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PV Models

1.1 Introduction

As for any physical system, PV cell modeling can be done with different levels of
accuracy, depending on the user’s purposes. In this book the PV generator is always
modeled through an equivalent circuit and by using concentrated parameters and
variables. Indeed, the aim is to give the reader tools for implementing the PV array
model in simulation environments, allowing them to analyze and design the whole
PV generator, including the power-processing system feeding a load or the grid. For
users interested in this kind of study, access to data concerning the physical properties
of the semiconductor material involved or parameter values that depend on the cells’
manufacture, such as dopant concentrations or material response to the radiation
spectrum, is either not easy or the figures are not readily translated into circuit
parameters. Instead, the use of laboratory measurements at the PV terminals, in terms
of current and voltage values, or use of experimental data from the product datasheet,
are more viable ways of proceeding.

This chapter introduces the two main circuit PV models used in the literature: the
single-diode and the double-diode models. The first is the more widely used because
of the reduced number of circuit parameters to be identified. The double-diode model
(DDM) has better accuracy, especially at low irradiance levels, but it requires a more
involved identification of the parameter values. Thus while some space is dedicated in
this chapter to the DDM, in the following chapters the single-diode model (SDM) will
be considered the reference one.

1.2 Modeling: Granularity and Accuracy

In the last five years a huge literature has been devoted to modeling PV sources, for two
main purposes. The first is the reproduction of the I–V curve at the generator terminals
through a suitable electrical model, regardless of the size of the PV source: from one PV
cell, or even sub-portions of it, up to large PV fields made of series-connected modules
forming strings that are in turn connected in parallel. The second purpose is performing
energetic analyses concerning plant productivity, using models based on empirical or
semi-empirical equations.

The first set of models aims to describe the functional current–voltage relationship
at the PV terminals on the basis of the equivalent electrical circuit of the PV source.
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2 Photovoltaic Sources Modeling

Such models are usually scalable and the parameter values can be varied according to
the operational weather conditions at the PV source. They are also useful for modeling
unusual operating conditions, such as mismatches due to partial-shading phenomena.
The implementation in circuit-oriented simulators such as PSPICE and PSIM, or
in general-purpose simulation environments such as MATLABⓇ and SCILAB, is
almost straightforward. This allows study of the PV source together with dedicated
controls, power-processing systems, switching converters, and so on. The PV-source
non-linearity is accurately reproduced by these models, but at the cost of a significant
computational burden, especially if the granularity of the simulation is at the cell, or
even sub-cell level, in the context of a large PV field consisting of thousands of cells.
As a consequence, PV equivalent circuit models allow simulations of systems to be
performed over short time windows, usually of fractions of a minute.

The second set of models is aimed at performing long-term analyses – over days or
months – and they therefore cannot use detailed descriptions of the current–voltage
relationship in any operating conditions. Instead, they use simplified equations in which
the energy produced by the PV source is described as a function of the environmen-
tal conditions and parameters related to the installation type. These approaches usually
require tuning, with correcting factors based on experimental measurements used to
account for the real operating conditions of the PV field. Approaches based on fuzzy
logic [1] and neural networks [2] are often used to take into account the historical mete-
orological data of the installation site when estimating the produced energy, in order to
predict the pay-back time and to evaluate the economic viability of the PV system.

The largest part of this book is focused on the first set of models. The next sections
introduce the main circuit models used for PV source simulation in ordinary operating
conditions.

1.3 The Double-diode Model

The double-diode model (DDM) describes the PN junction operation through the
Shockley equation, and includes series and shunt resistances to incorporate the
current-dependent and the voltage-dependent loss mechanisms. It has the important
feature of modeling the carrier-recombination losses in the depletion region.

The non-linear equation giving the relationship between the current and the voltage
at the PV source terminals is:

Ipv = Iph − Is1

[
e

(Vpv+IpvRs )

𝜂1Vt − 1
]
− Is2

[
e

(Vpv+IpvRs )

𝜂2Vt − 1
]
−

Vpv + IpvRs

Rh
(1.1)

This equation can be represented in any circuit-oriented simulator by the equiva-
lent circuit shown in Figure 1.1. Id1 and Id2 are the second and the third additive terms
in (1.1).

The photoinduced current Iph, the two diodes’ saturation currents Is1 and Is2, the two
diodes’ ideality factors 𝜂1 and 𝜂2, and the two resistances Rs and Rh are unknown param-
eters. Their values have to be identified on the basis of measurements performed by
the producer or by the user, in the laboratory or in the field, on the real PV unit that is
to be simulated. Vt =

kT
q

is the thermal voltage of the PN junction in the PV cell, and
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Figure 1.1 Equivalent circuit of the
double-diode model.
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it is calculated by considering the cell temperature. The value of the second saturation
current Is2 is three to five times higher than the first:

Is2 = T
2
5

3.77
⋅ Is1 (1.2)

Detailed expressions of the two saturation currents, including the temperature depen-
dencies, are given in the literature [3, 4]. As for the two diodes’ ideality factors, the first is
often given in the literature at a value of 1 and the second at 2 [4], although their ranges
of variation are 𝜂1 ∈ [1, 1.5] and 𝜂2 ∈ [2, 5] [5]. Such findings, related to the physical
properties of the semiconducting material, allow a reduction in the number of param-
eter values to be identified on the basis of measurements performed on the specific PV
source that is being modeled. This means that a small set of measurements and data,
sometimes even just those given in the manufacturer’s datasheet, can be used for the
identification process.

Hejri et al. scaled down the number of parameter values to be identified from seven
to five by fixing 𝜂1 = 1 and 𝜂2 = 2 [6]. This allowed them to use data available in the
PV module or cell datasheet, so the problem became similar to using the SDM (see
Section 2.2.1).

Besides the aforementioned one, other approaches in the literature are always based
on a reduction of the number of parameter values to be identified because of the lack
of seven significant sets of experimental data. For instance, the loss mechanisms might
be neglected and the relationship between the two saturation currents might be used
for constructing an iterative procedure converging to the optimal fitting values of the
remaining parameters [7].

Such approaches, based on a preliminary symbolic manipulation of the equations, on
fixing the value of some of the parameters at values taken from the literature, or on
neglecting some of the terms, contrast with the adoption of an accurate model like the
DDM. In the rigorous case, when all the values of the seven parameters occurring in
the DDM have to be identified, fitting methods based on optimization algorithms, often
based on stochastic approaches, need to be used [8]. They require large computational
resources and contact with the physical problem under examination is lacking.

The DDM is able to describe accurately the behavior of thin-film cells because of its
ability to give a smoother curve in the region of the maximum power point (MPP).
Indeed, a high value of the ratio Is2

Is1
matches the typical I–V curve of thin-film cells, while

Is2 = 0 gives a more abrupt transition from the constant-current to the constant-voltage
branches of the I–V curve, which is much more typical of crystalline-cell technology
[9]. This is confirmed by literature data and studies on crystalline-Si cells, which show
that junction recombination is a mechanism that can be neglected, so that a SDM is
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sufficient for modeling this kind of PV cell. The usefulness of the double-diode-based
modeling of crystalline cells is restricted to an improved accuracy at both high and low
irradiance levels [4].

1.4 The Single-diode Model

Although it has some inaccuracies at low irradiance levels, the SDM is very often used
in the literature to model crystalline-silicon-based PV generators. The recombination
current is neglected; it is fixed at Is2 = 0 in (1.1) so that the corresponding equation is
given by (1.3). The simplified equivalent circuit is shown in Figure 1.2.

Ipv = Iph − Is

[
e

(Vpv+IpvRs )

𝜂Vt − 1
]
−

Vpv + IpvRs

Rh
(1.3)

Depending on the desired simulation accuracy, the SDM can be simplified further.
In the literature it is often considered a lossless model; see Figure 1.3a, where both the
series and the shunt resistances are neglected, the former put to zero and the latter to
infinity. This choice leads to inaccuracies:

• when the numerical analysis involves very high irradiance levels, because the signifi-
cant voltage drop across Rs is neglected (see Figure 1.3b)

• in mismatched conditions, because the significant current flowing into Rh in these
conditions is not modeled (see Figure 1.3c).

The non-linear functions in (1.4)–(1.6) give the current–voltage relationships corre-
sponding to the equivalent circuits shown in Figures 1.3a–c, respectively.

Iph Id

Ipv

Vpv

+

–

Rh Rs

Figure 1.2 Equivalent circuit of the single-diode
model.

Iph Id

Ipv

Vpv

+

–

ISDM SSDM1

Iph Id

Ipv

Vpv

+

–

Rs
Iph Id

Ipv

Vpv

+

–

Rh

(a) (b) SSDM2(c)

Figure 1.3 Equivalent circuits of (a) the ideal single-diode model; (b) and (c) two simplified
single-diode models.
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Ipv = Iph − Is

(
e

Vpv
𝜂Vt − 1

)
(1.4)

Ipv = Iph − Is

(
e

Vpv
𝜂Vt − 1

)
−

Vpv

Rh
(1.5)

Ipv = Iph − Is

[
e

Vpv+IpvRs
𝜂Vt − 1

]
(1.6)

1.4.1 Effect of the SDM Parameters on the I–V Curve

Equation 1.3, or equivalently its approximate versions, allows us to know the I–V rela-
tionship for any PV source operating in homogeneous conditions. Indeed, under the
assumption that all the cells are equal and subject to the same environmental condi-
tions, the parameters (Iph, Is, 𝜂, Vt , Rs, Rh) can be scaled up or down by accounting for
the number of the cells/panels connected in series to form a string, and the number of
strings connected in parallel. In such conditions the voltages are multiplied by Ns, the
number of the series-connected cells, and all the currents are multiplied by Np, the num-
ber of parallel-connected strings. Consequently, the series resistance Rs and the parallel
resistance Rh increase by a factor Ns and are divided by a factor Np. The SDM parameters
are scaled as follows:

Iph = Np ⋅ Iph,cell (1.7)
Is = Np ⋅ Is,cell (1.8)
𝜂 = 𝜂cell (1.9)

Vt = Ns ⋅ Vt,cell (1.10)

Rs =
Ns

Np
⋅ Rs,cell (1.11)

Rh =
Ns

Np
⋅ Rh,cell (1.12)

An example of the use of these scaling equations is reported in Table 1.1, where the
SDM parameters of a crystalline PV panel operating in standard test conditions (STC)
have been derived starting from the corresponding cell parameters. Figure 1.4 shows
the corresponding I–V curve (continuous line), obtained using the scaled parameters
in (1.3).

Table 1.1 Scaling up the SDM parameter for a PV panel of 36 cells in
series.

Parameters Units Cell values Panel values

Iph A 6.1 6.1
Is A 1.2172 × 10−9 1.2172 × 10−9

Rs mΩ 9.2 331.2
Rp Ω 12.7 457.2
𝜂 1.1377 1.1377
Vt mV 25.7 924.1
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Figure 1.4 Fill factor identification on a I–V curve.

For each PV source, the three main operating points are the ones marked on the
I–V curve of Figure 1.4: the short-circuit current (Isc), the MPP (VMPP, IMPP), and the
open-circuit voltage (Voc). The fill factor (FF) is the basic indicator usually used for
quantifying the quality of a PV panel. The FF is defined as in (1.13); it represents the
ratio between the areas of the two rectangles shown in Figure 1.4. The higher the FF,
the lower is the slope of the I–V curve in the region of the short-circuit current and the
higher is the slope close to the open-circuit voltage.

FF =
VMPP ⋅ IMPP

Voc ⋅ Isc
(1.13)

Figures 1.5 and 1.6 show the modification of the I–V curve due to SDM parameter
variations. The photoinduced current (Iph) affects mainly the vertical translation of the
I–V curve, while the saturation current (Is) and the ideality factor (𝜂) affect the horizon-
tal translation of the I–V curve. As will be shown in Chapter 3, such I–V curve transla-
tions are directly related to the irradiance (G) and ambient-temperature (Ta) operating
conditions of the PV panel under study. The values of Rs and Rh affect mainly the slopes
of the I–V curve in the regions of the open-circuit voltage and short-circuit current
respectively. The variation of these two parameters is mainly related to degradation and
aging, which affects the performance of the PV panel.

1.5 Models of PV Array for Circuit Simulator

From the electrical point of view, the PV source might be reproduced in any circuit simu-
lator using linear components and a diode that represents the PN junction inside the PV
cells, as shown in Figure 1.7. This representation is suitable for simulating the PV system
in stationary environmental conditions because all parameters have been assumed con-
stant. Nevertheless, in many cases it is desirable to simulate the PV source in the pres-
ence of irradiance and temperature variations, for example for testing maximum power
point tracking (MPPT) algorithms. This necessitates many changes to the parameters
𝐏 = [Iph, Is, 𝜂,Rs,Rh] during the simulations on the basis of the environmental variations.
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Figure 1.5 I–V curve modification due to SDM parameter variation.
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Figure 1.6 I–V curve modification due to Rs and Rh variation.

The modification of any element of 𝐏 during the simulation allows reproduction, with
high precision, of the behavior of the PV source, improving the simulation results. Many
commercial software circuit simulators have configurable embedded blocks that char-
acterize the PV sources, and which can take into account the effects of the irradiance and
temperature variations. Tools for extracting the 𝐏 parameters from the manufacturers’
datasheet are also delivered.1 In some cases the embedded blocks are not suitable for
studying complex configurations, for example in simulations where the operating con-
ditions are not the same for all the cells of the PV array, or simply because they are not
optimized in terms of calculation speed. For these reasons the implementation of PV
models developed on the basis of the guidelines given in Chapters 5 and 6 are preferable
because they are more flexible and easily portable to any simulation software.

1 The reader is invited to visit, for example, the webpage at: http://powersimtech.com/solutions/
renewable-energy/.
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Figure 1.7 The scalable SDM can be used to model a single PV cell or a large PV field operating in
homogeneous and stationary environmental conditions.

If the simulator allows implementation of mathematical equations, the PV sources can
be reproduced using the scheme shown in Figure 1.8a, where the parameters 𝜂, Iph, and
Is are calculated as functions of the instantaneous irradiance and temperature condi-
tions. The parameters Rs and Rh are assumed to be constant. The voltage (Vd) across the
parallel resistance Rh is measured at each simulation step, so the current (Ig) is calcu-
lated explicitly by exploiting the SDM non-linear equation, as shown in the figure. The
controlled current generator is used to interface the numerical part with the electrical

Figure 1.8 PV electrical schemes
based on computational blocks
suitable for simulating PV fields in
presence of irradiance (G) and
ambient temperature (Ta) variations.
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circuit connected to the PV block. Usually in short-term simulations, the temperature
dependence can be neglected because it is assumed to change much more slowly with
respect to the irradiance, and thus to have no impact on the fast dynamics of the whole
PV system. This approach is widely used because both parameters and PV current can
be calculated explicitly.

Many circuital simulators accept user-defined functional blocks (for example devel-
oped in C code), so the simulation of the PV field can be improved by using detailed
models and optimized procedures. Figure 1.8b shows the complete model-based
electrical scheme: the first elaboration process adapts the 𝐏 parameters on the
basis of the instantaneous environmental conditions; the second user-defined block
solves, for each simulation step, the implicit equation: Γ(Ipv,Vpv,𝐏) = 0, derived
from (1.3). The solution of the implicit equation gives the set point to the con-
trolled current generator that provides the current at devices connected to the
PV field.

Of course, if iterative procedures are used for solving the embedded blocks, the com-
putational burden can increase significantly, making the simulation too demanding. The
approaches described in the following have been selected from the literature and repre-
sent a good trade-off in terms of accuracy and elaboration speed.

1.5.1 The Single-diode Model based on the Lambert W-function

Equation (1.3) can be expressed in explicit form if the Lambert W-function is used
to calculate the solution of the exponential equation; if y = xex, then x = W (y). Many
details and useful references about the Lambert W-function can be found in the litera-
ture [10, 11].

After some manipulations, the PV current can be expressed as function of Vpv and 𝐏
as follows:

Ipv = F
(

Vpv,P
)
=

Rh ⋅
(
Iph + Is

)
− Vpv

Rs + Rh
−

𝜂 ⋅ Vt

Rs
⋅ W

(
𝜃I
)

(1.14)

where:

𝜃I =
(
Rh∕∕Rs

)
⋅ Is ⋅ e

Rh ⋅Rs ⋅(Iph+Is)+Rh ⋅Vpv

𝜂⋅Vt ⋅(Rh+Rs)

𝜂 ⋅ Vt
(1.15)

with x∕∕y = x ⋅ y∕(x + y).
Alternatively the PV voltage can be expressed as function of Ipv and 𝐏 as follows:

Vpv = H
(

Ipv,P
)
= Rh(Iph + Is) − (Rh + Rs)Ipv − 𝜂 ⋅ Vt ⋅ W

(
𝜃V

)
(1.16)

where:

𝜃V =
Rh ⋅ Is ⋅ e

Rh ⋅(Iph+Is−Ipv)
𝜂⋅Vt

𝜂 ⋅ Vt
(1.17)

The explicit equations allow the easy implementation of the PV model in any simula-
tion environment because no iterative procedure is required to find the operating point
of the PV source. The only significant effort is in the calculation of W (𝜃). The Lam-
bert W-function can be decomposed into branches expressed by simpler functions, so
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Figure 1.9 PV electrical schemes
based on the Lambert W-function.
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it can be implemented in any programming language [10, 11]. The schemes of Figure 1.9
show the simple blocks that might be implemented in the circuit simulator to obtain a
lightweight, flexible, and reliable PV model by means of (1.14) and (1.16).

Batzelis et al. derived some approximate equations based on the Lambert W-function
for calculating, in closed form, VMPP and IMPP too [12]:

VMPP ≃
Rs + Rh

Rh
𝜂Vt(w − 1) − RsIph

(
1 − 1

w

)
(1.18)

IMPP ≃ Iph

(
1 − 1

w

)
−

𝜂Vt(w − 1)
Rh

(1.19)

where w = W (Iphe∕Is).
Unfortunately in non-uniform operating conditions, the PV models are not scalable

and a different approach must be adopted. The extension of the methodologies shown in
this chapter to non-uniform operating conditions will be outlined in Chapters 5 and 6.

1.6 PV Dynamic Models

The stationary models presented in Section 1.4, and especially the SDM, are widely
adopted because they describe, by means of few components, all the main features of
the PV device. They are able to reproduce with a high degree of accuracy the PV array
non-linearity and the non-zero and the non-infinite slope of the I–V curve in the cur-
rent and voltage generator regions, respectively. Moreover, as will be shown in Chapter
3, by adopting a suitable set of translational equations, it is also possible to simulate the
PV source behavior at the desired values of irradiance and temperature.
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The SDM is used, for example, for the analysis of the dynamic behavior of any MPPT
algorithm implemented by means of a switching converter that processes the power pro-
duced by the PV array. As shown in Chapter 7, in real applications, it is common practice
to put a capacitance in parallel with the PV array, at the input of the switching converter
performing the MPPT function. This capacitance stabilizes the PV operating point by
reducing the detrimental effects on the MPPT efficiency of the high-frequency ripple
produced by the switching-converter operation. Unfortunately, the capacitance slows
the MPPT, so that the value used comes from a compromise between MPPT dynamic
performance and efficiency. The capacitance hides the dynamic behavior of the PV array,
which is inherent in any diode, and thus also the behaviour of the PV source. Nousi-
ainen et al. give a detailed dynamic analysis of the PV source [13], but major emphasis
is given to the differential resistance, because the transition and the diffusion capaci-
tances assume a negligible value with respect to the additional capacitance connected
at the PV source terminals.

Figure 1.10 shows the PV dynamic model, and the two capacitive effects, CD and CT ,
that are described by the diffusion and the transition capacitances respectively. The
dynamic model of the diode appearing in the SDM is completed by the differential resis-
tance Rd [14].

These three components are non-linear, because all the three parameters Rd, CT , and
CD are voltage-dependent [15], the last one also being dependent on the frequency [16].

By neglecting the parameters’ voltage dependency, a linear model can be used to
obtain the PV impedance in the desired range of frequencies. Simple algebra allows us
to demonstrate that both the real and the imaginary part of the PV array impedance
are frequency-dependent, not only explicitly but also through CD. Indeed, by defin-
ing the equivalent parallel capacitance Cp = CT + CD and resistance Rp = Rh∕∕Rd = Rh ⋅
Rd∕(Rh + Rd), the impedance is:

Zpv(𝜔) = Rs + Rp∕∕
(
−j 1

𝜔Cp

)

=

[
Rs +

Rp

1 +
(
𝜔RpCp

)2

]
− j

𝜔R2
pCp

1 +
(
𝜔RpCp

)2 (1.20)

The impedance plot, in a Cartesian plane with the real and the imaginary parts of the
impedance on the axes, is the best way of analyzing the frequency behavior of the
PV source. Experimental results presented in the literature reveal that the typical
impedance plot of the PV source is a semicircle. At a high frequency, the capacitances
bypass the shunt resistance and the diode differential resistance, so that the semicircle
intercepts the horizontal axis – the real part of the impedance – at a value equal to Rs.

iph R
d

iac

R
s

+

–

v
ac

R
h

C
D

C
T

Figure 1.10 Dynamic model of the PV
generator.
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Meanwhile, at a very low frequency value, the capacitances behave as open circuits,
so that the impedance plot intercepts the real axis at a value Rs + Rp. As shown by
Johnson et al. for some types of PV modules [14], with cells produced with different
cell technologies, this high-frequency value reaches a few hundreds of kilohertz. An
example of this plot is given in Figure 1.11.

Having identified the values Rs and Rp by letting the PV source work at very high
and at very low frequencies, the capacitance value Cp can be identified by analyzing
the frequency behavior of the impedance. The value of Cp that minimizes the difference
between the calculated impedance and the measured one is chosen [14].

This analysis can be done at any working condition of the PV generator, but values
obtained in the dark are always indicated as the best in the literature. Indeed, in order
to obtain the impedance plot experimentally, the PV generator must be stimulated by
a sinusoidal signal (250 mV was used by Johnson et al. [14]) at different frequencies, so
that so-called “impedance spectroscopy” is performed. The ratio between the phasors
of the voltage and current signals at the frequency of the stimulus gives the impedance
value at that frequency. The analysis in dark conditions allows avoidance of the injection
of a current stimulus that must be kept considerably smaller than the average current
value. The latter is the photo-induced current appearing during the day, which shows an
almost linear dependency on the irradiance level.

As discussed by Chenvidhya et al. [17], in the dark, the relationship between the capac-
itive and the resistive effects changes significantly as a function of the PV cell’s reverse or
forward voltage bias. Parameters Rd, CT , and CD are significantly affected by the voltage
bias, but also by the irradiation and temperature at which the PV generator works and
by the cell’s technology [18].

The capacitance remains quite low on the left-hand side of the maximum power point,
the cell thus almost behaving as a current generator, but it increases dramatically when
the open-circuit voltage is approached. A commonly used dependency of the capacitive
effects on the operating voltage and the frequency is the following:

Cp
(
V , f

)
=

k1(
1 − V

k2

)0.5 +
k3

2𝜋f
e

V
k4

(√
1 + k5

(
2𝜋f

)2 − 1
)0.5

(1.21)
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Figure 1.11 PV frequency behavior in the impedance plane; Rp = 17.3 kΩ, Rs = 2.21Ω, Cp = 2.2𝜇F.
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An extensive analysis of such dependencies has recently appeared [19]. This experi-
mental study is especially focused on frequency analysis of a PV string during its normal
operation, both in the dark and at 1000 W/m2 conditions, and in the presence of an hot
spot affecting one cell. It has become evident that both the DC impedance and the equiv-
alent capacitance increase when an hot spot occurs. The former can be measured at few
tens of hertz and the latter at some tens of kilohertz, this value being dependent on the
number of cells in the PV string. The string voltage at which such measurements are
made has an effect that is significantly greater than the irradiance level. The model also
takes into account the parasitic series inductance of the PV string [19].

1.7 PV Small-signal Models and Dynamic-resistance
Modelling

Despite the precision and the widespread adoption of the SDM, it is difficult to include
its non-linear and implicit equation in control-oriented models. Moreover, to design lin-
ear and some non-linear controllers it is necessary to linearize the system model around
a given operating point. That small-signal model is available in automatic tools, such as
the SimulinkⓇ linearization from MATLABⓇ, but such a mathematic linearization can
lead to small-signal models of the PV array having incorrect behavior. In the following,
some small-signal approximations that have been widely adopted for PV modules are
analyzed.

The first attempt to obtain a small-signal model is to expand the exponential term of
(1.3) into a Taylor series, as shown in (1.22). Since the analyses performed in small-signal
models around a given operating point are usually based on Laplace representations, the
adopted small-signal representation of the module is linear. This constrains the Taylor
series to the first two terms, which leads to the small-signal model in (1.23), where îpv1oT

and v̂pv1oT
are small-signal quantities.

eB⋅(Vpv+Ipv⋅Rs) ≈ 1 + B ⋅ (Vpv + Ipv ⋅ Rs) (1.22)

where, B = 1
𝜂Vt

.

îpv1oT
=

Rh ⋅ Iph

Rh + Rs + Is ⋅ B ⋅ Rh ⋅ Rs

−

(
Is ⋅ B ⋅ Rh + 1

)
⋅ v̂pv1oT

Rh + Rs + Is ⋅ B ⋅ Rh ⋅ Rs
(1.23)

Evaluating (1.23) with the parameters of the SDM provides a linear representation
simple enough to develop a control-oriented small-signal model. To evaluate the preci-
sion of such a first-order Taylor approximation (1oT), the main points of the I–V (and
P–V) curve must be analyzed. In particular, the predicted short-circuit current is given
in (1.24), the open-circuit voltage is given in (1.25), and the MPP current and voltages
are given in (1.26) and (1.27), respectively.

Isc1oT
=

Rh ⋅ Iph

Rh + Rs + Is ⋅ B ⋅ Rh ⋅ Rs
(1.24)

Voc1oT
=

Rh ⋅ Iph

1 + Is ⋅ B ⋅ Rh
(1.25)
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IMPP1oT
= 1

2
⋅

Rh ⋅ Iph

Rh + Rs + Is ⋅ B ⋅ Rh ⋅ Rs
(1.26)

VMPP1oT
= 1

2
⋅

Rh ⋅ Iph

1 + Is ⋅ B ⋅ Rh
(1.27)

Figure 1.12 shows a comparison between the SDM and the 1oT approximation. The
simulation shows that 1oT model accurately represents the SDM from the short-circuit
current up to near the MPP, only at its left-hand side. Unfortunately, the 1oT model
exhibits large errors in both the MPP current and voltage and in the prediction of the
open-circuit voltage. Taking into account that the PV module operates around the MPP
most of the time due to the MPPT action [20–23], this model is not suitable for designing
and analyzing control systems; the MPP of the 1oT approximation is very different from
the MPP of the SDM model.

However, the structure of (1.23) can be used to design electrical models representing
the PV module at the MPP, where two options are addressed: a current-based circuit
and a voltage-based circuit. In the first case the PV current depends on the PV voltage
as in (1.28), where the term IscN

corresponds to the model short-circuit current, while
the slope stands for the model admittance. This is the Norton model and its electrical
scheme is presented in Figure 1.13.

îpvN
= IscN

− 1
RpvN

⋅ v̂pvN
(1.28)
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Figure 1.12 Comparison of SDM and 1oT models.
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Figure 1.13 Linear small-signal models.
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Figure 1.14 Comparison of the SDM, Norton, and Thevenin models.

The parameters IscN
and RpvN

of this linear model can be calculated in different ways.
A classical approach involves forcing the model to accurately reproduce both the
short-circuit current Isc, the MPP current IMPP, and the voltage VMPP using (1.29) [24].

IscN
= Isc, RpvN

=
VMPP

Isc − IMPP
(1.29)

In the second approach – a voltage-based circuit – the PV voltage depends on the
PV current as in (1.30), where the independent term VocT

corresponds to the model
open-circuit voltage, while the slope stands for the model impedance RpvT

. This is the
Thevenin model and its electrical scheme is also presented in Figure 1.13. Classically, the
model parameters ensure the accurate reproduction of both the open-circuit voltage Voc
and the MPP current and voltage using (1.31) [24].

v̂pvT
= VocT

− RpvT
⋅ îpvT

(1.30)

VocT
= Voc, RpvT

=
Voc − VMPP

IMPP
(1.31)

Figure 1.14 presents a comparison of the SDM, Norton, and Thevenin approxima-
tions. This shows that both linear models accurately reproduce the MPP value, the Nor-
ton model reproduces Isc, and the Thevenin model reproduces Voc.

It is worth noting that neither linear model is able to reproduce the MPP
power-derivative condition. Figure 1.14 shows that the MPP exhibits a power
derivative equal to zero, while the Norton model predicts a positive derivative and the
Thevenin model predicts a negative derivative, but small-signal models must accurately
reproduce the system at the linearized operating point. Therefore, a new method to
calculate the linear model parameters that accounts also for the power derivative is
needed.

By solving the Norton model (1.28) for îpvN
= IMPP, v̂pvN

= VMPP, and d ppvN

d vpvN

= 0, where
ppvN

represents the Norton power, the parameter values given in (1.32) are obtained. The
Norton model, with these parameters, provides an open-circuit voltage VocN

= 2 ⋅ VMPP.
Similarly, by solving the Thevenin model of (1.30) for îpvT

= IMPP, v̂pvT
= VMPP, and

d ppvT

d vpvT

= 0, where ppvT
represents the Thevenin power, the parameter values given in

(1.33) are obtained.
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Figure 1.15 Comparison of SMD, Norton, and Thevenin models with accurate MPP approximation.

IscN
= 2 ⋅ IMPP, RpvN

=
VMPP

IMPP
(1.32)

VocT
= 2 ⋅ VMPP, RocT

=
VMPP

IMPP
(1.33)

Recalling the linear circuit theory, (1.32) and (1.33) reveal that both Norton and
Thevenin circuits parameterized at the MPP are equivalent, as expected. Figure 1.15
shows a comparison between the SDM and the linear small-signal models’ reproduction
of MPP: it can be seen that both the value and the derivative of the the power at the
MPP are accurately provided by the linear model. Hence the Norton or Thevenin
approximations, parameterized as in (1.32) and (1.33) respectively, are good candidates
for developing a linearized model of the complete PV system, including a model of the
power processing system, for control purposes.

Finally, a simpler model, named the differential resistance model, is also found in
the literature [20, 21]. This model, also depicted in Figure 1.13, consists of a single
impedance representing the PV module. The differential resistance magnitude is
obtained from both the Norton and Thevenin models, parameterized as in (1.32) and
(1.33) respectively, by nullifying the corresponding source: opening the current source
in the Norton model or short-circuiting the voltage source in the Thevenin model.
As expected, the differential resistance is negative, since it is derived by adopting the
generator convention between the current and voltage references at the generator
terminals. The differential resistance is useful for analyzing the behavior of power
converters at the MPP, removing the input added to the linear system by the source
of the complete linear models. Unfortunately, this characteristic shows a limitation: it
is not possible to analyze the behavior of the PV system in the presence of irradiance
(represented by the current source of the Norton model) or temperature (represented
by the voltage source of the Thevenin model) variations.
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