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1.1 INTRODUCTION

The cell inside of a human body is similar to a manufacturing system producing an
appropriate protein that functions according to the specific organ or the part of the
body to which it belongs. The nucleus centered at the cell contains the DNA sequence,
which is a designed map for the human body. Each time the cell produces a protein, it
duplicates a certain part of the DNA sequence and generates mRNA sequences. This
is called a transcription process. After leaving the nucleus, the mRNA is attached to a
ribosome, and the ribosome interprets the code in mRNA. This is called a translation
process. After interpretation, the ribosome generates a sequence of amino acids; then
it is folded into a certain type of protein.

The manufacturing system from DNAs to proteins sometimes malfunctions due to
the DNA damage, which is known to be a main cause of cancers, also called malig-
nant neoplasms [1, 2]. The DNA damage can occur naturally, but the damage can also
be caused by two groups of agents: (i) exogenous agents such as radiation, smoke
[3], ultraviolet light [4], and viruses [5]; and (ii) endogenous agents such as diet [6]
and macrophages/neutrophils [5]. Such DNA damage leads to epigenetic alteration
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4 RECENT DEVELOPMENT IN METHODOLOGY

for DNA repair genes, which play the key roles in preventing cancer cell growth.
Reducing the DNA repair gene expression (DNA repair deficiency; [7]) or switching
off the function of the DNA repair gene, called silence, finally leads to the devel-
opment of cancers. For example, MGMT is the DNA repair gene, and most types of
colorectal cancers have reducedMGMT expression ([8–11], and [12]). The following
are other examples of proteins corresponding to DNA repair genes [1].

• BRCA1 and BRCA2 (breast cancer genes 1 and 2) for breast and ovarian
cancers.

• ATM (ataxia telangiectasia mutated) for leukemia and breast cancers.
• XPC (xeroderma pigmentosum) for skin cancers.
• p53 (Li–Fraumeni syndrome) for sarcoma, leukemia, breast, lung, skin, pan-

creas, and brain cancers.

In addition, the miRNA (micro RNA) outside of the nucleus is known to have an
effect on the DNA repair gene because it can reduce the expression of DNA damage
response genes or repair genes [1]. For example, miRNA-155 is overly expressed
in colon cancers, and it is known to reduce the expression of MLH1, a DNA repair
protein [13].

For finding the mechanism of cancer development, understanding the causal rela-
tionship in transcriptional regulatory networks is important, and the related inference
is often based on the gene network problem. The examples of the application of the
network problem are in gene expression analysis or gene–gene expression networks
[14–19], protein–protein interaction analysis [20, 21], phenotype networks utilizing
gene expression information [22–24], and causal networks linking gene expression
and metabolic change [24].

The probabilistic graphical modeling is a popular approach to find causal rela-
tionships between variables in cell signal pathways or gene networks [25]. In this
chapter, the graphical models are assumed to be directed acyclic graphs (DAGs), in
which all the edges are directed edges and contain no cycles [26]. Since the estimation
of DAGs is computationally very challenging, we cannot simply apply approaches
that are used to estimate undirected graphs [27–29]. First, DAGs with the same set
of conditional independence are not identifiable from observational data alone [26];
this is called observational equivalence. Second, the number of possible DAGs expo-
nentially increases as the number of nodes increases [27]. Third, in gene network
problems, the number of genes is much larger than the sample size, which is called
high-dimensional data.

The DAGs with conditional probability distribution for each child node given
its parents are called Bayesian networks. The comprehensive review about learning
Bayesian network is in Buntine [30, 31], Heckerman [32], Neapolitan [33], and Daly
et al. [34]. Apart from cancer gene problems, the Bayesian network is used in broad
applications such as ecology [35, 36], neuroscience [37, 38], distributed sensor net-
works for change detection, and diagnosis [39–41].

The main approaches to estimate the Bayesian networks are as follows:
(i) a score-and-search approach through the space of Bayesian network structures,
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(ii) a constraint-based approach that uses conditional independencies identified
in the data, and (iii) a hybrid approach. A score-and-search approach is to find a
structure corresponding to a good score function value [42] and use a heuristic
algorithm to find the solution. The examples of this approach are in Daly et al. [34].
A constraint-based approach is to use a statistical test of conditional independence on
the data. One of the efficient methods is the PC algorithm [43]. In high-dimensional
contexts, Kalisch and Buhlmann [44] proposed the PC algorithm with a reasonable
computational time [43] and proved consistency for sparse DAGs. Hybrid search
strategies including the above-mentioned two criteria have also been proposed such
as in Tsamardinos et al. [45], where the method used is a Max–Min Hill-Climbing
(MMHC) algorithm. The methods mentioned have been successfully proposed to
estimate DAGs with a small to moderate number of nodes.

For the score-and-search approach, a network is identified bymaximizing a certain
score function [31, 33, 42, 46], and several heuristic search algorithms are then devel-
oped to find a high score [27, 34]. To overcome high dimensionality in gene expres-
sion data, the L1-penalized method or lasso approach has been recently developed.
Meinshausen and Buhlmann [28] theoretically show that the neighborhood of a node
corresponding to a conditional dependence set can be obtained by a lasso problem,
and it is efficient for high-dimensional DAGs. For DAGs, Shojaie and Michailidis
[29] used the L1-penalized likelihood with a structural equation model to estimate
directed graphs with a known variable order and found that such a problem was
transformed into separable subproblems with lasso penalty. Huang et al. [47] used a
penalized linear regression that imposes penalties to the coefficient values as well as
to acyclic constraints. Fu and Zhou [48] used an adaptive lasso-based score function
when the variable order is unknown. However, their objective function without the
acyclic constraint is nonconvex, which makes finding the optimal solution infeasible.
Han et al. [49] proposed the adaptive lasso-based score function, and it demonstrated
superior performance to other methods when the network has a hub structure. In this
chapter, we overview the approach based on the lasso-type score function for gene
network problems in high-dimensional data.

1.2 BACKGROUND

We explain the basic theoretical background in probabilistic graphical modeling or
Bayesian networks. Let us have p random variables, Y1, Y2,… ,Yp, and the variables
have causal relationships with each other. The variables and relationships in proba-
bilistic distribution need to be mapped to p nodes, V , and edge sets, E (⊂ V × V). In
other words, the separation in a graph needs to be mapped to the independence in
probability [50].

In probabilistic graphical modeling, the d-separation (directed separation) is an
important concept described by Pearl [26]. The definition of d-separation is compli-
cated, but it implies the following argument. Suppose we have three node sets V1, V2,
and V3. We define that V2 is a d-separate between V1 and V3 if one of the conditions
is satisfied:
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• All edges between V1 and V2 inflow from V1 to V2, and all edges between V2
and V3 inflow from V2 to V3.

• All edges between V1 and V2 inflow from V2 to V1, and all edges
between V2 and V3 inflow from V3 to V2.

• All edges between V1 and V2 inflow from V2 to V1, and all edges between V2
and V3 inflow from V2 to V3.

For all disjoint subsets of V1, V2, and V3, we state that the probability distribution
P is faithful to the graph G if the following condition is satisfied.

V1 and V3 are independent given V2 if and only if V1 and V3 are d-separated
given V2.

Based on the d-separation, we can express the probability distribution by using the
Markov property. The probability distribution f (Y) is represented by

f (Y) =
p∏
i=1

f (Yi|Pa(Yi))
where Pa(Yi) is a set of parents for Yi.

Another important issue in probabilistic graphical model is observational equiva-
lence. The example of observational equivalence is in Figure 1.1. The three cases in
Figure 1.1a–c are not distinguishable based on observational data. They are said to be
in one equivalence class. However, based on the data, the case in Figure 1.1d can be
distinguished from the other three cases. We say that this case has a v-structure. Such
equivalence class causes multiple solutions with the same score function values if
we apply the score-and-search approach to estimate a DAG. To show all equivalence
classes, the complete partial DAG (cpDAG) can be used, which can be implemented
by the “essentialGraph()” function in R package [51].

Y1

Y2 Y3

Y1

Y2 Y3

Y1

Y2 Y3

(a) (b)

(c)

Y1

Y2 Y3

(d)

Figure 1.1 Examples of observational equivalence.
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1.3 GENETIC DATA AVAILABLE

The technology in recent decades has allowed genome-wide monitoring of DNA and
RNA levels on thousands of samples [52]. For example, The Cancer Genome Atlas
(TCGA) project seeks to provide a comprehensive landscape of genetic and genomic
alternations by profiling DNA copy number, mRNA expression, and miRNA expres-
sion for about 20 cancer types. The Genotype-Tissue Expression (GTEx) project
studies human gene expression regulation and its relationship to genetic variation.
The goal of these projects is to understand global regulation including genetic (from
DNA to RNA), transcriptional (among mRNAs), and posttranscriptional processes
determining normal cell physiology. Thus, the analysis of these regulatory layers can
provide a useful picture of the underlying processes.

Open sources of gene expression data including TCGA and GTEx, or pathway
information are in the following link:

• The Cancer Genome Atlas (TCGA) Data (https://tcga-data.nci.nih.gov/tcga/):
This data set provides high-level sequence analysis of the tumor genomes and
clinical information. The TCGA data consist of several types and levels as
follows: Copy Number Variation (Low Pass DNASeq), Copy Number Varia-
tion (SNP Array), DNA Methylation, Expression Protein, METADATA, miR-
NASeq, RNASeqV2, and Somatic Mutation.

• The GTEx project (http://www.broadinstitute.org/gtex/): The objective of this
project is to accumulate the comprehensive data of gene expression across
multiple tissues in the human body.

• modENCODE Project (Model Organism ENCyclopedia Of DNA Elements)
(http://www.genome.gov/modencode/): This project aims to create the data of
a comprehensive encyclopedia of genomic functional elements in the model
organisms.

• Pathway Interaction Database (http://pid.nci.nih.gov/index.shtml): This has the
maps of biomolecular interactions and cellular processes organized into human
signaling pathways. It was a collaborative work between Nature Publishing
Group (NPG) and National Cancer Institute (NCI).

• The DREAM5 Network Inference Challenge (http://wiki.c2b2.columbia.edu/
dream/index.php/D5c4): This website provides gene expression data, which
have been obtained from microorganisms.

1.4 METHODOLOGY

In this section, we explain a recently developed method based on the lasso-type score
function. The first two sections describe the model and the score function for the
graphical model to estimate the gene network problem, and the next two sections
explain technical details.
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1.4.1 Structural Equation Model

We express the genes by random variables. Denote by Ψ the n × p data matrix,
where n is the sample size and p is the number of the variables. We assume that an
edge is directed, so ( j, i) is not in E if (i, j) belongs to E. The causal relationship
of random variables in a DAG can be represented by the structural equation model
[26, 29, 53]. Let Zi be a latent variable, which is assumed to follow independent
normal distributions. Then, the structural equation model that represents the
relationship is

Yi =
∑
j∈Pai

cijYj + Zi (1.1)

where cij is a causal effect from a parent j to a child i. Zi s are latent variables.
Denote Y = [Y1,Y2,… ,Yp]T , and Z = [Z1,Z2,… ,Zp]T . Here, we assume that
the latent vector Z follows the multivariate normal distribution, MN(0,Γ), where
Γ = diag[σ21, σ

2
2,… , σ2p]T . Under the unknown variable order, we represent

coefficients of Yj s, cij, by the coefficient matrix C, where

C =

⎛⎜⎜⎜⎜⎜⎝

0 c12
c21 0

…
…

c1(p-1) c1p
c2(p-1) c2p

⋮ ⋮ ⋱ ⋮ ⋮
c(p-1)1 c(p-1)2
cp1 cp2

…
…

0 c(p-1)p
cp(p-1) 0

⎞⎟⎟⎟⎟⎟⎠
Thus, cij is the (i, j)th entry ofC, and Equation 1.1 can be rewritten by Y = CY + Z.

In addition, if the variable order is partially known, the blockwise matrix can be used
[53], which is represented by

C =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

0 0
0 0

…
…

0 0
0 0

⋮ ⋮ ⋱ ⋮ ⋮
0 0
0 0

…
…

0 0
0 0

0 0
0 0

…
…

0 0
0 0

⋮ ⋮ ⋱ ⋮ ⋮
0 0
0 0

…
…

0 0
0 0

c1U1
0

0 c2U1

…
…

0 0
0 0

⋮ ⋮ ⋱ ⋮ ⋮
0 0
0 0

…
…

c(p-1)Up-1
0

0 cpUp

0 c12
c21 0

…
…

c1(p-1) c1p
c2(p-1) c2p

⋮ ⋮ ⋱ ⋮ ⋮
c(p-1)1 c(p-1)2
cp1 cp2

…
…

0 c(p-1)p
cp(p-1) 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
Then, the corresponding structural equation model is

Yi = ciUi
Ui +

∑
j∈Pai

cijYj + Zi

where Ui is an upper-level variable, which regulates the down-level variable Yi. The
example of the upper-level variable is DNA copy number or miRNA, which regu-
lates mRNA.
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1.4.2 Score Function Formulation

In the gene network problem, the number of gene expressions is very large, for
example, over 10,000, but the sample size is relatively small such as 200–300.
Thus, the estimation of gene networks is related to the variable selection problem
in high-dimensional data. The well-known method for variable selection uses a
discrete manner. One approach is a best subset selection. However, if the number of
variables becomes large, the subset selection is computationally infeasible [54]. In
addition, due to the discreteness of the approach, the result of the subset selection is
unstable [55, 56]. Similarly, most discrete-based approaches may show instability in
finding a solution. However, the L1-penalized linear regression leads to a continuous
search, and it gives stable and robust estimation [54, 57]. Thus, for high-dimensional
data, the lasso approach proposed in Fu and Zhou [48] and [53] is a proper way.
In addition, they use adaptive lasso, which can break the equivalence class, and
give a high probability of estimating a correct solution among the solutions in the
equivalence class. In this section, we discuss a lasso-type approach as a recent
development of methodology.

The lasso-type score function can be derived from the L1-penalized log likelihood,
which is

−2
n
log

p∏
i=1

f (Yi|Pa(Yi),C) + Pe(C)

where Pa(Yi) is the set of parent variables for Yi, and Pe(C) is a penalty function for
the coefficient matrix C. Based on the L1-penalized log likelihood, Fu and Zhou [48]
proposed the score function, which is

min
C

p∑
k=1

[
log

(1
n
‖Ψk − ΨCk‖2) + λ

p∑
j=1

𝑤kj|ckj|] (1.2)

subject that the estimated graph is acyclic. In the score function shown as
Equation 1.2,Ψ is a n × p data matrix andΨk is a data vector as the kth variable. Ck is
a coefficient vector, [ck1, ck2,… , ck(p-1), ckp]T , which is a column vector representing
the kth row in matrix C. Zou [54] mentioned that the original lasso without the
weight term does not provide consistent estimates. Thus, they suggested the adaptive
lasso, which used the weights for the coefficient term ckj. Zou [54] suggested

𝑤kj =
(

1|𝛽kj|
)𝛿

, where 𝛽kj is the least square estimate from the ordinary least square,

while Fu and Zhou [48] suggested 𝑤kj = min

(
1|𝛽kj| , 104

)δ
.

Han et al. [49] proposed another type of score function:

min
C

p∑
k=1

[
1
n
‖Ψk − ΨCk‖2 + λ

p∑
j=1

𝑤kj|ckj|] (1.3)
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subject that the estimated graph is acyclic. The notations are the same as in
Equation 1.2. The score function in Equation 1.3 is the equivalent form of Shojaie
and Michailidis [29], which provides the score function with a known variable
order. For the value of the weights, Han et al. [53] used the scaled weight,

𝑤kj = min

(
0.0001|𝛽kj| , 1

)δ
. Han et al. [53] represented the acyclic constraint by the

optimization formulation, which is |ckj| ≤ Tkj (1.4)

Tkj = 0 or 1 (1.5)

and

Ti1i2 + Ti2i1 ≤ 1 for all i1 and i2

Ti1i2 + Ti2i3 + Ti3i1 ≤ 2 for all i1, i2, and i3

⋮

Ti1i2 + Ti2i3 + · · · + Tipi1 ≤ p-1 for all i1, i2,… , ip (1.6)

The score functions proposed by both Fu and Zhou [48] and Han et al. [53] have
an advantage. The adaptive lasso score function can break observational equivalence,
which expresses the same score function values [51]. If the structure of the graph
is a hub network, there exist multiple solutions that give the same objective func-
tion value, called score equivalence [51]. Most score-and-search approaches such as
penalized likelihood or constraint-based approach such as the PC algorithm cannot
distinguish the solutions in the equivalence class since they give the same score func-
tion values or the same p-value, respectively. However, the adaptive lasso provides a
different score function value to each solution even though they are in the same equiv-
alence class. Furthermore, it gives a high probability of selecting a correct solution
among the equivalence class especially in the hub network [53].

However, the score function from Fu and Zhou [48] has several disadvantages in
comparison with that from Han et al. [53]. First, the score function from Fu and Zhou
[48] in Equation 1.2 used the residual sum of the square from the penalized likelihood
to estimate the variance of latent variables, which becomes a log form in the score
function. The mean square error from the penalized linear regression is known to be a
biased estimate of the variance of the latent variables if the penalty is large. Thus, from
the various simulation studies, Han et al. [53] showed that when the penalty is large,
the score function from Equation 1.3 gave a higher true positive of edges than the
score function from Equation 1.2 given the same false positive, which indicates that
the score function from the former gives better performance than the score function
from the latter. However, as the penalty becomes small, the performance of the two
methods becomes similar. The performance of Equation 1.2 is sensitive to the value
of the penalty parameter, but that of Equation 1.3 is robust. Based on the simulation
studies with p= 100, n= 500, and density= 2 (average number of parent nodes per
child node), the receiver operating characteristic (ROC) curves based on true positive
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Figure 1.2 Receiver operating characteristic (ROC) curves from the adaptive lasso methods:
(a) random network and (b) hub network.

versus false positive is in Figure 1.2a and b. The black solid line indicates the curves
from the score function in Equation 1.3, and the gray dash line indicates the curves
from the score function in Equation 1.2.

Second, the score function in Equation 1.2 is nonconvex. Thus, Fu and Zhou [48]
can find only a local optimal solution at best. Both the nonconvexity of the score func-
tion and the acyclic constraints make finding a good solution very hard. In addition,
Fu and Zhou [48] proposed a block coordinate descent (BCD) algorithm to obtain a
solution fromEquation 1.2 to overcome such nonconvexity, but they did not justify the
quality of the solution. However, the score function in Equation 1.3 is convex, and it
can be transformed into the quadratic programming (QP) problem, which guarantees
a global optimal solution. Han et al. [53] implemented the DIST (discrete improv-
ing search with TABU list) algorithm to find the solution from Equation 1.3, which
is called the cLasso method. They showed that the method based on Equation 1.3
requires smaller computational time than that based on Equation 1.2.

Apart from normal distributions, the lasso framework is easily extended to other
distributions. In particular, due to recent technology, some gene expressions such as
RNA sequences are recorded in discrete count data, and Poisson log-normal distri-
bution can be used for the RNA sequence measurements. By the assumption of the
log-normal data, Han et al. [53] represented the observed compounded Poisson data
by

Yk ∼ Poisson(exp(σkXk + 𝜇k))

where σk and 𝜇k are the standard deviation and average related to the marginal normal
variable. In this case, we only observe the count data Yk, and Xk is treated as unob-
served data. Han and Zhong [58] proposed a penalized likelihood score function as
follows. Let X be an unobserved normal vector with the Xk in the kth entry. Based on
Bayes theorem,

P(C|Y) = ∫ P(C,X|Y)dX ∝ ∫ P(Y|X,C) × P(X|C)dX
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The penalized log likelihood can be represented by

−2
n

n∑
j=1

log∫ exp[h(X|C, yj)]dX + Pe(C)

where h(X|C, yj) = logP( y|X,C) + logP(XC), and Pe(C) is a penalty function in
terms of the coefficient matrix C. Finding a solution based on the score function is
quite complicated. Based on several approximations, they first transformed the score
function to the lasso framework, and then searched the solution by using two iterative
optimization procedures based on two groups of parameters.

1.4.3 Two-Stage Learning

Since searching for the solution in entire space takes a lot of computational time,
much literature uses the two-step learning technique. The first step is to find the poten-
tial parents of each child by estimating an undirected graph/skeleton/Markov blanket,
and the second step is to identify directionality (or parents). Tsamardinos et al. [45]
proposed theMMHC algorithm, which estimates the skeleton by the constraint-based
method and identifies the directionality by a score-and-search algorithm. Schmidt
et al. [59] used the lasso regression to estimate an undirected graph, and then used a
permutation approach based on swapping adjacent variable orders to identify direc-
tionality. Neto et al. [22] first estimated an undirected graph, and then estimated a
DAGwithout an acyclic constraint based on the likelihood ratio between one direction
and the opposite direction of each edge. Pellet and Elisseeff [60] used feature selec-
tion algorithms [61] to estimate a Markov blanket and then identified a directionality
based on v-structured patterns. Other examples of the two-stage learning approaches
are the Sparse Candidate (SC) algorithm [62] and the Grow-Shrink algorithm [63].
The two-step learning approach is also called a hybrid algorithm in Nagarajan
et al. [50].

Huang et al. [47] mentioned that the two-stage procedure has high risk of misiden-
tification of the true parents. If the first stage missed a true parent, the parent is not
considered again as a possible parent in the second stage. Thus, they proposed a com-
bined score function, which is

min
C

p∑
k=1

[
1
n
‖Ψk − ΨCk‖2 + λ1

p∑
j=1

|ckj| + λ2
∑
k≠j

|ckj × Pjk|]

where P is a p × p matrix with 1 in the (i,j) entry if there is a direct path from Xi
to Xj, otherwise 0. The acyclic constraint,

∑
k≠j|ckj × Pjk|, is plugged into the score

function with a second penalty, which is similar to Lagrangian relaxation. They used
the BCD algorithm to estimate the network structure.

Han et al. [53] proposed an alternative approach. First, without the acyclic con-
straints, they minimized the objective function (score function) to find the infeasible
solution. They set the infeasible solution as the potential parent set per child. Then,
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they added the acyclic constraints back to the problem and found the feasible solution.
Unlike other hybrid approaches, Han et al. [53] used only one model and score func-
tion, but split the solution search algorithm by making it the two-step procedure.
Han et al. [53] argued that their approach is more stable that the existing two-stage
procedure.

1.4.4 Further Issues

Robustness of the estimation in Bayesian networks for gene network problems is an
important issue. The performance of Bayesian networks also depends on the network
structure. Han et al. [53] showed that the method with the score function based on
Equation 1.3 is robust in terms of the network structure, but the performance of the
pc-type algorithm is very sensitive to the network structure. Another issue related to
the robustness is that the data are sometimes not complete and have missing parts.
Ramoni and Sebastiani [64] discussed robust learning for Bayesian networks with
missing data. In addition, most approaches for learning Bayesian networks show point
estimator for the causal relations. Thus, several papers have studied how much confi-
dence can be placed in the network estimate [65–67]. Finally, to estimate the correct
structure, all variables with causal relationships are assumed to be included before
learning.

Another issue in the estimation of the structure of DAGs based on the lasso
problems is how to choose the penalty. To minimize average prediction errors, the
cross-validation (CV) is suggested since it gives an asymptotic optimal estimate of
the penalty. However, the CV does not lead to a consistent model selection for the
lasso-type penalty [68]. For the consistency of the model selection, the Bayesian
Information Criterion measures are suggested [69, 70]. Tibshirani [57] showed that
the lasso gives a stable and correct estimate. Proper tuning parameters need to be
selected for a consistent model selection [54, 71, 72]. How to select the best penalty
parameter in the network problem is still an open question.

1.5 SEARCH ALGORITHM

In this section, we discuss solution search algorithms to minimize the score function.

1.5.1 Global Optimal Solution Search

The straightforward way to find a global optimal solution is to use total enumeration,
which is an exhaustive search in terms of edges by permuting an entire combination
of directed edges and selecting the combination that gives the maximum of the score
function. For example, suppose that the number of variables is p, then the total number
of edges we need to consider is p(p–1)/2. Each edge can take three options: one direc-
tion, the opposite direction, or an empty edge. Then, the total number of combinations
we need to consider is 3(p(p–1)/2). However, such approaches are computationally not
feasible even when the number of variables is small.
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Wemay use some optimization technique to estimate a DAG based on the traveling
salesman problem (TSP) [73, 74]. The straightforward approach [53] to find a global
optimal solution is as follows:

• Step 1: Solve the objective function (1.3) without the acyclic constraints.

• Step 2: If cycles exist, add the constraints corresponding to the cycles. Then,
solve it again.

• Step 3: If the solution does not have any cycle, it is an optimal solution. Other-
wise, go to Step 2.

However, to solve the problem with the above-mentioned approach is also com-
putationally inefficient. For example, the asymmetric TSP [73, 74] presented com-
putational difficulty for long decades [75]. Thus, directly solving the gene network
problem requires heavy computational time if p increases.

Another approach described by Han et al. [53] is to find upper and lower bounds
of the solution based on the branch-and-bound technique and sub-tour elimination,
which are used in the TSP. Since it is almost impractical to include all possible cycles
in the formulation in the solution approach, we add acyclic constraints if needed.
During the branch-and-bound algorithm, the intermediate solution can be infeasible
since it violates the acyclic constraints. For the minimization problem, the solution
should be lower bound since it is the optimal solution under the relaxed conditions.
Then, we can obtain upper bound of the solution that breaks all cycles. Han et al.
[53] implemented the branch-and-bound technique to find the optimal solution, but
the computational time is over 2 h even when p= 20. Thus, in high-dimensional data,
using a heuristic algorithm or meta-heuristic algorithm is preferable.

1.5.2 Heuristic Algorithm for a Local Optimal Solution

To find the solution for the problem with nonconvexity of the acyclic constraints, the
ad hoc or rudimentary solution search algorithms have been proposed. Shojaie and
Michailidis [29] proposed permutation of variable order since known order indicates
directionality between two genes and automatically satisfies acyclic constraints. Such
one-time permutation relies on random chance to obtain the corrected order, so it is
not a reliable approach. Schmidt et al. [59] swapped adjacent ordered variables and
searched the best score function values. Fu and Zhou [48] used BCD algorithm. They
started the algorithm from the empty network and added edges or reverse direction-
ality of edges step-by-step while avoiding a cycle. However, they did not consider
a leaving edge, which is a necessary step to find a good solution. In the optimiza-
tion area, a greedy algorithm or Hill-Climbing algorithm is commonly used, which
considers adding an edge, reversing an edge, or removing an edge.

Most ad hoc or heuristic algorithms only guarantee a local optimal solution due
to acyclic constraints. Han et al. [53] proposed a meta-heuristic algorithm based on a
discrete improving search with a TABU list, which is called DIST. In the DIST algo-
rithm, at each iteration, a leaving edge is put in the TABU list and it is not considered
as an entering edge in the whole round. Han et al. [53] compared the solution from
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the DIST algorithm with a global optimal solution when p= 10 or 20, and he showed
that the solution from the DIST algorithm is close to the global optimal solution. The
description of the DIST algorithm is as follows:

• Select an entering edge among all unselected edges, which gives the most
improvement in the objective function.

• Select a leaving edge among all selected edges, which breaks the cycle and
gives the least harm in the objective function. To find any cycle, use forward
and backward Breadth-First Search (BFS) algorithms. Any confirmed leaving
edges are put into the TABU list.

• Update the intermediate solution as well as the objective function values.

• Do the above-mentioned three steps repeatedly until all edges are searched. We
call it a round. After each round, empty the TABU list and restart the next round.

• If there is no improvement in the objective function value in two consecutive
rounds, stop the algorithm. Otherwise, keep running the next round.

1.6 PC ALGORITHM

The well-known alternative method to estimate Bayesian networks is the PC
algorithm [43]. Kalisch and Buhlmann [44] applied the PC algorithm to estimate the
DAGs with high-dimensional data. It first estimates an undirected graph and removes
edges iteratively based on the conditional independence test. This method requires a
condition of faithfulness, which is mentioned in Section 1.2. Under the faithfulness
condition, the d-separation in a graph is equivalent to the conditional independence
relationship. In the multivariate normal distribution, the conditional independence
can be derived from partial correlation. Kalisch and Buhlmann [44] used Fisher’s
Z-transform statistics to test the significance of a partial correlation, which is
defined by

Z(X,Y|Z) = √
n-#(Z)-3

2
log

1 + 𝜌XY|Z
1-𝜌XY|Z

If the Z-transform statistics is greater than a certain threshold, it rejects ckj = 0,
and it adds an edge (i,j) in the graph. After estimating the skeleton, they extended it
to a complete partial DAG.

The PC algorithm has been used in high-dimensional data [76–79], and it is known
to be computationally feasible to estimate sparse network with the large number of
variables. There is an R package in the software, “pcalg()” [44]. Since the perfor-
mance of those methods is order dependent, which means that they are sensitive to the
true variable order, Colombo and Maathuis [80] developed the PC-stable algorithm.

Han et al. [53] compared the method based on the adaptive lasso score function
with the PC-stable algorithm by simulation studies. The results showed that the for-
mer outperforms the latter in terms of true positive given the same false positive
in most scenarios except for the random network with high density. Under the hub



16 RECENT DEVELOPMENT IN METHODOLOGY

network, which is a main structure in gene networks, the adaptive lasso approach
performs better than the PC-stable method. Han et al. [53] found that the performance
of the PC-stable method is sensitive to the network structure, and as the percentage
of isolation of parents increases, the performance of the PC-stable method decreases.
Thus, for the gene network problem, which is related mostly to a hub network, the
adaptive lasso might be preferable to the PC-stable method.

The computational complexity of the PC algorithm is approximately O(pq),
where q is the maximal size of neighbors and p is the number of variables. On
the other hand, the computational complexity of the cLasso method is bounded by
O(max(nk2p, np2)), where k is the maximum number of parent candidates and n
is the sample size. As the complexity shows, if p or k is moderate such as 2, 3, or
above, the complexity of the PC algorithm is higher than that of the cLasso method.
Han et al. [53] also verified the complexity difference based on the simulation study.
Under the random network and d= 1, the computational time of the PC algorithm is
similar to that of the cLasso method. However, under the hub network or the random
network with d= 2, the computational time of the PC algorithm is much higher
than that of the cLasso method. Especially, under the hub network, from which
many possible parents can be derived, with d= 2, the computational time of the PC
algorithm is much higher than that of the cLasso method.

1.7 APPLICATION/CASE STUDIES

We discuss three examples of the data-driven analytics for gene network problems. In
the first example, which is based on open data set of melanoma skin cancers in TCGA
Data Portal, we describe how to construct gene networks under partially known vari-
able order and obtain inferences for clinical purposes. In the second example based
on Cancer Cell Line Encyclopedia (CCLE) data, we show how to build the network
under unknown variable order. In the third example based on flow cytometry data of
protein expressions, we describe some tutorials of how to use R softwares to estimate
the network.

1.7.1 Skin Cutaneous Melanoma (SKCM) Data from the TCGA Data Portal
Website

The incidence rate of melanoma skin cancer increased recently with a lifetime risk of
1 in 50 [81, 82]. The patients with metastatic tumors survive about 7 months on aver-
age [83]. Although several therapies such as BRAF mutant kinase inhibitors [84, 85]
or CTLA-4 inhibitors [86, 87] have been developed, the results of therapy have not
been successful. Fleming et al. [88] found that based on array-based screening, about
18 miRNAs out of 358 miRNAs are potential predictors of recurrence. They revealed
that based on statistical analysis of TCGA data, the signature miRNAs regulate func-
tions to melanoma biology such as the immune signaling pathway. In this section, we
describe how to construct gene pathways or networks under partially known struc-
ture based on Skin Cutaneous Melanoma (SKCM) data from the TCGA Data Por-
tal website (https://tcga-data.nci.nih.gov/tcga/). The TCGA Data Portal provides a
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platform of data sets containing clinical information as well as genomic data and
sequence analysis of various tumors.

The description of the data structure is as follows. The TCGA data consist of sev-
eral data types (so-called platform types) and levels. The data types are as follows:
CNV (Low Pass DNASeq), CNV (SNP Array), DNA Methylation, Expression Pro-
tein, METADATA, miRNASeq, RNASeqV2, and Somatic Mutations. Each type has
the data in four different levels at most. The data in level 1 are raw data or signals, and
the data in level 2 are processed data. The level 3 data are segmented or interpreted
with normalization, and the level 4 data are summary or regions of interest data. For
our purpose, we use level 3 data.

After downloading the data sets, the file, “file_manifest.txt,” showed the main
information of data type and sample ID/barcode as well as the corresponding file
name containing genomic data. For example, in the file, “file_manifest.txt,” there are
three columns: “Platform Type,” “Sample,” and “File Name.” It is useful to note that
in the sample barcode, the first 10 letters, for example, “TCGA-BF-A1PU,” indicate
a patient barcode. If we want to find miRNA andmRNA data for a certain sample, say
“TCGA-BF-A1PU-01A,” we need to search the file name in the “File Name” column,
which is matched to a certain platform type and sample barcode. For example, for
miRNA data, the file name matching to “miRNASeq” and “TCGA-BF-A1PU-01” is
“TCGA-BF-A1PU-01A-11R-A18V-13.mirna.quantification.txt.” In themiRNAdata
file, there are raw count data and normalized count data for each miRNA ID, and we
used the normalized count data. The detailed description of the structure of all data
sets is in https://tcga-data.nci.nih.gov/tcga/tcgaDataType.jsp.

The clinical information for each sample barcode is in the following folder and file:
Clinical>Biotab>biospecimen_sample_skcm.txt. Each tumor sample is matched to a
normal sample. The number at the end of the sample barcode is the key to understand
the tumor source. For example, the ending number of the sample barcode is 1A for
a primary tumor and 06A for a metastatic tumor. The clinical information for each
patient is in the folder and file: Clinical>Biotab>clinical_patient_skcm.txt.

We extracted the data of miRNA and mRNA corresponding to primary or
metastatic tumors. The number of miRNAs is 1046, and the number of mRNAs is
20,531. The sample size in the miRNA data set is 329, but the sample size in the
RNASeqV2 (mRNA) data set is 325. Thus, we removed four samples in the miRNA
data that did not match the data set of mRNA. Next, we took a log transformation of
each data set and then standardized them by centering and scaling. In the miRNA
data, 200 miRNAs have zero values except for at most one value. In the mRNA data,
405 mRNAs have zero values except for at most one value. Thus, after removing
unnecessary miRNAs and mRNAs, the total numbers of remaining miRNAs and
mRNAs are 846 and 20,126, respectively.

Given the data set, we tried to estimate the gene network with the causal relation-
ship from miRNA to mRNA. We used the lasso-type score function in Equation 1.3.
Since we are interested in the causal relationship between the miRNA group and the
mRNA group, we use a block matrix for C in Equation 1.3. The penalty parameter
is selected based on empirical study in Fleming et al. [88]. The estimated gene
network is shown in Figure 1.3, which is drawn by network() and plot() functions
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miR–15b

miR–150

miR–425

miR–30d

Figure 1.3 Estimated graph: the small dots indicate mRNAs and the large dots indicate
miRNAs.

in R software. In this figure, the four large dots indicate miRNA and the small dots
indicate mRNAs. Based on the result, the miRNA-150 has a broad effect on many
mRNAs, so we included the network related to miRNA-150. We also include the
network plot with clinically important miRNA such as miRNA-30d, miRNA-425,
and miRNA-15b [88]. After deciding the miRNAs, we selected the mRNAs with
significant coefficients to the corresponding miRNAs, the absolute values of which
are greater than 0.1. The miRNA-150 was causally related to 1360 mRNAs with
high coefficients. A number of selected mRNAs with respect to the other three
important miRNAs (miRNA-30d, miRNA-425, and miRNA-15b) are 185, 5, and 15,
respectively.

From the result of gene network estimation, we draw inferences for clinical pur-
poses. Since the miRNA-150 gives the main impact for most mRNA, we make a
grouping for patients based on mRNAs affected by the miRNA-150. We draw a heat
map as shown in Figure 1.4. In the heat map, the rows indicate patient samples and
the columns indicate mRNA expression. As shown at the left side in the heat map, the
patients can be clustered by two groups such as a low-level group (bottom part) and
a high-level group (upper part) based on hierarchical cluster analysis. For each clus-
tered group, we estimate Kaplan–Meier survival curves that are shown in Figure 1.5.
The gray dash line indicates the high level group, and the black solid line indicates
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Figure 1.4 Heat map: the rows indicate patient samples and the columns indicate mRNA
expression.
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the low level groups. The p-value based on the log-rank test is 0.029, which is less
that 0.05 (significance level in biostatistics). This shows that the high-level group has
a better survival rate than the low-level group with the statistical significance.

1.7.2 The CCLE (Cancer Cell Line Encyclopedia) Project

It is widely known that p53 is an important gene as a tumor suppressor, which can
prevent cancer growth. This p53 controls genes, whose function is DNA repair, cell
cycle control, and apoptosis. Under normal conditions, the protein level of p53 drives
MDM2 transcription factor, and as a feedback loop, MDM2 regulates the protein
levels of p53. MDM2 can block or impair p53 pathway activity. Zhong et al. [89]
explained the development of gene expression signature, which is predictive of the
response to MDM2 antagonist therapy. Barretina et al. [90] discuss finding a predic-
tive model for anticancer drug sensitivity from CCLE data.

The CCLE contains cancer-related genomic data from 947 human cancer cell lines
with 36 tumor types, which are characterized by genomic technology platforms. This
data can be downloaded from http://www.broadinstitute.org. To identify mRNAs as
the cell line responses to theMDM2, we need to estimate the gene networks. By using
a partial model of Equation 1.3, we extracted 16 genes, which have roles in different
processes surroundingMDM2. These genes were BRCA1, DDB2, and XPC involved
in DNA repair; FDXR in P53-related process; SESN1 and ZMAT3 in cell growth;
CCNG1 and CDKN1A in cell cycle arrest; and BAX, EP300, PIDD, RPS27L, and
TP53 involved in apoptosis. To estimate the gene network, we applied the method in
Equation 1.3 to the data with a penalty parameter as suggested in Han et al. [53]. The
estimated network is plotted in Figure 1.6.

1.7.3 Cellular Signaling Network in Flow Cytometry Data

In this section, we provided a tutorial of the usage in R packages to estimate a DAG
in a gene network problem. The common example used to explain a network problem
is cell signaling in protein expression as in Sachs et al. [91]. Intracellular multicolor
flow cytometry can generate observational data of cell signaling molecules [92, 93],
and by flow cytometry, we can measure the protein expression and protein modifica-
tion states such as phosphorylation [93–95]. Based on this finding, Sachs et al. [91]
demonstrated that cell signaling data can be used for inferring causal relationships.
The multivariate flow cytometry data used in Sachs et al. [91] are collected to identify
the effects of different conditions on the intracellular signaling networks of human
primary naive CD4+ T cells, which are downstream of CD3, CD28, and LFA-1 acti-
vation. Eleven phosphorylated proteins were measured: PKC, PIP2, PLGG, PIP3,
AKT, JNK, P38, ERK, MEK, RAF, and PKA.

In this section, we show the examples of R codes for four different estimates for
the cellular signaling network and the corresponding network plots, which are shown
in Figure 1.7. The following is the R code to show the estimated network plot from
Sachs et al. [91].
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Figure 1.6 Estimate structure in CCLE data with 16 genes, which have roles in different
processes surrounding MDM2.

> library(network)
> estmated.net <- network(t(estimate_Sachs))
> main.name=paste("(a) Estimate from Sachs et al. [91]",sep="")
> plot(estmated.net,
+ displaylabels=TRUE,
+ boxed.labels=FALSE,
+ mode="circle",
+ vertex.cex=3,
+ arrowhead.cex=2,
+ label.cex=1.0,
+ pad=0.15,
+ label.pos=6,
+ cex.main=1.2,
+ main=main.name)

In order to show network plots, “library(network)” needs to be called.
“estimate_Sachs” indicates the structure matrix based on the estimated net-
work from Sachs et al. [91]. The estimated network plot is in Figure 1.7a. Next,
the R code to show how to obtain the estimated network structure from the cLasso
method [53] is as follows:
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Figure 1.7 Four different estimates for the cellular signaling network. (a) Estimate from
Sachs et al. [91]; (b) estimate by cLasso; (c) estimate by PC algorithm; (d) estimate by MMHC
algorithm.

> delta<-0.15
> cLasso.fit <- cLasso(x.stand=Data.protein.expression,lambda=0.7,
search.index=0,gamma_weight=delta)
> estimate_T_cLasso <- cLasso.fit$est_T

The delta in the above-mentioned code is the value of the power for calculating
the weight, 𝑤kj, in Equation 1.3. The R codes and tutorials will be released as an R
package, the name of which is tentatively library(DAGLasso). The estimated network
plot is in Figure 1.7b. Then, the next twoR codes are the examples of the PC algorithm
and the MMHC algorithm. The estimated network plots are in Figure 1.7c and d,
respectively. The details of the R codes are in the tutorials provided in the R packages,
library(pcalg) and library(bnlearn).

> library(pcalg)
> alpha_PC<-0.01
> data_size<-dim(Data.protein.expression)[1]
> data_dim<-dim(Data.protein.expression)[2]
> indepTest <- gaussCItest
> suffStat <- list(C = cor(Data.protein.expression), n = data_size)



OTHER USEFUL SOFTWARES 23

> pc.fit <- pc(suffStat, indepTest, data_dim, alpha_PC)
> g<-pc.fit@graph
> estimate_T_pc_algorithm <-t(as(g,"matrix"))
> library(bnlearn)
> alpha_MMHC<-0.01
> mmhc.fit<-mmhc(Data.protein.expression,alpha=alpha_MMHC)
> g<-mmhc.fit$arcs
> estimate_T_mmhc_algorithm <-matrix(as.numeric(g),ncol=2,
nrow=dim(g)[1])

1.8 DISCUSSION

This chapter discusses the recent development of model-based methodologies for
estimating cancer gene networks based on the score-and-search approach with the
adaptive lasso-based score function, which has been a very important problem in
genomic projects for decades. We overviewed the background of Bayesian networks
and the available genetic data. We explored structural equation models and the
lasso-type score function formulation, which is a recently developed approach
in gene network problem. We also discussed an optimization problem to find the
solution for the network estimation problem and described the application of the
method for data-driven analytics.

1.9 OTHER USEFUL SOFTWARES

There are several software tools visualizing the pathways and networks.

• Pathway Studio (http://www.elsevier.com/online-tools/pathway-studio): Path-
way Studio is made from Elsevier Life Science Solutions, and it is a tool for bio-
logical decision support. It shows protein–protein interaction and target–drug
interaction.

• Ingenuity Pathway Analysis (IPA) (http://www.ingenuity.com/products/ipa):
IPA is developed from QIAGEN, and it is a tool to model and analyze
the complex biological systems. This tool gives several functions such as
causal network analysis, upstream regulator analysis, and downstream effects
analysis.

There are also other packages in the R software for estimating DAGs of the
Bayesian network under different data types with various techniques. Following are
some of the packages that are briefly explained.

• The package, “bnlearn” [96], implements score-based, constraint-based, and
hybrid algorithms for learning the structure of Bayesian networks. It supports
parameter learning via maximum likelihood and Bayesian estimators and pro-
vides inference. This function can be applied to both discrete and continuous
data such as Gaussian data.
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• The package, “deal” [97] , implements a heuristic search algorithm and defines
priors to estimate the Bayesian network in both discrete and continuous data. It
can also simulate data sets from a given structure.

• The package, “pcalg” [44], implements the PC algorithm and the extended algo-
rithms for causal structure learning and causal effect estimation.

• The package, “catnet” [98], implements a maximum likelihood-based method
to estimate a Bayesian network for categorical data.
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