Trim Size: 189mm x 246mm ‘@‘ Conradie cO1.tex V3-03/05/2015 6:52 P.M. Page 1

Preliminaries

I.1. Sets

(la) A= { -1, 4} (1d) D = {-1}

(1b) B={-5, -3, - 3,1} (le) E= (-3, —2,0,1,2}
(Ie) C={-3,-2,-1,0,1,2} (1f) F=1{1,3,5,7,9}

(2a) B= erRlx—?) 0}

(2b) A ={x|x =2k, where k€ Z and 1<k <4}

(2c) A ={x|x =2k, where k€ Z*}
(2d) A={x|x=3k+2, where ke Z}

(2e) A= {x|x=n® where n €N}

2f)B={xeZ|-3<x<6}

2g) B={xeZ|x<-3vx>5}

(3) Only a, d e, g, h and j are true. (4) Only a, g, j and 1 are true.
(5a) ANB = {2,7} (58) B' = {1,3,4,8}
(b)AUB {0,1,2,4,5,6,7,9} (5h) (AnBY ={0,1,3,4,5,6,8,9}
(5c¢) A—B = {1,4} (5) AnB = (1,4}

(5d) B ={0,5,6,9} (5j)) (AUB) ={3,8}

(5¢) A—-(A-B) = {2 7} (5k) (AUB) —-(B-A)Y =@
(5f) B—-(A-B) =

(6a) AnB = {0} (6e) (BUC) —A ={A, {0}, {A}}
(b)AUB {0, A} (6f) ANnBYUANC) = {0}
(6c) B ={A} (6g) (C-B)—A={{0},{A}}
(6d)An(BUC) {0} (6h) An(C—-A)=
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(7) AxB=1{(1,0),(1,1),(2,0),(2,1),(3,0),(3,1),(4,0), (4, 1)}
BxA=1{(01),(1,1),(0,2),(1,2),(0,3),(1,3),(0,4),(1,4)}

(8a) 30 (8c) 5 (8e) 42
(8b) 0 (8d) 0 (8f) 1
(9) Only a and e are graphs of functions.
(10) The right-to-left direction is obvious. For the converse direction, assume (a,,4,) = (b;, b,). Then
{{a,}, {ay, 0,3} = {{b,}, {by, b,}}. Hence,
({a} {ay, 850} = [){{by}, {by, b)),

and so {a,} = {b,}. This means that a, = b,. Similarly,

Utta) (e 000} = Uik}, 10y, 5},
which gives {a,,a,} = {b;, b,}. Thus, since a, = b, a, = b,.

(11) Given the objects a,, a,, ..., a,, the ordered n-tuple (a,, a,, ..., a,) is defined by

(ay, @y, ..., (a,_1,4a,))).

1.2. Basics of logical connectives and expressions
(1) a, b, e, f, and h are propositions.
(22) AN(-BVC)=TA(-TVE)=TA(FVF) =TAF=F
) C>A->D)=F->(T->F=F->F=T

(3a) Denote “The sun is hot.” by p, “The earth is larger than Jupiter.” by g, and “There is life on Jupiter.”
by r. Then the composite proposition in symbolic form is p A (g — r). It is true.

(38b) Denote “The sun rotates around the earth.” by p, “The earth rotates around the moon.” by g and “The
sun rotates around the moon.” by r. Then the composite proposition in symbolic formispv g — r. It
is true.

(3c) Denote “The moon rotates around the earth.” by p, “The sun rotates around the earth.” by g and “The
earth rotates around the moon.” by r. Then the composite proposition in symbolic form is =g A =r —
—p. It is false.

(3d) Denote “The earth rotates around itself.” by p, “The sun rotates around the earth.” by g and “The moon
rotates around the earth.” by r. Then the composite proposition in symbolic form is p — gV -r. It is
false.

(3e) Denote “The earth rotates around itself.” by p, “The sun rotates around itself.” by g and “The moon
rotates around itself.” by r. Then the composite proposition in symbolic formis p < (=g v =r). Itis true.

(4a) Since B is true and B — A must be true, A must be true.
(4b) Since B is false and A — B must be true, A must be false.
(4c) B is false since —B is true. Hence, since A vV B must be true, A is true.

(4d) —C must be false, and since =B — —C is true, =B must be false, i.e. B is true. Hence, since B — —A is
true, —A is true and so A is false.

(4e) Since =C A B is true, B and —C are true. Hence, C is false. Since =(A v C) — C is true and C is false,
-(A v C)is false, i.e. A v Cis true. Therefore, since C is false, A must be true.

(5a) Not every number is different from 0. True in R and N

(5b) Every number is less than or equal to its cube. False in R, take x = —2. True in V.
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(5¢) Every number equal to its square is positive. False in R and WV, take x = 0.

(5d) There is a negative number equal to its square. False in both R and N'. The square of any number is
always positive.

(5e) Any positive number is less than its square. False in both R and N, take x = 1.
(5f) Every number is either zero or it is not equal to twice itself. True in R and N
(5g) For every pair of numbers x and y, one of them is less than the other. False in R and WV, take x = y.

(5h) Every number is greater than the square of some number. False in R and W, as 0 is not greater than
any square.

(5i) For every number x, there is a number y that is either positive or whose square is less than x. True in
R and V.

(5)) Every non-negative number is the square of a positive number. False in R and W, as 0 is not equal to
the square of any positive number.

(5k) For every number x, there is a number y such that if x is greater than y, then it is also greater than the
square of y. True in R and WN. Given x, take y = x, which makes the antecedent false and hence the
implication true.

(81) For every number x, there is a number y such that, if it is different from x, then its square is less than
x. True in R and NV Given x, take y = x, which makes the antecedent false and hence the implication
true.

m) There is number greater than all numbers. False in R and V.
(5m) There i ber g han all bers. False i dN
(5n) There is a number x such that adding any number to it again yields x. False in R and V.
(50) There is a number x that can be added to any number y to obtain y again. True in R and WV, take x = 0.

(5p) There is a number such that every number is either less than it or less than its additive inverse. False
in R. It is not a formula in the language L .

(5q) There is a number x that is greater than or not greater than any given number y. True in R and N

(6r) There is a number such that the square of every number greater than it is also greater than it. True in
R and N, take, for example, x = 0.

(5s) There is a number such that the square of every number less than it is also less than it. False in R,
while it is true in NV, take x = 0.

(5t) There exist two numbers whose sum is equal to their product. True in R and WV, take x =y = 0.

(5u) Between any two distinct numbers, there is another number. True in R, while it is false in N'.

1.3. Mathematical induction

(1) For n =0, 0>+ 0 = 0, which is clearly even. Our inductive hypothesis is that k* + k is even. Now, for
n=k+1,

k+12?+k+1=K+2k+1+k+1=k+k+2(k+1).

However, we know that k* + k is even from the inductive hypothesis and, furthermore, 2(k + 1) is also
clearly even. Therefore, since the sum of two even numbers is even, k* + k is even.

(2) Forn =4,2* =16 and 4! = 24, so, clearly, 2* < 4!. Our inductive hypothesis is that 2¢ < k! for some k > 4.
Now, forn=k+1,

2 =22k 2kl <5k <(k+1)-kl =(k+1)!
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(3) First, the set {1} has two subsets, namely {1} and @, so, clearly, the power set of {1} has 2! elements.
Our inductive hypothesis is that the power set of {1,2,3,...,k} has 2t elements for some k > 1. Now,
let A={1,2,...,k k+1}. Choose an element a € A and set A’ = A — {a}. Note that P(A)={X CA|
a¢ X}U{XCA|ae X} Itis clear that these sets are disjoint, so to find the number of elements in
P(A), we need only find the number of the elements in each of these sets and add them together. First,
clearly, P(A") = {X C A|a ¢ X}, and so, since A’ has k elements, {X C A | a ¢ X} has 2* elements by
the inductive hypothesis. Next, note that X = YU {a} for all X € {XC A |a € X}, where Y € P(A").
Since there are k elements in the set A’, there are 2¥ such Y by the inductive hypothesis. Hence, the set
{X C A |a € X} has 2F elements. Thus, in total, P(A) has 2F + 2F = 2 . 2F = 2K1 elements.



