usually dominant. Such an approach reduces substantially the
computation efforts involved and requires much less computer storage space.
Note that, in general, every o, of Egs. (1.93) and (1.94) is a combination of
membrane, bending and transverse shear components. At any point, including
the centroid of the element, membrane and transverse shear components are
obtained by setting m to zero for the purpose of evaluating the nonlinear
stiffness matrix ky;. The stress at the top surface of the shell element can be
obtained by substituting n* = 4/2. The difference between the stresses at the
top and the mid-surface of the element, after being divided by 4 ’/2, is the

slope of bending stress component. Then, 0;; is re-written as

2
_ t _ _
oij - 0ij(O) 1 doij ’ doij - ; (oij(+) 0,j(0)>a (1.95a, b)
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where 0y and 0y, denote stresses at the middle and top surfaces of the shell
element, respectively while doj; is the slope of the bending stress. Equation
(1.95) is also valid for plastic deformation. In this case, do; becomes zero
because the non-layered approach has been employed in the present study. Of
course, for the layered approach, do;; is not zero in general.

With By; and 6, now defined in Eqs. (1.92) and (1.94), they are substituted
into Eq. (1.65¢) so that ky; can be obtained after evaluating the required
integration. By applying the algebraic manipulation package MAPLE, explicit
expressions for ky; have been determined [20]. For brevity, these explicit
expressions are not presented in the present book.

In closing, it should be mentioned that recovery of the linear element
stiffness matrices from the nonlinear formulation developed in the foregoing has
been made and presented [20, 21]. These recovered linear element stiffness
matrices do not contain the directors and they have their usefulness to be
employed for cases where the directors are not uniquely defined or are difficult
to determine, typically at joints and discontinuities of shell structures. For
reference the element stiffness matrices derived in the foregoing are called the
director version of element stiffness matrices or simply the director version.

1.4.2.6 Consistent element mass matrices

In Refs. [20, 21] it was shown that the derivation of the consistent element mass
matrix consists of three parts. The first part is concerned with the derivation of
the translational component of the consistent element mass matrix m,,, the
second part the rotational component without the ddof component of the
consistent mass matrix m,, and the third part the ddof component m,.
Symbolically, the consistent element mass matrix can be written as

m=m, 2 +m, +m,, (1.96)

where the first two terms on the rhs are defined by

m,= [ ¢ WN,Ndd, m = [ J'N]N,dA . (1972, b)
At 4t

This particular element is identical in both the director version and the non-

director or simplified version provided in [27]. Note that the displacement shape

function and angular displacement shape function matrices, and J' in Eq. (1.97)

are defined, respectively, by
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(g, 00 0 0 7]
00 0 0 g
00E& -p, -q, 0
Nuz[Nul N, Nu3]’ N, = P (1950
000 0 0
000 0 0
(000 0 0
000 0 0 0
000 0 0 0
000 0 0 0
Nl NN N (1.98¢, d)
r r1 V2 r3} i 1000 ‘EiA:(21) _EiA:(n) 0

00 E,‘Az(ll) Eij\j(IZ) 0
00 0 0 0

andJ'=p (h")’/(12).

It is not difficult to recognize that the first three rows of Eq. (1.98b) are in
fact constructed by applying Eq. (1.77) with the shell thickness co-ordinate 1’
being set to zero because the displacement field is defined in terms of the mid-
surface displacements.

It is observed that in the foregoing the derivation of consistent element mass
matrices is with respect to the reference configuration C'. Therefore, the mass
matrices have to be updated at every time step since the density, thickness of the
shell and element geometry change from one time step to another for large
deformation problems. This approach is different from those in [28, 29], for
example. In the latter two references the mass matrix was defined with respect
to the undeformed configuration and was kept constant throughout the entire
analysis. As pointed out in [20], for the updated Lagrangian formulation a
consistent element mass matrix that was defined with respect to the reference
state was obtained in [30]. However, numerical results were not included in the
latter reference. In the present study, the option of updating the mass matrix has



36 Stochastic Structural Dynamics: Application of Finite Element Methods

been kept as in Refs. [20, 21]. Comparisons of numerical results using constant
or updated mass matrices have been investigated and reported in [31].

For completeness, explicit expressions for the consistent mass matrix of the
triangular shell element are included in Appendix 1C.

1.5 Constitutive Relations and Updating of Configurations and Stresses

The constitutive relations are first introduced in Sub-sections 1.5.1 and
1.5.2. These relations are for linear, elastic and isotropic materials with small
or finite strains, and elasto-plastic materials with isotropic strain hardening. The
latter case also includes deformations of small and finite strains. The updating
of configurations and stresses are dealt with in Sub-section 1.5.3.

1.5.1 Elastic materials
The constitutive fourth order tensor for homogeneous, isotropic and linearly
elastic materials undergoing deformation of small strain is

E v 1
= ——| ——— 0.0, +—
l]kl ].+V ]._2V 1j kl 2

(661+66 ) (1.99)

ik"j il “jk

where £ is the Young's modulus of elasticity, v Poisson's ratio and §;; the
Kronecker delta. Equation (1.99) can be cast in matrix form as

[ €y Cp € 0 0 0 -
Cyp €4 Cp 0 0 0
Do - Cp €y ¢ 0 0 0 (1.100)
0 0 0 ¢, 0 0
0 0 0 0 ¢, O
_ 0 0 0 0 0 c |

with the elements of this matrix being defined by

c:El—v c:E Y c:l
Togivl1-2v)” 2 1+vl1-2v)> 3 2

The stress and strain vectors accompanying Eq. (1.100) are

(75
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_ T
o= [011’022’033’012’023’031] ,
(1.101a, b)

- T
€= [811’822’833’812’823’831] :

To include the skew-symmetric component of stress and strain tensors, D¢ in
Eq. (1.00) needs to be expanded to the following 7 x 7 matrix

()
D = (D% O (1.102)

[0],x6 €33

where (0)¢ . ; and [0], ., are null matrices of orders 6 x 1 and 1 x 6,
respectively. The accompanying stress and strain vectors are

s 7
{011’ 022503350155 0p35 035 012] ’

(o)
(1.103)

— s T
€ = 811582258335 8125 833, 8515 812 >
and the superscript s denotes the skew-symmetric components.
Finally, Eq. (1.102) should be reduced from general 3D applications to plate

or shell analyses by imposing zero normal stress condition 0,, =0. Hughes and
Liu [32] proposed performing a transformation defined as

D =()'DT,), (1.104)

where the transformation matrix

10
010000
tott, bt t .

T,=10 01000, f=-— (1.105a, b)
000100 Dy
0000710
000001
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in which D’;, is the element located in the third row and k'th column of D* of
Eq. (1.102).

For finite strain deformations, Refs. [22, 33, 34] suggested adding to Eq.
(1.99) the following term,

h 1
Dy = - ) (oikéjl+ojk6il+oi16jk+oj16ik> : (1.106)

Note that this term is a consequence of transforming the Jaumann stress rate to
the incremental PK2 stress. If cast into matrix form with Eq. (1.103) as the
accompanying stress and strain vectors, Eq. (1.106) becomes

o 0 O
D} D} 8
D - T Dg‘l:_z 0 o, 0], (1.107)
D;, Dy,
0 0 05
where
0,, 0 0,3 0
T
Dfy=-{0,, 05 0 0], D}, =(D1Bz) ,
0 0,, O, 0
0,705  Oy3 O,y 0
B 1| O3 Opt0y; 0 0
D,, =
053 0, 0,;%035 0
0 0 0 0

The transformation rule of Eq. (1.104) applies to (D* + D"), except that 05
in Eq. (1.107) is zero.

Other approaches in dealing with finite strain problems include performing
numerical integration on rate constitutive equations [32, 35], or on the Jaumann
rate [28]. The approach in the present study is, however, simpler and more
direct, compared with those in Refs. [28, 32, 35].
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1.5.2 Elasto-plastic materials with isotropic strain hardening
Notable large strain elasto-plastic deformation theories include those by, for
examples, Green and Naghdi [36], Nemat-Nasser [37] and Lee [38]. It seems
that most of the controversies arise in cases where both the elastic and plastic
parts of strain are large. However, if confined to applications of small elastic,
but large plastic strain (thus, large total strain), it can be shown that all the
different theories reduce to the so-called J, flow theory of plasticity [28, 22,
39, 33-35]. As the material of interest in the present study is metal with small
elastic, but large plastic strain, in what follows, the J, flow theory is considered.
The small strain formulation of J, flow theory involves the stress deviator
o” and the J, invariant of stresses. In Cartesian co-ordinates, they are defined
as in [33],

D _ 1 1 b o»o

0 =0, - Eokkéij s J, = 50,.]. oy - (1.108)

Consequently, the constitutive fourth order tensor is now given by

ep _ E o D D
Dijkl = Dijkl - (m E 004 » (1.109)
where
, E- 1—32v E,
EF = _(oe>2 > 1, (1.110)
3 E-E

in which E, is the tangent modulus, v Poisson's ratio, and (oe)2 = 3J, the
square of the effective stress while a, not to be confused with that in Eq.
(1.31a), is a parameter having the value of either zero or unity. When o =0, it
is associated with elastic loading or any unloading, and when a = 1, it is
associated with plastic loading. Whether the material is undergoing plastic
loading or not, it can be determined through the following conditions

1 Jy=0506,20 A Jy=(J

j
o = (1.111)

0 L<0 V< ()

2

with A denoting the logical "and" and V the logical "or".
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The above small strain formulation can be extended to finite strain cases in a
similar approach to that of Sub-section 1.5.1. This is achieved by adding Eq.
(1.106) to (1.109). Then, the matrix form of the constitutive tensor becomes

D? = D* + D" + D*, (1.112)

where D* and D" are defined in Eqgs. (1.102) and (1.107), respectively.
The term D* denotes the component matrix associated with & in Eq. (1.109).
It is defined by

o o
Dy, Dy,
D* = - A , (1.113)
o o
D,, D,,
where
[ D D D]
012011 01,022 01,033
DD DD DD
011017 G110, 01,0
11911 011022 011033 oo o ool
D* - |66 2ol oPcP Da_2311 23722 23733
11 = |022011 022035 035033 |5 21 T D D NE
DD DD DD 031011 03,022 03,033
022071 G220, 0220
33011 0330, 033033 b s b s b
012011 015032 017033
] .
012012 012033 015031 012012
S
Do (Da)T De 0,301 053053 0,303, 0,30,
12 ~ \21) > 22 5
S
031012 031053 03,037 03012
S S S S S
012015 012053 01203, 0130,

PN R
1+v) Ep
Equation (1.112) is the elasto-plastic material matrix for general 3D problems.
When reducing the general 3D theory to thin or moderately thick plates or shells
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two aspects are to be noted. First, it is usually assumed that the effects of
transverse shear stresses on plastic behaviors can be disregarded [39]. Such an
assumption leads to a simplified matrix D* in which three of the four sub-
matrices are

D D D
012011 012022 04,033

Dy, = 0 0 0 , (1.114a)
0 0 0

s D s D s D
012011 012035 015033

0,0, 0 0 0,01,
0 0 0 0
T
D1°‘2=(D2°°1), Dy, = 0 o0 o I (1.114b, ¢)
I 0120, 0 0 °s12°s12_

and the sub-matrix D°°11 remains unchanged. Second, the transformation rule
of Eq. (1.104) is applied to D’. In doing so, one can only set o, to zero while
0D33 is not zero.

It may be appropriate to point out that in arriving at Eqs. (1.112) and
(1.114), the von Mises yield criterion has been employed. The von Mises
criterion is considered presently because the materials of interest in the present
investigation are metals. It can be expressed in terms of stresses or stress
resultants. The first approach allows for the spread of plasticity over the
thickness of plates and shells, and is termed the layered approach. This
approach has been adopted in [39]. The second approach, the non-layered
approach, on the other hand, employs yield functions that are in terms of stress
resultants. This latter approach assumes that at a point the entire cross-section
becomes plastic simultaneously. Therefore, compared with the non-layered
approach, the layered approach seems to be more realistic but requires a larger
number of algebraic manipulations in forming the element stiffness matrix.
However, Robinson [40] showed that the discrepancy between the two
approaches was insignificant, while Ref. [25] seemed to suggest the application
of a large number of elements with the non-layered approach.
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In the present investigation, the non-layered approach is employed for two main
considerations. First, it requires less computation to evaluate element stiffness
matrices. Second, the D matrix can be written in a simple and concise way,
which enables one to obtain explicit expressions for the stiffness matrix that are
of'amanageable size. The second main consideration is satisfied because, in the
non-layered approach, stress distribution along the thickness direction is simple
to formulate. Prior to the occurrence of plasticity at a point, the membrane and
bending stresses are, respectively, uniformly and linearly distributed along the
thickness. If the yield criterion is satisfied, the membrane stress remains uniform
over the thickness. But bending stresses become symmetric about the mid-
surface. That is, the bending stresses takes equal magnitudes but opposite signs
below and above the mid-surface. Consequently, the yield criterion should be
expressed in terms of stress resultants. Such attempts include those proposed in
Refs. [41, 40, 42, 43].

In 1948, Ilyushin applied the von Mises yield criterion to thin shells [42].
The idea was further developed by Shapiro [43]. Simo and Kennedy [41] then
extended the Ilyushin-Shapiro two-surface yield condition to nonlinear shell
analysis. The yield conditions of Simo and Kennedy [41] were written in terms
of membrane forces and bending moments, and are capable of reflecting the
coupling effect of membrane forces and bending moments on plastic
behaviours. Because the yield conditions included two additional parameters
that were deformation-path dependent, Simo and Kennedy [41] have constructed
a complex return mapping algorithm, to bring stress points outside of the yield
surface onto the surface. This technique, however, requires a very significant
amount of computational effort. On the other hand, Robinson [40] had shown
that the Ilyushin-Shapiro yield condition reduced to a non-parametric form
without loss of accuracy and generality. Consequently, the corresponding return
mapping algorithm is simpler to construct and is less expensive
computationally. In what follows, the yield condition of Robinson [40] and its
corresponding return mapping are introduced. The yield condition in Ref. [40]
shall henceforth be called Ilyushin's or the Ilyushin-Robinson yield condition.

If 0, is the yield stress of the material in simple tension and / the thickness
of the shell at time ¢ with the superscript ¢ being disregarded in all the quantities
considered here for conciseness, one defines the dimensionless membrane
forces n,,”, ny,' andn,,”, and the dimensionless bending moments m,,”,
my,” and m,Y as
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NP AM?P

_ p _ ij

ij h s mij - s
Y oy )

y

(1.115a, b)

with the membrane forces Nijp and bending moments le being related to
stress components across the cross-section as

NE= ("6 dn, M= (" o ndn.
v f-h/zo’f > My f_mo”'rl " (1.1162,b)

Therefore, the membrane forces and bending moments are defined over a cross-
section with thickness /# and unity width. The Ilyushin yield condition proposed
by Robinson [40] is stated as

o,
\/§

Qtp + Q’I; + <1 R (1117)

where
p_ [P\ p\2__p_ P p |2
o = (”11) +(”22) _”11”22+3(”12) ,
P o_ (P py2__p P p|?
On = (mu) +(m22) m11m22+3(m12) ,

p_.p_p p.p 1 p p 1 p p p_p
RECTUOVREOVLOY E"u’"n En22m11+3n12m12.

It should be noted that in the above yield condition transverse shear stresses
have been disregarded. Robinson has shown that Eq. (1.117) is a very good
approximation to the exact criterion and superior to the other linear
approximations.

The return mapping follows that described in [28] for general 3D problems.
Noting that in the present study membrane and bending stresses are uncoupled,
it is proposed to split the return mapping into two portions, one for the
membrane stress and the other for bending stress. The portion for membrane
stress is, in fact, a return mapping for plane stress problems. The portion for
bending stress is identical to a return mapping for plate bending problems.

Assuming that Ae is the elasto-plastic strain increment which is divided
into sub-increments A(Ae?) according to [29]

A(Ae?) = y/).ep (1.118)
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with the elasto-plastic parameters

ep
_ A% =1+ X (1.119a, b)
Ae P 30

Therefore, the parameter v indicates the elasto-plastic portion of total strain
increment Ae. In Egs. (1.118) and (1.119a, b), in fact, Ae is divided into 30
equal sub-increments, A,, of which correspond to Ae®, the elasto-plastic
portion of the strain increment. For each of the A op Sub-increments of the elasto-
plastic strain, A(Ae’), the updating formula is

o, ¢ o + DY A(AeP) (1.120)

where €= denotes “assign to”. For the membrane stress portion, 0, and A(Ae®)
are understood to be the membrane stresses and membrane strain sub-increment,
respectively. For the bending moment portion, o,, and A(Ae?) are understood
to be the bending moments and bending curvature sub-increment, respectively.
The 3 x 3 matrix D;7 is obtained through the following relation

Df = (Tc4)TD4eP(TC4) , (1.121)

where the 4 x 4 matrix D4ep is defined as

D/f = D; + D, + D, (1.122)
in which square matrices D4r and D4oc are of order 4 and can, in fact, be
formed by two steps. First, they are constructed by selecting the first 4 rows and
columns of D" in Eq. (1.107), and D% in Eq. (1.113), respectively. Second, the

stresses 0;, and so on in Egs. (1.107) and (1.113) are replaced with appropriate

0,,. The matrix D,°, is defined as

1-v v \Y
v 1-v v 0
Di=Al v v 1-v 0 (1.123)
0 0 0 1-2v
2

with the subscript { = 1,2 such that A, is associated with membrane stresses
and A, bending moments. These parameters are defined as
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3
E L - Eh

M Twaoy " Taaam

It is observed that with ¢ = 1, Eq. (1.123) is just the matrix formed by selecting
the first four rows and first four columns of D in Eq. (1.100).

In closing this sub-section, it should be mentioned that the transformation
matrix 7, in Eq. (1.121) is given by

100
010 ()
T, = , t, = 3k (1.124a, b)
f, ot 1, (D4ep)
33
001

where (D,?)5 is the element in the third row and k'th column of D,?.

1.5.3 Configuration and stress updatings

The updating of configuration and stresses at every time step is required in
problems with large deformations. Therefore, in this sub-section steps of
updating of configuration and stresses are provided.

1.5.3.1 Updating of configuration

This consists of the updating of mid-surface co-ordinates and directors. Mid-
surface co-ordinates are updated by adding mid-surface displacements to mid-
surface co-ordinates of the reference configuration. To this end, one makes use
of Eqs. (1.73) and (1.75) with = 0 such that

;t+At ;t A;t
Et+At — Et + A;T . (1.125)
;t+At ;t Awt

Similar updating for the global co-ordinates can be made. But for brevity, those
in terms of global co-ordinates are not presented here.

In the present study, updating procedures for directors follow those
proposed in Refs. [24, 44], for example. Assuming that incremental rotations
(AD;) ! i =1,2,3, have been determined at the current time step ¢, the directors
at the next time step or new position are obtained by making use of Eq. (1.82),
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d'"™ = R84, , (1.126)

where the transformation matrix R(A0) or simply written as R is defined by Eq.
(1.83) except that now it is in configuration C” so that A® = (A;)".

Having updated the directors in configuration C At and since the director
angular velocity as well as the director angular acceleration in C* are known, the
director angular velocity and director angular acceleration fields are updated
applying the following scheme [44]

. 1
w’+(1 _2) (m’+At(°
B 2

U
o (1 1lo'|,
YAr vy
in which o’ =d*x d(d")/dt, p and vy are the parameters of the Newmark family
of algorithms, not to be confused with that in Eqgs. (1.31b) and (1.44b), and

(1.119b). It should be noted that the numerical integration scheme in Eq. (1.127)
is applied to the updating of the translational velocity and acceleration,

mt+At= YAO -R
PA?

(1.127a, b)

t+At
o1+ A _ W' R

®
y At

i
gttt = —T}iu - ut+(% —2) '+ A;u s
t
(1.128a, b)
i = _ﬁt:t - ”At +(l_ 1)1‘4" :
YAt [yAr |y

where Au is understood to be the incremental displacement vector at time .
For the trapezoidal rule in which = 1/4 and y = %4, Eq. (1.127) reduces to
the following

® Ve Rw',
t
(1.129a, b)
(;)1+At 2(")1+At -R 20‘)t + wt
At At ’

Other quantities such as the translational velocity and acceleration can be
similarly obtained but are not included presently for brevity.

It is noted that in the limiting case of small rotations, AQ — 0. Consequently,
cos|AB| — 1, sin(|AB|)/ |AB| > 1 and R — I;. Naturally, in this case, the
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directors needs not be updated and the updating scheme only has to use Eq.
(1.128) for the translational velocity and acceleration vectors.

It should also be noted that the foregoing updating scheme, Eqgs. (1.126)
through (1.129) and so on, has embodied one implicit condition [24, 44]. That
is, the incremental rotation vector A0 is perpendicular to the director's reference
position dl.t. The physical interpretation is that the incremental rotational
component along the director does not have any effects on the re-orientation of
the director. Only those incremental rotational components lying on the plane
perpendicular to the director can have an effect on bringing the director to anew
position. Fox and Simo [45] proposed replacing the exponential mapping Fit
of Eq. (1.81) with another mapping that in fact contained the product of two
exponential mappings. One of these mappings was constructed from the ddof
and the director. However, in [45] it was shown that such a new mapping was
not uniquely defined. To preserve uniqueness drill rotation constraint has to be
applied. This no doubt complicates the computation. It may be appropriate to
note that no numerical results were included in [45]. As Ref. [46], the precursor
of [45], pointed out, the aim was to identify the independent rotation field,
which is the ddof in the present study, with the rotation of the continuum. This
aim is realized in the foregoing formulation and derivation.

The present study adopts Eqs. (1.126) and (1.127) as the director updating
scheme for two main considerations. First, it has a good physical basis. Second,
it involves relatively less computational efforts.

Finally, as a part of configuration updating, the updating of density and
thickness are included in the present investigation. Such an updating requires the
calculation of the relative deformation gradient [22] which is defined as

[ a(Au') A(Au') A(Au’) |
or' os’ ot’
o(Av') 09(Av') o(AvY)
or' os’ ot
o(Aw') o(Aw') d(Aw?)
or' os’ ot’

FIA (1.130)

b

where the displacement increments Au’, Av’, and Aw” are defined by Eq. (1.75).

t+ At

Equation (1.130) expresses the deformations of the body in C with respect

to the reference configuration C”. Thus, the density and thickness relations of
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the shell element become, respectively,

t t+At\ o
trAf _ P’ Bt At h det('?f )A

, (1.131a,b)
det(ZHAt) At+At ,

p

where det(+) denotes the determinant of, and the area of the shell element at ¢,
A" is given by

W o~

t

2% (1.131c)
2

A =

1.5.3.2 Updating of Stresses

After solving the nodal displacement increments, the incremental strain and
stress increments can be recovered by applying Egs. (1.71) and (1.72). These
stress increments are defined with respect to C !, and therefore they can be
added to the Cauchy stress 6” since they are referred to the same reference state.

The sum of 6" and AS'is equal to S'" A That is, S§ITALZ Gl g AS, which is
the PK2 stress vector in deformation state C' * %’ measured with respect to C.

The transformation of S’ 2 to the Cauchy stress o THALS [22, 28]

+AF 1 t+Af it | gt AR\T
o' = o] t(yﬂm)z S* ’(Z ) : (1.132)
et

where the deformation gradient .7 ,H A" is defined by Eq. (1.130).

1.6 Concluding Remarks

While it is assumed that the readers have at least a minimum knowledge of
a first course in the FEM, the basic theories and steps in the displacement
formulation and the hybrid stress formulation have been included in this chapter.

To illustrate the steps in a more concrete way, the derivation of element
mass and stiffness matrices for the uniform and tapered beam elements have
been presented. An outline of the incremental hybrid strain or mixed formulation
has also been included. Explicit expressions for the element mass and stiffness
matrices have been derived and presented as appendices to this chapter.

Throughout this chapter the element equations of motion are emphasized.
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No attempt has been made to include the assembled equations of motion for the
structural systems. This is because assembled equations of motion are concerned
with computer programming and it is a standard feature in any FEM package.

Finally, it is observed that the literature on FEM is vast and the topics
presented in this chapter serve as a preparation for a better understanding of the
concepts and detailed steps in subsequent chapters. However, Sections 1.4 and
1.5 contain more advanced topics and therefore they may be disregarded by the
average or general readers.
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