Well-Being as a Multidimensional Phenomenon

1.1 Introduction

The choice of income as the only attribute or dimension of well-being of a
population is inappropriate since it ignores heterogeneity across individuals in
many other dimensions of living conditions. Each dimension represents a par-
ticular aspect of life about which people care. Examples of such dimensions
include health, literacy, and housing. A person’s achievement in a dimension
indicates the extent of his performance in the dimension, for instance, how
healthy he is, how friendly he is, how much is his monthly income, and so on.

Only income-dependent well-being quantifiers assume that individuals with
the same level of income are regarded as equally well-off irrespective of their
positions in such nonincome dimensions. In their report, prepared for the
Commission on the Measurement of Economic Performance and Social
Progress, constituted under a French Government initiative, Stiglitz et al.
(2009, p. 14) wrote “To define what wellbeing means, a multidimensional
definition has to be used. Based on academic research and a number of
concrete initiatives developed around the world, the Commission has iden-
tified the following key dimensions that should be taken into account. At
least in principle, these dimensions should be considered simultaneously:
(i) Material living standards (income, consumption and wealth); (ii) Health;
(iii) Education; (iv) Personal activities including work; (v) Political voice and
governance; (vi) Social connections and relationships; (vii) Environment
(present and future conditions); (viii) Insecurity, of an economic as well as a
physical nature. All these dimensions shape people’s wellbeing, and yet many
of them are missed by conventional income measures.”

The need for analysis of well-being from multidimensional perspectives has
also been argued in many contributions to the literature, including those of
Rawls (1971); Kolm (1977); Townsend (1979); Streeten (1981); Atkinson and
Bourguignon (1982); Sen (1985); Stewart (1985); Doyal and Gough (1991);
Ramsay (1992); Tsui (1995); Cummins (1996); Ravallion (1996); Brandolini
and D’Alessio (1998); Narayan (2000); Nussbaum (2000); Osberg and Sharpe
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(2002); Atkinson (2003); Bourguignon and Chakravarty (2003); Savaglio
(2006a,b); Weymark (2006); Thorbecke (2008), Lasso de la Vega et al. (2009),
Fleurbaey and Blanchet (2013); Aaberge and Brandolini (2015), Alkire et al.
(2015); Duclos and Tiberti (2016).!

Nonmonetary dimensions of well-being are not unambiguously perfectly
correlated with income. Consider a situation where, in some municipality of
a developing country, there is a suboptimal supply of a local public good, say,
mosquito control program. A person with a high income may not be able to
trade off his income to improve his position in this nonmarketed, nonincome
dimension of well-being (see Chakravarty and Lugo, 2016 and Decancq and
Schokkaert, 2016).

In the capability-functioning approach, the notion of human well-being is
intrinsically multidimensional (Sen, 1985, 1992; Sen and Nussbaum, 1993;
Nussbaum, 2000; Pogge, 2002; Robeyns, 2009). Following John Stuart Mill,
Adam Smith, and Aristotle, in the last 30 years or so, it has been reinterpreted
and popularized by Sen in a series of contributions. In this approach, the
traditional notions of commodity and utility are replaced respectively with
functioning and capability.

Any kind of activity done or a state acquired by a person and a character-
istic related to full description of the person can be regarded as a function-
ing. Examples include being well nourished, being healthy, being educated, and
interaction with friends. Such a list can be formally represented by a vector of
functionings. Capability may be defined as a set of functioning vectors that the
person could have achieved.

It is possible to make a distinction between a good and functioning on the
basis of operational difference. Of two persons, each owning a bicycle, the one
who is physically handicapped cannot use the bike to go to the workplace as
fast as the other person can. The bicycle is a good, but possessing the skill to
ride it as per convenience is a functioning. This indicates that a functioning can
be enacted by a good, but they are distinct concepts. Consequently, these two
persons, each owning a bicycle, are not able to attain the same functioning (see
Basu and Lépez-Calva, 2011). Since the physically handicapped person, who
lacks sufficient freedom to ride the bike as per desire, has a smaller capability
set than the other person.

As Sen argued in several contributions, there is a clear distinction between
starvation and fasting. Two persons may be in the same nutritional state, but
one person fasting on some religious ground, say, is better off than the other
person who is starving because he is poor. Since the former person has the
freedom not to starve, his capability set is larger than that of the poor person

1 Seealso Clark (2016), Decancq and Neumann (2016), and Graham (2016). A recent overview of
some of the related issues is available in Decancq et al. (2015).
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(see also Fleurbaey, 2006a). Consequently, capabilities become closely related
to freedom, opportunity, and favorable circumstances.?

Once the identification step, the selection of dimensions for determining
human well-being, is over, at the next stage, we face the aggregation problem.
The second step involves the construction of a comprehensive measure of
well-being by aggregating the dimensional attainments of all individuals in
the society. One simple approach can be dimension-by-dimension evaluation,
resulting in a dashboard of dimensional metrics. A dashboard is a portfolio of
dimension-wise well-being indictors (see Atkinson et al., 2002).> A dashboard
can be employed to monitor each dimension in separation. But the dashboard
approach has some disadvantages as well. In the words of Stiglitz et al. (2009,
p. 63), “dashboards sufter because of their heterogeneity, at least in the case
of very large and eclectic ones, and most lack indications about...hierarchies
among the indicators used. Furthermore, as communications instruments,
one frequent criticism is that they lack what has made GDP a success: the
powerful attraction of a single headline figure that allows simple comparisons
of socio-economic performance over time or across countries.” The problem of
heterogeneity across dimensional metrics can be taken care of by aggregating
the dashboard-based measures into a composite index. The main disadvantage
of this aggregation criterion is that it completely ignores relationships across
dimensions. An alternative way to proceed toward building an all-inclusive
measure of well-being is by clustering dimensional achievements across
persons in terms of a real number. (See Ravallion, 2011, 2012, for a systematic
comparison.)

The objective of this chapter is to evaluate how well a society is doing with
respect to achievements of all the individuals in different dimensions. This is
done using a social welfare function, which informs how well the society is
doing when the distributions of dimensional achievements across different
persons are considered. A social welfare function is regarded as a fundamental
instrument in theoretical welfare economics. It has many policy-related
applications. Examples include targeted equitable redistribution of income,
assessment of environmental change, evaluation of health policy, cost—benefit
analysis of a desired change, optimal provision of a public good, promoting
goodness for future generations, assessment of legal affairs, and targeted
poverty evaluation (see, among others, Balckorby et al., 2005; Adler, 2012,
2016; Boadway, 2016; Broome, 2016, and Weymark, 2016).

In order to make the chapter self-contained, in the next section, there will
be a brief survey of univariate welfare measurement. Section 1.3 addresses
the measurability problem of dimensional achievements. In other words, this

2 See also Qizilbash et al. (2006), Elson et al. (2011), Alkire (2016), and Krishnakumar (2007).
3 See also Slottje et al. (1991), Hicks (1997), Easterlin (2000), Hobijn and Franses (2001),
Neumayer (2003), World Bank (2006), and United Nations Development Program (2005, 2010).
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section clearly investigates how achievements in different dimensions can be
measured. Some basics for multivariate analysis of welfare are presented in
Section 1.4. The concern of Section 1.5 is the dashboard approach to the eval-
uation of well-being. There will be a detailed scrutiny of alternative techniques
for setting weights to individual dimensional metrics. In Section 1.6, there
will be an analytical discussion on axioms for a multivariate welfare function.
Each axiom is a representation of a property of a welfare measure that can
be defended on its own merits. Often, axioms become helpful in narrowing
down the choice of welfare measures. Section 1.7 studies welfare functions,
including their information requirements, which have been proposed in the
literature to assess multivariate distributions of well-being. Finally, Section 1.8
concludes the discussion.

1.2 Income as a Dimension of Well-Being and Some
Related Aggregations

The measurement of multidimensional welfare originates from its univariate
counterpart. In consequence, a short analytical treatment of one-dimensional
welfare measurement at the outset will prepare the stage for our expositions in
the following sections.

It is assumed before all else that no ambiguity arises with respect to defini-
tions and related issues of the primary elements of the analysis. For instance,
should the variable on which the analysis relies be income or expenditure? How
is expenditure defined? What should be the reference period of observation of
incomes/expenditure? How is the threshold income that represents a minimal
standard of living determined (see Chapter 2)*? Generally, income data are
collected at the household level. Income at the individual level can be obtained
from the household income by employing an appropriate equivalence scale.
(See Lewbel and Pendakur, 2008, for an excellent discussion on equivalence
scale.) For simplicity of exposition, we assume that the unit of analysis is
“individual.” If necessary, the study can be carried out at the household level.

For a population of size n, we denote an income distribution by a vector
u=(Uy,u,,...,u,) € R, where R, is the nonnegative part R’ of the
n-dimensional Euclidean space R” with the origin deleted. More precisely,
RL, =NR1/{0.1"}, where 1" is the n-coordinated vector of 1s. Here u; stands
for the income of individual i in the population. Let D" be the positive part of
R, sothat D" = {u € R’ |u, >0 for all i € {1,2,...,n}}. In consequence,

4 For discussion, see, among others, Anand (1983), Deaton (1992, 1997), Ravallion (1994, 1996,
2008), Deaton and Grosh (2000), World Bank (2000), Hentschel and Lanjouw (2000), Klugman
(2002), Grusky and Kanbur (2006), Jenkins and Micklewright (2007), Haughton and Khandker
(2009), Banerjee and Duflo (2011), Foster et al. (2013a,b), and Alkire et al. (2015).
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the sets of all possible income distributions associated with R’  and D"

become respectively R, = UNERK + and D= UND”, where N is a set of
ne ne

positive integers.
Unless stated, it will be assumed that R, | represents the set of all possible
income distributions. For the purpose at hand, we need to introduce some more

notation. For all n € N, for all u € R}, A(u) (or, simply A) is the mean of ,

n
% > u;. Foralln € N,u € R, let u® denote the nonincreasingly ordered per-
i=1

mutation of u, that is, ”(1) > ug > .-+ > 4. Similarly, we write i for the nonde-
creasingly ordered permutation of u, thatis, ##; <, <--- < i, . Forallm € N,
forall u,u’ € R}, we write u > ' to mean that u; > u: foralli € {1,2,...,n}
and u # u'. Hence, u > 1’ means that at least one income in u is greater than
the corresponding income in #’ and no income in « is less than that in #’. The
notation # > ' will be used to mean that u; > u/ foralli € {1,2,...,n}.

An income-distribution-based social welfare function is a summary measure
of the extent of well-being enjoyed by the individuals in a society, resulting from
the spread of a given size of income among the individuals of the society. We
denote this function by W. Formally, W:R_,, — R!.Foranyn € N,u € R"_,
W (u) signifies the extent of welfare manifested by u. It is assumed beforehand
that W is continuous so that small changes in incomes will change welfare only
marginally. Since it determines the standard of welfare, we can also refer to as
a welfare standard.

Next, we state certain desirable axioms for W. The terms “axiom” and
“postulate” will be used interchangeably because they are assumed without
proof. Each axiom represents a particular value judgment, and it may not be
verifiable by factual evidence. We will as well use the terms “property” and
“principle” in place of axiom. Implicit under the choice of a welfare function
W is also acceptance of the axioms that are verified by W. Rawls (1971, p. 80)
refers to the choice of a form W as the index problem. Since our study of their
multidimensional dittos will be extensive, here our discussion will be brief.

Symmetry: For all » € N, u € R’} , W(u) = W(u), where u is any reordering
of u.

According to this postulate, welfare evaluation of the society remains
unaffected if any two individuals swap their positions in the distribution.
Equivalently, any feature other than income has no role in welfare assessment.

Symmetry Axiom for Population: For all € N, u € R}, W(u) = W (ub),
where u* € ERﬁ’jr is the income vector in which each u; is repeated k times,

k > 2 being any positive integer.

This property, introduced by Dalton (1920), requires W to be expressed in
terms of an average of the population size so that welfare judgment remains
unchanged when the same population is pooled several times. It demonstrates

5
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neutrality property of the welfare standard W with respect to population size,
indicating invariance of the standard under replications of the population.
Consequently, the postulate becomes useful in performing comparisons of
welfare across societies and of the same society over time, where the underlying
population sizes are likely to differ.®

Increasingness: For all » € N, for all u,u’ e R}, if u>u/, then W(u) >
W ().

This property claims that if at least one person’s income registers an increase,
then the society moves to a better welfare position. An increasing welfare func-
tion indicates preferences for higher incomes; more income is preferred to less.

The final property we wish to introduce represents equity biasness of the
welfare standard. Equity orientation in welfare evaluation can be materialized
through a progressive transfer, an equitable redistribution of income. Formally,
forallnm € N/{1},u,u’ € R’} wesay that uis obtained from u’ by a progressive
transfer if for some i, jand ¢ >0 u; = u! + ¢ < wj, u; = u, — ¢, and u; = u, forall
k # i,j. That is, u is obtained from #’ by a transfer of ¢ units of income from a
person j to a person i who has lower income than j such that the transfer does
not make j poorer than i and incomes of all other persons remain unaffected.
Equivalently, we say that #’ is obtained from u by a regressive transfer.

Pigou-Dalton Transfer: Foralln € N/{1},forallu,u’ € R’_,if, uis obtained
from u’ by a progressive transfer, then W () > W(u).

In words, welfare should increase under a progressive transfer.® The Pigou—
Dalton transfer principle, despite its limitations, is easy to understand and
becomes equivalent to several seemingly unrelated conditions. Our multidi-
mensional dominance properties that require welfare to rise when equitable
redistributions occur bear similarities with these conditions. Consequently, a
discussion on these conditions becomes justifiable.

Use of a numerical example will probably make the situation clearer.
Consider the ordered income vectors u?> = (2, 3,4) and u' = (1, 3,5). Of these
two ordered profiles, the former is obtained from the latter by a progressive

5 The term Symmetry Axiom for Population was suggested in Dasgupta et al. (1973), where
overall welfare has been defined as a total concept, and replication invariance of the average
welfare, overall welfare divided by the population size, was sought. Evidently, the two
formulations convey the same information.

6 A limitation of a Pigou—Dalton transfer is that its size is independent of the incomes of the two
affected persons. Fleurbaey and Michel (2001) suggested a proportional transfer principle where
the transfer size is proportional to the incomes of the affected persons (see also Fleurbaey, 2006a).
In this “leaky-bucket” transfer, the recipient receives less than what the donor transfers. A
progressive transfer also disregards incomes of the persons who are richer and poorer than the
donor and the recipient, respectively. For discussions on other limitations and variants of the
Pigou—Dalton transfer principle, see Chateauneuf and Moyes (2006) and Chakravarty (2009,
Chapter 3).
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transfer of 1 unit of income from the richest person to the poorest person.
This transfer does not alter the rank orders of the individuals. That is why
it is a rank-preserving progressive transfer. Equivalently, we can generate u?
by postmultiplying u! by some 3 x 3 bistochastic matrix.” If we denote this
bistochastic matrix by B, then

391

4 4
2.3.4=(135B=(135[0 1 0 (1.1)

13

4 4

An alternative equivalent condition for executing the redistributive opera-
tion that takes us from #! to #? is to postmultiply the former by some #n X n
Pigou—Dalton matrix.® To see this more concretely, denote the underlying
Pigou-Dalton matrix by 7. Then

5 0 0) (o o1
23.49=(135T=1357|0 1 0+-10 1 0 (1.2)
0 0 1 100

The particular Pigou—Dalton matrix 7 in (1.2) is the sum of Z times the 3 X 3

identity matrix and }L times a 3 X 3 permutation matrix obtained by swapping
the first and third entries in the first and third rows, respectively, of the identity
matrix.

A graphical equivalence of the aforementioned three interchangeable state-
ments is that #?> Lorenz dominates u!, which means that the Lorenz curve of
the former in no place lies below that of the latter and lies above in some places
(at least).” In terms of welfare ranking, this is the same as the requirement
that W (u?) > W (u'!), where W is any arbitrary strictly S-concave social welfare
function.”

7 An n X n nonnegative matrix is called a bistochastic matrix of order # if the entries in each of
its rows and columns add up to 1. An # X n bistochastic matrix is called a permutation matrix if it
has exactly one positive entry in each row and column.

8 A Pigou—Dalton matrix is known as a strict 7-transformation in the literature. A strict
T-transformation, a linear transformation defined by an n X n matrix T, is a weighted average of
the n X n identity matrix and an 7 X n permutation matrix that just interchanges two coordinates,
where the positive weights add up to 1. An # X # identity matrix is an # X # matrix whose
diagonal entries are 1 and off-diagonal entries are 0 (see Marshall et al., 2011, p. 32).

9 The Lorenz curve of a nondecreasingly ordered income distribution is the graph of the
cumulative proportion of the total income possessed by the bottom ¢ proportion of the
population, where ¢ varies from O to 1 so that 0% of the population owns 0% of the total income
and 100% of the population obtains the entire income. For an unordered or nonincreasingly
ordered distribution, incomes have to be ordered nondecreasingly, and then the curve can be
drawn. Upon multiplication by the mean income, the Lorenz curve of an income distribution
becomes its generalized Lorenz curve.

10 A social welfare function W:R,, — R! is called S-concave if foralln € N, u € R, and all
n X n bistochastic matrices B, W(uB) > W (u). W is called strictly S-concave, if the weak

7
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We now review three well-known examples of univariate social welfare
functions. Since multidimensional translations of these functions will be
explored in detail in one of the following sections, this brief study becomes
rewarding. The first example we wish to scrutinize is the symmetric mean of
order (< 1), which for any x € D" and n € N is defined as

<1Zuf>, 0<1, %0,

0 e}

Wi(u) = . (1.3)
[T 0 =0.
i=1

Since Wﬁ is undefined for 6 < 0 if at least one income is nonpositive, D" is
chosen as its domain. The superscript 6 in W signifies sensitivity of the param-
eter 0 to W9 and the subscript A is used to 1ndlcate that it corresponds to the
Atkinson (1970) inequality index (see Chapter 2). For any 6 # 0, the aggregation
process invoked in W9 is as follows. First, all incomes are transformed by tak-
ing their Oth power. The transformation, defined by < ) th power of a positive

n
real number, employed on the average <; U > gives us W, This continuous,
increasing, symmetric, and population—sizle}invariant welfare function demon-
strates equity orientation (satisfaction of strict S-concavity) if and only if 6 < 1.
Adler (2012) suggested the use of this welfare standard for moral assessment of
decisions that have significant social implications.

For any income profile, an increase in the value of § increases welfare. The rea-
son behind this is that as the value of 8 decreases, higher weights are assigned
to lower incomes in the aggregation. Since the assignment of higher weights
to lower income holds for all < 1, a progressive income transfer will increase
welfare by a larger amount, the lower the income of the recipient is. For 8 = —1,
W becomes the harmonic mean. It reduces to the geometric mean if 6 = 0. As
0 - —o0, Wj approaches min{u;}, the maximin welfare function (Rawls, 1971),

awelfare standard that prioritize the worst-offindividual. In other words, in this
case, welfare ranking is decided by the income of the worst-off individual.

The second welfare function we choose is the Donaldson and Weymark
(1980) well-known S-Gini welfare function, which for any u € R’ andn € N
is defined as

WP (u) = % DL = (= 1)1 (1.4)

i=—1

inequality is replaced by a strict inequality whenever uB is not a reordering of u. For formal
statements on equivalence between these conditions, see Dasgupta et al. (1973) and Marshall
etal. (2011, p. 35). All S-concave functions are symmetric.
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Given that incomes are nonincreasingly arranged, increasingness of the
weight sequence {i” — (i — 1)’ }, where p > 1, ensures strict S-concavity (hence
symmetry) of W/, . This continuous, increasing, and population-size-invariant
welfare function possesses a simple disaggregation property. If each income is
broken down into two components, say, salary income and interest income,
and the ranks of the individuals in the two distributions are the same, then
overall welfare is simply the sum of welfares from two component distri-
butions (see Weymark, 1981). A higher value of p makes welfare standard
more sensitive to lower incomes within a distribution. When the single
parameter p increases unboundedly, W}, converges toward the maximin
function. For p = 2, W}, becomes the one-dimensional Gini welfare function

We(u) = % > [*—(—1)%] u?, a weighted average of rank-ordered incomes,

i=—1
where the weights themselves are rank-dependent. It is also popularly known
as the Gini mean (Fleurbaey and Maniquet, 2011). Foster et al. (2013a,b) refer
to this as the Sen mean.!! It can alternatively be written as the expected value
of the minimum of two randomly drawn incomes, where the random drawing

n n

is done with replacement. More precisely, Wg(«) = % 2. > min(x;, u;). From
i=1j=1

n

this formulation of the Gini mean, it is evident that for any unequal z € R’ _,

it is less than the ordinary mean A(u).
Pollak (1971) analyzed the family of exponential additive welfare functions,

n
of which a simple symmetric representation is W (u) = — 3’ exp(—vu,), where
u € R’ and n € N are arbitrary; v > 0 is a parameter; an(l‘l “elxp" stands for the
exponential function. This sign restriction on v > 0 ensures that W, is increas-
ing and strictly S-concave. It indicates sensitivity to lower incomes in the pop-
ulation. This welfare standard fails to satisfy a common property of Wj and
W} if incomes are equal across individuals, welfare is judged by the equal

D
income itself. However, the following function

) 1 1+
Wip() = - log ;2 exp(—vy,) |, (1.5)
i=1

analyzed by Kolm (1976), which is related to W}, via the continuous, increas-
ing transformation Wy, (u) = —% log (—i Wy (u)>, fulfills this criterion. Conse-

quently, they will rank two income vectors over the same population in the
same way. This transformation also makes Wy, fulfill the symmetry postu-
late for population and preserves strict S-concavity (hence, symmetry) of W.

11 Its first welfare theoretic axiomatic characterization was developed by Sen (1974). The
characterization specifies a set of axioms for a social welfare function, which hold simultaneously
if and only if the welfare function is the Sen mean. In other words, the axioms uniquely identify
the Sen mean in a specific framework.

9
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As v is increased limitlessly, W}, becomes closer and closer to the maximin
function.

We conclude this section by noting that while Wj is linear homogeneous,
Wyp is unit translatable. According to linear homogeneity, an equiproportion-
ate variation in all incomes will change welfare by the same proportion. In
contrast, unit translatability claims that an equal absolute change in all incomes
will change welfare by the absolute amount itself.'> An example of a linear
homogeneous and unit translatable welfare function is W} ,.

1.3 Scales of Measurement: A Brief Exposition

Measurement scales specify the ways in which we can classify the variables.
For each class of variables, some relevant operations can be executed so that
the transmissions do not generate any loss of information (Stevens, 1946).

To grasp the issue in greater detail, suppose that w, a person’s weight, is mea-
sured in kilograms. By multiplying w by 1000, we can alternatively express this
weight as w' = 1000w grams. This process of conversion of weight from kilo-

w

grams to grams, by multiplying by the ratio -, which does not lead to any
loss of information on the person’s weight, is admitted by indicators of ratio
scale. Formally, an indicator [ is said to measurable on ratio scale if there is
perfect substitutability between its value v, and cv;, where ¢ > 0 is a constant.
For ratio-scale indicators, there is a natural “zero”; 0 weight means “no weight,”
whether it is expressed in kilograms or grams. A second example of a ratio-scale
dimension is height.

An interval scale refers to a measurement in which the difference between
two values can be meaningfully compared. To understand this, consider the
vector of temperatures f- = (10, 20, 30,40) expressed in degree centigrade.
These temperatures can equivalently be specified in degree Fahrenheit as
tr = (50, 68,86,104). The difference between the temperatures 20 and 10
degrees is the same as that between 40 and 30 in t.. Similarly, there is a
common difference between 68 and 50 and between 104 and 86 in ¢,. The two
common differences are different because the temperatures in Centigrade (C)
and Fahrenheit scales (F) are connected by the one-to-one transformation
: = 32 But a temperature of 30°C cannot be regarded as thrice as that
of 10°C. However, for a ratio-scale variable, this is meaningful. Further,
there is no natural “zero” in interval scale. A 0 degree temperature does not
indicate absence of heat, irrespective of whether it is stated in Centigrade or in
Fahrenheit. More generally, an indicator / is said to be measurable on interval
scale if its value v, can be perfectly substituted by a + bv;, where b > 0 and a

12 Formally, W:R  — ERi is called linear homogeneous if forall # € N, u € R’} , W(cu) =

c¢W (u) for all scalars ¢ > 0. Unit translatability of W requires that W(u + c1”) = W(u) + ¢, where
cis a scalar such that (z + c1”) € R, .
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are constants. A transformation of this type is called an affine transformation.
A second example of an interval-scale indicator is intelligent quotient score.
Variables measurable on ratio and interval scales exhaust the class of cardinally
measurable variables.

A variable representing two or more mutually exclusive but not ranked cat-
egories is known as a categorical or a nominal variable. For example, we can
identify female and male workers in an organization as type I and type II cat-
egories of workers. But we can as well label male workers as type I and female
workers as type II workers. More precisely, there is well-defined division of the
categories. Another example of a categorical variable can be labeling of sub-
groups of population formed by some socioeconomic characteristic, say, race,
region, and religion. In contrast, for an ordinally significant variable, there is
a well-defined ordering rule of the categories. For instance, we can classify
individuals in a society with respect to their educational attainments into five
categories: illiterate, having knowledge just to read and write in some language,
elementary school graduate, high school graduate, and college graduate. We
can assign the numbers 0, 1, 2, 3, and 4 to these levels of educational attain-
ments to rank them in increasing order. Here the difference between 1 and 0 is
not the same as that between 3 and 2. We can alternatively rank these categories
using the numbers 0, 1, 4, 9, and 16. These numbers are obtained by squaring
the previously assigned numbers 0, 1, 2, 3, and 4. Consequently, accreditation
of numbers is arbitrary; the only restriction is that a higher number should be
attributed to a higher category so that ranking remains preserved. Hence, the
category “college graduate” should always be assigned a higher number com-
pared to the category “high school graduate.” More generally, a transformation
of the type v, = f(v,), where f is increasing, will keep ordering of transformed
values v;s of initial numbers v;s of the variable / unaltered. Hence, any increas-
ing function f can be regarded as an admissible transformation here. A second
example of a variable with ordinal significance is “self-reported health con-
dition,” judged in terms of some health level categories, ranked in increasing
order of better conditions. (See, for example, Allison and Foster (2004).) Such
variables are also known as qualitative variables.!?

1.4 Preliminaries for Multidimensional Welfare
Analysis

Before we discuss the relevance of our presentation in the earlier section
in the present context, let us introduce some preliminaries. We consider a

13 See, among others, Chakravarty and D’Ambrosio (2006), Jayraj and Subramanian (2009),
Lasso de la Vega (2010), Aaberge and Peluso (2011), Chakravarty and Zoli (2012), Bossert et al.
(2013), Aaberge and Brandolini (2014), and Alkire et al. (2015) for discussions on measurability of
some socioeconomic variables that are relevant for our purpose.
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society consisting of n € N individuals. Assume that there are d dimensions
of well-being. The set of well-being dimensions {1,2,...,d} is denoted by Q.
The number of dimensions d is assumed to be exogenously given. Let x; > 0
stand for person i’s achievement in dimension j. It is assumed at the beginning
that we have complete information on these primary elements of analysis. (For
social evaluations based on individuals’ consumption patterns, see Jorgenson
and Slesnick, 1984.)

Since i € {1,2,...,n} and j € Q are arbitrary, distribution of dimensional
achievements in the population is represented by an 7 X d achievement matrix
X whose (i, ))th entry is x;. The jth column of X, denoted by x ;, shows the dis-

n
tribution of the total achievement )’ x; in dimension j across 7 individuals. For

any j € Q, A(x) stands for the méalrl of the distribution x ;. The ith row of X,
denoted by x;, is an array of person i’s achievements in different dimensions.
We say that x; represents person i’s achievement profile in X. We will often use
the terms “social matrix,” “distribution matrix,” and “social distribution” for an
achievement matrix.

The matrix X is an arbitrary element of the set MY, the set of all nxd
achievement matrices with nonnegative achievements in each dimension. Let
My ={X € M{|A(x;) >0 forallj€ Q}. In words, M is a set of achieve-
ment matrices over the population consisting of # individuals, and the
mean of achievements in each dimension is positive. Finally, define M} as
a set of achievement matrices over the population with size n such that
for each individual, all dimensional achievements are positive. Formally,
My = {X € M{|x; > Oforalli € {1,2,...,n}andj € Q}. Evidently, M}, M}
and M} can be regarded as multidimensional analogs of R%, R, and D"
respectively. Let M, stand for the set of all possible achievement matrices

corresponding to MY, that is, M, = U M]. The corresponding sets of all
neN

achievement matrices associated with M} and M that parallel to M, are
denoted respectively by M, and AM,. Barring anything specified, our pre-
sentation in the following sections will be made in terms of an arbitrary
M € {M,, M,, My,}.

For illustrative purpose, let us assume that there are three dimensions of
well-being, namely daily energy consumption in calories by an adult male,'* per
capita income, and life expectancy, measured respectively in dollars and years.
With these three dimensions of well-being, we consider the following matrix
X, as an example of an achievement matrix in a four-person economy:

2700 59.6 490
2500 65 900
1900 59.5 400|
2700 62 600

X, =

14 According to the US Government, an adult male requires 2700 calories per day (Public Health
News, Medical News Today, 26 September 2014).
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The first entry in row i of X, indicates person i’s daily calorie intake. On the
other hand, the second and third entries of the row specify respectively the
person’s life expectancy and income.

All our axioms in this chapter will be stated using a social welfare function
W, a real-valued function defined on the set of achievement matrices. For-
mally, W: M — R!, where for any n € N, X € M", W(X) indicates the level
of well-being associated with the distributions of totals of achievements in
different dimensions among the individuals, as displayed by the achievement
matrix X. Consequently, a social welfare standard W involves aggregations
across dimensions and across individuals. Since for any » € N, X € M" is a
social alternative, a welfare function can be applied to determine social ranking
of the alternatives. It is a grand mapping that establishes unambiguous ranking
of all social distributions.

One way to proceed to welfare-based social evaluation is to adopt welfarism.
Under welfarism, individual well-being measures, utilities, can be determined
by treating welfare as an independent normative issue. For overall ethical val-
uations, only these well-being standards are of relevance. In other words, a
social welfare function unquestionably falls under the category welfarism if
it incorporates only individual utilities associated with different alternatives.
In concrete sense, here social evaluation is performed in terms of vectors of
utilities, obtained by the individuals in the society. As a consequence, under
welfarism, all nonutility features are ignored in welfare evaluation of the soci-
ety (see, among others, d’Aspremont and Gevers, 2002; Bossert and Weymark,
2004 and Weymark, 2016, for detailed surveys).

Let U:X — R! denote individual i's utility function, where X = R? (respec-
tively R?,, D?) if M =M, (respectively M,,M;). Then the real number
U(x;) quantifies the extent of well-being enjoyed by the person when his
achievement profile is given by x;. Since i € {1,2,...,n} is arbitrary, the
utility function is assumed to be the same across individuals. For any n € N,
XeM", (Ux, ), Ux,), ..., Ux,)) is the vector of individual utilities. Assume
that social evaluation is done using the utilitarian welfare function, with an
identical utility function U. It is formally defined as

WX) =) Ux,), (1.6)
i=1

where X € M" and n € N are arbitrary (see Blackorby et al., 1984). Implicit
under this are some assumptions on measurability and comparability of util-
ities. A measurability assumption here states the transformations that can be
applied to an individual’s utility function without altering any available infor-
mation. A comparability assumption specifies the extents to which they are
comparable across persons, that is, whether they are identical, or nonidenti-
cal, and so on.’® The application of a welfare function with the objective of

15 A taxonomy of alternative notions of measurability and comparability is available in Sen
(1977). See also, among others, Hammond (1976, 1991), D’Aspremont and Gevers (1977),
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ranking social distributions does not necessarily presume that alternatives are
ranked only on the basis of individual utilities. If the welfare function is directly
defined on dimensional achievements, a person’s achievement in a dimension
can be assumed to reflect his well-being from the achievement. In consequence,
any two individuals with the same level of achievement can be assumed to be
associated with the same extent of well-being.

1.5 The Dashboard Approach and Weights on
Dimensional Metrics in a Composite Index

A dashboard in multivariate welfare analysis is a portfolio of individual dimen-
sional quantifiers of welfare. Formally, if W;:X — R} denotes the well-being
metric for dimension j, the corresponding dashboard may be represented by the
1 x d dimensional matrix (W;, W,, ..., W,)), where I = R (respectively R?,,
D% if M = M, (respectively M,, M;). Foranyn € N, X € M", W,(x ;) quantifies
the extent of well-being associated with x , the distribution of achievements
in dimension j. This formulation of the dashboard is quite general; functional
forms of W,’s need not be the same across dimensions. Consequently, while
for income dimension, the ordinary mean can be taken as the metric, for life
expectancy, it can be the harmonic mean. “The best indicator for each basic
need” (Hicks and Streteen, 1979, p. 577) can be considered to design a dash-
board in the basic needs.

There are several advantages of the dashboard approach. It is very simple and
easy to understand. Presentation of dimension-by-dimension indices makes it
quite rich informationally. Progress in any given dimension may be required
for some policy purpose. Inquiries such as whether the society’s progress in
educational attainments has been at the desired level can be addressed.

However, the dashboard approach has some serious drawbacks as well. It
fails to take into account the interdimensional association, an intrinsic charac-
teristic of the notion of multivariate analysis. In other words, by concentrating
on dimension-by-dimension analysis, it ignores a key factor of multidimen-
sional evaluation, the joint distribution of dimensional achievements. For two
different matrices, the distributions of dimensional totals may be the same but
the joint distributions may differ. It does not produce a complete ordering of
achievement matrices. Of two achievement matrices over the same population
size, while some of the metrics may regard the former better than the latter,
the reverse ordering may hold for the remaining metrics. A case in point
may be a situation where the society has made progress in life expectancy
over a certain period; however, its performance in educational status has

Basu (1980, ch. 6), Roberts (1980), Blackorby et al. (1984), Fleurbaey and Hammond (2004),
Fleurbaey and Maniquet (2011), and Weymark (2016).
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indicated a decreasing trend over the period. Furthermore, there is a problem
of heterogeneity across dimensional welfare standards.

The problem of heterogeneity and incomplete ordering generated by the
dashboard approach can be avoided if we combine the information contained
in a dashboard into a single statistic, a composite index. More precisely, a
composite index is a nonnegative real-valued function of individual dimen-
sional measures. In other words, the dimensional indices are aggregated
by employing some well-defined aggregation function. Analytically, a com-
posite index CI aggregates the components of the vector (W, W,,..., W)
using an aggregator f¢. More accurately, for any n € N, X € M", CI(X) =
SUW, (%), Wy(x,), ..., Wy(x ). Since for each je Q, W2 — R, CI:
R9 — R!. Equivalently, we can say that the aggregator f¢ is a nonnegative
real-valued function defined on the nonnegative orthant of the d dimensional
Euclidean space. By construction, a composite index provides a complete
ordering of achievement matrices. But it also ignores the joint distribution of
dimensional achievements. Nevertheless, a composite index has a very high
advantage of being “a single headline figure” (Stiglitz et al., 2009, p. 63). It
has the convenient property of presenting a single picture to easily obtain
overall well-being of a society. (Examples of composite welfare standards will
be provided in Section 1.7.)

However, aggregation of dimension-wise metrics involves setting of weights
to different metrics. These weights govern the trade-offs between indices. More
precisely, we can use them to address questions such as: how much more of one
index one has to give up, say, following a reduction in an achievement, to get
an extra unit of a second index so that the level of well-being, as indicated by
the value of CI, remains fixed?

Decancq and Lugo (2012) partitioned the sets of these weights into three
important sets, representing the following categories: data-driven, normative,
and hybrid. While normative weights rely on value judgments about trade-offs,
data-driven weights do not involve any such value judgment. Instead, they
depend on dimensional achievements. The hybrid approach aggregates infor-
mation on value judgments and distributions of achievements. Next, we briefly
discuss alternative categorizations of the weights proposed by these authors.

For each category, several subgroups of weights were identified. The first
subgroup of data-driven class includes the weights that depend on the fre-
quency distributions of achievements in different dimensions (Desai and Shah,
1988; Cerioli and Zani, 1990; Cheli and Lemmi, 1995; Deutsch and Silber, 2005;
Chakravarty and D’Ambrosio, 2006; Brandolini, 2009). The second subgroup
contains weights that rely on the principal component analysis (Noorbakhsh,
1998; Klasen, 2000; Boelhouwer, 2002) and factor analysis (Kuklys, 2005;
Di Tommaso, 2006; Noble et al., 2006; Krishnakumar and Ballon, 2008;
Krishnakumar and Nadar, 2008). While the former involves a statistical tool
with the objective of reducing a larger number of possibly correlated variables
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to a smaller number of uncorrelated variables, referred to as “principal
components,” the latter is a statistical tool employed to explain variability
between observed and correlated variables with respect to a reduced number
of unobserved variables. In the third subgroup, we include weights that
depend on a particular case of data envelope analysis, a linear programming
technique used for judging the relative importance of variables (Mahlberg
and Obersteiner, 2001; Zaim et al., 2001; Despotis, 2005a,b; Cherchye et al.,
2007a,b).

The second set that we identify under the category “normative” can be further
divided into three subsets, of which the first is the family of equal and arbi-
trary weights (Mayer and Jencks, 1989; Ravallion, 1997; Chowdhury and Squire,
2006; Fleurbaey, 2009; Chakravarty, 2010). The second family contains weights
that are based on expert opinions (Moldan and Billharz, 1997; Mascherini and
Hoskins, 2008) and weights that rely on a process originating from multivariate
decision-making (Saaty, 1987 and Nardo et al., 2005). Finally, the third sub-
set identified under the category encompasses price-based weights and their
extensions (Srinivasan, 1994; Card, 1999; Becker et al., 2005; Murphy and Topel,
2006 and Fleurbaey and Gaulier, 2009).

The set that comprises weights falling under the category “hybrid” can be
partitioned into two subfamilies. The first subfamily contains weights that com-
bine data-driven approach and valuation of the persons concerned (Mack and
Lansley, 1985; Hallerod, 1995, 1996; and Bossert et al., 2013). The second sub-
family incorporates weights that can be obtained from regression of life satis-
faction on a set of relevant dimensions and related variants (Ferrer-i Carbonell
and Frijters, 2004, Nardo et al., 2005; Schokkaert, 2007; Schokkaert et al., 2009;
Fleurbaey et al., 2015).

As Foster and Sen (1997, p. 206) argued, reaching a consensus on allocation
of weights is unlikely. Necessity of democratic opinion with respect to setting
of weights was mentioned by Wolff and De-Shalit (2007) (see also, Sen, 2009).
In a normative framework, Decancq and Ooghe (2010) performed sensitivity
analysis to identify the range of weighting schemes that leads to robust results.
Zhou et al. (2010) made a systematic comparison between different rankings
of countries generated due to the choice of a set of randomly chosen weight-
ing schemes. Weighting sensitivity of social ordering has also been explored in
Wolff and De-Shalit (2007).1¢

16 Further discussion on techniques for setting weights can be found in Sen (1992), Brandolini
and D’Alessio (1998), Atkinson et al. (2002), Foster et al. (2013a), and Aaberge and Brandolini
(2015). Some limitations of different approaches have been discussed, among others, by
Srinivasan (1994), Foster and Sen (1997), Ravallion (1997), de Kruijk and Rutten (2007), Nardo
et al. (2008), Brandolini (2009), and Somarriba and Pena (2009). See also Saisana et al. (2005),
Cherchye et al. (2007a,b), Cherchye et al. (2008), Permanyer (2011, 2012), Wolff et al. (2011), and
Hoyland et al. (2012) for related issues.
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In this section, we introduce the axioms that are used to analyze the welfare
functions surveyed in the next section. Since our discussion on the univariate
axioms in Section 1.3 was rather brief, here our study on their multidimensional
sisters will be elaborative. Further, as we will see, sometimes straightforward
multidimensional translations may lead to unintuitive conclusions. It is also
necessary to look at the interrelationship between dimensions, which has no
relevance in one-dimensional context.

Following Chakravarty and Lugo (2016), we will subdivide the section into
several subsections, where the axioms comprising a subsection will share at
least one characteristic.

1.6.1 Invariance Axioms

An invariance axiom stipulates that the level of welfare should remain
unchanged under certain structural conditions related to a welfare standard.
The first invariance axiom we consider is symmetry. As we have seen in
the univariate case, symmetry requires no alteration of welfare when two
persons trade their positions. In the multivariate setup, an interchange of
two individuals’ positions can be obtained if the two rows representing their
achievement profiles are exchanged. To perceive this, we consider the following
achievement matrix with four individuals and three dimensions of well-being:

100 62 600

X = 800 65 900
171200 50 440|°

700 59 400

If we interchange the first and the fourth rows of X, then the resulting dis-
tribution matrix turns out to be

700 59 400
y _|800 65 900
171200 50 440
100 62 600

This rearrangement of positions of persons 1 and 4 should not influence the
quantification of welfare as long as we assume that welfare should depend only
on individual dimensional attainments. In the standard practice for calculation
of welfare value, for X, the dimensional acquisitions of person 1 come first and
those of person 4 come at the last stage of aggregation, whereas the reverse
order is followed for Y;. This switch in the order of aggregation does not lead
to any information loss in the sense that both X, and Y, convey us the same
information on individual achievements, the only difference is that locations of
persons 1 and 4 have been reciprocated. Thus, the occupancy of positions is a
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characteristic that becomes immaterial to the measurement of welfare. More
precisely, welfare needs anonymous treatment of individuals.

This positional trading can be implemented by premultiplying X, with a4 x 4
permutation matrix whose only positive entry of the first row occurs at column
4 and its only positive entry in the fourth row appears at column 1. For each of
the remaining two rows, the diagonal entry is the only positive number. More
precisely,

0 0 0 1]]100 62 600
Y = 0 1 0 0]]800 65 900
1710 0 1 0][{200 50 440

1 0 0 0]|700 59 400

Evidently, the selection of rows 1 and 4 for positional swap (and hence of
the particular 4 X 4 permutation matrix) was arbitrary, and the choice of X for
illustrative purpose was also ad hoc. This invariance postulate, which we refer
to as symmetry because it treats individuals symmetrically, can be stated in the
general case as follows:

Symmetry: For alln € N, X, Y € M", if Y = T'X, where I' is any permutation
matrix of order n, then W(X) = W(Y).

This axiom demands that any characteristic other than dimensional realiza-
tions of the individuals, such as, their names and marital statuses, should be
treated as irrelevant to the measurement of welfare.

Next, we extend the symmetry axiom for population to the multivariate
setup. As we know, often it becomes necessary to make cross-population com-
parisons of welfare. Such a situation arises if we have to compare welfare across
two different societies or of the same society intertemporally since population
size is likely to vary over time. To understand the issue more explicitly, let us
consider two different societies with population sizes 2 and 3, respectively. The
dimensions are identical across the populations. Any variation in the dimen-
sions does not make the comparison valid. The two achievement matrices with
the same three dimensions considered earlier are respectively

600 65 800
X, = [Zgg 23 Zgg] and X, =[500 59 700].
700 62 400

If we replicate X, thrice and X; twice, then the replicated matrices become
respectively

700 59 800 600 65 800
200 60 450 500 59 700
Y. = 700 59 800 and Y. = 700 62 400
271200 60 450 371600 65 800
700 59 800 500 59 700
200 60 450 700 62 400
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The matrices Y, and Y; have a common population size, 6. A comparison
between their welfare levels is possible now. If X, is welfare equivalent to
Y, and X; is welfare equivalent to Y;, then welfare comparisons between
Y, and Y; will be the same as that between X, and X;. But welfare equality
between X, and Y, and between X, and Y; is a consequence of satisfaction
of the population replication invariance postulate by the welfare function.
Formally,

Population Replication Invariance: For alln € N, X € M", W(X) = W(X%),
where X® is the k-fold replication X, that is, the nk X d achievement matrix
X® is obtained by placing X sequentially from top to below k times, k > 2
being any integer.

In words, this axiom stipulates that achievement-by-achievement replication
of the population keeps welfare unchanged.

1.6.2 Distributional Axioms

A distributional axiom indicates the direction of change in welfare under
certain acceptable changes in dimensional achievements. The first two of
the axioms under this heading are two versions of the Pareto principle.
According to the strong Pareto principle, if at least one person is made better
off in some dimensions without at the same affecting all other dimensional
achievements, then the society’s welfare improves. This postulate is a nat-
ural generalization of the monotonicity property stipulated in Section 1.2.
Formally,

Strong Pareto Principle: For all n €N, X,Y € M”, if x; =y, + ¢, ¢; 20,
for all pairs (i,/) € {1,2,...,n} X {1,2,...,d}, with > O for at least one pair

(i,) € (1,2, ....n} x {1,2, ..., d}, then W(X) > W(Y).

We can as well say that X (respectively, Y) is strongly Pareto superior (respec-
tively, inferior) to Y (respectively, X). Equivalently, X is strongly Pareto dom-
inant over Y. However, this strong Pareto dominance relation involving the
individual achievement profiles may lead to inconclusive ordering of under-
lying matrices. For instance, suppose that X =y +¢jc; >0, for exactly one
pair (i,j) € {1,2,...,n} X {1,2,...,d}, and x;; = y;,; for all (4, k) # (i, ). Then
W(X) > W(Y). Now, if we obtain X from X by reducing x,, for some (%, k) €
{1,2,...,n} x{1,2,....,d}/{G. )}, then X is strongly Pareto inferior to X. But
no comparison between X and Y in terms strong Pareto dominance is possi-
ble. In contrast, since to each X, W assigns a unique real number, a complete
ordering of social matrices over a given population size is provided by W. In
consequence, it will be possible to claim whether X welfare is superior or infe-
riorto Y.

For explanatory purpose, let us generate X, from Y; by increasing only per-
son 3’s achievement in dimension 3 and at the same time keeping all other
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entries of Y, unchanged. We then obtain X from X, by reducing only person
4’s achievement in dimension 2. More precisely,

700 59 400 700 59 400
800 65 900 800 65 900
Xe=l200 50 445| ™4 X ={200 50 445/
100 62 600 100 53 600

Then X, strongly Pareto dominates both X, and Y; so that W(X,) > W(Y;)
and W(X,) > W(X;). But no unambiguous conclusion can be drawn about
ranking between X; and Y; in terms of strong Pareto superiority. Given a func-
tional form of W, it will be possible to order the welfare levels W(X,), W(Y;)
and W(X5).

The strong Pareto principle implies the following weaker form of the
criterion.

Weak Pareto Principle: Forall n € N, X, Y € M", if x; = y; + ¢
all pairs (i,)) € {1,2,...,n} X {1,2,...,d}, then W(X) > W(Y).

c; > 0, for

Here we say that X weakly Pareto dominates Y. For instance, X, =
706 61 410
808 68 903
211 56 449
108 67 603

principle shares one characteristic of the strong principle; the inability to
order social distributions but any welfare standard obeying it can do the job
successfully.

“Pareto optimality only guarantees that no change is possible such that some-
one would become better off without making anyone worse off. If the lot of the
poor cannot be made any better without cutting into the affluence of the rich,
the situation would be Pareto optimal despite the disparity between the rich and
the poor” (Sen, 1973, p. 7). For example, an increase in person 2’s achievement
in X, in any dimension will make the resulting achievement matrix strongly
Pareto superior over X,. But this Pareto improving reformation is accompanied
by an increase in the dispersion in the distribution of achievement. One way to
cut back the level of dispersion is through progressive transfer of achievements
from the rich to the poor. For the purpose of clarification, note that in X, a
transfer of 20 units of person 2’s achievement in dimension 1 to the correspond-
ing achievement of person 3 will lessen intradimensional dispersion. However,
since we are dealing with a multivariate situation, a natural requirement is to
involve all the dimensions simultaneously. Multidimensional transfer princi-
ples are indicative of equity consciousness of the social welfare functions. They
play highly significant role in the welfare assessment of achievement matrices.

Taking cue from Section 1.2, the first transfer principle, we consider, requires
progressive transfers in each dimension. This is achieved by multiplying an

is weakly Pareto superior to X,. Evidently, the weak Pareto
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achievement matrix by a nonpermutation bistochastic matrix (Kolm, 1977).
Multiplication by a bistochastic matrix establishes that, for each dimension,
each person receives a convex mixture of achievement streams in the society
(Bourguignon and Chakravarty, 2003, pp. 30—31). Formally,

Uniform Majorization Principle: Foralln e N,n > 1, X,Y e M",if X = BY
for some # X n bistochastic matrix B that is not a permutation matrix, then
W(X) > W().

Equivalently, X uniformly majorizes Y and this transformation raises soci-
ety’s position on the welfare scale. We also say that X is obtained from Y by a
uniform majorization operation, which in turn leads to welfare improvement.

From our discussion in Section 1.2, it should be evident that an alternative
way to incorporate egalitarian bias into distributional judgments is through
multiplication by Pigou—Dalton matrices. Formally,

Uniform Pigou-Dalton Majorization Principle: For all n€N, n>1,
X,Y e M", if X = BY, where B is the product of a finite number of n X n
Pigou—Dalton matrices, then W(X) > W (Y).

Equivalently, X uniformly Pigou—Dalton majorizes ¥ and this movement
makes X better than Y in terms of welfare. A welfare standard satisfying this
postulate is symmetric.

The product of Pigou-Dalton matrices is a nonpermutation bistochastic
matrix. The converse is true as well if either the number of dimensions is 1 or
there are only two persons in the society. However, for d > 2 and n > 3, it is
possible to obtain nonpermutation bistochastic matrices that are not products
of Pigou—Dalton matrices (Marshall et al., 2011, pp. 53-54). Consequently,
except in some special circumstances, the uniform Pigou—Dalton majorization
principle is more general than the uniform majorization principle.

However, the two majorization criteria impose strong restrictions on the
transfer sequence. Transfer across persons in the same proportion in each
dimension is highly demanding. This is a consequence of premultiplication
of the achievement matrix by a bistochastic matrix. In addition, a transfer
that appears to be quite appealing from egalitarian perspective may not be
characterized by either of the two principles. For instance, in X, a transfer
of 20 units of persons 2’s achievement in dimension 1 to the corresponding
achievement of person 4 will increase welfare. But this transfer process cannot
be captured by premultiplication of X, by a bistochastic matrix. For transfers
between two persons when one is not unambiguously richer than the other in
all dimensions, motivation for unambiguous conclusions about the change of
direction in welfare is not evident (see Diez et al., 2007, p. 5 and Lasso de la
Vega et al., 2010, p. 320).

There are dimensions of well-being that are nonexclusive and nonrival.
Examples include national defense and state-financed inoculation programs
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against some diseases. Once the defence system is instituted, everyone in the
society benefits. These goods that are public in nature are nontradable. Another
example that belongs to the nonredistributable category is self-reported health
status of a person. This is an ordinally measurable dimension of well-being.
A transfer of health condition of a person to another person is not defined.
Consequently, welfare treatments of such dimensions have to be dealt with
separately. (See Bosmans et al., 2009.) We take up this matter in Chapter 3.

The Pigou—Dalton bundle transfer principle, an intuitive multidimensional
generalization of the univariate Pigou—Dalton transfer principle, proposed by
Fleurbaey and Trannoy (2003), avoids the aforementioned problems (see also
Fleurbaey, 2006b and Fleurbaey and Maniquet, 2011). Assume that achieve-
ments in all the dimensions are redistributable. Then for any n € N, X,Y €
M", n € N, X is said to be obtained from Y by a Pigou—Dalton bundle of pro-
gressive transfers if there exist two individuals i, 4 € {1,2, ..., n} such that (i)
¥ <Yy, thatis, y; <y, forallj € Q, (i) x;, =y, +6,x, =y, — 4, where 6 =
(6,. 65, ..., 6,) € RY,, (iii) x; < x,, that is, x; < x;, for all j € Q, (iv) y, = x, for
alll e {1,2,....n}/{ih}.

According to condition (i), in Y person / is richer than person i in all dimen-
sions. Condition (ii) says that in ¥ dimension-wise transfers from the achieve-
ment profile of person / to that of person i generate the achievement profiles of
these two persons in X. Here the d dimensional vector § stands for the bundle of
progressive transfers. Since § € R?_, the size of transfer is positive for at least
one dimension. Condition (iii) ensures that the transfer size in each dimension
is such that achievement of the recipient (person i) in the dimension does not
exceed the corresponding dimensional achievement of the donor (person #).
Finally, condition (iv) claims that achievements of all other persons in all the
dimensions remain unchanged.!” Equivalently, we can say that Y is obtained
from X by a Pigou—Dalton bundle of regressive transfers.

To illustrate the Pigou—Dalton bundle of regressive and progressive trans-
fers graphically, consider individuals 1 and 2 with respective achievement pro-
files (x,;, %) and (x,1,%,,) Assume also that x,; > x,; and x;, > x,,, so that
person 1 has higher achievement compared to person 2 in each dimension.
These profiles, denoted by the symbols A and B, respectively, are shown in
Figure 1.1a. Then the symbols C and D, shown in Figure 1.1a, indicating profiles
of individuals 1 and 2, respectively, represent the two individuals’ positions in

17 An innovative application of this transfer principle to derive multidimensional inequality
indices was made in Lasso de la Vega, Urrutia and Sarachu (2010). Banerjee (2014) formulated a
definition of multidimensional Lorenz domination by incorporating this notion of transfer.
Earlier, a variant of the uniform majorization principle was suggested by Savaglio (2006a).
Trannoy (2006) questioned ethical appropriateness of “price” or “budget majorization.”
According to budget majorization, a person’s dimensional achievement is regarded as more equal
than that of another person, if the distribution of dimensional budgets of the former person
Lorenz dominates that of the latter person.
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Figure 1.1 (a) Pigou-Dalton
bundle of progressive
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postprogressive transfer situation. Similarly, the symbols E and F in Figure 1.1b
show the individual profiles after a Pigou—Dalton bundle of regressive transfers
has been operated between the profiles A and B.

Since an egalitarian redistribution should increase welfare, the following rea-
sonable postulate for a multidimensional welfare function can now be stated.

Multidimensional Transfer: For all neN, n>1, Y e M", if X € M" is
obtained from Y by a Pigou—Dalton bundle of progressive transfers, then
WX) > W().

Analogously, welfare should reduce under a bundle of regressive transfers.
In X, person 2 is richer than person 3 in all the three dimensions. Conse-
quently, the matrix X, derived from X, by a transfer of the bundle (50, 3, 40)
from person 2 to person 3 should increase welfare, that is, W(X;) > W(Xy),
706 61 410
758 65 863
261 59 489 |
108 67 603
Note that the bundle of progressive transfers does not reverse the ranks of
the donor and the recipient in X.

where X, =
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1 Well-Being as a Multidimensional Phenomenon

The axioms presented so far are multidimensional adaptions of their
univariate sisters. Our next axiom has significance only in multidimensional
situations; it has no univariate counterpart. It represents dependence between
dimensions, a concept intrinsic to the notion of multidimensional analysis of
well-being. To understand the need for this, consider the following two 3 X 2
achievement matrices:

800 800 800 700
Xy =1700 700| and X, =|700 800 ].
200 200 200 200

In Xg, of the three persons, the first person is top ranked in each of the
two dimensions, the second person is ranked second best, and so on. In X,,
the dimensional attainments remain the same but their distributions across
persons differ. There is an interchange of achievements in dimension 2 between
the best-off and the second best-off persons. The dashboard for the two matri-
ces is the same since each of the four-dimensional welfare standards yielded by
Xg and X, is the same. Consequently, a composite index based on the common
dashboard associated with the two matrices will generate the identical value.
The reason behind this is that four dimension-by-dimension distributions are
the same, and hence, aggregation across individuals should yield the same value
for dimensional welfare standards (see Decancq et al., 2015). The direction of
change in welfare for this barter involving X, and X, ignores the dependence
between the positions of the individuals in the two dimensions. The change
should depend on the nature of relationship between the two dimensions,
that is, whether they are substitutes, complements, or independents.

Although aggregation of dashboard-based dimensional indices gives us a
simple way of arriving at an overall measure, because of its lack of concern for
interdimensional association, more precisely, for correlation between dimen-
sions, it does not give us a true picture of the analysis. Consequently, a proper
analysis of multidimensional welfare in a society should be sensitive to the cor-
relation between dimensional achievements. Although correlation is a simple
indicator of linear association between achievements in two dimensions, here
we will use the terms “association” and “correlation” synonymously.

Taking cue from Epstein and Tanny (1980) and Tchen (1980), in their
pioneering contribution, Atkinson and Bourguignon (1982) contended that a
multidimensional metric of welfare should incorporate correlation between
distributions of dimensional achievements.!® The axiom requires a welfare
standard to be responsive to a particular type of movement of achievements
across individuals. To illustrate the idea, note that X; is obtained from X, by
interchanging achievements in dimension 2 between persons 1 and 2. This
reciprocation of achievements between the two persons increases the inter-
dimensional correlation. The reason behind this is that after the interchange,

18 See also Tsui (1995). An overview of alternative notions of interdimensional association is
available in a fine paper by Decancq (2013).
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person 1, who was richer than person 2 only in dimension 1, has become
richer in both the dimensions. Consequently, this trade-off may be termed as
a correlation-increasing switch.

In the general situation, switch between two achievements can take place
in one or more dimensions but not in all dimensions. The initial requirement
is that one person should be richer than the other in at least one dimension,
poorer in at least one dimension, and not poorer in all the remaining dimen-
sions. After one or more barters, the former should not be poorer than the latter
in all the dimensions and be richer in at least one dimension. Formally,

Definition 1.1 For all n € N, n> 1, X € M", suppose that there exist
individuals i, & € {1,2,...,n} and dimensions j,q € Q such that (i) Xy < Xpj»
(ii) x,, <, (il) x4 < xy for all kK € Q/{j,q}. Next, suppose that ¥ € M"
is obtained from X as follows: (iv) y,; = %), 55 = %, (V) Ypy = X105 Vig = X
Vi) Y =Xy =%y for all k€ Q/{j.q}, and (vii) y, =«; for all /e
{1,2,...,n}/{i,h}, where y, and x; are respectively the /th rows of ¥ and
X. Then we say that Y is obtained from X by a correlation-increasing switch
between two persons. Conversely, it can be said that X is derived from Y by a
correlation-decreasing switch between two persons.

According to conditions (i) and (ii) of Definition 1.1, person i is poorer in
dimension j but richer in dimension ¢ compared to person % in X. Condition
(iii) means that person / is not poorer than person i in all other dimensions.
In condition (iv), it is stated precisely that a switch between achievements of
persons i and / in dimension j has been implemented. Finally, conditions (iv)
and (v), when considered simultaneously, establish that in the postexchange set-
ting, person / is richer than person i in both the dimensions j and g. Person 4,
who had originally higher achievement compared to person i in dimension g,
is getting higher achievement in dimension j as well after the switch. On the
other hand, person i has lower achievements in both the dimensions in the
postswitch situation. Their achievements in all other dimensions remain unaf-
fected. Consequently, this barter of achievements in dimension j between per-
sons i and / will augment the correlation between the dimensions. Observe
that the switch does not affect the achievements of the remaining persons. It
may also be worthwhile to note that the switch does not modify the total of
achievements in any dimension.

Consider two individuals 1 and 2 with achievement profiles (x;;,%;,) and
(%91, %,,) respectively. Assume further that x;; > x,; and x;, < x,,, so that
person 1 has higher achievement compared to person 2 in dimension 1, and
the opposite happens in dimension 2. Let us denote these profiles by the
symbols A and B, respectively (see Figure 1.2). After a correlation-increasing
swap between achievements of the persons in dimension 2, the profiles get
transformed into (x,;,%,,) and (x,;,%;,), which are indicated by the symbols C
and D, respectively. After the switch, person 1, who had more achievement in
dimension 1 only, has more achievement in dimension 2 as well.
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1 Well-Being as a Multidimensional Phenomenon
Figure 1.2 Correlation-
Dimension 2 [reesressssssssssssssssss s @ ® increasing switch.
iB C
® ®

Dimension 1

If the two dimensions involved in a switch are substitutes, then one
counterbalances the deficiency of the other. Since the two dimensions rep-
resent similar aspect of well-being because of their closeness in terms of
substitutability, the switch makes a poor person poorer and a rich person
richer in the concerned dimensions. Consequently, overall welfare position of
the society goes down. Similarly, level of welfare should go up under the switch
if the dimensions are complements. If the two dimensions are independents,
then the welfare function is insensitive to such a switch. A composite index
that relies on a dashboard treats the underlying dimensions as independents.

In view of the aforementioned arguments, following Atkinson and
Bourguignon (1982) and Bourguignon and Chakravarty (2003), our next axiom
can be formally stated as:

Decreasing Welfare under Correlation Increasing Switch: For all » € N,
n>1, XeM" if Y € M" is obtained from X by a correlation-increasing
switch, then W(X) > W(Y), whenever the dimensions underlying the switch
are substitutes.

The axiom clearly indicates under what type of association between dimen-
sions, unambiguous conclusion about direction of welfare change resulting
from a correlation-increasing swap can be made. Variants of this axiom
when the dimensions are complements and independents can be stated
analogously.!%?°

19 The value of a symmetric utilitarian welfare function )} U(x; ) decreases under a

i=1
correlation-increasing switch if U : 3 — R, where £ € {R?, RY_, D} is increasing and strictly
L-subadditive . Under required differentiability assumptions of U, strict L-subadditivity means
that —2“— < 0 for all x;, € T"and distinct j, k € Q (see Weymark, 2006 and Marshall et al., 2011,

0x0%
p. 218). Atkinson and Bourguignon (1982) showed that in a two-dimensional setup, dimensions

are complements or substitutes, depending on whether U is strictly L-superadditive ( M_ 50
0x;;0%;

forallx, €T, wherejand k are the dimensions) or L-subadditive.
20 “This corresponds to the Auspitz-Lieben-Edgeworth-Pareto (ALEP) definition and differs
from Hick’s definition, traditionally used in demand theory (which relates to the properties of the
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Dardanoni (1996) proposed and analyzed a weaker form of the correlation-
increasing switch axiom. To get an idea of this, suppose that the achievement

211 61 211 60
matrix X, = [ 808 60 |is transformed into a new matrix X;; =|701 61 [, which
701 68 808 68

clearly indicates the ranks of individuals with respect to their achievements in
both the dimensions simultaneously. In fact, we derive X;; from X, by employ-
ing a sequence of correlation-increasing switches so that one person gets top
position in all the dimensions, another person gets the second position in all
the dimensions, and so on. More precisely, in X;; across all dimensions, the
first person is third ranked, the second person is second ranked, and third
person is first ranked. Dardanoni (1996) referred to this sequence as unfair rear-
rangement of dimensional attainments and argued that the transformed social
matrix should indicate a lower level of welfare compared to the original one.
Analytically,

Decreasing Welfare under Unfair Rearrangement: Foralln e N,n > 1, X €
M", if Y € M" is obtained from X by a sequence of correlation-increasing
switches such that across the dimensions, one individual becomes top
ranked, another individual is second ranked, and so on. Then W (X) > W (Y).

If all the dimensions in an achievement matrix are of the same type, say,
substitutes or complements, then the changes in welfare associated with all
the switches are unidirectional. But when dimensions are mixed in nature, the
directions of change in welfare, as judged by the AELP condition, are as well of
mixed type (see footnote 20). Consequently, no unambiguous conclusion about
the overall directional change of welfare can be drawn.

1.7 Multidimensional Welfare Functions

A multidimensional social welfare function indicates the level of well-being of
a population when achievements of all the individuals in the population, in
different dimensions of living, are taken into consideration. Since there may
be absence of consensus regarding the choice of a welfare function, the mea-
surement of social welfare is a difficult task. A policy analyst may be forced
to present a range of evaluations based on alternative social welfare functions.
Each of them is a grand mapping that establishes unambiguous ranking of social
alternatives.

indifference contours) (Atkinson, 2003:55)” (Alkire et al., 2015, p. 62). See Chipman (1977) for a
formal treatment of the notion. Kannai (1980) proposed a refinement of the concept. For further
discussions, see Fleurbaey and Trannoy (2003) and Lasso de la Vega, Urrutia and Sarachu (2010).
For discussion on the Bourguignon—Chakravarty axiom, see Decancq (2012) and Bosmans et al.
(2015).
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1 Well-Being as a Multidimensional Phenomenon

In this section, we analyze some of the frequently used multivariate social
welfare functions. We begin by reviewing two specific forms of the symmetric
n

utilitarian function W(X) = Y, U(x;), characterized by Tsui (1995). For the first
characterization, in addition %o continuity, symmetry, and the strong Pareto
principle, Tsui assumed strict quasiconcavity,?! minimal individual separability,
introduced by Blackorby et al. (1981), and a strong homotheticity axioms for a
general welfare function W defined on M. We state the axioms on the general
domain M and if necessary, a restricted domain will be assumed.

Often from the policy point of view, it becomes necessary to partition a
population into two or more subgroups, say, rich and poor subgroups, regional
subgroups (see Chapter 2). Then the minimal individual separability axiom
enumerates how we can calculate overall welfare in terms of welfare levels of

1
the subgroups. Formally, for all n > 3, for all X e M", W(X) =W hg)((z ) ,

where / is some continuous function, X! is the submatrix of X that contains
the achievements of persons in the nonsingleton subgroup S containing, some,
say, n; > 1, persons, and X? is the complement of X! in X, that is, X? includes
the achievements of the personsin {1,2,...,n}/S.

For illustrative purpose, consider the 4 X3 achievement matrix X, =
200 51 310

650 72 400

151 50 788

98 66 207

Suppose that we split the population into two subgroups, say, male
and female, whose achievement submatrices are given respectively by

200 51 310 151 50 788

X = [650 72 400] and X, = [98 66 207

h(X!

states that W(X;,) = W < 5(211)>.
11

In order to state the next axiom rigorously, we need to consider a positive

diagonal matrix: a square matrix whose diagonal elements are positive and
off-diagonal elements are zero. A typical d X d positive diagonal matrix  can
be written as Q = diag(n;, 7, ... . n,), where n; > 0 is the jth diagonal element
andj € Q.

The strong homotheticity postulate requires that for all » € N, for all
X, YeM', WX)> W ) e WXQ) > W(YQ), where Q is any d X d posi-
tive diagonal matrix. This condition stipulates that welfare inequality between
two social distributions X and Y can be equivalently expressed as that between

]. Then the separability axiom

21 A function f: M — R! is called strictly quasiconcave if for all # € N; and all non-identical
X, Y € M", f(cX + (1 = ¢)Y) > min(f(X),f(Y)), where 0 < c < 1and M € {M,,M,, M,} are
arbitrary. If in the above inequality we replace min(f(X),f(Y)) by ¢f(X) + (1 — ¢)f (Y), then f is
called strictly concave. Strict concavity implies strict quasiconcavity but the converse is not true.
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XQ and YQ. In other words, the axiom requires invariance of welfare ranking
between two distributions under equiproportionate changes in achievements
in different dimensions in both the distributions. Note that the proportionality
factors need not be the same across dimensions.

To clarify the postulate, observe that under the strong Pareto principle, the

35 40 30 40
achievement matrix X;; = | 20 10 [ becomes welfare superior to X;, =|20 10|,
10 10 10 10

thatis, W(X;;) > W(X,,). This is because we derive X, from X, by decreasing
person 1’s achievements in dimension 1 by 5 units.

For the 2 X 2 diagonal matrix Q' = [2 O] , strong homotheticity demands that

01
35 40| 50 30 40\ 1,
w20 10 [0 1 > W20 10 [0 1], which on simplification becomes
10 10 10 10
70 40| 60 40
W 1140 10| > W |40 10|]. Thus, when each person’s achievement in
20 10 20 10

dimension 1 gets doubled and achievement of each of them in the other
dimension remains unchanged, the welfare inequality W(X,;) > W(X,,)
remains unchanged for the transformed situations as well, that is, W(X;;,Q") >
W(X,,&) holds. Since we can go back to the original inequality W(X,;) >
W(X,,) by postmultiplying each of the two distributions X;;Q" and X,,Q’ in
the inequality W(X,3Q") > W(X,Q') by the 2 X 2 diagonal matrix whose first
and second diagonal elements are respectively % and 1, the converse follows
immediately.?? n

For n >3, W:M,; — R! becomes ordinally equivalent to Y U(x;) if and

i=1
only if the six postulates considered earlier hold simultaneously, where
U:D? — R is defined as

d
Ux) = a+b]] xgl (1.7)
=1
or
d
Ux,))=a+ 2 ¢ logxij, (1.8)
=1

¢; > Oforallj € Q, aisareal number and the real numbers b and 9;,j € Q, are
chosen such that U in (1.7) is increasing and strictly concave (see Theorem 1 of
Tsui, 1995).

22 In this and in several other illustrations, for welfare comparisons, we have strict inequality
originally and hence maintain strict inequality in the transformed situations as well. Replacement
of the weak inequality by the strict inequality does not miss the essence of the underlying axioms.
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1 Well-Being as a Multidimensional Phenomenon

The second characterization theorem of Tsui (1995) relies on strong
translatability, which requires that for all we N, for all X,Y e M”,
WX)> W) WX +A) > W +A),where A isan X d matrix with iden-
tical rows such that (X + A), (Y + A) € M". This condition claims that welfare
inequality between two social matrices can as well be specified in terms of
that between the matrices when the achievements of all the persons in a
dimension increase/decrease by the same quantity. We refer to the matrix A in
the statement of the postulate as a translation matrix.

5 —4
For the purpose of clarification, let A’ = |5 —4 |be a 3 X 2 matrix with identi-
5 —4

cal rows. Thus, each person’s achievement in dimension 1 increases by 5 units,
and there is a reduction in everybody’s achievement in dimension 2 by 4 units.
Then given that W(X;;) > W(X,,), the axiom requires that W(X,; + A") >

35 40 5 —4 30 40 5 —4
WX, +A"). Thatis, W|[]20 10|+|5 —4||> W |20 10|+|5 —4 ||, which
10 10 5 —4 10 10 5 —4
40 36 35 36
reduces to W|[[25 6 ||> W][25 6 || The axiom also demands that this
15 6 15 6

last inequality should imply the original inequality W(X,;) > W(X,,).

Tsui (1995) demonstrated that if in the aforementioned theorem, strong
homotheticity is replaced by strong translatability and all other postulates are
kept unchanged, then given that n > 3, all the axioms hold simultaneously

if and only if W:M; — R! turns out to be ordinally equivalent to Y U(x,),
i=1

where U :R? — R!is defined as
d
Ux)=a+ bH eXP(iji,-); (1.9)
=1
a is an arbitrary real number, the parameters b and Vjs j € Q, are chosen such
that U is increasing and strictly concave (see Theorem 2 of Tsui, 1995). The

welfare functions W(X) = Y U(x;), where the utility functions are of the
form (1.7)—-(1.9), are symmeltrlic and increasing under a uniform majorization
operation.

As we have argued in Section 1.4, a social welfare function can be directly
defined on social distributions, represented by achievement matrices.
Examples of such welfare standards are the Gajdos—Weymark multidimen-
sional generalized Gini welfare functions (Gajdos and Weymark, 2005). Their
characterizations of these welfare functions involve multidimensional twins
of the axioms employed by Weymark (1981) to axiomatize the univariate
generalized Gini welfare functions.
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Of these, homotheticity requires that welfare ranking of two social distribu-
tions remains unchanged under common proportional change in dimensional
achievements. Formally, for all # € N, X, Y e M", W(X) > W(Y) if and only
if W(cX) > W(cY), where W:M — R! and ¢ > 0 is any scalar. To understand
this, recall the society’s welfare ranking between X,; and X,,, which is,
W(Xi3) > W(X,). Then homotheticity claims that for any c¢> 0 welfare
dispreference of cX;, over cX;; is maintained, that is, W(X;5) > W(X;,)
should imply W(cX,;) > W(cX,,). The converse should be true as well.

35 40 30 40
Consequently, if ¢=2, then W|[20 10|]> W||20 10|| should imply
10 10 10 10
70 80 60 80
W[40 20|{> W||40 20||. The reverse implication can be deduced by
20 20 20 20

multiplying the entries of 2X,, and 2X,5 by -.

Two new axioms, strong attribute separability and weak comonotonic
additivity, were invoked as well. To state the first of these two axioms, strong
attribute separability, for any nonempty S C Q, let X° be the submatrix showing
achievements of all the individuals with respect to dimensions in S. Then the
axiom demands that the conditional social ranking between two submatrices
X5 and Y® does not depend on the submatrix associated with the dimensions
in Q/S, where n € N and X € M" are arbitrary.

To understand the strong attribute separability postulate, let us derive X, =
210 51 310
650 72 400
151 50 788
98 66 207

by 10 units. By the strong Pareto principle, W(st) > W(sz), where st and
X3, are respectively the submatrices of X;; and X, associated with the subset

from X,, by increasing person 1’s achievement in dimension 1

310
Q/S 400 .
S§={1,2} of Q= {1,2,3}. Note that here Q/S = {3} and X|J" = 238 , which
207
is the same as XS;/ s,
213 50 312
o 647 73 400 <
. . . . . . — Q/S —
Now, consider a third social distribution X 155 51 787 | 5© that X
99 67 207
312
400 . . . . .
87| Then the strong attribute separability axiom demands that the inequality
207

WX, XY%) > W(xS,, X¥*) holds if and only if the inequality W (X5, X¥/5) >

W(XZ,, X¥%) holds.
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1 Well-Being as a Multidimensional Phenomenon

An achievement matrix X € M" is called nonincreasing comonotonic if for
any j € Q, x;, the distribution of achievements in dimension j is nonincreas-
ingly ordered, thatis, x;; > x,; > - - - > «x,;. That is, the ith person’s achievement
in any dimension cannot be higher than that of the (i— 1)th person,
where (i — 1) > 1. We denote the set of all of nonincreasing comonotonic
matrices associated with M by MM, Then weak comonotonic additivity
demands that for all X,Y € MM and X' € MICM for which there exists a
k € Q, such that (i) x; =y, for all j € Q/{k}, (ii) x; =0foralli e {1,2,...,n}
and all j € Q/{k}, and (iii) X + X’ € MM, Y + X' € MM, W(X) > W(Y) if
and only if W(X + X") > W(Y + X').

We deduce the matrices X + X’ and Y + X’ from X and Y by adding a
common distribution of dimension k to x, and y, respectively. The defining
conditions X, Y € MM X + X’ € MM, and Y + X’ € MM ensure that all the
matrices X,Y,X + X’ and Y + X’ are nonincreasing comonotonic. Further,
they all have identical achievement distributions in all the dimensions except
k (conditions (i) and (ii)). Then the axiom requires that social ranking between
the comonotonic achievement matrices X and Y and that between X + X’ and
Y 4+ X’ coincide.

To explain this postulate, note that the matrices X, ; and X, , are nonincreasing
comonotonic. In the statement of weak comonotonic additivity, choose k = 1

40 39 40 34 40
and X’ =|3 0] Consequently, X;; +X’ =23 10| and X;, + X’ =23 10|.
20 12 10 12 10

Evidently, X', X;; + X', and X;, + X’ are nonincreasing comonotonic, which
ensure satisfaction of condition (iii). Conditions (i) and (ii) are verified as well.
Then the axiom demands that W(X,;) > W(X,,) implies and is implied by
WX;;+X') > WX, +X).

Assuming that M = M, and d > 3, Gajdos and Weymark (2005) demon-
strated that a social welfare function Wy, : M, — R! satisfies continuity, the
strong Pareto principle, symmetry, the uniform Pigou—Dalton majorization
principle, strong attribute separability, weak comonotonic additivity, and
homotheticity if and only if there exist an # X d matrix C possessing positive

n
entries c;, where ¢; is increasing and )’ ¢; = 1 for allj € Q; a (positive) vector

J :
d i=1

y € DY with 7; = 1; and a scalar k such that
j=1

4 . K
WennX) =Y y,(Z c,x‘j> : (1.10)
j=1 i=1
if k # 0 and

d n 7
Wewm(X) = H (Z Cz‘/xg> ’ (1.11)
i=1

j=1
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if k=0; n €N and X € M} being arbitrary; and for any j € Q, x(; is the
nonincreasingly ordered permutation of x ;, that is, 4}, > x5, > - -+ > [

In (1.10), given any dimension j, W, first takes a weighted average of the
nonincreasingly ordered dimensional quantities possessed by different persons
using increasingly ordered positive weights. Since X € M}, these averages are
positive for all dimensions j € Q. These positive averages are then averaged,
using positive weights, over dimensions by raising each of them to the power

k, with k being a nonzero real number. Finally, (i) th power of the (positive)
average obtained at the second stage is taken to arrive at Wgy,,. In (1.11),

n
geometric average of the positive numbers | Y cijxg. across dimensions is
=

taken to arrive at the expression for W, The two welfare functions (1.10)
and (1.11) are linear homogeneous; multiplication of all the achievements
across dimensions with a positive scalar will multiply their values by the
scalar itself. We refer to these two functions as the Gajdos—Weymark multi-
dimensional generalized Gini homothetic welfare functions, since they apply
one-dimensional Gini, more precisely, generalized Gini-type aggregation (see
Weymark, 1981).

Gajdos and Weymark (2005) characterized translatable variants of (1.10) and
(1.11). A social welfare function W:M — R! is called translatable if for all
neN,X,Y e M", W(X) > W(Y)ifand only if W(X + cl,,4) = W + cl,.4),
where 1,4 is the n X d matrix all of whose entries are 1, and c is any real num-
ber such that (X + cl,,.4), (Y + cl,,.4) € M". Translatability means that welfare
ranking of two social distributions does not change when achievements of all
the individuals in all the dimensions are reduced or augmented by the same
quantity.

To illustrate this, consider again the social distribution matrices X;; and X,
so that W(X,3) > W(X,,). Suppose that each person’s achievements in all the
dimensions in matrices X,; and X, increase by the same amount 2. Denote

37 42
the resulting matrices by X, and X,, respectively. Thus, X}, = |22 12| and
12 12
32 42
X;; =122 12 |. Then translatability claims that W (X;5) > W(X,,) should imply
12 12

and is implied by W (X ;) > W(X,,).

If in the characterization of (1.10) and (1.11) we replace homotheticity by
translatability and maintain all other axioms, then, given d > 3, Gajdos and
Weymark (2005) showed that the only social welfare function Wy, : M; — R!
for which these axioms hold together are given by

d n
1
Wewa(X) = Z log lz v} exp (/(Z clij;)] , (1.12)

=1 i=1
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1 Well-Being as a Multidimensional Phenomenon

if the scalar k is nonzero and

d n
W (X) = lz v/ (Z cijxg)] ) (1.13)

j=1 i=1

if k = 0, where y’ € D? is a (positive) vector, cys are the same as in (1.10) and
(1.11); n € N and X € M are arbitrary; and forany; € Q, xf’, is the nonincreas-
ingly ordered permutation of x . While in (1.12) a Kolm—Pollak type aggrega-
tion is employed, (1.13) uses a generalized Gini-type aggregation.

So, if k # 0, first an exponential-type aggregation is employed over individu-
als and then a logarithmic aggregation is used over the dimensions. Note that
if k = 0 we have linear aggregation at each stage. The two standards in (1.12)
and (1.13) are translatable. An equal absolute increase in all the dimensional
achievements will increase the welfare values in terms of the absolute amount
itself. These two standards can be called the Gajdos—Weymark multidimen-
sional generalized Gini translatable welfare functions. It should be clear that
strong attribute separability makes the welfare standards (1.10)—(1.13) insensi-
tive to a correlation-increasing switch.

Decancq and Lugo (2012) proposed two social welfare functions that involve
two-stage aggregations. For the first, a specific procedure following Kolm
(1977) is adopted. More precisely, a dashboard of individual dimensional
welfare functions is constructed. These dashboard-based welfare metrics are
then aggregated to arrive at an overall quantifier of welfare. In the second,
which following Kolm (1977), referred to as the individualistic approach, the
aforementioned procedure is reversed. In other words, for each individual, a
well-being index, defined on the person’s dimensional attainments, is designed.
These individual metrics are combined to compose a well-being quantifier for
the population as a whole (see also Dutta et al.,, 2003 and Chakravarty and
Lugo, 2016).

Formally, for all # € N and X € Mj:

W(X) = WAW"(x ), W(x,), ..., W(x ), (1.14)
W2(X) = W"(Wex, ), W(x,), ..., Wi(x,)). (1.15)

Here W”":D? — D! is the common functional form of welfare statistic of
achievements in a dimension, and the argument x; of W"(x ) shows that
the index value is calculated for each dimension j € Q separately. Similarly,
W4:D" — D! is the common metric of individual well-being. Its value is
determined for each of the n persons separately.

The following forms of the dimensional and individual indices were consid-
ered by Decancq and Lugo (2012):

n S 7‘; ’ i"}l—l ’ 0
Wi(x,) = ; vl el e ), (1.16)
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~.

wheren € N and X € M} are arbitrary; r]l is the rank of individual i with respect

to his achievement in dimension j; w; > 0 is the weight assigned to his achieve-
d
ment in dimension j, 3’ w; = 1,and p > 1 isa parameter. The restriction p > 1is
j=1
necessary to seize bottom awareness of aggregator.?® The positive-valued indi-
vidual well-being standard W is continuous, linear homogenous, and strictly
concave.

The 1 X d dimensional dashboard of well-being corresponding to (1.16) is
given by (W)'(x,), W)'(x,), ..., W)(x,)). For p =2, Wix)) becomes the Gini
welfare function, also known as the Gini mean or the Sen mean, of achieve-
ments in dimension j € Q. Consequently, in this particular case, the dashboard
may be referred to as the Gini welfare dashboard of well-being dimensions.

The parameter f in (1.17) has a one-to-one correspondence with the elas-
ticity of substitution between dimensions. In fact, the constant elasticity of
substitution (CES) between any two dimensions is given by ﬁ For =1,
the well-being standard is linear, and substitutability between any two dimen-
sions is perfect. On the other hand, as f — —oo, elasticity tends to zero, and
there is no possibility for substitution. The scope for substitution decreases
as the value of f decreases. For f = 0, the constant elasticity is 1. The associ-
ated Cobb—Douglas well-being function rules out the possibility of other elas-
ticity values. Flexibility of functional forms of W cannot be accommodated
once f = 0 is assumed. In our future discussion, we will not consider this case.
The constancy of the elasticity of substitution between any pair of dimensions
is chosen for simplicity. There is no reason for the elasticity of substitution
between health and income to be the same as that between income and edu-
cation. Bourguignon and Chakravarty (2003) argued that the elasticity should
depend on dimensional achievements. They also argued that when we have
many dimensions, the constancy of the elasticity of substitution between any
two dimensions is not realistic. In subsequent discussion here, for simplicity of
exposition, we will maintain the constancy assumption.

If the one-dimensional aggregations given by (1.16) and (1.17) are substituted
into two initial two-step procedures, the following forms of multidimensional

23 Characterizations of W' and W were developed respectively by Ebert (1988), and Blackorby
and Donaldson (1982) and Tsui and Weymark (1997).
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social welfare functions are obtained:

d " "\’ =1\’ At
j j
I ]
n i _1
o § - (Brer) o

In (1.19), r* is the rank of person i on the basis of W¢, the vector of non-

1

d »
increasingly ordered individual well-being levels with W4(x; ) = <Z wjx[ﬂ]) .
=1

While, the specific-procedure based on the social welfare function W} may
be regarded as a special case of the Gajdos—Weymark multidimensional gener-
alized Gini social welfare function given by (1.10), the individualistic function
W2, was introduced to the literature by Decancq and Lugo (2012).

In W}, at the first stage, an individual’s well-being measure is determined by
considering weighted average of the fth power of his accomplishments across

dimensions and then taking <%) th power of the average itself. At the second

stage, a weighted average of these well-being quantities, where the weights are
dependent on the distribution of well-being levels across persons, generates
the final value of the welfare standard. The function (1.19) is an example of an
individualistic index of multidimensional welfare. For p = 2, we may refer to it
as the Gini individualistic multidimensional welfare function.

The restrictions # < 1 and p > 1 ensure that both WéL and W/%L increase
under a uniform majorization transformation. On the other hand, while W}
is insensitive to a correlation-increasing switch, WI%L increases under such a
switch if the value of p exceeds a lower bound that depends on the weight vec-
tor, f and dimensional achievements.

Bosmans et al. (2015) considered the double-CES class social welfare
function and analyzed its properties. Using a suggestion put forward by Graaff
(1977), they considered a decomposition of its associated inequality measure
into inequity and efficiency components (see Chapter 2). The welfare function
is formally defined as

<lz (Wd(xi_))">m, a<1, a#0,
W(X) =

i=1

(1.20)
T[T v, a=0,
i=1
where n € N and X € M} are arbitrary. Substitution of the explicit form of
W into (1.20) generates the following explicit form of the welfare function
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(ignoring the cases « = 0 and f = 0):

R 1=

1\

d s
Wipo(X) = %Z <Z w,x{j.) . (1.21)
j=1

n
i=1

There is an important difference between the standards Wy, and W7 .
While in the former, at the second stage, another constant elasticity-type
aggregator is invoked on the individual well-being quantities; in the latter,
a rank-dependent weighted average of these quantities is considered.?* The
two-parameter family increases under a uniform majorization transformation
and decreases under a correlation-increasing switch if and only if @ < f < 1.
Increasingness under both a correlation-increasing switch and a uniform
majorization transformation occurs if and only if # < a < 1 (Seth, 2013).

1.8 Concluding Remarks

Our presentation in this chapter relies directly on dimensional achievements
of individuals in a society and ignores the role of their preferences. The transfer
principles analyzed in the chapter are nonwelfarist conditions since they rec-
ommend transfers of resources without involving individual preferences. The
conditions of this kind may come into direct conflict with the Pareto principle
(see Gibbard, 1979; Fleurbaey and Trannoy, 2003 and Brun and Tungodden,
2004). However, Roemer (1966) turned down the idea that welfarism is bound
to occur when the index obeys individual preferences, although he did not
“propose a concrete method in order to define a non-welfarist Paretian index”
(Fleurbaey, 2006Db, p. 233).

Another important unaddressed issue is inclusion of needs in the analysis. In
a recent contribution, building on Atkinson and Bourguignon (1987); Moyes
(2012) employed the utilitarian rule to develop dominance conditions for
comparing household well-beings, where well-being is assumed to depend on
income and needs. Consequently, while advocating redistribution of resources
across households, needs have to be taken into account (see also Lambert
and Ramos, 2002; Ebert, 2004; Shorrocks, 2004). In our context, it will be
admirable to investigate the impact of such a notion of transfer under appro-
priate formulation, say, by considering a necessary variant of the Pigou—Dalton
bundle of progressive transfer principle.

24 For alternative characterizations of the double-CES class welfare function, see Lasso de la
Vega et al. (2009), Decancq and Ooghe (2010), Lasso de la Vega and Urrutia (2011), and

Seth (2013). Discussions on the class are available in Atkinson (2003) and Bourguignon
(2009).
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