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CHAPTER 1

Multivectors and

Multiforms

1.1 VECTORS AND ONE-FORMS

Let us consider two four-dimensional (4D) linear spaces, that of vectors,
E1 and that of one-forms F1. The elements of E1 are most generally
denoted by boldface lowercase Latin letters,

a, b, c,… ∈ E1, (1.1)

while the elements of F1 are most generally denoted by boldface low-
ercase Greek letters

𝜶,𝜷, 𝜸,… ∈ F1. (1.2)

The space of scalars is denoted by E0 or F0 and its elements are in
general represented by nonboldface Latin or Greek letters a, b, c,…,
𝛼, 𝛽, 𝛾 ,….

Exceptions are made for quantities with established conventional
notation. For example, the electric and magnetic fields are one-forms
which are respectively denoted by the boldface uppercase Latin letters
E and H.

1.1.1 Bar Product |
The product of a vector a and a one-form 𝜶 yielding a scalar is denoted
by the “bar” sign | as a|𝜶 ∈ E0. The product is assumed symmetric,

a|𝜶 = 𝜶|a. (1.3)
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2 CHAPTER 1 Multivectors and Multiforms

Because of the sign, it will be called as the bar product. In the past it
has also been known as the duality product or the inner product. The bar
product should not be confused with the dot product. The dot product
can be defined for two vectors as a ⋅ b or two one-forms as 𝜶 ⋅ 𝜷 and it
depends on a particular metric dyadic as will be discussed later.

1.1.2 Basis Expansions

A set of four vectors, e1, e2, e3, e4, is called a basis if any vector a can
be expressed as

a = a1e1 + a2e2 + a3e3 + a4e4, (1.4)

in terms of some scalars ai. Similarly, any one-form can be expanded in
a basis of one-forms, 𝜺1, 𝜺2, 𝜺3, 𝜺4 as

𝜶 = 𝛼1𝜺1 + 𝛼2𝜺2 + 𝛼3𝜺3 + 𝛼4𝜺4. (1.5)

The expansion of the bar product yields

a|𝜶 =
4∑

i=1

4∑
j=1

ai𝛼jei|𝜺j. (1.6)

The vector and one-form bases are called reciprocal to one another if
they satisfy

ei|𝜺j = 𝛿i,j, (1.7)

with

𝛿i,i = 1, 𝛿i,j = 0 i ≠ j. (1.8)

In this case the scalar coeffients in (1.4) and (1.5) satisfy

ai = 𝜺i|a, 𝛼i = ei|𝜶, (1.9)

and the bar product can be expanded as

a|𝜶 =
4∑

i=1

ai𝛼i = a1𝛼1 + a2𝛼2 + a3𝛼3 + a4𝛼4. (1.10)

From here onwards we always assume that when the two bases are
denoted by ei and 𝜺j, they are reciprocal.

Vectors can be visualized as yardsticks in the 4D spacetime, and
they can be used for measuring one-forms. For example, measuring
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the electric field one-form E ∈ F1 by a vector a yields the voltage U
between the endpoints of the vector

a|E = U, (1.11)

provided E is constant in space or a is small in terms of wavelength.
The bar product a|𝜶 is a bilinear function of a and 𝜶. Thus, a|𝜶 can

be conceived as a linear scalar-valued function of 𝜶 for a given vector a.
Conversely, any linear scalar-valued function f (𝜶) can be expressed as
a bar product a|𝜶 in terms of some vector a. To prove this, we express
𝜶 in a basis {𝜺i} and apply linearity, whence we have

a|𝜶 = f (𝜶) = f
(∑

𝛼i𝜺i

)
=
∑

𝛼if (𝜺i) =
∑

f (𝜺i)ei|𝜶, (1.12)

in terms of the reciprocal vector basis {ei}. Thus, the vector a can be
defined as

a =
∑

f (𝜺i)ei. (1.13)

1.2 BIVECTORS AND TWO-FORMS

1.2.1 Wedge Product ∧

The antisymmetric wedge product ∧ between two vectors a and b yields
a bivector, an element of the space E2 of bivectors,

a ∧ b = −b ∧ a. (1.14)

This implies

a ∧ a = 0, (1.15)

for any vector a. In general, bivectors are denoted by boldface uppercase
Latin letters,

A, B, C,… ∈ E2, (1.16)

and they can be represented by a sum of wedge products of vectors,

A = a ∧ b + c ∧ d +⋯ . (1.17)

Similarly, the wedge product of two one-forms 𝜶 and 𝜷 produces a
two-form

𝜶 ∧ 𝜷 = −𝜷 ∧ 𝜶. (1.18)
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Two-forms are denoted by boldface uppercase Greek letters whenever
it appears possible,

𝚪,𝚽,𝚿,… ∈ F2, (1.19)

and they are linear combinations of wedge products of one-forms,

𝚪 = 𝜶 ∧ 𝜷 + 𝜸 ∧ 𝜹 +⋯ . (1.20)

A bivector which can be expressed as a wedge product of two vectors,
in the form

A = a ∧ b, (1.21)

is called a simple bivector. Similarly, two-forms of the special form

𝚪 = 𝜶 ∧ 𝜷, (1.22)

are called simple two-forms.
For the 4D vector space as considered here, the bivectors form a

space of six dimensions as will be seen below. It is not possible to
express the general bivector in the form of a simple bivector.

1.2.2 Basis Expansions

Expanding vectors in a vector basis {ei} induces a basis expansion
of bivectors where the basis bivectors can be denoted by eij = ei ∧ ej.
Because eii = 0 and six of the remaining twelve bivectors are linearly
dependent of the other six,

e12 = e1 ∧ e2 = −e21, e23 = e2 ∧ e3 = −e32, etc., (1.23)

the space of bivectors is six dimensional. Actually, the bivector basis
need not be based on any vector basis. Any set of six linearly independent
bivectors could do.

A bivector can be expanded in the bivector basis as

A =
∑

J

AJeJ

= A12e12 + A23e23 + A31e31 + A14e14 + A24e24 + A34e34. (1.24)

Here, J = ij is a bi-index containing two indices i, j taken in a suitable
order. In the following we will apply the order

J = 12, 23, 31, 14, 24, 34. (1.25)
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Similarly, a basis of two-forms can be built upon the basis of one-forms
as 𝜺J = 𝜺ij = 𝜺i ∧ 𝜺j.

It helps in memorizing if we assume that the index 4 corresponds to
the temporal basis element and 1, 2, 3 to the three spatial elements. In
this case the spatial indices appear in cyclical order 1 → 2 → 3 → 1 in
J while the index 4 occupies the last position.

It is useful to define an operation K(J) yielding the complementary
bi-index of a given bi-index J as

K(12) = 34, K(23) = 14, K(31) = 24, (1.26)

K(14) = 23, K(24) = 31, K(34) = 12. (1.27)

Obviously, the complementary index operation satisfies

K(K(J)) = J. (1.28)

The basis expansion (1.24) can be used to show that any bivector
can be expressed as a sum of two simple bivectors, in the form

A = a ∧ b + c ∧ d. (1.29)

Such a representation is not unique. As an example, assuming A23 ≠ 0
in (1.24), we can write

A = 1
A23

(A31e1 − A23e2) ∧ (A12e1 − A23e3) +

(
3∑

i=1

Ai4ei

)
∧ e4. (1.30)

Thus, any bivector can be expressed in the form

A = a1 ∧ a2 + a3 ∧ e4, (1.31)

where the vectors ai are spatial, that is, they satisfy ai|𝜺4 = 0. a1 ∧ a2 is
called the spatial part of A and a3 ∧ e4 its temporal part. Similar rules
are valid for two-forms. In particular, any two-form can be expanded in
terms of spatial and temporal one-forms as

𝚪 = 𝜶1 ∧ 𝜶2 + 𝜶3 ∧ 𝜺4, e4|𝜶i = 0. (1.32)

1.2.3 Bar Product

We can extend the definition of the bar product of a vector and a one-
form to that of a bivector and a two-form, A|𝚽 = 𝚽|A. Starting from a
simple bivector a ∧ b and a simple one-form 𝜶 ∧ 𝜷 the bar product is a
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quadrilinear scalar function of the two vectors and two one-forms and
it can be expressed in terms of the four possible bar products of vectors
and one-forms as

(a ∧ b)|(𝜶 ∧ 𝜷) = (a|𝜶)(b|𝜷) − (a|𝜷)(b|𝜶) = det

(
a|𝜶 a|𝜷
b|𝜶 b|𝜷

)
.

(1.33)

Such an expansion follows directly from the antisymmetry of the
wedge product and assuming orthogonality of the basis bivectors and
two-forms as

eij|𝜺k𝓁 = 𝛿i,k𝛿j,𝓁. (1.34)

by assuming ordered indices. Equation (1.33) can be memorized from
the corresponding rule for three-dimensional (3D) Gibbsian vectors
denoted by ag, bg, cg, dg ∈ E1,

(ag × bg) ⋅ (cg × dg) = (ag ⋅ cg)(bg ⋅ dg) − (ag ⋅ dg)(bg ⋅ cg). (1.35)

Relations of multivectors and multiforms to Gibbsian vectors are sum-
marized in Appendix B.

As examples of spatial two-forms we may consider the electric and
magnetic flux densities, for which we use the established symbols D and
B. Bivectors can be visualized as surface regions with orientation (sense
of rotation). They can be used to measure the flux of a two-form through
the surface region. For example, the magnetic flux Φ (a scalar) of the
magnetic spatial two-form B through the bivector a ∧ b is obtained as

Φ = (a ∧ b)|B. (1.36)

For more details on geometric interpretation of multiforms see, for
example, [3, 4].

1.2.4 Contraction Products ⌋ and ⌊
Considering a bivector a ∧ b and a two-form 𝚽, the bar product (a ∧
b)|𝚽 can be conceived as a linear scalar-valued function of the vector a.
Thus, there must exist a one-form 𝜶 in terms of which we can express

a|𝜶 = (a ∧ b)|𝚽 = 𝚽|(a ∧ b) = −𝚽|(b ∧ a) = 𝜶|a. (1.37)
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Obviously, the one-form 𝜶 is a linear function of both b and 𝚽 so that
we can express it as a product of the vector b and the two-form 𝚽 and
denote it either

𝜶 = b⌋𝚽, (1.38)

or

𝜶 = −𝚽⌊b. (1.39)

The operation denoted by the multiplication sign ⌋ or ⌊ will be called
contraction, because the two-form 𝚽 is contracted (“shortened”) by the
vector b from the left or from the right to yield a one-form. Thus, the
contraction product obeys the simple rules

a|(b⌋𝚽) = (a ∧ b)|𝚽, (1.40)

(𝚽⌊b)|a = 𝚽|(b ∧ a). (1.41)

Contraction of a bivector A by a one-form 𝜶 can be defined similarly.
Applied to (1.33), with slightly changed symbols, yields

(d ∧ a)|(𝜷 ∧ 𝜸) − ((d|𝜷)(a|𝜸) − (d|𝜸)(a|𝜷)) =
d|[a⌋(𝜷 ∧ 𝜸)) − ((𝜷(a|𝜸) − 𝜸(a|𝜷)))] = 0, (1.42)

which is valid for any vector d. Choosing d = ei for i = 1,… , 4, all
components of the one-form expression in square brackets vanish. Thus,
we immediately obtain the “bac-cab rule” valid for any vector a and one-
forms 𝜷, 𝜸,

a⌋(𝜷 ∧ 𝜸) = 𝜷(a|𝜸) − 𝜸(a|𝜷) = (𝜸 ∧ 𝜷)⌊a. (1.43)

Equation (1.43) corresponds to the well-known bac-cab rule of 3D
Gibbsian vectors, Appendix B,

ag × (bg × cg) = bg(ag ⋅ cg) − cg(ag ⋅ bg) = (cg × bg) × ag, (1.44)

which helps in memorizing the 4D rule (1.43).
Useful contraction rules for basis vectors and one-forms can be

obtained as special cases of (1.43) as

ej⌋(𝜺i ∧ 𝜺j) = ej⌋𝜺ij = 𝜺i, (1.45)

(ei ∧ ej)⌊𝜺i = eij⌊𝜺i = ej. (1.46)

They can be easily memorized as a way of canceling basis vectors and
one-forms with the same index from the contraction operation.
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1.2.5 Decomposition of Vectors and One-Forms

Two vectors a, b ≠ 0 are called parallel if they satisfy the relation

a ∧ b = 0. (1.47)

Applying the bac-cab rule (1.43) for parallel vectors a, b,

𝜶⌋(a ∧ b) = a(𝜶|b) − b(𝜶|a) = 0, (1.48)

implies that parallel vectors are linearly dependent, that is, one is a
multiple of the other one. Assuming a ∧ b ≠ 0 and 𝜶|a ≠ 0, we can
write the following decomposition for a given vector b:

b = b∥ + b⟂, (1.49)

b∥ =
𝜶|b
𝜶|a a, b⟂ =

𝜶⌋(b ∧ a)
𝜶|a . (1.50)

Here, b∥ can be interpreted as the component parallel to a given vector
a, while b⟂ can be called as the component perpendicular to a given
one-form 𝜶, because it satisfies

𝜶|b⟂ = 𝜶|(𝜶⌋(a ∧ b)) = (𝜶 ∧ 𝜶)|(a ∧ b) = 0. (1.51)

Similarly, we can decompose a one-form 𝜷 as

𝜷 = 𝜷∥ + 𝜷⟂, (1.52)

𝜷∥ =
a|𝜷
a|𝜶𝜶, 𝜷⟂ =

a⌋(𝜶 ∧ 𝜷)
a|𝜶 , (1.53)

in terms of a given one-form 𝜶 and a given vector a satisfying 𝜶|a ≠ 0.

1.3 MULTIVECTORS AND MULTIFORMS

Higher-order multivectors and multiforms are produced through wedge
multiplication. The wedge product is associative so that we have

a ∧ (b ∧ c) = (a ∧ b) ∧ c = a ∧ b ∧ c, (1.54)

and the brackets can be omitted. Thus, trivectors and three-forms are
obtained as

k = a1 ∧ a2 ∧ a3 + b1 ∧ b2 ∧ b3 +⋯ ∈ E3, (1.55)

𝝅 = 𝜶1 ∧ 𝜶2 ∧ 𝜶3 + 𝜷1 ∧ 𝜷2 ∧ 𝜷3 +⋯ ∈ F3. (1.56)
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They will be denoted by lowercase Latin and Greek characters taken, if
possible, from the end of the alphabets. Quadrivectors and four-forms
can be constructed as

qN = a1 ∧ a2 ∧ a3 ∧ a4 + b1 ∧ b2 ∧ b3 ∧ b4 +⋯ ∈ E4, (1.57)

𝜿N = 𝜶1 ∧ 𝜶2 ∧ 𝜶3 ∧ 𝜶4 + 𝜷1 ∧ 𝜷2 ∧ 𝜷3 ∧ 𝜷4 +⋯ ∈ F4. (1.58)

The subscript N denoting the quadri-index N = 1234 is used to mark a
quadrivector or a four-form.

Because the space of vectors is 4D, there are no multivectors of
higher order than four. In fact, because any vector a5 can be expressed as
a linear combination of a basis a1 … a4 satisfying a1 ∧ a2 ∧ a3 ∧ a4 ≠ 0,
as will be shown below, we have a1 ∧ a2 ∧ a3 ∧ a4 ∧ a5 = 0. The spaces
of trivectors and three-forms are 4D and, those of quadrivectors and
four-forms, one dimensional.

1.3.1 Basis of Multivectors

The vector basis {ei} induces the trivector basis

e123 = e1 ∧ e2 ∧ e3, e234 = e23 ∧ e4 = e2 ∧ e3 ∧ e4,

e314 = e31 ∧ e4 = e3 ∧ e1 ∧ e4, e124 = e12 ∧ e4 = e1 ∧ e2 ∧ e4, (1.59)

whence the space of trivectors is 4D. There is only a single basis
quadrivector denoted by

eN = e1234 = e1 ∧ e2 ∧ e3 ∧ e4, (1.60)

based upon the vector basis. Similar definitions apply for the basis three-
forms 𝜺ijk = 𝜺i ∧ 𝜺j ∧ 𝜺k and the basis four-form 𝜺N = 𝜺1234 = 𝜺1 ∧ 𝜺2 ∧
𝜺3 ∧ 𝜺4.

Recalling the definition of the complementary bi-index (1.26),
(1.27), and applying the antisymmetry of the wedge product we obtain

e23 ∧ eK(23) = e23 ∧ e14 = e2 ∧ e3 ∧ e1 ∧ e4 = e1234 = eN . (1.61)

More generally, we can write

eJ ∧ eK(J) = eK(J) ∧ eJ = eN . (1.62)

Defining the bi-index Kronecker delta by

𝛿I,J = 0, I ≠ J, 𝛿I,J = 1, I = J, (1.63)
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we can write even more generally,

eI ∧ eJ = 𝛿I,K(J)eN . (1.64)

This means that, unless I equals K(J), that is, J equals K(I), the wedge
product yields zero.

1.3.2 Bar Product of Multivectors and Multiforms

Extending the bar product to multivectors and multiforms, we can define
the orthogonality relations for the reciprocal basis multivector and mul-
tiforms as

eijk|𝜺rst = 𝛿i,r𝛿j,s𝛿k,t, (1.65)

eijk𝓁|𝜺rstu = 𝛿i,r𝛿j,s𝛿k,t𝛿𝓁,u, (1.66)

when the indices are ordered. From the antisymmetry of the wedge
product we obtain the expansion rules

(a ∧ b ∧ c)|(𝜶 ∧ 𝜷 ∧ 𝜸) = det
⎛⎜⎜⎝
a|𝜶 a|𝜷 a|𝜸
b|𝜶 b|𝜷 b|𝜸
c|𝜶 c|𝜷 c|𝜸

⎞⎟⎟⎠ , (1.67)

(a ∧ b ∧ c ∧ d)|(𝜶 ∧ 𝜷 ∧ 𝜸 ∧ 𝜹) = det

⎛⎜⎜⎜⎝
a|𝜶 a|𝜷 a|𝜸 a|𝜹
b|𝜶 b|𝜷 b|𝜸 b|𝜹
c|𝜶 c|𝜷 c|𝜸 c|𝜹
d|𝜶 d|𝜷 d|𝜸 d|𝜹

⎞⎟⎟⎟⎠ . (1.68)

All quadrivectors are multiples of a given basis quadrivector eN and
all four-forms are multiples of a given basis four-form 𝜺N :

qN = qeN , 𝜿N = 𝜅𝜺N , (1.69)

with

q = qN|𝜺N , 𝜅 = eN|𝜿N . (1.70)

Applying the expansion rule for the determinant in (1.67), we can
expand the bar product

(a ∧ b ∧ c)|(𝜶 ∧ 𝜷 ∧ 𝜸) = a|𝜶 det

(
b|𝜷 b|𝜸
c|𝜷 c|𝜸

)
− a|𝜷 det

(
b|𝜶 b|𝜸
c|𝜶 c|𝜸

)
+ a|𝜸 det

(
b|𝜶 b|𝜷
c|𝜶 c|𝜷

)
, (1.71)
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whence from (1.33) we obtain the rule

(a ∧ b ∧ c)|(𝜶 ∧ 𝜷 ∧ 𝜸) = (a|𝜶)(b ∧ c)|(𝜷 ∧ 𝜸) + (a|𝜷)(b ∧ c)|(𝜸 ∧ 𝜶)

+ (a|𝜸)(b ∧ c)|(𝜶 ∧ 𝜷)]. (1.72)

1.3.3 Contraction of Trivectors and Three-Forms

Defining the contraction of a three-form by a bivector as arising from

(a ∧ b ∧ c)|(𝜶 ∧ 𝜷 ∧ 𝜸) = a|((b ∧ c)⌋(𝜶 ∧ 𝜷 ∧ 𝜸))

= ((𝜶 ∧ 𝜷 ∧ 𝜸)⌊(b ∧ c))|a, (1.73)

from (1.72) we obtain the expansion rule

(b ∧ c)⌋(𝜶 ∧ 𝜷 ∧ 𝜸) = (𝜶 ∧ 𝜷 ∧ 𝜸)⌊(b ∧ c)

= ((b ∧ c)|(𝜷 ∧ 𝜸))𝜶 + ((b ∧ c)|(𝜸 ∧ 𝜶))𝜷 + ((b ∧ c)|(𝜶 ∧ 𝜷))𝜸.

(1.74)

From this it follows that if the three one-forms satisfy 𝜶 ∧ 𝜷 ∧ 𝜸 = 0,
they must be linearly dependent.

Rewriting (1.72) in the form

(b ∧ c)|(a⌋(𝜶 ∧ 𝜷 ∧ 𝜸)) = ((𝜶 ∧ 𝜷 ∧ 𝜸)⌊a)|(b ∧ c)

= (b ∧ c)|[(𝜷 ∧ 𝜸)a|𝜶 + (𝜸 ∧ 𝜶)a|𝜷 + (𝜶 ∧ 𝜷)a|𝜸], (1.75)

which remains valid when b ∧ c is replaced by any bivector A because of
linearity, we obtain another contraction rule for contracting a three-form
by a vector,

a⌋(𝜶 ∧ 𝜷 ∧ 𝜸) = (𝜶 ∧ 𝜷 ∧ 𝜸)⌊a

= (a|𝜶)(𝜷 ∧ 𝜸) + (a|𝜷)(𝜸 ∧ 𝜶) + (a|𝜸)(𝜶 ∧ 𝜷). (1.76)

If 𝜶 ∧ 𝜷 ∧ 𝜸 = 0, the three two-forms 𝜷 ∧ 𝜸, 𝜸 ∧ 𝜶, and 𝜶 ∧ 𝜷 must be
linearly dependent, which also follows from the linear dependence of
the three one-forms.

The contraction rules (1.74) and (1.76) are similar to the bac-cab
rule (1.43) and they can be easily memorized because of the cyclic
symmetry. Other similar forms are obtained by replacing vectors by
one-forms and one-forms by vectors in (1.74) and (1.76). Commutation
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rules for the contraction product can be summarized as

𝜶⌋k = k⌊𝜶, 𝚽⌋k = k⌊𝚽, (1.77)

a⌋𝝅 = 𝝅⌊a, A⌋𝝅 = 𝝅⌊A. (1.78)

Here, a is a vector, A is a bivector and k is a trivector while 𝜶 is a
one-form, 𝚽 is a two-form and 𝝅 is a three-form. Useful rules for the
contraction operations involving basis trivectors and three-forms can be
formed as

ejk⌋𝜺ijk = ej⌋𝜺ij = 𝜺i, (1.79)

ek⌋𝜺ijk = 𝜺ij, (1.80)

showing how similar indices are canceled in contraction operations.

1.3.4 Contraction of Quadrivectors and Four-Forms

Following the same path of reasoning, starting from (1.68) we can
expand the contraction of a four-form by a trivector

(b ∧ c ∧ d)⌋(𝜶 ∧ 𝜷 ∧ 𝜸 ∧ 𝜹) = −(𝜶 ∧ 𝜷 ∧ 𝜸 ∧ 𝜹)⌊(b ∧ c ∧ d)

= −(b ∧ c ∧ d)|(𝜶 ∧ 𝜷 ∧ 𝜸)𝜹 + (b ∧ c ∧ d)|(𝜷 ∧ 𝜸 ∧ 𝜹)𝜶

+ (b ∧ c ∧ d)|(𝜸 ∧ 𝜶 ∧ 𝜹)𝜷 + (b ∧ c ∧ d)|(𝜶 ∧ 𝜷 ∧ 𝜹)𝜸, (1.81)

the contraction of a four-form by a bivector,

(c ∧ d)⌋(𝜶 ∧ 𝜷 ∧ 𝜸 ∧ 𝜹) = (𝜶 ∧ 𝜷 ∧ 𝜸 ∧ 𝜹)⌊(c ∧ d)

= (c ∧ d)|(𝜷 ∧ 𝜸)(𝜶 ∧ 𝜹) + (c ∧ d)|(𝜷 ∧ 𝜶)(𝜸 ∧ 𝜹)

+ (c ∧ d)|(𝜸 ∧ 𝜶)(𝜷 ∧ 𝜹) + (c ∧ d)|(𝜸 ∧ 𝜹)(𝜶 ∧ 𝜷)

+ (c ∧ d)|(𝜶 ∧ 𝜹)(𝜷 ∧ 𝜸) + (c ∧ d)|(𝜷 ∧ 𝜹)(𝜸 ∧ 𝜶), (1.82)

and the contraction of a four-form by a vector,

d⌋(𝜶 ∧ 𝜷 ∧ 𝜸 ∧ 𝜹) = −(𝜶 ∧ 𝜷 ∧ 𝜸 ∧ 𝜹)⌊d

= (d|𝜶)(𝜷 ∧ 𝜸 ∧ 𝜹) + (d|𝜷)(𝜸 ∧ 𝜶 ∧ 𝜹)

+ (d|𝜸)(𝜶 ∧ 𝜷 ∧ 𝜹) − (d|𝜹)(𝜶 ∧ 𝜷 ∧ 𝜸). (1.83)

The above expressions appear invariant to cyclic permutation of the
one-forms 𝜶,𝜷, 𝜸, which may help in memorizing and checking the
formulas.

If 𝜶 ∧ 𝜷 ∧ 𝜸 ∧ 𝜹 = 0, from (1.81) it follows that the four one-forms
are linearly dependent, from (1.82) it further follows that also the six
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two-forms are linearly dependent and from (1.83) it follows that the four
three-forms are linearly dependent. The contraction of a four-form 𝜿N
or quadrivector qN obeys the commutation rules

a⌋𝜿N = −𝜿N⌊a, 𝜶⌋qN = −qN⌊𝜶, (1.84)

A⌋𝜿N = 𝜿N⌊A, 𝚽⌋qN = qN⌊𝚽, (1.85)

k⌋𝜿N = −𝜿N⌊k, 𝝅⌋qN = −qN⌊𝝅, (1.86)

Equations (1.81)–(1.83) imply the following contraction rules for the
basis multivectors and multiforms:

e𝓁⌋𝜺ijk𝓁 = 𝜺ijk, eijk𝓁⌊𝜺i = ejk𝓁 (1.87)

ek𝓁⌋𝜺ijk𝓁 = 𝜺ij, eijk𝓁⌊𝜺ij = ek𝓁 (1.88)

ejk𝓁⌋𝜺ijk𝓁 = 𝜺i, eijk𝓁⌊𝜺ijk = e𝓁, (1.89)

which can be applied for canceling indices in expressions involving
contraction of basis multivectors and multiforms. From (1.81) to (1.83)
we can see that contraction of a four-form can be applied to transform
vectors to three-forms, bivectors to two-forms and trivectors to one-
forms and conversely. The converse cases can be obtained by applying
the rules

eN⌊(𝜺N⌊a) = (a⌋𝜺N)⌋eN = −a, (1.90)

eN⌊(𝜺N⌊A) = (A⌋𝜺N)⌋eN = A, (1.91)

eN⌊(𝜺N⌊k) = (k⌋𝜺N)⌋eN = −k. (1.92)

1.3.5 Construction of Reciprocal Basis

Given a set of basis vectors ai, i = 1,… , 4, and a four-form 𝜿N , we can
form the reciprocal one-form basis as

𝜶i =
aK(i)⌋𝜿N

aN|𝜿N
, (1.93)

where the aK(i) are four three-forms defined by

aK(1) = a234, aK(2) = a314, aK(3) = a124, aK(4) = −a123. (1.94)

satisfying

aj ∧ aK(i) = −aK(i) ∧ aj = aN𝛿i,j. (1.95)
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The rule (1.93) is easily checked:

aj|𝜶i =
(aj ∧ aK(i))|𝜿N

aN|𝜿N
= 𝛿i,j. (1.96)

When the indices are ordered in the above sense, we can define the
two-form basis reciprocal to {aij} as

𝜶ij =
aK(ij)⌋𝜿N

aN|𝜿N
. (1.97)

In fact, from (1.64) we have

ak𝓁|𝜶ij =
(ak𝓁 ∧ aK(ij))|𝜿N

aN|𝜿N
= 𝛿i,k𝛿j,𝓁. (1.98)

Because all four-forms are equal except for a scalar factor, the definitions
are independent of the chosen four-form 𝜿N .

1.3.6 Contraction of Quintivector

Because any quintivector Q = a ∧ b ∧ c ∧ d ∧ e based on the 4D vector
space vanishes, continuing the previous pattern by expanding the con-
traction 𝜿N⌋Q we can obtain the following relation between the five
vectors:

a(b ∧ c ∧ d ∧ e)|𝜿N − b(a ∧ c ∧ d ∧ e)|𝜿N + c(a ∧ b ∧ d ∧ e)|𝜿N

−d(a ∧ b ∧ c ∧ e)|𝜿N + e(a ∧ b ∧ c ∧ d)|𝜿N = 0. (1.99)

Assuming that the four vectors a⋯ d are linearly independent, we have
(a ∧ b ∧ c ∧ d)|𝜿N ≠ 0, whence from (1.99) we obtain a rule how a
given vector e can be expressed as a linear combination of the other four
vectors.

1.3.7 Generalized Bac-Cab Rules

From the expansions of the previous sections we can derive useful oper-
ational rules similar to the bac-cab rule (1.43) involving more general
bivectors or two-forms. Let us start from (1.74) which can be written as

(b ∧ c)⌋(𝜶 ∧ 𝜷 ∧ 𝜸) = 𝜷(b ∧ c)|(𝜸 ∧ 𝜶) + 𝜶(f|𝜸) − 𝜸(f|𝜶), (1.100)
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where we denote for brevity

f = (b ∧ c)⌊𝜷. (1.101)

Applying the bac-cab rule (1.43) as

𝜶(f|𝜸) − 𝜸(f|𝜶) = f⌋(𝜶 ∧ 𝜸), (1.102)

(1.100) can be rewritten in the form

(b ∧ c)⌋(𝜶 ∧ 𝜷 ∧ 𝜸) = 𝜷(b ∧ c)|(𝜸 ∧ 𝜶) + (𝜸 ∧ 𝜶)⌊((b ∧ c)⌊𝜷). (1.103)

Since this identity, valid for any vectors b, c and one-forms 𝜶,𝜷, 𝜸, is
linear in the simple bivector b ∧ c it remains valid if we replace b ∧ c
by a sum of bivector products

∑
i bi ∧ ci. Thus, it is actually valid if we

replace b ∧ c by the general bivector A. Similarly, since the expression is
linear in the two-form 𝜸 ∧ 𝜶, it can be replaced by the general two-form
𝚪. Thus, we have arrived at the more general operational rule

A⌋(𝜷 ∧ 𝚪) = 𝜷(A|𝚪) + 𝚪⌊(A⌊𝜷), (1.104)

which is another bac-cab rule valid for any bivector A, one-form 𝜷

and two-form 𝚪. A sister formula is obtained immediately by swapping
vectors and forms as

𝚪⌋(b ∧ A) = b(𝚪|A) + A⌊(𝚪⌊b). (1.105)

Through similar considerations we can derive the following bac-cab
rules valid for any bivectors B, C, vector b and one-form 𝜶:

𝜶⌋(b ∧ C) = b ∧ (𝜶⌋C) + C(𝜶|b), (1.106)

𝜶⌋(B ∧ C) = B ∧ (𝜶⌋C) + C ∧ (𝜶⌋B). (1.107)

Equation (1.106) can be used to define a decomposition for a given
bivector B in two components defined by a given vector a and one-form
𝜶 satisfying a|𝜶 ≠ 0 as

B = B∥ + B⟂, a ∧ B∥ = 0, 𝜶⌋B⟂ = 0. (1.108)

The components can be identified from the rule (1.106) as

B∥ = −
a ∧ (𝜶⌋B)

a|𝜶 , B⟂ =
𝜶⌋(a ∧ B)

a|𝜶 . (1.109)
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1.4 SOME PROPERTIES OF BIVECTORS
AND TWO-FORMS

Bivectors and two-forms play very central roles in electromagnetics. Let
us consider some of their properties.

1.4.1 Bivector Invariant

Two bivectors commute in the wedge product,

A ∧ B = B ∧ A, (1.110)

and the result is a quadrivector. Any bivector A has a quadrivector-valued
quadratic invariant which can be defined as

A∧ = 1
2

A ∧ A. (1.111)

For a vector representation in terms of four vectors

A = a ∧ b + c ∧ d, (1.112)

the invariant has the form

A∧ = a ∧ b ∧ c ∧ d. (1.113)

Inserting an expansion in a vector basis {ei} we obtain

A∧ = 1
2

(A12e12 + A23e23 +⋯) ∧ (A12e12 + A23e23 +⋯)

= (A12A34 + A23A14 + A31A24)eN . (1.114)

Alternatively, we can write

A∧ = 1
2

∑
AIeI ∧

∑
AJeJ =

1
2

∑
AIAK(I)eN , (1.115)

where summing goes over the ordered bi-indices. Obviously, the
quadrivector invariant of a simple bivector vanishes,

(a ∧ b)∧ = 0. (1.116)

The converse is also true: if a bivector satisfies A∧ = 0, it must be
simple. A corresponding invariant can be defined for two-forms with
similar properties.
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1.4.2 Natural Dot Product

A bivector A is mapped to a two-form by a four-form 𝜺N and a two-form
𝚪 is mapped by a quadrivector eN to a bivector as

𝚪 = 𝜺N⌊A, A = eN⌊𝚪. (1.117)

A natural dot product for two bivectors A, B can be defined by

A ⋅ B = A|(𝜺N⌊B) = 𝜺N|(A ∧ B) = B ⋅ A, (1.118)

which yields a scalar. Similarly, a dot product for two two-forms is
defined by

𝚪 ⋅ 𝚲 = 𝚪|(eN⌊𝚲) = eN|(𝚪 ∧ 𝚲) = 𝚲 ⋅ 𝚪. (1.119)

Here one must note that the magnitude and sign of the scalars depend
on the choice of the quadrivector eN and the reciprocal four-form 𝜺N . A
bivector A is simple exactly when A ⋅ A = 0 and a two-form 𝚪 is simple
when 𝚪 ⋅ 𝚪 = 0.

1.4.3 Bivector as Mapping

A given bivector G maps one-forms 𝜶 to vectors a as

G⌊𝜶 = a. (1.120)

The mapping may have an inverse of the form

𝚪⌊a = 𝜶. (1.121)

To find the two-form 𝚪 for a given bivector G we can first apply the
bac-cab rule (1.107) which for C = B = G can be rewritten as

G ∧ (𝜶⌋G) = 1
2
𝜶⌋(G ∧ G) = 𝜶⌋G∧ = 𝜶⌋eN(𝜺N|G∧)

= −eN⌊𝜶(𝜺N|G∧). (1.122)

On the other hand from (1.120) we have

G ∧ (𝜶⌋G) = −G ∧ (G⌊𝜶) = −G ∧ a, (1.123)

whence the two mappings are related by

eN⌊𝜶(𝜺N|G∧) = G ∧ a. (1.124)
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Operating this by 𝜺N⌊ and applying (1.90) we obtain

𝜶(𝜺N|G∧) = −𝜺N⌊(G ∧ a) = −(𝜺N⌊G)⌊a. (1.125)

Comparing with (1.121) we can now find the two-form 𝚪 as

𝚪 = −
𝜺N⌊G

𝜺N|G∧ . (1.126)

Obviously, this is valid only when the bivector G is not simple,
G ∧ G ≠ 0.

PROBLEMS

1.1 Show that for 𝛼𝛽 ≠ 0 the linear combination 𝛼A + 𝛽B of two
simple bivectors A and B is simple exactly when A ∧ B = 0 is
valid.

1.2 Assuming a nonsimple bivector C, show that, for a given simple
bivector A satisfying A ∧ C ≠ 0, we can find another simple
bivector B and a scalar 𝛼 so that we can express C = 𝛼A + B.
This proves that any bivector is either simple or it can be expressed
as a sum of two simple bivectors.

1.3 Expressing a bivector in terms of a given vector basis ai as B =∑
Bijai ∧ aj, i < j, find the relation between the coefficients Bij

so that B is simple.

1.4 Assuming A, a simple bivector, and B a nonsimple bivector, using
basis expansions find the condition for B satisfying A ∧ B = 0.

1.5 Show that for a bivector C and one-form 𝜷 the condition 𝜷⌋C = 0
implies that either 𝜷 = 0 or C is simple.

1.6 Assuming two simple bivectors A and B, show that if they satisfy
A ∧ B = 0, there exist vectors a, b, c so that we can write A =
a ∧ c and B = b ∧ c.

1.7 Show that a linear combination of two nonsimple bivectors can
be so defined that it is a simple bivector.

1.8 Prove that if A is a simple bivector, 𝚽 = 𝜺N⌊A is a simple two-
form.
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1.9 Find the one-form 𝜶 solution for the equation

A⌊𝜶 = a,

when A is a given nonsimple bivector and a is a given vector. Hint:
write A = e1 ∧ e2 + e3 ∧ e4 where ei form a basis and expand
a =

∑
aiei, 𝜶 =

∑
𝛼j𝜺j when 𝜺j is the reciprocal basis.

1.10 Derive the identity

(A ∧ A)⌊𝖨T = 2A ∧ (A⌊𝖨T)

for a nonsimple bivector A and apply it for the solution of the
equation of the previous problem. Hint: define A = e1 ∧ e2 + e3 ∧
e4 in terms of basis vectors ei.

1.11 Show that if a bivector A satisfies

A⌊𝜶 = 0, A⌊𝜷 = 0

for two one-forms satisfying 𝜶 ∧ 𝜷 ≠ 0, it can be represented as

A = kN⌊(𝜶 ∧ 𝜷)

in terms of some quadrivector kN .

1.12 Defining six nonsimple bivectors in terms of simple basis bivec-
tors eij as

E1 = e12 + e34, E2 = e23 + e14, E3 = e31 + e24,

E4 = e12 − e34, E5 = e23 − e14, E6 = e31 − e24,

show that they form a basis, that is, any bivector can be expanded
as

A =
∑

AiEi,

and that they are orthogonal in the dot product Ei ⋅ Ej =
𝜺N|(Ai ∧ Aj).

1.13 Derive (1.106) and (1.107).

1.14 Find the most general bivector B satisfying

a ∧ B = 0

for a given vector a.
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1.15 Show that a bivector satisfying the equation

𝜶⌋B = 0

for a given one-form 𝜶 must be of the form

B = 𝜶⌋k,

where k may be any trivector. Show also that B must be simple
bivector.

1.16 Derive the identity

𝜶⌋(k ∧ a) = a ∧ (𝜶⌋k) + (𝜶|a)k,

where 𝜶 is a one-form, a is a vector and k is a trivector. Show
that it is possible to decompose any trivector as k = k𝛼 + ka in
terms of two trivectors satisfying 𝜶⌋k𝛼 = 0 and a ∧ ka = 0 when
a and 𝜶 are two given quantities satisfying a|𝜶 ≠ 0.

1.17 Derive the identity

eN⌊(𝜶 ∧𝚿) = −𝜶⌋(eN⌊𝚿)

valid for any one-form 𝜶 and two-form 𝚿.

1.18 Derive the identity

(𝜺N⌊k)⌋A = (𝜺N⌊A)⌋k,

valid for any bivector A ∈ E2 and trivector k ∈ E3. Check the
identity for k = e234, A = e12.

1.19 Find solutions X to the bivector equation A ∧ X = 0 when A
satisfies A ∧ A ≠ 0.

1.20 Show that any simple bivector a ∧ b can be expressed in the form
cs ∧ d where c is a spatial vector and d another vector. Assume
𝜺4|a ≠ 0 and 𝜺4|b ≠ 0.


