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Introduction

In this chapter we provide a brief introduction to the remainder of the book.
The uninitiated may require a broader background to the topic of complex

networks. Rather than overburden out current presentation, we refer interested
readers to some good introductory books and papers [1–14] for more background
information on complex networks and network science.

1.1 Motivation and background

Throughout history, infectious diseases have always been a serious threat to human
health and life. It is therefore of great practical significance to study epidemic trans-
mission and then to take effective measures to prevent and control them. Toward this
end, much research has fallen within the field of epidemiology, which uses math-
ematical modeling as an analytical approach. Traditionally, epidemic models were
based on uniformly mixing populations, which are unable to characterize epidemic
propagation in large-scale social contact networks with disparate heterogeneity.
However, the fact that most population-based epidemics spread through physical
interactions raises contact networks as a basic tool for mathematical description of
contagion dynamics. In the last decade, spurred by the availability of real data and
the maturation of network theory, there has been a burst of research on network-
based epidemic transmission [15–26].

Beyond ordinary infection diseases, recurring computer virus attacks (as well
as computer worms and other malware vectors) on the Internet also illustrate the
urgent need for knowledge about modeling, analysis and control of epidemic
dynamics on complex networks.

The World Health Organization (WHO) announced in 2012 [27] that some time
in the next couple of years Guinea worm will become only the second known
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disease, after smallpox, to be completely eradicated. The disease has been known to
afflict humans for thousands of years. Unlike other diseases, the campaign against
Guinea worm has focused not on developing a cure, but on educating people about
how the disease spreads and how infestation can be prevented.

While Guinea worm may be almost eradicated, people worry that several other
infectious diseases are re-emerging [28]: Tuberculosis: poor-quality diagnoses,
treatment, and medicines contributed to the rise of 8.7 million new cases in 2011,
particularly in Eastern Europe, India, China, and parts of Africa; Leprosy: 219
000 new cases were reported last year, mostly in Africa and Asia; and, Bubonic
plague: the same Black Death that wiped out millions in Europe has cropped up in
the United States, and between 1000 and 2000 cases of plague are still reported
worldwide each year.

Information spread can also appear to propagate like a virus. In 2011, in
the wake of the Fukushima nuclear disaster, rumors spread throughout China
that iodized table salt could be used to help prevent radiation sickness. The
subsequent rumors and panic-buying lead to a shortage of salt in both China and
neighboring territories. Organized, or coherent, spread of rumors combined with
lack of judgement on the part of public news agencies, led to official information
sources appearing to lose credibility. Conversely, institutionalized and individual
cyber-attacks have gained recent prominence. Naturally, network structure and
propagation dynamics become key features in controlling and understanding such
mechanisms.

Epidemics on networks is a rapidly expanding field of considerable
contemporary interest to researchers in a broad spectrum of areas including
applied mathematics, probability, physics, biology, and so on. There is a need
for a book at an introductory research level that gives a balanced overview of the
current state-of-the-art in this area. Concerning the advance of techniques, it has
become clear that more fundamental knowledge is needed within the context of
mathematical and numerical studies on how epidemic dynamical networks can be
modeled, analyzed, and controlled. This book, based on existing research, aims
to address this need. We discuss in detail different epidemic models on complex
networks and a variety of applicable mathematical techniques. Using mean-field
approximation we provide a detailed analysis of epidemic dynamics, the theory
of complex networks, and qualitative theory and stability methods of ordinary
differential equations. The current volume serves to present recent progress in the
investigation of these important topics and some related topics.

1.2 A brief history of mathematical
epidemiology

In this section we give a brief, largely descriptive, history of mathematical epidemi-
ology. Many undergraduate texts provide extensive coverage of the details.
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Epidemiological modeling is a large subject in mathematical biology, a single
short section about its brief history is of course insufficient to give a complete
picture of the field. So we here refer the readers to a book and a review article
[29, 30] for more details.

1.2.1 Compartmental modeling

The recorded earliest mathematical epidemic model dates from the eighteenth
century. In 1760, by using ordinary differential equations, Daniel Bernoulli
studied smallpox vaccination, and gave the Bernoulli equations [31]. Bernoulli’s
results showed that universal inoculation against smallpox could increase life
expectancy.

Later in 1889, En’ko built the chain-binomial model for measles and scarlet
fever. To understand the recurring epidemics of measles, in 1906, Hamer gave a
discrete mathematical model, and presented the mass-action principle [32, 33]. In
1911, Ronald Ross established and studied the malaria transmission model, and
gave the standard incidence ratio and the basic reproduction number (sometimes
called the basic reproductive number, basic reproductive rate, basic reproductive
ratio, and denoted as R0). In epidemiology, the basic reproduction number of an
infection is the number of cases that one case generates on average over the course
of its infectious period. The roots of the concept can be traced through the work
of Alfred Lotka, Ronald Ross, and others, but its first modern application in epi-
demiology was by George MacDonald in 1952, who constructed population models
of the spread of malaria. In 1926, by studying the spreading patterns of the Black
Death in 1665–1666 and the plague in 1906, A. G. McKendrick and W. O. Kermack
formulated a simple deterministic model that was the modern mathematical epi-
demic model–the SIR compartmental model, which was successful in predicting
the behavior of outbreaks in many recorded epidemics. Based on this model, they
presented the threshold theory to determine eventual endemic or disease-free status
of a disease. In 1949, Bartlett’s measles model [34] was built.

In a compartmental model of infectious disease, individuals are divided into
several classes, for example, the compartments: susceptible (S), latent (E), infected
(I), vaccinated (V), and/or removed (recovered) (R). The E status is also used to
represent the stage when individuals have been exposed to a disease and are there-
fore infected, but not yet infectious. Depending on the propagation process, we can
build various compartmental models by combining these different classes (or cre-
ating new ones). Examples of such include SI, SIS, SIR, SIRS, SEI, SEIS, SEIR,
SEIRS, SIV, and so on. The sequence in which classes are listed typically corre-
sponds to the infection pathway. In a compartmental SIS model, say, each individual
can be in two discrete states, either susceptible to or infected by the virus particle,
and susceptible individuals (S) may become infected (I) owing to contact wth other
infected individuals, and infected individuals also may recover to susceptible state
(S), with a certain recovery rate. Apart from percolation models [22], this book will
discuss most such models.
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As George E. P. Box said, “Essentially, all models are wrong, but some are
useful.” Certainly, all the models we include here are wrong as they are mean-
field approximations for the spreading of real epidemic diseases. Nonetheless, this
is a useful approximation and many of these models have helped people to plan
effective actions against various serious epidemic diseases.

After building a model, we need then to study it by qualitative, analytical,
experimental (including numerical), and theoretical methods. Research methods
for modern epidemic dynamics models can be summarized briefly as follows.

For a deterministic compartmental model, that is built based on uniform mix-
ture hypothesis, we may study it by either theory or methods [35, 36] developed
in ordinary differential equations, partial differential equations, delay differen-
tial equations, impulsive equations, and difference equations. The trends in these
research areas are for higher model dimension and deeper and more refined analysis.

For a stochastic model, we may apply stochastic processes and stochastic
dynamical methods. In contrast to the above, the trends with these models are
toward specific diseases and toward deterministic and stochastic mixed models.

1.2.2 Epidemic modeling on complex networks

Many epidemic systems can be represented as a graph or network, where nodes
stand for individuals and a link connects a pair of nodes – indicating interaction
between individuals.

Patterns of this type can quickly become very complex and it is usually not
sufficient to describe the connectivity between two nodes as uniform or homoge-
nous. Heterogenous contact rates reflect that the node degree k, the number of
contacts with other individuals for a given individual, are not uniform. Instead,
such heterogeneity can be represented by the degree distribution pk. Real networks
underlying disease transmission have been represented not only by conventional
graphs such as lattices, regular trees, or classical random graphs, but also by
complex networks, such as the WS (Watts–Strongatz) small-world networks [14]
or the BA (Barabási–Albert) scale-free networks [3].

Traditional epidemic models are useful for uniformly mixing populations
with homogenous contacts. However, these are unable to characterize epidemic
propagation in large-scale social contact networks with distinct heterogeneities.
As is well known, all models are inaccurate simplifications of nature. By taking
the heterogeneity into account, complex-network modeling of epidemics provides
a somewhat more accurate viewpoint. A compartmental model based on uniform
mixing can be viewed as a networked model with Delta degree distribution, an
approximation to the Poissonian or power-law degree distribution. Conversely, if
we take the degree distribution as the Delta distribution, a networked model will
then become a uniformly mixing compartmental model.

Networked epidemic models are typically considered with networked mean-
field theory, which was pioneered by two physicists, Pastor-Satorras and Vespignan
[23, 37, 38], although some earlier results were already reported in a mathematical
textbook [29]. The basic idea is, according to traditional compartment models, to
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classify all nodes on the network by disease states and, based on this, subdivide
nodes according to their degrees, such that nodes with the same degree belong to
one class, which has the same dynamics patterns. The core here is the dynamical
behavior for the nodes with the same degree can be represented by the average
behavior. Based on such contact networks, many epidemic models, such as SI [39],
SIS [23] and SIR [40], have been investigated.

To understand the mechanism of disease spreading and other similar processes,
such as rumors spreading [20], networks of movie actor collaboration [3, 13] and
science collaboration [41], WWW [42, 43], and the Internet [44], it is of great
significance to inspect the effect of complex networks’ features.

In China alone, some early research on networked epidemic transmission mod-
els was carried out by many researchers [4, 45–57]. Some results on propagation
and immunization of infection on general networks with both homogenous and
heterogenous components, and influence of dynamical condensation on epidemic
spreading in scale-free networks [49, 52, 53, 58, 59, 60], global stability analysis
of networked epidemic models [61–67] are obtained, to mention only a few.

After building a mathematical model, we may then apply the following cycle:
run algorithms to compute with the model; analyze errors where results differ from
data; create modifications of the mathematical model; (develop pure mathemat-
ics theory that is perhaps increasingly irrelevant); analyze improved model, and
so on… In this book, however, we will concentrate on theoretical analysis of the
models we build. In Chapter 4 we consider the problem of comparing these models
with the real data.

Apart from the difficulty caused by very high dimension in networked epidemic
models, some other problems for these models are that they did not properly take the
population dynamics into account. These factors include the impact of birth, death,
and migration on the network topology and the spreading patterns of diseases [23,
29, 30, 37, 38, 68–70]. Finally, networked models based on pair approximation
[71] seem a further step to make networked models more accurate.

1.3 Organization of the book

This book consists of 11 chapters. Chapter 1 gives an introduction, motivation,
and background for this work. In this chapter we present a brief history of
mathematical epidemiology, and epidemic modeling on complex networks.
Chapter 2 discusses different epidemic models on complex networks, such as
staged progression models, models with population mobility, or effective contacts,
models on weighted networks, or directed networks, discrete epidemic models, and
stochastic SIRS epidemic models. Chapter 3 details some threshold analyses by
the direct method and by using spectral properties. Chapter 4 analyzes networked
models for SARS and H1N1, and sets up plausible models for propagation of
the SARS virus and avian influenza outbreaks. This provides a reality-check
for the otherwise abstract mathematical models of this text. We show that such
models do match well the reality of current emerging diseases. Chapter 5 deals
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with various infectivity functions, including constant, piecewise-linear, saturated,
and nonlinear cases. Chapter 6 concentrates on the case for SIS models with an
infective medium; Chapter 7 discusses the roles of human awareness in epidemic
control; Chapter 8 reveals adaptive mechanism between dynamics and epidemics;
and Chapter 9 summarizes methods for epidemic control and different immu-
nization strategies. Finally, Chapter 10 demonstrates global stability analysis;
and Chapter 11 investigates information diffusion and pathogen propagation on
complex networks, and discusses some differences between information and
epidemic spreading.

References

[1] R. Albert and A.-L. Barabási, Statistical mechanics of complex networks. Rev. of
Modern Phys., 74 (2002) 47–97.

[2] A. Arenas, A. D. Guilera, J. Kurths, Y. Moreno, and C. S. Zhou, Synchronization in
complex networks. Phys. Rep., 469 (2008) 93–153.

[3] A-L. Barabási and R. Albert, Emergence of scaling in random networks. Science, 286
(1999) 509–512.

[4] G. R. Chen, X. F. Wang, and X. Li, Introduction to Complex Networks. Higher Edu-
cation Press, Beijing, 2012.

[5] S. N. Dorogovtsev and J. F. F. Mendes, Evolution of networks. Adv. Phys., 51 (2002)
1079–1187.

[6] L. Guo, X. M. Xu, D. H. Shi, et al., Complex Networks. Shanghai Science Techology
and Education Press, Shanghai, 2006. (In Chinese)

[7] X. Li and G. R. Chen, Synchronization and desynchronization of complex dynamical
networks: an engineering viewpoint. IEEE Trans. Circ. Syst.-I, 50 (2003) 1381.

[8] M. E. J. Newmann, The structure and function of complex networks. SIAM Rev., 45
(2003) 167–256.

[9] M. E. J. Newman, Networks: An Introduction. Oxford Univ. Press, Oxford, 2010.

[10] A. Vespignani, Reaction-diffusion processes and epidemic metapopulation models in
complex networks. Eur. Phys. J. B, 64 (2008) 349–353.

[11] X. F. Wang, X. Li, and G. R. Chen, Theory and Applications of Complex Networks.
Tsinghua Univ. Press, Beijing, 2006. (In Chinese)

[12] X. F. Wang, X. Li, and G. R. Chen, Introduction to Network Science. Higher Education
Press, Beijing, 2012. (In Chinese)

[13] D. J. Watts, The “new” science of networks. Annu Rev. Socio., 30 (2004) 243–270.

[14] D. J. Watts and S. H. Strongatz, Collective dynamics of “small-world” networks.
Nature, 393 (1998) 440–442.

[15] V. Colizza, R. Pastor-Satorras, and A. Vespignani, Reaction-diffusion processes and
metapopulation models in heterogeneous network. Nat. Phys., 3 (2007) 276–282.

[16] T. Gross and I. G. Kevrekidis, Robust oscillations in SIS epidemics on adaptive
networks: Course graining by automated moment closure. Europhys. Lett., 82 (2008)
38004.

[17] M. Kuperman and G. Abramson, Small world effect in an epidemiological model.
Phys. Rev. Lett., 86 (2001) 2909C2912.



INTRODUCTION 7

[18] G. Z. Li and D. H. Shi, Spreading behaviour analysis of SIRS diseases on complex
networks. Prog. Nat. Sci., 16 (2006) 508–512. (In Chinese)

[19] R. M. May and A. L. Lloyd, Infection dynamics on scale-free networks. Phys. Rev. E,
64 (2001) 066112.

[20] Y. Moreno, M. Nekovee, and A. F. Pacheco, Dynamics of rumor spreading in complex
networks. Phys. Rev. E, 69 (2004) 066130.

[21] M. Nekovee, Y. Moreno, G. Bianconi, and M. Marsili, Theory of rumour spreading in
complex social networks. Phys. A, 374 (2007) 457–470.

[22] M. E. J. Newmann, Spread of epidemic disease on networks. Phys. Rev. E, 66 (2002)
016128.

[23] R. Pastor-Satorras and A. Vespignani, Epidemic spreading in scale-free networks.
Phys. Rev. Lett., 86 (2001) 3200–3203.

[24] C. Y. Xia, Z. X. Liu, Z. Q. Chen, S. Sun, and Z. Yuan, Epidemic spreading behavior
on local world evolving networks. Prog. Nat. Sci., 18 (2008) 653–658.

[25] Z. Yang and T. Zhou, Epidemic spreading in weighted networks: an edge-based mean-
field solution. Phys. Rev. E, 85 (2012) 056106.

[26] D. Zanette, Dynamics of rumor propagation on small-world networks. Phys. Rev. E,
65 (2002) 041908.

[27] J. E. Keating, A welcome end to a cruel disease. Foreign Policy, November 7, 2012.

[28] A. P. Q. Wittmeyer, Comeback bugs. Foreign Policy, November 7, 2012.

[29] O. Diekmann and J. A. P. Heesterbeek, Mathematical Epidemiology of Infectious
Diseases: Model Building, Analysis and Interpretation. John Wiley & Sons Ltd,
Chichester 2000.

[30] H. W. Hethcote, The mathematics of infectious diseases. SIAM Rev., 42 (2000)
599–653.

[31] K. Dietz, J. A. P. Heesterbeek, Daniel Bernoulli’s epidemiological model revisited.
Math. Biosci., 180 (2002) 1–21.

[32] P. E. M. Fine, Herd immunity: history, theory, practice. Epidemiol. Rev., 15 (2), (1993)
265–302.

[33] W. H. Hamer, Epidemic disease in England-The evidence of variability and of
persistency of type. Lancet, 1 (1906) 733–739.

[34] D. A. Griffiths, The effect of measles vaccination on the incidence of measles in the
community. J. R. Statist. Soc. A, 441 (1973), 136, Part 3.

[35] M. J. Keeling and P. Rohani, Modeling Infectious Diseases in Humans and Animals.
Princeton University Princeton, 2007.

[36] Z. E. Ma, Y. C. Zhou, W. D. Wang, and Z. Jin, Mathematical Modeling and Study of
Epidemic Dynamics. China Science Press, Beijing 2004.

[37] R. Pastor-Satorras and A. Vespignani, Epidemic dynamics and endemic states in
complex networks. Phys. Rev. E, 63 (2001) 066117.

[38] R. Pastor-Satorras and A. Vespignani, Epidemic dynamics in finite size scale-free
networks. Phys. Rev. E, 65 (2002) 035108.

[39] M. Barthélemy, A. Barrat, R. Pastor-Satorras, and A. Vespignani, Dynamical patterns
of epidemic outbreaks in complex heterogeneous networks. J. Theor. Biol. 235 (2005)
275–288.



8 PROPAGATION DYNAMICS ON COMPLEX NETWORKS

[40] Y. Moreno, R. Pastor-Satorras, and A. Vespingani, Epidemic outbreaks in complex
heterogeneous networks. Eur. Phys. J. B, 26 (2002) 521–529.

[41] S. Redner, How popular is your paper? An empirical study of the citation distribution.
Eur. Phys. J. B, 4 (1998) 131–134.

[42] R. Albert, H. Jeong, and A.-L. Barabási, Diameter of the World Wide Web. Nature,
401 (1999) 130–131.

[43] B. Huberman and L. Adamic, Internet: growth dynamics of the world-wide web.
Nature, 401 (1999) 131.

[44] M. Faloutsos, P. Faloutsos, and C. Faloutsos, On power-law relationships of the
Internet topology. Comput. Commun. Rev., 29 (1999) 251–262.

[45] M. Small, C. K. Tse and X. C. Fu, Transmission of infectious agents on networks. In:
Análisis No Lineal De Series Temporales, ed. Grupo de Investigación Interdisciplinar
en Sistemas Dinámicos, 2008.

[46] C. Y. Xia, Z. X. Liu, Z. Q. Chen, et al., New progress in spreading dynamics on com-
plex networks. J. Intelligent Systems, 4 (2009) 392–397. (In Chinese)

[47] X.-J. Xu and G. R. Chen, The SIS model with time delay on complex networks. Int.
J. Bifurcat. Chaos, 2 (2009) 623–628.

[48] G. Yan, T. Zhou, J. Wang, Z.-Q. Fu, B.-H. Wang, Epidemic spread in weighted
scale-free networks. Chin. Phys. Lett., 22 (2005) 510–513.

[49] R. Yang, B. H. Wang, J. Ren, W. J. Bai, Z. W. Shi, W. Xu, and T. Zhou, Epidemic
spreading on heterogeneous networks with identical infectivity. Phys. Lett. A, 364
(2007) 189–193.

[50] C. Y. Yin, W. X. Wang, G. R. Chen, and B. H. Wang, Decoupling process for better
synchronizability on scale-free networks. Phys. Rev. E, 74 (2006) 047102.

[51] H. F. Zhang, K. Z. Li, X. C. Fu, and B. H. Wang, An efficient control strategy of
epidemic spreading on scale-free networks. Chin. Phys. Lett., 26 (2009) 068901.

[52] H. F. Zhang, M. Small, X. C. Fu, G. Q. Sun, and B. H. Wang, Modeling the influence
of information on the coevolution of contact networks and the dynamics of infectious
diseases. Phys. D, 241 (2012) 1512–1517.

[53] H. F. Zhang, J. Zhang, C. S. Zhou, M. Small, and B. H. Wang, Hub nodes inhibit the
outbreak of epidemic under voluntary vaccination. New J. Phys., 12 (2010) 023015.

[54] T. Zhou, Z. Q. Fu, Y. W. Niu, et al., A review on spreading dynamics on complex
networks. Prog. Nat. Sci., 15 (2005) 513–518. (In Chinese)

[55] T. Zhou, J.-G. Liu, W.-J. Bai, G. R. Chen, and B.-H. Wang, Behaviors of susceptible-
infected epidemics on scale-free networks with identical infectivity. Phys. Rev. E, 74
(2006) 056109.

[56] G. H. Zhu, G. R. Chen, B. Lin, Z. L. Sun, and X. C. Fu, Modeling epidemic transmis-
sion on interdependent networks. Preprint, 2013.

[57] G. H. Zhu, X. C. Fu, and G. R. Chen, Global attractivity of a network-based epidemic
SIS model with nonlinear infectivity. Commun. Nonl. Sci. Numer. Simulat., 17 (2012)
2588–2594.

[58] Z. H. Liu, Y.-C. Lai, and N. Ye, Propagation and immunization of infection on general
networks with both homogeneous and heterogeneous components. Phys. Rev. E, 67
(2003) 031911.



INTRODUCTION 9

[59] M. Tang, L. Liu, and Z. H. Liu, Influence of dynamical condensation on epidemic
spreading in scale-free networks. Phys. Rev. E, 79 (2009) 016108.

[60] H. F. Zhang, W. Y. Zhang, G. Q. Sun, T. Zhou, and B. H. Wang, Time-delayed
information can induce the periodic outbreaks of infectious diseases. Sci. China Ser.
G-Phys. Mech. Astron., 42 (2012) 631–638.

[61] G. Q. Sun, Q. X. Liu, Z. Jin, A. Chakraborty, and B. L. Li, J. Theor. Biol., 264 (2010)
95.

[62] L. Wang and G. Z. Dai, Global stability of virus spreading in complex heterogeneous
networks. SIAM J. Appl. Math., 68 (2008) 1495–1502.

[63] Y. Wang, Z. Jin, Z. M. Yang, Z. K. Zhang, T. Zhou, and G. Q. Sun, Global analysis of
an sis model with infective vector on complex networks. Nonl. Anal. RWA, 13 (2011)
543–557.

[64] Q. C. Wu, X. C. Fu, and G. H. Zhu, Global attractiveness of discrete-time peidemic
outbreaks in networks. Int. J. Biomath. 5 (2012) 1250004.

[65] J. P. Zhang, Z. Jin, The analysis of an epidemic model on networks. Appl. Math.
Comput., 217 (2011) 7053–7064.

[66] G. H. Zhu, G. R. Chen, X.-J. Xu, and X. C. Fu, Epidemic spreading on contact
networks with adaptive weights. J. Theor. Biol., 317 (2013) 133–139.

[67] G. H. Zhu, X. C. Fu, and G. R. Chen, Spreading dynamics and global stability of a gen-
eralized epidemic model on complex heterogeneous networks. Appl. Math. Model., 36
(2012) 5808–5817.

[68] C. Castillo-Chavez, Mathematical Approaches for Emerging and Reemerging Infec-
tious Diseases: an Introduction. Springer, Berlin, 2002.

[69] I. Z. Kiss, D. M. Green, and R. R. Kao, The effect of contact heterogeneity and multiple
routes of transmission on final epidemic size. Math. Biosci., 203 (2006) 124–136.

[70] K. E. Nelson, C. M. Williams, N. M. H Graham, and A. Balows, Infectious disease
epidemiology theory & practice. Diagnostic Microbiol. & Infect. Dis., 39 (2001) 205.

[71] P. Trapman, Reproduction numbers for epidemics on networks using pair approxima-
tion. Math. Biosci., 210 (2007) 464–489.


