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Coin Tossing

1.1 Coin Tossing Probability Model

To start our journey into probability, we follow the exposition of Leo
Breiman [9] by developing a coin tossing model. The experiment consists
of tossing a fair coin n times and recording whether & head or tail comes
up at each toss. Denote 1, to be the set of all possible outcomes, that is,

Op & {w=(w,we,...,wp)|wi=HorTfori=12...,n}. (L1)

The number of cutcomes in £1,, is 2™ as wy can have either of the two values
H or T, and for each of these values, we can have either of the two values
H or T, and 80 on, to obtain

Sizeof 1, =2-2...2 =2",
S e’

n times
Let w < 1, be any particular outcome (n-long sequence of heads and tails},
eg.,w=(H, H,..,H). Define
Pplw) = o—. (1.2)

This is motivated by the intuition that any particular sequence of heads and
tails is ag likely as any other. We now make the following formal definition.

Definition 1 Probebility Space for Coin Tossing
(1) Define the sample space £, to be the set of all possible outcomes, i.e.,

0, 2 {w=(u,wy,...,wa)|]wi=HorTfori=12,...,n}.

(2) Let F, be the set of all subsets of £, {which includes the empty set @
and Q).

{3) Let A € F,, i.e., any subset of §,,. Then the probability P,{A) is
defined as the sum of the probability of all the outcomes in A, that
is,

number of outcomes in A

A
Po(4) & -

(1.3)
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2 1. Coin Tossing

Note that P(Q,,) = 1 and P, (@) = 0 (there are no outcomes in the empty
set).

Example 1 Consider 2 £ {w = (w;,ws) | w; = H or T for ¢ = 1,2} which
has 22 = 4 outcomes, that is, 2y = {(H, H),(H,T), (T, H),(T,T)}. Fa is
the class of all possible subsets of §23, or explicitly,

0.{(H, H)},{(H,T)}, {(T, #)}, {{T, 1)},
{(4, ) (H,T)},{(H, H),(T, H)} ,{(H, H), (T, T)} ,
geal WD) @ HEY(H T (T, UTH), (T, 1))
{(H,H),(H,T),(T, H)},{(H,H),(H,T),(T,T)},
{(#,7),(T, H), (T, T}} ,{(H, H), (T, H), (T, T},

{(H, H), (5.T), (T, B), (T,T)}

For a single outcome w € §,

so that, for example, with w = (H, T},

PR{HD} ==
More generally, for A € F,, we define

number of w € 4
Py(A) & 57 )

Ag another example, if A = {(H, H),(H,T),(T, H}}, then there are three
outcomes in A and so Pa{A) = 3/4. The interpretation of this is that if
we flip a coin twice, the probability that either (H, H), (H,T), or (T, H)
oceurs is 3/4.

Example 2 Let A = {{w1,wa,...,wp) € | w1 = H}. Then

-l
}%fn = om = E

as there are 2*~1 putcomes in €, that have w; = H. The interpretation
is that a coin is flipped n times and the probability that heads appears on
the first toss is 1/2.

Similarly, A° = {{wy, w2, ..., wn) € Qulw; = T} has probability

zn—l

1
PA) = =3

as there are also 2*~! outcomes in §2,, that have vy = T
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Properties of the Coin Tossing Probability Space

Ohbserve that the coin tossing probability function P, is defined on sub-
sets of £y, i.e., P,(A) is defined on all A € F,, and takes values in the
closed interval [0, 1]. Further, P, satisfied the foliowing three properties:

I P2, =1.
II. P{A)>0forall Ae F,.
IIL For A, B € F, with AN B = ¢, then

Po(AU B) = Py (A) + Po(B).

The triple (Qy, Fn, Pr) is called a probability space and P,: F, — [0,1]
is called a probability distribution function.

Remark We assume the reader is familiar with elementary set theory
and set operations such as union, intersection, and complement. See the
appendix at the end of this chapter on page 50 for some Venn diagrams
illustrating set operations.

Remark The properties I, I, and ITT will later be used to define the
axioms of a probability space. Many useful relations can be deduced from
just these three properties. For example, by property IIT and property I, if
A C Q,, then AUA® = Q,, with A1A° = 0§ s0 that P (Q2,) = Pa{AUA®) =
P,(A) + P,{A°) and therefore P,(A°) = 1 — P,(A). See Problem 10 for
more examples.

1.2 Combinatorics: (:)

Let’s now compute the probability of k heads in n tosses. This is just a
problem in combinatorics. With w = (w1,ws,...,wy,) we are asking, How
many ways can we choose k of the w; to be H and of course the n — k
remaining w; to be I'? Well, there are n choices of the w; to be the first
H; for each of these choices, there are n — 1 remaining w; to be the second
H; then n — 2 remaining of the w; to be the third H,..., and finally the
k' head H can be chosen to be any of the n — (k — 1) remaining w;. Thus
there are

nn—1) (n-(k—1)) = (1.4)

n!
{n— k)
ways of choosing & of the w; in w = (w;,wa,...,wy,) to be heads. However,
any permutation of these chosen k positions w; for heads gives the same
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outcome, and there are k! ways to permute the &k positions we have chosen

ta be H. Hence there are
Y A nl
2 1.
(k) (n — k)& (1.5)

outcomes in £}, containing exactly k heads. As a result, the probability of
k heads in n tosses is given by

1 |
P.{{w € Q] w has k heads}) = (:) = _” T (1.6)

We define 0! £ 1 so that

ny _ n! _n_!_
0/ (n-0)0! " ni0!

ny a nl _n
n)  (n~n)nl " On!

Example 3 Suppose n = 3 and k = 2. Then by (1.4) there are 3-2 =
3!
(3—2)
one to be tails. That is, one can choose w1,ws, or w3 to be the first heads
{denote it as H,), and for each these 3 choices there are 2 remaining w; as
choices to put the second head (denote it as H,). These six possibilities are

(Hla H23 T)! (Hla T) H?)s
(He, H1,T), (T, Hy, Ha),
(H% T1 H1)1 (T: H21 Hl)

and

= B ways of choosing two of the w; to be heads and the remaining

However, we do not want to consider (Hy, He,T) as a different outcome
from (Hy, H1,T), and so on. As there are 2! = 2 ways to permute H; and

Hy, we have
AN 3! _3
2/ (3-2)n2

ways of having two heads in three tosses. That is,
{(#,4,T),(4,T,H),(T,H H)}.
Example 4 The Binomial Formula

The quantities (: for k =0,1,...,n form the coefficients in the binomial

expansion of (a + b}", that is,

(a+8)" i( ) aFpnk,

k=0
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This follows from the fact that the coefficient of a¥b™~* is just how many
different ways one can choose “a” from & of the n factors in

(@+d)--(a+b) = (a+b)"
st

n

and “b” from the remaining n — k factors.

Example 8§ The Number of Subsets of o Set

n
(&
jects from n objects without regard to order {we do not care about the
order the & objects are selected). Thus if § £ {s1,52,..., 55} is a set with

Another interpretation of ) is the number of ways of choosing & oh-

N
N objects, the number of ways we can pick & of these objects is ( k)'

N
Hence the number of subsets of S of size k is ( ) The total number of

k
subsets of S is then

(}f\:) * (}D T (ID Foes (ﬁ) =i (f)l"l”"‘ =(1+1)Y =2V

k=0

N
as there is ( = 1 subset with no elements {i.e., the empty set 0), there

0
N .
are | )= N subsets with 1 element, etc.

In particular, consider the probability space ((s,Fz, F%) in Example 1
where (3 = {(H,H),(H,T), (T, H), (T, T)} and F; consists of all possible
subsets of {1s. Then, as s has four elements, the number of subsets of {1,
is 24 = 16 and these sixteen subsets making up F» are explicitly listed in
Example 1.

Example 6 Stirling’s Approzimation [9)[14]
Suppose we flip a coin 2n times. What is the probability of n heads in
the 2n tosses? We have

2 2n)!
Pop{{w € Qy| n heads in 2n tosses}) = (::) 2= = %)72"2n' (1.7)

In Problem 2, the reader is asked to show that 2; 272" js a maximum

for k = n, making it by definition the most likely value for the number of
heads in 2n tosses. Stirling’s approximation (see [9] or {14]) states that

nl = e " V2mn{l + €,),
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where €, — 0 as n — oo, that is,

'
Mmoo (1.8)
e tnt/ 2mn

Using Stirling’s approximation, we have

e)lyan e (20} V27 2n{L + €35,) g-in
nln! e~rny/2rn(l + e, e~ 2an(1 + €,)
_ 6'2”(271)2“\/57?5—12_2” 1+ ean
- e~ 2rpIndrn (14+¢€,)?
T 146,
T V(L Fen)?
— —=—=0asn —o0. (1.9)

N

The conclusion of this analysis is that the proportion of sequences of 2n
tosses of a coin such that heads comes up exactly n times goes to zero.
See Figure 1.1. Loosely speaking, in 1000 tosses of a fair coin, it is not
reasonable to expect exactly 500 heads. (Note that 1/+/7 (500) =~ 0.025.)

2n 1 _ 1
n)2M nx

o123 n 2n

2y 1
FIGURE 1.1. (k ) S versus k.

L2.1 Multinomial Formula

The binomial formula has been discussed, and more generally there is the
multinomial formula. This arises when one considers the problem of how
many different ways a set S of size n can be partitioned into r subsets
of size k1,ks, ..., kr, respectively, where the k; are positive integers with
ki + ko + -+ + k- = n. Let’s clarify what this means by an example.

Example 7 Partitioning a Set [15)
Let § = {1,2,3,4} be a set containing four elements. How many ways
can we partition § of size n = 4 into 3 subsets of size ky = 1, ky = 2, k3 = 17



The 12 possible partitions are

11}, {2,3}, {4}
{1},{2,4}, {3}
{1}, (3,2}, {2}

{3}, {1,2}, {4}
{3},{1,4},{2}
85 {2,41 {1}

{2},{1,3}, {4}
{2}, {1, 4}, {3}
{2}, (3,4}, {1}

{4},{1,2}, {3}
{4}, {1,3}, {2}
{4},{2,3}, {1}.

. Coin Tossing

Note that within a subset of a particular partition the order of the elements
does not matter. For example, the partition {1}, {2,3},{4} is considered
the same as {1}, {3,2}, {4}.

Going back to the general case, we want to partition a set S of size nz into r

subsets of size kq, ko, ..., ky with &1 +ko+- - -+ k&, = n. Then there are ;:'
1
ways of choosing k; elements for the first subset of the partition. For each

k
of these ( ) choices, there are (n 1) ways of choosing ke elements for

n —
kl k2
" nyfn—k
the second subset of the partition. Thus there are a total of L k
1 2
ways of choosing &y elements for the first subset and ky elements for the
second subset. Continuing in this manner for all r subsets, we have

Ky

(;)(n;jl) (}1— (k1+k2;--.+kr_1))

possible ways of partitioning a set § of size n into r subsets where the
first subset has size %y, the second subset has size ks, and so on, with

ki +ky+ - -+ k. = n. Using the definition of (:
that

n\fn—~kY n—{ki+ka+-+he-1)) _ !
kl kg kr B klle‘kr!

For convenience of notation, we define the multinomial coefficients

), it follows immediately

o Ya_n
(kl ko - kr) TN (1.10)

Example 8 Partitioning a Set (continued) {15}
With § = {1,2,3,4} so n = 4 and choosing k; = L,ky = 2,k3 = 1 we

have A n 04
2 A SN e— =
(121) STem T3 T

These are the 12 partitions explicitly given above in Example 7.
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The multinomial (trinomial) formula is

™ TE m n
(a1 + az + ag)" = Z Z Z (kz ks k3)a’f‘a’1‘2a§3.

kr=1 k=1 ky=1
| ——

ky+ka+ki=n

This follows because the coefficient of a¥*a¥?a¥* in the expansion of

(C.'.l -l-ag—f—ﬂ.g)n:£61+02+a3)"'(01 + ag +a3l

v

n times

is the number of ways one can choose a; from k; of the n factors, ag from
ks of the remaining n — &; factors, and finally a3 from the last remaining

ks = n — (ky + ko) factors, which is just ) In general we have

k2
k1 ko ka

(@1 +az+--+a)" = Z Z Z(klk:__kr)a’f‘agz---aﬁr.

k1=1ka=1 kp=1
it —

kit+ka+-tke=n

1.2.2 Occupancy Problems*!

Suppose we have r identical balls and we want to put them into n bins.
How many different ways can we do this? Let r; denotes the number of

" balls in bin 1, 72 denotes the number of balls in bin 2, etc., where r; = 0
for ¢ = 1,...,n. Note that r; can be zero corresponding to putting none of
the balls in the i** bin. We are therefore asking how many different ways
can we choose n nonnegative integers such that

rLdre 4 =17

A particularly nice way of showing how to compute the solution to this
question is given by W. Feller (see page 38 of {14]). Consider, for example,
we have 12 balls and we want to put them in 6 bins as shown in the top half
of Figure 1.2. The bottom half of Figure 1.2 is an equivalent representation
of the n = 6 bins and r = 12 balls.

1Sections marked with an asterisk may be skipped without Joss of continuity.
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S o 138]
00 1 O

E1
00 | ©

looojo|loooo| |ooo|o|
FIGURE 1.2. ¥ = 12 balls distributed among n = 6 bins.

Note that in the bottom half of Figure 1.2 there are n + 1 = 7 bars to
delineate the n = 6 bins. The key observation here is that the two end
bars in this representation must be fixed; but within the two end bars, the
r = 12 balls and remaining n — 1 = 5 bars can be in any order. That is,
there are n—1+r spots (a spot is either a ball or a bar) to put then—1=5
bars and the r = 12 balls. Thus we are asking how many different ways can
we put n — 1 bars in n — 1 + r spots (with of course the balls going in the
remaining spots). This is simply

n—1+7
n—1 }
This is also the same as asking how many different ways can we put r balls
in n— 1+ spots (with of course the bars going in the remaining spots) so

that
n—1+ry f{n—1+r
r T\ oa—-1 )

Of course one can straightforwardly show these two expressions are equal
by direct calculation.

Example 9 Throwing r Dice

Suppose one throws » dice. Then how many different ways are there for
the faces of the dice to land? Let r; denotes the number of dice that land
face up with a 1 {bin 1), ro denotes the number of dice that land face up
with a 2 (bin 2), etc. The problem is equivalent t¢ how many different ways
can we choose six nonnegative integers r; > 0 with

ri4rat-o+re=r7

As there are n = 6 faces (bins) and r dice (balls), the answer is

(.0)-030)
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Example 10 The Number of Terms in a Multinomial Ezpansion
By the multinomial theorem, we have the expansion

T
(ataz+-Fa) = Y (‘r r ...r)“'i‘a?‘--al;“,
r; >0 172 T
ritrete o rpar

where the multinomial coefficients are

r & 7!
PLTg v Ty rilral ol

As the sum is over all possible values of r; > 0 satisfying ri+re+- - +rp =17,

there are thus
n—1+4r
r

many terms (multinomial coefficients) in the expansion.

1.3 Random Variables on €},

Functions from the set of cutcomes to the real numbers will be invaluable
in studying probability. For our current model of coin tossing, we have the
following definition.

Definition 2 Any function from €, to the real numbers R is called a
random variable.

Example 11 Coin Tossing Random Variables
Let X;(w): 2, — R

0, w;=T,
xw={} =% a1y

In words, X; is 0 if the i** toss is tails and is 1 is the i** toss is heads.

The set A; £ {w € Q| X;(w) = 1} is the set of all w € ©,, such that the
i*? toss is heads, and its probability is

Paldd) = Pull{er € 0] Kifw) = 1)) =22 = 2 (1.12)

as there are 271 outcomes with the %% toss being heads. The set

AlNAz N NA, ={we QRiX(w)=1,..., Xp(w) =1}
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is the set of all w € €2, such that all tosses are heads. Its probability is
1

o

Pa(A1 N Az 0N Ay) = Po({(H, H, .., H)})

as there is only one outcome in {2, with all heads. We have thus shown by
direct computation that

PolAiNAzn---NA) = Pp(A1)Po(A2) - Po(A4n ).

Example 12 Coin Tossing Random Variables
Continuing with Example 11, we show {n > 3)

Po{A] 0 Ag) = P(A7)P,(A3).

We have
A5 = {w € QX1 {w) =1} = {w € O, X1{w) =0},
Aa 2 {w e inXg(w) = 1},
A% N4z = {w < Qﬂ1X1(w) =0, Xg(w) = ]_}

There are 2°~! outcomes in A$ so that P,(A§) = 2"1/2™ = 1/2. The set
As has 271 outcomes so that P,(A;) = 2771/2" = 1/2, Finally, the set
A$MA; has 272 outcomes so that its probability is given by P, (45N A3) =
=2 /27 = 1/4. Thus we have

Po(AS N Az) = Po(A)PL(As).

Similarly, the reader can show that for any combination of distinet A;,, ..., A,

(i # b2 # - Fin)
Pu(Ai, N A, NN A ) = Po( A ) Pa(Ai) - - Pa(4s,)

In this case we say the A; are independent sets.

Example 13 Independent Sets
We say the sets 4,, 45, A3 are independent if and only if

PALNA2) = Po{A1)P.(As)

Po(A1NAs) = Po(A1)Pa(4s),

Pn(AQ N Ag) = Pn(A2)Pn(A3)1
Pa(A1NA2NAg) = Po{A1)P.(A2)Pa(A3)

As explained in the previous example, it follows that the sets Aj, As, As
are independent. '
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Notation 1 Indices

Typically, the letters ¢, §, k, ... are used for indices. For example, the three
sets Aq, Ag, Az are independent if P,(A; N A;) = Po(A;)Po{A;) for 4,5 =
1,2,3 and i # § and Po{A, 0 A3 N Ag) = P,(A4,)F,(A:)P,(As). The
problem with this notation is that the we soon run out of letters. For
suppose we have n sets A, As, ..., A, where n is some huge number. If
we select two of the sets, then we can denote them as A; and A; where
1 € 4,7 € n. However, if we select & sets (k not specified}, then how
do we choose k letters i,4,... if & > 267 To get around this, we just use
a different notation by leiting ¢;,s,...,ix be the k indices. Then we say
that A;, Ag, A3 are independent if P,(A;, N Ay} = Po(A; }Pa(A;,) for
il,’iz = 1,2,3 with il 5& ig and Pn(Al N Ag N A3) - Pn(Al)Pn(Ag)Rl(Ag)
(here 7, — % and iy — 7). We treat & sets by sitnply using the indices
§1,482, . ip With 1 < iy <m,1 < i3 <1y, 1 < dgp < 1

Notation 2 Set Notation

Up to now we have been using the notation {w € Q,]S,(w) = &k} to
describe a set of cutcomes in {2, specified by the random variable S,.
There are various ways to shorten up this notation. Specifically,

{w € Qn|Sn(w) = &}, {w)Sn(w) = k}, {Sn(w) =k}, or {$, = k}

all mean the same thing. In this chapter we have used only {w € £1,,|5,.(w) =
k}. In later chapters we will tend to use {w|S,(w) = &}. In terms of the
probability of a set, one writes

Po({w € )8, (w) = k})

Pr({wlSnlw) = k})
Pn({Snlw) = k})
FPro({Sn = k})

= PB.(S,=k).

H

The last expression P, (S, = &)} tends to be the notation in most books as
it is very short to write down.

1.4 Binomial Probability Distribution

Let’s continue with our coin tossing probability space (Qy,Fp,P,) and
define a new random variable on £2,, by

Sn(w) = Xl(w) +X2(w)+"' "f'Xn(w)a (1'13)
where as before, for ¢ = 1,...,n we define

0, Wy = T,
Xifw) = { 1 o= &, (1.14)
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In words, S,{w) is the number of heads in n tosses, i.e., the number of
heads in the outcome w = (w1, wo, ..., wy).
The set
{w € Q| Splw) =k}
is the set of all outcomes (w1, ws,...,wy,) such that there are k heads in n
tosses, By (1.6) we know

number of w € {, with 8,{w} =k

21’1
n) L
kJan’
For all w € Q,, S,,(w) only takes on values in the set Qs, £ {0,1,2,...,n},

which is the range of the random wvariable (function) S5,,. For & € Qg ,
define

P.({w € Q| Sulw) =k}) =

Po (k) 2 Po({w € QulSulw) = £}) = (2) = (1.15)
where
PSn(k) > Dr
Ps (k) = — =1
2 = 2 (0);

Let Fg,_ denote all possible subsets of {3g_, and define for any 4 € Fg_
kEA

The reader can show that Pg_ satisfies the following three properties:
I Pg(tg ) =1

II. P (A) > Cforall A€ Fg, .

IIL. Forall A, B € Fg, with ANB =10

Ps (AU B) = Pg (A) + Pg,(B).

We then say that (Qs, , Fs,, Pg,) is a probability space. The probability
function Pg (k) in (1.15) is called the binomial probability distribution
function and is denoted as B(n, 1/2) where B stands for binomial, n is the
number of coin tosses, and 1/2 is the probability of heads. We also say
that the random variable S,, defined on the probability space (2, Fn, Pa)
induces the binomial probability distribution on its range. More precisely,
it induces the probability space (Qg,_, Fs., Pg,_ ).
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Example 14 Binomial Probability Distribution {Qs,, Fs,, Ps,)
Consider the probability space (Qg,,Fs,, Ps,) where Qg, 2 {0,1,2}.
Then let

e

Fa, {all possible subsets of Qg,}

= {0.{0}, (1), {2}, (0.1}, {02}, {1, 21, {0,1,2} |

and define

i

o N

Further, for any A € Fg,, define Py, (A) as

Ps,(A) £ 3" Ps, (k).

keA

For example, let A = {0,2} € Fg,, then

-+

B3| —

e =
| =

PSe (A) = PSz({Oa 2}) = PSz({U}) + PS?({2}) =

Definition 3 FExpected Value
Let X{w} be a random variable on €),,. Define the expected value of X as

EX]2 Y X@Pw) = 3 X(w)é};.

wEQn weﬂn

Example 15 Ezpected Value of the Coin Tossing BVs
Consider the coin tossing random variables on (£, Fy,, Pp), that is,

0, w; =T,

xw-{ ¢ “Zh



1. Coin Tossing 15

EX] = ) Xw)Pulw)

welly

- 3 X (w)Pa(w) + > Xi(w)Pr(w)

{wen| Xi(w)=0} {wen] Xi{w)=1}

= > 0 Pyw) + > 1- Pp(w)

{wefa] Xi(w)=0} {wE| Xi(w)=1}

o ¥ mw+{ ¥ Pn(w))

{wen| X;(w)=0} {weln| Xi(w)=1}
0 Pal{w € Qul Xifw) = 01) + 1+ Palfi € Q] Xilee) = 1})
1
5}

where Pp({w € Q] Xi(w) =0}) = Po({w € Q] Xi(w) =1} = 1/2 (se
Example 2).
‘We now use this result to compute E[S,] as follows:

B[S, 2 Z Snlw)Pr(w)

wEQn

= Y (Xw)+ Xolw) + - + Xnlw)) o=
wELY,

= 3 X w}—+ > Xofw 2i + > Xn(w)—-

wWELl, well, wE

= zn:E[Xsl

= n3.

Example 16 Expected Value of Sy,

We now recompute E[S,] using a longer but still instructive procedure.
First we decompose £2,, into a union of disjoint sets given by

Q= {w € Qa|Sn{w) = 0JU{w € Q,|8n(w) = 11U - U{w € Q)9 (w) = n}.

As shown above,

number of w € £, with 5, (w) =%

2?‘1
_ ny 1
T o\kJ) o

Pr({w € Qn|Sp(w) = k})
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Then E[S,] is computed as follows:

ElS,] 2 > Suw)Palw)

we Qu

= Z Sn(w)Pn(w) -+ Z Sn(w)Pﬂ (w) +

{w] 80 (w)=0} {w|Faw)=1}
+ Z Snfw)Pr{w)
{wlSnl{w)=n}

= Y 0Rw+ Y 1Pw

{w] S (w)=0} {w|Sn(w)=1}

+ Z 1 Py w)
{w|Sn{w}=n}

=0( ¥ B+ X Pw)+-
ol 0 ) =0} fulSa(@)=1}

+n: ( Z B, (w))
{w]Sn(w)=n}

= 0 Pal{w € Qn|Sn{w) = 0}) + 1+ Pa({w € Qn|Snlw) = 1}) +

+ 1 Po({w € On|8n{w) =n})

(e (o (O
2

K
)
2

=

where k =— fol]ows by Praoblem 1.
(i) =5 ooty
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1.5 Weak Law of Large Numbers for Coin Tossing

Before stating and proving the weak law of large numbers, we first prove
Chebyshev’s inequality.

Theorem 1 Chebyshev’s Inequality
For any random variable Z defined on £2,, and any ¢ > 0, we have

Pal{w € O] 12W)] 2 €)) £ 5 EIZ2)
Proof.
Pal{w € | 1Z()] 2 ¢}) = (no.w € 2, such that |Z(w)| > €) 5{1
T

{wedni1Z{w){Ze}
Z%w) 1

€2 2n

[

{wetdn| [2(w){ze}
Z%w) 1
Z e 2n
{wella}

= ei? Z Zz(w)1

{wEQn}

i
= EEE[z?].

A

[
We now use Chebyshev’s ineguality to prove the Weak Law of Large Num-
bers (WLLN).

Theorem 2 Weak Law of Large Numbers (WLLN)
The weak law of large numbers states that given any € > 0 (no matter
how small), we have

n,an;o P.({we Q) |Splwyn~1/2] <e})=1. (1.16)
Proof. By Chebyshev’s Inequality and Problem 4, we obtain
Pul{w € Qul [Snlw)fn - 1/2l 2 e}) < = E[ /n_l/gi]__lg_zlg
2, is now written as the union of two disjoint sets as

Qp = {we Q| |Sulw)n ~ 1/2| < e} U{w € Q] |Su{w)/n — 1/2} > €},
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from which it follows that

1 = Pn(Qn)
= Pu({w € Qaf [Sn(w)/n = 1/2] < e}) + Pa({w € Qn [Snlw)/n — 1/2] 2 }).

Rearranging, we have

Fo({w € M} |Sp(w)n —1/2) <e}} = 1-P({w € Qp} |Sulw)yn—1/2| > €})

v
_
[
I
I

Letting n — oo gives

ﬂli_)ngl‘j Po{w € Q) |Sn(w)n—1/2] <e}) =1,

]
Example 17 Weak Law of Large Numbers
Let » = 10°% and € = 1/100 so that
11
Puos({w € aos| |Si00(@)/10° — 1/2] < 1/100}) > 1- ==
6240 |00 e=10-2
1
= ]~ ==
400
_
400

So, if you toss the coin one million times and count the number of heads,
then the probability is at least 399/400 that the ratio Sjgs(w)/10°% of the
number of heads to the total number of tosses equals 1/2 within +0.01.

1.6 Consistency Between Probability Spaces

For any n > 0, we have developed the probability spaces (Qp,Fyn, Pr)
to model n tosses of a fair coin, that is, tossing a coin n times with the
probability of heads on any given toss heing 1/2. Specifically,

Qp = {{wwo,eywn}|wy = Hor T fori=1,2,...,n}
and for each w € {2, .
2?.
For ¢ = 1,2,...,n we can define on each sample space €, the random
variables

liv

B,(w)

1, w;=4H,
Xi(w):{ 0, w;=1T.
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However, the random variables X7, Xy defined on )y are different than
the random wvariables X, X5 defined on {3 as the former are defined on
2-tuples while the latter are defined on 3-tuples.

Similarly, for £ = 0, 1, ...,n we define on each sample space §2,, the ran-
dom variables

Se{w) = X1{w) + - - + Xg(w).

With k < n, let’s now compare the two probability spaces (., Fi, P&) and
(Qpy Fr, P ). Specifically, consider the sets

{w € Q| Sp(w) = £}
and
{w € Qn| Sk(w) = 3}1

where ¢ < k < n. These sets are not the same as the outcomes in
{w € Q| Si(w) = £} are k-long while the outcomes in {w € Q,,| Sk(w) = £}
are n-long. However the probabilities of these sets are equal, that is,

Pr({w € Q| Se(w) =£}) = P ({w € Q] Sulw) = £}).
To show this, recall that we have already shown

Pe({w € 0] Selw) = £}) = C;) 9=k,

To compute P,{{w € Q,,| Se{w) = £}), note that there are i’: ways to

have £ heads on the first toss &k tosses and tails on the next k — £ tosses.
And, for each of these, there are 2% ways of having either a head or a
tail on the remaining n — k tosses. Thus there are

(-

outcomes in {w € | Sk(w) = £}. Each of these outcomes have probability

1/27 resulting in
k 1
2n—k_
(o)

- ()
= Pel{w € Q] Silw) = £}).

To repeat, the two sets {w € Q| Sp{w) = €} and {w € Q| Sp(w) = €} are
events from different probability spaces, but they model the same physical
event which is getting ¢ heads in the first & tosses of a fair coin. As just
shown, the two probability spaces (g, Fi, Fi) and (Qy,, Fn, Ps) give the
same value for the probability of this physical event. We say they are con-
sistent probability spaces because they give the same probabilities when
modeling the same physical event.

P({w € Q| Silw) =£})
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1.7 Random Walks: Reflection Principle*

We now use the simple coin tossing probability model to study random
walks. This material is from Chapter 3 of Volume 1 of the classic work of W.
Feller [14]. As above, we are considering the probability space (Qn, Fan, Pn).
For ¢ = 1,2, ...,n, define the random variables (functions) ¥; by

+1, w;=H,
Y;(w):{ —1, w":T

and define the random variable D by

k
Delw) 2 3" Vi)
i=1
Example 18 Dg{w)
For w = (H,T,T,T} € §14, we have
Yi(w) = 41,
Yz(w) = -l,
Yg(w) = —]_,
Y.;(w) —1._.
so that
Dl(w) 1,
Dy(w) = 1+4+(-1)=0,
Da(w) = 1+(-1}+{(-1)=-1,
Ds(w) = 1+(-1+{(-L+(-1)=-2

Definition 4 Path

Let » > 0 and r be integers. A path from the origin (0,0) to the point
(n,r) is a polygonal line whose vertices have abscissas 1, ..., n and ordinates
(d1,da, ....,dn) with d, = r. For convenience, we will refer to (d1,da, ..., dn)
as the path.

Example 19 Path
Consider the path (dy, da,ds,ds) = (1,0,—1,—2) as in the previous ex-
ample where (n,7) = (4, —2). The path is drawn in Figure 1.3,
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FIGURE 1.3. The path for the outcome w = (H,T,T,T).

Let
nig be the number of heads in w = (w1, we, ..., wy),
nr be the number of tails inw = (wy,wg,...,wp).
Then
n = ng+nr,
r = ng-—npr=D,(w)
or

BRI

which is inverted to obtain

KR

For a given value of (n,7), a path from the origin to the point (n,r) exists
only if i and 7 result in positive integer values for ngy and nr.

In n tosses of the coin, any two outcomes with the same number of heads
will end up at the same final point (n, r}. Thus the number of different paths
from the origin to the point (n,r) is

Nn,ré (ﬂi"‘) = (n)
Ty

2

as the ngy = (n + r)/2 heads that occur may be in any of » = ng + ng
places.

Remark For each w € (1, there is a corresponding path given by
(D1{w), Da(w), ..., Dy (W) = {(dy,dy, ..., dn ). There are 2° paths of length n
corregponding to the 2™ outcomes in §2,,. At time n, the possible values of
T are given by

r=Dy{w)=ng—(n—nx)=2nyg —-n
As ng takes on the values 0,1,2,...n, it follows that

r=Dyw)€{-n—-(n—-2),..,n-2n}
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Example 20 Number of Paths to (4, —-2)
Let (n,r) = (4, —2) so that

KSR T ST

and the number of different paths from the origin to {4, —2) is

4
¥oram (f) -t

Explicitly, the four outcomes are (H,T,T.,7), (I, H,T.7), (T,.T,H,T),
and (T,7,T, H) whose paths all end at (n,r) = (4,-2}.

Convention
Define N, , = 0 if »n and r are not of the form

n = ng+ne,
ng —nr

T

for some nonnegative integers ng and nr.
For example, if n = 4 and r = 3, then

el=aln alls )= 1]

and by our convention Ny 3 = 0.

1.7.1 The Reflection Principle

Let A = (0,), B = {n,r) withn > 0,a > 0, and > 0 be two points in the
first quadrant {see Figure 1.4}, By the reflection of 4 =(0, a) with respect
to the time axis is meant the point A’ = (0, —a). Under these conditions,
we can now prove the reflection principle.

Theorem 3 Refiection Principle
The number of paths from A to B which touch or cross the #-axis equals
the number of all paths from A’ to B.

Proof. Consider a path (dy = a,d;,...,d, =7) from 4 = (0,0) to B =
(n,7) with a,7,n > 0 and having one or more vertices on the ¢-axis. Let ¢;
be the time of the first such vertex as shown in Figure 1.4. In other words,
dy=a>0,d1 >0,...,d;; 1 > 0,d, =0. Now

(_dﬂ = —a, _dlr wery _'dh—l: d‘tl = D} dtl-f-l': LLRT] dn = T)

is a path from A’ to B also having T = (#;,0) as its first vertex on the
t-axis. The sections AT and A’T are reflections of each other and in this
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manner a 1—1 correspondence is set up between the paths from A’ to B
and the paths from A to B that have a vertex on the {-axis. [ |

B={nr)

FIGURE 1.4. Iustration of the reflection principle.

Theorem 4 Ballot Theorem?
Let n and r be positive integers. There are precisely

T
Nn—lw—l _Nn—law‘+1 = ;Nn,r (117)

paths (dp,dy,....,dy, =) from the origin (dp = 0) to the point (n,r) such
that d, > 0,dy > 0,...,d,.1 > 0,d,, = v > 0. We refer to these paths as
the admissible paths.

Proof. Each of the admissible paths must pass through the point (1,1).
Thus there exist as many of these admissible paths as there are paths from
the point (1, 1) to {n,r) which neither touch or cross the ¢-axis.

(a) Np—1,r—1 I8 the total number of paths from (1,1) to (n,7).

(b) Np—1,r41 is the total number of paths from the reflected point (1, —1)
to (n,r). By the reflection principle this is also the number of paths from
(1,1) to (n,r) which touch or cross the {-axis.

Thus the number of paths the origin {dy = 0) to the point {n,7) such
that dy > 0,ds > 0,...,dp =7 >0 is

Nﬂ—ll!"—l _Nﬂ—1$7‘+1 .

r
Now we show Np_1,r—1 —Np_1,r41= ~Np,. To do s0, recall that for a
n

ESEHE

2S¢e Problem 9 for an interpretation of this theorem to voting.

given {n,r) we have
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Therefore, it follows that

ng ~—1 . 1 1 1 n—1
np T2l 1 -1 r—1 |
ny _ 11 n—1
ne —1 o211 1 r+1
resulting in
ng +nr—1 ng+nr—1
1 =N i1 = -
No—1r1 T+l ( g — 1 ) ( - )
_ {rpt+nr—1)! (ng+nr—1)
(ng — 1)!ny! ng!(np — 1)
_ _ng (raton)!  nr (ma o)
ng +nr nglnrl ng +ny nglap!

ng —nr (nyg + nyp)!
ng +nr nglny!

As r =ng —ng and 7 = nyg + ny, we have

No 1w 1=Nn 141 = T ('RH + nr_r)
= =Np,. (1-18)

|
Remark Let’s check out the expression (1.17) for the extreme case where
7 = n. The total number of paths from (1,1) to (n,n) is given by

n—1 n—1
Np—typ-1| = Npolma= n—1+n—1):( )le
2

which is clear because this path requires all n — 1 of the tosses to be heads.
On the other hand, with » = n, the total number of paths from the reflected
point (1, —1) to {n,n) is given by

n—1 n—1
No—tsrt1 = Np1m+1={ n— 1+n+1) - ( n ) =0

r=n
2

This is simply because in nn — 1 tosses of the coin, one cannot get n + 1
heads which is what is required to go from (1, —1) to (n,n). This shows that

No 11 —No—1m+e1 =1 and, as EN,,‘ﬂ = 1, we have a direct validation
7
of (1.17) for r = n.



1. Coin Tossing 25

1.8 Random Walks: First Returns and the Main
Theorem*

Let’s now look at a random walk in which a particle moves n unit steps
according to the flip of a coin. Specifically, consider a particle starting at
the origin and flip a fair coin at a uniform rate, say every At seconds,
where the particle moves up or down, respectively, according to whether
the outcome of the coin toss is heads or tails, respectively. The pesition
of the particle at time k is denoted as dy so that (dy = 0,ds, ..., d;;) is the
path of the particie.® The set of all possible paths at time n is given by
{(D1{w), D2(w), .., Dn(w))| w € 2} where we recall that

k
Di(w) =) Yi{w) fork=1,2,..,n.
k=1

The set {w € 2,,|D,(w) = r} is the set of all outcomes such that at time n
the particle is at the point {(r,r). Defining

Py = Pul{w € Q| Dp{w) =71} (1.19)
and recalling that
n
N’n,r = (nn ) = (?’l-’r‘f‘)
“ 2
is the number paths from the origin {0,0) to the point (n,r), we have
n
pur & Palfer € QulDule) =) = (nir )2 (1)
2

is an

n
Keep in mind the convention that (n+r) i3 zero unless
2

integer between 0 and n.

Example 21 p, .
Let n = 4 so that for r € {~4, —2,0, 2,4} we obtain

pap & Py({w € QulDa(w) = 7}) = (4 N r)z—“,
2

3The time k is taken to carrespond to the actual time kAt.
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where 0 < ng = i+r < 4, We have

o/

Prs = gt T 36
£ 1 1

= — = 4—

pa2 (3) oA 16’
N1 1

Paog = (2)53 = 61_6’
a1 1

_ = — = 4—

P42 (1) 51 16°
oy

Pa—e = Ap)d T 16

As we have shown, the quantity (;l__r) is the number of possible paths
p)

from the origin to (n,7) in n flips of the coin. Now we ask the question of
how many paths go through the same point (n,r) in n+1 flips of the coin?
Well, after time n, we don'’t care what happens so w,,1 may be heads or
tails or equivalently ¥,11(w) = £1. Thus the total number of paths from

" ) and each of these

atr

the outcomes in 2,41 that go through (n,r) is 2(
2

paths has probability 1/2°+1. Thus

Pl € BalDa@) =H) = 2( 1 ) s
- (s)z
= o)
= Po,{{w e Q,|D,{w)=r}).
Using similar arguments, we have the following theorem.
Theorem 5 Consistency of Probabilities

Prpm{w € Doyl Dalw) = 1}) = Pul{w € Q| Dalw) = 1}).
Proof.

T 1
Popm{w € QuimiDy(w) =r}) = 2™ (%i) nim

= ()
w7

= Po{{w € Q| Dnlw) =1}
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Example 22 Consistency of Probabilities
Let (n,r) = (3,1) and m = 1. The number of paths in {}3 which pass
through the point (3,1) is

(ntr)=(3%1) -5

2 2

The number of paths in 4 which go through the point (3,1} is

3
2[ 341} =6

2

There are two paths in §24 going through (3,1) for each path in €23 that
goes through (3, 1) as the 4" toss wy can be heads or tails. The six possible
paths due to outcomes in Q4 which go through (3, 1) are shown in Figure
1.5.

d d d
| T
d d d

FIGURE 1.5. The six possible paths which go through (3,1).

Each of these six paths has probability 1/2%. Then

Pu({w € QaiDs(w) = 1}) = 2(3 H 1)2i =6

2

while 3 1 )
Py({w € Qs Ds(w) = 1) = (3+ 1)2—3 -3k
2
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Definition 5 Return to the Origin
A return to the origin occurs at time k& < n for a path corresponding to
the outcome w € §, if Di(w) =

Remark Note that & must be even for Dy (w) = 0.

Example 23 Return to the Origin
Let &k = 2,n = 4 so that

po = Pil{w € Q| Da(w) = 0})
= Po({w € M|Ds(w)} =0}) (by Theorem 5)

2
2-4-0)2_2

2

It
w_l e

On the other hand, with k = 3, n = 4 we have

o = P4({w € Q4| D3(w) = 0})
= Pi({w e Q3|{Da{w} =0}) (by Theorem 5)

- (ol
- (3

n
using our convention that (n + r,r) =0 if ntr

is not a positive integer.

This simply because a return to the origin cannot occur at time £ = 3 as
this is an odd number of coin tosses.

As discussed above, at any time k& > 0 that the particle returns to the
origin, there must be an equal number of heads and tails after k tosses of
the coin, that is, k = kg + kr = 2ky where kg is the number of heads
in k tosses of the coin and k7 is the number of tails. To study returns to
the origin, let's only consider even times for k, i.e., write k = 2v < n. We
already know by (1.20) that the probability of a return to the origin at
time k& = 2v is given by

1

2v
Uy épm;,o = P?u({w S QﬁleQ”(w) - 0}) = ('U)EE;,
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where (25) is the number of paths from the origin {0, 0) to (2v,0). Stir-

ling's formula gives us [see {1.9)]

1
U2y =~ m:

which is a good approximation for large v. For example, with v = 5 we
have

1

= 0.2461 = 0.2523
uo = 0.2461, o=
while with v = 10 we obtain
1
tugg = 0.1762, — = 0.1784.

Jro

Remark By Theorem 5 with n > 2v we have

Pn({w = inng(w) = 0}) = Pgt,({w < nglDQU(M) = 0}) = Ugp.

1.8.1 First Returns

Let the particle move for 2n units of time. The particle returns to the origin
for the first time at time 2v < 2n for the path corresponding to an outcome
w if Dy(w) # 0, Da{w) #£ 0, ..., Doy—1(w} # 0, but Dgy(w) = 0. Define

f2v = Pgn({w (= Q2n|D1(w) % 0, -H;DQv—l(W) % 0! D2’U(w) = 0}} (121)

Starting from the origin, the particle can return to zero only after an
even number of coin tosses. So the first return time must be an even num-
ber, hence the choice 2v. We will ultimately want to consider the particle
returning to the origin at the end of all the coin tosses, hence the final time
must be even as well giving the choice 2n.

Similar to the arguments in Theorem 5 we have

f‘Zv = P2n({w € QEn]Dl(W) 76 0: - D21r—1(w) 3& 07 D?v(w) = 0})
ng({w (S Q2g|D1(w) 7‘—' 0, cery ng_l(w) % 0, Dzv(w) = 0})
(1.22)

To see this, let Ny, be the number of paths in Qg, with Dy (w) #£ 0, Da{w) #
0y.vey Doy_1(w) # 0,Dy(w) = 0, each with probability 1/22°, On the
other hand, there are 22" 2Ny, paths in g, with Dy(w) # 0, Do(w) #
0y .oy Doy_1(w) # 0, Dy, (w} = 0, each having probability 1/22", Thus in
the first case, the probability is Np,/2%Y while in the second case it is
22n—21_rN2U/22n — N2U/22D-
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Example 24 First Returns
Let 2n = 4, 2v = 2 and we compute f> and us. We have

{w € YlDy(w) =0} = {w € Q| D1{w) # 0, D2(w) =0}

as I (w) can never be zero. Thus

w 2 Py({w € Q| Dalw) = 0}) = (?iﬂ)ziz - %
2

Pi({ € lD1(w) # 0, Do) = 0)) =ua = 5.

lie-

f2

The eight possible paths corresponding to outcomes in £, that satisfy
I3 (w) = 0 are shown in Figure 1.6.

W e P e

FIGURE 1.6. The eight possible paths with Dz(w) = 0.

Example 25 First Returns
We now compute 44 and fy. In this case v = n =2 (20 = 4,2n = 4). We
have

iy 2 P4({Ld = 941D4(w) = 0}) = (4 i 0)2i4 = %,
2
o 2 Pulfw € QlDi(w) £ 0, Da(w) £ 0, Dafw) £ 0, Daw) = 0))

= Py({w € U|Da{w) # 0, Dy{w) = 0})
2

16
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as there are only two possible paths satisfying Ds(w) # 0 and Dy(w) =0
as shown in Figure 1.7.

d d

FIGURE 1.7. The two possible paths with Da{w) # 0 and D4(w)} = 0.

Convention Define ug £ 1 and fo £ 0.
We now show how fon and ua, are related.

Theorem 6 Relationship between fo, and ug,
Forn>1

Uon = folon—2 + fallan—a + -+ + fonto.

Proof. A visit to the origin at time 2n may be a first return or else the
first return ocecurs at a time 2k < 2n and is followed by another return
2n — 2k time units later. The probability of this latter case is foruon—_ax
because there are 22% f5,. paths of length 2k ending with a first return at
time 2k and for each of these paths there are 227 ~2%q,,, o paths from the
point (2k,0) to (2n,0). Thus there are

(2% far ) (22K unp—ok) = (fortion—2k)22"

paths of length 2n with a first return to 0 at time 2k that also return to 0
at time 2n. The first return may occur at any of the times 2,4, ..., 2k, ..., 2n
go that the total number of paths with Dy, {w) =0 is

(et Fortion—2i)2%".

Consequently, we have

n.- — 2211
tUgn £ Pon({w € Qap|Dan(w) = 0}) = (k=1 fg;;tf 2k)

or
ton = fotan—2 + fauon—a + - + fonUo-
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Example 26 Computation of First Returns
Using the results of Examples 24 and 25, we have

1 6 2 1
uﬁ_fzu4+f4u2+f6u0_§'E+E'§+f6-

However,

6L 61 _5
26 7 313126 T 16

ve & Py ({w € 6| De(w) = 0}) = (s o

so that
16 \2 16 16 2 16"

The four outcomes resulting in a first return to 0 at ¢ = 6 are

fa=i—(1 6 2 1)=i

(H,H,HT,T,T},
(H,H,T,HTT),
(T\T,T,H,H, H),
(I, T,H,T,H, H),

which is 4 out of 2% = 64 possible outeomes again showing that fg = 4/64 =
1/16.

1.8.2 Main Theorem
By definition,
Uzn £ -P2‘n.({f"--JI € Q2n|D2ﬂ(w) = 0})

The next theoremn shows that ug, is also the probability of all outcomes
whose corresponding paths never go back to 0.

Theorem 7 Main Theorem

The probability that no return to the origin occurs up to and including
time 2n is the same as the probability that a return occurs at time 27, that
is,
PZR({w € Q2'.'1l-D1 '-)é 0: D2 7é 0: seey DQn % D}) = P2n({w S Q2n|D2'n = 0})
Uan. (1.23)

Proof. The event {w € Q,|D1{w) # 0, D2(w) # 0, ..., Dan{w) # 0} oc-
curs only if Dy{w) > 0 for i = 1,...,2n or Dy(w) < 0 for ¢ = 1,...,2n, that
is,

{w|D1 3& 0, Dy 3": o,..., D, ?é D} = {w|D1 = (), Dy > 0, .”,Dgn s D} U

{w[D1 <Dy <0,.., D, < D}
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By symmetry, the two events on the right are equally probable so
P‘Zn({w € Q2«'1|-|Dl (w) 7é 0: DZ(W) ?1‘- 0! reey DZR(w) 7é 0})
= 2P, ({w € Qon| D1 (w) > 0, Da(w) > 0,..., Day(w) > 0}).
(1.24)
As a result of this, we need only prove

Pro({ € Q2al D1(w) > 0, Do) > 0, .., Daa(t0) > 0}) = Suzn.

To proceed, recall that Da,(w) € {-2r,-2n+2,..,,-2,0,2,...,2n — 2,2n}
(see the remark on page 21). Thus Ds,(w} > 0 implies that Do,(w) €
{2,...,2n — 2,2n}. We then have

Pgn({w S an|D1(w) = 0, Dz(w) >0, ..‘,.Dgn(u‘) > D})
= > P({w € QnlD1(w) > 0, ..., Dan_1{w) > 0, Dan(w) = 2r}).
=1

By the baliot theorem (Theorem 4), for eack r > 0, the number of paths
satisfying Di{w) > 0, Da(w) > 0, ..., Dap_1{w) > 0, Dy (w) = 2r is

2r
Nop—1,2r-1 —~Nan-1,2r41= %N‘Znﬂr

so that

Nn— 32— _Nn-'}r
Py({w € Q2n| Dy > 0, ..., Dap_y > 0, Dy, = 2¢}) = 22212 122n n-lvdrdl

Then
Pzn({w S an}Dl(w) >0, Dg(w) >0, ...,Dgn(w) > 0})

i)
Z Nop1y2r -1 ~Non_1,2041
22’:‘5

r=1

1
= T ((N‘Zn—lsl —Nzp-1,3) + {(Nan-1,3 —Non_1,5) + -+

+ (N2n—1 2n—1 _Nfln—112n+1 ))
1

= T (Nan—1,1 —Non—Liznt1)
1
= %N')n—lvl

since Nap—1,2n+1 = 0 as explained in the remark after the ballot theorem
on page 24. Continuing, we have
1 (-1l 1 _12n! 1 1

gam Van-11 = O (n—1)1220 ~ 2plnpl22n 3%
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That is,
1
Pgn({w c an|D1(w) >0, Dg(w) >0y, Dgn(w) > 0}) = §’H.gn (125)

so that by (1.24) we have

Pon{{w € Qap|D1{w) # 0, Da(w) # 0, ..., Dap(w) # 0F) = uzn.

[
The next theorem shows that uay, is alse the probability that a path never
goes negative,

Theorem 8 Probability of Positive Paths
Pzn({w =] an1D1(w) = 'D, D2(L\J) 2 0, . Dzn(W) = U}) = Han.
Proof. A path of length 2n with all vertices strictly above the {-axis

passes through the point (1,1). Then take the point (1,1} as a new origin
to obtain a path of length 2n — 1 with all the vertices on or above the new
t-axis. We then define

N, & Number of outcomes in {w € Qon}D1(w) >0, ..., Dap(w) > 0}
which equals

Number of outcomes in {w € Qon_1jD1{w) > 0, ..., Don_1 ()} > 0}.

However,

Number of outcomes in {w € Qop_1|D1(w) >0, ..., Dap_1(w) > 0}

equals
1
3 \(Number of outcomes in {w € on|D1(w) > 0,..., Dop_y (W) = 0})1
&N,

Thus

Pgn({f.d S an1D1(w) = 0, DQ({A)) >0, ...,Dgn(w) > 0})

M

22n

1N

2920

- %Pﬁn({w € Qon|D1(w) > 0, Da(w) 2 0,..., Dan_1(w) 2 OF).
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However, Dg,_1(w) cannot be zero as 2n — 1 is an odd number of coin
tosses. Thus

Dgn_l(w) >0= Dgn_l(w) >0= Dgn(w) = 0.
That is,

{w € anlD](W) 2 0) DQ(W) > 01 neey DZn—l(w) .>_ 0}
= {w € Qon|Dh(w) 2 0, Da(w) 2 0,..., Dan_1(w) 2 0, Daniw) = 0}

so that
Py ({w € Qgn| D1 (w) > 0, Da(w) > 0, ..., Doy (w) > 0})
- %Pgn({w € Qau| Dafw) 2 0, ..., Dgnos(i0) = 0, Dan(w) = O1).
From (1.25} we obtain
Py ({w € Q0| D1 {w) > 0, D2(w) > 0, ..., Dag(w) > 0}) = uan /2,
from which it follows that
Pon{{w € Qon| Dy {w) > 0, Da(w) > 0, ..., Don{w) > 0}) = ua,.

[
Using the main theorem, we can develop a simple expression for computing
the probability of a first return at time 2k, that is, to compute

far £ Pon({w € Q20| D1(w) #0, ..., Dag_1{w) # 0, Dok (w) = 0}).

Theorem 9 Ezxpression for First Returns
For k =1,2,..n we have

Sor = ugk_2 — uok.
Proof. To proceed, let

A 2 {0 Di(w) £ 0, Da(w) # 0, ... Dap—a(w) # 0}
= {w = anlDl(w) #0,.., Dzk_-g(w) #0, ng..](w) #+ D}

as 2k — 1 is an odd time so Dy (w) # 0. Next, define
Az 2 {w € Qon|D1(w) # 0, Da{w) # 0, ..., Dag(w) # 0}.
We want to compute the probability of the set

A1 £ {w € Qa,| D1 (w) # 0, Daw) # 0, ..., Dag_1(w) # 0, Doy (w) = 0}.
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Note that A; and As are disjoint and
AjUA; = A,
Thus

Po(A1) = P({w € QoplDi{w) # 0, ..., Dox1{w) # 0, Dap(w) = 0})
Py (A) — Pan(Az)

Ugk—2 — U2k,

where Py, (A) = ugp_z and Pp,(Az) = g follow from the main theorem
{Theorem 7). ]

1.9 Path Maximums and First Visits*

Consider a random walk which starts from the origin {0,0) and goes to
some point (n, k). We now investigate the maximum distance it reaches
from the origin before ending up at (n, k). This maximum must be greater
than or equal to zero because the random walk starts at Dg(w) = €. To
proceed, the solid line random walk in Figure 1.8 is a path from the origin
to the point (n, k) and reaches the line d = r. This outcome is in the set

{w € Q| max{D1(w), ..., Dp{u)} > r, Dp{w) = k}. (1.26)

d

0,2r k) ]

0.1)-

(Oak) T

FIGURE 1.8. Reflection of a path about d = r.

For each such outcome, there is a unique corresponding path from the
origin to the reflected point (n, 2r — k). By reflected point, we simply mean
that the point {n,2r — k) is above the line d = r by the same amount that
(n, k) is below d = r at time n. This path is indicated by the dashed line
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in Figure 1.8. The path to the reflected point is the same as the original
path until it intersects d = r at time n;. After n;, the remaining part of
the path to (n,2r —k) is obtained by simply taking the results of the tosses
from n; + 1 to n to be the opposite to those of the original (solid line)
path. There is a one-to-one correspondence between the paths {outcomes)
in (1.26) and the paths {outcomes) in

{w € Qp|Dp{w) = 2r — k}. (1.27)
Therefore,
P,{{w e Qu|max{D,..D,}y>r. D, =k}) = P({weQ,iD,=2r—k})
_ n 1
- n:l:’Zr— 2-_.1,
= pﬂ,ﬂr—
This holds for & < r. In particular, for &k = r, we have

{w € Q| MAX{ Dy (), s Da@)} 2 7, Dala) =} = {w € QulDolw) =1}.

(1.28)
With k < r, the set of paths that start at ((,0) and end at (n, k) which
also have a maximum value egual to r are characterized by

{0 € Qulmax(Dy(w), o, Dalw)} =7, Dalw) =k}, (1.29)

Then the set of outcomes that start at (0,0) and end at (n,k) with a
maximum value greater than or equal to r can be decomposed into two
disjoint sets. Specifically, we have

{w|max{Dy, ... n} > rD,=k}=
{w| max{Dy,...,Dp} = r,D —k}U{w|max{D1, wDp}y=r+1,D, =k}

Then computing the probability of both sides gives

P, ({w € Qu| max{D1{w), ..., Du(w)} 2 r, Dy(w) = k}} =

P,({max{Dy, ..., Dp}=7r,Dn= k})+P({max{Dy, ..., D, } >+, D, = k}).
Finally, rearranging we cbtain

Po({w € Q| max{D;(w), ..., Dp{w)} = r, D (w) = k})

Po{{w| max{D1(w), ..., Dn(w)} 2 7, Dn(w) = k}) —
P ({w| max{ D1 (w), ..., Dn(w)} 2 7 + 1, Dp(w) = k})
= Pa2r—k — Pn2r42—k- (130)
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First Visits to r

We can use the just completed results to compute the probability of a
first visit to r. For a random walk to start at (0,0) and get to r for the first
time at time n, it must go through the point (rn—1,r—1) with Dg(w) < r—1
for k=1,..,n— 1. That is,

{w € Q'n|-'D1(c""') <, --'1-Dn—1(w) < Dn(w) = T}

{WeQn|D1 ST_]-;----JDn—2ST—1,Dn_]:T“"l,Dn:T“}
{w = Qn|max{D1,...,Dn_1} =7 - ]--;D'n—l =7 - ]_.,Dn = T}
{we Qymax{Dy,...,.Dp1}=7—-1,Dp 1 =r-1Y, =1}

Therefore

P.({w e Q| Dr{w) <1, D q(w) <7, Dp(w) =¢})
= Pn({w = in l'ﬂ.&X{D], ----.!Dn—l} =i — ]_) D'n—] = — 13Yn — 1})

Using {1.30) where we substitute 7z — 1 for i, r—1 for r and set £ = r—1,
the probability of a first visit to r at time n is then given by

Pal{w € Qplmax{D1, ..., Dy_1} =7 — 1, Du_y = r — 1) Pal{w|Y, = 1}).

1
Pn({w 1S inDl < ...,Dn-_] < T, .Dn = ?"}) = @Jn—l,r—l - pn—l,r+l)§
1 1
- (Nn—l,r—-l - Nn-l,’r+1)2n_1 5
rf{ ny1
== — 31
He ) (30

where the last step follows from (1.18) as ny = (n+r)/2.

1.10 Random Walks: Last Visits and Long Leads*

‘We've been looking at tossing a coin 2n times and watching a particle start
at 0 and then move up or down according to whether a head or a tail
occurred. If the particle goes back to 0, we call this a visit or a refurn to
the origin. It is also referred to as an egqualization as the number of heads
and the number of tails are equal at this point in time. This random walk
can also be viewed as a gambling game. Consider twe players who bet a
dollar every time the coin is tossed. If heads appear, then player 1 gets a
dollar from player 2, while if a tails appears, player 2 gets a dollar from
player 1. In this context, an equalization in interpreted as neither player
being ahead. The following example is one of the many interesting results
which are a consequence of the theory developed above. We guote from W.
Feller's book (see [14], page 79)
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Suppose that a great many coin-tossing games (random walks)
are conducted sirnultaneously at the rate of one per second, day
and night, for a whole year. On the average, in one of ten games,
the last equalization will occur before 9 days have passed, and
the lead will not change during the following 356 days. In one
out of twenty cases the last equalization takes place within 2.5
days, and in one out of a hundred cases it occurs within the
first 2 hours and 10 minutes.

The following theorem from W. Feller [14] gives us the tool to verify
these remarkable facts,

Theorem 10 Last Visits to the Origin
The probability that up to and including time 25 the last visit to the
origin occurs at time 2k is given by

Gakzn 2 Pan({w € Qonl Dar(w) = 0, Dagy1 (@) # 0, ..., Dan(w) # 0})
= Ugplan_2k (1.32)
for £ =0,1,2,...,n.
Proof. We want to compute the probability of the set
A2 {w € Qop| Do (w) = 0, Dagyr (w) # 0, ..., Do (w) # 0}

The quantity 2**uo; is the number of paths in 2k tosses with Dai{w) = 0.
Consider the point (24, 0) as a new origin. The main theorem {Theorem 7)
tells us that there are 227~ y,, o paths for the next 2n — 2k time steps
that do not touch the ¢-axis. Thus there are a total of 2%Fugy, - 227 2%y, o
paths in 4 and therefore

Q3 20 = P2n({w S Q2n|D2k(w) = 0: D2k+l(w) # 0! "y DZ'R(W) ‘-}é 0})

Uaption 2k

i

Remark 1 An explicit formula for ceor 2, is simply

2EN 20 — 2k
Q20 = U2kUdn_ 2% = (k )( n—k )2_2”.

Example 27 a0, for 2n =4

We evaluate {1.32) with 2n =4 and k=0,1,2.

For k = 0 it follows that ap 4 = 3/8 so that there are 2*(3/8) = 6 paths
of length 4 that never return to 0 after time 0.

For k = 1 it follows that as 4 = 2/8 so that there are 24(2/8) = 4 paths
of length 4 that never return to 0 after time 2.
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For k = 2 it follows that cys = 3/8 so that there are 24(3/8) = 6
paths of length 4 that never return to { after time 4. This is more clearly
understood as the number of paths that return to zero at time 4, ie.,
Qg4 = Ug = P4({w = Q4|D4(w) = 0})

Example 28 s 3, for n=10
For n = 10 {2 = 20}, the following table gives the values of ag a0 for
k=0,1,...10.

k=0 | k=1 k=2 k=3 | k=4 k=5
k=10 k=9 [k=8 | k=7 | k=
agp 20 | 0.1762 | 0.0927 | 0.0736 | 0.0655 | 0.0617 | 0.0606

1.10.1 Inverse Sine Approximation for cap on

For k < n with both k& large and n — k large, Stirling’s approximation [see
(1.9)] allows us to write

1 1
Ugp R —==, Ugn—2k N ———
R Y (=T )

so that
1 1

a2k,2n;v‘-‘__‘“—““_'“-
(7
mi={1-2

T 13

For £ =0,1,...,n — 1, define 23 = k/n so that with (see Figure 1.9)

A 1
fla) 7/x(1—x)

we have
1
gk 2n == ‘n"f(fu"k)-

The probability that the last visit to the origin occurred between times 2k;
and ng is

ko
> o an.
=k

To compute this sum, we use the above approximation for woy 2, which is
valid as long as 0 << k) < k < ko << n (so that ky, ke, and n — ks are all
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2k 2k
+ A 1 Fy 2
large). With z; £ o . Lo o we have

ko
> oaon

k=ky iy E;}.‘ o

2 |
=[] =[]
EN 2
=
g
—
Bl=

b2
Caa
3
8
=l -
|
b

oy

_ %(sm_l(\/fv_z) —~ sin ™! (Z1)).
.
s 1
2 1+ [N /

] 1] 1 1 11 11 1 &1
0 01 02030405086 07 08 09 1D

1
FIGURE 1.9. Graph of f{z) £ ——0——.
phol /o) & =

Further, we now show that

k1 i 1
Qopon R / ———dz,
;) " o my/r{l -z}
> e
Qogon = f —_—
= s T/ 2 (1 — )

also hold. To proceed, we write

n 1 1
n=1= | ————— da,
kzzoazk,z /0 my/2 (1 — 1)

(1.36)

where the reader is asked to show > p_, oag,2n = 1 in Problem 2¢ while
fnl m dz = 1 follows from elementary calculus. With ks = n — &y,
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equation {1.36) is then rewritten as

nn—k1—1
Z Q2k,2n + Z Q2k,2n + Z Cop,on =
k=ky+1 k=n—k

1

l—m1 1
/0 ‘m./x(l —z) dx+/;;1 m/:c(l—m‘) dt 1-m T/x{l—x) e

Using the symmetry properties

flx) = = fll-z),

x 1—:5)

T
2k\ f2n — 2k 1
®2k.2r = 2 9=2m C2n—2k2n,

we may rewrite this

n—Fki—1

ri 1 1 it} 1
2 ot n=2] e -z
§02k2 Z a2k2 /n T x (1l —x) z+[m Tzl —z) *

k=k;+1

which upon using (1.34) implies?

Ky L1 1
Qo on F —_——dx
kZ=0 " /n m/z(l - z)

It then follows directly that

iazk,%%/l—l—dﬂ:
P 22 /2 (1 —2)

Example 29 Probability of Last Visits to the Origin
We now verify the examples in the above quote from W. Feller’s book
[14]. Flipping a coin every second for a year results in
4 hr 60 min 60 sec

2
2n = 365 days x day X b X — = 31,536,000

coin tosses while doing the same thing for 9 days gives

% = 9 days x 2P O0min  60sec ..o 6o
day hr min

coin tosses. Setting
2k 9

=g T

4 n—k)— n—k o~ T2 1
As Ek k1+1 Q24 In & Zk=k1 aap an = fml mdﬂ:‘
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the probability that the last egualization (last visit to the origin) was in 9
days or less is

k1 r
1 1 2
Oop on = —dr = Zsini{/x
kZ_o 2k,2 /0 R T-2 o (v/#1)
= %sin_l(\/9/365)

= (.10038.

That is, in one out of ten games, the last equalization will occur before
nine days have passed!

Similarly, with x = 2.5/365, the probability that the last equalization
(return to zero) occurred before 2 1/2 days is

%sin“l(\/2.5/365) = 0.053 ~ 1/20.

Finally, the probability that the last equalization occurred before 2 hours
and 10 minutes {which equals 130/60/24 days) is

2 _.f [130/60/24\ N
~sin (\/ o = 0.00997 =~ 1/100.

1.10.2 Long Leads

We say a path is on the positive side of the f-axis from the time 2k; to
the time 2ky (ke > k1) if Do, (w} > 0, ..., Do, (w) > 0. For example, the
path in Figure 1.10 spends 6 time periods on the positive side, which is
from 2k, = 6 to 2k = 8 and from 2k3 = 12 to 2k4 = 16 while it spends 10
periods on the negative side.

——t+—— ——————+— t-axis
B 8 12 16

FIGURE 1.10. A path with 6 positive time periods and 10 negative time periods.
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Theorem 11 Inverse Sine Approzimation for Positive Leads

Starting from the origin, the probability that in the time interval from 0
to 2n, the particle spends 2k time periods on the positive side and 2n — 2k
time periods on the negative side is equal to agg on-

Further, with 0 < z < 1, it follows from the inverse sine law approxi-
mation that the probability that x(2n) time units or less are spent on the
positive side (and thus greater than (1 — £)(2n) time periods or more are
spent on the negative side) is given by

2
= sin~1(v/z)
w

as n — o0.

Proof. Consider paths of length 2n and let bay 2, denote the probability
that 2k periods out of the 2n periods are positive, i.e., the path is on the
positive side for 2k periods. For Ak =0,1,...,v and v = 1,2, ...,1 we need
to show that

bar,2v = Cog,2v- (1.37)
By Theorem 8§,

sz({w = QZ'UIDl(W) >0, D2(w) >0, ...,ng(w) E 0}) = Ude
which is the probability of 2v positive time periods in 2v coin tosses. So

521;‘21) = Ugy = Kp,2v

and (1.37) holds for k = v. By symmetry, the number of paths for which
2v periods are negative in 2v tosses has the same probability, that is,

bo,2v = 20 = Q0,20

Thus, (1.37} is true for both &£ = 0 and k = v and we now only need show
(1.37) holds for 1 < £k <v—1.

To proceed, let 2k of the 2n time periods be positive with 1 <k <v—1.
Then there must be a first return to the origin at some time 2r < 2n,

Case 1. The first 2r time periods up to the first return are on the
positive side. There are £2%7 fo, such paths. (There are 22" £, paths whose
first return to 0 is at time 2y and half of these are above the t-axis and
half are below.) As 0 < r < k < n — 1 and the path from {2r,0) to time
2n must have exactly 2k — 2 time periods on the positive side, there are

297 =2 ho} 2 2n—2r Such paths. The total number of these paths is
1 —2r
522rf2r22“ 2 bk —2r 2020

Then the number of all such paths that have 2k of the 2n time periods
positive and their first 2r time periods are above the t-axis is

k
3 1 ~ar

522Tf2r22n 2 b2k—2r,2n—2r‘ (138)
r=1
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Case 2. The first 2r time periods up to the first return are spent on the
negative side. In this case, after (2r,0) the path must have 2k periods on
the positive side requiring 2k < 2n — 2r so r < n — k. The number of these
paths is

1
522rf21~22n_"2rb2k,2n—2r-

Then the number of all paths such that 2k of the 2n time periods are
positive and their first 2r time periods are below the t-axis is

n—k
1
> 52 far 2 bgg oo (1.39)

r=1

The probability baj 2y is the sum of (1.38) and (1.39} divided by 2", that
is,

k n—k
1 1
bok on = ; §f2rb2k—2r,2n—2r + ; §f2rb2k,2n—‘2r- (1.40)

We now use induction on v to prove (1.37). For v = 1 we have shown (1.37)
is true for &k = 0. 8o we set £ = 1 and consider b 5. This is the probability
that in two coin tosses there are two positive periods, which is the same

as Pa({w € |D1(w) > 0, Da{w) 2 0}) = up =tz = G) (3)2'2- Thus

(1.37} is wvalid for v = 1,k = 0,k = 1. Now assume {1.37) is true for
v < n — 1, that is, by the induction hypothesis we have

bok, 20 = G2k 20

forv<n—1and k=0,1,2,...,v. Using this in (1.40) we have

k n—k
1 1
bokon = §:§f2ra2k—2r,2n—2r+z §f2ra2k,2n—2r
r=1 r=1

k n—k

1 1

= -2k > farttzn 20 + U2k 3" fartizn 2k ar-
=1

r=1
By Theorem 6, we know that

n

uon = fotign—2 + fattana + -+ + fanto = Z Jortian—ar

r=1
s0 that
1 1
bokon = Uan-2ktzic + 5 UzkUon -2k
=  &22n.

Thus (1.37) is true for v = n.
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With 1 = 2k1/2n, 0 << k1 << n {i.e., both k; and n — k; are large),
the probability that x;(2n) or less time periods were spent on the positive
side is

Example 30 Gambler Leads [14]

Recall the gambling interpretation of the coin tossing game where two
players bet a dollar every time the coin is tossed. If heads appear, then
player 1 gets a dollar from player 2, while if a tails appears, player 2 gets
a dollar from player 1.

(a) By Theorem 11, the probability that in 20 coin tosses one of the players
is always ahead of the other player is equal to

€g,a0 + Q20,20
Using the table in Example 28, this is numerically equal to

0.1762 4+ 0.1762 = 0.3522.

(b) The probability that in 20 coin tosses that either one of the players
is ahead 16 time periods or more is 0.685. To show this, it follows from
Theorem 11 that the probability that player 1 is ahead 16 time periods or
more is

16,20 + 18,20 + (20,20

and, by the table in Example 28, this is numerically equal to
0.0736 + 0.0927 + 0.1762 = 0.3425,

The probability that player 2 is ahead 16 time periods or more (equivalently,
that player 1 is only ahead 4 times or less) is

Q4,20 + 2,20 + Cip 20 = Ct1s,20 + G820 + Qizp 20 = 0.3425.

The set of outcomes for which player 1 is ahead 16 times or more is disjoint
from the set of outcomes for which player 2 is ahead 16 times or more.
Thus the probability that either player 1 or player 2 is ahead 16 times or
more is 2(0.3425) = 0.685.
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Example 31 Positive Leads and the Inverse Sine Law [14)

With 2n large and 2 = 0.024 (so the number of time periods spent on
the positive side are z(2n) or less) it follows by the second part of Theorem
11 that the probability the particle spends greater than (1 — x)(2n) =
0.976(2n) time periods on the negative side is asymptotically (n — o0)
equal to

% sin~1(+/0.024) = 0.099.

By symmetry, the probability that the particle spends greater 0.976(2n)
time periods on the positive side is also 0.099. Adding these two proba-
bilities up, the probability that the particle spends 97.6% of the time on
the same side of the t-axis is 2(0.099) = 0.198 or about 0.2! In words, the
experiment is tossing a fair coin a large number of times. If we repeat this
experiment many times, then in about 0.2 or 20% of the experiments, the
particle will spend 97.6% of its time on just one side of the {-axis.

Example 32 Positive Leads and the Inverse Sine Law [14]

Toss a coin every second for 365 days. Again, if heads appear, then player
1 gets a dollar from player 2, while if a tails appears, player 2 gets a dollar
from player 1. The probability that player 1 will lead for only 54 days or

less is 5
—sin~1{4/54/365) = 0.251.
T

Thus the probability that either player 1 or player 2 is in the lead for only
54 days or less is twice this value or 0.5.

1.10.8 Ezxperimenial Hllustration

Figure 1.11 is the output of a computer simulation of a random walk due
to 10,000 tosses of a fair coin, that is, a plot of Dy (w) versus n. In this
particular path, D, (w) is negative for 9562 time steps, positive for 357
time steps, and comes back to zero 81 times. Figure 1.12 is an enlargement
of Figure 1.11 for the last 50 time steps, that is, D, (w) versus n for n =
9950, ..., 10000. This path where so few time steps are spent one side of the
time axis is not so unlikely! To see this, a total of 357 time steps on the
positive side gives a fraction of time 357/10000 = 0.0357 on the positive
side. By Theorem 11, the probability that 357 time steps or less are spent
on the positive side is given by

2
- sin™*{+/357/10000) = 0.121.

Thus the probability that a particle spends 357 steps or less on either the
positive side or on the negative side is twice this value, which is 0.242 or
about 24%. That is, 24 paths out of 100 will spend 357 time steps or less
on one side of the time axis.
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FIGURE 1.11. D, (w)} versus n for n = 1, ..., 10000.
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FIGURE 1.12. D,(w) versus n for n = 9950, ..., 10000.
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The random walk is given by D, (w) = > ¢_; Yi(w), where the Y3 are
independent and E [¥;] = 0 for all k. The {time} average of the first n steps

il Da) _ Ty Yelw)

This is graphed in Figure 1.13 for the path of Figure 1.11. It follows from
the strong law of large numbers {which will be discussed in later chapters)

that
-D Zk 1 Yk(w 'n—voo
i i

EfYi] =

Figure 1.13 does indeed indicate that Dy, (w)/n goes to 0 as n gets large.

04 : : o

0.2| 8|

0.2}
0.4

-1 S 1 L 1 .
0 1000 2000 3000 4000 5000 €000 7000 8000 9000 10000

FIGURE 113, 2 = W) _ Xi= 1Y"( )forn=1,2,..‘,10000.
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Appendix: Venn Diagrams

AUB

AB=ANB

AB° U A'B

AB° = ANB"

FIGURE 1.14. Venn diagrams illustrating set operations.
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Problems

Problem 1 Ezpectation
Let S, : {2, — R be the number of heads in n tosses, i.e., the binomial
random variable given in {1.13). Then

Po{ € Qulaw) = k) = ( )

for k=10,1,...,n and the expected value of &, is given by

i

E[Sa) 23 kP, ({w € Qn|Snlw) = k}) = Ek(:)Q‘“.
k=0

k=0

:) (sa)®b"=*, Take the

derivative with respect tc s and the set s = 1,6 = 1/2, and b=1/2.

Show that E[S,] = n/2. Hint: (sa +8)" = :23

Problem 2 Most Likely Value
Let 8,: Q, — R be the number of heads in n tosses, i.e., the binomial
random variable given in (1.13). Show that

Poffur € i) = kb = ()27

is a maximum for ¥ = n/2 if n i3 even and it is a maximum for k = (n—1)/2
or k = (n+1)/2 if nis odd. This value of k£ that gives the maximum
probability is called the most likely value of S,,.

Hint: First show

Fo{{w € Q)8 (w) =
Pp({w € £2,]8n(w)

k-1}) k
=k}  n-k+1

and

k n+1

okl < 1ER<TST
k n+l ,.n+l, .

o i lﬁk——T if is an integer,
k n+1

- 1 iy

nkFl O PR

Problem 3 Expectation

Let X;,¢=1,...,n, be the coin tossing random variables on (£,,, F, P ).
It was shown in Example 15 that E[X;] = 1/2. In a similar fashion, compute
the following:
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(a) B[X1Xs]

(b) BIXF|

(c) B[X;X;] with i # j

(d) E[(X; -1/2)(X; —1/2)] with ¢ £ 5
(e) E[(X:~1/2)%

Problem 4 FExpectation

Let X;,i = 1,..., n, be the fair coin tossing random variables on (Q,,, Fp, Py,)-
With S, (w) £ X;(w) + Xz2(w) + - - + Xp{w), compute

E[(Sa/n — 1/2)%].
Hint: Note that
Se 1 Yhi(X-1/2)
n 2 n
and use the results of Problem 3.

Problem 5 WLLN versus the Most Likely Value
The probability of n heads in 27 tosses is given by

Pon({w € Q5] n heads in 2n tosses}) = Po,({w € Qon| S2n =n})

) 1
n ] 22n
(2n)!2—2n

nln!

1

In Problem 2 it was shown that & = n gives the maximum value of
2n

1
5 )om
most likely value of k. It was also shown in Example 6 on Stirling’s approx-
imation that

over k = 0,1,...,2n and, as a result, n is referred to as the

1
lim Py,({w € 2| 7 heads in 2n tosses}) - — — 0 as n — oc.
Tl 05

N

This implies that for any e satisfying 0 < ¢ < 1 we have

nliﬂgo Pon({w € fap] |Son —n] < €}) =0

since {w € $zy| |San, — 1| < €} is the set of outcomes for which there are
exactly n heads in 2n tosses. Equivalently, we have

m Py, ({w € Qan| [Son —nf > €}) = L.

Replacing n by 2n in (1.16), does this contradict the WLLN? Explain why
or why not.
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Problem 8 Cumulative Distribution Function of X,
For i = 1,2,...,n define the cumulative distribution function Fx{d) of
the fair coin tossing random variable X; as

Fx(d) = P({w € Q| Xi(w) < d}),
where —o0 < d < 00.
(a)} For —oo < d < oo, plot Fx,(d).

{(b) Note that Fx,(d) is net continuous at d = 0 and 4 = 1. By direct
calculation, show that at these points of discontinuity we have

Pa({w € QalX; -(w) = 0}} = Fx,(0) — Fx,(07),
Pa({w € Q| Xi(w) = 1}) = Fx,(1) — Fx,(17).

That is, the value of the jumps of Fx, (d) at its discontinuities d =
0,1, respectively, are equal to the probability that X; equals 0,1,
respectively. Here

Fi{07) 2 lim F,(d), Fx,(0%) £ lim F,(d).
a0 d>0

Problem 7 Cumulative Distribution Function of 5,

Let X;, = 1, ...,n, be the fair coin tossing random variables on (Qy,, Fr, By ).
With S, (w) & X1{w) + Xo(w) + - -+ + Xp(w) define the cumulative distri-
bution function Fg (d} of the binomial random variable 5, as

Fs,(d) £ P,({w € Q] Snl(w) < d}),
for —co < d < 0.
(a) Comnsider 95 whose range is {0,1,2,3}. For —o0 < d < 00, plot Fs,(d).

{b) Note that Fg,(d) is not continuous at d = 0,1,2,3. By direct calcula-
tion show for d =0,1,2,3 that

Po{{w € Qn|Snlw) = d}) = Fy(d) — Fs,{d™)-

In other words, the value of the jumps of Fg(d) at its discontinuities
d =0,1,2,3, respectively, are equal to the probability that 53 equals
0,1,2,3, respectively. Here

Fok™)# lim Fg(d), Fs,(k*) £ lim Fs(d).
d<k d=k

Remark In general, Fg_(d) is not continuous at d = 0,1, 2,...,n. For
d=0,1,2,...,n we have :

Po{w € QulSn(w) = d}) = Fs,(d) — Fs,(d™).
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In words, the value of the jumps of Fg {d) at its discontinuities
.y I, respectively, are equal to the probability that Sy, equals

0! 32!
0,1,2, .., n, respectively.

1,2,.
' 1,2,,

Problem 8 Combinatorics: Pascal’s Triangle

(a) Prove Pascal’s triangle which states that

(n;crl) - (;:3)*(':)'

(b) Use Pascal’s triangle to prove by induction that

AE fm—1 k+¢

5 ()= (0)

m=k -
Hint: First show it is true for £ = 0 and £ = 1. Then, assuming it is
true for £ — 1, use Pascal’s triangle to show it is true for £.

Problem 9 Combinatorics: Tasting Tea

There is a famous story about Ronald Fishexr (a pioneer in statistics),
who was at an afternoon tea party in Cambridge, England in the 1920s.
A women was present who claimed she could taste the difference in how a
cup of tea with milk was made in the sense of whether the tea was poured
in the cup first or if the milk was poured in the cup first.

Consider a way to test this hypothesis using the hypergeometric proba-
bility distribution. To explain this distribution, suppose you have a group
of N objects with K of one type (say type 1) and the remaining N — K of
another type (say type 2}. Then you choose n of the N objects randomly.
By randomly it is simply meant that the objects are mixed together and
you cannot tell whether it is type 1 or type 2 before choosing it. The proba-
bility of choosing k of K of the type 1 objects and thereforen—k of N— K

type 2 objects is
KN/N-K
(&) (o)
N .
(%)

Now consider the following tea tasting test. Ten cups of tea are made
where five of them have the tea poured in first and then the milk, while
the other five have the milk poured in first and then the tea. Then one is
asked to taste each cup and decide if the milk was poured first or the tea
was poured first. What is the probability that just by chance this person
correctly chooses at least 3 of the 5 cups which had the tea poured first?
By “chance” just means that {without even tasting the cups of tea) one
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arbitrarily chooses 5 of them to go into the tea poured first group and thus
puts the other five into the milk poured first group.

The book The Lady Tasting Tea [16] by David Salsburg is highly recom-
mended for this story and many others on statistics.

Problem 10 Properties of a Probability Space
In the text, the probability space ({1, F,., Pn) was defined and shown to
have the following three properties:

L Pa(0,) = 1.
L. P,(A)>0forall A€ F,.
IIL. For A, B € F, with AN B =0, then P,(4U B) = P,(A) + P,(B).

Using just these three properties (and perhaps the Veun diagrams on
page 50 as a guide), prove the following additional properties:

(1) P(®)=0.

(2) P(AB®) = P(A) - P(AB).

(3) P(A%) =1 - P(A).

(4) P{AUB) = P(A)+ P(B)— P(AB).
(5) With B C A, P(AB®) = P(A) — P(B).
(6) With B C A, P(B) < P(A).

(7) For any A € F,,,0 < P(A) < 1.

Problem 11 Multinomial Probability Distribution

Suppose you are given a fat coin so that, after it is tossed, it can land on
either of its two faces (disk-shaped) or on its side (cylinder}. Let the proba-
bility of “heads” be pi, the probability of “tails” be p2 and the probability
of “sides” be ps where 0 < p; < 1 and p; + p2 + ps = 1. We flip this fat
coin . times and on each toss there are the three possible outcomes: H, T,
or 5. Then define

Q.
Fn

{{wiyomwa)| wi=H,T, or § fori=1,..,n,
{all possible subsets of {,,}.

Then for each outcome w £ £, define
Pr(w) = Pa({{w1, .., wn)}) £ o p52phe,

where k; is the number of “heads” in w, ko is the number “tails” in w, and
ks is the number of “sides” in w. Finally, as usual, for any A € F,, define

Pa(A) &> Pow).

wE A

Il 1l
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(a) Show that

I. P, (8Y,) = 1.
IT. P.(A) z0forall A€ F,.
III. For A, Bc F, with ANB =10, B,(AUB) = P,{A)+ P,(B).

(b} Define the three random variables S1, 53, and S3 by

Si{w} = number of heads in the n tosses,
Sa{w)

S3(w) = number of sides in the n tosses.

number of tails in the n tosses,

Then show the probability that we get &y heads, ks tails, and k3 sides
in 7 tosses is

P({w|81(w) = k1, So(w) = ko, S3(w) = ks}) = (kl :2 kS)PJflpggplscs-

Problem 12 Simulation of Bernoulli Random Variables

In the set of computer programs that accompany this book, run the
file Bernoulli_Distributed_Random_Variables.m. Try to understand as
much of the program as possible. It should become clearer as you progress
further in the book.

Problem 13 Simulation of Bernoulli Random Variables [3]

In the set of computer programs that accompany this book, run the
file Histogram_for_Bernoulli_Distributed_Random_Variables.m. This
program shows how to make a histogram of the simulation data obtained
from Problem 12. Try to understand how histograms are made in this
program.

Problem 14 Simulation of Binomial Random Variables [3]
In the set of computer programs that accompany this book, run the file
Histogram_for_Binomially_Distributed_Random_Variables.m.

Problem 15 Simulation of the Low of Large Numbers

In the set of computer programs that accompany this book, run the file
Coin_Tossing_and_the Law_of_Large_of Numbers.m. This program is a
simulation of the ratio of the mumber of heads in n tosses to the total
number of tosses, i.e., of the law of large numbers.

Problem 16 Simulation of a Randem Walk
In the set of computer programs that accompany this book, run the file
Random_Walk.m. This program is a simulation of a random walk.



1. Coin Tossing 57
Problem 17 Random Walks
(a) Show that D, (w) =0 if and only if n is an even integer.
(b) Show that if n is an even integer, r = D, {w) must be an even integer.

(¢} Show that if n is an odd integer, r = D, (w) must be an odd integer.

Problem 18 Ballot Theorem

Prove the ballot theorem using the fact that all admissible paths (i.e.,
those paths (dy, dy, ..., dn = r) from the origin (dy = 0) to the point {n,r)
such that d; > 0,dy > 0,...,dn_1 > 0,d, = 7 > 0) must pass through the
point (2,2).

Problem 19 Interpretation of the Ballot Theorem

Suppose we have two candidates for public office. We assume that John
(). Public votes by tossing a fair coin. If heads appears, he votes for candi-
date A otherwise he votes for candidate B. Let n = ng + nr be the total
number of people who vote. Given that candidate A wins with exactly ny
votes where ng > nr , use the ballot theorem to show that the probability
he leads throughout the voting is (ng — nz) / (ng + nr).

Problem 20 Last Visits to the Origin
Using the last visits to the origin theorem (Theorem 10), show that

n ¥t
2 0ok 2n = E Uk 2n—2i = L.
k=0 k=0

Hint: No calculations are needed!

Problem 21 Probability of Paths that Do Not Cross the t-aris
By Theorem & and symmetry, we have

Ugp = Pgn({w < an|D1(w) >0, Dg(&)) >0,.., Dgn(w) = 0})
Py ({w € Q2| D1{w) €0, Da(w) <0, ..., Don{w) < 0}).

i

Show that the probability that the particle crosses the f-axis in 2n time
steps 18 1 — 2us, and that this goes to 1 as n — oo,

Problem 22 The Probability of Returning to the Origin
Use the results of Theorem 9 to show

k1
Z for =1 — ugn.
k=1
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Next, using Stirling'’s approximation, show that

T
meu—*l a8 1 — 00,
k=1

Finally, show that
1

2n—1

f2n:

Urn .

Problem 23 Last Visits to the Origin
In Theorem 10 it was shown that the probability that the last return to
the origin is at time 2k in 2n time steps (coin tosses) is

o o _{2EN{2n -2k g-n
2k, 2n — W2kUIR 32k = k n—k .
Let n =2 (2n=4).
(a} With k= 0 {2k = 0) we have

_{0\f4yL _ 6
“a=oMN2/22 T 16

so that 6 out of the possible 16 paths have their last visit to the origin
at time {. Draw these § paths.

{b} With k=1 (2k = 2) we have

pae (Y211
247 W1 \1/2¢ 7 16

go that 4 out of the possible 16 paths have their last visit to the origin
at time 2. Draw these 4 paths.

(c) With k£ =2 (2k = 4) we have

_(H\(Oy1_ 6
%04=1900/27 " 16

8o that 6 out of the possible 16 paths have their last visit to the origin
at time 4. Draw these 6 paths.

Problem 24 Sojourn Times

In Theorem 11 it was shown that starting from the origin, the probability
that in the time interval from 0 to 2n, the particle spends 2k time periods
on the positive side and 2n — 2k time periods on the negative side is equal

to
Oian = Ugktizn-2k = | L JA )27
Let n =2 (2n = 4).
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{a) With k=0 (2k = 0) we have

o (YHYL_6
04~ lg/l\2/29 7 16

so that 6 out of the possible 16 paths spend no time units on the
positive side and 4 time units on the negative side. Draw these 6
paths.

(b) With & =1 (2k = 2) we have

ana— (2Y (VL _ 4
2422 e

so that 4 out of the possible 16 paths spend 2 time units on the
positive side and 2 time units on the negative side. Draw these 4
paths.

(e) With k = 2 {2k = 4) we have

i (YL _ 6
047 9 /\0 /2t T 16

so that 6 out of the possible 16 paths spend 4 time units on the
negative side and no time units on the positive side. Draw these 6
paths.








