Basic Reliability Concepts and Models

1.1 Introduction

Reliability is a statistical approach to describing the dependability and the ability of a
system or component to function under stated conditions for a specified period of time
in the presence of uncertainty. In this chapter, we provide the statistical definition of
reliability, and further introduce the concepts of failure rate, hazard rate, bathtub curve,
and their relation with the reliability function. We also present several lifetime metrics
that are commonly used in industry, such as mean time between failures, mean time
to failure, and mean time to repair. For repairable systems, failure intensity rate, mean
time between replacements and system availability are the primary reliability measures.
The role of line replaceable unit and consumable items in the repairable system is also
elaborated. Finally, we discuss the parametric models commonly used for lifetime pre-
diction and failure analysis, which include Bernoulli, binomial, Poisson, exponential,
Weibull, normal, lognormal, and gamma distributions. The chapter is concluded with
the reliability inference using Bayesian theory and Markov models.

1.2 Reliability Definition and Hazard Rate

1.2.1 Managing Reliability for Product Lifecycle

Reliability engineering is an interdisciplinary field that studies, evaluates, and manages
the lifetime performance of components and systems, such as automobile, wind tur-
bines (WTs), aircraft, Internet, medical devices, power system, and radars, among many
others (Blischke and Murthy 2000; Chowdhury and Koval 2009). These systems and
equipment are widely used in commercial and defense sectors, ranging from manufac-
turing, energy, transportation, healthcare, communication, and military operations.
The lifecycle of a product typically consist of five phases: design/development, new
product introduction, volume shipment, market saturation, and phase-out. Figure 1.1
depicts the inter-dependency of five phases. Reliability plays a dual role across the lifecy-
cle of a product: reliability as engineering (RAE) and reliability as services (RASs). RAE
encompasses reliability design, reliability growth planning, and warranty and mainte-
nance. RAS concentrates on the planning and management of a repairable inventory
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Figure 1.1 The role of reliability in the lifecycle of a product.

system, spare parts supply, and recycling and remanufacturing of end-of-life products.
RAE and RAS have been studied intensively, but often separately in reliability engineer-
ing and operations management communities. The merge of RAE and RAS is driven
primarily by the intense global competition, compressed product design cycle, supply
chain volatility, environmental sustainability, and changing customer needs. There is
a growing trend that RAE and RAS will be seamlessly integrated under the so-called
product-service system, which offers a bundled reliability solution to the customers.
This book aims to present an integrated framework that allows the product manufac-
turer to develop and market reliable products with low cost from a product’s lifecycle
perspective.

In many industries, reliability engineers are affiliated with a quality control group,
engineering design team, supply chain logistics, and after-sales service group. Due to the
complexity of a product, reliability engineers often work in a cross-functional setting in
terms of defining the product reliability goal, advising corrective actions, and planning
spare parts. When a new product is introduced to the market, the initial reliability could
be far below the design target due to infant mortality, variable usage, latent failures, and
other uncertainties. Reliability engineers must work with the hardware and software
engineers, component purchasing group, manufacturing and operations department,
field support and repair technicians, logistics and inventory planners, and marketing
team to identify and eliminate the key root causes in a timely, yet cost-effective manner.
Hence, a reliability engineer requires a wide array of skill sets ranging from engineering,
physics, mathematics, statistics, and operations research to business management. Last
but not the least, a reliability engineer must possess strong communication capability
in order to lead initiatives for corrective actions, resolve conflicting goals among dif-
ferent organization units, and make valuable contributions to product design, volume
production, and after-sales support.

1.2.2 Reliability Is a Probabilistic Measure

Reliability is defined as the ability of a system or component to perform its required
functions under stated conditions for a specified period of time (Elsayed 2012; O’Connor
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2012). It is often measured as a probability of failure or a possibility of availability. Let T’
be a non-negative random variable representing the lifetime of a system or component.
Then the reliability function, denoted as R(t), is expressed as

Rt)=P{T>t}, fort=0 (1.2.1)

It is the probability that 7" exceeds an expected lifetime ¢ which is typically specified
by the manufacturer or customer. For example, in the renewable energy industry, the
owner of the solar park would like to know the reliability of the photovoltaic (PV) sys-
tem at the end of £ = 20 years. Then the reliability of the solar photovoltaic system can be
expressed as R(20) = P{T > 20}. As another example, as more electric vehicles (EVs)
enter the market, the consumers are concerned about the reliability of the battery once
the cumulative mileage reaches 100 000 km. In that case, £ = 100 000 km and the reliabil-
ity of the EV battery can be expressed as R(100 000) = P {7 > 100000}. Depending on
the actual usage profile, the lifetime 7 can stand for a product’s calendar age, mileage,
or charge—recharge cycles (e.g. EV battery). The key elements in the definition of Eq.
(1.2.1) are highlighted below.

e Reliability is predicted based on “intended function” or “operation” without failure.
However, if individual parts are good but the system as a whole does not achieve
the intended performance, then it is still classified as a failure. For instance, a solar
photovoltaic system has no power output in the night. Therefore, the reliability of
energy supply is zero even if solar panels and DC—AC inverters are good.

o Reliability is restricted to operation under explicitly defined conditions. It is virtually
impossible to design a system for unlimited conditions. An EV will have different
operating conditions than a battery-powered golf car even if they are powered by the
same type of battery. The operating condition and surrounding environment must be
addressed during design and testing of a new product.

e Reliability applies to a specified period of time. This means that any system eventually
will fail. Reliability engineering ensures that the system with a specified chance will
operate without failure before time ¢.

The relationship between the time-to-failure distribution F(¢) and the reliability func-
tion R(¢) is governed by

F(t)=1-R(t)=1—-P{T >t} (1.2.2)

In statistics, F(¢) is also referred to as the cumulative distribution function (CDF).
Let f(¢) be the probability density function (PDF); the relation between R(¢) and f(¢)
is given as follows:

[ t
R(t) = / f)dx=1- / F(x)dx (1.2.3)
t 0

Example 1.1 High transportation reliability is critical to our society because of
increasing mobility of human beings. Between 2008 and 2016 China has built the
world’s longest high-speed rail with a total length of 25 000 km. The annual ridership is
three billion on average. Since the inception, the cumulative death toll is 40 as of 2016
(Wikipedia 2017). Hence the annual death rate is 40/(2016 — 2008) = 5. The reliability
of the ridership is 1 —5/(3 x 10°) = 0.999 999 998. As another example, according to
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the Aviation Safety Network (ASN 2017), 2016 is the second safest year on record with
325 deaths. Given 3.5 billion passengers flying in the air in that year, the reliability of
airplane ridership is 1 —325/(3.5 x 10%) = 0.999 999 91. This example shows that both
transportation systems achieve super reliable ridership with eight “9”s for high-speed
rail and seven “9”s in civil aviation.

1.2.3 Failure Rate and Hazard Rate Function

Let ¢t be the start of an interval and At be the length of the interval. Given that the
system is functioning at time ¢, the probability that the system will fail in the interval of
(¢, t + At] is
Plt<T<t+At, T>t} P{t<T<t+ At}
P{T >t} B P{T >t}
_ R(t) — R(t + At)
- R(t)

The result is derived based on the Bayes theorem by realizing P{A, B} = P{A}, where
A is the event that the system fails in the interval [¢, £ + Az] and B is the event that the
system survives through .

The failure rate, denoted as z(¢), is defined in a time interval [£, t + A¢] as the probability
that a failure per unit time occurs in that interval given that the system has survived up
to t. That is,

_P{t<T<t+At|T>t} R)—R(t+AD)
a (t+AD)—t - AtR(t)

Although the failure rate z(¢) in Eq. (1.2.5) is often thought of as the probability that
a failure occurs in a specified interval like [¢, ¢ + At] given no failure before time ¢, it
is indeed not a probability because z(f) can exceed 1. For instance, given R(¢) = 0.5,
R(t + At) = 0.4, and At =0.1, then z(¢) = 2 failures per unit time. Hence, the failure rate
represents the frequency with which a system or component fails and is expressed in
failures per unit time. The actual failure rate of a product or system is closely related to
the operating environment and customer usage (Cai et al. 2011).

P{t<T<t+At|T>t}=

(1.2.4)

z(t)

(1.2.5)

Example 1.2 A lithium-ion battery is a rechargeable energy storage device widely used
in electric transportation and utility power storage. The maximum state of charge (SOC)
is commonly used to measure the lifetime of a rechargeable battery. The battery fails if
the maximum SOC drops below 80% of its initial value. Assume a vehicle operates for
100 000 km and 110 000 km, the probabilities that the maximum SOC of a lithium-ion
battery remains above 80% are 0.95 and 0.9, respectively. According to Eq. (1.2.5), the
battery failure rate in [100 000, 110 000] can be estimated as

z(t) = 0.95 — 0.9 =5.26 X 107° failures/km
(110000 — 100 000) x 0.95
The hazard function, also known as the instantaneous failure rate, is defined as the
limit of the failure rate as At approaches zero. It is a rate per unit time similar to reading
a car speedometer at a particular instant and seeing 100 km/hour. In the next instant

the hazard rate may change and the testing units that have already failed have no impact




Basic Reliability Concepts and Models | 5

because only the survivors count. By taking the limit of At to zero in Eq. (1.2.5), the
hazard rate function /(t) is obtained as follows:

. R(t)— R(t + A1) 1 .. R+ A —R®)
at)=lm ——=—— lim —————=
At—0 ALR(t) R(t) At=0 At
1 drR@)  f(©)
= X — = —
R(t) dt R(t)
Equation (1.2.6) represents an important result as it governs the relation between
h(t), f(t), and R(z). Alternatively, from Eq. (1.2.6), the reliability function R(¢) can be
expressed as

(1.2.6)

t
R(t) = exp —/ h(x)dx> (1.2.7)
0

Let us denote H(t) as the cumulative hazard rate function; then

H(t)=/ h(x)dx (1.2.8)
0

By substituting Eq. (1.2.8) into (1.2.7), the reliability function R(f) can also be
expressed as

R(t) = exp(—H(t)) (1.2.9)

The failure rate and hazard rate are often used interchangeable in reliability literature
and industry applications for modeling non-repairable systems. Both metrics are also
applicable to repairable systems in which individual components are non-repairable. In
addition, the values of the hazard rate and failure rate are always non-negative.

1.2.4 Bathtub Hazard Rate Curve

As the name implies, the bathtub hazard rate curve is derived from the cross-sectional
shape of a bathtub. As shown in Figure 1.2, the bathtub curve consists of three different
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Figure 1.2 Bathtub hazard rate curve.
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types of hazard rate profiles: (i) early infant mortality failures when the product is ini-
tially introduced; (ii) the constant rate during its useful period; and (iii) the increasing
rate of wear-out or degradation failures as the product continues to operate at the end
or beyond its design lifetime.

In military and consumer electronics industries, the infant mortality is often burned
out or eliminated through the so-called environmental screening process. Namely, prior
to the customer shipment, the products are tested under harsher operating conditions
(e.g. temperature, humidity, vibration, and electric voltage) for a designated period of
time in order to filter the weak units from the product pool. This process is adopted
mainly for mission or safety critical applications as it greatly reduces the possibility of
occurrence of system failures in its early life. While the bathtub curve is useful, not every
product or system follows a bathtub type of hazard rate profile. For example, if units are
decommissioned earlier or their usage has decreased steadily during or before the onset
of the wear-out period, they will exhibit fewer failures per unit time over the chrono-
logical or calendar time (not per unit of use time) than the bathtub curve. Another case
is the software products that may experience an infant mortality phase and then stabi-
lized at a low constant hazard rate after extensive debugging and testing. This means the
software product usually does not have a wear-out phase unless the hardware that runs
the software application has been changed.

Example 1.3 Electronic devices usually exhibit a bathtub hazard rate profile as shown
in Figure 1.2. Assume the hazard rate function is given as follows, where ¢ is in units of
months:
0.1 — 0.004¢, 0<t<10
h(t) =40.06, 10 <t < 100
0.06 + 0.002(¢ — 100), ¢ > 100

Find H(¢) and R(¢) for three phases, respectively.

Solution:
Since Ah(t) changes in different phases, we shall derive the cumulative hazard rate and
the reliability formulas separately.

For 0 <t <10, based on Egs. (1.2.8) and (1.2.9), we have

t t
H(t) = / h(x)dx = / (0.1 — 0.004x)dx = 0.1t — 0.002¢>
0 0

R(t) = exp(—H(t)) = exp(—0.1¢ + 0.002£2)

For 10 < t <100, we have
10 ¢

H® = [ (0.1-0.004x)dx + / 0.06dx = 0.2 + 0.06¢

0 10

R(t) = exp(—H(¢)) = exp(—0.2 — 0.06¢)
For t > 100, we have

10
H(t) = / (0.1 — 0.004x)dx + /
0 1

0

100 t
0.06dx + / [0.06 + 0.002(x — 100)]dx
100

=10.2 — 0.14¢ + 0.001¢2
R(t) = exp(—H(t)) = exp(—10.2 + 0.14¢ — 0.001¢£?)
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Figure 1.3 Reliability and H(r) increases rapidly |,
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Figure 1.3 plots H(¢) and R(¢) for 0 < ¢t < 140. In general, H(¢) always monotonically
increases and R(f) always monastically decreases over time. Notice that H(¢) rapidly
increases after the product enters the wear-out phase for ¢ > 100.

1.2.5 Failure Intensity Rate

A repairable system, if it fails, can be repaired and restored to a good state. This is done by
replacing failed components with good units. As time evolves, the frequency of failures
may increase, decrease, or stay at a constant level depending on the maintenance pol-
icy, the reliability of existing components, and the new components used. Therefore, a
system upon repair can be brought to one of the following conditions: as-good-as-new,
as-good-as-old, and somewhere in between. The failure intensity function is a metric
typically used to measure the occurrence of failures per unit time for a repairable sys-
tem. A distinction shall be made between the hazard rate and the failure intensity rate.
The former is used to characterize the time to the first failure of a component, while the
latter deals with reoccurring failures of the same system. Hence the failure intensity rate
is also referred to as the rate of occurrence of failures (ROCOFs). Let M(t) be accumula-
tive failures (or repairs) that occurred in a repairable system during [0, ¢]. The ROCOF,
denoted as m(t), can be estimated as

m(t) = A@, fort >0 (1.2.10)

The unit of ROCOF is failures per unit time. For example, if a system failed three times
in 300 days, then ROCOF = 3/300 = 0.01 failure/day. Note that failures in a repairable

system may happen on different component types or on the same component types, but
different items.

Example 1.4 Two different repairable systems A and B are chosen to perform a life-
time test for a period of 260 days. Ten failures are observed from each system and their
failure times are listed in Table 1.1. Note that failure interarrival times are the time elapse
between two consecutive failures. Based on Eq. (1.2.10), the ROCOF of each system is
computed and the results are listed in the table as well.

The ROCOF of systems A and B are plotted in Figure 1.4 Both systems experience the
same number of failures in 260 days, but the ROCOF of System A decreases while it
increases for System B. This means the repair effect on System A drives the growth of
the reliability, while the repair effect on System B does not prevent it from degradation.
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Table 1.1 Failure arrival times and ROCOF of two systems.

System A System B
Failure time  Interarrival ROCOF Failure time  Interarrival ROCOF
Failure No.  (days) time (days) (failure/day) (days) time (days) (failure/day)
1 4 4 0.250 82 82 0.012
2 12 8 0.167 116 34 0.017
3 26 14 0.115 142 26 0.021
4 44 18 0.091 165 22 0.024
5 68 24 0.074 184 19 0.027
6 96 28 0.063 201 18 0.030
7 130 34 0.054 218 16 0.032
8 168 38 0.048 233 15 0.034
9 212 44 0.042 247 14 0.036
10 260 48 0.038 260 13 0.038
0.30
0.25 \
0.20 S
53
& \ ystem A
8 0.15 —
(=4
0.10 \\\
0-05 S)’btclll L/\J’/J’__—/
0.00
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Days

Figure 1.4 ROCOF of systems A and B.

The situation of System A is usually observed during the new product design and proto-
type phase because of corrective actions and redesign. The situation of system B happens
when the product enters the wear-out phase and the repair actions simply bring the
system back to as-good-as-old state.

Note that M(¢) in Eq. (1.2.10) is a step function that jumps up each time a failure
occurs and remains at the new level until the next failure. Every system will have its
own observed M(t) function over time. If a number of M(¢) curves are observed from #
similar systems and the curves are averaged, we would have an estimate of M(¢), denoted
as M(t). That is,

M) = / m(x)dx (1.2.11)
0

where m(t) is the ROCOF function for the group of # systems. ROCOF sometimes is also
called the repair rate, which is not to be confused with the length of time for performing
a repair task, which will be discussed in next section.
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1.3 Mean Lifetime and Mean Residual Life

1.3.1 Mean-Time-to-Failure

The mean-time-to-failure (MTTF) is a quantitative metric commonly used to assess
the reliability of non-repairable systems or products. It measures the expected lifetime
of a component or system before it fails. For instance, a solar photovoltaic panel is
considered as a non-repairable system with a typical MTTF between 20 and 30 years.
The MTTF of a tire for commercial vehicles varies between 30000 miles and 60000
miles (1 mile = 1.6km). Since these items are non-repairable upon failure, they are
either discarded or recycled for the environmental protection purpose. In industry,
non-repairable products are also called consumable items.

Let n be the number of non-repairable systems operating in the field. The observed
time-to-failure of an individual system is designated as ¢, ¢,, ..., ¢,,. Then its MTTF can
be estimated by

MTTF =1 Z t, (1.3.1)
mia
If the sample size # is large enough, the time-to-failure distribution for 7' can be
inferred statistically. Then MTTF is equivalent to the expected value of T, namely

MTTF =E[T] = / if (t)de (1.3.2)

0
where f(t) is the PDF of the system life. MTTF can also be expressed as the integration
of R(t) over [0, +o0) by performing the integration by part in Eq. (1.3.2). This results in

MTTF = / ) tf ()dt = / ) R(t)dt (1.3.3)
0 0

Example 1.5 A WT is a complex machine comprised of multiple mechanical and elec-
trical subsystems, including the main bearing, blades, gearbox, and generator, among
others. The main bearing is a key subsystem that assists the conversion of wind kinetic
energy into mechanical energy. The reliability of the main bearing degrades over time
due to wear-out of its rolling balls, and cracks of the inner and outer ring races resulted
from ball rotations and vibrations. The field data shows that the hazard rate function of
the main bearing can be modeled as () = 0.002t failures/year. Estimate: (1) cumulative
hazard function, (2) reliability function, (3) PDF, and (4) MTTE.

Solution:
According to Eq. (1.2.8), the cumulative hazard rate function of the main bearing is

L
H(@) = / 0.002x dx = 0.001£2 (1.3.4)
0

Its reliability function R(¢) can be obtained by substituting H(¢) into Eq. (1.2.9).
That is,

t
R(t) = exp <— / 0.002x dx) = exp(—0.001¢2) (1.3.5)
0
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The PDF is obtained by taking the derivative with respect to ¢ in Eq. (1.3.5) as follows:
dFE(t) d(1—-R() dR(t)
t) = = = —
f® dt dt dt
Finally, the MTTF of the main bearing can be obtained from Eq. (1.3.3) as follows:

= 0.002¢ exp(—0.001£%) (1.3.6)

MTTFE = / e 001 gt ~ 28,025 years (1.3.7)
0

Unfortunately, there is no closed-form solution to Eq. (1.3.7). The result can, however,
be obtained via numerical integration. Figures 1.5-1.8, respectively, depict k(t), H(t),
R(t), and f(¢) of the main bearing of the WT.

1.3.2 Mean-Time-Between-Failures

For a repairable system, the average time between two consecutive failures is character-
ized by the mean-time-between-failures (MTBFs). Both MTBF and MTTF measure the
average uptime of a system, but MTBF is used for repairable systems as opposed to the

Hazard Rate Function of Main Bearing
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Figure 1.5 Hazard rate function of main bearing.
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Figure 1.6 Cumulative hazard rate function of main bearing.
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Figure 1.7 Reliability function of main bearing.
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Figure 1.8 Probability density function of main bearing.

MTTF for non-repairable systems. For instance, tires are considered as a non-repairable
component, and their reliability performance is characterized by MTTF. However, a car
installed with four tires is a repairable system, and the reliability of a car is measured
by MTBE. Let t,, t,, t5,..., ¢, be the interarrival time between two consecutive failures.
Then the MTBF of a repairable system is estimated by

MTBE =X >t (1.3.8)
mia

For instance, starting from day 1, a machine failed in days 9 and 35, respectively.
Assume the repair time is short and negligible; then ¢, =9-0 = 9 days. As another
example, after a car has run for 60 000 km, three failures have been observed. These fail-
ures correspond to one broken tire, a dead battery, and malfunction of one headlight.

Then the MTBF of the car is MTBF = 60 000/3 = 20 000 km.
When estimating the MTBE, the downtime associated with waiting for repair
technicians, spare parts shipping time, failure diagnostics, and administrative delay
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should be excluded. In other words, the MTBF only measures the average uptime when
a repairable system is available for production during two consecutive failures.

1.3.3 Mean-Time-Between-Replacements

For a repairable system comprised of multiple component types, the mean-time-
between-replacements (MTBRs) is a reliability measure associated with a specific
component type. Components of different types can be classified into repairable or
non-repairable unit. For instance, an aircraft landing gear is repairable while the
tires are treated as non-repairable. If components are repairable, they are also known
as a line-replaceable unit (LRU). If components are non-repairable, they are called
a consumable part. For example, modern WTs are a repairable system, and each
turbine typically comprises three blades, a main bearing, a gearbox, a generator, power
electronics, and other control units. Components like the gearbox and generator are
LRUs as they are repairable units. A failed generator after being fixed in the repair shop
can be reused in other WTs. Turbine blades and bearings are treated as consumable
parts. Upon failure, they are discarded or recycled instead of being repaired and reused.

There are two types of replacements depending on whether the component failed
suddenly or has reached its scheduled maintenance age (but not failed). The latter is
called a preventive replacement. Mathematically, MTBR stands for the average time
between two consecutive replacements that consider both failure replacements and
planned replacements. Let ¢, £,, ..., £, be the time-to-failure replacement and let 7, 7,,
..., T,, be the time-to-planned replacement. By referring to the replacement scenarios
in Figure 1.9, the MTBR of a particular component type in a repairable system can be
calculated by

MTBR = m;-l-n <i T+ ;t) (1.3.9)

i=1

In preventive maintenance, the replacement interval is often scheduled in advance
with a fixed length (i.e. 7, = 7 for all i). If the hands-on replacement time is short and
can be ignored, the expected value of MTBR under the constant replacement interval
policy can be obtained as

MTBR = TR(T)+/ i (t)dt =/ R(t)dt (1.3.10)
0 0

Note that 7R(7) captures all scheduled replacement events with fixed interval 7 and
fOT tf (t)dt stands for the failure replacements occurring prior to 7.

1 7 ‘ ] 153 73 ‘
\ L L L time
*
Failure replacement Planned replacement

Figure 1.9 Replacement scenarios for a repairable system.
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1.3.4 Mean Residual Life

In reliability engineering, the expected additional lifetime given that a component or
system has survived until time ¢ is called the mean residual life (Gupta and Bradley 2003).
Let T represent the life of a component or system. The mean residual life, denoted as
L(t), is given as

Lit)=E[T—t|T>t]= /°°(x = Of s ()dx (1.3.11)
t

where f;| (%) is the conditional PDF given that 7' > ¢. The value of L(¢) can be pre-
dicted or estimated based on the historical failure data, and the result is frequently used
for provisioning spare parts supply or allocating repair resources in the repair shop.
The conditional PDF f ;. ,(x) can be expressed as the marginal PDF f(¢) and reliability
function R(¢) as follows:

S ()
fT|th(x) = R(_t) (1.3.12)
Substituting Eq. (1.3.12) into (1.3.11), the mean residual life is obtained as
. S (x) 1 / *
L(t) = X —t)y—dx = — R(x)dx 1.3.13
®) / ( )R(t) RO J, (x) ( )

Example 1.6 'The reliability of an electronic device can be modeled as R(t) =
exp(—0.02 ). Compute: (1) the conditional PDF f;| ;. ,(x) and (2) the mean residual life
given ¢ =10 and 100 hours.

Solution:

(1) The marginal PDF of the lifetime T is obtained as
dR(t)

f(#) = =— = = 0.02exp(~0.002) (1.3.14)

Now substituting Eq. (1.3.14) into (1.3.12) along with R(¢) = exp(—0.02 t), we have
0.02 exp(—0.02x)

fT‘TZt(x) = W =0.02 exp(—OOZ(x - t)), for x >t (1315)
Obviously the conditional PDF is still exponentially distributed with the time being
shifted by ¢.

(2) The mean residual life of this device can be obtained by substituting R(¢) =
exp(—0.02 ¢) into Eq. (1.3.13). That is,

_ 1 ¥ 00 _
L(t) = T /t e dx—t=50 (1.3.16)
For ¢ =10, the mean residual life of this device is 50 hours. For ¢ =100, the mean
residual life is still 50 hours. This result seems contradictory to the intuition. Indeed,
this is due to the memoryless property of exponential distribution. This unique
property will be discussed in Section 1.6.2.
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1.4 System Downtime and Availability

1.4.1 Mean-Time-to-Repair

Mean-time-to-repair (MTTR) represents the time elapse from the moment the system
is down to the moment it is resorted. MTTR encompasses the waiting time for repair
technicians, the lead time of receiving spare parts, failure diagnostics time, hands-on
time for replacing any faulty parts, and other downtime associated with inspections,
testing, or administrative delays. A generic MTTR estimate is given below

MTIR =ty + 1ty + by, + b, + 1, (1.4.1)

where

t,, = administrative delay

t,, =lead time for receiving the spare part

t,, = time for assembling the repair technician team
t,, = hands-on time for replacing failed units

t; = failure diagnostics and testing time

For example, a plane is grounded due to the failure of an engine. Suppose the admin-
istrative delay is two days, the lead time to receive a new engine is three days, the tech-
nicians are available after two days, the hands-on time to replace the engine is two days,
and failure diagnostics and final testing requires one day. Assume the delivery of a new
engine and the dispatch of technicians occur concurrently; then MTTR = 2 + max{3,
2} + 2 + 1 = 8 days. Figure 1.10 graphically illustrates how to estimate the MTTR in this
case. This example indicates that the actual MTTR can be shrunken if multiple activities
can be executed concurrently. Hence Eq. (1.4.1) represents the upper bound estimate
of MTTR.

1.4.2 System Availability

Availability is the proportion of time when a system is in a functioning condition. Relia-
bility and maintainability jointly determine the system availability. Particularly, the for-
mer determines the length of MTBF and the latter influences the MTTR. They are
related to the system availability by the following formula:

A= MIBF (14.2)
MTBF + MTTR
Waiting for New Engine -E
Rl d
I I I I I I I |
0 1 2 3 4 5 6 7 8

Figure 1.10 The MTTR of replacing an aircraft engine.
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It is worth mentioning that two systems may have the same availability, but their
MTBF and MTTR could be different. For instance, MTBF and MTTR for System A
is 900 hours and 100 hours, respectively. MTBF and MTTR for System B is 450 hours
and 50 hours, respectively. Obviously, the availability for both systems is 0.9, yet MTBF
and MTTR of System A is twice that of System B.

1.5 Discrete Random Variable for Reliability Modeling

1.5.1 Bernoulli Distribution

In probability and statistics, a random variable can take on a set of different values, each
associated with a certain probability between zero and one, in contrast to a deterministic
quantity associated with unity probability. A discrete random variable can take any of
a finite list of values supported by a probability mass function. If a random variable is
continuous, it can take any numerical value in an interval or collection of intervals via a
PDE. A CDF is the sum of the possible outcomes of a random variable, either in a discrete
or continuous form. Random variables and probability theories are useful tools to model
the variation of reliability because the lifetime of components and systems is influenced
by various uncertainties during the design, manufacturing, and field use.

This section briefly reviews the distribution functions of three types of discrete rand
variables and their statistical properties: Bernoulli distribution, binomial distribution,
and Poisson distribution. Continuous random variable distributions will be discussed
in Section 1.6.

If arandom variable X can only take two values, either 1 or 0, with the following prob-
ability mass function (PMF)

s =1
P{X =x} = {"19 * . (1.5.1)
Cp x=

where 0 < p < 1, then the distribution of X is called the Bernoulli distribution. As
the classical example, the outcome of flipping a coin (either head or tail) follows the
Bernoulli distribution with p =0.5. The probability of successfully launching a satellite
using a rocket can also be modeled as a Bernoulli distribution. Typically the launch suc-
cess rate p is between 0.85 and 0.98 (Guikema and Paté-Cornell 2004). The mean and
the variance of X are

EX]=p (1.5.2)

Var(X) = p(1 — p) (1.5.3)

In general, a Bernoulli random variable is capable of modeling the reliability of
one-shot systems, such as satellite launch and missile test. Bernoulli can also be used

to analyze the reliability of mission-critical systems even through the duration of the
mission may last hours or days.

1.5.2 Binomial Distribution

A binomial distribution is used to describe the random outcome for situations where
multiple Bernoulli tests are carried out independently at the same time. Suppose #



16

Reliability Engineering and Services

independent Bernoulli trials are being conducted and each trial results in a success
with probability p and a failure with probability of 1 — p. If X represents the number
of successes among # trials, then X is defined as a binomial random variable with
parameters B(n, p). The PMF is given by

pk(l —p)”_k, fork=0,1,2,...,n

|
P{X =k} = <Z>Pk(1 -p)t= k'(nn——k)'

(1.5.4)

Similarly we can obtain the mean, the second moment, and the variance of the bino-
mial random variable X. That is,

E[X]=np (1.5.5)
E[X?] = np[(n — p +1] (1.5.6)
Var(X) = E[X2] — (E[X])? = np(1 — p) (1.5.7)

Example 1.7 To evaluate the reliability of a ceramic capacitor, a reliability engineer
randomly selected 10 identical units to perform the life test for 200 hours with 90%
voltage derating. Prior to the test, data from the supplier shows that the probability for
the capacitor to survive over 200 hours is p = 0.9 given the same voltage derating rate.
Answer the following:

1) What is the probability that eight capacitors survived at 200 hours?
2) What is the probability that at least eight capacitors survived at 200 hours?
3) What are the mean and the standard deviation of failures at 200 hours?

Solution:

1) Let X be the number of survived units at ¢ = 200 hours. Given p = 0.9 and n = 10,
the binomial distribution is X ~ B(10, 0.9). According to Eq. (1.5.4), the probability
that exactly k = 8 units survived at the end of the test is

!
P{X =8} = Lo.@(l —0.9)19-% = 0.1937
10!(10 — 8)!
2) If atleast eight capacitors survived at the end of test, it implies that k can take on any
value of 8, 9, and 10. Hence the probability is estimated as

P{k > 8} =P{X =8} +P{X =9} + P{X = 10}
10
= Z <1k0> 0.95(1 — 0.9)1°°%F = 0.9298 (1.5.8)
k=8

Since P{k > 8}> P{k =8}, it implies that using redundant units can achieve high
system reliability even if the reliability of individual components is moderate or low.

3) Let Y be the random variable representing the number of failed capacitors in the
test. By realizing Y = n — X = 10 — X, the probability of failureisg =1 - p =0.1.
This means that Y follows the binomial distribution with ¥ ~ B(10, 0.1). Based on
Egs. (1.5.5) and (1.5.7), the mean and the standard deviation of Y can be estimated
as follows:

E[Y]=ng=10x01=1 (1.5.9)
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Var(Y) = ng(1 — q) = 10x 0.1 x (1 — 0.1) = 0.9 (1.5.10)

oy = \/Var(Y) = /0.9 = 0.949 (1.5.11)

If we compare Eq. (1.5.7) with (1.5.10), the variance of X and Y are identical, though
their expected values are different.

1.5.3 Poisson Distribution

A random variable N is regarded as a Poisson distribution with positive parameter 4

when the probability mass function of X takes the following form:

Ae=?
k!

P{N =k} = for k=0,1,2,... (1.5.12)

The Poisson distributions have a large scope of applications in statistics, engineering,
science, and business (Tse 2014). Examples that may follow a Poisson include the num-
ber of phone calls received by a call center per hour, the number of decay events per
second from a radioactive source, or the number of bugs remaining in a software pro-
gram. Poisson distribution is also used for predicting the market size or the installed
base during the new product introduction, such as WTs, semiconductor manufacturing
equipment, and new airplanes (Farrel and Saloner 1986; Liao et al. 2008). The mean and
variance of the Poisson distribution is given by

EIN] = 4 (1.5.13)
Var(N) = A (1.5.14)

It is interesting to see that the mean and variance are always identical and equal to 4
for the Poisson distribution.

Example 1.8 The number of bugs embedded in a software application can be modeled
as a Poisson distribution with A =0.002 bugs per code line. Do the following:

1) Estimate the expected number of bugs when the software program contains m = 5000
lines of codes.

2) If the number of bugs is required to be no more than three at 95% confidence, what
is the maximum acceptable value of A?

3) Plot the probability mass function with initial 4 =0.002 and the required 4 value.

Solution:
(1) Since the average number of bugs in a line is 0.002, the expected number of bugs for
a 5000-line application is given as

E[N] = Am = (0.002)(5000) = 10 bugs (1.5.15)

(2) Let 4, be the minimum acceptable bugs per code line. To achieve the target of no
more than three bugs in the software with 90% confidence, the value of 4, must
satisfy the following requirement:

(5000/10[)](8_5000}“1

3 3
PIN<3) =) PIN=k}=) x

k=0 k=0

>0.9 (1.5.16)
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Poisson Probability Mass Function

0.35
0.3 lambda_d = 0.000348
0.25 ® lambda = 0.002
¥ 02
Z >
< o5 N
0.1 i
\
ST T
0 M IEI ,,,,, S
345678910111213111 7181920

Number of Bugs
Figure 1.11 The probability mass function for software bugs.

Solving the above equation yields 4, = 0.000348 bugs/line.

(3) The PMF corresponding to 4 = 0.002 bugs/line and 4, = 0.000 348 bugs/line are
plotted in Figure 1.11. It is found that the PMF after the debugging is shifted to the
left side. This makes sense because the probability for k = 8, 9, 10,... is significantly
reduced upon debugging, hence fewer bugs are left in the software.

1.6 Continuous Random Variable for Reliability Modeling

1.6.1 The Uniform Distribution

A random variable is defined as uniformly distributed over the interval of [, b] when
the probability of taking any value between a and b is equally likely. Let T’ be the random
variable of the uniform distribution; the PDF is defined as

1
— a<t<b
t) =< b-a 1.6.1
f® {O otherwise ( )
The CDF, denoted as F(¢), is given by
0 t<a
FO)=P{T<t}=17= a<t<b (1.6.2)
1 t>b
The mean and variance of T are given by
b b
t 1
E[T] = = —dt=— 1.6.
[T] ’/ﬂ tf (t)de /ﬂ b—adt 2(a+b) (1.6.3)
b bop 1
E[T*] = / Ef(tdt = / . adt = g(az +ab +b?) (1.6.4)
Var(T) = E[X*] — (E[X])* = 1—12(19 —a)? (1.6.5)

When a =0and b =1, the PDF in Eq. (1.6.1) is called the standard uniform distribution,
which is denoted as U[0, 1]. In Bayesian reliability inference, the standard uniform



Basic Reliability Concepts and Models | 19

distribution is frequently used as a prior distribution for a component or system
reliability estimate when the actual reliability is unknown, or is hard to deduce because
of insufficient failures or testing time.

1.6.2 The Exponential Distribution

The random variable of the exponential distribution is continuous and non-negative.
Hence it is an ideal random variable to model the lifetime of products and system. If T’
is exponentially distributed, then the PDF is given as follows:

f@®) =A™, fort>0 (1.6.6)

where A is the distribution parameter and A > 0. The CDF and reliability function are
defined as

t
F(t)=P{T <t} = / dePdx=1—eH (1.6.7)
0
Rt)y=1-F@t)=e* (1.6.8)
Both the hazard rate function and the cumulative hazard rate function are

f@)
hit)=—==1 1.6.9
)] RO (1.6.9)

t
H(t) = / Adx = Mt (1.6.10)

0

For exponential lifetime distribution, the hazard rate function is a constant, or vice
versa. This observation leads to an important feature of exponential random variable,
that is, memoryless property. Let s be the length of time (such as hours) that the sys-
tem has survived. For a random variable T possessing the memoryless property, the
following equality always holds:

P{T>t+s|T>s}=P{T>t}, fort>0 (1.6.11)

The proof of the equality is given below:
P{T>t+s,T>s}

P{T >t+s|T>s}=

P{T > s}
_P{T>t+s} exp(—A(t +3))
- P{T>s} exp(—A4s)
= exp(—At)
=P{T >t}

It states the probability that the product will survive for s + ¢ hours, given that it has
survived s hours is the same as the initial probability that it survives for ¢ hours. Finally,
the mean and the variance of T are obtained and given as

E[T] = / tf(t)dt = / the Mdt = % (1.6.12)
0 0

E[T?*] = /oo tf(Hdt = /oo 2 re~Mdt = % (1.6.13)
0 0

Var(T) = E[T*] — (E[T])? = L (1.6.14)

A2



20

Reliability Engineering and Services

Example 1.9 Suppose that the average lifetime of a car’s headlight bulb is exponen-
tially distributed with 100000 miles. There are two identical headlights in a car. If a
person makes a 5000-mile trip, what is the probability that the driver completes the trip
without replacing any light bulbs? What is the probability that at least one bulb needs
to be replaced because of failure?

Solution:
We define T as a random variable representing the lifetime (i.e. mileage) of the bulb.
Based on Eq. (1.6.12), the parameter A is estimated by

PO S|
T E[T] ~ 100000

Hence the reliability function of the headlight is obtained as follows:
R(t) = ¢~0-00001 (1.6.16)

= 10~ failure /mile (1.6.15)

Therefore the probability that the bulb will survive at 5000 miles is
P{T > 5,000} = R(5000) = 0.951 (1.6.17)

Since there are two headlight bulbs in a car, the probability that both survive up to
5000 miles is

P{T, > 5000; T, > 5000} = R*(5000) = 0.951 x 0.951 = 0.905 (1.6.18)

where T, and T, are the lifetime of the two bulbs, respectively. Next, we estimate the
probability that the driver needs to replace at least one bulb. This problem can be solved
based on the binomial distribution. Let X be the number of failed bulbs at the end of the
trip; then X ~ B(2, 1 — 0.951). According to Eq. (1.5.4), we have
2
P{X>1}= Z <]2<> [1 — R(5000)]*[R(5000)]>7%
k=1
=2x0.951 X (1 —0.951) + (1 — 0.951)2 = 0.0956 (1.6.19)

1.6.3 The Weibull Distribution

The Weibull distribution perhaps is the most widely used continuous probabilistic
model to analyze the time-to-failure behavior of components, systems, or equipment
in a reliability community. A book dedicated to the Weibull model and its application
was written by Murthy et al. (2003). Below we briefly review and Weibull distribution
properties pertaining to lifetime modeling. A random variable 7' is said to follow a
Weibull distribution if it possesses the following PDF:

f= g(é)ﬁ_l exp <—<£>ﬂ> , for t>0 (1.6.20)

where 0 and f are the scale and shape parameters, respectively. In general, >0 and
0 < f < . The CDF is given as

F()=1—-exp (—(g)ﬁ> (1.6.21)
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the Weibull reliability function is

R() = 1—F(t) = exp (-(é)ﬁ> (1.6.22)
and the hazard rate function is
IO VA
M=% = (0) (1.6.23)

The popularity of the Weibull distribution lies in its versatility of /(¢). One can model
a decreasing (0 < f < 1), constant (f =1), or increasing hazard rate (f > 1) by simply
changing the value of f. Figures 1.12—1.14 depict the hazard rate, PDEF, and reliability
function with different f. Since 6 is a scale parameter, it is normalized at § =1 in these
charts.

Finally, the mean and the variance of the Weibull random variable are given as follows:

E[T] =0T+ ™) (1.6.24)
Var(T) = 0°T(1 + 2572) — (E[T])> (1.6.25)

Example 1.10 The annual operating hours of a WT depends on the local wind
speed. Suppose there are two identical WTs installed in different locations

10
All with
3 the same
=1 P p=4
6

h(t)

All with
the same
0=1

£(t)

~,

Figure 1.13 Weibull probability density function.
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Figure 1.14 Weibull reliability function.

A and B, respectively. Location A has a high wind profile and the WT operates
for 8760 hours/year. Location B has a low wind profile and the annual WT runs only
4380 hours/year. Assume a WT lifetime follows the Weibull distribution with 6 =1.5
years and f =2.5. Do the following:

1)
2)

What is the MTBF of the WT in locations A and B?
At the end of threeyears, is the WT in location B twice as reliable as the WT in
location A?

Solution:

1)

Let T, and T be the lifetime of WT in locations A and B, respectively. According
to Eq. (1.6.24), the MTBF of WT in location A is

E[T,] = 15T(1 + 1/2.5) = 1.33 (year)

To estimate the MTBF of WT in location B, one needs to take into account the equip-
ment usage. The usage of WT in location B is only 50% in location A; hence its scale
parameter, denoted 6, is twice that in location A, namely 6; =2 6 =3 years. It is
commonly agreed that the shape parameter f is independent of the usage rate. Now
the MTBF of WT in location B is

E[T,] = 3T(1 + 1/2.5) = 2.66 (year)

Now the reliability of both WT units at ¢ = 3 years is obtained from Eq. (1.6.22) as
follows:

R,(t=3)=exp <—<%)2‘5> —0.128 (1.6.26)
Ry(t = 3) = exp <—<§)Z's> — 0.696 (1.6.27)

By comparing Ry(t =3) with R,(t =3), the WT in location B is five times higher
than in location A in year 3. This example shows that the usage rate may significantly
influence the reliability or the lifetime of a product.

1.6.4 The Normal Distribution

The normal distribution, also known as Gaussian distribution, perhaps is the most
widely used continuous distribution model applied in engineering and science fields,
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Figure 1.15 Normal PDF under different means and variances.

including a reliability analysis. A random variable 7 is said to be normally distributed if
the PDF exhibits the following form:

f— )2
f@ = ! exp (—%) , —o<t<oo (1.6.28)

2no 20
where u and o are the scale and the shape parameters, respectively. The normal den-
sity function has a bell-shaped curve that is symmetric around p. Figure 1.15 plots the
normal PDF for {u =20, ¢ =3}, {# =20, 0 =5}, and { =35, 0 =5} for comparison

purposes.
The mean and the variance of T are equal to the parameters u and o2, respectively,
0 0 t— 2
E[T] = / tf(t)dt = / t—L exp <—( Z’) ) dt = u (1.6.29)
~ -w g4/2n 20
Var(T) = E[T*] — (E[T])* = ¢* (1.6.30)

The reliability function is

[ 3 Lo (x — u)? B -
R(t)—/t ]f(x)oix—l—'[oo 2Twexp(— 5o )dx-l—dD(T)
(1.6.31)

where ®(z) denotes the standard normal cumulative distribution with 4 =0 and ¢ =1.
Unlike the Weibull distribution, there is no closed-form expression for Eq. (1.6.31).
To estimate R(¢) at given ¢, tables are created to list the possible cumulative value
for ®(z).

1.6.5 The Lognormal Distribution

The lognormal distribution is one of the most frequently used parametric distributions
in analyzing reliability data of microelectronic devices in semiconductor manufactur-
ing industry. The reason why semiconductor life data fit the lognormal distribution well
is because the lognormal distribution is formed by the multiplicative effects of random
variables. This type of multiplicative interactions is often encountered in many semicon-
ductor failure mechanisms (Oates and Lin 2009; Filippi et al. 2010). A random variable



24

Reliability Engineering and Services

T is said to follow a lognormal distribution when the transformed variable X =log(T)
is normally distributed. The PDF for T is given by

_ 2
ft) = — exp<—w>, for £>0 (1.6.32)

t\/2no 20°

Two parameters y and o are required to define a lognormal distribution, where y is
called the scale parameter and o is the shape parameter. Unlike the normal distribu-
tion where the mean and the standard deviation, respectively, equal the scale and shape
parameter, the mean and the variance of the lognormal random variable are estimated by

Ly _ 2
E[T] = / t 1 exp (—M) dt = exp (,u + 6—2> (1.6.33)
0 ty\/2no 20 2
Ly _ 2
E[T?] = / Pl exp <—(l°g(t) - ) > dt = expQu +20%)  (1.6.34)
0 t\/ 2o 20
Var(T) = E[T*] — (E[T])* = exp(2u + 6*)(exp(c?) — 1) (1.6.35)

Figure 1.16 plots the lognormal distribution for ¢ =0.25, 0.5, and 1 with common
4 =2. The lognormal PDF with a smaller o tends to resemble the bell shape of a normal
distribution.

Example 1.11 An electromigration phenomenon is the transport of material caused
by the movement of the ions in a conductor due to the momentum transfer between
conducting electrons and diffusing metal atoms. An engineer conducted accelerated life
testing on a set of samples to generate the device’s life data with respect to an electro-
migration failure. Ten units are subject to the life test and the failure time occurred to
each device is recorded and summarized in Table 1.2. Complete the following:

1) Use a probability plot to show that the time-to-failure is lognormally distributed.
2) What are the values of the scale and shape parameters?
3) What are the mean and the standard deviation of the device lifetime?

Solution:
(1) To examine whether the time-to-failure of devices are lognormally distributed, we
calculate the logarithm value of these lifetime data. Let 7" be the device lifetime

0.25
n=2,0=0.25

0.2

0.15|u=2,0=1

f(v)
—
~ N

A}

0.1

0.05

SNt

Figure 1.16 Lognormal PDF plots.
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Table 1.2 Median ranks of the life data.

Sample Lifetime T (h) Log of lifetime X Median rank (%)
1 57 4.04 6.7
2 152 5.02 16.3
3 272 5.61 26.0
4 512 6.24 35.6
5 862 6.76 45.2
6 1412 7.25 54.8
7 3012 8.01 64.4
8 5106 8.54 74.0
9 7002 8.85 83.7

10 9912 9.20 93.3

in hours; then X = In(7) is the corresponding logarithmic value listed in the third
column of the table. We also compute the median rank and the results are shown in
the last column of the table. The formula to estimate the median rank is
f-"(x) — i—03
n+04
where i is the order of failure of the ith failure data point and # is the sample size,
which is 10 in our case. We then use statistical software Minitab to perform the
probability plot on the data set X, and the result is shown Figure 1.17a. Given such
a high P-value of 0.888, it can be concluded that X follows the normal distribution
with 95% confidence. This leads to the statement that T is lognormally distributed.
(2) From Figure 1.17a, the mean and standard deviation of X are y =6.952 and o = 1.73.
Hence the scale and shape parameters of the lifetime 7" are y = 6.952 and o = 1.73
as well (but they are not the mean and standard deviation of 7). The median life of
the device is exp(6.952) = 1046 hours. The median life is the time when 50% of the
devices (i.e. five devices) failed. To verify whether the probability test in Figure 1.17a
is correct, we directly input the data set T into Minitab and perform the lognor-
mal probability plot; the resulting parameter values in Figure 1.17b are identical to
Figure 1.17a.
(3) Based on Egs. (1.6.33) and (1.6.35), the mean and the variance of the device lifetime
are then obtained:

1.732

E[T] = exp <6.953 + > = 4673 hours

Var(T) = exp(2 X 6.953 + 1.73%)(exp(1.73%) — 1) = 4.141E + 8 or 414,100,000

1.6.6 The Gamma Distribution

The gamma distribution is often used to model the number of errors in multilevel
Poisson regression models, because the combination of the Poisson distribution and a
gamma distribution is a negative binomial distribution. In Bayesian reliability statistics,
the gamma distribution is often chosen as a conjugate prior for the distribution
parameter to be estimated. For instance, the gamma distribution is the conjugate prior
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Figure 1.17 (a) Normal probability plot and (b) lognormal probability plot.

for the exponential lifetime distribution. The PDF of a random variable 7" with the
gamma distribution is given as

/167“(/11,‘)071

fiy= =55

for t>0 (1.6.36)
with
re) = / e*x"'dx, for t>0 (1.6.37)
0

where A and 6 are the distribution parameters and both are positive values. Equation
(1.6.37) is called the gamma function. If 6 is a non-negative integer, then I'(8) = (6 — 1)!.
The mean and the variance of the Gamma random variable is (Ross 1998)

(1.6.38)

(1.6.39)
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Figure 1.18 Gamma PDF plots.

Figure 1.18 plots the gamma PDF with different pairs of A and 6. Two types of PDF
curves are available depending on the values of 4 and . For 0 < 6 < 1, the PDF func-
tion declines monotonically with . When 6 > 1, the PDF resembles the bell-shape type
of curve. By varying the values of 4 and 6, one can obtain various shapes of gamma
PDF curves. Similar to the Weibull distribution, the gamma distribution is also capable
of modeling a decreasing, constant, increasing failure rate corresponding to 0< 6 <1,
0 =1, and 6 > 1, respectively.

For a special case where 6 are positive integers in Eq. (1.6.36),say0 =n=1,2,3, ...,
the gamma distribution arises as the distribution of the amount of time one needs to
wait until a total of # events has occurred. To prove that, let 7', denote the time at which
the nth event occurs and note that T, is less than or equal to ¢ if and only if the number
of events occurred by ¢ is at least #; namely,

P{T, <t} = PN(t) > n)

= Z P{N(t) = k}
k=n
b e—/lt(/lt)k
= E — (1.6.40)

where the final identity follows, since the number of events in [0, £] has a Poisson dis-
tribution with parameter At. Taking the derivative with respect to ¢ in Eq. (1.6.40) yields
the PDF of T, as follows:

/l(ﬂt)n_le_’“

=1 (1.6.41)

f@) =
Hence T, is a gamma distribution with parameters (4, #). This distribution is
often referred to as the n-Erlang distribution, which is a special case of a gamma
distribution with 6 being positive integers. If § = 1, the gamma distribution is reduced
to an exponential distribution (also see Figure 1.18). Amari and Misra (1997) derived
a closed-form expression for distribution of the sum of exponential random vari-
ables, which is very useful for reliability analysis if a system is comprised of multiple
components, each having a constant failure rate.
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1.7 Bayesian Reliability Model

1.7.1 Concept of Bayesian Reliability Inference

Lifetime or failure models, as we discussed earlier, have one or more unknown distribu-
tion parameters. The classical statistical approach considers these parameters as fixed
but unknown constants. They can be estimated using sample data taken randomly from
the population. For instance, the value of parameter A in the exponential PDF is assumed
to be fixed and can be estimated. For an unknown parameter, a probabilistic statement
represents the likelihood that the values calculated from a sample capture the underlying
true parameter.

Unlike the classic statistical approach, Bayesian analysis treats the distribution or pop-
ulation parameters as random instead of being a fixed quantity. Historical data or sub-
jective judgments can be used to determine a prior distribution for these parameters.
The primary motivation to use Bayesian reliability methods is a desire to save on the test
time and materials cost by leveraging the historical information of similar products or
expert knowledge.

Figure 1.19 graphically shows a two-step Bayesian inference process. First, we use
historical data, or subjective information, to construct a prior distribution for these
unknown parameters. This model represents our initial assessment about how likely var-
ious values of the unknown parameters are. We then combine the current or new data
with the prior distribution to revise this initial assessment, deriving what is called the
posterior distribution model for the distribution parameters. Parameter estimates are
then calculated directly from the posterior distribution. In applying the Bayes formula,
conjugate prior models are a natural option to represent the parametric prior distri-
bution. In many applications it is uncommon that historical data are available or exist
to validate a chosen prior model. In that case uniform distributions are often chosen
and designated as the uninformative prior probability model for the parameters to be
estimated.

1.7.2 Bayes Formula

The Bayes formula is the mathematical tool that can combine prior knowledge with
current data to produce a posterior distribution. Let E and F be two random events.
The Bayes formula for discrete events is given as

P(EF} _ P(F | E}P{E)

PE|F} = = (1.7.1)
i P{F} P{F}
Prior .
g distribution z Posterior
3 5 distribution
o Current z f
E Data or New |:> Zi / /
e Information £/
-9} £ ’/
Historical Reliability/Lifetime Future Reliability/Lifetime

Figure 1.19 Bayesian reliability inference process.
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and P{F} in the denominator is further expanded by using the “Law of Total
Probability” as

P{F} = ZP{F | E;}P{E,;} (1.7.2)
i=1
with the events E; being mutually exclusive and exhausting all possibilities with
Yo PE} =1
Next we present the Bayes formula for the continuous random variables. Let 4 be the
unknown distribution parameter to be estimated and x be the observed data. Assuming
A and x are continuous random variables, the Bayes formula in terms of PDF models
takes the form as
fxu(x | A)f;(A)

y) = 1.7.3
JulA 1) [ fx | A (Ada (173)

where

f,(4) = the prior distribution model for 4
f1x(4|x) = the posterior distribution for 4 given that the current data x observed
S,(x[4) = the likelihood function for observed data x with unknown parameter 4

When f,(4) and f,,(4|x) both belong to the same distribution family, they are
called conjugate distributions. Meanwhile f,(4) is the conjugate prior for f,, (x| 4). For
example, the gamma distribution model is a conjugate prior for the hazard rate A when
failure times or repair times are sampled from an exponentially distributed population.
In fact the gamma-exponential conjugate pair is used widely in Bayesian reliability
inference because the posterior distribution for A is also a gamma distribution.

Example 1.12 Suppose that the joint density function of two continuous random vari-
ables, X and Y, is given by

fey@y) ==e*Pe?, forx>0andy> 0

1
y
Do the following:

1) Findfxw(xb’)-
2) Calculate P{X > 1|Y =y}.

Solution:

(1) Using the Bayes formula in Eq. (1.7.3), we obtain the conditional density of X given
Y =y, that is,

Lo~/
e e
Sy, y) _ y _ le"‘/y

KO fooo ie—x/ye—ydx Y
(2) Now the conditional CDF is

PX>1|Y=y}= / Sy | pdx = / Lestvy = [—eiy = e
1 1)

Sarx 1 y) =
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1.8 Markov Model and Poisson Process

1.8.1 Discrete Markov Model

Let X, be the value of the system characteristic at time ¢. Since X, is not known with
certainty before time ¢, it can be viewed as a random variable. A discrete time stochastic
process is simply a sequence of random variables X, X,, ..., where X; is represents the
value at different times.

X={X. X ... X X)) (1.8.1)

A discrete-time stochastic process, or random sequence, is called a Markov chain if,
fori=0,1,2, ..., all states satisfy the following condition:

P{Xt+1 =l | Xy =i Xoi =i s Xy =0, Xg =g} = P{Xt+1 =i | X, =i}
(1.8.2)

This equation essentially says that the probability distribution of the state at time ¢ + 1
depends only on the state at time ¢ and does not depend on its previous states when the
chain passed through on the way to state i, at time ¢.

Since the Markov chain is a stationary process, the states within the Markov chain are
time-invariant. Now Eq. (1.8.2) can be simplified as

P{X,,=jl X, =i} =P{X,,,=j| X, =i} =Py for t#1 (1.8.3)

where p;; is the probability that given the system is in state i at time ¢, the system will
be in state j at time ¢ + 1. Hence p;; is also called the “transition probability.” Given the
Markov chain has 7 states, all the transition probability values can be represented as an
n X n square matrix:

Pu P2 0 Pu
pP= Pn Py P (1.8.4)
P P " P
Note that summation of the entries in a row must be equal to one. That is,
n
Zpi]. =1, fori=12,..., n (1.8.5)
j=1

Letn = [xy,7,, ..., 7,] be the steady-state probability for statej forj=1, 2, ..., n. For
an ergodic Markov chain, the steady-state probability can be computed by (where “T” is
for transpose):

Pzl =27 (1.8.6)

where P is the transition matrix in Eq. (1.8.4), and “T” is for the matrix or vector transpo-
sition. The Markov model can be used to analyse the reliability of a multi-state system of
which the system reliability deteriorates over time, starting from the good state initially,
transitioning to a degradation state, and finally entering the failure state.
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1.8.2 Birth-Death Model

The birth—death model is a continuous-time Markov chain, denoted as an M/M/1
queue, for which the system state at any time is a non-negative integer. Most of the
Markov chains with exponential arrival and exponential service time can be modeled
by the birth—death process. Figure 1.20 shows the transition diagram of the M/M/1
queue.

In the transition diagram, /1]. forj=0,1, 2, ... is called the birth rate and H; forj=1,
2, 3, ... is called the death rate. They are analogous to the transition probability in the
discrete Markov chain. The steady-state probability z; for state j can be solved using the
flow balance equation. The following linear equation systems can be formulated:

for j =0, Toho = T 1y (1.8.7)
for j=1, (A + p)m =Agmy + piyry (1.8.8)
for j=2, (A + pp) =4y ) + p37y (1.8.9)
for j >3, (A + )T =4 7y + My T (1.8.10)

The identity formula states that sum of all the steady-state probabilities equals unity.
That is,

Ty +m A+ =1 (1.8.11)

To solve this linear system, all z; (for j > 1) can be recursively expressed as the function
of 7, based on the above flow balance equations. The final results are given below:

Ty = — (1.8.12)

1+ ¢
j=1

dgAy - A

7=y, for j=1,2,... (1.8.13)
L

with

¢=——T" forj=12.. (1.8.14)

it pt

Quite often, we are interested in the time that a customer spends in the queue system
including his/her waiting time, the processing time, as well as the number of customers
in waiting or under service. They are defined in Table 1.3. We are now able to link these
performance measures through the powerful law called Little’s law, which states that

L=iW, L,=4iW, L;=iW, (1.8.15)

Hi H Hi-1 Hj Hj+1 Hi2

Figure 1.20 Transition diagram for the birth-death queuing system.
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Table 1.3 Notation of queuing system.

Notation Interpretation

A Customer arrival rate (number of persons per unit time)
L Average number of customers in the queuing system

L Average number of customers waiting

Q

L, Average number of customers being processed

w Average time a customer spends in the queuing system
W, Average time a customer is waiting in the queue

W, Average time a customer spends with the server

For any queue process, the following formulas always hold:

L=Yjm, L=L,+L, W=W,+W, (1.8.16)
=0
The birth—death queue model is perhaps the most basic queuing model. There are

many different variations of queuing models, and readers are referred to the book by
Winston (2004) on this topic.

1.8.3 Poisson Process

A Poisson process is a continuous-time stochastic process that counts the number of
events and the time epochs at which these events occur in a given time interval, say
[0, t]. The interarrival time between two consecutive events has an exponential distri-
bution with parameter A, and all these interarrival times are assumed to be mutually
independent. The process is named after the Poisson distribution introduced by the
French mathematician Simeon D. Poisson (Poisson 1937). In reliability engineering, the
Poisson process describes the time of events of equipment failures, demand stream of
spare parts, and renewal of repairable systems. It has other applications in representing
the time of events in telephone calls at a call center (Willkomm et al. 2009), tracking
the requests on a web server (Arlitt and Williamson 1997), and many other punctual
sequences where events take place independently among each other. Let N be the num-
ber of events occurred in [0, £]. The PDF for a Poisson process is

PN =k) = (M)kﬁ, for k=0,1,2, ... (1.8.17)
The expected value and the variance of X for the Poisson distribution is given by

E[N]= At (1.8.18)

Var(N) = At (1.8.19)

Example 1.13 Assume that the population of a type resistor has a failure rate of
100 per one million operation hours (i.e. 107 failures/hour) at a given level of power
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derating. The component is expected to operate 40 000 hours with only two failures
allowed. Using the Poisson process model calculate:

(1) The expected number of failures during the mission period of [0, 40 000].
(2) The probability that exactly 0, 1, and 2 failures occurred during the mission time.
(3) The probability that at least three failures occurred in the mission time.

Solution:
(1) The component failure rateis A = 107* faults/hour. Let N be the number of failures
in [0, 40 000]. Based on Eq. (1.8.18), the expected failure is

E[N] = it = (40 000)(1 x 107*) = 4 failures

(2) Based on Eq. (1.8.17), we can compute the probability of failure number for k = 0,
1, and 2 by realizing ¢ = 40 000 hours:

(it)oe"” B (4:)08_4

P(N=0) = —0.018
0! 1
t 1,—4t 4 1,-4
piN=1} =W B s
1 1
2 ,—At 2,4
P(N =2} = (it)z'e = (4); —0.147

(3) The probability that at least three failures will occur during the mission time is
P{X>3}=1-P{X=0}-P{X=1} -P{X=2}
=1-0.018 -0.073 — 0.147 = 0.762

Another application of the Poisson distribution is to determine the spare parts pool
that should be allocated to meet the committed service level upon request. Let D be
the random demand for the spare parts and s be the base stock level. The spare parts
availability, denoted as A, is estimated by

B B $ (nﬂT)ke—nir
A, =P{D <s} _gT

(1.8.20)

where 7 is the number of components or parts in field operation, A is the failure rate
per unit time of individual components, s is the base stock level of spare parts, and
7 is the repair turnaround time. The turnaround time is the time elapsed from when
the defective item is removed from the system to when it is returned to the stockroom
after repair.

Further information about statistical reliability models can be found in the books by
Elsayed (2012), Blischke and Murthy (2000), Murthy et al. (2003), Nachlas (2016), and
O’Connor (2012), as well as the on-line publication by NIST (2017).

Example 1.14 Assume that 600 transformers are installed in a power distribution net-
work to supply electricity to residential consumers. The transformer’s hazard rate is 10~°
failures/hour. The repair turnaround time is 7 =200 hours per defective transformer. If
the service level of the spares availability is set to be 90%, using Eq. (1.8.20) verify whether
one spare transformer can meet the required service level.
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Solution:
If only one spare transformer is allocated in the stock, the actual service level is

=0.66 <0.9

1 -5
1 —5 2 k ,—(600)(107°)(200)
A, = Z [(600)(107°)(200)]%e
=~ k!

Since one spare only provide 66% parts availability, one would reject the hypothe-
sis that one back-up transformer is sufficient to meet the 90% parts availability. If we
increase the spares quantity to 2, the actual A, reaches 88%, which is still below the tar-
get level. By increasing the spare part number to 3, the actual A, reaches 97%, which
meets and exceeds the target level.
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Problems

Problem 1.1 The definition of the reliability is given in Eq. (1.2.1). What are the four
conditions for this probability model?

Problem 1.2 Please state the definition of hazard rate and failure intensity rate.
Explain their applications in reliability analysis in the context of
repairable and non-reparable systems/components. Is the bathtub
curve applicable to both non-repairable and repairable systems?

Problem 1.3 Please derive the analytical expressions for H(¢), R(¢), and f(¢) given the
following hazard rate functions: (1) 4(¢) = 3; (2) h(¢) = 3+ 2t; and (3)
h(t) = 395,

Problem 1.4 Please plot the i(t), H(¢), R(¢), and f(¢) in three cases in Problem 1.3,
respectively.

Problem 1.5 The power law function A(f) = aft’ ! has been widely used to model
the failure intensity rate for a decreasing, constant, or increasing trend.
Note that « and f are positive parameters. If 0 < f <1, it represents a
decreasing failure intensity rate. If § =1, this is a constant failure inten-
sity rate. If § > 1, it represents an increasing failure intensity rate. Please
draw the power law function with {¢ =30, f =0.5}, {a =10, =1},
{a =2, p =1.5}, and {a = 0.5, f =2}, respectively.

Problem 1.6 If the failure intensity rate observes the power law function A(f) =
apt’ 1, estimate the cumulative number of failures in the intervals of
[0, t =10] and [t =10, ¢t =20], respectively, assuming the following
cases: (1) {a =30,  =0.5}; (2) {a =10, p =1}; and (3){a = 0.5, f =2}.

35
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Problem 1.7

Problem 1.8

Problem 1.9

Problem 1.10

Problem 1.11

After introducing nine identical new products to the market, the service
engineer is able to collect the time-to-failure between the installation
time and the failure times: 11, 21, 34, 36, 50, 60, 66, 72, 77, 111, 115,
140, 157, 209, 296, and 397 days. Do the following: (1) estimate the
mean-time-to-failure; (2) estimate the standard deviation of the prod-
uct lifetime; (3) estimate the cumulative distribution of the product life-
time; (4) does the lifetime follows the exponential distribution? (Hint:
use the statistic software to perform a probability fit); (5) based on the
fitted lifetime distribution, derive the hazard rate function; (6) derive
the reliability function.

A repairable system comprised of two different types of components
connected in series. The system fails if one of the components is
malfunctioning. Upon failure, the faulty component is removed
and replaced with a good one and the system is recovered to the
operational state. The failure arrival time of two types of components
over 16 months are recorded: for component type one: 9, 25, 79,
195, 280, 311, 378, 452, and 455 days and for component type two:
16, 88, 147, 196, 242, 280, 349, 400, and 443 days. Estimate: (1) the
hazard rate of each component type; (2) the failure intensity rate or
ROCOF of the system; (3) does the component hazard rate function
possess a decreasing, constant, or increasing trend? How about the
ROCOF of the system?, and (4) if the replacement of a faulty com-
ponent takes 10 hours on average, estimate the steady-state system
availability.

Estimate the cumulative hazard rate, reliability, PDF, and CDF given the
hazard rate function: (1) &(t) = 10; (2) k() = 5¢; (3) h(t) = 2+ 3¢; (4)
h(t) = 4¢% and (5) h(t) = 10t with 0 < £ < 10).

A bin of four electronic components is known to contain two defective
units. The components are to be tested one at a time, in random order,
until both defectives are discovered. Calculate the expected number of
tests that are made.

A machine could break down for two reasons: aging of the machine or
inappropriate use by the operator. To check the first possibility, it would
cost ¢,. The cost of repairing a breakdown machine because of aging is r,
dollars. Similarly, there are costs of ¢, and r, associated with breakdown
or operator errors. Let p and 1 — p represent, respectively, the probabil-
ity of breakdown due to machine aging and inappropriate use. Should
the aging check be carried out first or should the check for impropriate
use be done first? In other words, determine the relationship between p,
¢y, €y, 11, and 1, in two different checking sequences such that the total
cost is minimized.
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Problem 1.12 A four-engine plane can fly reliably when only two of its engines are
working. Similarly, a two-engine plane can fly if only one of them
is working. Suppose that the airplane engine fails with probability
1— p independently from engine to engine. For what value of p is a
four-engine plane preferable to a two-engine plane?

Problem 1.13 Suppose that 5% of the microdevices produced by a semiconductor
manufacturer are defective. If we purchase 100 such devices, will the
number of defective devices we receive be a binomial random variable?
What is the probability that at least 10 units we received are defective?

Problem 1.14 The expected number of typographical errors on a page of a book is 0.1
error/page. What is the probability that the next page you read contains
(1) no error; (2) two or more typographical errors?

Problem 1.15 For a Poisson random variable N with parameter A, show that E[N] = 1
and Var(N) = A.

Problem 1.16 Let X be a binomial random variable with parameter (1, p). What value
of p maximizes P{X = k} where the random variable is observed to
equal k with 0 < k < n. If we assume 7 is known, then we estimate p
by choosing the value for p that maximizes P{X = k}. This is known as
the maximum likelihood estimation.

Problem 1.17 Let N be a Poisson random variable with parameter A. Show that the fol-
lowing property is valid (Hint: use the relationship between the Poisson
and binomial random variable):

P{N isodd} = 3(1 — ™)

Problem 1.18 Show that

n
et 1 r® —x.n
k§1_k! —n!A e~ x"dx
Problem 1.19 Prove that the variance of the Bernoulli random variable is

Var(X) = p(1 - p).

Problem 1.20 The probability of an item failing is p = 0.001. What is the probability of
3 failing out of the population of #n = 1707 Solve the problem using the
binomial distribution and Poisson distribution, respectively.

Problem 1.21 WTs are repairable systems. Reliability plays an important role as
equipment maintenance and repair are costly. WT manufacturer A
claims that MTBR of his product is exponentially distributed with
10000 hours. Manufacturer B claims that MTBR of his product follows
the Weibull distribution with & =11 000 hours, and f =2.5. Assuming
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Problem 1.22

Problem 1.23

Problem 1.24

Problem 1.25

Problem 1.26

Problem 1.27

Problem 1.28

Problem 1.29

the repair and replacement cost of each failure are the same for
two WT systems, decide which manufacturer is considered as the
preferred supplier?

Based on the statement of the previous problem, the MTTR for WT of
manufacturer A is five days and for B it is four days. From the equip-
ment availability perspective, which manufacturer is more competitive
in terms of sustaining the uptime of the equipment?

The main landing gear leg of a large commercial airplane usually con-
tains six tires. Experience shows that a tire bursts on average on 1 out of
2000 landings. Assuming that a tire burst occurs independently of other
tires and a safe landing is made as long as no more than two tires burst,
what is the probability of an unsafe landing?

A product with an exponential lifetime distribution has a hazard rate of

h(t) = A. Let T be the random lifetime. Prove:

1) Compute E[T] = 1/A.

2) Compute E[T?] =2/12.

3) Estimate E[T] and E[T?] given (1) A =1; (2) 1 =0.5; and (3) A =3,
respectively.

A product’s lifetime is exponentially distributed with parameter
A =0.001 failures/hour. Do the following: (1) estimate the mean
lifetime for this product; (2) draw the PDF; (3) draw the CDF function;
(4) draw the reliability function; and (5) draw the failure rate function.
(Note: Draw all of the curves on a separate chart.)

Suppose that the number of miles that an EV can run before its bat-
tery wears out is exponentially distributed with an average distance of
100 000 miles. If a car manufacturer decides to install this type of bat-
tery to power the EV, what percentage of the cars will fail at the end of
50000 and 100 000 miles, respectively?

Based on the previous problem, the car manufacturer is not satisfied
with the lifetime of the battery that is supplied by its subcontractor. The
manufacturer wants the car to operate after running 100 000 miles with
a probability of 80%. What should the minimum mean lifetime of the
battery be in order to meet the new requirement?

Given the Weibull PDF, i) = af(at)’~! exp(—(at)?), where a >0 and
f >0 are the scale and shape parameters, respectively. Plot the PDF,
CDF, reliability, and hazard rate under different values of # =0.5, 1, 1.5,
2, and 3, respectively. In all cases, a =2.

(Normal) Let T be a normal random variable with N(u, 62). Prove that
E[T)=pand E[T?] = u*> + 62
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(Lognormal) Let T be a lognormal random variable with scale parame-
ter u and shape parameter o. Prove that

E[T] = exp (,4 + "7) and E[T?] = expQu + 62)

(Hint: Using the normal moment generating function to find the mean
and variance of T'.)

(Gamma) Let T’ be a gamma random variable with parameters A and 6.
Do the following:

(1) Prove that E[T] = % and Var(T) = %

(2) For A=1and 0 =3, find the reliability R(T > 2).

(3) For A=1and 8 =3.5, find the reliability R(T > 2).

For exponentially distributed lifetime 7', show that
PlT<t+s|T>s} =P{T<t}, fort >0 ands >0

Suppose that p(x, y), the joint probability mass function of X and Y, is
given by

p(0,0) =0.4, p(0,1) =0.2, p(1, 0) = 0.1, and p(1, 1) = 0.3. Calculate the
conditional probability mass function of X, given that Y =0and Y =1,
respectively.

The joint density of X and Y is given by

Sey®,y) = %x(Z—x—y), 0<x<1l, O<y<l1

Find fy|,(x | y), that is, the conditional density of X, given that Y =y,
where 0 <y < 1.

For the birth—death M/M/1/c0 model, assume 4; = A forallj =0, 1, 2,
and y; = p forallj=1, 2,3, .... Define p = A/pu. Show the following
results:

My =1-=pR)L = p/(1 = ps3)L; = p.
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