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Introduction

In this chapter, we introduce some necessary background about the active disturbance rejection
control (ADRC). Some notation and preliminary results are also presented.

1.1 Problem Statement

In most control industries, it is hard to establish accurate mathematical models to describe the
systems precisely. In addition, there are some terms that are not explicitly known in mathe-
matical equations and, on the other hand, some unknown external disturbances exist around
the system environment. The uncertainty, which includes internal uncertainty and external dis-
turbance, is ubiquitous in practical control systems. This is perhaps the main reason why the
proportional–integral–derivative (PID) control approach has dominated the control industry
for almost a century because PID control does not utilize any mathematical model for system
control. The birth and large-scale deployment of the PID control technology can be traced
back to the period of the 1920s–1940s in response to the demands of industrial automation
before World War II. Its dominance is evident even today across various sectors of the entire
industry. It has been reported that 98% of the control loops in the pulp and paper industries are
controlled by single-input single-output PI controllers [18]. In process control applications,
more than 95% of the controllers are of the PID type [9].

Let us look at the structure of PID control first. For a control system, let the control input
be u(t) and let the output be y(t). The control objective is to make the output y(t) track a
reference signal v(t). Let e(t) = y(t) − v(t) be the tracking error. Then PID control law is
represented as follows:

u(t) = k0e(t) + k1

∫ t

0
e(τ)dτ + k2ė(t), (1.1.1)

where k0, k1, and k2 are tuning parameters. The PID control is a typical error-based control
method, rather than a model-based method, which is seen from Figure 1.1.1 for its advantage
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Figure 1.1.1 PID control topology.

of easy design. The nature of independent mathematical model and easy design perhaps have
explained the partiality of control engineers to PID.

However, it is undeniable that PID is increasingly overwhelmed by the new demands in this
era of modern industries where an unending efficiency is pursued for systems working in more
complicated environments. In these circumstances, a new control technology named active
disturbance rejection control (ADRC) was proposed by Jingqing Han in the 1980s and 1990s
to deal with the control systems with vast uncertainty [58, 59, 60, 62, 63]. As indicated in Han’s
seminal work [58], the initial motivation for the ADRC is to improve the control capability and
performance limited by PID control in two ways. One is by changing the linear PID (1.1.1)
to nonlinear PID and the other is to make use of “derivative” in PID more efficiently because
it is commonly recognized that, in PID, the “D” part can significantly improve the capability
and transient performance of the control systems. However, the derivative of error is not easily
measured and the classical differentiation most often magnifies the noise, which makes the
PID control actually PI control in applications, that is, in (1.1.1), k2 = 0.

In automatic principle of compensation, the differential signal for a given reference signal
v(t) is approximated by y(t) in the following process:

ŷ(s) =
s

Ts + 1
v̂(s) =

1
T

(
v̂(s) − 1

Ts + 1
v̂(s)

)
, (1.1.2)

where L̂(s) represents the Laplace transform ofL(t), T is a constant, and 1
Ts+1 v̂(s) represents

the inertial element with respect to T (see Figure 1.1.2).
The time domain realization of (1.1.2) is

y(t) =
1
T

(v(t) − v(t − T )). (1.1.3)

Figure 1.1.2 Classical differentiation topology.
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If v(t) is contaminated by a high-frequency noise n(t) with zero expectation, the inertial ele-
ment can filter the noise ([62], pp. 50–51):

y(t) =
1
T

(v(t) + n(t) − v(t − T )) ≈ v̇(t) +
1
T

n(t). (1.1.4)

That is, the output signal contains the magnified noise 1
T n(t). If T is small, the differential

signal may be overwhelmed by the magnified noise.
To overcome this difficulty, Han proposed a noise tolerant tracking differentiator:

ŷ(s) =
1

T2 − T1

(
1

T1s + 1
− 1

T2s + 1

)
v̂(s), (1.1.5)

whose state-space realization is⎧⎪⎪⎨
⎪⎪⎩

ẋ1(t) = x2(t),

ẋ2(t) = − 1
T1T2

(x1(t) − v(t)) − T2 − T1

T1T2
x2(t),

y(t) = x2(t).

(1.1.6)

The smaller T1/T2 is, the quicker x1(t) tracks v(t). The abstract form of (1.1.6) is formulated
by Han as follows: ⎧⎪⎨

⎪⎩
ẋ1(t) = x2(t),

ẋ2(t) = r2f

(
x1(t) − v(t),

x2(t)
r

)
,

(1.1.7)

where r is the tuning parameter and f(·) is an appropriate nonlinear function. Although a
convergence of (1.1.7) is first reported in [59], it is lately shown to be true only for the con-
stant signal v(t). Nevertheless, the effectiveness of a tracking differentiator (1.1.7) has been
witnessed by many numerical experiments and control practices [64, 147, 152, 153]. The con-
vergence proof for (1.1.7) is finally established in [55 and 52]. In Chapter 2, we analyze this
differentiator, and some illustrative numerical simulations and applications are also presented.

The second key part of the ADRC is the extended state observer (ESO). The ESO is an
extension of the state observer in control theory. In control theory, a state observer is a system
that provides an estimate of the internal state of a given real system from its input and output.
For the linear system of the following:{

ẋ(t) = Ax(t) + Bu(t),
y(t) = Cx(t),

(1.1.8)

where x(t) ∈ R
n(n ≥ 1) is the state, u(t) ∈ R

m is the control (input), and y(t) ∈ R
l is the

output (measurement). When n = 1, the whole state is measured and the state observer is
unwanted. If n > 1, the Luenberger observer can be designed in the following way to recover
the whole state by input and output:

˙̂x(t) = Ax̂(t) + Bu(t) + L(y(t) − Cx̂(t)), (1.1.9)

where the matrix L is chosen so that A − LC is Hurwitz. It is readily shown that the observer
error x(t) − x̂(t) → 0 as t → ∞. The existence of the gain matrix L is guaranteed by the
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detectability of system (1.1.8). If it is further assumed that system (1.1.8) is stabilizable, then
there exists amatrixK such that the closed-loop system under the state feedbacku(t) = Kx(t)
is asymptotically stable: x(t) → 0 as t → ∞. In other words, A + BK is Hurwitz. When the
observer (1.1.9) exists, then under the observer-based feedback control u(t) = Kx̂(t), the
closed-loop system becomes

{
ẋ(t) = (A + BK)x(t),
˙̂x(t) = (A − LC + BK)x̂(t) + LCx(t).

(1.1.10)

It can be shown that (x(t), x̂(t)) → 0 as t → ∞ and, moreover, the eigenvalues of (1.1.10)
are composed of σ(A + BK) ∪ σ(A − LC), which is called the separation principle for the
linear system (1.1.8). In other words, the matrices K and L can be chosen separately.

The observer design is a relatively independent topic in control theory. There are huge works
attributed to observer design for nonlinear systems; see, for instance, the nonlinear observer
with linearizable error dynamics in [87 and 88], the high-gain observer in [84], the sliding
mode observer in [24, 26, and 130], the state observer for a system with uncertainty [22], and
the high-gain finite-time observer in [103, 109, and 116]. For more details of the state observer
we refer to recent monograph [14].

A breakthrough in observer design is the extended state observer, which was proposed by
Han in the 1990s to be used not only to estimate the state but also the “total disturbance”
that comes from unmodeled system dynamics, unknown coefficient of control and external
disturbance. Actually, uncertainty is ubiquitous in a control system itself and the external envi-
ronment, such as unmodeled system dynamics, external disturbance, and inaccuracy in control
coefficient. The ubiquitous uncertainty in systems explains why the PID control technology
is so popular in industry control because PID control is based mainly on the output error not
on the systems’ mathematical models. Since the ESO, the “total disturbance” and the state of
the system are estimated simultaneously, we can design an output feedback control that is not
critically reliant on the mathematical models. Let us start from an nth order SISO nonlinear
control systems given by

{
x(n)(t) = f(t, x(t), ẋ(t), . . . , x(n−1)(t)) + w(t) + u(t),
y(t) = x(t),

which can be rewritten as

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ẋ1(t) = x2(t),
ẋ2(t) = x3(t),

...

ẋn(t) = f(t, x1(t), x2(t), . . . , xn(t)) + w(t) + u(t),
y(t) = x1(t),

(1.1.11)

where u(t) ∈ C(R, R) is the control (input), y(t) is the output (measurement), f ∈ C(Rn, R)
is the system function, which is possibly unknown, and w ∈ C(R, R) is unknown exter-
nal disturbance; f(·, t) + w(t) is called the “total disturbance” or “extended state” and
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αi ∈ R, i = 1, 2, . . . , n + 1 are the tuning parameters. The ESO designed in [60] is as
follows: ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

˙̂x1(t) = x̂2(t) − α1g1(x̂1(t) − y(t)),
˙̂x2(t) = x̂3(t) − α2g2(x̂1(t) − y(t)),

...

˙̂xn(t) = x̂n+1(t) − αngn(x̂1(t) − y(t)) + u(t),
˙̂xn+1(t) = −αn+1gn+1(x̂1(t) − y(t)).

(1.1.12)

By appropriately choosing the nonlinear functions gi ∈ C(R, R) and tuning the parameters
αi, we expect that the states x̂i(t), i = 1, 2, . . . , n + 1 of the ESO (1.1.12) can approximately
recover the states xi(t), i = 1, 2, . . . , n and the extended state f(·, t) + w(t), that is,

x̂i(t) ≈ xi(t), i = 1, 2, . . . , n, x̂n+1(t) ≈ f(·, t) + w(t).

In Chapter 3, we have a principle of choosing the nonlinear functions gi(·) and tuning the
gain parameters αi. The convergence of the ESO is established. We also present some numer-
ical results to show visually the estimations of state and extended state. In particular, if the
functions gi(·) in (1.1.12) are linear, the ESO is referred to as the linear extended state observer
(LESO). The LESO is also called the extended high-gain observer in [35].

The final key part of the ADRC is the TD and the ESO-based feedback control. In the
feedback loop, a key component is to compensate (cancel) the “total disturbance” by making
use of its estimate obtained from the ESO. The topology of the active disturbance rejection
control is blocked in Figure 1.1.3.

Now we can describe the whole picture of the ADRC for a control system with vast uncer-
tainty that includes the external disturbance and unmodeled dynamics. The control purpose is
to design an output feedback control law that drives the output of the system to track a given
reference signal v(t). Generally speaking, the derivatives of the reference v(t) cannot be mea-
sured accurately due to noise. The first step of the ADRC is to design a tracking differentiator

Figure 1.1.3 Topology of active disturbance rejection control.
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(TD) to recover the derivatives of v(t) without magnifying measured noise. Tracking differ-
entiator also serves as transient profile for output tracking. The second step is to estimate,
through the ESO, the system state and the “total disturbance” in real time by the input and
output of the original system. The last step is to design an ESO-based feedback control that
is used to compensate the “total disturbance” and track the estimated derivatives of v(t). The
whole ADRC design process and convergence are analyzed in Chapter 4.

The distinctive feature of the ADRC lies in its estimation/cancelation nature. In control
theory, most approaches like high-gain control (HGC) and sliding mode control (SMC) are
based on the worst case scenario, but there are some approaches that use the same idea of
the ADRC to deal with the uncertainty. One popular approach is the internal model princi-
ple (IMP) [33, 34, 77, 99] and a less popular approach is the external model principle (EMP)
[66, 104, 129, 149]. In the internal model principle and external model principle, the dynamic
of the system is exactly known and the “external disturbance” is considered as a signal gen-
erated by the exogenous system, which follows exactly known dynamics. The unknown parts
are initial states. However, in some complicated environments, it is very difficult to obtain the
exact mathematical model of the exogenous system, which generates “external disturbance”.
In the ADRC configuration, we do not need a mathematical model of external disturbance and
even most parts of the mathematical model of the control system itself can be unknown. This
is discussed in Section 4.5.

The systems dealt with by the ADRC can also be coped with by high-gain control [128] and
sometimes by sliding mode control [94, 130, 131]. However, control law by these approaches
is designed in the worst case of uncertainty, which may cause unnecessary energy waste and
may even be unrealizable in many engineering practices. In Section 4.6, three control methods
are compared numerically by a simple example.

1.2 Overview of Engineering Applications

Nowadays, the ADRC is widely used in many engineering practices. It is reported in [166]
that the ADRC control has been tested in the Parker Hannifin Parflex hose extrusion plant and
across multiple production lines for over eight months. The product performance capability
index (Cpk) is improved by 30% and the energy consumption is reduced by over 50%.

The Cleveland state university in the USA established a center for advanced control tech-
nologies (CACT) for further investigation of the ADRC technology. Under the cooperation
of CACT and an American risk investment, the industrial giant Texas Instruments (TI) has
adopted this method. In April 2013, TI issued its new motor control chips based on the ADRC.
The control chips can be used in almost every motor such as washing machines, medical
devices, electric cars and so on.

There is a lot of literature on the application of the ADRC. In what follows, we briefly
overview some typical examples. In the flight and integrated control fields, an ESO and
non-smooth feedback law is employed to achieve high performance of flight control [72]. In
[126], the ADRC is adopted to tackle some problems encountered in pitch and roll altitude
control. The ADRC is used for integrated flight-propulsion control in [135], and the coupling
effects between altitude and velocity and attenuates measurement noise are eliminated by
this method. In [169], the ADRC is applied to altitude control of a spacecraft model that is
nonlinear in dynamics with inertia uncertainty and external disturbance. The ESO is applied
to estimate the disturbance and the sliding mode control is designed based on the ESO to
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achieve the control purpose. The safe landing of unmanned aerial vehicles (UAVs) under
various wind conditions has been a challenging task for decades. In [143], by using the
ADRC method, an auto-landing control system consisting of a throttle control subsystem and
an altitude control subsystem has been designed. It is indicated that this method can estimate
directly in real time the UAV’s internal and external disturbances and then compensate in
the feedback. The simulation results show that this auto-landing control system can land the
UAV safely under wide range wind disturbances (e.g., wind turbulence, wind shear). The
application of the ADRC on this aspect can be found in monograph [139].

In the energy conversion and power plant control fields, [28] presents a controller for max-
imum wind energy capture of a wind power system by employing the ADRC method. The
uncertainties in the torque of turbine and friction are both considered as an unknown distur-
bance to the system. The ESO is used to estimate the unknown disturbance. The maximum
energy capture is achieved through the design of a tracking-differentiator. It is pointed out
that this method has the merits of feasibility, adaptability, and robustness compared to the
other methods. The paper [102] summarizes some methods for capturing the largest wind
energy. It is indicated that the ADRC method captures the largest wind energy. The ADRC
is used for a thermal power plant, which is characterized by nonlinearity, changing param-
eters, unknown disturbances, large time-delays, large inertia, and highly coupled dynamics
among various control loops in [167]. In [121], the ADRC method is developed to cope with
the highly nonlinear dynamics of the converter and the disturbances. The ADRC method is
used for a thermal power generation unit in [69]. It is reported that the real-time dynamic
linearization is implemented by disturbance estimation via the ESO and disturbance compen-
sation via the control law, instead of differential geometry-based feedback linearization and
direct feedback linearization theory, which need an accurate mathematical model of the plant.
The decoupling for an MIMO coordinated system of boiler–turbine unit is also easily imple-
mented by employing the ADRC. The simulation results on STAR-90 show that the ADRC
coordinated control scheme can effectively solve problems of strong nonlinearity, uncertainty,
coupling, and large time delays. It can also significantly improve the control performance of a
coordinated control system. To eliminate the total disturbance effect on the active power filter
(APF) performance, the ADRC is adopted in [95]. It is reported that the ADRC control has
the merits of strong robustness, stability, and adaptability in dealing with the internal pertur-
bation and external disturbance. In [151], the ADRC is used to regulate the frequency error for
a three-area interconnected power system. As the interconnected power system transmits the
power from one area to another, the system frequency will inevitably deviate from a scheduled
frequency, resulting in a frequency error. A control system is essential to correct the devia-
tion in the presence of external disturbances and structural uncertainties to ensure the safe and
smooth operation of the power system. It is reported in [151] that the ADRC can extract the
information of the disturbance from input and output data of the system and actively com-
pensate for the disturbance in real time. Considering the difficulty of developing an accurate
mathematical model for active power filters (APF), [168] uses the ADRC to parallel APF sys-
tems. It is reported that the analog signal detected in the ADRC controller is less than other
control strategies. In [27], the ADRC is applied to an electrical power-assist steering system
(EPAS) in automobiles to reduce the steering torque exerted by a driver so as to achieve good
steering feel in the presence of external disturbances and system uncertainties. With the pro-
posed ADRC, the driver can turn the steering wheel with the desired steering torque, which is
independent of load torques, and tends to vary, depending on driving conditions.
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As to motor and vehicle control, in [127], the ADRC is used to ensure high dynamic perfor-
mance of amagnet synchronousmotor (PMSM) servo system. It is concluded that the proposed
topology produces better dynamic performance, such as smaller overshoot and faster transient
time, than the conventional PID controller in its overall operating conditions. A matrix con-
verter (MC) is superior to a drive induction motor since it has more attractive advantages
than a conventional pulse width modulation (PWM) inverter such as the absence of a large
dc-link capacitor, unity input power factor, and bidirectional power flow. However, due to the
direct conversion characteristic of an MC, the drive performance of an induction motor is
easily influenced by input voltage disturbances of the MC, and the stability of an induction
motor drive system fed by an MC would be affected by a sudden change of load as well. In
[105], the ADRC is applied to the MC fed induction motor drive system to solve the prob-
lems successfully. In [31], the ADRC is developed to ensure high dynamic performance of
induction motors. In [123], the ADRC is developed to implement high-precision motion con-
trol of permanent-magnet synchronous motors. Simulations and experimental results show
that the ADRC achieves a better position response and is robust to parameter variation and
load disturbance. Furthermore, the ADRC is designed directly in discrete time with a simple
structure and fast computation, which makes it widely applicable to all other types of drives.
In [96], an ESO-based controller is designed for the permanent-magnet synchronous motor
speed-regulator, where the ESO is employed to estimate both the states and the disturbances
simultaneously, so that the composite speed controller can have a corresponding part to com-
pensate the disturbances. Lateral locomotion control is a key technology for intelligent vehicles
and is significant to vehicle safety itself. In [115], the ADRC is used for the lateral locomotion
control. Simulation results show that, within the large velocity scale, the ADRC controllers
can assist the intelligent vehicle to accomplish smooth and high precision on lateral locomo-
tion, as well as remaining robust to system parameter perturbations and disturbances. In [146],
the ADRC is applied to the anti-lock braking system (ABS) with regenerative braking of elec-
tric vehicles. Simulation results indicate that this method can regulate the slip rate at expired
value in all conditions and, at the same time, it can restore the kinetic energy of a vehicle to
an electrical source. In [142], the ADRC is applied to the regenerative retarding of a vehicle
equipped with a new energy recovery retarder. Considering the railway restriction and comfort
requirement, the ADRC is applied to the operation curve tracking of the maglev train in [100].

There is also a lot of literature on the ADRC’s application in ship control. In [113], the
ADRC is applied to the ship tracking control by considering the strong nonlinearity, uncer-
tainty, and typical underactuated properties, as well as the restraints of the rudder. The sim-
ulation results show that the designed controller can achieve high precision on ship tracking
control and has strong robustness to ship parameter perturbations and environment distur-
bances. In [108], the ADRC is used on the ship’s main engine for optimal control under
unmatched uncertainty. The simulation results show that the controller has strong robustness
to parameter perturbations of the ship and environmental disturbances.

In robot control [73], the ESO is used to estimate and compensate the nonlinear dynamics
of the manipulator and the external disturbances for a complex robot systems motion control.
[120] applies the ADRC to the lateral control of tracked robots on stairs. The simulation results
show that this algorithm can keep the robot smooth and precise in lateral control and effectively
overcome the disturbance. In [114], the ADRC is applied to the rock drill robot joint hydraulic
drive system. The simulation results show that the ADRC controller has ideal robustness to
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the system parameters’ disturbances and the large load disturbance and a rapid and smooth
control process and high steady precise performances can be implemented.

As to gyroscopes, [162] applies the ADRC to control two vibrating axes (or modes) of vibra-
tional MEMS gyroscopes in the presence of the mismatch of natural frequencies between two
axes, mechanical-thermal noises, quadrature errors, and parameter variations. The simulation
results on a Z-axis MEMS gyroscope show that the controller is very effective by driving the
output of the drive axis to a desired trajectory, forcing the vibration of the sense axis to zero for
a force-to-rebalance operation, and precisely estimating the rotation rate. In [29], the ADRC
is used for both vibrating axes (drive and sense) of vibrational gyroscopes, in both simulation
and hardware tests on a vibrational piezoelectric beam gyroscope. The proposed controller
proves to be robust against structural uncertainties and it also facilitates accurate sensing of
time-varying rotation rates. [154] uses the ADRC and fuzzy control method for stabilizing
circuits in platform inertial navigation systems (INS) based on fiber optic gyroscopes (FOGs).

1.3 Preliminaries

In this section, we first present a canonical form of active disturbance rejection control
(ADRC). To make the book self-contained, we also present some notation and results about
Lyapunov stability, asymptotical stability, finite-time stability, and weighted homogeneity.

1.3.1 Canonical Form of ADRC

As pointed out in the previous section, the ADRC can deal with nonlinear systems with vast
uncertainty. However, for the sake of clarity, we first limit ourselves to a class of nonlinear
systems that are canonical forms of the ADRC. Let us start with some engineering control
systems.

Firstly, we consider micro-electro-mechanical systems (MEMS). The mechanical structure
of theMEMS gyroscope can be understood as a proof mass attached to a rigid frame by springs
and dampers, as shown in Figure 1.3.1. As the mass is driven to resonance along the drive
(X) axis and the rigid frame is rotating along the rotation axis, a Coriolis acceleration will
be produced along the sense (Y) axis, which is perpendicular to both drive and rotation axes.
The Coriolis acceleration is proportional to the amplitude of the output of the drive axis and
the unknown rotation rate. Therefore, we can estimate the rotation rate through measuring the
vibration of the sense axis. To measure accurately the rotation rate, the vibration magnitude of
the drive axis has to be regulated to a fixed level. Therefore, the controller of the drive axis is
mainly used to drive the drive axis to resonance and to regulate the output amplitude.

The vibrational MEMS gyroscope can be modeled as follows:⎧⎨
⎩ẍ(t) + 2ζω2

nx(t) + ωxyy(t) − 2Ωẏ(t) =
k

m
u(t) + Nx(t),

ÿ(t) + 2ζωnẏ(t) + ωxyx(t) + 2Ωẋ(t) = Ny(t),
(1.3.1)

where x(t) and y(t) are the outputs of the drive and sense axes, 2Ωẋ(t) and 2Ωẏ(t) are the
Coriolis accelerations, Ω is the rotation rate, ωn is the natural frequency of the drive and sense
axes, ωxyy(t) and ωxyx(t) are quadrature errors caused by spring couplings between two axes,
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Figure 1.3.1 Mass–spring–damper structure of an MEMS gyroscope system.

ζ is the damping coefficient, m is the mass of the MEMS gyroscope, k is the control gain, and
u(t) is the control input for the drive axis. The Nx(t) and Ny(t) are external disturbances. We
can rewrite system (1.3.1) as⎧⎪⎪⎨

⎪⎪⎩
ẋ1(t) = x2(t),

ẋ2(t) = f(x1(t), x2(t), Y (t), Nx(t)) + bu(t),

Ẏ (t) = F0(x1(t), x2(t), Y (t), Ny(t)),

(1.3.2)

where x1(t) = x(t), x2(t) = ẋ(t), Y (t) = (y(t), ẏ(t))�,

f(x1(t), x2(t), Y (t), Nx(t)) = −2ζω2
nx1(t) − ωxyy(t) + 2Ωẏ(t) + Nx(t),

and

F0(x1(t), x2(t), Y (t), Ny(t)) =

(
0

−2ζωnẏ(t) − ωxyx(t) − 2Ωẋ(t) + Ny(t)

)
.

Obviously, both the nonlinear functions f(·) andF0(·) contain external disturbances. However,
the external disturbances, f(·) and F (·), cannot always be accurately measured due to the
possible deviation of parameters ζ, Ω, ωn, and ωxy away from their real values.

Next, consider an hydraulic systemwhere an inertia load is driven by a servo-valve-controlled
hydraulic rotary actuator. A schematic structure is presented on the right of Figure 1.3.2. The
objective is to drive the inertia load to track a given smooth motion trajectory by the position
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Figure 1.3.2 Architecture of the hydraulic system.

measurement. The motion dynamics of the inertia load can be described by the following
equation:

Jẍ(t) = PL(t)Dm − Fẋ(t), (1.3.3)

where J and x(t) represent the moment of inertia and the angular displacement of the load,
respectively, Dm is the radian displacement of the actuator, F represents the friction coef-
ficient, PL(t) = P1(t) − P2(t) is the load pressure of the hydraulic actuator, and P1(t) and
P2(t) are the pressures inside the two chambers of the actuator. The dynamics of load pressure
can be written as

Vt

4βe

ṖL(t) = −Dmẋ(t) − CtPL(t) + Q0 + Q(t) + QL(t), (1.3.4)

where Vt is the total control volume of the actuator, βe is the effective oil bulk modulus, Ct

is the coefficient of the total internal leakage of the actuator due to pressure, Q0 is a constant
modeling error and Q(t) is the time-varying modeling error caused by complicated internal
leakage, parameter deviations, unmodeled pressure dynamics, modeling error caused by the
following flow equation, and so on, QL(t) = (Q1(t) + Q2(t))/2 is the load flow, Q1 is the
supplied flow rate to the forward chamber, andQ2 is the return flow rate of the return chamber.
QL(t) is related to the spool valve displacement of the servovalve xv by

QL(t) = kqxv(t)
√

Ps − sign(xv(t))PL(t), kq = Cdω
√

1/ρ, (1.3.5)

where Cd is the discharge coefficient, ω is the spool valve area gradient, ρ is the density of oil,
and Ps is the supply pressure of the fluid with respect to the return pressure Pr. The control
applied to the servovalve is directly proportional to the spool position, that is, xv(t) = kiu(t),
where ki is a positive constant; u(t) is the control input voltage.

Let x1(t) = x(t), x2(t) = ẋ(t), and x3(t) = Dm

J PL(t) − F2(x) + f(t, x1(t), x2(t)). Then
the control system can be rewritten as⎧⎪⎪⎨

⎪⎪⎩
ẋ1(t) = x2(t),

ẋ2(t) = x3(t),

ẋ3(t) = ϕ(t, x1(t), x2(t), x3(t)) + b(x2(t), x3(t), u(t))u(t),

(1.3.6)
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where

ϕ(t, x1(t), x2(t), x3(t)) = −
(

2F 2 +
4βe(D

2
m + CFJ)
JV

)
x2(t) −

(
F + 4βeC

V

)
x3(t)

+
4βeDm(Q0 + Q(t))

JV
(1.3.7)

and

b(x2, x3, u) =
4βeKqDm

JV

√
PS − J(Fx2 + x3)

Dm

sign(u). (1.3.8)

In practice, there also exist internal and external disturbances in the system function ϕ(·).
Finally, we consider the dynamic of autonomous underwater vehicles (AUVs). The AUV

can be modeled as follows:⎧⎪⎪⎨
⎪⎪⎩

ẋ(t) = J(x(t))v(t),

M v̇(t) + C(v(t))v(t) + D(v(t))v(t) + d(t) = u(t),

y(t) = x(t),

(1.3.9)

where
x(t) = (x(t), y(t), z(t), φ(t), θ(t), ψ(t))� (1.3.10)

is the vehicle location and orientation in the earth-fixed frame, v(t) is the vector of the vehi-
cle’s velocities expressed in the body-fixed frame, and y(t) is the output. The positive definite
inertia matrix M = MRB + MA includes the inertia MRB of the vehicle as a rigid body and
the added inertia MA due to the acceleration of the wave. The matrix C(v) ∈ R

6×6, which
is skew-symmetrical groups of the coriolis and centripetal force. The hydrodynamic damping
term D(v) ∈ R

6×6 takes into account the dissipation due to the friction exerted by the fluid
surrounding the AUV. The vector g(x) ∈ R

6 is the combined gravitation and buoyancy forces
in the body-fixed frame,d(t) ∈ R

6 is the external disturbance, and J(x) is the kinematic trans-
formation matrix expressing the transformation from the body-fixed frame to the earth-fixed
frame:

J(x) =

(
J1(x) 0

0 J2(x)

)
(1.3.11)

with

J1(x) =

⎛
⎜⎝

cos ψ cos θ − sin ψ cos θ sinψ sinφ + cos ψ cos φ sin θ

sinψ cos θ cos ψ + sinφ sin θ sinψ − cos ψ sin φ + sin θ sinψ cos φ

− sin θ sin φ cos θ cos φ cos θ

⎞
⎟⎠ ,

J2(x) =

⎛
⎜⎜⎝

1 sinφ tan θ cos φ tan θ

0 cos φ − sin φ

0
sinφ

cos θ

cos φ

cos θ

⎞
⎟⎟⎠ . (1.3.12)
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The control purpose is to make the output y(t) track the desired trajectory xd(t). Let x1(t) =
x(t) and x2(t) = J(x(t)) ˙v(t). Then the dynamics (1.3.9) can be written as{

ẋ1(t) = x2(t),
ẋ2(t) = F (x1(t),x2(t), d(t)) + J(x1(t))M

−1u(t),
(1.3.13)

where

F (x1,x2,d) = −J(x1)M
−1C(J−1(x1)x2)J

−1(x1)x2

− J(x1)M
−1D(J−1(x1)x2)J

−1(x1)x2 − J(x1)M
−1d, (1.3.14)

and there are external disturbance and parameter uncertainty in F (·).
It is seen that all these systems, MEMS gyroscope (1.3.2), hydraulic system (1.3.6), and

(1.3.13), are the special cases of the following nonlinear systems with vast uncertainty:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋi1(t) = xi2(t),

ẋi2(t) = xi3(t),
...

ẋini
(t) = fi(x(t), ζ(t), w(t)) + b(x(t), ζ(t), w(t))ui(t),

ζ̇(t) = fi0(x(t), ζ(t), w(t)), i = 1, 2, . . . , r,

(1.3.15)

where (x�(t), ζ�(t))� = ((x11(t), . . . , x1n1
(t), x21(t), . . . , xrnr

(t))�, ζ�(t)) ∈ R
nm+l is

the system state, y(t) = (x11(t), . . . , xr1(t))
� ∈ R

r is the output (measurement), u(t) =
(u1(t), . . . , ur(t))

� ∈ R
r is the input (control), and w(t) ∈ R

k is the external disturbance.
The system functions fi ∈ C(Rn1+···+nr+l+k, R) and fi0 ∈ C(Rn1+···+nr+l+k, Rk) are
completely unknown or partially unknown. In addition, some uncertainties are allowed in
functions bi ∈ C(Rn1+···+nr+l+k, R). In fact, except for the above examples, there are many
other control systems that can be modeled as (1.3.15). In this book, we consider system
(1.3.15) as the control canonical form of ADRC.

To discuss further the canonical form of ADRC, we introduce some background about linear
MIMO systems as follows:{

ẋ(t) = Ax(t) + Bu(t), x(0) = x0,

y(t) = Cx(t),
(1.3.16)

where x(t) ∈ R
n is the state, x0 is the initial state, u(t) ∈ R

m is the input (control), y(t) ∈ R
p

is the output (measurement),A ∈ R
n×n is the systemmatrix,B ∈ R

n×m is the control matrix,
and C ∈ R

p×n is the output matrix.
The concept of relative degree is useful for understanding the control structure of system

(1.3.16).

Definition 1.3.1 For system (1.3.16), let

di =

{
μi, CiA

kB = 0, k = 0, 1, . . . , μi − 2(μi ≤ n), CiA
μi−1B 
= 0,

n − 1, CiA
kB = 0, k = 0, 1, . . . , n − 1,
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where Ci is the ith row of C, i = 1, 2, . . . , p. Then {d1, d2, . . . , dp} is called the relative
degree of system (1.3.16) (or triple (A,B,C)).

Let

zi(t) =

⎛
⎜⎜⎜⎜⎝

zi1(t)
zi2(t)

...

zidi
(t)

⎞
⎟⎟⎟⎟⎠ = Eix(t) =

⎛
⎜⎜⎜⎜⎝

Cix(t)
CiAx(t)

...

CiA
di−1x(t)

⎞
⎟⎟⎟⎟⎠ , i = 1, 2, . . . ,m, (1.3.17)

and assume that the following matrixE is full rank matrix, that is, rank(E) = d1 + d2 + · · · +
dm,

E = (E1, E2, . . . , Em)�. (1.3.18)

Then there exists matrix F ∈ R
s×n with rank s = n − d1 − · · · − dm such that (E,F )� is

invertible. Let z(t) = (z1(t), . . . , zm(t))� with⎛
⎜⎜⎜⎜⎜⎜⎝

z1(t)
z2(t)
...

zm(t)
ζ(t)

⎞
⎟⎟⎟⎟⎟⎟⎠

= Tx(t) =

(
E

F

)
x(t). (1.3.19)

It is obvious that the above transformation is invertible and under this transformation,⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

żi1(t) = zi2(t),

żi2(t) = zi3(t),
...

żidi
(t) = ciA

diT−1(z(t), ζ(t))� + CiA
diBu(t), i = 1, 2, . . . ,m,

ζ̇(t) = AFT−1(z(t), ζ(t))� + FBu(t).

(1.3.20)

Furthermore, if FB = 0, then system (1.3.20) is a special case of (1.3.15).
The following nonlinear system can also be transformed into a special case of (1.3.15) by

a geometric method under some conditions:⎧⎪⎨
⎪⎩

ẋ(t) = f(x(t)) +
m∑

i=1

gi(x(t))ui(t), x(0) = x0 ∈ R
n,

y(t) = (y1(t), y2(t), . . . , ym(t))� = h(x(t)),
(1.3.21)

where x(t) ∈ R
n is the system state, u(t) = (u1(t), u2(t), . . . , um(t))� ∈ R

m is the control
input, and y(t) ∈ R

m is the output, f ∈ C(Rn, Rn) is the system function, gi ∈ C(Rn, Rn)
(i = 1, 2, . . . ,m) are control functions.

Now, we introduce the Lie derivative and Lie bracket in geometry.
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Definition 1.3.2 Suppose that h(x) = (h1(x), h2(x), . . . , hm(x))� ∈ C1(Rn, Rm), f(x) =
(f1(x), f2(x), . . . , fn(x))� ∈ C(Rn, Rn). The Lie derivative Lfh(x) : R

n → R of function
h(x) along vector field f(x) is defined as

Lfh(x) =
(

∂h(x)
∂x1

,
∂h(x)
∂x2

, . . . ,
∂h(x)
∂xn

)
⎛
⎜⎜⎜⎜⎝

f1(x)
f2(x)
...

fn(x)

⎞
⎟⎟⎟⎟⎠ =

n∑
i=1

∂h(x)
∂xi

fi(x). (1.3.22)

If Lfh ∈ C1(Rn, R), then the Lie derivative of Lfh(x) along the vector field f(x) is
denoted by L2

fh(x) that is, L2
fh(x) = (Lf (Lfh))(x). Generally, we denote L0

fh(x) = h(x)
and Li

fh(x) = Lf (L(i−1)
f h(x)), i = 1, 2, . . . , n. Similarly, LgLfh(x) is the symbol of

Lg(Lfh(x)), where g(x) = (g1(x), g2(x), . . . , gn(x))� ∈ C1(Rn, Rn) is another vector
field.

The Lie bracket of vector fields f(x) and g(x) is a vector field denoted by [f, g](x) given as

[f, g](x) Δ=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂g1(x)
∂x1

∂g1(x)
∂x2

· · · ∂g1(x)
∂xn

∂g2(x)
∂x1

∂g2(x)
∂x2

· · · ∂g2(x)
∂xn

...
...

. . .
...

∂gn(x)
∂x1

∂gn(x)
∂x2

· · · ∂gn(x)
∂xn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

f1(x)

f2(x)
...

fn(x)

⎞
⎟⎟⎟⎟⎟⎠

−

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

∂f1(x)
∂x1

∂f1(x)
∂x2

· · · ∂f1(x)
∂xn

∂f2(x)
∂x1

∂f2(x)
∂x2

· · · ∂f2(x)
∂xn

...
...

. . .
...

∂fn(x)
∂x1

∂fn(x)
∂x2

· · · ∂fn(x)
∂xn

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

⎛
⎜⎜⎜⎜⎜⎝

g1(x)

g2(x)
...

gn(x)

⎞
⎟⎟⎟⎟⎟⎠ . (1.3.23)

Generally, we denote adk
fg(x) Δ=[f, adk−1

f g](x) and ad0
fg(x) = g(x).

For the Lie derivatives and Lie brackets, we have the following basic properties.

Lemma 1.3.1 For the vector fields f, g ∈ C1(Rn, Rn) and functions α, β ∈ C(Rn, R),
λ ∈ C1(Rn, R), the following conclusions hold true.

(i) Lαfλ(x) = α(x)Lfλ(x).
(ii) If α, β ∈ C1(Rn, R), then

[αf, βg](x) = α(x)β(x)[f, g](x) + α(x)(Lfβ(x))g(x) − β(x)(Lgα(x))f(x).

(iii) L[f,g]λ(x) = LfLgλ(x) − LgLfλ(x).
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For the given smooth vector fields fi ∈ C1(Rn, Rn), i = 1, 2, . . . , d, the vector space
(depending on x) spanned by f1(x), f2(x), . . . , fd(x) is called the distribution of vector
fields fi(x), i = 1, 2, . . . , d. We use the symbol Δ(x) to denote the distribution, that is,

Δ(x) = span{f1(x), f2(x), . . . , fd(x)}. (1.3.24)

The distribution Δ(x) is called involutive if the Lie bracket [fi, fj ](x) of any pair of vector
fields fi(·) and fj(·) is a vector field that belongs to Δ(x), that is, there exist functions ak ∈
C(Rn, R), k = 1, 2, . . . , d, such that

[fi, gj ](x) =
n∑

i=1

ak(x)fk(x). (1.3.25)

In order to transform system (1.3.21) into the canonical form, we introduce the Frobenius
theorem.

Suppose that one is interested in solving the following differential equation:

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Lf1
ϕ(x) = f11(x)

∂ϕ(x)
∂x1

+ f12(x)
∂ϕ(x)
∂x2

+ · · · + f1n(x)
∂ϕ(x)
∂xn

= 0,

Lf2
ϕ(x) = f21(x)

∂ϕ(x)
∂x1

+ f22(x)
∂ϕ(x)
∂x2

+ · · · + f2n(x)
∂ϕ(x)
∂xn

= 0,

...

Lfd
ϕ(x) = fd1(x)

∂ϕ(x)
∂x1

+ fd2(x)
∂ϕ(x)
∂x2

+ · · · + fdn(x)
∂ϕ(x)
∂xn

= 0,

(1.3.26)

where f1, f2, . . . , fd ∈ C1(U ⊂ R
n, Rn) are vector fields that span a distribution Δ(x) for

integer d < n, and fij(·) is the jth component of vector field fi(·). The system of partial dif-
ferential equations (1.3.26) or the d-dimensional distributionΔ(·) is said to be completely inte-
grable if there exist n − d independent smooth functionsϕi ∈ C1(Rn, R), i = 1, 2, . . . , n − d,
satisfying differential equations (1.3.26) on U . By “independent”, we mean that the row vec-
tor group composed by gradients∇ϕ1(x),∇ϕ2(x), . . . ,∇ϕn−d(x) are independent at every
x ∈ U .

Lemma 1.3.2 A distribution is completely integrable if and only if it is involutive.

Now we give the definition of relative degree for nonlinear systems (1.3.21).

Definition 1.3.3 Let U ⊂ R
n be a neighborhood near the initial state of system (1.3.21). If

there exist positive integers ri, i = 1, 2, . . . ,m such that

Lgj
Lk

fhi(x) = 0 ∀ x ∈ U, 0 ≤ k ≤ ri − 2, i = 1, 2, . . . , m, j = 1, 2, . . . ,m,
(1.3.27)
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and the following matrix function A(x) is invertible at x0, then we say that system (1.3.21)
has the relative degree {r1, r2, . . . , rm} at initial state x0:

A(x) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎝

Lg1
Lr1−1

f h1(x) Lg2
Lr1−1

f h1(x) · · · Lgm
Lr1−1

f h1(x)

Lg1
Lr2−1

f h2(x) Lg2
Lr2−1

f h2(x) · · · Lgm
Lr2−1

f h2(x)

...
...

. . .
...

Lg1
Lrm−1

f hm(x) Lg2
Lrm−1

f hm(x) · · · Lgm
Lrm−1

f hm(x)

⎞
⎟⎟⎟⎟⎟⎟⎟⎠

. (1.3.28)

Lemma 1.3.3 Suppose that system (1.3.21) has a (vector) relative degree {r1, . . . , rm} at
the initial state x0. Then

r1 + r2 + · · · + rm ≤ n.

Set, for i = 1, 2, . . . ,m, ⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

ξi1(x) = φi1(x) = hi(x),

ξi2(x) = φi2(x) = Lfhi(x),
...

ξiri
(x) = Lri−1

f hi(x).

(1.3.29)

We assume without loss of generality that r = r1 + r2 + · · · + ri < n and there exist n − r
functions φr+1, φr+2, . . . , φn ∈ C(Rn, R) such that the mapping

Φ(x) = (φ11(x), φ12(x), . . . , φ1ri
(x), . . . , φmrm

(x), φr+1(x), . . . , φn(x))�

has a Jacobian matrix that is nonsingular at x0. Moreover, if the distribution

G(x) = span{g1(x), g2(x), . . . , gm(x)}

is involutive near x0, then φr+1(x), . . . , φn(x) satisfy

Lgj
φi(x) = 0, j = 1, 2, . . . ,m, j = r + 1, . . . , n, x ∈ U ,

where U ⊂ R
n is a neighborhood of initial state x0.

Set

ξi(x) =

⎛
⎜⎜⎜⎜⎝

ξi1(x)
ξi2(x)

...

ξiri
(x)

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝

φi1(x)
φi2(x)

...

φiri
(x)

⎞
⎟⎟⎟⎟⎠ , i = 1, 2 . . . ,m, (1.3.30)

ξ(x) = (ξ1(x), ξ2(x), . . . , ξm(x))�, (1.3.31)
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η(x) =

⎛
⎜⎜⎜⎜⎝

η1(x)
η2(x)
...

ηn−r(x)

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎜⎜⎜⎝

φr+1(x)
φr+2(x)

...

φn(x)

⎞
⎟⎟⎟⎟⎠ , (1.3.32)

and

bij(ξ, η) = Lgi
Lri−1

f hi(Φ
−1(ξ, η)), ∀ 1 ≤ i, j ≤ m,

ψi(ξ, η) = Lri

f hi(Φ
−1(ξ, η)), ∀ 1 ≤ i ≤ m, (1.3.33)

F0(ξ, η) = (Lfφr+1(Φ
−1(ξ, η)), Lfφr+2(Φ

−1(ξ, η)), . . . , Lfφn(Φ−1(ξ, η))�.

Then the general nonlinear affine system (1.3.21) has the form⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ξ̇i1(t) = ξi2(t),

ξ̇i2(t) = ξi3(t),
...

ξ̇iri
(t) = ψ(ξ(t), η(t)) +

m∑
j=1

bij(ξ(t), η(t))uj(t),

η̇(t) = F0(ξ(t), η(t)),

yi(t) = ξi1(t),

(1.3.34)

which is also a special case of the canonical form of ADRC (1.3.15).

1.3.2 Stability for Nonlinear Systems

In this section, we give some basic notation and results about stability for nonlinear systems. In
this book, the stability means Lyapunov stability, which is named after Aleksandr Lyapunov,
a Russian mathematician who published his doctoral thesis, The General Problem of Stability
of Motion, in 1892. It was becoming more interests during the Cold War period when it was
found to be applicable to the stability of aerospace guidance systems, which typically contains
strong nonlinearities that are not treatable by other methods.

In this book, we use ‖ · ‖ to denote the Euclidian norm of R
n: ‖ (ν1, ν2, . . . , νn) ‖=(∑n

i=1 |νi|2
)1/2 and ‖ · ‖∞ the infinite norm of R

n: ‖ (ν1, . . . , νn) ‖∞= maxi=1, ... ,n|νi|. It
is well known that the two norms are equivalent; however, for the simplicity, we use different
norms in different circumstances.

Consider the nonlinear system of the following:

ẋ(t) = f(t, x(t)), (1.3.35)

where f(t, x) = (f1(t, x), f2(t, x), . . . , fn(t, x))� ∈ C([0;∞) × R
n, Rn) with fi(t, x)

being locally Lipschitz continuous with respect to x (i.e., |fi(t, x1) − fi(t, x2)| ≤ Lt ‖
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x1 − x2 ‖, for some Lt > 0 and all x1, x2 ∈ R
n) and fi(0) = 0, i = 1, 2, . . . , n. It is obvious

that x(t) ≡ 0 is a trivial solution of system (1.3.35). The trivial solution is also said to be
an equilibrium state of the system. To represent the dependence of a system solution with
initial state, we denote, in this section, the solution of system (1.3.35) with the initial state
x(0) = x0 ∈ R

n as x(t;x0).

Definition 1.3.4 If for any positive constant ε > 0 there exists σ > 0 such that for any x0 ∈ R
n

satisfying ‖ x0 ‖< σ, the solution x(t;x0) of (1.3.35) satisfies ‖ x(t;x0) ‖< ε,∀ t ≥ 0, then
the zero equilibrium of system (1.3.35) is said to be stable in the sense of Lyapunov.

Definition 1.3.5 A domain Ω ⊂ R
n(0 ∈ Ω◦) is said to be the attracting basin of the zero

equilibrium state of (1.3.35), if for any x0 ∈ Ω, the solution with initial value x0 tends to
zero as time goes to ∞, that is, limt→∞ ‖ x(t;x0) ‖= 0, and for any x ∈ R

n \ Ω, limt→∞
‖ x(t;x0) ‖= 0 is not valid any more. We say that the zero equilibrium of system (1.3.35) is
attractive on Ω. Furthermore, if Ω = R

n, we say that the zero equilibrium of system (1.3.35)
is globally attractive.

Definition 1.3.6 The zero equilibrium of system (1.3.35) is said to be asymptotically stable on
attracting basin Ω if it is stable and attracting on Ω. If Ω = R

n, we say that the equilibrium
is globally asymptotically stable.

We point out that there is no implication relation between stability and attractiveness. For
example, consider the following system:{

ẋ1(t) = x2(t), x1(0) = x10,

ẋ2(t) = x1(t), x2(0) = x20.
(1.3.36)

The solution of system (1.3.36) is{
x1(t;x10, x20) = x10 cos t − x20 sin t,

x2(t;x10, x20) = x10 sin t + x20 cos t.
(1.3.37)

A straightforward computation shows that

x2
1(t;x10, x20) + x2

2(t;x10, x20) = x2
10 + x2

20.

It is obvious that the zero equilibrium state of system (1.3.36) is stable, but not attractive. Also
there exists an example where the zero equilibrium is attractive but not stable. Consider the
following system:

{
ẋ(t) = f(x(t)) + y(t),
ẏ(t) = −x(t),

f(x) =

⎧⎪⎨
⎪⎩
−4x, x > 0;
2x, −1 ≤ x ≤ 0;
−x − 3, x ≤ −1.

(1.3.38)

If x > 0, the general solution of the system (1.3.38) is{
x(t) = c1(2 −

√
3)e(−2+

√
3)t + c2(2 +

√
3)e(−2−

√
3)t,

y(t) = c1e
(−2+

√
3)t + c2e

(−2−
√

3)t.
(1.3.39)
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For x ∈ [−1, 0], the general solution is⎧⎨
⎩

x(t) = c1e
t + c2te

t,

y(t) = (−c1 + c2)e
t − c2te

t.
(1.3.40)

For x < −1, the general solution is⎧⎪⎪⎨
⎪⎪⎩

x(t) = 1/2 c1e
− t

2

(
cos

√
3

2 t +
√

3 sin
√

3
2 t
)

+ 1/2 c2e
− t

2

(
cos

√
3

2 t −
√

3 sin
√

3
2 t
)

,

y(t) = c1e
− t

2 cos
√

3
2

t + c2e
− t

2 sin
√

3
2

t + 3.

(1.3.41)
The trajectories of system (1.3.38) are plotted in Figure 1.3.3.

By the general solution and Figure 1.3.3, we can obtain limt→∞ x(t) = limt→∞ y(t) = 0
for each solution (x(t), y(t)) of system (1.3.38). Consider the solution of system (1.3.38) with
the initial value (

x(0)
y(0)

)
=

(
x0

y0

)
=

(
−e−t0

e−t0

)
, (1.3.42)

where t0 > 0 is a positive constant. The solution of system (1.3.38) with initial value (x0, y0)
�

in interval [0, t0] is
x(t;x0) = −et−t0 , y(t) = et−t0 , t ≤ t0, (1.3.43)

which satisfies x(t0) = −1 and y(t0) = 1. A simple computation shows that

lim
t0→∞

x0 = lim
t0→∞

−e−t0 = 0, lim
t0→∞

y0 = lim
t0→∞

e−t0 = 0. (1.3.44)

Figure 1.3.3 Orbit distribution of system (1.3.38).
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This implies that when t0 is large enough, ‖ (x0, y0)
� ‖ can be as small as expected. However,

system (1.3.38) is not stable because no matter how small the norm of the initial state is,
‖ (x(t0;x0), y(t0; y0))

� ‖=
√

2 can not be always arbitrarily small.
The class K and K∞ functions and Lyapunov functions are important in stability analysis.

Definition 1.3.7 The function ϕ ∈ C([0, a), [0,∞)) is said to be a class K function if ϕ(r) is
strictly increasing on [0, a) and ϕ(0) = 0. Furthermore, if a = +∞ and limr→+∞ ϕ(r) = ∞,
then ϕ(r) is a class K∞ function.

Definition 1.3.8 Let Ω ⊂ R
n and 0 ∈ Ω◦. Function V ∈ C(Ω, [0,∞)) is said to be positive

definite (−V (x) is said to be negative definite) if, for any x ∈ Ω, V (x) ≥ 0 and V (x) = 0 if
and only if x = 0. Furthermore, if Ω = R

n and lim‖x‖→+∞ V (x) = +∞, then V (x) is said
to be a radially unbounded positive definite function. In stability analysis, the positive definite
function is also said to be a Lyapunov function.

Theorem 1.3.1 Suppose that V ∈ C(Ω, [0,∞)) is a positive definite function on Ω, where
Ω ⊂ R

n(0 ∈ Ω◦) is a connected domain andBr = {x ∈ R
n : ‖ x ‖≤ r} ⊂ Ω for r > 0. Then

there exist class K functions κ1, κ2 ∈ C([0, r), R̄+) such that

κ1(‖ x ‖) ≤ V (x) ≤ κ2(‖ x ‖), ∀ x ∈ Br.

Furthermore, if V (x) is radially unbounded, then κ1(·) and κ2(·) are class K∞ functions.

Proof. Let κ(τ) = infτ≤‖x‖≤r W (x), τ ∈ [0, r). It is easy to verify that for any τ ∈ (0, r),
κ(τ) > 0, κ(0) = 0, and κ(τ) is continuous on (0, r).

Let κ1(τ) = τκ(τ)
r . A direct computation shows that κ1(0) = 0. For any τ1, τ2 ∈ [0, r), if

τ1 < τ2 then

κ1(τ1) =
τ1κ(τ1)

r
≤ τ1κ(τ2)

r
<

τ2κ(τ2)
r

= κ1(τ2).

Let κ̃(τ) = max
‖x‖≤τ

|V (τ)|, τ ∈ [0, r). Also, we can verify that κ̃(τ) is continuous on [0, r),

for any τ ∈ (0, r), κ̃(τ) > 0. Therefore κ1(τ) is a class K function.
Let κ2(τ) = κ̃(τ) + τ , τ ∈ [0, r). A simple computation shows that κ1(0) = 0, for any τ ∈

(0, τ), κ2(τ) > 0, and for any τ1, τ2 ∈ [0, r), if τ1 < τ2; then

κ2(τ1) = κ̃(τ1) + τ1 ≤ κ̃(τ2) + τ1 < κ̃(τ2) + τ2 = κ2(τ2).

Therefore κ2 is a K function.
Finally, for any x ∈ Br,

κ1(‖ x ‖) ≤ κ(‖ x ‖) = inf
ξ∈Br, ‖x‖≤‖ξ‖≤r

V (ξ) ≤ V (x) ≤ max
ξ∈Br, 0≤‖ξ‖≤‖x‖

V (ξ)

= κ̃(‖ x ‖) ≤ κ2(‖ x ‖).

This completes the proof of the theorem. �
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The next result is the Lyapunov theorem on stability for an autonomous system:

ẋ(t) = f(x(t)), f(x) = (f1(x), f2(x), . . . , fn(x))�, fi ∈ C(Rn, R), i = 1, 2, . . . , n.
(1.3.45)

Theorem 1.3.2 Let f(0) ≡ 0 in (1.3.45) and hence the zero state is an equilibrium state
of system (1.3.45). Let Ω = Br(0) ⊂ R

n and V ∈ C1(Ω, R) is a positive definite Lyapunov
function:

1. If for every x ∈ Ω, the Lie derivative of V (x):

LfV (x) =
dV (x)

dt

∣∣∣∣
along (1.3.45)

=
n∑

i=1

∂V (x)
∂xi

fi(x) ≤ 0, (1.3.46)

then the zero equilibrium state of system (1.3.45) is Lyapunov stable.
2. If −dV (x(t))

dt

∣∣
(1.3.45) is positive definite on Ω, then the zero equilibrium of system (1.3.45) is

asymptotically stable.

Proof.
1. For the positive definite Lyapunov function V (x), it follows from Theorem 1.3.1 that

there exist class K functions κ1, κ2 ∈ C([0, r), [0,∞)) such that

κ1(‖ x ‖) ≤ V (x) ≤ κ2(‖ x ‖).

Let x(t;x0) be the solution of system (1.3.45) with initial condition x(0) = x0. For any ε > 0,
let δ = κ1(κ

−1
2 (ε)). It follows from (1.3.46) that V (x(t;x0)) ≤ V (x(t;x0)) = V (x0) for any

t > 0. For any x0 ∈ R
n, if ‖ x0 ‖< 0, then

‖ x(t;x0) ‖≤ κ−1
1 (V (x(t;x0))) ≤ κ−1

1 (V (x0)) ≤ κ−1
1 (κ2(‖ x0 ‖)) < ε. (1.3.47)

The Lyapunov stability of zero equilibrium of system (1.3.45) is proved.
2. Let

W (x(t;x0)) =
dV (x(t;x0))

dt

∣∣∣∣
along (1.3.45)

=
n∑

i=1

∂V (x(t;x0))
∂xi

fi(x(t;x0)). (1.3.48)

From the positive definiteness of W (x), there exist classK functions κ̃1(·) and κ̃2(·) such that

κ̃1(‖ x ‖) ≤ W (x) ≤ κ̃2(‖ x ‖), x ∈ R
n.

Therefore if V (x(t;x0)) > σ for some σ > 0, then

dV (x(t;x0))
dt

∣∣∣∣
along (1.3.45)

≤ −W (x(t;x0)) ≤ −κ̃1(‖ x(t;x0) ‖) ≤ −κ̃1(κ
−1
1 (V (x(t;x0))))

≤ −κ̃1(κ
−1
1 (σ)) < 0.

This implies that
lim
t→∞

V (x(t;x0)) = 0,
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which together with the Lyapunov stability proved in (1) yields the asymptotical stability. This
completes the proof of the theorem. �

The following Theorem 1.3.3 is the inverse Lyapunov theorem 1.3.2.

Theorem 1.3.3 Suppose that the zero equilibrium of system (1.3.35) is asymptotically
stable and the attracting basin is Ω ⊂ R

n, where Ω is a connected domain and 0 ∈ Ω◦.
If f ∈ C(Ω, Rn) is locally Lipschitz continuous, then there exist Lyapunov functions
V ∈ C1(Ω, [0,∞)) and W ∈ C(Ω, [0,∞)) such that

dV (x)
dt

∣∣∣∣
along(1.3.35)

≤ −W (x), ∀ x ∈ Ω, lim
x→∂Ω

V (x) = +∞.

The Theorem 1.3.3 is a special case of Theorem 1.3.11, which is proved in Section 1.3.6.
The well-known Lasalle invariance principle is a powerful tool for verifying stability for

autonomous systems.

Theorem 1.3.4 Suppose that in system (1.3.45), f(0) = 0 and Ω = Br(0) ⊂ R
n is a con-

nected domain. The function V ∈ C1(Ω, [0,∞)) is positive definite and satisfies

LfV (x) ≤ 0, ∀x ∈ Ω. (1.3.49)

In addition, there is no nonzero solution of system (1.3.35) staying in the following set
LfV −1(0):

LfV −1(0) = {x ∈ Ω : LfV (x) = 0}.

Then the zero equilibrium of (1.3.35) is asymptotically stable.

As a preliminary of proving Theorem 1.3.4, we give Lemma 1.3.4.

Lemma 1.3.4 Let x(t;x0) be the solution of system (1.3.45) and let x∗ be the limit point of
x(t;x0), that is, there exists series tk: tk → ∞ as k goes to∞ such that limk→∞ x(tk;x0) =
x∗. Then any point in E = {x(t;x∗); t ≥ 0} is the limit point of x(t;x0).

Proof of Theorem 1.3.4. Let Ω(x0) = {x∗ ∈ R
n| x∗ is the limit point of x(t;x0)}. It fol-

lows from (1.3.49) that the equilibrium of system (1.3.45) is Lyapunov stable and Ω(x0) is
a bounded nonempty set. We show that Ω(x0) = {0}. If this is not true, then there exists a
sequence tn: tn → ∞ such that limn→∞ x(tn;x0) = x∗ 
= 0. Again, by using (1.3.49), we
can obtain that V (x(t;x0)) is nonincreasing as t increases. This together with the positive
definiteness and continuity of V (x) gives

lim
t→∞

V (x(t;x0)) = V (x∗) > 0. (1.3.50)

Now consider the solution of (1.3.45) starting from x∗. From (1.3.49), we have
V (x(t;x∗)) < V (x∗) for all t > 0. If for any t ≥ 0

V (x(t;x∗)) ≡ V (x∗), (1.3.51)
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then
dV (x(t;x∗))

dt
= 0, (1.3.52)

which implies that {x(t;x∗)| t ≥ 0} ⊂ LfV −1(0). This is a contradiction. Hence there
exists t1 > 0 such that V (x(t1;x

∗)) < V (x∗). It follows from Lemma 1.3.4 that there exists
a sequence {t∗n} such that

lim
n→∞

x(t∗n;x0) = x(t1;x
∗),

which yields
lim

n→∞
V (x(t∗n;x0)) = V (x(t1;x

∗)) < V (x∗).

This contradicts (1.3.50). The result is thus concluded. �

1.3.3 Stability of Linear Systems

Let A ∈ R
n×n. Consider the linear system of the following:

ẋ(t) = Ax(t), x(0) = x0. (1.3.53)

First of all, we introduce the Kronecker product and straightening operator of the matrices.

Definition 1.3.9 Let

A =

⎛
⎜⎜⎜⎜⎜⎝

a11 a12 · · · a1n

a21 a22 · · · a2n

...
...

. . .
...

am1 am2 · · · amn

⎞
⎟⎟⎟⎟⎟⎠

m×n

, B =

⎛
⎜⎜⎜⎜⎜⎝

b11 b12 · · · b1l

b21 b22 · · · a2l

...
...

. . .
...

bs1 bs2 · · · bsl

⎞
⎟⎟⎟⎟⎟⎠

s×l

. (1.3.54)

The Kronecker product of A and B is an (ml) × (ns) matrix, which is defined as follows:

A ⊗ B =

⎛
⎜⎜⎜⎜⎜⎜⎝

a11B a12B · · · a1nB

a21B a22B · · · a2nB

...
...

. . .
...

am1B am2B · · · amnB

⎞
⎟⎟⎟⎟⎟⎟⎠

(ml)×(ns)

. (1.3.55)

The straightening operator is a 1 × (nm) matrix given by

−→
A = (a11, . . . , a1n, a21, . . . a2n, . . . , an1, . . . , ann)�. (1.3.56)

We can verify that the Kronecker product and straightening operator have the following
properties.
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Property 1.3.1

(i) If m = n and s = l, then

det(A ⊗ B) = (det(A))m(det(B))s.

(ii) The Kronecker product A ⊗ B is invertible if and only if both A and B are invertible,
and

(A ⊗ B)−1 = A−1 ⊗ B−1.

(iii) Let Eij be an m × n matrix with the ith row and jth column component being one and
other entries being identical to zero. Let ei ∈ R

1×m (or ei ∈ R
1×n) with the ith compo-

nent being one and other entries being zero. Then

A =
m∑

i=1

n∑
j=1

aijEij , Aei = (a1i, a2i, . . . , ami)
�,

e�i A = (ai1, ai2, . . . , ain), Eij = eie
�
j ,

−→
Eij = ei ⊗ ej .

(1.3.57)

(iv) Let A ∈ R
n×m, B ∈ R

m×s, and C ∈ R
s×l. Then

−−−→
ABC = (A ⊗ C�)

−→
B .

Let A,C ∈ R
n×n. The Lyapunov equation determined by unknown matrix X with respect

to A and C is defined by
A�X + XA = C. (1.3.58)

The following Property 1.3.2 is about solvability of the Lyapunov equation (1.3.58).

Property 1.3.2 Let A,C ∈ R
n×n. The following conclusions are equivalent:

(i) There exists a unique matrix X ∈ R
n×n satisfying (1.3.58).

(ii) There exists a unique vector x ∈ R
n2

satisfying the linear equation

(A� ⊗ In×n + In×n ⊗ A�)x =
−→
C . (1.3.59)

(iii) The matrix A� ⊗ In×n + In×n ⊗ A� is invertible, that is, rank(A� ⊗ In×n + In×n ⊗
A�) = n2.

(iv)
∏n

i,j=1(λi + λj) 
= 0.

Based on Property 1.3.2, we have immediately Theorem 1.3.5.

Theorem 1.3.5 IfA is a Hurwitz matrix, that is, all the eigenvalues ofA have the negative real
part, then for any positive definite symmetrical matrix C ∈ R

n×n there is a unique positive
definite symmetrical matrix solution X ∈ R

n×n to the Lyapunov equation:

A�X + XA = −C.



�

� �

�

26 Active Disturbance Rejection Control for Nonlinear Systems: An Introduction

Let V (x) = x�Bx. Then V (x) can be written as

V (x) =
1

det(Δ)

∣∣∣∣∣ 0 X
−→
C Δ

∣∣∣∣∣ , (1.3.60)

where Δ = A� ⊗ In×n + I ⊗ A�, X = (X1,X2, . . . ,Xn), and

X1 = (x2
1, 2x1x2, . . . , 2x1xn), X2 = (0, x2

2, . . . , 2x2xn), Xn = (0, 0, . . . , x2
n).

Proof. Let B = (bij) satisfy

(A� ⊗ I + I ⊗ A�)
−→
B =

−→
C . (1.3.61)

It follows from the Gramer law that

bij =
det(Δij)
det(Δ)

, i, j = 1, 2, . . . , n,

whereΔij is the matrix where the (i − 1)nj th column (the number of bij’s coefficient column)

in Δ is replaced by
−→
C and other columns are the same as in Δ. Then

V (x) = x�Bx =
n∑

i,j=1

bijxixj . (1.3.62)

On the other hand, a direct computation shows that

1
det(Δ)

∣∣∣∣∣ 0 X
−→
C Δ

∣∣∣∣∣ =
n∑

i,j=1

det(Δij)
det(Δ)

xixj =
n∑

i,j=1

bijxixj . (1.3.63)

�

The following stability theorem can be directly obtained as an application of Theorem 1.3.5.

Theorem 1.3.6 If A is a Hurwitz matrix, then the zero equilibrium of system (1.3.53) is glob-
ally asymptotical stable.

Proof. Since A is Hurwitz, it follows from Theorem 1.3.5 that there exists a positive definite
symmetrical matrix PA such that

A�PA + PAA = −In×n,

where In×n is the n × n identity matrix. Let V (ν) = ν�PAν for all ν ∈ R
n. A direct compu-

tation shows that

dV (x(t;x0))
dt

∣∣∣∣
along (1.3.53)

= (x(t;x0))
�(A�PA + PAA)x(t;x0) = − ‖ x(t;x0)‖2.

(1.3.64)
Theorem 1.3.6 then follows by setting W (ν) =‖ ν‖2 for all ν ∈ R

n. �
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1.3.4 Finite-Time Stability of Continuous System

The finite-time stability for continuous systems has many investigations. Here we list some
preliminary results.

Definition 1.3.10 Let Ω ∈ R
n be a connected domain, 0 ∈ Ω◦, and f(t, ·) ∈ C(Ω, Rn),

f(t, 0) ≡ 0, that is, the zero state is the equilibrium state of the system (1.3.35). The zero state
is finite stable on the attracting basin Ω if it is Lyapunov stable and, for every x0 ∈ Ω, there
exits a positive constant T (x0) > 0 such that the solution of (1.3.35) starting from x0 satisfies

lim
t↑T (x0)

x(t;x0) = 0,

x(t) = 0, ∀ t ∈ [T (x0),∞).

Furthermore, if Ω = R
n, then the zero equilibrium of system (1.3.35) is globally finite-time

stable, where T (·) : Ω → R is a positive-valued function defined on Ω, which is said to be a
setting-time function.

Now we look at an example. Consider the differential equation

ẋ(t) = −|x(t)|αsign(x(t)), x(0) = x0, α ∈ (0, 1). (1.3.65)

If x0 > 0, then the solution of (1.3.65) is

x(t;x0) =

{(
x1−α

0 − t
) 1

1−α , t < x1−α
0 ,

0 t ≥ x1−α
0 ,

(1.3.66)

while x0 < 0, the solution is

x(t;x0) =

{(
t − |x0|1−α

) 1
1−α , t < |x0|1−α,

0 t ≥ |x0|1−α.
(1.3.67)

We can clearly see that the system (1.3.65) is finite-time stable.
For the zero equilibrium state of a nonlinear system, we can verify the finite-time stability

by Theorem 1.3.7.

Theorem 1.3.7 Suppose that there exists a positive definite function V ∈ C1(Ω, [0,∞)) and
positive constants α ∈ (0, 1) and C > 0 such that

LfV (x) ≤ −CV α(x).

Then the zero equilibrium of system (1.3.35) is finite-time stable on Ω ∈ R
n and the setting

time T (x0) satisfies

T (x0) ≤
1

C(1 − α)
V 1−α(x0), (1.3.68)

where x0 is the initial state of the system.

Proof. Let x(t;x0) be the solution of the initial value problem following

ẋ(t) = f(x(t)), x(0) = x0. (1.3.69)
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Then
dV (x(t;x0))

dt
= LfV (x(t;x0)) ≤ −CV α(x(t;x0)). (1.3.70)

Solve the following initial value problem:

ż(t) = −C|z(t)|αsign(z(t)), z(0) = V (x0), (1.3.71)

to obtain

z(t) =

⎧⎪⎪⎨
⎪⎪⎩

(
t +

1
C(1 − α)

(V (x0))
1−α

) 1
1−α

, t <
1

C(1 − α)
(V (x0))

1−α,

0, t ≥ 1
C(1 − α)

(V (x0))
1−α.

(1.3.72)

This together with the comparison principle of the ordinary differential equations gives

V (x(t;x0)) = 0, ∀ t ≥ 1
C(1 − α)

(V (x0))
1−α. (1.3.73)

This completes the proof of the theorem.

The most popular continuous finite-time stable systems are those weighted homogeneous
systems.

Definition 1.3.11 The function V : R
n → R is said to be d-degree weighted homo-

geneous with the weights {ri > 0}n
i=1, if there exist positive constant λ > 0 and

x = (x1, x2, . . . , xn) ∈ R
n such that

V (λr1x1, λ
r2x2, . . . , λrnxn) = λdV (x1, x2, . . . , xn). (1.3.74)

A vector field g : R
n → R

n is said to be d-degree weighted homogeneous with weights
{ri > 0}n

i=1 if, for every i = 1, 2, . . . , n, λ > 0, and (x1, x2, . . . , xn) ∈ R
n,

gi(λ
r1x1, λ

r2x2, . . . , λrnxn) = λd+rigi(x1, x2, . . . , xn), (1.3.75)

where gi : R
n → R is the ith component of g(·).

If the vector field g : R
n→ R

n is d-degree weighted homogeneous with weights {ri > 0}n
i=1,

then we say that the system
ẋ(t) = g(x(t))

is d-degree weighted homogeneous with weights {ri > 0}n
i=1.

Example 1.3.1 The following nonlinear system{
ẋ1(t) = x2(t),
ẋ2(t) = −|x1(t)|αsign(x1(t)) − |x2(t)|βsign(x2(t)),

(1.3.76)

is weighted homogeneous if β = 2α
1+α , α > 0. Actually, let r1 = 1, r2 = (α + 1)/2, and let

f1(x1, x2) = x2, f2(x1, x2) = −|x1|α sign(x1) − |x2|β sign(x2). (1.3.77)
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For any vector (x1, x2) ∈ R
2 and positive constant λ > 0,

⎧⎨
⎩

f1(λ
r1x1, λ

r2x2) = λr2x2 = λ
α−1

2 +r1f1(x1, x2),

f2(λ
r1x1, λ

r2x2) = −λαr1 |x1|αsign(x1) − λβr2 |x2|βsign(x2) = λ
α−1

2 +r2f2(x1, x2).
(1.3.78)

Therefore system (1.3.76) is α−1
2 degree homogeneous with weights {r1, r2}.

The following system (1.3.79) is also weighted homogeneous.

Example 1.3.2 {
ẋ1(t) = x2(t) − |x1(t)|θsign(x1(t)),

ẋ2(t) = −|x1(t)|2θ−1sign(x1(t)),
(1.3.79)

where θ > 0. Actually, let

f1(x1, x2) = x2 + |x1|θsign(x1), f2(x1, x2) = |x1|2θ−1sign(x1).

Then for any vector (x1, x2) ∈ R
2 and positive constant λ > 0,

{
f1(λx1, λ

θx2) = λθx2 + |x1|θsign(x1) = λθ−1+1f1(x1, x2),

f2(λx1, λ
θx2) = λ2θ−1|x1|2θ−1sign(x1) = λθ−1+θf2(x1, x2).

(1.3.80)

This means that system (1.3.79) is θ − 1 degree homogeneous with weights {1, θ}.

Property 1.3.3 Suppose that V1, V2 : R
n → R are continuous weighted homogeneous func-

tions with the same weights {ri > 0}n
i=1, with degree l1 > 0 and l2 > 0 respectively. Assume

that V1(x) is positive definite. Then for any x ∈ R
n,(

min
y ∈ V −1

1 (1)
V2(y)

)
(V1(x))l2/l1 ≤ V2(x) ≤

(
max

y ∈ V −1
1 (1)

V2(y)

)
(V1(x))l2/l1 , (1.3.81)

where V −1
1 (1) Δ= {x ∈ R

n| V1(x) = 1}.

Theorem 1.3.8 If the matrix

K =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎝

−k1 1 0 · · · 0

−k2 0 1 · · · 0
...

...
...

. . .
...

−kn 0 0 · · · 1

−kn+1 0 0 · · · 0

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎠

(1.3.82)
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is Hurwitz, then there exists θ∗ ∈
(

n
n+1 , 1

)
such that for any θ ∈ (θ∗, 1), the system following

is finite-time stable: ⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

ẋ1(t) = x2(t) − k1[x1(t)]
θ,

ẋ2(t) = x3(t) − k2[x1(t)]
2θ−1,

...

ẋn(t) = xn+1(t) − kn[x1(t)]
nθ−(n−1),

ẋn+1(t) = −kn+1[x1(t)]
(n+1)θ−n.

(1.3.83)

Proof. We can verify that system (1.3.83) is (θ − 1) degree homogeneous with weights {(i −
1)θ − (i − 2)}n+1

i=1 . Let q = Πn
i=1((i − 1)θ − (i − 2)). Then

y(x) =

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

[x1]
1
q

[x2]
1

θq

...

[xn]
1

((n−1)θ−(n−2))q

[xn+1]
1

(nθ−(n−1))q

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(1.3.84)

and
V (θ, x) = y�Py, (1.3.85)

where P is the positive definite matrix solution to the Lyapunov equation K�P + PK =
−I(n+1)×(n+1). Let

S = {x ∈ R
n+1 : V (1, x) = 1}. (1.3.86)

It is easy to verify that S is a compact set. Let θ = 1. Then system (1.3.83) becomes
ẋ(t) = Kx(t), which is asymptotically stable and

dV (1, x(t))
dt

= − ‖ x(t)‖2 < −a < 0, a > 0, ∀ x ∈ S.

By the continuity of V (θ, x) on θ, there exists θ∗ ∈
(

n
n+1 , 1

)
such that, for any θ ∈ (θ∗, 1),

dV (θ, x(t))
dt

< −a

2
< 0, ∀ x ∈ S.

In addition, we can verify that for any θ ∈ (θ∗, 1), V (θ, x) is 1/q2 degree homogeneous with
weights {(i − 1)θ − (i − 2)}n+1

i=1 . This implies that dV (θ,x(t))
dt is negative definite. By Theorem

1.3.7, system (1.3.83) is finite-time stable. �
The following Theorem 1.3.9 is about finite stability for the weighted homogeneous sys-

tems.

Theorem 1.3.9 Suppose that the vector field f ∈ C(Rn, Rn) is d-degree homogeneous with
weights {ri}

n
i=1, f(0) = 0.
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(i) If the zero equilibrium of the system

ẋ(t) = f(x(t)) (1.3.87)

is finite-time stable on attracting basin Ω ⊂ R
n, then it is asymptotically stable on Ω.

(ii) If the zero equilibrium of system (1.3.87) is asymptotically stable on attracting basin Ω,
and the degree d < 0, then the zero equilibrium of system (1.3.87) is finite-stable on Ω.
Furthermore, let U ⊂ Ω be an open neighborhood of zero state. Then for any integer
k > max{d, r1, r2, . . . , rn} there exists a positive definite function V ∈ C1(U, [0,∞)),
which is k-degree homogeneous with weights {ri > 0}n

i=1. In addition, if Ω = R
n then

the Lyapunov function V (x) is radially unbounded.

Proof. We only need to prove (ii). For the sake of simplicity and without loss of generality,
we may assume that Ω = R

n. Since the zero equilibrium state of system (1.3.87) is finite-time
stable, it is asymptotically stable. By Theorem 1.3.3, there exists a positive definite Lyapunov
function Ṽ : R

n → R such that LF Ṽ is negative definite on R
n. Let α ∈ C∞(R, R) be such

that

α(s) =

{
0, s ∈ (−∞, 1],
1, s ∈ [2,+∞),

and ∀ s ∈ R, α′(s) > 0, (1.3.88)

and

V (x) =

⎧⎪⎨
⎪⎩
∫ +∞

0

1
μk+1 (α ◦ Ṽ )(μr1x1, . . . , μrnxn)dμ, x ∈ R

n \ {0},

0, x = 0.

(1.3.89)

Apparently, V (x) is positive definite. For any λ > 0, x 
= 0,

V (λr1x1, . . . , λrnxn) =
∫ +∞

0

1
μk+1 (α ◦ Ṽ )((λμ)r1x1, . . . , (λμ)rnxn)dμ

= λk

∫ +∞

0

1
(λμ)k+1 (α ◦ Ṽ )((λμ)r1x1, . . . , (λμ)rnxn)d(λμ)

= λkV (x). (1.3.90)

This shows that V (x) is k-degree homogenous with weights {r1, . . . , rn}. Furthermore, we
can find that there exist l, L > 0 such that

Ṽ (μr1x1, . . . , μrnxn) ≤ 1 ∀ x ∈ R
n, 1

2 ≤‖ x ‖≤ 2, μ ≤ l,

Ṽ (μr1x1, . . . , μrnxn) ≥ 2 ∀ x ∈ R
n, 1

2 ≤‖ x ‖≤ 2, μ ≥ L.
(1.3.91)

Therefore, for any x ∈ R
n, 1/2 ≤‖ x ‖≤ 2,

V (x) =
∫ L

l

1
μk+1 (α ◦ Ṽ )(μr1x1, . . . , μrnxn)dμ +

1
kLk

. (1.3.92)
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It is easy to see that V (x) is of C∞ on {x ∈ R : 1/2 <‖ x ‖< 2} and

∂V (x)
∂xi

=
∫ L

l

μri

μk+1 α′(Ṽ (y1, . . . , yn))
∂Ṽ (y1, . . . , yn)

∂yi

dμ, yi = μrixi. (1.3.93)

It then follows that
n∑

i=1

fi(x)
∂V (x)
∂xi

=
∫ L

l

1
μd+k+1 α′(Ṽ (y1, . . . , yn))

×
(

n∑
i=1

(
fi(y1, . . . , yn)

∂V (y1, . . . , yn)
∂yi

))
dμ, yi = μrixi.

(1.3.94)

Since α′(s) > 0, Lf Ṽ (x) < 0 for x ∈ R
n and 1

2 ≤ ‖ x ‖ ≤ 2. A straightforward computation
shows that LF V (x) is homogeneous of degree k + d with weights {ri}

n
i=1. This together with

(1.3.94) yields that LfV (x) is negative definite. By Property 1.3.3,

LF V (x) ≤
(

min
y∈V −1(1)

LF V (y)
)

(V (x))
k+d

k .

Since d < 0, this together with Theorem 1.3.7 completes the proof of the theorem. �

1.3.5 Stability of Discontinuous Systems

In this section, we investigate stability for system (1.3.35), where f(t, x) is not continuous with
respect to x. In this case, we consider system (1.3.35) as the following differential inclusion:

ẋ(t) ∈ F (t, x), (1.3.95)

where
F (t, x) = Kxf(t, x) �

⋂
δ>0

⋂
μ(N)=0

co{f(t, Bδ(x) \ N)}, (1.3.96)

where co(·) denotes the convex closure of a set, Bδ(x) = {ν ∈ R
n| ‖ ν − x ‖∞< r}, and

μ(·) is the Lebesgue measure of R
n. If f(t, x) is Lebesgue measurable and locally bounded,

then there exist t and f(t, x)-dependent zeromeasure subsetN t
0 ofR

n such that for anyx ∈ R
n

and N ⊂ R
n : μ(N) = 0,

Kxf(t, x) = co{v = lim
n→∞

f(t, xn) : xi /∈ N t
0 ∪ N, lim

i→∞
xi = x}. (1.3.97)

We say that x(t) is a generalized solution (or a Filippov solution) of (1.3.35) if x(t) is
absolutely continuous on each compact subinterval I ⊂ [0,∞) and

ẋ(t) ∈ F (t, x(t)) almost everywhere on I . (1.3.98)

The following Definition 1.3.12 defines stability for systems with discontinuous right-hand
sides.
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Definition 1.3.12 Let f(t, ·) be Lebesgue measurable and locally bounded, let F (t, ·) be
defined in (1.3.96), and 0 ∈ F (t, 0) for almost all t ≥ 0. For any x0 ∈ R

n, the set of solution
of (1.3.35) (or (1.3.95)) with initial condition x(0) = x0 is denoted by St;x0

. The zero equilib-
rium of system (1.3.35) (or differential inclusion (1.3.95)) is uniformly globally asymptotically
stable if

(i) For any δ > 0, x0 ∈ R, and x(t;x0) ∈ St;x0
, if ‖ x0 ‖∞< δ, then for any t > 0,

‖ x(t;x0) ‖∞< m(δ), where m ∈ C((0,+∞), (0,+∞)) satisfies limδ→0+ m(δ) = 0;
(ii) For any R > 0, ε > 0, x0 ∈ R

n, and x(t;x0) ∈ St;x0
if ‖ x0 ‖∞≤ R, then ‖ x(t;x0) ‖∞<

ε for any t > T (R, ε), where T (R, ε) is an R and ε-dependent constant.

The following Theorem 1.3.10 is an extension of Theorem 1.3.2.

Theorem 1.3.10 Let f(·, x) be Lebesgue measurable and locally bounded, and let F (t, x) be
defined in (1.3.96), and 0 ∈ F (t, 0) for almost all t ≥ 0. Assume that there exists a Lyapunov
function V (t, x) and the class K∞ functions κ1(·), κ2(·), and κ3(·) such that

κ1(‖ ν ‖∞) ≤ V (t, ν) ≤ κ2(‖ ν ‖∞) ∀ t ∈ [0,∞), ν ∈ R
n, (1.3.99)

and for any 0 < t1 ≤ t2

V (t2, x(t2;x0)) − V (t1, x(t1;x0)) ≤
∫ t2

t1

κ3(‖ x(τ ;x0) ‖∞)dτ , (1.3.100)

then the zero equilibrium state of system (1.3.35) (or differential inclusion (1.3.95)) is uni-
formly globally asymptotically stable.

When V (t, ·) is of C1 class, the inequality (1.3.100) can be obtained by the following
infinitesimal decreasing condition: there exists a class K∞ function κ(·) such that for almost
all t ≥ 0, all x ∈ R

n, and ν ∈ F (t, x),

∂V (t, x)
∂t

+ 〈∇xV (t, x), ν〉 ≤ −κ(‖ x ‖∞). (1.3.101)

The proof of Theorem 1.3.10 is similar to Theorem 1.3.2, and the details are omitted.
The following Theorem 1.3.11 is the converse of the Lyapunov theorem.

Theorem 1.3.11 (Converse of second Lyapunov theorem) Let F (t, x) be defined in (1.3.96)
and 0 ∈ F (t, 0) for almost all t ≥ 0. Assume that the zero equilibrium state of system (1.3.35)
(or differential inclusion (1.3.95)) is uniformly globally asymptotically stable and there exists
a zero measure set N0 ⊂ [0,∞) such that

• F (t, x) is a nonempty convex compact set for any (t, x) ∈ ([0,∞) \ N0) × R
n.

• For any R > 0, if ‖ x ‖∞≤ R and t ∈ [0, R] \ N0 then F (t, x) ⊂ BM (0) for some M > 0.
• For any (t0, x0) ∈ ([0,∞) \ N0) × R

n and ε > 0, there exists δ > 0 such that, for any
(t, x) ∈ ([0,∞) \ N0), if ‖ (t − t0, x − x0) ‖∞< δ then F (t, x) ⊂ F (t0, x0) + Bε(0).
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Then for any λ > 0, there exist V ∈ C∞([0,∞) × R
n, [0,∞)) and the class K∞ functions

κ1(·) and κ2(·) such that

κ1(‖ ν ‖∞) ≤ V (t, ν) ≤ κ2(‖ ν ‖∞) ∀ t ≥ 0, ν ∈ R
n (1.3.102)

and

∂V (t, x)
∂t

+ 〈∇xV (t, x), ν〉 ≤ −λV (t, x), ∀ t ∈ [0,∞) \ N0, x ∈ R
n, ν ∈ F (t, x).

(1.3.103)

The proof of Theorem 1.3.11 is presented in the next subsection.

1.3.6 Proof of Theorem 1.3.11

The proof of Theorem 1.3.11 is lengthy and we split the proof into three steps. In the first step,
we show that the uniform global asymptotical stability also holds true for some perturbed
system

ẋ(t) ∈ F2(t, x(t)), (1.3.104)

where F (t, x) ⊂ F2(t, x) for every x and almost all t, F2(t, x) is locally Lipschitz continuous
in [0,∞) × (Rn \ {0}), that is, for each (t0, x0) ∈ [0,∞) × (Rn \ {0}), there existL > 0 and
δ > 0 such that for any (t1, x1), (t2, x2) ∈ Bδ((t0, x0))

�(F2(t1, x1), F2(t2, x2)) ≤ ‖(t1, x1) − (t2, x2)‖∞, (1.3.105)

where �(·, ·) is the Hausdorff distance between nonempty compact subsets of R
n:

�(A,B) = max
{

sup
a∈A

dis(a,B), sup
b∈A

dis(b, A)
}

(1.3.106)

with dis(a,B) = infb∈B ‖a − b‖∞. In the second step, we construct a Lipschitz continuous
function VL(t, x). In the final step, we smooth VL(t, x) to be a C∞ function. All these steps
are accomplished by a series of lemmas.

The following Lemma 1.3.5 gives an initial value continuous dependence on differential
inclusion (1.3.95) for which the proof is omitted.

Lemma 1.3.5 Suppose that F (t, x) satisfies three conditions in Theorem 1.3.11. Let
y : [T1, T2] → R

n be the solution of (1.3.95) and b > 0. Assume that F (t, x) is Lipschitz
continuous in [T1, T2], ‖x − y(t)‖∞ < b, that is, there exists some constant K > 0 such that,
for any t, t̄ ∈ [T1, T2] and any x, x̄ ∈ R

n with ‖x − y(t)‖∞ ≤ b, ‖x̄ − y(t̄)‖∞ ≤ b,

�(F (t, x), F (t̄, x̄)) ≤ K‖(t − t̄, x − x̄)‖∞. (1.3.107)

Let (t0, x0) ∈ [T1, T2] × R
n satisfy ‖x0 − y(t0)‖∞ ≤ b. Then there exists a solution x(t) of

(1.3.95) with x(t0) = x0 satisfying

‖x(t) − y(t)|∞ ≤ ‖x0 − y(t0)‖eK|t−t0| (1.3.108)

as long as ‖x0 − y(t0)‖eK|t−t| ≤ b.
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To prove Theorem 1.3.11, we need firstly to regularizeF (t, x). To facilitate the construction
of a Lyapunov function that is smooth up to t = 0, we extend F (t, x) on [−1, 0) × R

n by
setting F (t, x) = { − x}. It is easy to verify that if F (t, x) is a nonempty convex compact set
for any (t, x) ∈ ([0,∞) \ N0) × R

n, then, after the extension, it is also a nonempty convex
compact set for any (t, x) ∈ ([−1,∞) \ N0) × R

n. We need the following lemma to smooth
F (t, x).

Lemma 1.3.6 LetF (t, x) be a nonempty, compact, and convex subset on [−1,∞) × R
n,R be

a positive constant, and let {t1j}
∞
j=1, {t2j}

∞
j=1, and {δj}

∞
j=1 be sequences of numbers satisfying

−1 ≤ t1j ≤ t2j ≤ R, ∀ j ∈ N
+ = N \ {0}, limj→∞ δj = 0. (1.3.109)

Let {xj(t)}
∞
j=1 be a sequence of absolutely continuous functions xj : [t1j , t

2
j ] → BR(0) such

that for almost all t ∈ [t1j , t
2
j ]

ẋj(t) ∈ co{F (Bδj (t, xj(t)) ∩ (((−1,∞) \ N0) × R
n))}. (1.3.110)

Then there exist numbers t1, t2 ∈ [−1, R], function x : [t1, t2] → BR(0), and sequence jk →
∞ such that x(t) is a solution of (1.3.95), and t1jk

→ t1, t
2
jk

→ t2 as k → ∞ such that

lim
k→∞

xjk
(t1jk

) = x(t1), lim
k→∞

xjk
(t2jk

) = x(t2). (1.3.111)

Proof. In what follows, we need to take frequently a convergent subsequence from a sequence
of numbers or functions. For the sake of simplicity, we avoid using multiple indices and
just assume that the given sequence itself is convergent. According to the second item of
the conditions on F (t, x), there exists M > 0 such that for any t ∈ [−1, R + 1] \ N0 and
‖x‖∞ ≤ R + 1, F (t, x) ⊂ BM (0).

For any j ≥ 0 and t ∈ [−1, R], set

x̃j(t) =

⎧⎪⎪⎨
⎪⎪⎩

xj(t
1
j), if − 1 ≤ t ≤ t1j ,

xj(t), if t1j ≤ t ≤ t2j ,

xj(t
2
j), if t2j ≤ t ≤ R.

(1.3.112)

Since for any j ≥ 0 and t ∈ [−1, R], ‖x̃j(t)‖∞ ≤ R, and for almost all t ∈ [−1, R]
‖ ˙̃xi(t)‖∞ ≤ M , we can obtain a sequence {x̃j(t)}

∞
j=1 that is bounded in the Sobolev

space H1((−1, R), Rn) and hence a subsequence (still denoted by itself) that is weakly
convergent to a function x(t). It follows that xj → x in C0([−1, R], Rn) and x̃j ⇀ ẋ in
L2((−1, R), Rn). As a consequence, x̃j(t

1
j) → x(t1) and x̃j(t

2
j) → x(t2). To prove that x(t)

is a solution to (1.3.95), that is, x(t) ∈ F (t, x(t)) for almost all t ∈ [t1, t2], we consider the
functional J(w) defined on L2((−1, R), Rn) by

J(w) =
∫ t2

t1

dis(w(t), F (t, x(t)))dt. (1.3.113)



�

� �

�

36 Active Disturbance Rejection Control for Nonlinear Systems: An Introduction

Since the non-negative map from t to dis(w(t), F (t, x(t)) is measurable, it is easy to verify
that the functional J(w) is well defined, convex, and continuous in the strong topology of
L2((−1, R), Rn). Since ˙̃xj ⇀ ẋ in L2((−1, R), Rn), we can obtain

0 ≤ J(ẋ(t)) ≤ lim inf
j→∞

J( ˙̃xj(t)). (1.3.114)

To prove J(ẋ) = 0, we only need to show that limj→∞ J( ˙̃xj) = 0. Noting dis( ˙̃xj(t),
F (t, x(t))) ≤ M for every j and almost all t ∈ (t1, t2), by the Lebesgue theorem, we only
need to prove that

lim
j→∞

dis( ˙̃xj(t), F (t, x(t))) = 0. (1.3.115)

For almost all t0 ∈ (t1, t2) \ N0, there exists an integer j0 ≥ 0 such that, for any j ≥ j0 and
t0 ∈ (tj1, t

j
2), ẋj(t0) exists and belongs to co{F (Bδj

(t0, xj(0)) ∩ (([−1,+∞) \ N0) × R
n))}.

Let ε > 0. By the third condition in Theorem 1.3.11, there exists δ > 0 such
that for any (t, x) ∈ ([−1,+∞) \ N0) × R

n, if ‖(t − t0, x − x(t0))‖∞ ≤ δ, then
F (t, x) ⊂ F (t0, x(t0)) + Bε(0). We may assume without loss of generality that for
all j ≥ j0,

δj <
δ

2
, ‖xj(t0) − x(t0)‖ <

δ

2
. (1.3.116)

This implies that for all j > j0, Bδj
(t0, xj(t0)) ⊂ Bδ(t0, x(t0)) and

co{F (Bδj
(t0, xj(t0)) ∩ (([−1,∞) \ N0) × R

n))} ⊂ F (t0, x(t0)) + Bε(0). (1.3.117)

It follows that for any j ≥ j0, dis( ˙̃xj(t0), F (t0, x(t0))) ≤ ε. This completes the proof of the
lemma. �

Now we use δ(t, x) to denote any continuous function defined on [−1,∞) × R
n → R

n

such that, for any (t, x) ∈ [−1,∞) × R
n, δ(t, x) ≥ 0 and δ(t, x) = 0 if and only if x = 0.

For such a given function δ(t, x), set

F1(t, x) = co{F (Bδ(t,x) ∩ E); ∀ (t, x) ∈ [−1,∞) × R
n, (1.3.118)

where E = ([−1,∞) \ N0) × R
n. We can verify that F1(t, x) also satisfies the condition of

Theorem 1.3.11. Now we show that the following differential inclusion is globally asymptot-
ically stable:

ẋ(t) ∈ F1(t, x(t)), t ≥ −1. (1.3.119)

From the uniform global asymptotical stability of (1.3.95), for any solution x(t0, x0) of
(1.3.95), there exists a class KL function β : [0,∞) × [0,∞) → [0,∞) such that ‖x(t0 +
h)‖ ≤ β(h, ‖x0‖). We say that β(t, s) is the class KL function if, for any given t, β(t, s) is
the classK∞ functionwith respect to s and, for any given s, β(t, s) is decreasingwith respect to
t and limt→∞ β(t, s) = 0. Letϕi(h) = β(h, 2i). We can prove that the sequence {ϕi(h)}∞i=−∞
of positive continuous decreasing functions on [0,∞) satisfies:

(i) For any (t0, x0) ∈ [−1,+∞) × R
n and any solution x(t) of (1.3.95) with x(t0) = x0, if

‖x0‖∞ ≤ 2i then ‖x(t0 + h)‖∞ < ϕi(h)for any h ≥ 0.
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(ii) limh→∞ ϕi(h) = 0 for any i.
(iii) {ϕi(0)}∞i=−∞ is a nondecreasing sequence such that limi→−∞ ϕi(0) = 0 and

limi→∞ ϕi(0) = ∞.

For integer i ∈ Z, let pi ∈ Z be the greatest natural number such thatϕpi
(0) ≤ 2i−1. Choose

Ti ≥ 1 so that ϕi(Ti) ≤ 2i−1 and set T̂i = max{Ti,max{Tj : pj = i}}.

Lemma 1.3.7 Let i ∈ Z and k ∈ N
+ ∪ { − 1}. Then there exists constant δ > 0 such that for

any solution x(t) of the following differential inclusion:

ẋ(t) ∈ co{F (Bδ(t, x) ∩ E)} (1.3.120)

with ‖x(t0)‖ ≤ 2i, t0 ∈ [k, k + 1], it has

‖x(t0 + h)‖∞ ≤ ϕi(h), ∀ h ∈ [0, T̂i]. (1.3.121)

Proof. Suppose that the conclusion is false. Then there exists a decreasing sequence of pos-
itive numbers {δj}

∞
j=1 : limj→∞ δj = 0 and a sequence of absolutely continuous functions

{xj(t)}
∞
j=1 with xj : [t0j , t

1
j ] → R

n, t0j ≤ t1j ≤ t0j + T̂i such that⎧⎨
⎩

ẋj(t) ∈ co{F (Bδj
(t, xj(t)) ∩ E)} for almost all t ∈ [t0j , t

1
j ],

‖xj(t
0
j)‖∞ ≤ 2i, ‖xj(t)‖∞ ≤ ϕi(t − t0j) for all t ∈ [t0j , t

1
j), ‖xj(t

1
j)‖∞ = ϕi(t

1
j − t0j).

(1.3.122)

By Lemma 1.3.6 and extracting a subsequence if necessary, we may also assume that for some
t0, t1 ∈ [k, k + 1 + T̂i] and some solution x: [t0, t1] → R

n of (4.1):

lim
j→∞

(t0j , xj(t
0
j)) = (t0, x(t0)), lim

j→∞
(t1j , xj(t

1
j)) = (t1, x(t1)). (1.3.123)

This yields ‖x(t0)‖∞ ≤ 2i and ‖x(t1)‖∞ = ϕi(t
1 − t0), which contradicts the definition of

ϕi(t). This completes the proof of the lemma. �

For any (i, k) ∈ Z × (−1 ∪ N
+), the number δ > 0 in Lemma 1.3.7 related to i and k is

denoted by δk
i . Let δ : [−1,∞) × R

n → [0,∞) be a Lipschitz continuous function with a
Lipschitz constant one, and satisfy

δ(t, x) = 0 if and only if x = 0 (1.3.124)

and
δ(t, x) < min(δk

i , δk
pi

), ∀ k ≤ t, 2pi ≤ ‖x‖ ≤ ϕi(0). (1.3.125)

Lemma 1.3.8 Let δ(t) satisfy (1.3.124) and (1.3.125), and letx(t) be any solution of (1.3.119).
Then for t0 ≥ −1, i ∈ Z and ‖x(t0)‖ ≤ 2i,

(a) ‖x(t0 + h)‖∞ < ϕi(0) for any h ∈ [0, Ti].
(b) ‖x(t0 + Ti)‖∞ ≤ 2i−1.
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Proof. If (a) is false, then there exist t1, t2: t0 < t1 < t2 ≤ t0 + Ti such that

2i = ‖x(t1)‖∞ < ‖x(t)‖∞ < ‖x(t2)‖∞ = ϕi(0), t ∈ (t1, t2). (1.3.126)

Set k = [t1]. Since 2pi ≤ ‖x(t)‖ ≤ ϕi(0) for t ∈ [t1, t2], x(t) is also a solution of the following
differential inclusion:

ẋ(t) ∈ co{F (Bδk
i
(t, x) ∩ E)}. (1.3.127)

By Lemma 1.3.7, ‖x(t2)‖∞ ≤ ϕi(t2 − t1) < ϕi(0), which contradicts ‖x(t2)‖∞ = ϕi(0).
Therefore, (a) is valid.

Nowwe prove (b). Assume that ‖x(t0 + Ti)‖∞ > 2i−1. If 2pi ≤ ‖x(t0 + h)‖∞ ≤ ϕi(0) for
every h ∈ [0, hi], then x(t) also satisfies (1.3.127) on [t0, t0 + Ti] with k = [t0]. By Lemma
1.3.7, ‖x(t0 + Ti)‖∞ < ϕi(Ti) ≤ 2i−1, which is a contradiction. Therefore, there exist t1 and
t2 such that t0 ≤ t1 < t2 ≤ t0 + Ti and 2pi = ‖x(t1)‖∞ < ‖x(t)‖∞ < ‖x(t2)‖∞ = 2i−1 for
t ∈ (t1, t2). For k = [t1], consider δ(t, x(t)) < δk

pi
for t1 < t < t2 and t2 − t1 ≤ Ti ≤ T̂pi

.
Once again, by Lemma 1.3.7, ‖x(t2)‖∞ < ϕpi

(0) ≤ 2i−1. The conclusion is obtained by the
contradiction of the property of T2. �

By Lemma 1.3.8, we can obtain that ‖x(t0 + h)‖∞ < ϕi−l(0) for any l ∈ N
+ and h ≥∑i

j=i−l+1 Tj . This means that (1.3.119) is uniformly globally asymptotically stable.
We are now in a position to enlarge and regularize the differential inclusion

ẋ(t) ∈ F2(t, x(t)). To this purpose, we need some suitable partition of unity. Set

U = (−1,+∞) × (Rn \ {0}), (1.3.128)

and for any (t, x) ∈ U ,

W (t, x) =
{

(s, y) ∈ U | ‖(s − t, y − x)‖ <
1
3
δ(t, x)

}
. (1.3.129)

It is easy to see that the family {W (t, x)}(t,x)∈U∩E is an open covering of U .
Let {ψi(t, x)}i∈N+ be a C∞-partition of unity on U subordinate to the open covering

{W (t, x)}(t,x)∈U∩E of U . It means that, firstly, each ψi(t, x) is a nonnegative function of
class C∞ on R

n+1, with support contained in W (ti, xi) for (ti, xi) ∈ U ∩ E; secondly, for
any (t, x) ∈ U ,

∑∞
i=1 ψi(t, x) = 1; and lastly, for any (t, x) ∈ U , there exists a number ρ > 0

such that ψi(t, x) ≡ 0 on Bρ(t, x) for all i ∈ N
+ except finitely many i′s.

For any (t, x) ∈ (−1,+∞) × R
n, set

F2(t, x) =

⎧⎪⎪⎨
⎪⎪⎩

∞∑
i=1

ψi(t, x)co{F (B 1
3 δ(ti,xi)(ti, xi) ∩ E)}, x 
= 0,

F (t, 0), x = 0.

(1.3.130)

Since the summation in (1.3.130) is finite on the compact subset of U , we see that F2(t, x)
is locally Lipschitz continuous in the Hausdorff distance on U . It is clear that for x = 0,
F (t, x) ⊂ F2(t, x). Let x 
= 0 and t ∈ (−1,+∞) \ N0, i ∈ N

+ such that ψi(t, x) > 0. By
the definition of ψ(t, x), (t, x) ∈ W (ti, xi). This together with (1.3.129) yields ‖(t − ti,
x − xi)‖∞ < 1

3δ(ti, xi). Hence

F (t, x) ⊂ F (B 1
3 δ(ti,xi)(ti, xi) ∩ E), (1.3.131)
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which implies that F (t, x) ⊂ F2(t, x). Therefore, for every (t, x) ∈ ((−1,+∞) \ N0) × R
n,

F (t, x) ⊂ F2(t, x).
Furthermore, for any (t, x) ∈ U and i ∈ N

+ satisfying ψi(t, x) > 0, since δ(t, x) is Lips-
chitz continuous with the Lipschitz constant one, we can obtain

δ(ti, xi) − δ(t, x) ≤ ‖(t − ti, x − xi)‖∞ ≤ 1
3
δ(ti, xi). (1.3.132)

This yields
B 1

3 δ(ti,xi)(ti, xi) ⊂ B 2
3 δ(ti,xi)(t, x) ⊂ Bδ(t,x)(t, x), (1.3.133)

and hence F2(t, x) ⊂ co{F (Bδ(t,x)(t, x) ∩ E)} ⊂ F1(t, x). This together with the uniform
global asymptotical stability of ẋ(t) ∈ F1(t, x(t)) deduces that ẋ(t) ∈ F2(t, x(t)) is also uni-
formly globally asymptotically stable.

Secondly, we construct a local Lipschitz continuous Lyapunov function.
For any (t0, x0) ∈ (−1,+∞) × R

n, let St0;x0
be the set of solutions x(t) of the differential

inclusion ẋ(t) ∈ F2(t, x(t)) with initial condition x(t0) = x0. For any q ∈ N
+, r ∈ [0,∞),

and (t, x) ∈ (−1,+∞) × R
n, set

Gq(r) = max
{

0, r − 1
q

}
(1.3.134)

and
Vq(t, x) = sup

ϕ∈St;x

sup
τ≥0

e2λτGq(‖ϕ(t + τ)‖∞), (1.3.135)

where λ is the positive number appearing in Theorem 1.3.11.
From the uniform global asymptotical stability of ẋ(t) ∈ F2(t, x(t)), we can infer that, for

any R > 0 and q ∈ N
+, there exist the class K∞ function m(R) and nondecreasing function

T (R, q) such that, as long as ‖x0‖∞ ≤ R, for each (t0, x0) ∈ (−1,+∞) × R
n, ϕ ∈ St0;x0

,
‖ϕ(t0 + τ)‖∞ < m(R) for all τ ≥ 0, and ‖ϕ(t0 + τ)‖∞ < 1

q for any τ > T (R, q).
The following Lemma 1.3.9 is a direct consequence of (1.3.134) and (1.3.135).

Lemma 1.3.9 Let R > 0 and (t, x) ∈ (−1,+∞) × BR(0). Then for any q ∈ N
+,

Gq(‖x‖∞) ≤ Vq(t, x) ≤ e2λT (R,q)m(R) < ∞. (1.3.136)

Another important property of Vq(t, x) is the local Lipschitz continuity.

Proposition 1.3.1 Let q ∈ N
+ and R > 0. Then there exists a positive constant Cq(R) such

that for any t1, t2 ∈ [−R/(R + 1), R] and x1, x2 ∈ BR(0),

|Vq(t1, x1) − Vq(t2, x2)| ≤ Cq(R)‖(t1 − t2, x1 − x2)‖∞. (1.3.137)

We assume without loss of generality that, for every q ∈ N
+, the function Cq(R) is nonde-

creasing.
To prove Proposition 1.3.1, we need the following elementary lemma.
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Lemma 1.3.10 Let V (x) be a function defined on a set K =
∏n

i=1[ai, bi] ⊂ R
n. Assume that

there exists a constant L > 0 such that for any x0 ∈ K there exists η0 > 0 satisfying

|V (x) − V (x0)| ≤ ‖x − x0‖∞, ∀ x ∈ Bη0
(x0) ∩ K. (1.3.138)

Then V (x) is Lipschitz continuous on K with the Lipschitz constant nL.

Proof. Let

x1 = (x1
1, x

1
2, . . . , x1

n) ∈ K, x2 = (x2
1, x

2
2, . . . , x2

n) ∈ K. (1.3.139)

Then

|V (x1) − V (x2)| ≤
n∑

j=1

|V (x1
1, . . . , x1

j , x
2
j+1, . . . , x2

n) − V (x1
1, . . . , x1

j−1, x
2
j , . . . , x2

n)|.

(1.3.140)
By (1.3.138), it follows that, for any j ∈ [1, n],

|V (x1
1, . . . , x1

j , x
2
j+1, . . . , x2

n) − V (x1
1, . . . , x1

j−1, x
2
j , . . . , x2

n)| ≤ L|x1
j − x2

j |. (1.3.141)

This completes the proof of the lemma. �
Proposition 1.3.1 can be obtained directly by Lemma 1.3.10 and the following Proposition

1.3.2.

Proposition 1.3.2 Let q ∈ N
+ and R > 0. Then there exists a positive constant L > 0 such

that, for any t0 ∈ [−R/(R + 1), R] and any x0 ∈ BR(0), there exists η0 > 0 satisfying

|Vq(t, x) − Vq(t0, x0)| ≤ L‖(t − t0, x − x0)‖∞, ∀ (t, x) ∈ Bη0
(t0, x0). (1.3.142)

Let T = T (R + 1, q). By local Lipschitz continuity of F2(t, x) on U , there exists K > 0
such that for any (t1, x1) and (t2, x2) satisfying

− R + 1
R + 2

≤ ti ≤ R + T + 1,
1
2
m−1

(
1
q

)
≤ ‖x1‖∞ ≤ m(R + 2), i = 1, 2, (1.3.143)

we have
�(F2(t1, x1), F2(t2, x2)) ≤ ‖(t1 − t2, x1 − x2)‖∞. (1.3.144)

LetM ≥ 1 be a constant such that for every (t, x) ∈ (−(R + 1)/(R + 2), R + T + 1) \ N0 ×
Bm(R+2)(0),

F2(t, x) ⊂ BM (0). (1.3.145)

Let
L = e2λT ((M + 1)eK(T+1) + 2λm(R + 1)) (1.3.146)

and let η̄0 be a constant satisfying

η̄0 ∈
(

0, min
{

R + 1
R + 2

− R

R + 1
, e−K(T+1)min

{
m(R + 2) − m(R + 1),

1
2
m−1

(
1
q

)}})
(1.3.147)
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and
b = η̄0e

K(T+1). (1.3.148)

The proof of Proposition 1.3.2 is lengthy. Before giving the proof, we present the following
Lemma 1.3.11, which is useful in the proof of Proposition 1.3.2.

Lemma 1.3.11 Let (t0, x0) ∈ [−R/(R + 1), R] × BR(0) and (t1, x1) × Bη̄0
(t0, x0). If

Vq(t1, x1) > 0, then for any ϕ1 ∈ St1;x1
satisfying ‖ϕ1(t1 + τ)‖∞ > 1/q for some τ ∈ [0, T ],

m−1
(

1
q

)
< ‖ϕ1(t1 + h)‖∞ < m(R + 1) ∀ h ∈ [0, τ ]. (1.3.149)

Proof. By

η̄0 <
R + 1
R + 2

− R

R + 1
< 1, (1.3.150)

it has
− R + 1

R + 2
< t1 ≤ t1 + τ < R + T + 1. (1.3.151)

Let ϕ1(t) satisfy the conditions of the lemma. Since ‖x1‖∞ ≤ ‖x0‖∞ + η0 < R + 1,

‖ϕ1(t1 + h)‖ < m(R + 1), ∀ h ≥ 0. (1.3.152)

Since ‖ϕ1(t1 + τ)‖∞ > 1/q, we have

‖ϕ1(t1 + h)‖∞ > m−1
(

1
q

)
, ∀ h ∈ [0, τ ]. (1.3.153)

The remaining proof of the lemma can be obtained from (1.3.147) to (1.3.149). �
Proof of Proposition 1.3.2. Let (t0, x0) ∈ [−R/(R + 1), R] × BR(0) be fixed. In what fol-
lows, we always assume that

η0 ∈
(

0,
η̄0

2M + 1

)
. (1.3.154)

The proof is divided into two cases: Vq(t0, x0) 
= 0 and Vq(t0, x0) = 0.

Case 1: Vq(t0, x0) 
= 0. In this case, the proof is accomplished by the following two claims.
Claim 1: If η0 is small enough, then Vq(t, x) 
= 0 for any (t, x) ∈ Bη0

(t0, x0).
Let ϕ0 ∈ St0,x0

satisfy

Vq(t0, x0) − e2λτGq(‖ϕ0(t0 + τ)‖∞) <
Vq(t0, x0)

2
, τ ∈ (0, T ]. (1.3.155)

Then ‖ϕ0(t0 + τ)‖ > 1/q. This together with Lemma 1.3.11 shows that

m−1
(

1
q

)
< ‖ϕ0(t0 + h)‖∞ < m(R + 1), ∀ h ∈ [0, τ ]. (1.3.156)

We assume without loss of generality that η0 < τ . Then ϕ0(t) is defined on
[t0 − η0, t0] and (1.3.156) holds true for h ∈ [−η0, τ and [t0 − η0, t0 + τ ] ⊂
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[−(R + 1)/(R + 2), R + T + 1]. Let (t, x) ∈ Bη0
(t0, x0). Then |t − t0| ≤ η0. By

(1.3.145),

‖ϕ0(t) − x‖∞ ≤ ‖ϕ0(t) − ϕ0(t0)‖∞ ≤ M |t − t0| + η0

≤ (M + 1)η0 < η0 < b. (1.3.157)

By Lemmas 1.3.5 and 1.3.12, there exists ψ ∈ St;x such that

|ϕ0(t + s) − ψ(t + s)‖∞ ≤ ‖ϕ0(t) − x‖∞eKs (1.3.158)

as long as m−1(1/q) ≤ ‖ϕ0(t + s)‖∞ ≤ m(R + 1) and s is small enough so that
‖ϕ0(t) − x‖∞eKs < b.

It follows from (1.3.158) that if η0 is sufficiently small, then

‖ψ(t0 + τ)‖∞ ≥ ‖ϕ0(t0 + τ)‖∞ − (M + 1)eK(η0+τ)

≥ ‖ϕ0(t0 + τ)‖∞ − (M + 1)eK(T+1)η0 >
1
q
.

This yields Vq(t, x) > 0.
Let η0 be the same as in Claim 1 and let (t1, x1), (t2, x2) ∈ Bη0

(t0, x0). The
inequality (1.3.142) is a consequence of the following Claim 2.

Claim 2: |Vq(t1, x1) − Vq(t2, x2)| ≤ L‖(t1 − t2, x1 − x2)‖∞.
We may assume without loss of the generality that t1 ≤ t2. Firstly, we prove that

|Vq(t1, x1) − Vq(t1, x2)| ≤ e(2λ+K)T ‖x1 − x2‖∞. (1.3.159)

By the definition of Vq(t, x), for every σ ∈ (0, Vq(t1, x1)), there exist ϕ1 ∈ St1;x1

and τ ∈ [0, T ] such that

Vq(t1, x1) − σ < e2λτGq(‖ϕ1(t1 + τ)‖∞) ≤ Vq(t1, x1). (1.3.160)

Hence

Vq(t1, x1) − Vq(t1, x2) < e2λτGq(‖ϕ1(t1 + τ)‖∞) − Vq(t1, x2) + σ. (1.3.161)

Since ‖x1 − x2‖ ≤ 2η0 < η̄0 < b, we infer from Lemmas 1.3.5, 1.3.11, and
Claim 1 that there exists a solution ψ2 ∈ St1,x2

such that ‖ϕ1(t) − ϕ2(t)‖∞ ≤
‖x1 − x2‖∞eK|t−t1| as long as m−1(1/q) ≤ ‖ϕ1(t)‖∞ ≤ m(R + 1) and
‖x1 − x2‖∞eK|t1−t| ≤ b. Since Vq(t1, x2) ≥ e2λτGq(‖ϕ2(t1 + τ)‖∞) and Gq(·) is
Lipschitz continuous with Lipschitz constant one, for any t ∈ [t1, t1 + τ ], we have

Vq(t1, x1) − Vq(t1, x2) ≤ e2λτ (Gq(‖ϕ1(t1 + τ)‖∞) − Gq(‖ϕ2(t1 + τ)‖∞)) + σ

≤ e(2λ+K)T ‖x1 − x2‖∞ + σ. (1.3.162)

Exchanging x1 and x2, we obtain (1.3.159) by the arbitrariness of σ.
Now we show that

Vq(t2, x2) − Vq(t1, x2) ≤ Me(2λ+K)T |t2 − t1|. (1.3.163)
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For any ϕ ∈ St1;x2
, set x3 = ϕ(t2). It follows from (1.3.12) that

Vq(t2, x3) ≤ e−2λ(t2−t1)Vq(t1, x2) ≤ Vq(t1, x2) (1.3.164)

and hence

Vq(t2, x2) − Vq(t1, x2) ≤ Vq(t2, x2) − Vq(t2, x3). (1.3.165)

Since

‖x2 − x3‖∞ ≤
∫ t2

t1

‖ϕ̇(t)‖∞dt ≤ M |t2 − t1| ≤ 2η0M (1.3.166)

and 2η0M < η̄0 < b by (1.3.154), we conclude, with a similar proof to that of
(1.3.159), that

Vq(t2, x2) − Vq(t2, x3) ≤ e(2λ+K)T ‖x2 − x3‖∞ ≤ Me(2λ+K)T |t2 − t1|.
(1.3.167)

This together with (1.3.165) gives (1.3.163).
We show that

Vq(t1, x2) − Vq(t2, x2) ≤ (MeKT + 2λm(R + 1))e2λT |t1 − t2|. (1.3.168)

Actually, from the definition, for each σ ∈ (0, Vq(t1, x2)) there exists a solution ψ ∈
St1,x2

and τ ∈ [0, T ] such that Vq(t1, x2) ≤ e2λτGq(‖ψ(t1 + τ)‖∞) + σ. The proof
of (1.3.168) is accomplished with two cases.

(i) t1 + τ > t2. In this case, set x4 = ψ(t2). We can obtain that

‖x4 − x0‖∞ ≤
∫ t2

t1

‖ψ̇(t)‖∞dt ≤ M |t2 − t1| ≤ 2Mη0. (1.3.169)

Hence
‖x4 − x0‖∞ < (2M + 1)η0 > η̄0. (1.3.170)

It follows from Lemmas 1.3.11 and 1.3.5 that there exists a solution ψ ∈ St2;x2
such

that for any t ∈ [t2, t1 + τ ],

‖ϕ(t) − ψ(t)‖∞ ≤ ‖x4 − x2‖∞eK|t−t2|. (1.3.171)

By Vq(t2, x2) ≥ e2λ(t1+τ−t−2)Gq(‖ϕ(t1 + τ)‖∞), it follows that

Vq(t1, x2) − Vq(t2, x2) ≤ e2λτGq(‖ψ(t1 + τ)‖∞) − e2λ(τ+t1−t2)

Gq(‖ϕ(t1 + τ)‖∞) + σ

≤ e2λτ (|Gq(‖ψ(t1 + τ)‖∞) − Gq(‖ϕ(t1 + τ)‖∞)|

+ (1 − e−2λ|t1−t2|)Gq(‖ϕ(t1 + τ)‖∞) + σ). (1.3.172)
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In addition,

|Gq(‖ψ(t1 + τ)‖∞) − Gq(‖ϕ(t1 + τ)‖∞)| ≤ ‖ψ(t1 + τ) − ϕ(t1 + τ)‖∞
≤ ‖x4 − x2‖∞eK|t1+τ−t2|

≤ MeKT |t2 − t1| (1.3.173)

and

(1 − e−2λ|t1−t2|)Gq(‖ϕ(t1 + τ)‖∞) ≤ 2λ|t1 − t2|m(R + 1). (1.3.174)

Therefore,

Vq(t1, x2) − Vq(t2, x2) ≤ e2λT (MeKT + 2λm(R + 1))|t1 − t2| + σ. (1.3.175)

(ii) t1 + τ ≤ t2. In this case, by Vq(t2, x2) ≥ Gq(‖x2‖∞), we obtain

Vq(t1, x1) − Vq(t2, x2) ≤ [e2λτGq(‖ψ(t1 + τ)‖∞) − Gq(‖x2‖∞) + σ

≤ e2λτ |Gq(‖ψ(t1 + τ)‖∞) − Gq(‖x2‖∞)

+ (e2λτ−1)Gq(‖x2‖∞) + σ. (1.3.176)

Since

|‖ψ(t1 + τ)‖∞ − ‖x2‖∞| ≤
∣∣∣∣
∣∣∣∣
∫ t2

t1

ψ̇(t)dt

∣∣∣∣
∣∣∣∣
∞

≤ Mτ ≤ M |t2 − t1| (1.3.177)

and
|e2λτ − 1| ≤ 2λτe2λτ ≤ 2λe2λT |t2 − t1|, (1.3.178)

we obtain

Vq(t1, x2) − Vq(t2, x2) ≤ e2λT (M + 2λm(R + 1))|t1 − t2| + σ

≤ e2λT (MeKT + 2λm(R + 1))|t1 − t2| + σ. (1.3.179)

Therefore (1.3.175) holds in both cases and (1.3.168) is valid by the arbitrariness
of σ.

Finally, by (1.3.159), (1.3.163), and (1.3.168),

|Vq(t1, x1) − Vq(t2, x2)|

≤ |Vq(t1, x1) − Vq(t1, x2)| + |Vq(t1, x2) − Vq(t2, x2)|

≤ e(2λ+K)T ‖x1 − x2‖∞ + (MeKT + 2λm(R + 1)e2λT |t1 − t2|)
≤ L‖(t1 − t2, x1 − x2)‖∞. (1.3.180)

This completes the proof of Claim 2.
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Case 2: Vq(t0, x0) = 0. By (1.3.154), Mη0 < 1. We claim that for any (t, x) ∈ Bη0
(t0, x0)

and any ϕ ∈ St;x, ϕ is defined on [t − η0,+∞) (including t0). Indeed, by (1.3.145),
for any s ∈ dom(ϕ) ∩ [t − η0, t], if ‖ϕ(s)‖∞ ≤ m(R + 2), then

‖ϕ(s)‖∞ < ‖ϕ(s) − ϕ(t)‖∞ + ‖x‖∞ ≤ M |s − t| + R + η0

≤ (M + 1)η0 + R ≤ R + 1. (1.3.181)

Since R + 1 < m(R + 2), a direct computation shows that [t − η0, t] ⊂ dom(ϕ)
and (1.3.181) holds true on [t0 − η, t]. Pick any (t, x) ∈ Bη0

(t0, x0). If Vq(t, x) = 0,
then (1.3.142) is trivial. If Vq(t, x) > 0, then for any σ ∈ (0, Vq(t, x)), there exists
a solution ϕ ∈ St;x and τ ∈ [0, T ] such that

Vq(t, x) ≤ e2λτGq(‖ϕ(t + τ)‖∞) + σ. (1.3.182)

Once again we divide the remaining proof into two cases.
Case (a): t0 < t + τ . In this case, sinceϕ(t) is defined on [t − η0,+∞), it is also well-defined

at t0. Since ‖ϕ(t + τ)‖∞ > 1/q, we have m−1(1/q) < ‖ϕ(s)‖∞ < m(R + 1) for
any s ∈ [t − η0, t + τ ]. Furthermore, by (1.3.154),

‖ϕ(t0) − x0‖∞ ≤ ‖ϕ(t0) − ϕ(t)‖∞ + ‖x − x0‖∞ ≤ (M + 1)η0 < η̄0.
(1.3.183)

It follows from Lemmas 1.3.5 and 1.3.11 that there exists a solution ψ ∈ St0;x0
such

that

‖ψ(t + τ) − ϕ(t + τ)‖∞ ≤ ‖ψ(t0) − ϕ(t0)‖∞eK|t+τ−t0|

≤ (‖x0 − x‖∞ + ‖ϕ(t) − ϕ(t0)‖∞)eK(T+1)

≤ (M + 1)eK(T+1)‖(t − t0, x − x0)‖∞. (1.3.184)

This yields from Vq(t0, x0) = 0 that Gq(‖ψ(t + τ)‖∞) = 0. Therefore,

Vq(t, x) ≤ e2λτ (Gq(‖ϕ(t + τ)‖∞) − Gq(‖ψ(t + τ)‖∞)) + σ

≤ (M + 1)e2λT+K(T+1)‖(t − t0, x − x0)‖∞ + σ. (1.3.185)

Case (b): t0 > t + τ . In this case, since

Gq(‖ϕ(t + τ)‖∞) = Gq(‖ϕ(t + τ)‖∞) − Gq(‖x0‖∞)

≤ |Gq(‖ϕ(t + τ)‖∞) − Gq(‖x‖∞)|

+ |Gq(‖x‖∞) − Gq(‖x0‖∞)|

≤ Mτ + ‖x − x0‖∞ ≤ M |t − t0| + ‖x − x0‖∞, (1.3.186)

by (1.3.182) and (1.3.186), it follows that

Vq(t, x) ≤ e2λT (M + 1)‖(t − t0, x − x0)‖∞ + σ. (1.3.187)

To sum up, in any case, 0 ≤ Vq(t, x) ≤ L‖(t − t0, x − x0)‖∞ + σ. There-
fore, (1.3.142) is valid by the arbitrariness of σ. This completes the proof of
Proposition 1.3.2. �



�

� �

�

46 Active Disturbance Rejection Control for Nonlinear Systems: An Introduction

We are now in a position to construct a continuous Lyapunov function for the differential
inclusion ẋ(t) ∈ F2(t, x(t)). For any (t, x) ∈ (−1,+∞) × R

n, set

VL(t, x) =
∞∑

q=1

2−q

1 + Cq(q)
r−2λT (q,q)Vq(t, x). (1.3.188)

For any r ≥ 0, set

aL(r) =
+∞∑
q=1

2−qe−2λT (q,q)

1 + Cq(q)
Gq(r). (1.3.189)

Clearly, aL(r) is well-defined, increasing, Lipschitz continuous, and limr→+∞ aL(r) = +∞,
that is, aL(r) belongs to the class K∞. Furthermore,

aL(‖x‖∞) ≤ VL(t, x), ∀ (t, x) ∈ (−1,+∞) × R
n. (1.3.190)

Let

L(R) =
+∞∑
q=1

2−q
Cq(R)

1 + Cq(q)
e−2λT (q,q), ∀ R > 0, q ∈ N

+. (1.3.191)

It is easy to verify that L(R) is nondecreasing and

|VL(t1, x1) − VL(t2, x2)|∞ ≤ L(R)‖(t1 − t2, x1 − x2)‖∞. (1.3.192)

By (1.3.136), it follows that for any R > 0 and (t, x) ∈ (−1,+∞) × BR(0),

VL(t, x) ≤
+∞∑
i=1

2−q e2λ(T (R,q)−T (q,q))m(R)

1 + Cq(q)

≤

⎡
⎣ [R]∑

q=1

2−q e2λ(T (R,q)−T (q,q))

1 + Cq(q)
+ 1

⎤
⎦m(R) = m̃(R). (1.3.193)

It is easy to obtain that m̃(R) is nondecreasing and limR→0+ m̃(R) = 0. Hence, there exists a
class K∞ function bL(R) such that m̃(R) ≤ bL(R). Therefore,

VL(t, x) ≤ bL(‖x‖∞), ∀ (t, x) ∈ (−1,+∞) × R
n. (1.3.194)

Lemma 1.3.12 Let (t0, x0) ∈ (−1,+∞) × R
n and let ψ ∈ St0,x0

. Then for any q ∈ N
+ and

h > 0,
Vq(t0 + h, ψ(t0 + h)) ≤ e−2λhVq(t0, x0). (1.3.195)

As a direct consequence of Lemma 1.3.12, for any (t0, x0) ∈ (−1,+∞) × R
n and ψ ∈

St0,x0
,

VL(t0 + h, ψ(t0 + h)) ≤ e−2λhVL(t0, x0),∀ h ≥ 0. (1.3.196)
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For any ψ ∈ St0;x0
and ϕ ∈ St0+h;ψ(t0+h), set

ϕ(t) =

{
ψ(t), t0 ≤ t ≤ t0 + h,

ϕ(t), t0 + h ≤ t.
(1.3.197)

It is clear that ϕ ∈ St0;x0
, and for any ϕ ∈ St0+h;ψ(t0+h),

Vq(t0, x0) ≥ sup
τ≥0

e2λτGq(‖ϕ(t0 + τ)‖∞) ≥ e2λh sup
τ≥0

e2λτGq(‖ϕ(t0 + h + τ)‖∞).

(1.3.198)
It follows that

Vq(t0, x0) ≥ e2λhVq(t0 + h, ψ(t0 + h)), (1.3.199)

and (1.3.195) holds true.

Corollary 1.3.1 For almost all (t0, x0) ∈ U , ν ∈ F2(t0, x0),

∂VL(t0, x0)
∂t

+ 〈∇xVL(t0, x0), ν〉 ≤ −2λVL(t0, x0). (1.3.200)

Proof. Since VL(t, x) is Lipschitz continuous on U , it is therefore differentiable for almost all
(t0, x0) ∈ U . We show that for almost all (t0, x0) ∈ U and ν ∈ F2(t0, x0),

lim sup
h→0+

VL(t0 + h, x0 + hν) − VL(t0, x0)
h

≤ −2λVL(t0, x0), (1.3.201)

and for any ν ∈ F2(t0, x0), there exists a solution of the differential inclusion
ẋ(t) ∈ F2(t, x(t)) satisfying x(t0) = t0 and ẋ(t0) = ν. Indeed, by the local Lipschitz
continuity of F2(t, x), the projection on the convex compact set F2(s, y):

g(s, y) = πF2(s, y)(ν), (s, y) ∈ U , (1.3.202)

is continuous. Hence, there exists a solution x(t) to the following initial value problem on the
interval [t0, t0 + ε]: {

ẋ(t) = g(t, x)(∈ F2(t, x(t))),
x(t0) = x0.

(1.3.203)

It is clear that ẋ(t0) = g(t0, x0) = ν. Hence there exists constant K > 0 such that for any
(t1, x1) and (t2, x2) in some neighborhood of (t0, x0),

|VL(t1, x1) − VL(t2, x2)| ≤ K‖(t1 − t2, x1 − x2)‖∞. (1.3.204)

It follows that when h is sufficiently small,

VL(t0 + h, x0 + hν) − VL(t0, x0)
h

=
VL(t0 + h, x0 + hν) − VL(t0 + h, x(t0 + h))

h

+
VL(t0 + h, x(t0 + h)) − VL(t0, x0)

h

≤ K

∥∥∥∥x(t0 + h) − x0

h
− ν

∥∥∥∥
∞

+
e−2λh − 1

h
VL(t0, x0).

(1.3.205)
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Therefore,

lim sup
h→0+

VL(t0 + h, x0 + hν)VL(t0, x0)
h

≤ −2λVL(t0, x0). (1.3.206)

This completes the proof of (1.3.12).

Proof of Theorem 1.3.11 Let S be any compact set in U = (−1,+∞) × (Rn \ {0}) and
ε > 0. We will show in what follows that there exists a function V (t, x) of class C∞, with
compact support in (−1,∞) × R

n, such that

‖V (t, x) − VL(t, x)‖ < ε, (1.3.207)

and for any (t0, x0) ∈ S, v ∈ F2(t0, x0),

∂V (t0, x0)
∂t

+ 〈∇xV (t0, x0), v〉 ≤ −3
2
λVL(t0, x0). (1.3.208)

Let ρ ∈ C∞(Rn+1, R) be an mollifier given by

ρ(t, x) =

{
Cρ exp (−1/(1 − |(t, x)|2)), ‖(t, x)‖

Rn+1 < 1,

0, ‖(t, x)‖
Rn+1 ≥ 1,

(1.3.209)

where Cρ is chosen so that
∫

Rn+1 ρ(t, x)dt dx = 1. Then ρ(t, x) is non-negative. For any
σ > 0, set ρδ(t, x) = (1/δn+1)ρ(t/δ, x/δ) and

Vδ(t, x) = VL ∗ ρδ(t, x) =
∫

Rn+1
VL(t − s, x − y)ρδ(s, y)dsdy

=
∫
‖(s,ȳ)‖∞≤1

VL(t − δs̄, x − δȳ)ρ(s̄, ȳ)ds̄dȳ. (1.3.210)

Therefore, Vδ(t, x) is well defined and is of class C∞ on (−1 + δ,+∞) × R
n. In addition,

Vδ(t, x) → VL(t, x) uniformly onS as δ → 0. If θ(t, x) is a function of classC∞ with compact
support in (−1,+∞) × R

n and is taking value one in the neighborhood of S, then the function
V (t, x) = θ · Vδ(t, x) has a compact support in (−1,+∞) × R

n and satisfies (1.3.207) if δ is
small enough. To complete the proof of the lemma, it remains to show that there exists δ0 > 0
such that for any δ ∈ (0, δ0), (t0, x0) ∈ S and v ∈ F2(t0, x0),

∂Vδ(t0, x0)
∂t

+ 〈∇xVδ(t0, x0), v〉 ≤ −3
2
λVL(t0, x0). (1.3.211)

Let δ1 > 0 be a small constant so that S + Bδ1
(0) ⊂ U and let L > 0 be a positive constant

so that for any pairs (t1, x1), (t2, x2) ∈ S + Bδ1
(0). The Hausdorff distance between the two

pairs satisfies

�(F2(t1, x1), F2(t2, x2)) + |VL(t1, x1) − VL(t2, x2)| ≤ L‖(t1 − t2, x1 − x2)‖∞. (1.3.212)

Then it follows that for almost all (t, x) ∈ S + Bδ1
(0), VL(t, x) is differentiable at (t, x) and∥∥∥∥

(
∂VL(t, x)

∂t
,∇xVL(t, x)

)∥∥∥∥ ≤ L. (1.3.213)
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Let δ ∈ (0, δ), (t0, x0) ∈ S, and v ∈ F2(t0, x0). Applying the Lebesgue dominant convergence
theorem, we infer from (1.3.212) that

∂Vδ(t0, x0)
∂t

+ 〈∇xVδ(t0, x0), v〉

= lim
η→0

∫
‖(s̄,ȳ)‖∞≤1

1
η
(VL(t0 − δs̄ + η, x0 − δȳ + ηv) − VL(t0 − δs̄, x0 − δȳ))ρ(s̄, ȳ)ds̄dȳ

=
∫
‖(s̄,ȳ)‖∞≤1

(
∂VL(t0 − δs̄, x0 − δȳ)

∂(t0 − δs̄)
+ 〈∇xVL(t0 − δs̄, x0 − δȳ), v〉

)
ρ(s̄, ȳ)ds̄dȳ.

(1.3.214)

Let g(s, y) be the map defined in (1.3.202). By (1.3.213), (1.3.214), and Corollary 1.3.1,

∂Vδ(t0, x0)
∂t

+ 〈∇xVδ(t0, x0), v〉∫
‖(s̄,ȳ)‖∞≤1

(
∂VL

∂t
+ 〈∇xVL, g〉

)
(t0 − δs̄, x0 − δȳ)ρ(s̄, ȳ)ds̄dȳ

+
∫
‖(s̄,ȳ)‖∞≤1

〈∇xVL(t0 − δs̄, x0 − δȳ), v − g(t0 − δs̄, x0 − δȳ)〉ρ( ¯s, ȳ)ds̄dȳ

≤ −2λVδ(t0, x0) +
√

nL

∫
‖(s̄,ȳ)‖≤1

‖v − g(t0 − δs̄, x0 − δȳ)‖∞ρ(s̄, ȳ)ds̄dȳ. (1.3.215)

This yields from (1.3.212) that for any ‖(s̄, ȳ)‖∞ ≤ 1,

‖v − g(t0 − δs̄, x0 − δȳ)‖∞ ≤ �(F2(t0, x0), F2(t0 − δs̄, x0 − δȳ)) ≤ Lδ. (1.3.216)

Hence

∂Vδ(t0, x0)
∂t

+ 〈∇xVδ(t0, x0), v〉 ≤ −2λVδ(t0, x0) +
√

nL2δ ≤ −3
2
λVL(t0, x0) (1.3.217)

for sufficiently small δ.
Let {ψi(t, x)}∞i=1 be a C∞ partition of unity for U . For any i ≥ 1, the support Si(t, x) of

ψi(t, x) is a compact set in U . For each i ≥ 1, set

⎧⎪⎪⎨
⎪⎪⎩

qi = sup
(t,x)∈Si,v∈F2(t,x)

∣∣∣∣∂ψ(t, x)
∂t

+ 〈∇xψi(t, x), v〉
∣∣∣∣ < +∞,

εi =
λ

2i+2(1 + qi)(λ + 1)
min

(t,x)∈Si

VL(t, x) > 0.

(1.3.218)

It follows from the fact presented in the beginning of the proof that there exist
Vi ∈ C∞((−1,+∞) × R

n, R), i = 1, 2, . . . , such that for any (t, x) ∈ Si, v ∈ F2(t, x),

|VL(t, x) − Vi(t, x)| < εi,
∂Vi(t, x)

∂t
+ 〈∇xVi(t, x), v〉 ≤ −3

2
λVL(t, x). (1.3.219)
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For any (t, x) ∈ (−1,+∞) × R
n, let

Ṽ (t, x) =

⎧⎪⎨
⎪⎩

∞∑
i=1

ψi(t, x)|Vi(t, x)|, x 
= 0,

0, x = 0.

(1.3.220)

It is easy to verify that Ṽ (t, x) is class C∞ on U , and for any (t, x) ∈ U , v ∈ F2(t, x),

|Ṽ (t, x) − VL(t, x)| ≤ 1
4
VL(t, x), (1.3.221)

3
4
aL(‖x‖∞) + 〈∇xṼ (t, x), v〉 ≤ 5

4
bL(‖x‖∞), (1.3.222)

where aL is defined in (1.3.190) and bL is defined in (1.3.194). A direct computation shows
that

∂Ṽ (t, x)
∂t

+ 〈∇xṼ (t, x), v〉 ≤ −λṼ (t, x). (1.3.223)

In the following, we smooth Ṽ (t, x) up to x = 0. For this purpose, let ν : R → R be C∞,
ν(r) = 0,∀ r ∈ (−1, 0], ν̇(r) ≥ 0,∀ r > 0, limr→∞ ν(r) = ∞, ∂α(ν ◦ Ṽ )(t, 0) = 0,∀
t > −1, and α ∈ N

n+1.
For any (t, x) ∈ (−1,∞) × R

n, let

V (t, x) = ν(Ṽ (t, x)). (1.3.224)

For any (t, x) ∈ ([0,∞) \ N0) × (Rn \ {0}), v ∈ F (t, x). According to a conclusion proved
in Step 1, v ∈ F2(t, x), and hence (1.3.223) is valid. This together with the fact that

ν(r) =
∫ r

0
ν̇(s)ds ≤

∫ r

0
ν̇(r)ds = rν̇(r), r ≥ 0 (1.3.225)

gives
∂V (t, x)

∂t
+ 〈∇xV (t, x), v〉 ≤ −λV (t, x). (1.3.226)

This completes the proof of Theorem 1.3.11. �

1.4 Remarks and Bibliographical Notes

Section 1.2 For TI issues, we refer to the report LineStream Technologies signs licensing deal
with Texas Instruments, The Plain Dealer, July 12, 2011.
Section 1.3.1 The details of MEMS gyroscope and Figure 1.3.1 can be found in [161]. An
hydraulic system is studied in [148]. Figure 1.3.2 is taken from [148]. Autonomous underwater
vehicles (AUV) are modeled in [155]. The notation of the relative degree of nonlinear systems
is taken from [79].
Section 1.3.2 For Lyapunov’s doctoral thesis, we refer to [101]. A large number of publi-
cations appeared after Cold War for Lyapunov stability in the control and systems literature
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[92, 80, 91]. There is plenty of literature on this topic in monographs, see for instance, [84,
12, 70, and 98].
Section 1.3.4 The finite-time stability for continuous systems was investigated more recently
in [112, 17, 67, 15, 12, 16, 109, and 116].
Section 1.3.5 For the Filippov solution, we refer to the monograph [32].
Section 1.3.6 This section is refereed largely from [12].
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