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CHAPTER 1

Basic Probability Theory

PART I: THEORY

It is assumed that the reader has had a course in elementary probability. In this chapter
we discuss more advanced material, which is required for further developments.

1.1 OPERATIONS ON SETS

Let S denote a sample space. Let £}, E, be subsets of S. We denote the union by
E| U E; and the intersection by E, N E;. E = S — E denotes the complement of
E.By DeMorgan’s laws E; UE, = E; N Eyand E\ N E; = E| U E,.

Given a sequence of sets { E,, n > 1} (finite or infinite), we define

sup £, = |_J En. inf £, = () En- (1.1.1)

n=1 n>1 n>1

Furthermore, lim inf and lim sup are defined as

n—00 n—00
liminf E, = UﬂEk limsup E,, = ﬂUEk (1.1.2)
f— > n>1k>n n—>00 n>1k>n

If a point of S belongs to lim supE,,, it belongs to infinitely many sets E,. The sets

n—oo
liminf E,, and lim sup E, always exist and
n—00 n—00
liminf E,, C limsup E,,. (1.1.3)
n—00

n—o00o
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2 BASIC PROBABILITY THEORY

Ifliminf E,, = limsup E,,, we say that a limit of {E,,, n > 1} exists. In this case,
n—00 n—00

lim E, = liminf E,, = limsup E,,. (1.1.4)

n—o00o n—oo n— 00

A sequence {E,, n > 1} is called monotone increasing if £, C E, ;| foralln > 1.In

oo
this case lim E,, = UE"' The sequence is monotone decreasing if £, D E, |, for
n—0oQ

n=1

o0
all n > 1. In this case lim E,, = ﬂEn. ‘We conclude this section with the definition
n— o0

n=I

of a partition of the sample space. A collection of sets D = {E}, ..., E;} is called

a finite partition of S if all elements of D are pairwise disjoint and their union
k

is S,ie., E;NE; =0 foralli # j; E;, E; € D; and UEi = S. If D contains a

i=1
[}

countable number of sets that are mutually exclusive and UEi =S, we say that D

i=1
is a countable partition.

1.2 ALGEBRA AND o-FIELDS

Let S be a sample space. An algebra A is a collection of subsets of S satisfying

i SeA
(i) ifEe€Athen E € A; (1.2.1)
(lli) ifEl,Eze.A then EIUEQGA.

We consider ) = S. Thus, (i) and (ii) imply that ¢ € A. Also, if E, E; € A then
E,NE, e A.

The trivial algebra is Ay = {#, S}. An algebra A, is a subalgebra of A, if all sets
of A, are contained in A,. We denote this inclusion by A; C A,. Thus, the trivial
algebra A is a subalgebra of every algebra A. We will denote by A(S), the algebra
generated by all subsets of S (see Example 1.1).

If a sample space S has a finite number of points n, say 1 < n < oo, then the col-
lection of all subsets of S is called the discrete algebra generated by the elementary
events of S. It contains 2" events.

Let D be a partition of S having k, 2 < k, disjoint sets. Then, the algebra generated
by D, A(D), is the algebra containing all the 2¢ — 1 unions of the elements of D and
the empty set.
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An algebra on S is called a o -field if, in addition to being an algebra, the following
holds.

o0
(iv) If E, € A, n > 1, then UE €A

n=1

We will denote a o-field by F. In a o-field F the supremum, infinum, limsup, and
liminf of any sequence of events belong to F. If S is finite, the discrete algebra A(S)
is a o-field. In Example 1.3 we show an algebra that is not a o-field.

The minimal o-field containing the algebra generated by {(—o0, x], —00 < x <
oo} is called the Borel o -field on the real line R.

A sample space S, with a o-field F, (S, F) is called a measurable space.

The following lemmas establish the existence of smallest o-field containing a
given collection of sets.

Lemma 1.2.1. Let £ be a collection of subsets of a sample space S. Then, there
exists a smallest o -field F(E), containing the elements of €.

Proof. The algebra of all subsets of S, A(S) obviously contains all elements of £.
Similarly, the o-field F containing all subsets of S, contains all elements of £. Define
the o-field F (&) to be the intersection of all o -fields, which contain all elements of
£. Obviously, F(£) is an algebra. QED

A collection M of subsets of S is called a monotonic class if the limit of any
monotone sequence in M belongs to M.

If £ is a collection of subsets of S, let M*(E) denote the smallest monotonic class
containing £.

Lemma 1.2.2. A necessary and sufficient condition of an algebra A to be a o -field
is that it is a monotonic class.

Proof. (i) Obviously, if A is a o-field, it is a monotonic class.
(ii) Let A be a monotonic class.

n
LetE, € A,n > 1.Define B, = UEi.Obviously B, C B, foralln > 1.Hence

i=1

o0 o0 o0 o0
lim B, = UBn € A ButUB,, = UE,,.Thus, sup E, € A.Similarly, ﬂE e A
n=1 n=1 n=1 = n=1

Thus, A is a o-field. QED

Theorem 1.2.1. Let A be an algebra. Then M*(A) = F(A), where F(A) is the

smallest o -field containing A.
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4 BASIC PROBABILITY THEORY

Proof. See Shiryayev (1984, p. 139).

The measurable space (R, BB), where R is the real line and B = F(R), called the
Borel measurable space, plays a most important role in the theory of statistics.
Another important measurable space is (R”, B"),n > 2, where R” = R x R x --- x
R is the Euclidean n-space, and B" = B x - -- x B is the smallest o -field containing
R", @, and all n-dimensional rectangles I = I x --- x I,, where

Iiz(ai,bi], i=1,...,n, —oo<a,~<b,~<oo.
The measurable space (R*°, 3%°) is used as a basis for probability models of

experiments with infinitely many trials. R* is the space of ordered sequences
X = (x1,x2,...), —00 < X, <o00o,n = 1,2,.... Consider the cylinder sets

Chyx---xL)={x:x;el;,i=1,...,n}
and
CByx--+xB,)={x:x;€B;,i=1,...,n}

where B; are Borel sets, i.e., B; € BB. The smallest o-field containing all these cylinder
sets, n > 1, is B(R*>). Examples of Borel sets in B(R>) are

(a) {x:xeR* supx, > a}
n>1

or

(b) {x:x e R* limsupx, <a}.
n— 00

1.3 PROBABILITY SPACES

Given a measurable space (S, F), a probability model ascribes a countably additive
function P on F, which assigns a probability P{A} to all sets A € F. This function
should satisfy the following properties.

(A.1) IfA e Fthen0 < P{A} < 1.
(A2) P{S}=1. (1.3.1)

(A.3) If{E,,n > 1} € Fisasequence of disjoint

sets in F, then P {UE} = ZP{En}. (1.3.2)
n=1

n=1
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Recall that if A C B then P{A} < P{B}, and P{A} = 1 — P{A}. Other properties
will be given in the examples and problems. In the sequel we often write AB for
ANB.

Theorem 1.3.1. Let (S, F, P) be a probability space, where F is a o -field of subsets
of S and P a probability function. Then

(@) if B, C Byy1,n>1, B, € F, then

P { lim B,,] — lim P{B,). (13.3)

n—00 n—o0

(i) if By D Byi1, n > 1, By € F, then

P { lim Bn} — lim P{B,}. (1.3.4)
n—0oQ n—oo

Proof. (i) Since B, C B,+1, lim B, = UB"' Moreover,
n—o0

n=I

P {U Bn} = P{B)}+ Y _P{B, — B,_1}. (1.3.5)
n=1

n=2
Notice that for n > 2, since B,B,_; = ¥,

P{Bn - anl} = P{Banfl}
(1.3.6)
= P{Bn} - P{Ban—]} = P{Bn} - P{Bn—]}‘

Also, in (1.3.5)

P(Bi}+ Y P{B, — B,_1}
n=2

N
Jim. (P{Bl} + (P{B,) — P{Bn_1}>)

n=2

lim P(By). (1.3.7)
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Thus, Equation (1.3.3) is proven.

o0
(ii) Since B, D B,11,n > 1, B, C Byy1,n > 1. lim B, = ﬂBn. Hence,
n— 00 )

o0
P(lim B,,):l—P M B.
n=1

:1—P{g1§”}

=1— lim P{B,} = lim P{B,}.

Sets in a probability space are called events.

1.4 CONDITIONAL PROBABILITIES AND INDEPENDENCE

The conditional probability of an event A € F given an event B € F such that
P{B} > 0, is defined as

P{ANB
P{A| B} = %. (1.4.1)

We see first that P{- | B} is a probability function on F. Indeed, for every A € F,
0 < P{A | B} < 1. Moreover, P{S | B} = 1 and if A| and A, are disjoint events in
F, then

P{(A U Ay)B}
P{B}

_ P{AB} + P{A;B}

a P{B}

P{AjUA, | B} =
(1.4.2)
= P{A | B} + P{A> | B}.

If P{B} > 0 and P{A} # P{A | B}, we say that the events A and B are depen-
dent. On the other hand, if P{A} = P{A | B} we say that A and B are independent
events. Notice that two events are independent if and only if

P{AB} = P{A}P{B}. (1.4.3)
Given n events in A4, namely A4, ..., A,, we say that they are pairwise independent
if P{A;A;} = P{A;}P{A;} for any i # j. The events are said to be independent in

triplets if

P{A;AjA} = P{Ai}P{A;} P{A;}
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for any i # j # k. Example 1.4 shows that pairwise independence does not imply
independence in triplets.

Given n events Ay, ..., A, of F, we say that they are independent if, for any
2 <k <nandanyk-tuple (1 <ij; <ip <--- <ip <n),

k
PI( At =]]PiA) (1.4.4)

Events in an infinite sequence {A;, A,,...} are said to be independent if
{Ai, ..., A,}areindependent, for eachn > 2. Given a sequence of events A, A, ...
of a o-field F, we have seen that

[oolNe )
limsup A, = Ag.
mawn.= (U
n=1k=n
This event means that points w in lim sup A, belong to infinitely many of the events
n—oo
{A,}. Thus, the event limsup A,, is denoted also as {A,, i.0.}, where i.0. stands for

. . n—00
“infinitely often.”

The following important theorem, known as the Borel-Cantelli Lemma, gives
conditions under which P{A,,i.0.} is either O or 1.

Theorem 1.4.1 (Borel-Cantelli). Let {A,} be a sequence of sets in F.

(i) IfZP{A,,} < 00, then P{A,, i.0.} = 0.

n=1

(o]
(ii) IfZP{An} = oo and {A,} are independent, then P{A,,i.0.} = 1.

n=1

oo
Proof. (i) Notice that B, = UAk is a decreasing sequence. Thus
k=n

P{A,,i0} =P {ﬂBn} = lim P(B,}.

n=1

But

P{B,} =P {U Ak} <> P{AL.
k=n k=n
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The assumption that ZP{AH} < oo implies that lim ZP{Ak} =0.
n—0o0

n=1 k=n
(ii) Since A, A,, ... are independent, A, A,, ... are independent. This implies
that
o0 o0 o0
P {ﬂ Ak} =[] PtAd =]]a - PlA.
k=1 =1 k=1

If 0 < x < 1thenlog(l — x) < —x. Thus,

log [ (1 = P{A) =) " log(1 — P{AL})
k=1

k=1

<= PlA) = —o0
k=1

o0 [e ]
since ZP{A,,} = 00. Thus P {ﬂﬁk} =0 for all » > 1. This implies that

n=1 k=1
P{A,,i0.} = 1. QED

We conclude this section with the celebrated Bayes Theorem.

Let D = {B;,i € J} be a partition of S, where J is an index set having a finite or
countable number of elements. Let B; € F and P{B;} > Oforall j € J.Let A € F,
P{A} > 0. We are interested in the conditional probabilities P{B; | A}, j € J.

Theorem 1.4.2 (Bayes).

P{B;}P{A | B;} .
> P(B;}P{A| B}

j'el

P{B; | A} = (1.4.5)

Proof. Left as an exercise. QED

Bayes Theorem is widely used in scientific inference. Examples of the application
of Bayes Theorem are given in many elementary books. Advanced examples of
Bayesian inference will be given in later chapters.

1.5 RANDOM VARIABLES AND THEIR DISTRIBUTIONS

Random variables are finite real value functions on the sample space S, such that
measurable subsets of F are mapped into Borel sets on the real line and thus can be
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assigned probability measures. The situation is simple if S contains only a finite or
countably infinite number of points.

In the general case, S might contain non-countable infinitely many points. Even if
S is the space of all infinite binary sequences w = (iy, iy, . . .), the number of points
in S is non-countable. To make our theory rich enough, we will require that the
probability space will be (S, F, P), where F is a o-field. A random variable X is a
finite real value function on S. We wish to define the distribution function of X, on
R, as

Fx(x)=P{w : X(w) < x}. (1.5.1)

For this purpose, we must require that every Borel set on R has a measurable inverse
image with respect to F. More specifically, given (S, F, P), let (R, B) be Borel
measurable space where R is the real line and 5 the Borel o-field of subsets of R. A
subset of (R, B) is called a Borel set if B belongs to 5. Let X : S — R. The inverse
image of a Borel set B with respect to X is

X '(B)={w: X(w) € B}. (1.5.2)

A function X : S — R is called F-measurable if X~'(B) € F for all B € B. Thus,
a random variable with respect to (S, 7, P) is an F-measurable function on S.
The class Fx = {X~'(B) : B € B} is also a o-field, generated by the random variable
X. Notice that Fx C F.

By definition, every random variable X has a distribution function Fx. The prob-
ability measure Py {-} induced by X on (R, B) is

Px{B}=P{X"'(B)}, BeB. (1.5.3)
A distribution function FY is a real value function satisfying the properties

(i) lim Fx(x)=0;
X——00
(ii) lim Fxy(x) =1;
X—> 00
(iii) If x; < x; then Fyx(x;) < Fx(x»); and
(iv) liilolFX(x 4+ €) = Fx(x), and li%lgF(x —€)= Fy(x—),all —oo < x < o0.
€ €

Thus, a distribution function F is right-continuous.
Given a distribution function Fy, we obtain from (1.5.1), for every —oo < a <
b < o0,

Piw :a < X(w) < b} = Fx(b) — Fx(a) (1.5.4)
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and
P{w : X(w) = xo} = Fx(xo) — Fx(xo—). (1.5.5)

Thus, if Fy is continuous at a point xg, then P{w : X(w) = xo} = 0. If X is arandom
variable, then ¥ = g(X) is a random variable only if g is B-(Borel) measurable,
i.e., for any B € B, g’l(B) € B. Thus, if ¥ = g(X), g is B-measurable and X F-
measurable, then Y is also F-measurable. The distribution function of Y is

Fy(y) = P{w : g(X(w)) < y}. (1.5.6)

Any two random variables X, Y having the same distribution are equivalent. We
denote this by ¥ ~ X.

A distribution function F may have a countable number of distinct points of
discontinuity. If xy is a point of discontinuity, F(xg) — F(xo—) > 0. In between
points of discontinuity, F is continuous. If F' assumes a constant value between
points of discontinuity (step function), it is called discrete. Formally, let —oo <
X] < xp < --+ < 00 be points of discontinuity of F. Let /4(x) denote the indicator
function of a set A, i.e.,

1, ifxeA
0, otherwise.

Ia(x) = {

Then a discrete F can be written as

Fox) =Y i () F ()
i= (1.5.7)
= Y (F(x) = F(x;—).

{x; <x}

Let p; and u, be measures on (IR, 13). We say that u; is absolutely continuous
with respect to (1o, and write ;1 << (o, if B € Band up(B) = Othen 1 (B) = 0. Let A
denote the Lebesgue measure on (R, 3). Forevery interval (a, b], —00 < a < b < 00,
A((a, b]) = b — a. The celebrated Radon—Nikodym Theorem (see Shiryayev, 1984,
p- 194) states that if ;| << w, and g, u, are o-finite measures on (R, 3), there exists
a B-measurable nonnegative function f(x) so that, for each B € B,

j1(B) = / FEOdpa() (15.8)
B
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where the Lebesgue integral in (1.5.8) will be discussed later. In particular, if P,
is absolutely continuous with respect to the Lebesgue measure A, then there exists a
function f > 0 so that

P.{B} =/f(x)/\(x), B e B. (1.5.9)
B

Moreover,

F.(x) = /X fdy, —oo<x < o0. (1.5.10)

A distribution function F is called absolutely continuous if there exists a non-
negative function f such that

&
F(£) =/ f(x)dx, —oo <& < oo. (1.5.11)

The function f, which can be represented for “almost all x”” by the derivative of F,
is called the probability density function (p.d.f.) corresponding to F.

If F is absolutely continuous, then f(x) = a’_F (x) “almost everywhere.” The
X

term “almost everywhere” or “almost all” x means for all x values, excluding maybe
on a set N of Lebesgue measure zero. Moreover, the probability assigned to any
interval (o, B8], @ < B, 1s

B
Plo < X <B}=F(B)— F(a)= f f(x)dx. (1.5.12)
Due to the continuity of F' we can also write
Pla < X <} = Pla < X < B}.

Often the density functions f are Riemann integrable, and the above integrals are
Riemann integrals. Otherwise, these are all Lebesgue integrals, which are defined in
the next section.

There are continuous distribution functions that are not absolutely continuous.
Such distributions are called singular. An example of a singular distribution is the
Cantor distribution (see Shiryayev, 1984, p. 155).

Finally, every distribution function F(x) is a mixture of the three types of
distributions—discrete distribution Fy4(-), absolutely continuous distributions Fyc(-),
and singular distributions Fi(-). That is, for some 0 < p;, p», p3 <1 such that
pi+p2+p3=1,

F(x) = p1Fa(x) + paFac(x) + p3 Fo(x).

In this book we treat only mixtures of Fyq(x) and Fy.(x).
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1.6 THE LEBESGUE AND STIELTJES INTEGRALS

1.6.1 General Definition of Expected Value: The Lebesgue Integral

Let (S, F, P) be a probability space. If X is a random variable, we wish to define the
integral

E{X} = / X(w)P@dw). (1.6.1)
S

We define first E{X} for nonnegative random variables, i.e., X(w) > 0 for all
w € S. Generally, X = X* — X~, where XT(w) = max(0, X(w)) and X~ (w) =
—min(0, X(w)).

Given a nonnegative random variable X we construct for a given finite integer n
the events

and
Apngig =1{w: X(w) > n}.

These events form a partition of S. Let X,,, n > 1, be the discrete random variable
defined as

n2"

k—1
X,(w) = Z — W)+ nla,,.,, (W) (1.6.2)
k=1

Notice that foreach w, X,,(w) < X, 1(w) < ... < X(w) forall n. Also, if w € A p,

1
k=1,...,n2" then | X(w) — X,,(w)| < Tk Moreover, A,2i10 D Agt120+ sl
alln > 1. Thus

o0
lim Aoy, = ﬂ{w c X(w) > n}
n=1
= 0.
Thus forallw € S

lim X, (w) = X(w). (1.6.3)
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Now, for each discrete random variable X,,(w)

n2"
E{X,} =) ;IP{AM} +nP{w : X(w) > n). (1.6.4)

on
k=1

Obviously E{X,} < n,and E{X, 11} > E{X,}. Thus, lim E{X,} exists (it might be
n—0oQ
~+00). Accordingly, the Lebesgue integral is defined as

E{X}:/X(W)P{dw}
(1.6.5)
= lim E{X,}.

n—00

The Lebesgue integral may exist when the Riemann integral does not. For example,
consider the probability space (Z, B, P) where Z = {x : 0 < x < 1}, B the Borel
o-field on Z, and P the Lebesgue measure on [B]. Define

Fx) = 0, if x is irrational on [0, 1]

1= 1, if x is rational on [0, 1].

Let Bp={x:0<x <1, f(x)=0}, By =[0,1] — By. The Lebesgue integral
of fis

1
f f(x)dx =0-P{Bo}+1-P(B)} =0,
0

since the Lebesgue measure of B is zero. On the other hand, the Riemann integral of
f(x) does not exist. Notice that, contrary to the construction of the Riemann integral,

the Lebesgue integral / f(x)P{dx} of a nonnegative function f is obtained by par-

titioning the range of the function f to 2" subintervals D, = { BE-")} and construct-
2/1
ing a discrete random variable f,l = anfjl{x € BE")}, where f, ; =inf{f(x):

j=1
.

x e B;")}. The expected value of f, is E{f,} = an’ij(X € B;.")). The sequence
j=1

{E{f,},n > 1} is nondecreasing, and its limit exists (might be +00). Generally, we

define

E{X}=E{XT} - E{X"} (1.6.6)

if either E{X*} < oo or E{X~} < 00.
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If E{X"} = 0o and E{X "} = 0o, we say that E{X} does not exist. As a special
case, if F is absolutely continuous with density f, then

E{X} = /00 xf(x)dx

o0

o0

provided/ |x] f(x)dx < oo. If F is discrete then

o]

E{X} =) x,P{X = x,}

n=1

provided it is absolutely convergent.

From the definition (1.6.4), it is obvious that if P{X(w) > 0} = 1 then E{X} > 0.
This immediately implies that if X and Y are two random variables such that P{w :
X(w)>Yw)} =1, then E{X — Y} > 0. Also, if E{X} exists then, for all A € F,

E{|X[1,(X)} < E{|X]},

and E{X I4(X)}exists. If E{X}1is finite, E{X I4(X)} is also finite. From the definition
of expectation we immediately obtain that for any finite constant c,

E{cX} = cE{X},

(1.6.7)
E{X+Y}=E{X}+ E{Y}.
Equation (1.6.7) implies that the expected value is a linear functional, i.e., if
Xi,..., X, are random variables on (S, F, P) and By, B1, ..., B, are finite con-
stants, then, if all expectations exist,

E {ﬂo+2ﬁ,~xi} =fo+ Y BE(X). (1.6.8)
i=1

i=1

We present now a few basic theorems on the convergence of the expectations of
sequences of random variables.

Theorem 1.6.1 (Monotone Convergence). Let {X,} be a monotone sequence of
random variables and Y a random variable.

(i) Suppose that X,(w) /' Xw), X,(w) > Y(w) forall n and all w € S, and

n—oo

E{Y} > —o0. Then

lim E{X,) = E{X).

n—0o0
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@) If X,(w) & X(w), X,(w) <Y(w), forallnandallw € S, and E{Y} < 00,

n—oo
then
lim E{X,} = E{X}.
n—00
Proof. See Shiryayev (1984, p. 184). QED

Corollary 1.6.1. If Xy, X», ... are nonnegative random variables, then

E {Zx} = ZE{X,,}. (1.6.9)
n=1 n=1

Theorem 1.6.2 (Fatou). Let X, n > 1 and Y be random variables.

@@ If X,(w)>Yw),n>1, foreachw and E{Y} > —o0, then

E { li_an} < lim E{X,};
n—00 n—00
(@) if X,(w) <Y(w), n > 1, for eachw and E{Y} < oo, then
im E{X,} < E MXH};

@@ii) if | X,(w)| < Y(w) for eachw, and E{Y} < oo, then

E{h_an} < lim E{X,)} < im E{X,} < E{mxn}. (1.6.10)
n—oo n—o0

n—00 n—00

Proof. (i)

lim X,(w) = lim inf X,,(w).
n—00 m>n

n—o0o

The sequence Z,(w) = ir;f Xn(w), n > 1 is monotonically increasing for each w,
and Z,(w) > Y(w),n > 1. Hence, by Theorem 1.6.1,

lim E{Z,} = E [ lim Z,,}.
n—oo n— 00
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E { 11Lnxn} = lim E{Z,} = lim E{Z,} < lim E{X,}.
n—00

n—00 n—00 n—oo

The proof of (ii) is obtained by defining Z,(w) = supX,,(w), and applying the

previous theorem. Part (iii) is a result of (i) and (ii). QED

Theorem 1.6.3 (Lebesgue Dominated Convergence). Let Y, X, X,, n > 1, be
randomvariables such that | X,,(w)| < Y(w), n > 1 foralmost allw, and E{Y} < oc.

Assume also that P {w : lim X, (w) = X(W)} = 1. Then E{|X|} < oo and
n—oo

lim E{X,} = E { lim xn}, (1.6.11)
n—oo n—oo
and
lim E{|X, — X|} = 0. (1.6.12)
n—0o0

Proof. By Fatou’s Theorem (Theorem 1.6.2)

E{h_mX} < lim E(X,) < Tm E(X,} < £ { Tm X, ]
n—oo n—0oQ

n—oo n—oo

But since lim X, (w) = X(w), with probability 1,
n—oo
E{X}=E { lim X} — lim E{X,).
n—oo n—oo

Moreover, | X(w)| < Y (w) for almost all w (with probability 1). Hence, E{| X|} < oo.
Finally, since | X,(w) — X(w)| < 2Y(w), with probability 1

lim E{|X, — X|} = E [ lim |X, — X|} =0
n— oo n—oo
QED

We conclude this section with a theorem on change of variables under Lebesgue
integrals.

Theorem 1.6.4. Let X be a random variable with respect to (S, F, P). Let g : R —
R be a Borel measurable function. Then for each B € B,

/ ¢(x)Py{dx} = / S(X(w))P{dw). (1.6.13)
B X-1(B)
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The proof of the theorem is based on the following steps.

1. If A € B and g(x) = I4(x) then

/ ¢()Py(dx) = / 14(r)Px{dx) = Py[A N B
B B
=P{w: X '(A)NX 4B

_ / g(X(W)Pldw).
X-1(B)

2. Show that Equation (1.6.13) holds for simple random variables.
3. Follow the steps of the definition of the Lebesgue integral.

1.6.2 The Stieltjes—Riemann Integral

Let g be a function of a real variable and F a distribution function. Let («, 8] be a
half-closed interval. Let

C=X)<X| < - <Xp_| <X,=p

be a partition of («, 8] to n subintervals (x;_, x;],i = 1, ..., n. In each subinterval
choose x/, x;_; < x; < x; and consider the sum

Sp=Y_ gUDIF(xi) — Fxi_p)]. (1.6.14)

i=1

If,asn — oo, max |x; — x;—1| — Oandif lim S, exists (finite) independently of the
1<i<n n— 00

partitions, then the limit is called the Stieltjes—Riemann integral of g with respect
to F'. We denote this integral as

B
/ g(x)dF(x).
This integral has the usual linear properties, i.e.,

B B
B / cg()dF(x) = ¢ / (OdF(x;

B B B
(ii) / (g1(X)+g2(X))dF(X)=/ gl(X)dF(X)Jr/ g2(x)dF (x); (1.6.15)

o
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and

B B B
(iii) / g(x)d(y Fi(x) + 8 Fa(x)) = J// g(x)dF(x) +3/ g(x)dF(x).

One can integrate by parts, if all expressions exist, according to the formula

B B
/g(X)dF(x)=[g(ﬂ)F(ﬂ)—g(a)F(a)]—/ g'()F(x)dx, (1.6.16)

where g’(x) is the derivative of g(x). If F is strictly discrete, with jump points
—0<é <bH < <00,

B 00
/ g(x)dF(x) = Zl{a <& = BIgép;, (1.6.17)
@ =1

where p; = F(§;) — F(§;—), j =1,2,.... If F is absolutely continuous, then at
almost all points,

F(x +dx) — F(x) = f(x)dx + o(dx),

as dx — 0. Thus, in the absolutely continuous case

B B
/ g(x)dF(x):/ g(x)f(x)dx. (1.6.18)

o
Finally, the improper Stieltjes—Riemann integral, if it exists, is

00 B

o

00 B
/ g(x)dF(x) = lim / g(x)dF(x). (1.6.19)

If B is a set obtained by union and complementation of a sequence of intervals, we
can write, by setting g(x) = I{x € B},

P(B} = /Do I{x € B)dF(x)

o0

- / dF ().
B

where F is either discrete or absolutely continuous.

(1.6.20)
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1.6.3 Mixtures of Discrete and Absolutely Continuous Distributions

Let Fy be a discrete distribution and let F,. be an absolutely continuous distribution
function. Then forall« 0 < o < 1,

F(x) = aFq(x) + (1 — a)Fye(x) (1.6.21)

is also a distribution function, which is a mixture of the two types. Thus, for such
mixtures, if —oo < & < & < --- < 0o are the jump points of Fy, then for every
—00 <y <8 <ooand B = (y, 4],

s
P{B} = / dF(x)
yoo s (1.6.22)
—a )1y <& = 8)dFuE) + (1 - a) [ dFu(o,
j=1 Y
Moreover, if BT = [y, §] then
P{B*} = P{B} + dFq(y).
The expected value of X, when F(x) = pFy(x) + (1 — p)Fa(x) is,
E{X} = PZEjfd(Ej) + (1 - P)/ X fac(x)dx, (1.6.23)

{(j}

where {£;} is the set of jump points of Fy; fq and f, are the corresponding p.d.f.s.
We assume here that the sum and the integral are absolutely convergent.

1.6.4 Quantiles of Distributions

The p-quantiles or fractiles of distribution functions are inverse points of the distri-
butions. More specifically, the p-quantile of a distribution function F', designated by
X, or F‘l(p), is the smallest value of x at which F(x) is greater or equal to p, i.e.,

x, = F~'(p) = inf{x : F(x) > p}. (1.6.24)

The inverse function defined in this fashion is unique. The median of a distribution,
X5, 1S an important parameter characterizing the location of the distribution. The
lower and upper quartiles are the .25- and .75-quantiles. The difference between
these quantiles, Ry = x 75 — X s, is called the interquartile range. It serves as one
of the measures of dispersion of distribution functions.
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1.6.5 Transformations

From the distribution function F(x) = a Fy(x) + (1 — a)Fy(x), 0 < a < 1, we can
derive the distribution function of a transformed random variable Y = g(X), which
is

Fy(y) = P{g(X) <y}

= P{X € By} (1.6.25)

=a Y I{& € By)dFyE) + (1 — o) /B AFe()

j=1

where

By ={x:g(x) <y}

Inparticular, if F is absolutely continuous and if g is a strictly increasing differentiable
function, then the p.d.f. of Y, h(y), is

d
) = fxg ') (@g‘lm) : (1.6.26)

where g~!() is the inverse function. If g’(x) < O for all x, then

d
) = fxg™ ') ‘d—yg-‘(y)‘ : (1.6.27)

Suppose that X is a continuous random variable with p.d.f. f(x). Let g(x) be a
differentiable function that is not necessarily one-to-one, like g(x) = x2. Excluding
cases where g(x) is a constant over an interval, like the indicator function, let m(y)
denote the number of roots of the equation g(x) = y. Let §;(y), j =1,...,m(y)
denote the roots of this equation. Then the p.d.f. of Y = g(x) is

m(y)

1
= i — 1.6.28
=" fx&0O) ZEO (1.6.28)

J=1

if m(y) > 0 and zero otherwise.
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1.7 JOINT DISTRIBUTIONS, CONDITIONAL DISTRIBUTIONS
AND INDEPENDENCE

1.7.1 Joint Distributions

Let (X1, ..., Xi) be a vector of k random variables defined on the same probability
space. These random variables represent variables observed in the same experiment.
The joint distribution function of these random variables is a real value function F
of k real arguments (&, ..., &) such that

F&,....8)=P{X) <&,...., Xp =&} (1.7.1)

The joint distribution of two random variables is called a bivariate distribution
function.
Every bivariate distribution function F has the following properties.

(@ gl_iglooF(El,Ez) =§1_i)IEIOOF($1,$2) =0, forall &, &;

(i) lim lim F(&, &) = 1:
Sieo e (1.7.2)
(iii) 161&)1 F +¢€,6 +¢e)=F(, &) forall (§,&);

(iv) forany a <b, c <d, F(b,d)— F(a,d)— F(b,c)+ F(a,c) > 0.

Property (iii) is the right continuity of F(&;, &). Property (iv) means that the prob-
ability of every rectangle is nonnegative. Moreover, the total increase of F (&, &)
is from O to 1. The similar properties are required in cases of a larger number of
variables.

Given a bivariate distribution function F. The univariate distributions of X; and
X, are F| and F, where

Fi(x) = )11)11010 Fx,y), F(y) = lim F(x,y). (1.7.3)

F| and F, are called the marginal distributions of X; and X,, respectively. In
cases of joint distributions of three variables, we can distinguish between three
marginal bivariate distributions and three marginal univariate distributions. As in the
univariate case, multivariate distributions are either discrete, absolutely continuous,
singular, or mixtures of the three main types. In the discrete case there are at most a



JWST390-c01

JWST390-Zacks November 1, 2013 9:21 Printer Name: Trim: 6.125in x 9.25in

22 BASIC PROBABILITY THEORY

countable number of points {(El(j ), e, E,fj )), j =1,2,...} on which the distribution

concentrates. In this case the joint probability function is

PX, =67, Xy =€), if(,...om)=@E", .. &)
p(xla"~7-xk): j=],2,...
0, otherwise.
(1.7.4)

Such a discrete p.d.f. can be written as
g . .
P x) =Y Hox) =& g,
j=1

where p; = P{X, = £, ..., X, = £}.

In the absolutely continuous case there exists a nonnegative function f(xy, ..., xx)
such that
& &
F(fl,---,ék)=/ FCer, .. xdxy ... dxy. (1.7.5)
—0o0 —0Q
The function f(xy, ..., x;) is called the joint density function.

The marginal probability or density functions of single variables or of a subvector
of variables can be obtained by summing (in the discrete case) or integrating, in the
absolutely continuous case, the joint distribution functions (densities) with respect to
the variables that are not under consideration, over their range of variation.

Although the presentation here is in terms of k discrete or k absolutely contin-
uous random variables, the joint distributions can involve some discrete and some
continuous variables, or mixtures.

If X, has an absolutely continuous marginal distribution and X, is discrete, we
can introduce the function N(B) on 3, which counts the number of jump points
of X, that belong to B. N(B) is a o-finite measure. Let A(B) be the Lebesgue
measure on 3. Consider the o-finite measure on B, u(B; x By) = A(B|)N(B,). If
X is absolutely continuous and X, discrete, their joint probability measure Px is
absolutely continuous with respect to j. There exists then a nonnegative function fx
such that

Fx(x1, x2) =/ / Jx(y1, y2)dy1dN(y»).

The function fx is a joint p.d.f. of X;, X, with respect to u. The joint p.d.f. fx is
positive only at jump point of X5.
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If Xy, ..., X have a joint distribution with p.d.f. f(xy,..., xx), the expected

value of a function g(Xy, ..., X;) is defined as
E{g(Xy1, ..., Xp)} = /g()m, e XA (xq, L X, (1.7.6)

We have used here the conventional notation for Stieltjes integrals.

Notice that if (X, Y) have a joint distribution function F(x, y) and if X is discrete
with jump points of Fj(x) at &, &,,..., and Y is absolutely continuous, then, as in
the previous example,

[ ewonree =3 [ et nay
j=1

where f(x, y) is the joint p.d.f. A similar formula holds for the case of X, absolutely
continuous and Y, discrete.

1.7.2 Conditional Expectations: General Definition

Let X(w) > 0, for all w € S, be a random variable with respect to (S, F, P). Con-
sider a o-field G, G C F. The conditional expectation of X given G is defined as a
G-measurable random variable E{X | G} satisfying

/X(W)P{dw} =/E{X | GYw)P{dw} 1.7.7)
A

A

for all A € G. Generally, E{X | G} is defined if min{E{X™ | G}, E{X~ | G}} < o0
and E{X | G} = E{X" | G} — E{X~ | G}. To see that such conditional expectations
exist, where X (w) > 0 for all w, consider the o-finite measure on G,

Q(A):/X(W)P{dw}, Aeg. (1.7.8)
A

Obviously Q « P and by Radon-Nikodym Theorem, there exists a nonnegative,
G-measurable random variable E{X | G} such that

Q(A)=fAE{X | G}(w)P{dw}. (1.7.9)

According to the Radon—Nikodym Theorem, E{X | G} is determined only up to a set
of P-measure zero.
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If BeF and X(w)= Ip(w), then E{X | G} = P{B | G} and according to
(1.6.13),

P{AﬂB}:/IB(w)P{dw}
4 (1.7.10)
=/P{B|9}P{dw}.
A

Notice also that if X is G-measurable then X = E{X | G} with probability 1.

On the other hand, if G = {{J, S} is the trivial algebra, then E{X | G} = E{X}
with probability 1.

From the definition (1.7.7), since S € G,

E{X}=/SX(W)P{dw}
=/E{X | G}P{dw}.
S

This is the law of iterated expectation; namely, for all G C F,
E{X} = E{E{X | G}}. (1.7.11)

Furthermore, if X and Y are two random variables on (S, F, P), the collection of all
sets {Y~!(B), B € B}, is a o-field generated by Y. Let Fy denote this o-field. Since
Y is arandom variable, 7y C F. We define

E{X|Y)=E{X|Fy) (1.7.12)

Let yo be such that fy(y) > 0.
Consider the Fy-measurable set As = {w : yo < Y(w) < yp + 8}. According to
(1.7.7)

00 Yo+
/ Xw)P(dw) = / / Xfxy(x, y)dxdy
A8 ey (1.7.13)

yo+36
:/ E{X|Y =y} fy(y)dy.

Yo

The left-hand side of (1.7.13) is, if E{|X|} < oo,

o0 Yo+48 Yo+98 [e9)
f x / Fer(r y)dydix = / FrG0) / f’;;(( vy

= fr(y0)8 /OO L PE0 ) as = 0
—o  Jr(3o)
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8
where }irr(l) ? = 0. The right-hand side of (1.7.13) is

Yo+3
/ E(X 1Y =y} frdy = E(X | ¥ = o) frG0)8 + 0(8), as & — 0.
Yo

Dividing both sides of (1.7.13) by fy(y9)d, we obtain that

(o]

E(X|Y = yo) = f *Far (e | yodx

—0Q

B /°° Jxr(x, yo)
= x——dx.
—00 fx()’o)

We therefore define for fy(yg) > 0

(x, Yo)
fxir(x | yo) = Jxr&, yo) ) (1.7.14)
Sr(vo)
More generally, fork > 2let f(xy, ..., x;) denote the joint p.d.f. of (X1, ..., Xi).
Let 1 <r <k and g(xy, ..., x,) denote the marginal joint p.d.f. of (X,,..., X,).

Suppose that (&1, ...,&,) is a point at which g(&;,...,&,) > 0. The conditional
p.df.of X,41,..., Xy given {X| =&;,..., X, =&} is defined as

f(gla"-’%-rvxr-‘rla"-vxk)
h(xey1, ..., s &) = . 1.7.15
(Xr41 xk | &1 &) 2E 6 ( )

We remark that conditional distribution functions are not defined on points
(&1, ...,& ) such that g(&, ..., &) = 0. However, it is easy to verify that the proba-
bility associated with this set of points is zero. Thus, the definition presented here is
sufficiently general for statistical purposes. Notice that f(x,41,...,x¢ | &1, ...,&)
is, for a fixed point (&, ..., &) at which it is well defined, a nonnegative function of
(Xy41, ..., x) and that

/dF(x,+1,...,xk|El,...,§,)=1.

Thus, f(x,41,...,xc | &1,...,&) is indeed a joint p.d.f. of (X,41,..., Xx). The
point (&1, ..., &) can be considered a parameter of the conditional distribution.

If Y (X,41, ..., Xi)is an (integrable) function of (X, 41, . .., X;), the conditional
expectation of ¥ (X, 1, ..., Xp) given {X|, =§&,..., X, =& }is
E{v(X,i1, ..., Xp) | &1, ..., &) :flp(x,H, ce s XAF(X i1y e x| &L L 6.

(1.7.16)

This conditional expectation exists if the integral is absolutely convergent.
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1.7.3 Independence

Random variables X1, ..., X,, on the same probability space, are called mutually
independent if, for any Borel sets By, ..., B,

P{w:X\(w)€Bi.,....X,w) € B, =[[ Plw: X; € B;}. (1.7.17)

j=1
Accordingly, the joint distribution function of any k-tuple (X;,, ..., X;,) is a product
of their marginal distributions. In particular,

Fxpox, (1o oxn) = [ | Fx, () (1.7.18)

i=1

Equation (1.7.18) implies that if X, ..., X,, have a joint p.d.f. fx(xy, ..., x,) and if
they are independent, then

Sx@rs ) =T @) (1.7.19)

J=1

n
Moreover, if g(X1, ..., X,) = Hg‘,-(Xj), where g(x1, ..., x,) is B™-measurable
j=1
and g;(x) are B-measurable, then under independence

E{g(X1,.... Xp)} = [ | Elg;(X))). (1.7.20)

j=1
Probability models with independence structure play an important role in statistical
theory. From (1.7.12) and (1.7.21), we imply that if X" = (X, ..., X,) and Y =

(X,41, ..., X,) are independent subvectors, then the conditional distribution of X"
given Y is independent of Y, i.e.,

FOr, e X | Xpgty ey X)) = fq, 000, Xp) (1.7.21)

with probability one.

1.8 MOMENTS AND RELATED FUNCTIONALS
A moment of order r, r = 1,2, ..., of a distribution F(x) is

w = E{X"}. (1.8.1)
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The moments of Y = X — pu are called central moments and those of | X | are called
absolute moments. It is simple to prove that the existence of an absolute moment
of order r, r > 0, implies the existence of all moments of order s, 0 < s < r, (see
Section 1.13.3).

Let uf = E{(X — 1)}, r =1,2, ... denote the rth central moment of a dis-
tribution. From the binomial expansion and the linear properties of the expectation
operator we obtain the relationship between moments (about the origin) u, and center
moments m,

r r )
=y (-1 <j>“’f“i!’ r=1,2,... (1.8.2)
j=0

where po = 1.
A distribution function F is called symmetric about a point &, if its p.d.f. is
symmetric about &, i.c.,

fEo+hn)=fE —h), al0=<h<ooc.
From this definition we immediately obtain the following results.

(i) If F is symmetric about &y and E{|X|} < oo, then & = E{X}.

(ii) If F is symmetric, then all central moments of odd order are zero, i.e.,
E{(X — E{X})*+}=0,m =0,1,..., provided E|X|*"*! < o0.

The central moment of the second order occupies a central role in the theory
of statistics and is called the variance of X. The variance is denoted by V{X}. The
square-root of the variance, called the standard deviation, is a measure of dispersion
around the expected value. We denote the standard deviation by o. The variance of
X is equal to

V{X} = E{X?} — (E{X})*. (1.8.3)

The variance is always nonnegative, and hence for every distribution having a finite
second moment E{X?} > (E{X})*. One can easily verify from the definition that if
X is a random variable and « and b are constants, then V{a + bX} = b>V{X}.

The variance is equal to zero if and only if the distribution function is concentrated
at one point (a degenerate distribution).

A famous inequality, called the Chebychev inequality, relates the probability of
X concentrating around its mean, and the standard deviation o.

Theorem 1.8.1 (Chebychev). If Fx has a finite standard deviation o, then, for every
a >0,

2
Plw | X(wW)—p| <a} > 1— Z— (1.8.4)

where un = E{X}.
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Proof.
o= / w(x — w)*dFx(x)

= / (x — w)*dFx(x) +f (x — )2 dF x(x) (1.8.5)
{lx—p|<a}

{lx—p|>a}

> a’P{w : | X(w) — | > al.

Hence,

2
P{w:|X(w)—u|§a}=l—P{w:|X(w)—u|>a}zl—a—2.
" QED

Notice that in the proof of the theorem, we used the Riemann—Stieltjes integral. The
theorem is true for any type of distribution for which 0 < o < co. The Chebychev
inequality is a crude inequality. Various types of better inequalities are available,
under additional assumptions (see Zelen and Severv, 1968; Rohatgi, 1976, p. 102).

The moment generating function (m.g.f.) of a random variable X, denoted by
M, is defined as

M(t) = E{exp(tX)}, (1.8.6)

where ¢ is such that M(¢) < co. Obviously, at + =0, M(0) = 1. However, M(t)
may not exist when 7 # 0. Assume that M(¢) exists for all ¢ in some interval (a, b),
a < 0 < b. There is a one-to-one correspondence between the distribution function
F and the moment generating function M. M is analytic on (a, b), and can be
differentiated under the expectation integral. Thus

r

dt”

M(t) = E{X"exp{tX}}, r=12,.... (1.8.7)

Under this assumption the rth derivative of M(¢) evaluated at t = O yields the
moment of order r.

To overcome the problem of M being undefined in certain cases, it is useful to use
the characteristic function

o(t) = E{e""*}, (1.8.8)

where i = +/—1. The characteristic function exists for all ¢ since

6] = ‘ / ¢ dF (x)

< /w le"™|dF (x) = 1. (1.8.9)

o0

Indeed, |e!*| = 1 for all x and all £.
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If X assumes nonnegative integer values, it is often useful to use the probability
generating function (p.g.f.)

Gt)y=> t'p;. (1.8.10)
j=0

which is convergent if || < 1. Moreover, given a p.g.f. of a nonnegative integer value
random variable X, its p.d.f. can be obtained by the formula

k

1 d
P{WX(W)Zk}ZEW

G(1)],_, (1.8.11)

The logarithm of the moment generating function is called cumulants generating
function. We denote this generating function by K. K exists for all ¢ for which M
is finite. Both M and K are analytic functions in the interior of their domains of
convergence. Thus we can write for ¢ close to zero

oo

K(t) =logM(t) = %r-i (1.8.12)
=0/

The coefficients {«;} are called camulants. Notice that ko = 0, and k;, j > 1, can be
obtained by differentiating K (f) j times, and setting ¢ = 0. Generally, the relation-

ships between the cumulants and the moments of a distribution are, for j =1, ...,4
K1 = U
Ky = o — pi =
5 (1.8.13)
K3 = U3 — 3popy + 2uy = U3
Ky = i — 33
The following two indices
*
p=5 (1.8.14)
o
and
*
B2 = M—j, (1.8.15)
o

where 0% = w3 is the variance, are called coefficients of skewness (asymmetry) and
kurtosis (steepness), respectively. If the distribution is symmetric, then g; = 0. If
B1 > 0 we say that the distribution is positively skewed; if 8; < 0, it is negatively
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skewed. If B, > 3 we say that the distribution is steep, and if 8, < 3 we say that the
distribution is flat.

The following equation is called the law of total variance.

If E{X?} < oo then

ViX} = E{V{X | Y}}+ V{E{X | Y}}, (1.8.16)

where V{X | Y} denotes the conditional variance of X given Y.

It is often the case that it is easier to find the conditional mean and variance,
E{X | Y}and V{X | Y}, than to find E{X} and V {X} directly. In such cases, formula
(1.8.16) becomes very handy.

The product central moment of two variables (X, Y) is called the covariance and
denoted by cov(X, Y). More specifically

cov(X,Y) = E{[X — E{X}I[Y — E{Y}]}
= E{XY} — E{X}E{Y).

(1.8.17)

Notice that cov(X, Y) = cov(Y, X), and cov(X, X) = V{X}. Notice that if X is a
random variable having a finite first moment and a is any finite constant, then
cov(a, X) = 0. Furthermore, whenever the second moments of X and Y exist the
covariance exists. This follows from the Schwarz inequality (see Section 1.13.3),
i.e., if F is the joint distribution of (X, Y) and Fy, Fy are the marginal distributions
of X and Y, respectively, then

2
( f g(x)h(y)dF(x,w) < ( / g2<x>de(x>) ( / hz(y)dFy(y)> (1.8.18)

whenever E{g?(X)} and E{h*(Y)} are finite. In particular, for any two random vari-
ables having second moments

covi(X,Y) < V{X}V{Y}.

The ratio

B cov(X,Y) (1.8.19)
= vIvVin .

is called the coefficient of correlation (Pearson’s product moment correlation). From

(1.8.18) we deduce that —1 < p < 1. The sign of p is that of cov(X, Y).
The m.g.f. of a multivariate distribution is a function of k variables

k
M(tl,...,tk):E{exp{Zt[Xi}}. (1.8.20)
i=1
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Let X1, ..., X; berandom variables having a joint distribution. Consider the linear

k
transformation Y = Zﬁ ;X j, where By, ..., By are constants. Some formulae for the

Jj=1
moments and covariances of such linear functions are developed here. Assume that
all the moments under consideration exist. Starting with the expected value of ¥ we
prove:

k k
E {Z&Xf} =Y BE(X,). (1.8.21)
i=l i=1

This result is a direct implication of the definition of the integral as a linear operator.

Let X denote a random vector in a column form and X' its transpose. The expected
value of a random vector X' = (X1, ..., Xy) is defined as the corresponding vector
of expected values, i.e.,

E{X'} = (E{X1}, ..., E{X})). (1.8.22)

Furthermore, let X denote a k x k matrix with elements that are the variances and
covariances of the components of X. In symbols

L =i j=1,....k), (1.8.23)

where 0;; = cov(X;, X;), 0;; = V{X;}.If Y = B’X where B is a vector of constants,
then

V{r}=p'%p

= Z Zﬁiﬁjaij
i

(1.8.24)

k
=Y Bloi+ Y, BiBioi.
i=1

i#]

The result given by (1.8.24) can be generalized in the following manner. Let Y; = ’X
and Y, = &’X, where & and B are arbitrary constant vectors. Then

cov(Yy, Y») =o' X B. (1.8.25)
Finally, if X is a k-dimensional random vector with covariance matrix ¥ and Y is an
m-dimensional vector Y = AX, where A is an m x k matrix of constants, then the

covariance matrix of Y is

VY] = AT A (1.8.26)
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In addition, if the covariance matrix of X is X, then the covariance matrix of Y =
& + AXis V, where & is a vector of constants, and A is a matrix of constants. Finally,
if Y = AX and Z = BX, where A and B are matrices of constants with compatible
dimensions, then the covariance matrix of Y and Z is

CIY,Z] = AXB. (1.8.27)

We conclude this section with an important theorem concerning a characteristic
function. Recall that ¢ is generally a complex valued function on R, i.e.,

[e.¢]

o(t) = /00 cos(tx)dF(x) + i/ sin(tx)dF (x).

o0 —00

Theorem 1.8.2. A characteristic function ¢, of a distribution function F, has the
following properties.

(D) 9@ < ¢0) = 1;
(i) ¢(t) is a uniformly continuous function of t, on R;
(iii) ¢(t) = m, where 7 denotes the complex conjugate of z;
(iv) ¢(t) is real valued if and only if F is symmetric around xy = 0;

(v) if E{|X|"} < oo for some n > 1, then the rth order derivative ¢ (t) exists for
every l <r <n, and

(1) = / oo(ix)’ei’xdF(x), (1.8.28)

1
1 = = ¢"(0), (1.8.29)
1

and

— (it)/ (in)"

o) = TR —'R,,(t), (1.8.30)

— j! n!

j=1
where |R,(t)| < 3E{|X|"}, R,(t) > Oast — 0,

(vi) if M(0) exists and is finite, then o, < 00,

(vii) if E{|X|"} < oo foralln > 1 and

._<E{|X|"}>”” 1
lim = — <00, (1.8.31)

n—>00 n! R
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then

p)=> (’:‘ L, lt] < R. (1.8.32)

n=0

Proof. The proof of (i) and (ii) is based on the fact that |¢/"*| = 1 for all 7 and all x.
Now, /e‘”xdF(x) = ¢(—1) = ¢(1). Hence (iii) is proven.

(iv) Suppose F(x) is symmetric around xo = 0. Then dF(x) = dF(—x) for all x.
Therefore, since sin(—tx) = — sin(zx) for all x, /oo sin(tx)dF(x) = 0, and ¢(¢) is
real. If ¢(¢) is real, ¢(t) = ¢(r). Hence px (1) = ;iox(t). Thus, by the one-to-one
correspondence between ¢ and F, for any Borel set B, P{X € B} = P{—X € B} =

P{X € —B}. This implies that F is symmetric about the origin.
W) If E{|X|"} < oo, then E{|X|"} < oo forall 1 <r < n. Consider

PU+h) — g0 _ . {e”x <eihX — 1)} .
h h

ihx __
Since

< |x|, and E{|X|} < 0o, we obtain from the Dominated Conver-

gence Theorem that

V(@) = (M)
h
ihX _
—E {e”x lim :}
h—0 h
= iE{Xe"X}.

L
Hence p; = —¢™M(0).
i
Equations (1.8.28)—(1.8.29) follow by induction. Taylor expansion of e yields

n—1

k n
e =3 O 4 OF costoy) +isinta,
k=0

where |0;] < 1 and |6,| < 1. Hence

p(1) = E{e"¥)}

n—1

(lt)”

(k_ (/’Ln + Rn (t))

k=0
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where
R, (1) = E{X"(cos(0:tX) + i sin(6,t X) — 1)}.

Since | cos(ty)| < 1, |sin(ry)| < 1, evidently R,(¢) < 3E{|X|"}. Also, by dominated
convergence, lin(l) R,(t) =0.
—

(vi) By induction on n. Suppose ¢ (0) exists. By L’Hospital’s rule,

| [¢/<2h)—¢’<0> ¢’(0>—¢/(—2h>}
¢(0) = lim 3 2h + 2h

1

= }{l_r}(l) m[¢(2h) —2¢(0) + ¢(—2h)]
] eihx _ e*ihx 2

= jim (T) dF(x)

B . sin(hx) 2 2
_—}111_r)r(1)/< ' ) x“dF(x).

By Fatou’s Lemma,

#20 = - [ fim (Si“,fﬁx))zxzdm)

= —/xzdF(x) = — /.

Thus, i, < —p®(0) < co. Assume that 0 < ji5; < co. Then, by (v),
() = / (ix)* e dF(x)
= (—1)’</e’”dG(x),

where dG(x) = x*dF(x), or

G(x) = /_ ) u**dF(u).
(=1)'®@) .

is the characteristic function of
G(00)

1
> 0, / xM24F(x) = / x2dG(x) < oo.
G(00)
This proves that py; < coforallk =1,...,n.

Notice that G(00) = ;< 00. Thus,

the distribution G(x)/G(c0). Since
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E{X|" 1/n 1
(vii) Assuming (1.8.31),if0 < 7y < R, lim & —. Therefore,

n—00 n! to

E Xntnl/n
_lim( {1X1"}1)

n—00 n!

< 1.

By Stirling’s approximation, lim (n!)"/" = 1. Thus, for 0 < fy < R,
n—00

— [E{XIMemH\ "
im (—” |}°)> <1.

n—00 n!

{1X]"}e,
Accordingly, by Cauchy’s test, Z&

n=1

< 00. By (iv), for any n > 1, for any

Lt <to

¢<r>=Z( D+ RO,

k=0

t"l .
| l' E{|X]"}. Thus, for every ¢, |t| < R, lim |R}(¢)| = 0, which
n: n— 00

where [R(t)] <3
implies that

> (i)
o) = ZW“’“ forall || < R.
k=1 :

QED

1.9 MODES OF CONVERGENCE

In this section we formulate many definitions and results in terms of random vectors
X=Xy, X>, - Xk)/ 1 < k < oo. The notation ||X|| is used for the Euclidean

norm, i.e., ||x]|? = Zx

We discuss here four modes of convergence of sequences of random vectors to a
random vector.

(i) Convergence in distribution, X, —d> X;
(i) Convergence in probability, X, 20X
(iii) Convergence in rth mean, X, SN X; and

(iv) Convergence almost surely, X, 25X
g y
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A sequence X, is said to converge in distribution to X, X, —> X if the corre-
sponding distribution functions F,, and F satisfy

nILI&/g(X)an(X) = /g(X)dF(X) (1.9.1)

for every continuous bounded function g on R¥.

One can show that this definition is equivalent to the following statement.
A sequence {X,,} converges in distribution to X, X,, LN Xif lim F,(x) = F(x)
n—o0o
at all continuity points X of F.

If X, L Xwe say that F, converges to F weakly. The notation is F, - F
or F, = F.
We define now convergence in probability.

A sequence {X,} converges in probability to X, X,, L x if, for each € > 0,
n—00
lim P{||1X, — X|| > €} =0. (1.9.2)

We define now convergence in rth mean.

A sequence of random vectors {X,,} converges inrthmean,r > 0,t0 X, X,, X
if E{|IX, = X]||"} = 0asn — oc.
A fourth mode of convergence is

A sequence of random vectors {X,,} converges almost-surely to X, X,, 2% X, as
n— oo if

P{lim X, =X} = 1. (1.9.3)

n—00

The following is an equivalent definition.
X, =% Xasn — 00 if and only if, for any € > 0,

lim P{|X, —X|| <€, Vm >n} = 1. (1.9.4)

n—00
Equation (1.9.4) is equivalent to
P{n@onxn —X|| <€} =1.
But,
P{lim |IX, = X|| < €} = 1 — P{lim ||X, — X|| > ¢}
n—>00 n—>00

=1-P{lIX, —X]| > €, io0}.
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By the Borel-Cantelli Lemma (Theorem 1.4.1), a sufficient condition for

a.s. .
X, — Xis

> P{IX, — X|| = €} < 00 (1.9.5)

n=1

forall e > 0.
Theorem 1.9.1. Let {X,,} be a sequence of random vectors. Then

(@ X, =5 XimpliesX, - X.
®) X, — X, r >0, implies X, —> X.
© X, -2 XimpliesX, -5 X.

Proof. (a) Since X, N X, for any € > 0,

0= P{lim [|X, — X]|| > €}

n— 00

= lim P{U 11X, — X|| ze} (1.9.6)

m>n

v

lim P{[|X, — X|| > €}.

The inequality (1.9.6) implies that X, —> X.
(b) It can be immediately shown that, for any € > 0,

E{|IX, = X||"} > € P{IX,, — X|| > €}.
Thus, X, — X implies X,, —> X.
(c) Let € > 0. If X,, < xq then either X < xg + €1, where 1 =(1,...,1), or
[|1X,, — X]| > €. Thus, for all n,
F,(X0) < F(Xo + €1) + P{[|X, — X|| > €}.
Similarly,
F(xo — €l) < Fy(x0) + P{||X, — X]| > €}.

Finally, since X, LN X,

F(xo — €l) < lim F,(x0) < lim F,(x) < F(xp + €1).
n—oo

n—o0o
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Thus, if x( is a continuity point of F, by letting ¢ — 0, we obtain

lim F,(xo) = F(Xp).
n—00

QED
Theorem 1.9.2. Let {X,,} be a sequence of random vectors. Then

(a) ifc € RX, then X, SIS implies X, — ¢;
b) if X, 2% X and X, ||" < Z, for some r > 0 and some (positive) random
variable Z, with E{Z} < oo, then X,, X

For proof, see Ferguson (1996, p. 9). Part (b) is implied also from Theorem 1.13.3.

Theorem 1.9.3. Ler {X,} be a sequence of nonnegative random variables such that
X, 2% X and E{X,} — E{X)}, E{X} < cc. Then

E{|X,— X|} - 0, as n — oo. (1.9.7)

Proof. Since E{X,} - E{X} < oo, for sufficiently large n, E{X,} < oo. For
such n,

E{|X, — X|} = E{(X — X,))I{X = X,)}} + E{(X,, — X)I{X,, > X}}
=2E{(X — X,)I{X = X, }} + E{X — X,,}.

But,
0<=(X-X)I{X=>=X,}<X.
Therefore, by the Lebesgue Dominated Convergence Theorem,
Jlim E{(X — X,)I{X = X,}} = 0.

This implies (1.9.7). QED
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1.10 WEAK CONVERGENCE

The following theorem plays a major role in weak convergence.

Theorem 1.10.1. The following conditions are equivalent.

@ X, -5 X;

(b) E{g(X,)} — E{g(X)}, for all continuous functions, g, that vanish outside a
compact set;

(c) E{g(X,)} = E{g(X)}, for all continuous bounded functions g;

(d) E{g(X,)} — E{g(X)}, for all measurable functions g such that P{X €
C(g)} = 1, where C(g) is the set of all points at which g is continuous.

For proof, see Ferguson (1996, pp. 14-16).

Theorem 1.10.2. Let (X, } be a sequence of random vectors in R¥, and X, 4x
Then
(i) £(X,) —> £(X);
(@) if {Y,} is a sequence such that X,, — Y, AN 0, then'Y, i> X;
(iii) if X, € R* and Y, € R' and Y, - ¢, then

() = (0)

Proof. (i) Let g : R’ — R be bounded and continuous. Let i(x) = gf(x)). If x is
a continuity point of f, then x is a continuity point of 4, i.e., C(f) C C(h). Hence
P{X € C(h)} = 1.By Theorem 1.10.1 (c), it is sufficient to show that E{g(f(X,))} —

E{g(f(X))}. Theorem 1.10.1 (d) implies, since P{X € C(h)} =1 and X,, LN X,
that E{h(X,,)} = E{h(X)}.

(ii) According to Theorem 1.10.1 (b), let g be a continuous function on R¥
vanishing outside a compact set. Thus g is uniformly continuous and bounded.
Let € > 0, find 6 > O such that, if ||x — y|| < 6 then |g(x) — g(y)| < €. Also, g is
bounded, say |g(x)| < B < oo. Thus,

|E{g(Y,)} — E{g(X)}| = |E{g(Y)} — E{g(X)} + |E{g(X\)} — E{g(X)}|
=< E{lg(Yn) — gX)I{IIX, — Y,|| = 6}}
+ E{1g(Y,) — gX)IH{|IX,, — Y| > 6}
+ 1 E{g(X)} — E{g(X)}]
< e+ 2BP{|IX, — Yull > 6}

+IE{gXn)} — E{gX)}| —> e
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Hence Y, —d> X.

(iii)
P{H(X") - (X"> >e} =P{|Y,—c||>€}— 0, as n — o0.
Y, c
.. X, d X
Hence, from part (ii), <Yn) — (c) QED

As a special case of the above theorem we get

Theorem 1.10.3 (Slutsky’s Theorem). Let {X,} and {Y,} be sequences of random

variables, X, —d> Xandy, Ly ¢. Then

i) Xo+Y -5 X+c

.. d
(i) XY, — cX; (1.10.1)
oot X, a4 X
(iii) if ¢ #0 then A — —.
n c

A sequence of distribution functions may not converge to a distribution function.
For example, let X,, be random variables with

1 1
Then, lim F,(x) = — for all x. F(x) = 3 for all x is not a distribution function. In
n—oo

this example, half of the probability mass escapes to —oo and half the mass escapes
to +o00. In order to avoid such situations, we require from collections (families) of
probability distributions to be tight.

Let F = {F,, u € U} be a family of distribution functions on R¥. F is tight if, for
any € > 0, there exists a compact set C C R¥ such that

sup/ I{x e R — C}dF,(x) < €.
ueld

In the above, the sequence F,(x) is not tight.
If F is tight, then every sequence of distributions of F contains a subsequence
converging weakly to a distribution function. (see Shiryayev, 1984, p. 315).
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Theorem 1.10.4. Let {F,} be a tight family of distribution functions on R. A nec-
essary and sufficient condition for F, = F is that, for each t € R, lim ¢,/(t) exists,
n—o0

where ¢,(t) = / " dF, (x) is the characteristic function corresponding to F,.

For proof, see Shiryayev (1984, p. 321).

Theorem 1.10.5 (Continuity Theorem). Let {F,} be a sequence of distribution
functions and {¢,} the corresponding sequence of characteristic functions. Let F be
a distribution function, with characteristic function ¢. Then F, = F if and only if
¢n(t) — @(t) for all t € R*. (Shiryayev, 1984, p. 322).

1.11 LAWS OF LARGE NUMBERS

1.11.1 The Weak Law of Large Numbers (WLLN)

Let X1, Xy, ... be a sequence of identically distributed uncorrelated random vectors.
Let p = E{X,} and let = E{(X; — )X — )’} be finite. Then the means X,, =

1
_in converge in probability to u, i.e.,
n

i=1
X, 5 p asn— 00X, 2> p as n— oo. (1.11.1)
The proof is simple. Since cov(X,, X,/) = 0 for all n # n’, the covariance matrix of
_ 1 _
X, is —X. Moreover, since E{X,,} = u,
n

_ 1
E{IX, —u|*} = -tr{%} = 0 as n— oo.
n

Hence X, 2, i, which implies that X, —> . Here .{X} denotes the trace
of J.

If X, X5, ... are independ_ent, and identically distributed, with E{X;} = p, then
the characteristic function of X,, is

¢x,(H) = <¢> G)) , (1.11.2)

where ¢(t) is the characteristic function of X . Fix t. Then for large values of n,

t j 1
¢<—>=1+Lt’u+o<—>, as n — 0o.
n n n



JWST390-c01

JWST390-Zacks November 1, 2013 9:21 Printer Name: Trim: 6.125in x 9.25in

42 BASIC PROBABILITY THEORY

Therefore,
i, 1\\" it
o O =|1+—-tp+o| - — o't (1.11.3)
n n

@(t) = 't is the characteristic function of X, where P{X = u} = 1. Thus, since

. . S d C S
e't* is continuous at t = 0, X, —> . This implies that X, AN u (left as an
exercise).

1.11.2 The Strong Law of Large Numbers (SLLN)

Strong laws of large numbers, for independent random variables having finite
expected values are of the form

1 n
—E (X; — ) 250, as n — oo,
n

i=1

where u; = E{X;}.

Theorem 1.11.1 (Cantelli). Ler {X,} be a sequence of independent random vari-
ables having uniformly bounded fourth-central moments, i.e.,

0<EX,— )" <C <o (1.11.4)
foralln > 1. Then
1 ‘ a.s.
—Z(Xi —u) =500. (1.11.5)
n im1 n—0oQ

Proof. Withoutloss of generality, we can assume that 1, = E{X,} = Oforalln > 1.
1 n 4 1 n
E{l-) X = — E{Xx?}
(20) |-l g
+4Y D EXIX)+3) ) E(X]X3)

i#j i#]
+6Y Y STEXIX X+ Y DY ZE{X,-XijXz}}
ik prypre

1 & 3
= 2“4#’ + ’?Z ZU,-ZUA,?,
i=1

i#]
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where (g ; = E{Xl‘.‘} and 01.2 = E{Xiz}. By the Schwarz inequality, aizaf < (U4, -

paj)'/? foralli # j. Hence,

_ —1 1
pIx) = o+ M o).
n- n

By Chebychev’s inequality,

P{IX,| > €} = P{X} > )

74
< B
Hence, for any € > 0,
o0 B o0 1
;P{m >e) < c*;; < o0,

where C* is some positive finite constant. Finally, by the Borel-Cantelli Lemma
(Theorem 1.4.1),

P{X,| > €. i.0) =0.
Thus, P{|X,| < €,i.0.} = 1. QED

Cantelli’s Theorem is quite stringent, in the sense, that it requires the existence of
the fourth moments of the independent random variables. Kolmogorov had relaxed
this condition and proved that, if the random variables have finite variances, 0 <
o} < oo and

o 2

g
YL <o, (1.11.6)
n=1 n

1 " a.s.
then — X; — i) — Oasn — oo.
n;( i) n

If th:a random variables are independent and identically distributed (i.i.d.), then
Kolmogorov showed that E{|X |} < oo is sufficient for the strong law of large
numbers. To prove Kolmogorov’s strong law of large numbers one has to develop
more theoretical results. We refer the reader to more advanced probability books (see
Shiryayev, 1984).
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1.12 CENTRAL LIMIT THEOREM

The Central Limit Theorem (CLT) states that, under general valid conditions, the
distributions of properly normalized sample means converge weakly to the standard
normal distribution.

A continuous random variable Z is said to have a standard normal distribution,
and we denote it Z ~ N(0, 1) if its distribution function is absolutely continuous,
having a p.d.f.

1
fx) = e, —00 < x < o0. (1.12.1)

V2

The c.d.f. of N(0, 1), called the standard normal integral is

d(x) = e 2 dy. (1.12.2)

1 / .
a4 27 J-

The general family of normal distributions is studied in Chapter 2. Here we just
mention that if Z ~ N(O, 1), the moments of Z are

(2k)! £y — Ok
wo=1 2k "7 (1.12.3)
0, ifr =2k +1.
The characteristic function of N(0, 1) is
p(6) = — / T ebetingy
V21 J-oo (1.12.4)
—e 2’ _oo<t < oo.
A random vector Z = (Z;, ..., Z;) is said to have a multivariate normal distribu-

tion withmean p = E{Z} = 0 and covariance matrix V (see Chapter2),Z ~ N(0, V)
if the p.d.f. of Z is

fZ;,v)= lZ’vlz}.

1
Quyr e &P {_2

The corresponding characteristic function is
l /
¢z(t) = exp _Et Vty, (1.12.5)

t € R,
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Using the method of characteristic functions, with the continuity theorem we
prove the following simple two versions of the CLT. A proof of the Central Limit
Theorem, which is not based on the continuity theorem of characteristic functions,
can be obtained by the method of Stein (1986) for approximating expected values or
probabilities.

Theorem 1.12.1 (CLT). Let {X,} be a sequence of i.i.d. random variables having
a finite positive variance, i.e., i = E{X,}, V{X,} =02, 0 < 0% < o00. Then

%, —
Jn R N©,1), as n— oo (1.12.6)
o

Mmoo,
,1 > 1.Moreover,

X, — 1 & X —
Proof. Notice that \/n Sn TR 7 E Zi,where Z; =
n
—

o o

E{Z;} =0and V{Z;} = 1,i > 1.Letqblz(t)bethe characteristic function of Z,. Then,
since E{Z} =0, V{Z} = 1, (1.8.33) implies that

2

pz(t) =1— % +o(t), as t — 0.

Accordingly, since {Z,} are i.i.d.,

b 7. (D) = B (ﬁ)

o)

Hence, /it Zn -4 N(O, ). QED

Theorem 1.12.1 can be generalized to random vector. Let X, =- E X;,n>1
n
=1
The generalized CLT is the following theorem.

Theorem 1.12.2. Let {X,} be a sequence of i.i.d. random vectors with E{X,} = 0,

and covariance matrix E{X,X',} =V, n > 1, where V is positive definite with finite
eigenvalues. Then

JiX, -5 N, V). (1.12.7)
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Proof. Let ¢x(t) be the characteristic function of X;. Then, since E{X;} =0,

t
¢ m x,(H) = Px (ﬁ)

1 t "
=(1—-—tVt —
( 2n +O(ﬁ)>
as n — 00. Hence

. ]‘ A
lim ¢ 7 5, (6) = exp {—EtVt} , teRk
QED

When the random variables are independent but not identically distributed, we
need a stronger version of the CLT. The following celebrated CLT is sufficient for
most purposes.

Theorem 1.12.3 (Lindeberg—Feller). Consider a triangular array of random vari-
ables {Xn 1}, k=1,....,n, n > 1 such that, for each n > 1, {X,, .k =1,...,n}

are independent, with E{X,;} =0 and V{X,} = anzyk. Let S, = ZX”"‘ and
k=1

n
B,% = Zojk. Assume that B, > 0 for each n > 1, and B, /' 0o, as n — o0. If,
k=1
for every e > 0,

n

1
5 E{Xﬁ,k1{|X,,,k| >¢€eB,} > 0 (1.12.8)
nog=1
d o)
asn — oo, then S, /B, —> N(0, 1) as n — oo. Conversely, iflmlflx é;zk — 0 as

n— ocoand S,/B, —> N(0,1), then (1.12.8) holds.

For a proof, see Shiryayev (1984, p. 326). The following theorem, known as
Lyapunov’s Theorem, is weaker than the Lindeberg—Feller Theorem, but is often
sufficient to establish the CLT.
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Theorem 1.12.4 (Lyapunov). Let {X,} be a sequence of independent random
variables. Assume that E{X,,} =0, V{X,} > 0 and E{|X,|>} < oo, for all n > 1.

Moreover, assume that 32 ZV{X } /' oo. Under the condition
j=1

1 n
EZE{|XJ~|3}—>O as n — oo, (1.12.9)

n j:1

the CLT holds, i.e., Sy/Bn —> N(0, 1) asn — oo.

Proof. 1t is sufficient to prove that (1.12.9) implies the Lindberg—Feller condition
(1.12.8). Indeed,

E{IX;I*) =/ |x[dF ;(x)

> / xPdF(x)
{x:|x|>€B,}

> €B, f x*dF j(x).
{x:|x|>B€}

Thus,

1 & 1
EZ/{ [>¢B,) X0 SE'TZE”XJ"S}_)O'
nj:] XI|X|[> n -:

QED
Stein (1986, p. 97) proved, using a novel approximation to expectation, that if

X1, X», ...are independent and identically distributed, with EX; = 0, EX % = land
y = E{| X’} < oo, then, forall —oo < x < coandalln =1,2, ...,

1 n
P{ﬁg& §x} — ®(x)

where ®(x) is the c.d.f. of N(0, 1). This immediately implies the CLT and shows that
the convergence is uniform in x.

_ &

’

1.13 MISCELLANEOUS RESULTS

In this section we review additional results.
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1.13.1 Law of the Iterated Logarithm
We denote by log,(x) the function log(log(x)), x > e.

Theorem 1.13.1. Let {X,} be a sequence of i.i.d. random variables, such that

E{X,}=0and V{X,} =0% 0 <0 < o0. Let S, = in‘ Then

i=1

P { lim ISal - _ 1} =1, (1.13.1)
n—>oo1ﬁ(n)

where Yr(n) = (2o’n logz(n))l/z, n>3.

For proof, in the normal case, see Shiryayev (1984, p. 372).

The theorem means the sequence |S,,| will cross the boundary v (n), n > 3, only a
finite number of times, with probability 1, as n — oo. Notice that although E{S,} =
0, n > 1, the variance of S, is V{S,} = no? and P{|S,| /' oo} = 1. However, if

Sn Sp as. .
we consider — then by the SLLN, — 2% 0. If we divide only by /n then, by
n n
Sn . .
N (0, 1). The law of the iterated logarithm says that, for every

the CLT,
o

Sn . .
€e>0,P { |\/|_ > (1 4+ €)y/2log,(n ,i.o.} = 0. This means, that the fluctuations
on

of S, are not too wild. In Example 1.19 we see that if {X,} are i.i.d. with P{X; =

1} =P{X, =—-1}= o then 7" 2% 0asn— co. Butn goes to infinity faster
Sn

V/2nlog,(n)

then P{|W,| < 1 +€,i.0.} = 1. {W,} fluctuates between —1 and 1 almost always.

than ,/n log,(n). Thus, by (1.13.1), if we consider the sequence W,, =

1.13.2 Uniform Integrability

A sequence of random variables {X,,} is uniformly integrable if

lim sup E{|X,|I{|X,| > c}} = 0. (1.13.2)
Cc—> 00

n>1

Clearly, if | X,,| < Y foralln > 1 and E{Y} < oo, then {X,,} is a uniformly integrable
sequence. Indeed, | X, |1{|X,| > ¢} < |Y|I{]Y| > ¢} forall n > 1. Hence,

sup E{| X, [I{|Xy| > c}} < E{|YI{]Y] > c}} = O

n>1

as ¢ — oo since E{Y} < oo.
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Theorem 1.13.2. Let {X,} be uniformly integrable. Then,
(i) E{lim X,} < lim E{X,} < Tim E{X,} < E{Tim X,}; (1.13.3)
n— 00 n—oo

n—oo n— 00

(ii) if in addition X, L5 X, asn — 00, then X is integrable and

lim E{X,} = E{X}, (1.13.4)
lim E{|X, — X|} =0. (1.13.5)

Proof. (i) Forevery ¢ > 0
E{X,} = E{X, [{X, < —c}} + E{X, I{X, = —c}}. (1.13.6)

By uniform integrability, for every € > 0, take c sufficiently large so that

sup |[E{X, I{X, < —c}}| <e.

n>1

By Fatou’s Lemma (Theorem 1.6.2),

lim E{X,[{X, = —c}} = E { lim X, 7{X, > —c}} : (1.13.7)
n—00 n—00
But X, I{X,, > —c}} > X,,. Therefore,
lim E{X,1{X, > —c}} = E{ lim X,}. (1.13.8)
n—o00 n—00
From (1.13.6)—(1.13.8), we obtain
li_mE{Xn}zE{h_an}_e- (1139)
n—0o0 n—o00
In a similar way, we show that
lim E{X,} < E{im X,,} + €. (1.13.10)
n—00

Since € is arbitrary we obtain (1.13.3). Part (ii) is obtained from (i) as in the Dominated
Convergence Theorem (Theorem 1.6.3). QED

Theorem 1.13.3. Let X, > 0,n > 1,and X, —> X, E{X,} < co. Then E{X,} —
E{X} if and only if {X,,} is uniformly integrable.
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Proof. The sufficiency follows from part (ii) of the previous theorem.
To prove necessity, let

A ={a: Fx(a) — Fx(a—) > 0}.
Then, foreachc ¢ A
X, I{X, <c} = XI{X <c).
The family {X,7{X, < c}} is uniformly integrable. Hence, by sufficiency,

lim E{X,[{X, < c}} = E{XI{X < c}}

for c ¢ A, n — 00. A has a countable number of jump points. Since E{X} < oo, we

€
can choose ¢y ¢ A sufficiently large so that, for a given € > 0, E{XI{X > ¢y}} < 7
Choose Ny(¢) sufficiently large so that, for n > Ny(¢),

E(X,1{X, > co}} < E{XI{X > co}} + g

Choose ¢; > ¢ sufficiently large so that E{X,/{X, > c1}} <€, n < Ny. Then
sup E{X,I{X, > c1}} <e. QED

Lemma 1.13.1. If {X,} is a sequence of uniformly integrable random variables,
then

sup E{|X,|} < oo. (1.13.11)

n>1

Proof.

sup E{| X[} = sup(E{| X, |[{|X,| > c}} + E{| X, [I{|Xy| < c}})

n>1 n>1

< sup E{| X, [I{|Xy| > c}} + sup E{| X, | I{| X,| < c}}

n>1 n>1

§€+C’

for 0 < ¢ < oo sufficiently large. QED
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Theorem 1.13.4. A necessary and sufficient condition for a sequence {X,} to be
uniformly integrable is that

sup E{|X,|} < B <o (1.13.12)
n>1
and
sup E{|X,,|I4} — 0 when P{A} — 0. (1.13.13)

n>1

Proof. (i) Necessity: Condition (1.13.12) was proven in the previous lemma. Fur-
thermore, for any 0 < ¢ < o0,
E{|Xyl1a} = E{|X0|I{A N {|X,| = c}}}
+ E{| X, [ I{AN{|X,| < c}}} (1.13.14)
< E{IXu|1{IXy] = c}} + cP(A).

Choose c sufficiently large, so that E{| X, |/{|X,| > c}} < % and A so that P{A} <

Zi’ then E{|X,|l4} < €. This proves the necessity of (1.13.13).
c

(ii) Sufficiency: Let € > 0 be given. Choose §(¢) so that P{A} < §(¢), and
sup E{|X, [} < €.

n>1

By Chebychev’s inequality, for every ¢ > 0,

E{| X}
P{{Xy| =z ¢} = ———,
c

Hence,

1
sup P{|X,| = c} = —sup E{|X,|} =

n>1 n>1

B
=, (1.13.15)
C

The right-hand side of (1.13.15) goes to zero, when ¢ — co. Choose ¢ sufficiently
large so that P{|X,| > ¢} < €. Such a value of ¢ exists, independently of n, due to

o0
(1.13.15). Let A = U|Xn| > c}.For sufficiently large ¢, P{A} < € and, therefore,

n=1

sup E{| X, | I{|Xy| = c}} < E{|Xu|Ia} = 0

n>1

as ¢ — oo. This establishes the uniform integrability of {X,}. QED
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Notice that according to Theorem 1.13.3, if E|X,|” < co,r > 1and X, —> X,
lim E{X!} = E{X"} if and only if {X,,} is a uniformly integrable sequence.

1.13.3 Inequalities

In previous sections we established several inequalities. The Chebychev inequal-
ity, the Kolmogorov inequality. In this section we establish some useful additional
inequalities.

1. The Schwarz Inequality

Let (X, Y) be random variables with joint distribution function Fyy and marginal
distribution functions Fy and Fy, respectively. Then, for every Borel measurable and
integrable functions g and 4, such that E{g*(X)} < oo and E{h*(Y)} < oo,

172 1/2
< (f gz(x)de(x)> (/h2(y)dFY(y)> . (1.13.16)

To prove (1.13.16), consider the random variable Q(¢) = (g(X) + th(Y))?, —oo <
t < 00. Obviously, Q(t) > 0, for all 1, —0o < t < co. Moreover,

V g()h(y)dFxy(x, y)

E{Q(0)} = E{g*(X)} + 2tE{g(X)h(Y)} + 1’ E{R*(Y)} = 0
for all . But, E{Q(¢)} > O for all ¢ if and only if
(E{gORY)}N < E{g*(X)}E{h*(Y)}.
This establishes (1.13.16).
2. Jensen’s Inequality

A function g : R — R is called convex if, for any —oo < x <y < 0o and
O<ac=1,

glax + (1 —a)y) = agx) + (1 —a)g(y).
Suppose X is a random variable and E{|X|} < oo. Then, if g is convex,
g(E{X}) < E{g(X)}. (1.13.17)

To prove (1.13.17), notice that since g is convex, for every xy, —00 < xg < 00, g(x) >
g(xo) + (x — x0)g*(xp) for all x, —oo < x < 00, where g*(x) is finite. Substitute
xo = E{X}. Then

8(X) = g(E{X}) + (X — E{X}Dg"(E{X})

with probability one. Since E{X — E{X}} = 0, we obtain (1.13.17).
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3. Lyapunov’s Inequality
If0 <s <rand E{|X]|"} < oo, then

(E{XIDYS < (E(X|I"H". (1.13.18)

To establish this inequality, let 7 = r/s. Notice that g(x) = |x|" is convex, since r > 1.
Let & = E{|X|*}, and (| X|*)" = | X|". Thus, by Jensen’s inequality,

(&) = (EIXI')" < E{g(1X ")}
= E{IX|'}.

Hence, E{|X|*}'/* < (E{|X|"})"/". As a result of Lyapunov’s inequality we have the
following chain of inequalities among absolute moments.

E{|X|} < (E{X*)'? < (E{XPH"P <---. (1.13.19)

4. Holder’s Inequality
1 1
Let ]l <p<ooand 1 <g < oo, such that — 4+ — =1. E{|X|”} < oo and
P 49
E{]Y|?} < oo. Then

E{IXY|} < (E(X|1")VP(E{Y 19"/ (1.13.20)

Notice that the Schwarz inequality is a special case of Holder’s inequality for p =
q=2.
For proof, see Shiryayev (1984, p. 191).

5. Minkowsky’s Inequality

IfE{|X|?} < ocoand E{|Y |’} < coforsome 1 < p < oo,then E{|X + Y|’} < o0
and

(E{X +YIPHYP < (EIXIM)? + (E(|Y|PHY?. (1.13.21)

For proof, see Shiryayev (1984, p. 192).

1.13.4 The Delta Method

The delta method is designed to yield large sample approximations to nonlinear
functions g of the sample mean X, and its variance. More specifically, let {X,} be
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a sequence of i.i.d. random variables. Assume that 0 < V{X} < oco. By the SLLN,
-

o n—oo

5. _ 1 & X,
X, =5 4, asn — oo, where X, = _ZXJ" and by the CLT, /n
n
j=1
N(0,1). Let g : R — R having third order continuous derivative. By the Taylor
expansion of g(X,,) around u,

_ _ 1 _
g(X,) = g(p) + (X, — gV () + 7 = 2@ (W) + Ry, (1.13.22)

where R, = é()_(n — )’ g®(uk), where p¥ is a point between X, and , i.e., | X, —
wil < |X, — ul. Since we assumed that g (x) is continuous, it is bounded on the
closed interval [ — A, 4 A]. Moreover, g®(u*) — ¢®(w), as n — oo. Thus
R, 5 0, as n — oco. The distribution of g(1) + gV (u)(X, — w) is asymptotically

_ 2 S d

N(g(), (@P)*a?/n). (X, — u)* > 0, as n — oo. Thus, /n(g(X,) — g(u)) =
N(0, 0*(gV(w))?). Thus, if X, satisfies the CLT, an approximation to the expected
value of g(X,,) is

2
E{g(X,)} = g(u) + ‘;—ng@)(m. (1.13.23)

An approximation to the variance of g(X,,) is

ANESLAPRUY!
V{g(Xn)} = " (g ()" (1.13.24)
Furthermore, from (1.13.22)

Vn(g(X,) — () = vn(X, — wg"(w) + Dy, (1.13.25)
where

()-(n - M)z o
D, = Tg(z)(,u” ), (1.13.26)

and | — X,| < |u — X,| with probability one. Thus, since X, — u — 0 a.s., as

n — 00, and since |g(2)(,u,’;*)| is bounded, D,, AN 0, as n — oo, then

8X) —8) d v ), (1.13.27)
olgM ()l
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1.13.5 The Symbols o, and O,

Let {X,} and {Y,,} be two sequences of random variables, Y, > 0 a.s. for all n > 1.
We say that X, = 0,(Y,), i.e., X, is of a smaller order of magnitude than Y, in
probability if

Xn 14
v — 0 as n— 0. (1.13.28)
n
We say that X,, = O,(Y,), i.e., X,, has the same order of magnitude in probability as

X
Y, if, for all € > 0, there exists K such that sup, P ”Y—"
n

>KE} < €.

One can verify the following relations.

(i) o0,(1)+ 0p(1) = 0,(1),
(i) 0,(1)+ 0,(1) = 0,(1),
(i) 0,(1)+ 0,(1) = 0,(1), (1.13.29)
@) 0,(1)- 0,(1) = 0,(1),
™) 0,(1)- 0,(1) = 0,(1).

1.13.6 The Empirical Distribution and Sample Quantiles

Let X1, X5, ..., X, be i.i.d. random variables having a distribution F. The function
F,(x) 1i:I{X< } (1.13.30)
nX) = — i =X 15,
e

is called the empirical distribution function (EDF).

Notice that E{I{X; < x}} = F(x). Thus, the SLLN implies that at each x,
F,(x) 2 F (x) as n — oo. The question is whether this convergence is uniform
in x. The answer is given by

Theorem 1.13.5 (Glivenko—Cantelli). Ler X, X, X3, ... be i.i.d. random vari-
ables. Then

sup | Fp(x) — F(x)| =5 0, asn — oo. (1.13.31)

—o0<X <X

For proof, see Sen and Singer (1993, p. 185).
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The pth sample quantile x,, , is defined as

Xn,p = Fn_](p)
= inf{x : F,(x) > p}

(1.13.32)

for 0 < p < 1, where F,(x) is the EDF. When F'(x) is continuous then, the points of
increase of F,(x) are the order statistics X(j.,y < --- < X(,.n) With probability one.

1
AISO, Fn(X(i:n)) = —, i = 1, N (N ThllS,
n

Xn,p = X(l‘( )n)s where
! ! (1.13.33)
i(p) = smallest integer i such that i > pn.

Theorem 1.13.6. Let F be a continuous distribution function, and &, = F ~“L(p),
and suppose that F(§,) = p and for any € >0, F(§, —€) < p < F(§, +¢€). Let
X1, ..., X, beiid. random variables from this distribution. Then

a.s.
Xp,p —> &, as n — oo.

For proof, see Sen and Singer (1993, p. 167).
The following theorem establishes the asymptotic normality of x;, .

Theorem 1.13.7. Let F(x) be an absolutely continuous distribution, with continuous
pdf f(x). Letp,0<p<1§,= F~'(p) and f(&p) > 0. Then

i, —£p) =5 N (o, %) . (1.13.34)
P

For proof, see Sen and Singer (1993, p. 168).

The results of Theorems 1.13.6—1.13.7 will be used in Chapter 7 to establish the
asymptotic relative efficiency of the sample median, relative to the sample mean.

PART II: EXAMPLES

Example 1.1. We illustrate here two algebras.
The sample space is finite

S=1{1,2,...,10}.

Let Ey = {1, 2}, E; = {9, 10}. The algebra generated by E and E,, A;, contains the
events

Ay =1{8,0,E, Ey, Es, E2, Ey U Ey, Ey U E>).
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The algebra generated by the partition D = {E;, E,, E3, E4}, where E; = {1, 2},
E, =1{9,10}, E5 = {3,4, 5}, E4 = {6, 7, 8} contains the 2* = 16 events

Ay ={S5.9,E\, Ey, E3s, E4, E\UEy, EYUE3, EyUEy, E;UE3, E, U Ey,
EsUEs, E\UE,UEs, E; UE,UEy, Ey UEs U Ey, E; U E3 U Ey).

Notice that the complement of each set in A, is in Ap. A C A,. Also, A,
c A(S). [ ]

Example 1.2. In this example we consider a random walk on the integers. Consider
an experiment in which a particle is initially at the origin, 0. In the first trial the particle
moves to +1 or to —1. In the second trial it moves either one integer to the right or one
integer to the left. The experiment consists of 2n such trials (1 < n < 00). The sample

space S is finite and there are 22 pointsin §,i.e., S = {(i1, ..., i) 1 ij =%I,j =
2n

L....2n) Let Ej = { (it ... o) ) ik :j},j =0,42,+,---,+2n. E; isthe
k=1
event that, at the end of the experiment, the particle is at the integer j. Obviously,
—2n < j < 2n. It is simple to show that j must be an even integer j = 2k, k =
0,1,...,n.Thus, D = {Exy,k =0,%£1, ..., £n} is a partition of S. The event E;
consists of all elementary events in which there are (n + k) +1s and (n — k) —1s.
Thus, E,; is the union of (nz—li—lk) points of S, k =0, £1, ..., £n.

The algebra generated by D, A(D), consists of @ and 2?"*! — 1 unions of the
elements of D. ]

Example 1.3. Let S be the real line, i.e., S = {x : —00 < x < 00}. We construct an
algebra A generated by half-closed intervals: E, = (—00, x], —00 < x < 00. Notice
that, for x <y, Ex U Ey = (—o00, y]. The complement of E, is E, = (x,00). We
will adopt the convention that (x, 00) = (x, o0].

1
Consider the sequence of intervals E,, = [ —oo, | — —],n > 1.AllE, € A.How-
n

o0
ever, UE" = (—o00, 1). Thus lim E, does not belong to A. A is not a o-field. In
el n—00
order to make A into a o-field we have to add to it all limit sets of sequences of
events in A. ]

Example 1.4. We illustrate here three events that are only pairwise independent.

1
LetS = {1, 2, 3, 4}, with P(w) = T for all w € S. Define the three events

A ={1,2}, A, ={1,3}, Az=/{l, 4}
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PlA) =t i=1.23
1 - 2’l - ’ ) .
AN A, = {1},
AN As = {1}
Ay N As = (1),
Thus
1
P{A1N A} = 1= P{A1}P{A2}.
1
P{A| N A3} = i P{A}P{A3}.
1
P{A; N A3} = 1= P{A2} P{A3}.

Thus, Ay, Ay, Az are pairwise independent. On the other hand,
AINANAs = {1}
and
P{AIN Ay N A3} = % # P{A1}P{A2} P{A3} = é

Thus, the triplet (A}, A2, A3) is not independent. [ ]

Example 1.5. An infinite sequence of trials, in which each trial results in either
“success” S or “failure” F is called Bernoulli trials if all trials are independent and
the probability of success in each trial is the same. More specifically, consider the
sample space of countable sequences of Ss and Fs, i.e.,

S={(i1,iz,...): i, =8,F, j=12,.).
Let
Ej={(i1,i2,...)lij=5}, j=1,2,....

We assume that {E}, E», ..., E,} are mutually independent for all n > 2 and
P{Ej}=pforall j=1,2,...,0<p< 1.
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The points of S represent an infinite sequence of Bernoulli trials. Consider the
events

Aj={(i1,ir,..) 0 =8, ij=F,ijp=3S5)
=ENEj i NEjn

Jj=12,....{A;} are not independent.
Let Bj = {A3;41}, j = 0. The sequence {B;, j > 1} consists of mutually indepen-

o0
dent events. Moreover, P(B;) = p*(1 —p)forall j =1,2,.... Thus, ZP(Bj) =
j=1
oo and the Borel-Cantelli Lemma implies that P{B,,i.0.} = 1. That is, the pat-
tern SFS will occur infinitely many times in a sequence of Bernoulli trials, with
probability one. [ ]

Example 1.6. Let S be the sample space of N = 2" binary sequences of size n,
n < oo,i.e.,

S={(,....0p):i;=0,1, j=1,...,n}
We assign the points w = (iy, .. ., i,) of S, equal probabilities, i.e., P{(iy, ..., i,)} =

27". Consider the partition D = {By, By, ..., B,} to k = n + 1 disjoint events, such
that

n
Bj={G1.....i): Y _iy=j}, j=0,....n.
=1

B; is the set of all points having exactly j ones and (n — j) zeros. We define the
discrete random variable corresponding to D as

Xw) =) jls,(w).
j=0
The jump points of X(w) are {0, 1, ..., n}. The probability distribution function of
X(w)is
fx() =" Ijj(x)P{B;}.

j=0

It is easy to verify that

P{B;} = <’;)2 i=0.1,....n
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where

n n! .
. =, ]:0,1,...,”.
J Jjlin— !

Thus,

Sx(x) = Z I{_,'}(X)(Z)Z_".

j=0
The distribution function (c.d.f.) is given by

0, ifx <O

Fy(x) = i(n.)z_n’
J

j=0

where [x] is the maximal integer value smaller or equal to x. The distribution function
illustrated here is called a binomial distribution (see Section 2.2.1). [ ]

Example 1.7. Consider the random variable of Example 1.6. In that example X (w) €
{0,1,...,n}and fx(j) = (’;)2_”, Jj =0,...,n. Accordingly,

n n—1
E{X} = Zj(’;.)z—" = %Z (” ; 1)2—<"—'> = g

=0 =0

~

Example 1.8. Let (S, F, P) be a probability space where S = {0, 1,2, ...}. F is
the o -field of all subsets of S. Consider X(w) = w, with probability function

pj=P{w:Xw) =}

A
:e*k,—', j=0,1,2,...
J:

o0 7 o0
Wi
for some 1,0 < A < 00.0 < p; < oo forall j, and since E — = ¢, E pj=1
=0 =0
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Consider the partition D = {A;, A, A3} where A; ={w : 0 <w <10}, A, =
{fw:10 <w <20} and A3 = {w : w > 21}. The probabilities of these sets are

10 )\.j
g =PlA}=e)y =,

=
20
Wi
— — A -
g = P{Ay} =e Zj!’ and
j=11
o .
Wi
_ _ A
g3 = P{As} =e ZF
j=21

The conditional distributions of X given A; i = 1, 2, 3 are

X

A
—'IA,(x)

fxia ) = S—=——, =123
v A'J

|
i=b !

where by =0, b =11, b, =21, b3 = oo.
The conditional expectations are

bi—2

h¥i
. Jjl
—(hi—1)* )
E{X | A) =202 12,3
m
j:bi—lj.

where a+ = max(a, 0). E{X | D} is a random variable, which obtains the values
E{X | A} with probability q;, E{X | A,} with probability ¢,, and E{X | A3} with
probability g3. [ ]

Example 1.9. Consider two discrete random variables X, Y on (S, F, P) such that
the jump points of X and Y are the nonnegative integers {0, 1,2, ...}. The joint
probability function of (X, Y) is

oM

e VIR
Sxr(x,y) = v+ 1!
0, otherwise,

x=0,1,...,y;y=0,1,2,...

where A, 0 < L < 00, is a specified parameter.
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First, we have to check that

oo 00

Y oy =1.

x=0 y=0

Indeed,

y
fro) =Y frr(x, y)
x=0

and
o0

A
X:efA =e . =1.

y=0 y!

The conditional p.d.f. of X given {Y =y}, y=0,1,...1s

— x=0,1,...,
Fxyx | y)=q1+y Y
0, otherwise.
Hence,
R
E{X|Y= = — X
{(X | v} e
y
= -, - 07 1, ..
B y
and, as a random variable,
E{X|Y}= r
=5

Finally,

o0
y A A
E{E{XlY}}:E Zeh— = —.
y=02 y! 2

Example 1.10. In this example we show an absolutely continuous distribution for
which E{X} does not exist.
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1 1
Let F(x) = 5 + — tan™!(x). This is called the Cauchy distribution. The density
T
function (p.d.f.) is

1

1
f(x)=;.1+x2’

-0 < X < OQ.

It is a symmetric density around x = 0, in the sense that f(x) = f(—x) for all x. The
expected value of X having this distribution does not exist. Indeed,

/oo||f(>d 2/00 = 4
X xX)ax = — —ax
—00 T Jo 1+x2

1
= — lim log(l + T?%) = oo.
7T T—o0

Example 1.11. We show here a mixture of discrete and absolutely continuous
distributions.
Let

0, ifx <0

Fae(x) = {l —exp{—Ax}, ifx>0

0, ifx <0
Fa) =1 ,xnm
dxX) = ety . ifx >0
—J!

where [x] designates the maximal integer not exceeding x; A and p are real positive
numbers. The mixed distribution is, for 0 < o < 1,

0, ifx <0
_ I
PO =0 ae 3 4 (1 - ol —exp(—an)l, ifx 2 0.
=0/

This distribution function can be applied with appropriate values of «, A, and p
for modeling the length of telephone conversations. It has discontinuities at the
nonnegative integers and is continuous elsewhere. [ ]

Example 1.12. Densities derived after transformations.
Let X be a random variable having an absolutely continuous distribution with
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A.Tf Y = X2, the number of roots are

0, ify<0O
m(y)=141, ify=0
2, ify>0.
Thus, the density of Y is
0, y<0
POY=N () + fx(= )Ly > 0.

f

B.If Y =cos X

_J0, iffyl>1
m(y)_{oo, if [y < 1.

For every y, such that |y| < 1, let £(y) be the value of cos~!(y) in the interval (0, ).
Then, if f(x) is the p.d.f. of X, the p.d.f. of Y = cos X is, for |y| < 1,

fr(y) = fxEQY) +2mj) +

{
— Z
+ fx(EW) = 2mj) + fx(=§() + 27j) + fx(=§(y) — 27j)}.

The density does not exist for |y| > 1. [ |

Example 1.13. Three cases of joint p.d.f.

A. Both X, X, are discrete, with jump points on {0, 1, 2, ...}. Their joint p.d.f. for
0 <A <oois,

X L AT
fxox,(x1, x2) = (;)2 TeTh

)CQ!’
forx; =0,...,x2,x, =0,1,.... The marginal p.d.f. are

(/2

, x1=0,1,...and
X1!

fx,(xp)=e

X2

() = e x=0,1,....

x_2! 5
B. Both X; and X, are absolutely continuous, with joint p.d.f.

Sxix, (e, y) = 200,1(x) L0,.4)()-
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The marginal distributions of X; and X, are

Sx,(x) =2x11)(x) and
Fx,(y) = 2(1 = y) 0.1 ().

C. X, is discrete with jump points {0, 1, 2, ...} and X, absolutely continuous. The
joint p.d.f., with respect to the o -finite measure d N (x;)dy is, for 0 < A < oo,

AY 1
e A
fX1Xz(X7y)—€ X 1+x

Hx =0,1,...}0,140).

The marginal p.d.f. of X, is

X

A
[ =et =, x=0,12....
X!

The marginal p.d.f. of X is

1 oo n )\']
fom =33 1= =7 | fnrn©):
n=0 j=0 """

Example 1.14. Suppose that X, Y are positive random variables, having a joint
p.d.f.

1
fxr(x,y) = ;Ae_kyl(g,y)(x), O<y<oo, 0<x<y, 0<A<oo.

The marginal p.d.f. of X is

|
fx(x) = )u/ ;e_kydy

= AE1(Ax),

1
where E(§) = / —e "du is called the exponential integral, which is finite for all
u

3
& > 0. Thus, according to (1.6.62), for xo > 0,

L,
—e )I(xn,oo)()’)

Srix(y | x0) = EiOw)
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Finally, for xo > 0,

o0
/ e Mdy
xo

E1(Axo)

e—kxo

T ME,Oxo)

E{Y | X =x) =

Example 1.15. In this example we show a distribution function whose m.g.f., M,
exists only on an interval (—oo, fy). Let

0, if 0
F(x):{l_ . X <

e ifx >0,

where 0 < A < co. The m.g.f. is
[e.¢]
M@) =\ / XM x
0

A AN
=—=\1-=- , —00 <t <A.
A

The integral in M(t) is oo if t > A. Thus, the domain of convergence of M is
(=00, ). [

Example 1.16. Let

X — 1, with probability p
"7 10, with probability (1 — p)

i=1,...,n. We assume also that X, ..., X, are independent. We wish to derive

the p.d.f. of §,, = ZXi. The p.g.f. of S, is, due to independence, when g = 1 — p,

i=1
X,
E{t"})=E {t"' }

= ]_[ E{t%1)
i=1

=(pt+¢q)", —oo<t<o0.
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Since all X; have the same distribution. Binomial expansion yields

E(thy =) (?)pf’a —p)' .

Jj=0

Since two polynomials of degree n are equal for all # only if their coefficients are
equal, we obtain

. n i iy .
P{Sn=J}=<j)pf(1—p) o j=0,...,n
The distribution of S, is called the binomial distribution. [ ]

Example 1.17. In Example 1.13 Part C, the conditional p.d.f. of X, given {X| = x}
is

fox (v x) = Io,140)(y)-

14+x

This is called the uniform distribution on (0, 1 4 x). It is easy to find that

1
E(Y | X =x] = %
2
and
1 2
VIV | X =x) = 09
12
Since the p.d.f. of X is
A
mX=xp=f%é, x=01,2,...
X!

the law of iterated expectation yields

E{Y} = E{E{Y | X}}

=E 1+1X
T2 2

L
>

R =

since E{X} = A.
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The law of total variance yields

V{Y} = V{E{Y | X}} + E{V{Y | X}}
1 (14 X)?
_V{§+§X}+E{T}

1

1
= -V{X}+ —E{l +2X + X?
4{}+12{+ + X7}

1 1
=2+ —=(1+21+ Al +Ar
AT A+ 2+ + )

— (a2
12 3

To verify these results, prove that E{X} = A, V{X} = A and E{X?} = A(1 + A). We
also used the result that V{a + bX} = b>V{X}. |

Example 1.18. Let X;, X», X3 be uncorrelated random variables, having the same
variance o2, i.e.,

¥ =0l
Consider the linear transformations
Y =X+ X;,
Y, = X + X3,
and
;=X + X;.
In matrix notation
Y = AX,

where

S
I
O = =
—_—O =
—_——= O
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The variance—covariance matrix of Y, according to (1.8.30) is

VY] = AXA’
=c2AA

2 1 1
=01 2 1
11 2

1
From this we obtain that correlations of Y;, ¥; fori # j and p;; = R n

Example 1.19. We illustrate here convergence in distribution.

A. Let Xy, X5, ... be random variables with distribution functions
0, ifx <0

=11 1
Fay=12,4 <1——> (1—e), ifx>0.

n n

X, 4ox , where the distribution of X is

0, x <0
Flx) = {l—e"‘, x > 0.

B. X,, are random variables with

0, x <0
Fulx) = {1—e—'”, x>0

and F(x) = I{x > 0}. X,, —d> X. Notice that F(x) is discontinuous at x = 0. But,
forallx #0 lim F,(x) = F(x).
n—00

C. X,, are random vectors, i.€.,
Xn = (Xln’ X2n)7 n = I.

The function I, (a, b), for0 < a, b < 00,0 < x < 1, is called the incomplete beta
function ratio and is given by

/ w11 —u)’du

I(a,b) =" 5.5 ,
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1
where B(a, b) = / u (1 —u)*'du. In terms of these functions, the marginal

0
distribution of Xy, and X, are

0, x<0
1 1
Fi,(x) = —+<1——) I.(a,b), 0<x<1
n n
1, 1 <x
and
0, y<0
1
Fou(y) = (1 - —) I(a,b), 0<y<]l
n
L I<y

where 0 < a,b < oco. The joint distribution of (X, X2,) s F,,(x, ¥) = F1,,(x) F2,(y),
n > 1. The random vectors X, —d> X, where F(x) is

0, x<0ory<0
L. b)Ia.b), 0<xy<l

F(x,y) =4 IL.(a,D), O0<x=<l,y>1
I(a,b), l<x,0<y<l1
1, l<x,1<y.

Example 1.20. Convergence in probability.
LetX, = (X, X2,), where X; , (i = 1, 2) are independent and have a distribution

0, x <0
F,(x) = { nx, O<x<%
1, Ly,

n —

2
Fix an e > O and let N(¢) = |:—], then for every n > N(e),
€

PI(Xi,+ X350 <el=1.

Thus, X, — 0. ]



JWST390-c01

JWST390-Zacks November 1, 2013 9:21 Printer Name: Trim: 6.125in x 9.25in

PART II: EXAMPLES 71

Example 1.21. Convergence in mean square.
Let {X,,} be a sequence of random variables such that

EiX)=1+2 0<a<ooand
n
b
ViX,} = -, 0<b < oo
n

2
a

Then, X, —2> 1, as n — oo. Indeed, E{(X, — 1)*} = S +-— 0,asn — oco. g
n n

Example 1.22. Central Limit Theorem.
A. Let {X,}, n > 1 be a sequence of i.i.d. random variables, P{X, = 1} = P{X, =

1 _ 1 & d
—1} = =. Thus, E{X,} =0and V{X,} =1,n > 1.Thus /n X, = — ) X; —
) =5 Thus, E(X,) {(X,)=1n us /1 ﬁ;

N(0, 1). It is interesting to note that for these random variables, when S, = ZX i

i=1
1 Sn a.s.
—5, -4 N(O, 1), while 2% 2% 0.
ﬁ n

B. Let {X,} be i.i.d, having a rectangular p.d.f.
J ) = 10,n(x).

1 1
In this case, E{X,} = 3 and V{X,} = T Thus,

1
2 4 N, .
n—o0

12
Notice that if n = 12, then if S;, = Y "X, then Si, — 6 might have a distribution

i=I
close to that of N(0, 1). Early simulation programs were based on this. [ ]

Example 1.23. Application of Lyapunov’s Theorem.
Let {X,} be a sequence of independent random variables, with distribution func-
tions

0, x <0

Fi(x) = {1 —exp{—x/n}, x>0
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n > 1. Thus, E{X,} =n, V{X,}=n? and E{X}}=6n’. Thus, B} =) k> =
k=1

nn+1)2n+1)

6 ,n > 1. In addition,

Y E(X}=6) k' =0@.
k=1 k=1

Thus,

n
Y E(X})
. k=1
Jm = =0

It follows from Lyapunov’s Theorem that

n

Y (Xi—k)

6 k=1 4 N, 1).
Jnn+1D)2n +1)

Example 1.24. Variance stabilizing transformation.
Let {X,} bei.i.d. binary random variables, such that P{X, = 1} = p,and P{X, =
0} = 1 — p.1Itis easy to verify that u = E{X,} = p and V{X,} = p(1 — p). Hence,

Xn — D d . .
by the CLT, o/# ——— —> N(0, 1), as n — oo. Consider the transformation
Vp(l—p)

g(X,) =2sin"' VX,.
The derivative of g(x) is

2 1 1
JT—x 2Jx Jid=-x

gPx) =

Hence V{X}(gV(p))* = 1.
It follows that

Jn@sin" (VX)) — 2sin"'(JP) —= N(O, 1).
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1 1-2x
gP) =—=

2 (x( =) Hence, by the delta method,
x(l—x

1-2p

E{g(X,)} = 2sin"'(/p) — In(p(d = )2

This approximation is very ineffective if p is close to zero or close to 1. If p is close

to 3 the second term on the right-hand side is close to zero. n

Example 1.25. A.Let X;, X», ... bei.i.d. random variables having a finite variance

_ _ 1
0 < 0% < o0. Since \/n(X, — ) LN N(0,0?), wesay that X, — pu = O, <7)
n
as n — oo. Thus, if ¢, / oo but ¢, = o(/n), then (X — 1) 5 0. Hence
X, — = o0p(cy), as n — oo.

B. Let X, X5, ..., X,, be i.i.d. having a common exponential distribution with
p.d.f.
0, ifx <0
f(x”u)_{ue—ux’ 1fx20

0<pu<oo. LetY, =min[X;,i =1,...,n] be the first order statistic in a random
sample of size n (see Section 2.10). The p.d.f. of V), is

0, ify <0
npe "™, if y > 0.

i) = {

1
Thus nY, ~ X, for all n. Accordingly, ¥, = O, (—) as n — oo. It is easy to see
n

that /n Y, — 0. Indeed, for any given € > 0,

P{/nY,>el=e V" 50 asn— oo.

1
Thus, Y, =0, <— asn — oQ.
NG

PART III: PROBLEMS

Section 1.1
1.1.1 Showthat AUB = BU A and AB = BA.

1.1.2 Provethat AUB=AUBA,(AUB)— AB = ABU AB.

1.1.3 Show thatif AC Bthen AUB =Band AN B = A.
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1.14

1.1.5

1.1.6

1.1.7

1.1.8

1.1.9

1.1.10

1.1.11

1.1.12

1.1.13

1.1.14

1.1.15

1.1.16

BASIC PROBABILITY THEORY

Prove DeMorgan’s laws, i.e, AUB=ANBorANB =AU B.

Show that for every n > 2, <UA,-> = ﬂA,-.
i=1

i=1

Show thatif Ay C --- C Ay then sup A, = Ay and | ianA,Z =Aj.

1<n<N

1
Find lim |:0, 1-— —).

n—00 n

1
Find lim (0, —).
n—00 n
Show that if D = {Ay, ..., A} is a partition of S then, for every B, B =

s
i=1

Prove that lim A, C lim A,.

n—00 n—o00

n

Prove that GA” = lim OA jand ﬁAn = lim [)A;.
j=1 n=1

n=I j=1
oo
Show that if {A,} is a sequence of pairwise disjoint sets, then lim UA =
n—o00
j=n

®.

Prove that lim (A, U B,) = lim A, U lim B,.
n—0oQ

n—0o0 n—oo

Show that if {a,} is a sequence of nonnegative real numbers, then
sup[0, a,,) = [0, sup a,).

n>1 n>1

Let AAB = AB U BA (symmetric difference). Let {A,} be a sequence of
disjoint events; define By = Ay, B,+1 = B,AA,+1, n > 1. Prove that lim

B, = OA,,.
n=I1

Verify
(i) AAB = AAB.
(ii) C = AAB ifand only if A = BAC.
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(iii) (DA,,) A (GBH) C G(AnABn).
n=1 n=1

n=1

1.1.17 Prove that lim,_,» A, = lim A

n—oo ‘N

Section 1.2
1.2.1 Let A be an algebra over S. Show that if A}, A, € Athen A A, € A.
122 LetS={—,...,—2,—1,0,1,2,...} bethesetof all integers. AsetA C S

is called symmetric if A = —A. Prove that the collection A of all symmetric
subsets of S is an algebra.

123 LetS={—,...,—2,—1,0,1,2...}. Let A; be the algebra of symmetric
subsets of S, and let A, be the algebra generated by sets A, = {—2, —1,
i1,...,ip},n>1,wherei; >0,j=1,...,n.

(i) Show that A3 = A; N A, is an algebra.
(ii) Show that A4 = A; U A, is not an algebra.

1.2.4 Show thatif Ais a o-field, A, C A,4, foralln > 1, then lim A4, € A.

n—o00

Section 1.3

1.3.1 Let F(x) = P{(—o0, x]}. Verify
(a) P{(a,bl} = F(b) — F(a).
(b) P{(a,b)} = F(b—) — F(a).
(¢) P{la,b)} = F(b—) — F(a—).

1.3.2  Prove that P{A U B} = P{A} + P{BA).

1.3.3 A point (X, Y) is chosen in the unit square. Thus, S = {(x, y): 0 < x,y <
1}. Let B be the Borel o-field on S. For a Borel set B, we define

P{B} =/fdxdy.
B

Compute the probabilities of

B:{(x,y):x>%}

C:{(x,y):x2+y2§1}
D={x,y):x+y=<1}

P{DN B}, P{DNC}, P{CN B).
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1.34

1.3.5

1.3.6

BASIC PROBABILITY THEORY

LetS = {x : 0 < x < oo} and Bthe Borel o-field on S, generated by the sets

[0, x), 0 < x < oco. The probability function on B is P{B} = Af e Mdx,
B
for some 0 < A < oco. Compute the probabilities

(i) P{X <1/xr}
i pllox <2
ii — —f.
AT T A
1
(iii) Let B, = |:0, (1 + —> /A). Compute lim P{B,} and show that it is
n n— 00

equal to P { lim B, ]

n— 00

Consider an experiment in which independent trials are conducted sequen-
tially. Let R; be the result of the ith trial. P{R; = 1} = p, P{R; =0} =1 —
p- The trials stop when (R}, R», ..., Ry)contains exactly two 1s. Notice that
in this case, the number of trials N is random. Describe the sample space. Let

w,, be a point of S, which contains exactly n trials. w,, = {(i1, ..., i—1, D},
n—1

n—1
n>2 where » ij=1.Let E, = {(i1.....in-1. 1)1 Y ij = 1}.
j=1 j=1
(i) Show that D = {E,, E3, ...} is a countable partition of S.
(ii) Show that P{E,} = (n — 1)p*>q" 2, where0 < p < 1,g =1 — p,and
o0

prove that ZP{En} =1.
n=2
(iii) What is the probability that the experiment will require at least 5 trials?

In a parking lot there are 12 parking spaces. What is the probability that
when you arrive, assuming cars fill the spaces at random, there will be four
adjacent spaces vacant, while all other spaces filled?

Section 1.4

14.1

14.2

1.4.3

Show that if A and B are independent, then A and B, A and B, A and B are
independent.

Show that if three events are mutually independent, then if we replace
any event with its complement, the new collection is still mutually
independent.

Two digits are chosen from the set P = {0, 1, ..., 9}, without replacement.
The order of choice is immaterial. The probability function assigns every
possible set of two the same probability. Let A;(i =0, ..., 9) be the event
that the chosen set contains the digit i. Show that for any i # j, A; and A
are not independent.
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144 Let Ay,..., A, be mutually independent events. Show that

P {UA,»} =1- HP{Ai}.
i=1 i=1
1.4.5 If an event A is independent of itself, then P{A} =0 or P(A) = 1.

1.4.6 Consider the random walk model of Example 1.2.
(i) What s the probability that after n steps the particle will be on a positive
integer?
(ii) Compute the probability that after n = 7 steps the particle will be at
x =1
(iii) Let p be the probability that in each trial the particle goes one step
to the right. Let A,, be the event that the particle returns to the origin
after n steps. Compute P{A,} and show, by using the Borel-Cantelli

1
Lemma, that if p # 3 then P{A,,i.0.} = 0.

1.4.7 Prove that

@ g(;‘) = 2k,
w2 (¥)(0 )= ()
()23

1.4.8 What is the probability that the birthdays of n = 12 randomly chosen people
will fall in 12 different calendar months?

1.4.9 A stick is broken at random into three pieces. What is the probability that
these pieces can form a triangle?

1.4.10 There are n = 10 particles and m = 5 cells. Particles are assigned to the
cells at random.

(i) What is the probability that each cell contains at least one particle?

(i) What is the probability that all 10 particles are assigned to the first 3
cells?

Section 1.5

1.5.1 Let F be a discrete distribution concentrated on the jump points —oco <
£ <& <o <oo. Let p; =dF(E),i = 1,2, . ... Define the function

I, ifx=>0
U(x)_{o, if x < 0.



JWST390-c01

JWST390-Zacks November 1, 2013 9:21 Printer Name: Trim: 6.125in x 9.25in

78 BASIC PROBABILITY THEORY

(i) Show that, for all —co < x < 00

™

Fx)= ) piU(x—§&)

Il
—

pil(& = x).

o

i=1

(ii) For i > 0, define
D) = UG ) — U] = 711 x = —h) — 1 = O)

Show that

0o
f > piDyU(x — E)dx =1 forallh > 0.
—0oQ

i=1

o0
(iii) Show that for any continuous function g(x), such that Z pilgE) <
i=1
o0,

o0

lim Pig(x)DU(x — Edx =y pig(&).
=1

h—0
00 i=1

1.5.2  Let X be a random variable having a discrete distribution, with jump points

2
& =1i,and p; = dF(&) = e’z,—', i=0,1,2,.... Let Y = X°. Determine
i!

the p.d.f. of Y.
1.5.3 Let X be a discrete random variable assuming the values {1, 2, ..., n} with
probabilities
2i
P = =1, s 1.
P nn+1)

(i) Find E{X).
(ii) Let g(X) = X?; find the p.d.f. of g(X).

1.5.4 Consider a discrete random variable X, with jump points on {1, 2, ...} and
p.d.f.

c
fX(”):;, i’l=1,2,...
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1.5.5

1.5.6

1.5.7

where c is a normalizing constant.
(i) Does E{X} exist?
(ii) Does E{X/log X} exist?

Let X be a discrete random variable whose distribution has jump points
at {x1, x2,...,x;}, 1 <k < oo. Assume also that E{|X|} < oo. Show that
for any linear transformation ¥ = o + fx, 8 # 0, —00 < @ < o0, E{Y} =
o + BE{X}. (The result is trivially true for 8 = 0).

Consider two discrete random variables (X, Y) having a joint p.d.f.

e p J
Sxr(j,n) == - ( > A1 =p)", j=0,1,...,n,
Jim =)' \1—p

n=0,1,2,....

(i) Find the marginal p.d.f. of X.

(ii) Find the marginal p.d.f. of Y.
(iii) Find the conditional p.d.f. fxy(j | n),n =0,1,....
(iv) Find the conditional p.d.f. fyjx(n | j),j=0,1,....
(v) Find E{Y | X =j},j=0,1,...
(vi) Show that E{Y} = E{E{Y | X}}.

Let X be a discrete random variable, X € {0, 1, 2, ...} with p.d.f.
fx(m)y=e"—e "D p=01,....
Consider the partition D = {A{, Ay, A3}, where

Ar={w: Xw) <2},
Ay ={w:2 < X(w) < 4},
Az ={w:4 < X(w)}

(i) Find the conditional p.d.f.
fxip(x | A), i=1,2,3.

(ii) Find the conditional expectations E{X | A;},i = 1,2, 3.
(iii) Specify the random variable E{X | D}.
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J a1
GNCA

1=ol!

(i) Show that, for a fixed nonnegative integer j, F;(x) is a distribution
function, where

1.5.8 Foragiven A, 0 < A < oo, define the function P(j; 1) = ¢

0, ifx <0
Fito) = {1—P(j— 1:x), ifx>0

and where P(j;0) = I{j > 0}.
(ii) Show that F;(x) is absolutely continuous and find its p.d.f.
(iii) Find E{X} according to F;(x).

1.5.9 Let X have an absolutely continuous distribution function with p.d.f.

3x2, ifo<x<l1
0, otherwise.

f(x):{

Find E{e~X}.

Section 1.6
1.6.1 Consider the absolutely continuous distribution
0, ifx<O
F(x)=3x, if0<x<1
I, ifl<x

of a random variable X. By considering the sequences of simple functions

1

i=1

§X(w)<l—}, n>1
n
and

s i—1\* [i-1 i
Xn(w)_z< - )1{ - 5X(w)<n}, n>1,

i=1

show that

1
1
lim E{X,} =f xdx = —
n— 00 0 2
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and

lim E{X?} = lxzdx _1
n— 00 n 0 3"

1.6.2 Let X be a random variable having an absolutely continuous distribution F,
such that F(0) = 0 and F(1) = 1. Let f be the corresponding p.d.f.

(i) Show that the Lebesgue integral
i i—1
F|l=)—-F .
() (%)

(ii) If the p.d.f. f is continuous on (0, 1), then

1 1
f xP{dx} = f xf(x)dx,
0 0

which is the Riemann integral.

1 2",
i—1
Pldx} = li
[, xrian = jim 30

1.6.3 Let X, Y be independent identically distributed random variables and let
E{X} exist. Show that

X+Y
EX|X+Y}=E{Y|X+Y}= a.s.
1.6.4 Let Xy,..., X, be ii.d. random variables and let E{X;} exist. Let S, =
. Sn
Zx_,.. Then, E{X; | S,} = ==, a.s.
=1 "
1.6.5 Let
0, ifx <0
1 .
-, ifx=0
Fx(x) = ‘11 .
Z—i—ExS, ifO0<x <1
1, if 1 <x.

Find E{X} and E{X?}.
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1.6.6

1.6.7

1.6.8

1.6.9

1.6.10

1.6.11

1.6.12

BASIC PROBABILITY THEORY

Let Xy, ..., X,, be Bernoulli random variables with P{X; = 1} = p.If n =
100, how large should p be so that P{S, < 100} < 0.1, when S, = ZX[?

i=1
Prove that if E{|X|} < oo, then, for every A € F,

E{|X|14(X)} < EX|X]}.
Prove that if E{|X|} < oo and E{|Y|} < oo, then E{X + Y} = E{X} +
E{Y}.
Let {X,} be a sequence of i.i.d. random variables with common c.d.f.

0, ifx <0
Fo = {1 — e, ifx >0,

Let Sn = XH:XI
i=l

(i) Use the Borel-Cantelli Lemma to show that lim S, = oo a.s.

n—00

Sn
(ii) What is lim E ?
n—00 1+ Sn

Consider the distribution function F of Example 1.11, witha = .9, A = .1,
and u = 1.
(i) Determine the lower quartile, the median, and the upper quartile of

Fuo(x).

(ii) Tabulate the values of Fy(x)forx = 0, 1, 2, ... and determine the lower
quartile, median, and upper quartile of Fy(x).

(iii) Determine the values of the median and the interquartile range IQR of
F(x).

(iv) Determine P{0 < X < 3}.

Consider the Cauchy distribution with p.d.f.
1 1
fip,0)= j_[—a : m,
with 4 = 10 and o = 2.
(i) Write the formula of the c.d.f. F(x).
(ii) Determine the values of the median and the interquartile range of F'(x).

—00 < X < 00,

Let X be a random variable having the p.d.f. f(x) = e™, x > 0. Determine
the p.d.f. and the median of

(i Y =logX,
(i) Y = exp{—X}.
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1.6.13 Let X be arandom variable having ap.d.f. f(x) =
mine the p.d.f. and the median of
(i) Y =sin X,
(ii) Y =cos X,
(iii) ¥ =tan X.

T T
,—— < x < —.Deter-
2 2

1.6.14 Prove that if E{|X|} < oo then

0 00
E{X} = —/ F(x)dx +/ (1 — F(x))dx.
—00 0

1.6.15 Apply the result of the previous problem to derive the expected value of a
random variable X having an exponential distribution, i.e.,

ifx <0

07
Foy = {1 —e M, ifx > 0.

1.6.16 Prove that if F(x) is symmetric around 7, i.e.,
Fn—x)=1—F(mn+x—), forall 0 <x < oo,

then E{X} = n, provided E{|X|} < oo.

Section 1.7

1.7.1 Let (X, Y) be random variables having a joint p.d.f.

1 il <x<1,0<y<1—lx]
fxy(x,y) = {0, otherwise.

(i) Find the marginal p.d.f. of Y.
(ii) Find the conditional p.d.f. of X given {Y = y},0 <y < 1.

1.7.2 Consider random variables {X, Y}. X is a discrete random variable with

A
jump points {0, 1, 2, .. .}. The marginal p.d.f. of X is fx(x) = e’*—', X =
x!
0,1,..., 0 <A < oo. The conditional distribution of Y given {X = x},

x >1,1s

0, y <0
Fyx(y|x)=qy/x, 0<y=<x
1, X <y.
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When {X = 0}
0, <0
Frx(y | 0) = {1 S0

(i) Find E{Y}.
(ii) Show that the c.d.f. of Y has discontinuity at y = 0, and Fy(0) —
Fy(0—) = e™.

oo
(iif) Foreach 0 <y < oo, Fy(y) = fr(y), Where/ frdy =1 —e™*,
0
Show that, for y > 0,

S © ]
]CY(}’)ZX:I{H—I<y<n}e*A —
n=1 .

= X=n

o
and prove that/ frndy =1 —e™*.
0

(iv) Derive the conditional p.d.f. of X given {Y = y},0 < y < 00, and find
E{X|Y =y}.

1.7.3 Show that if X, Y are independent random variables, E{|X|} < oo and

E{|Y| < oo}, then E{XY} = E{X}E{Y}. More generally, if g, h are inte-
grable, then if X, Y are independent, then

E{g(X)h(Y)} = E{g(X)}E{h(Y)}.

1.7.4 Show that if X, Y are independent, absolutely continuous, with p.d.f. fy
and fy, respectively, then the p.d.f. of T = X + Y is

frt) = / Felo) fy(t — ).

[ fr is the convolution of fx and fy.]

Section 1.8
1.8.1 Prove that if E{|X|"} exists, r > 1, then lim (a)" P{|X| > a} = 0.
a—> 00

1.8.2 Let X, X, bei.i.d. random variables with E{X 12} < 00. Find the correlation
between X; and 7 = X| + X,,.

1.8.3 Let X, ..., X, bei.i.d. random variables; find the correlation between X

_ 1 <
and the sample mean X, = — ) X;.
p -2

i=1
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1.8.4 Let X have an absolutely continuous distribution with p.d.f.

0, ifx <0
= )\ln
fX(X) —xm—le—kx’ if x > 0
(m—1)!
where 0 < A < oo and m is an integer, m > 2.
(i) Derive the m.g.f. of X. What is its domain of convergence?

(i) Show, by differentiating the m.gf. M(t), that E{X"}=
mm+1)---(m+r—1)
v ,r>1.
(iii) Obtain the first four central moments of X.
(iv) Find the coefficients of skewness f8; and kurtosis S;.

1.8.5 Let X have an absolutely continuous distribution with p.d.f.

1

xx)=1b—-a’
0, otherwise.

ifa<x<b

(i) What is the m.g.f. of X?
(ii) Obtain E{X} and V{X} by differentiating the m.g.f.

1.8.6 Random variables X, X,, X3 have the covariance matrix

300
IT=10 2 1
o1 2
Find the variance of Y = 5x; — 2x, + 3x3.
1.8.7 Random variables X1, ..., X, have the covariance matrix
X=I+1J,

n

_ 1
where J is an n x n matrix of 1s. Find the variance of X,, = _in‘

n
i=1

1.8.8 Let X have ap.d.f.

1.2
fx(x) = e 2", —00 < x < o00.

Var

Find the characteristic function ¢ of X.
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1.8.9

1.8.10

1.8.11

1.8.12

1.8.13

1.8.14

BASIC PROBABILITY THEORY

Let Xy, ..., X, bei.i.d., having a common characteristic function ¢. Find

- : o Ig

the characteristic function of X, = — E X;.
n+ ]
=

If ¢ is a characteristic function of an absolutely continuous distribution, its
p.df.is

1 o
=5 / (1)L,
T J)_

[e]

Show that the p.d.f. corresponding to

=zl i =1
o) = {0, It > 1
is
f()_l—cosx ||<rr
V=T 0 M=y

Find the m.g.f. of a random variable whose p.d.f. is

a—|x|

fx(x) = a?

0, if |x| > a,

if x| <a

0<a< oo

Prove that if ¢ is a characteristic function, then |¢(¢)|* is a characteristic
function.

Prove that if ¢ is a characteristic function, then
i) I }im ¢(t) = 0if X has an absolutely continuous distribution.
=00

(ii) limsup|¢(r)| = 1 if X is discrete.

[t]—>o00
Let X be a discrete random variable with p.d.f.

X

A
f(x):{e A;, x=0,1,...

0, otherwise.

Find the p.g.f. of X.
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Section 1.9

1.9.1

1.9.2

1.9.3

194

1.9.5

1.9.6

Let F,, n>1, be the c.df. of a discrete uniform distribution on

12
{—,—,...,1}.Showthat F,(x) —d> F(x),as n — 00, where

0, ifx<O
Fx)y=13x, ifO0<x<1
1, ifl < x.

Let B(j;n, p) denote the c.d.f. of the binomial distribution with p.d.f.
b(jin, p) = (’;.)pj(l —pyi, j=0,1,....n,
where 0 < p < 1. Consider the sequence of binomial distributions
1
F,(x) = B[ [x]:n, o IH{0<x <n}+I{x>n}, n=>1.
n

What is the weak limit of F,(x)?

Let Xy, X5,...,X,,... be ii.d. random variables such that V{X_l} =
02 < oo, and u = E{X;}. Use Chebychev’s inequality to prove that X, =
1 n

_ZXi AN L asn — oo.

n

i=1

Let X, X5, ... beasequence of binary random variables, such that P{X, =

1 1
I})=-,and P{X, =0}=1——,n> 1.
n n

(i) Show that X, L5 0asn — oo, forany r > 1.

(ii) Show from the definition that X, L5 0asn — oo.
(iii) Show that if {X,} are independent, then P{X, = 1,i.0.} = 1. Thus,
X, # 0as.

Let €1, €5, ... be independent r.v., such that E{e,} = pu and V{e,} = o>
for all n > 1. Let X; = ¢ and for n > 2, let X,, = BX,,_1 + €,, where
n

_ 1
~1 < p <1.Show that X, = = X, 2
n

i=1

,asn — oo.

Prove that convergence in the rth mean, for some r > 0 implies convergence
in the sth mean, forall0 < s < r.
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1.9.7 Let Xy, X5, ..., X, ... be i.i.d. random variables having a common rect-
angular distribution R(0, 8),0 < 6 < oo. Let X(,) = max{Xy, ..., X,}. Let

1.9.8

1.9.9

[e.9]
€ > 0. Show that ZP@{X ) < 0 — €} < oo. Hence, by the Borel-Cantelli

n=1

Lemma, X, A% 0, as n — oo. The R(0, ) distribution is

0, ifx<O
Fy(x) = g if0<x <96
1, ifo <x

where 0 < 6 < o0.

Show thatif X, —> X and X,, —=> Y, then P{w : X(w) # Y(w)} = 0.

Let X, LN X, Y, AN Y, P{w: X(w) # Y(w)} = 0. Then, for every

€ >0,

P{X,—-Y,| >€}— 0, as n— oo.

1.9.10 Show thatif X, i) C asn — oo, where C is a constant, then X, 7, c.
1.9.11 Let {X,} besuch that, forany p > 0, "E{|X,|"} < oc. Show that X, —
n=1
Oasn — oo.
1.9.12 Let {X,} be a sequence of i.i.d. random variables. Show that E{| X |} < oo
o0
if and only if ZP{|X1| > € - n} < 0o. Show that E|X | < oo if and only
n=1
. Xn a.s.
if — — 0.
n
Section 1.10
1.10.1 Show that if X, has a p.d.f. f, and X has a p.d.f. g(x) and if /|fn(x) -
g(x)|dx — 0 asn — oo, then sup|P,{B} — P{B}| — 0 asn — oo, for all
B
Borel sets B. (Ferguson, 1996, p. 12).
1.10.2 Show that if a’X,, 4 aXasn — o0, for all vectors a, then X, 4x

(Ferguson, 1996, p. 18).
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1.10.3

1.104

1.10.5

1.10.6

Let {X,} be a sequence of i.i.d. random variables. Let Z, = /n(X, — 1),

_ l —
n > 1, where u = E{X;} and X,, = — E X;. Let V{X,} < oo. Show that
n
i=1
{Z,} is tight.

Let B(n, p) designate a discrete random variable, having a binomial distri-

1
bution with parameter (7, p). Show that {B (n 2—) } is tight.
n

Let P(A) designate a discrete random variable, which assumes on
X

A
{0,1,2,...}thep.df. f(x)= e’*—',x =0,1,...,0 < A < 0co. Using the
X

continuity theorem prove that B(n, p,) LN P if limnp, = A.
n—0o0

n—0o0

1
Let X, ~ B (n 2—> n > 1. Compute lim E{e’X” .
n

Section 1.11

1.11.1

1.11.2

1.11.3

1.114

(Khinchin WLLN). Use the continuity theorem to prove that if X,

X5, ..., X,,... are ii.d. random variables, then X, LN W, where
u= E{Xi}.

(Markov WLLN). Prove thatif X, X», ..., X,, ... are independent random
variables and if p; = E{X,} exists, forall k > 1, and E|X; — ux]'*® < o0
n

1
for some § > 0, all k > 1, then 1—2E|Xk — ' > 0asn— o0
nis

1 n
implies that —Z(Xk — k) L5 0asn — oo.
n
k=1
Let {X,,} be a sequence of random vectors. Prove that if X, N [ then

_ _ 1<
X, -5 . where X, = =) X; and p = E{X;}.
ni3 ‘

Let {X,} be a sequence of i.i.d. random variables having a common p.d.f.

0, ifx <0
= A
fx) — e if x >0,
(m—1)!
where 0 < A < oco,m =1, 2, .... Use Cantelli’s Theorem (Theorem 1.11.1)

_ s m
to prove that X, 25 x,asn — Q.
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1.11.5 Let {X,} be a sequence of independent random variables where
Xn ~ R(—=n,n)/n

and R(—n, n) is arandom variable having a uniform distribution on (—n, n),
i.e.,

1
Sa(x) = %h—n,n)(x)-

Show that X, 25 0, as n — o0. [Prove that condition (1.11.6) holds].

1.11.6 Let {X,} be a sequence of i.i.d. random variables, such that |X,| < C a.s.,
foralln > 1. Show that X, —> pasn — oo, where u = E{X,}.

1.11.7 Let {X,} be a sequence of independent random variables, such that

P{X —11}—1<1 1)
L I T

and

n

Prove that _in 25 0,asn — oo.
n

i=1
Section 1.12
1.12.1 Let X ~ P()0),i.e.,

X

A
f(x):e**—‘, x=0,1,....
X!

Apply the continuity theorem to show that

X=h 4 N 1), as &
_— , 1), as A — oo.
VA
1.12.2 Let {X,} be a sequence of i.i.d. discrete random variables, and X| ~ P(}).
Show that
S mh 4 N, 1y
— , 1), as n — oo.
ni

What is the relation between problems 1 and 2?
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1.12.3

1.12.4

1.12.5

1.12.6

1
Let {X,} be i.i.d., binary random variables, P{X, = 1} = P{X, =0} = 3
n > 1. Show that

4
B,

n

1
Soix - M
i=1

LN N(, 1), as n — oo,

nn+1)2n+1) .

where B2 =
24

Consider a sequence {X,} of independent discrete random variables,

1
P{X, =n}=P{X, =—-n}= 5 > 1. Show that this sequence satisfies
the CLT, in the sense that
6S
V6 S, L NO.1). as n — oo,
Jnn+1D2n+1)

Let {X,} be a sequence of i.i.d. random variables, having a common abso-
lutely continuous distribution with p.d.f.

1
Fx) = { 2lxllog? x|’
0, if x| > -
e

1
if |x] < —
e

Show that this sequence satisfies the CLT, i.e.,

<

"4 N, 1), as n — oo,

Jn

A

where 02 = V{X]}.
(i) Show that

W 4 N©, 1), as n — oo
n

where G(1, n) is an absolutely continuous random variable with a p.d.f.

0, ifx <0

= 1
&n(x) — x" e x>0.

(n—1)!
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(ii) Show that, for large n,

1
gn(n) = (}’l — 1)‘71 e —m\/ﬁ

i
n! ~ 27 n"tie™ as n — oo.

This is the famous Stirling approximation.

Section 1.13

1.13.1

1.13.2

1.13.3

1.134

1.13.5

Let X,, ~ R(—n, n), n > 1. Is the sequence {X,} uniformly integrable?

X,—n

LetZ, = ~ N(0, 1),n > 1.Show that {Z, } is uniformly integrable.

Let {X;, X5,...,X,,...} and {1},Y5,...,Y,,...} be two independent
sequences of i.i.d. random variables. Assume that 0 < V{X,} = axz <
00, 0 < V{¥i} =0} < oo. Let f(x,y) be a continuous function on R?,
having continuous partial derivatives. Find the limiting distribution of
J(f(X,, Y,) — f(,n), where & = E{X;},n = E{Y;}. In particular, find
the limiting distribution of R, = X, /Y,, when n > 0.

We say that X ~ E(u), 0 < u < oo, if its p.d.f. is

0, ifx <0
pe ™ if x > 0.

Sx)= {
Let Xy, X»,...,X,,... be a sequence of i.i.d. random variables, X; ~
_ 1<
E(1),0 < pu < 0o. Let X, = ;X;Xi.
1=

(a) Compute Vi{eXr) exactly.
(b) Approximate V {eX"} by the delta method.

Let {X,}bei.i.d. Bernoulli random variables, i.e., X; ~ B(l, p),0 < p < 1.

1 n
Let p, = — ) X; and

W, = log <1’LA> :
— Pn
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Use the delta method to find an approximation, for large values of n, of
@) E{W,}
(i) V{W,}.

Find the asymptotic distribution of /n (W,, —log <1L))
—-p

1.13.6 Let X, X5, ..., X,, bei.i.d. random variables having a common continuous
distribution function F(x). Let F,(x) be the empirical distribution function.
Fix a value xq such that 0 < F,(xg) < 1.

(i) Show that nF, (xo) ~ B(n, F(xp)).
(ii) What is the asymptotic distribution of F,,(xp) as n — oo?

1.13.7 Let Xy, X5, ..., X, be i.i.d. random variables having a standard Cauchy
distribution. What is the asymptotic distribution of the sample median

F! l‘?

PART IV: SOLUTIONS TO SELECTED PROBLEMS

X
1.1.5 Forn=2, A;UA, = A; N A,. By induction on n, assume that UA,- =

i=1

k
ﬂA,- forallk=2,...,n.Fork=n+ 1,
i=1

1.1.10  We have to prove that | lim An> C (m An). For an elementary event

n—00 n—o00
w e S, let
I, ifweA,
Ia,w) = {0, ifw g A,
o o0
Thus, if w € lim A, = U ﬂAn, there exists an integer K (w) such that
n—00 n=1 k=n
oo
[] v =1
n>K(w)

o0 o0 o0
Accordingly, foralln > 1, w € UAk‘ Here w e ﬂ UAk = lim 4,,.
n—o0

k=n n=1 k=n
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1.1.15

1.2.2

1.2.3
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Let {A,} be a sequence of disjoint events. For all n > 1, we define

Bn = anlAAn
= anlgn U anlAn

and

By = A,

B, = A1A, UA A,

By = (A1A2 U A1A) A3 U (A1 Ay U A Ay)As
= (A1A; N A1 A)A3 U A A A3 U A Ay Ay
= (A UA)(A] UA)A3 UA A A3 U A ArAS
= A1A A3 U A AyA3 U A A A3 U A AyA5.

By induction on n we prove that, for all n > 2,

B, = ﬁA, U CJAi (A; =CJA,-.
j=1 i=1

i=1 J#i

o0
Hence B, C B, foralln > 1and lim B, = UAn.
n—oo

n=1

The sample space S = Z, the set of all integers. A is a symmetric setin S, if
A = —A. Let A = {collection of all symmetric sets}. ¢ € A.If A € A then
A e A Indeed —A = —-S — (—A) =S — A = A. Thus, A € A. Moreover,
if A, B € Athen AU B € A. Thus, A is an algebra.

S =7Z. Let A; = {generated by symmetric sets}. A, = {generated by
(=2, —-1,i1,...,in), n>1,1; e N Vj=1,...,n}. Notice that if A =
(=2, —1,i1,...,ip)then A ={(---, —4, =3, N — (i, ..., i)} € As, and
S=AUA| € A,. A, is an algebra. A3 = A; N A,. If B € A3 it must
be symmetric and also B € A;. Thus, B =(-2,—1,1,2) or B =
(---,—4,-3,3,4,..). Thus, B and B are in Az, so S = (B U B) € A;
and so is ¢. Thus, A is an algebra.

Let Ay=AUA,. Let A={-2,—1,3,7} and B = {-3,3}. Then
AUB ={-3,-2,—1,3;7}. But AU B does not belong to 4; neither to
As. Thus AU B ¢ Ay4. Ay is not an algebra.
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1.3.5 The sample space is

n—1
S=Alr, iy, DY iy =1, n=2)
j=1

n—1
() Let E, = G1.....0n-1. 1) Y ij =14, n=2.3,.... For j#k,
j=1

E;NE;=0. Also UE" = S. Thus, D = {E,, E3, ...} is a count-
n=lI

able partition of S.

(i) Allelementaryeventsw, = (i, ..., i,—1, 1) € E, are equally probable
and P{w,} = p?q"~%. There are (”II) = n — 1 such elementary events
in E,. Thus, P{E,} = (n — 1)p*q" 2. Moreover,

Y P{E}=p’) (n—1)3q""
n=2

n=2
o0

= sz:lqk’1 =1.
=1

Indeed,

(1—g2 p*

(iii) The probability that the experiment requires at least 5 trials is the
p y p q
probability that in the first 4 trials there is at most 1 success, which is
1 — p*(1 4+ 2q + 3¢°).

1.4.6 Let X, denote the position of the particle after n steps.

(i) If n = 2k, the particle after n steps could be, on the positive side only on
even integers 2,4, 6, ..., 2k. If n = 2k + 1, the particle could be after
n steps on the positive side only on an odd integer 1, 3,5, ..., 2k + 1.
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Let p be the probability of step to the right (0 < p < l)andg =1 —p
of step to the left. If n = 2k + 1,

2j L
P{X,=2j+1}= <,~]>P2"+‘—qu, i=0,... k.

Thus, if n = 2k + 1,

k .
2 -
P{X, >0} =Y (J.’)p”‘“‘ﬂ'qf.

Jj=0

In this solution, we assumed that all steps are independent (see Sec-
tion 1.7). If n = 2k the formula can be obtained in a similar manner.

1 6
Gi) P{X; =1} = ()p'g’. 1t p = 5+ then P{X7 = 1} = 6 _ 0.15625.

27
(iii) The probability of returning to the origin after n steps is

0, ifn=2k+1

=0} = 2k
P{X, =0} (k)pqu’ T

o0

1

Let A, = {X, = 0}. Then, ZP{A2k+1} = 0 and when p = >
k=0

> 2 2k\ 1 2 k) 1
P{Ay} = < >—= . — =
; g k ) 2% Z(k!)2 4K

k=0

1
Thus, by the Borel-Cantelli Lemma, if p = > P{A,i.0o.} =1.0nthe

1
other hand, if p # >

i <2k)(pq)" = 2rg < 00
k \/1—4pq(l+\/1—4pq)

k=0

1
Thus,if p # =. P{A,i.0) =0.

1.5.1 F(x) is a discrete distribution with jump points at —oo < & <& < -+ <
oo.pi=d(F§),i=1,2,...U0x)=1(x > 0).
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Fx)=) pi=> pU—&).
i=1

&=<x

(ii) For i > 0,

1
DyU() = 3 UG +h) = U,

Ux +h)=1if x > —h. Thus,

DyU(x) = lI(—h <x<0)

/ Zp,DhU(x — 6y = Zp, f
- h+x—§

00 &i
i)y lim / Z pig()DyU(x — £)dx = Z pilim f 8w
%=1

= . G(Sl G(&
Z:: hw Z

& d
Here, G(§;) = / g(x)dx; d—SG(&) = g(i).

1.5.6 The joint p.d.f. of two discrete random variables is

. e P\ .
FrrGiom) = j!(n_j)!<1 _p) (L= p))', j=0....

(i) The marginal distribution of X is

fx() = fry(am

(1—p)j!

g(&)

pro(1 — p))’ Z (1 = py'?
(n— !

_ o3P ap » a1 ; )

7!
J n=0

Ap)
=ﬂl’@, j=0,1,2,....

97
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(ii) The marginal p.d.f. of Y is

frimy=>"pxy(j.n)

AN (n ) .
— i1 = pyr=J
¢ > <j)p (1=p)

0

=, n=0,1,....

i) par( | my = X (;f)p-’(l —pyi, j=0,....n.

fr(n)
. Jxy(j.n)
(iv) pyix(n| j)= T hU)
— o M1=p) (A1 = p))=/ nsJ
(n—p N
) EY | X=j)=j+MI-p).
(vi) E{Y} = E{E{Y | X}} = A(1 — p)+ E{X]}
=A1l—=p)+ip=Ar.
0, ifx <0
1538 Fi(x) = { PGt a0

J=1
where j > 1,and P(j — 1;x) = e—xzx_‘,
X!

(i) We have to show that, for each j > 1, F;j(x)isac.d.f.
(i) 0 < Fj(x) <1forall0 <x < oo.
(ii) F;(0) =0and lim Fj(x) = 1.
X—>00
(iii) We show now that F;(x) is strictly increasing in x. Indeed, for all
x>0

i1 i yi—l
— + (e—x._ e : )
— i! (i—-1n!

=e >0, forall0<x < o0.
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(ii) The density of Fj(x) is

j—1

X
fj(x)=m

er, j=1, x=>0.

F;(x) is absolutely continuous.

o] xj
ii E~{X}=/ - e “dx
(i) ! o (G—=D!
0 L j
:j/ xfe_xdx =j.
o J!

1.6.3 X, Y are independent and identically distributed, E|X| < co.

EX|X+Y}+EY|X+Y}=X+Y

X+Y
E(X|X+Y)=E(Y | X+Y)=""—.

0, x <0
1—e™, x>0.

(i) Let A, ={X, > 1}. The events A,, n > 1, are independent. Also
o0

1.6.9 F(x) = {

P{A,} = e~!'. Hence, ZP{A,,} = oo. Thus, by the Borel-Cantelli
n=1

Lemma, P{A,i.0.} = 1. Thatis, P (lim S, = oo) —1.

n— 00
Sn . . .
(ii) s > 0. This random variable is bounded by 1. Thus, by the Dom-
’ S, ,
inated Convergence Theorem, lim E = E{ lim
n—00 1+S, n—ool 4+ S,
0, ifx <0
8. = A"
1.8.4 fx(x) —— x" e x>0;m > 2.

(m—1)!

(i) The m.g.f. of X is

)\m o0
M(t) — —/ e—x(k—z)xm—ldx

(m—1!Jo

A "
= =(1—-— , fort < A.
(A =1ty A
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The domain of convergence is (—oo, A).

.o M/ . m 1 t _m_l
(ii) () = N < — X)
, m@m + 1) £\t
M (1) - (1 — X)

—(m+r)
M(r)(t)zm(m—i-l)...(m—i-r—l) 1_£ '
A A
n--- -1
Thus, 1, = M(r)(t)|z:o _ m(m + 1) )Lr(m +r—1) Fe
m
(iii) K1 = N
m(m + 1)
W=
_ m(m + 1)(m + 2)
W=
_m(m+ 1)(m +2)(m + 3)
M4 = 3 .
The central moments are
uy =0
* 2 m
My = K2 — U1 = 2

i = us — 3paps + 203
1
= F(m(m + D(m +2) =3m*(m + 1) + 2m>)

2m

e
Wi = pa — 4pspg + 6papt —3ut
1
= F(m(m + D)(m + 2)(m + 3) — 4m*(m + 1)(m + 2)

+ 6m3(m + 1) — 3m*)

3m(m + 2)

= —A‘4 .
. _2m B 2 _3m(m+2)_ 6
(iv) B = wn = ﬁz——mz _3+Z'
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1.8.11 The m.g.f.is

1 a
Mx(t) = a_2/ e (a — |x|)dx

2(cosh(at) — 1)
- o

1
1+ E(m)2 +o(t), ast— 0.

0, x<0
. . 1
1.9.1 Fao={L Lo I o
n n n
1, 1<ux.
0, x<O
Fx)={x, 0<x<1
I, 1<ux.

All points —0o < x < oo are continuity points of F(x). lim F,(x) = F(x),
n—o00

1
for all x <0 or x > 1. |F,(x)— F(x)] < — for all 0 <x < 1. Thus
n

F,(x) = F(x),as n — oo.

1
0, w.p. <1 — —)
1.9.4 X, = ">
1
1, wp.—
n

1 1 r
(i) E{|X,|"} = —-1= —forallr > 0. Thus, X, — 0, forall » > 0.
n n n— o0

(i) P{|X,| > €} = —foralln > 1, any € > 0. Thus, X, 25 0.
n n—oo
1 1 :
(iii) Let A, ={w: X,(w)=1}; P{A,} =—, n>0. E — = 00. Since
n n

n=1
X1, X», ... are independent, by Borel-Cantelli’s Lemma, P{X, =
1,i.0.} = 1. Thus X,, /# 0 a.s.

1.9.5 ¢, €, - independentr.v.s, such that E(¢,) = u,and V{e,} = 0. Vn > 1.
X =€y,

X, =BXy_1+e, =BBXn2+e1)+ e,

==Y p"Ve Vnzl, |Bl<L
j=1
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n—1

Thus, E{X,} = ny_p/ — ﬁ
j=0

:><I
I

1 n i o
=22 B

i=1 j=1

= YA
=i

1 n 1_ﬂn—j+l
= —ZE]—
n 1-p8

j=1

Since {¢,} are independent,

T _ o’ . _an—j+1y2
V{X"}_nz(l——/ﬂ)z;(l BT

2 n n
_ o (1 BB B
n(l — B)? n(l —p) n(l — B2)

)—)0 as n — oo.

Furthermore,

e
rm—
N
<

=
|
=
=
%
[ —
|

2
Vi) + (E{Xn} - Lﬂ)

1 —
wo\ u?
% _ =~ _ pnt+ly\2
(E{Xn} — m) = n2(1 — IB)Z(I ,3 ) — 0 as n — oo.
Hence, X, —2> L.
1-p
1.9.7 X, X», ... i.i.d. distributed like R(0, 0). X,, = 1m'ax (X;). Due to indepen-

dence,

0, x <0
Fo(x) = P{X() < x} = (g) 0<x<#

1, 0 < x.
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Accordingly, P{Xu <0 —€} = <1 — g) R 0<e<0. Thus,

o0
ZP{X(,,) <6 —¢€}<oo, and P{Xu <6 —¢€,i.0.}=0. Hence,
n=1

X(n) — 0 a.s.
1.10.2 We are given that a'X, %, a’X for all a. Consider the m.g.f.s, by conti-

nuity theorem Myx, (1) = E{e'*X"} — E{e'®=X}, for all ¢ in the domain of

convergence. Thus E{e/®%} — E{eX} forall 8 = ra. Thus, X, 40X

1106 X,~ B (n 1)
n
1 1"
E{e %} = (—el +1-— —)
n n

1 " -
= (1 ——(1- e_l)> — (0=,
n n—o00

Thus, lim My, (—1) = M.(—1), where X ~ P(1).

1111 @) My (1) = <Mx (L))n
n
<"1

= (r
(1+ v (1))
“

1 n
1+ - ,u—l—o( )) — et V.
n n—00

e'* is the m.g.f. of the distribution

0, x<
F(x):{l x>Z

. - d -
Thus, by the continuity theorem, X,, — u and, therefore, X, LN “w,
asn — oo.

1.11.,5 {X,} are independent. For § > 0,

X, ~ R(—n,n)/n.
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The expected values are E{X,} =0Vn > 1.

Hence, by (1.11.6), X, —> 0.

>

1.12.1 M x-
i

—E {et(x“_{)} = o VRTHI),

2
1—exp{t/ﬁ}:1—<1+%+t_+...>

21
1 12
a2
Thus,
Var — a1 — eV t2+0< ! )
_ —e - _
2 A
Hence,

Mx(t) = ex t +0 ! S e ash— 00
X2 = — — .
E p 2 VA

My(t) = ¢'/? is the m.g.f. of N(O, 1).

1

1.12.3 PX,=1)= 5
P(X —0)—1

n — _23

E{X }—1

n —2
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nn—+1) _

n , ont .
LetY, =nX,; E{Y,} = §,E|Yn| = E.NotlcethatZin — 7

i=1
n . .3
3 (¥ — o). where ;= % — E{Y,}. E|Y, — u? = % Accordingly,

i=1

3 1
ZIEHYI wil™} an(n—i-l)z

= — 0 asn — oo.

n 3/2
D E( — )Y <§Mn+n@ﬂ4ﬂ

i=1

Thus, by Lyapunov’s Theorem,

n 1
ZiXi _ntD
i=1 4 d

" 1/2—>N(O,1) asn — 00.
— (2 1
(24n(n+ )2n + ))

1.13.5 {X,}iid. B(1,p),0<p < 1.

. 1
Dn = ;ZXI
P
W, = log —2" .
0=
1
) E{W,} = log —F— + >-p(1 = p)W'(p)
—p 2n
, (1I-p{A—=p+p 1
W = =
P) o1 pp o(1—p)
y (1-2p)
W(p)=——1°
) ===y
Thus,

E{Wn}glog< P ) 1-2p

1-p) 2np(1—p)
(l-p) 1

n (p(1 — p))?
. 1

np(l — p)’

(i) viwy =2



