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Introduction

In this chapter, the fundamental concepts of mathematical opti-
mization and multi-parametric programming will be presented.
Such concepts will be the foundation towards the development
of state-of-the-art multi-parametric programming strategies and
applications, which will appear in this book in the next chapters.

1.1 Concepts of Optimization

1.1.1 Convex Analysis

This section presents the idea of convex sets and introduces func-
tion convexity. Convexity plays a vital role to establish the required
properties which will enable a multi-parametric solution to hold.
In this setting, the following definitions are established.

Definition 1.1 (Line). Consider the points x; and x, € R". Then
the line that passes through these points is defined as

{xlx=QAQ -y +rx,,Vy € R}. (1.1)

Definition 1.2 (Line Segment). The closed line segment joining
the points x,,x, € R" is defined as:

{xlx=0Q—-y)x +yx,,0<y <1}. (1.2)
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Definition 1.3 (Convex Set). A set C € R" is a convex set, if the
closed line segment joining any two points in the set C belongs to
the set C for each y such that0 <y < 1.

1.1.1.1 Properties of Convex Sets
Let C; and C, be convex sets defined in R". Then

(1) The intersection of C; N C, is a convex set.
(2) The summation C; + C, of two convex sets is a convex set.
(3) Let a be a real number. The product aC, is a convex set.

Examples of convex sets include lines, polytopes and polyhedra,
and open and closed halfspaces.

Definition 1.4 (Convex Function). Let C € R" be a convex subset,
and the real function f(x) defined in C. The function f(x) is a convex
function if for any x, ,x, € C,

Fla=yx +rx] <A =nfe) +7f).0<y <1 (1.3)

If strict inequality holds in expression (1.3) for 0 < y < 1, then f(x)
is a strictly convex function.

Definition 1.5 (Concave Function). Let C € R" be a convex sub-
set, and the real function f(x) defined in C. The function f(x) is a
concave function if for any x, ,x, € C,

FlA=mx +rx,] > A =nfee) +7f0),0<y <1 (1.4)
If strict inequality holds in expression (1.4) for 0 < y < 1, then f(x)

is a strictly concave function.

1.1.1.2 Properties of Convex Functions

(1) Letf,(x),...,f,(x) be convex functions defined on a convex sub-
set C. Their summation

[0+ +f,0) 1.5)

is convex, and if at least of one f;(x) is a strictly convex function,
then their summation is strictly convex.
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(2) Letay be apositive number and f(x) be a (strictly) convex func-
tion defined in a convex subset C € R". Then the product yf(x)
is (strictly) convex.

(3) Let f(x) be a (strictly) convex function defined in C € R", and
g() be an increasing convex function defined on the range of
f(x) in R. Then, the composite function g[f(x)] defined in C is
a (strictly) convex function.

(4) Letf,(x), ...,f,(x) be convex functions defined on a convex sub-
set C. If these functions are bounded from above, their point-
wise supremum

f00) = max{f;(x), ....f,x)} (1.6)

is a convex function on C.

(5) Let fi(x), ....f,,(x) be concave functions defined on a convex
subset C. If these functions are bounded from below, their
pointwise infimum

f00) = min{f; (), ..., f,(x)} (1.7)

is a concave function on C.

1.1.2 Optimality Conditions

We introduce the following definitions for the solution of general
nonlinear optimization problems:

Definition 1.6 (Local Minimum).x* € R" is called a local mini-
mum if there exists ball of radius e around x*, B(x*), such that

J&xX) < f(x), ¥x € B(x"). (1.8)

Definition 1.7 (Global Minimum).x* € R" is called a global min-
imum if

f&) < f(x), ¥x eR". (1.9)

A constrained nonlinear optimization problem, which aims
to minimize a real valued function f(x) subject to the inequal-
ity constraints g(x) = {g;(x) < 0,i € [} and equality constraints
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h(x) = {hj(x) =0,j € J} is denoted as

minimize f(x)

subject to g(x) <0
h(x)=0- (1.10)
x eR"

Problem (1.10) is a nonlinear optimization problem, if and
only if, at least one of f(x), g;(x), h;(x) is a nonlinear function. We
assume that the aforementioned functions are continuous and
differentiable.

Definition 1.8 (Active Constraints). An inequality constraint g;(x)
is called active ata pointx € X if g;(x) = 0. Conversely, g;(x) is called
inactive if g;(x) < 0.

Remark 1.1 If one step of the dual simplex algorithm
consists of changing one element of the active set, i.e. let
k, ={i,...,i,_;,1,}, then the dual pivot involving the constraint
ipyyieldsk, = {i, ... 0, 1,141}

The first-order constraint qualifications that will be presented in
the following text are necessary prerequisites to identify whether a
feasible point X is a local optimum of the function f(x).

e Linear independence constraint qualification: The gra-
dients ng(i) for all i € I and Vh;(x) for all j € J are linearly
independent.

o Slater constraint qualification: The constraints g;(x) for all
i € I are pseudo-convex! at x, while the constraints hj()_c) for all
j € J are quasi-convex or quasi-concave.? In addition, the gradi-
ents th()_c) are linearly independent and there exists X such that
g;(%) < 0and hj()”c) =0.

1 A function f(x) is called pseudo-convex if for all feasible x, y where

Vf(x)(x —y) > 0 we have f(y) > f(x).

2 A function f(x) is called quasi-convex if for all feasible x,y and y € [0, 1] we
have f(yx + (1 — y)y) < max{f(x),f(y)}. Note that a quasi-concave function is a
function whose negative is quasi-convex.
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1.1.2.1 Karush-Kuhn-Tucker Necessary Optimality

Conditions

Let f(x) and g(x) be differentiable at a feasible solution x* € X, and
let h(x) have continuous partial derivatives at x*. In addition, let p
be the number of active inequality constraints at x*. Then if one
of the aforementioned constraint qualifications hold, there exist
Lagrange multipliers 4, u such that

V. o) + uTV h(x*) + ATV, g(x*) = 0

h(x*) = 0

gx*) <0
Ag(x) =0i=1,2,...,p
A >201i=102,...,p

(1.11)

These conditions are the Karush-Kuhn-Tucker (KKT) Neces-
sary Conditions and they are the basis for the solution of nonlinear
optimization problems.

1.1.2.2 Karun-Kush-Tucker First-Order Sufficient

Optimality Conditions

Consider the sets J* =j : y; > 0and J~ =j : y; <0. Then, if the
following conditions hold:

e f(x)is pseudo-convex at x with respect to all other feasible points
X.

e g;(x) for all j € J are quasi-convex at x with respect to all other
feasible points x.

e hy(x) for all i € J* are quasi-convex at x with respect to all other
feasible points x.

e hi(x) foralli € J~ are quasi-concave at x with respect to all other
feasible points x.

then X is a global optimum of problem (1.10). If the aforemen-
tioned conditions hold only within a ball of radius e around X, then
X is a local optimum of problem (1.10).
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1.1.3 Interpretation of Lagrange Multipliers
Consider the following problem:
minimize f(x)
X

subject to h(x) = p

(1.12)
xeR”

Let x* be the global minimum of problem (1.12), and that the gra-
dient of the equality constraints are linearly independent. In addi-
tion, assume that the corresponding Lagrange multiplier is A*. The
vector f = (B, p,, ..., B,,) is a perturbation vector. The solution of
problem (1.12) is a function of the perturbation vector along with
the multiplier. Hence, the Lagrange function can be written as

L(x, 2) = f(x(B)) + A(B)" Th(x(B)) — B]. (1.13)

Calculating the partial derivative of the Lagrange function with
respect to the perturbation vector, we have

T T
_Jox ox1” ox
V,L = [%] (fo+ K ,1> + [ﬁ] [h() — 1 — 4
(1.14)
which yields
VL& 2 = =4 (1.15)

Hence, the Lagrange multipliers can be interpreted as a measure
of sensitivity of the objective function with respect to the perturba-
tion vector of the constraints at the optimum point x*.

1.2 Concepts of Multi-parametric
Programming
1.2.1 Basic Sensitivity Theorem

Having the essentials of optimization for the purposes of this book
covered, the objective of this subchapter is to introduce the role



1.2 Concepts of Multi-parametric Programming

of parameters in an optimization formulation. In this context, the
following multi-parametric programming problem is considered:

minimize f(x, )
pe
subject to g(x,0) <0
h(x,0) =0- (1.16)
x e R"
0 eR™

where x is the vector of the continuous optimization variables, 6 is
the vector of the uncertain parameters, and the setsi € I, j € J cor-
respond to the inequality and equality constraint sets, respectively.

Theorem 1.1 (Basic Sensitivity Theorem, [1]) Let a general
multi-parametric programming problem be described by (1.16).
Assume that the functions defining problem (1.16) are twice differen-
tiable in x and their gradients with respect to x and the constraints are
once continuously differentiable in 0 in a neighborhood of (x*, 6%).
In addition, assume that the second-order sufficient conditions for a
local minimum of the problem hold at x* with associated Lagrange
multipliers A* and u*. Lastly, let the gradients Vg;(x*,0") (fori € |
such that g;(x*, 6*) = 0) and Vh;(x*, 0*) be linearly independent (i.e.
LICQ holds), and A; > 0 for i € | such that g,(x*,0*) = 0, i.e. strict
complementary slackness (SCS) holds.

Then, the first-order sensitivity results for a second-order local min-
imizing point x* are known as the basic sensitivity theorem (BST),
and the following properties hold:

e X" isa local isolated minimizing point of the problem and the asso-
ciated Lagrange multipliers A} and ;4;‘ are unique.

e For 0 in the neighborhood or 0%, there exists a unique, but continu-
ously differentiable vector function n(0) = [x(0), A(0), (0] satis-
fying the second-order sufficient conditions for a local minimum of
the problem with associated unique Lagrange multipliers A(0) and
H(0).

e For 6 near 6* the set of binding inequalities is unchanged, SCS
holds and the binding constraint gradients are linearly indepen-
dent at x(6).
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Proof: See [1]. O

If there exist Lagrange multipliers, A;‘ and /4;‘, such that the
first-order KKT conditions hold, then we have:

L(x*, u*, A%, 0%) = V. f(x*,0%) + uTV, h(x*,0%) + ATV, g(x*,0%) = 0
h(x*,0%) =0
g(x*,0") <0
Ag(x*,0%) =0, i=1,2,...,p
A 20, i=102,...,p

(1.17)
and the vector F(x, A, u, 0) is defined as follows:
V.L(x, 4, u, 0)
FG, A u.0) =| Ag(x.0) [=0 (1.18)
h(x, 9)
Furthermore, if there exists z(x) for which
>
20V o L(n, 0)z(x) 2 0, VZ#0 (1.19)

the Basic Sensitivity Theorem holds, and it is identically satisfied
for a neighborhood # around 6* and can be differentiated with
respect to @ to yield explicit expressions for the partial derivatives
of the vector function #(0) = [x(8), A(0), u(6)]7.

The first-order estimate of the variation of an isolated local
solution x(#) of (1.16) and the associated unique Lagrange
multipliers A(6) and wu(0) can be approximated, given that
n(0*) = [x(6*), A(0%), u(6*)]* is known and that V,n(0*) is
available.

In particular, let a be the concatenation of the vectors # and
0 a = [nT|0T]T. The first-order Taylor expansion of the vector F
around a* can be expressed as follows:

F(a) = V,F(a*)(a — a*) + F(a¥) (1.20)
Under the assumptions and the principles of the Basic Sensitivity
Theorem, in a neighborhood of a* the first-order KKT conditions
hold and the value of F(a) around a* remains zero. For systems
that consist of polynomial objective functions of up to second
degree and linear constraints, with respect to the optimization
variables and the uncertain parameters, the first-order Taylor
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expansion is exact. Hence, the exact multi-parametric solution
can be obtained for the following multi-parametric quadratic
programming problem

min %xTQx +xTHT + cIx
X
st. Ax<b,+F0

Apx =b;+Fo , (1.21)
0e€® :={0 eR"|CR,0 < CRy}
x € R"?

where matrices Ai(lxn)’ and F i(1xm)? Aj (xm’ F T txm) and the scalars

b;, b; correspond to the ith and jth inequality and equality con-
straints of the sets [ and J, respectively. This problem serves as the
basis that will be discussed in Part I, where its solution properties
and solution strategies among other things are in focus. Part II then
focusses on the application of such problems to optimal control,
as the use of parameters enables the formulation of explicit model
predictive control problems.

1.3 Polytopes

Multi-parametric programming is intimately related to the proper-
ties and operations applicable to polytopes. In the following, some
basic definitions on polytopes are stated, which are used through-
out the book.

Definition 1.9 A functionx(0) : ® — R", where ® € R?is a poly-
tope, is called piecewise affine if it is possible to partition © into
disjoint polytopes, called critical regions, CR; and

x(0) = K0 +r,, V0 € CR,. (1.22)

Remark 1.2 The definition of piecewise quadratic is analogous.

Definition 1.10 The set P is called a n-dimensional polytope if it
satisfies
P:={xeR'a/x<b.i=1...m}, (1.23)

where m is finite.
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Figure 1.1 A schematic
representation of a two-dimensional
polytope P.

A schematic representation of a polytope is given in Figure 1.1.
In addition to Definition (1.10), the following well-known char-
acteristics of polytopes are considered:

o A polytope is called bounded if and only if there exists a finite
Xmin € R™ and x,,,, € R" such x,;, <x <x,,, forallx € P.

e A polytope, which is closed and bounded, is called compact.

e Let P be an n-dimensional polytope. Then, a subset of a polytope
is called a face of P if it can be represented as

F=Pn{xeR"a"x=b} (1.24)

for some inequality a’x < b, which holds for all x € P. The faces
of polytopes of dimension n — 1, 1, and 0 are referred to as facets,
edges, and vertices, respectively.

o Two polytopes P, and P, are called disjoint if int(P,) N int(P,) =
@. Similarly, two polytopes P, and P, are called overlapping if
int(P,) N int(P,) # @. Lastly, two polytopes P, and P, are called
adjacent or neighboring if 7, N P, is a n — 1-dimensional poly-
tope.

e Let P, and P, be two adjacent polytopes. Then the facet-to-facet
property is said to hold if F = P, n P, is a facet of both P, and P,
(see Figure 1.2 for an illustration).

e Let P be an n-dimensional polytope. Then, there exists a series
of k vertices x; € R" such that

k k
P = {x ER"x=) Axy Y h=14> o} . (1.25)
i=1 i=1

o Eq.(1.23)isreferred to the halfspace (or H) representation, while
Eq. (1.25) denotes the vertex (or V) representation. The process
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(a) (b)

Figure 1.2 A schematic representation of the differences between two
polytopes 7 and P, (a), which are adjacent and (b) where the
facet-to-facet property holds. Clearly, while all polytopes that satisfy the
facet-to-facet property are adjacent, the opposite may not be true.

of moving from the halfspace to the vertex representation is
referred to as vertex enumeration.

e The Chebyshev center of a polytope is given as the largest
Euclidean ball that lies in a polytope [2]. It can be determined
by solving the following linear programming (LP) problem:

R = minimize —r
xr (1.26)
subjectto Ax +r||A;|l, <b;, Vi=1,...,m,

where the solution R denotes the radius of the largest Euclidean

ball. Based on the solution of problem (1.26), the following con-

clusions can be drawn:

- Problem (1.26) is infeasible: The polytope is empty.

- R = 0: The polytope is lower-dimensional.

— R > 0: The polytope is full-dimensional.

1.3.1 Approaches for the Removal of Redundant
Constraints

A concept that is very important in multi-parametric programming
is the aspect of redundancy:

Theorem 1.2 ([3]) Consider an n-dimensional compact
polytope P in halfspace representation. A constraint aiTx <b is
redundant if and only if

P, = {x € R"Ax > b, Ax < by, Vk # i} = 0. (1.27)
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(a) (b)

Figure 1.3 A schematic representation of (a) strongly and (b) weakly
redundant constraints.

Additionally, a constraint Ax < b, is strongly redundant if and only
if
P/ ={xeR"Ax>b,Ax <b,Vk #i} =0. (1.28)

Remark 1.3 A constraint is called weakly redundant if it is
redundant but not strongly redundant, i.e. Eq. (1.27) but not Eq.
(1.28) holds. A schematic representation of weakly and strongly
redundant constraints is shown in Figure 1.3.

If a polytope P does not feature any redundant constraints, it is
said to be in minimal representation.

Consider an n-dimensional compact polytope P = {x € R"|Ax <
b}, where A € R™" and b € R™. The following strategies aim at
identifying the minimal representation of P:

Remark 1.4 Here, two of the most common approaches used
are reported. The field of the removal of redundant constraints
has been widely studied, and its review is beyond the scope of this
book. The reader is referred to [3, 4] for an interesting treatment
of the matter.

1.3.1.1 Lower-Upper Bound Classification
Given the bounds lj <x <u, Vj=1,...,m,aconstraint A;xx < b, is
redundant if

U, <b, (1.29)
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where
U= Agy+ ) Al (1.30)
jep; JeN;
where P; = {j|A; > 0} and N; = {j|4; < 0}. This approach relies on
the identification of the worst-case scenario given the lower and
upper bounds [5]. If these bounds are not available, they can be
calculated by solving the following 2n LP problems [6]:
Minimize +x;
X

. (1.31)
Subject to x € P.

1.3.1.2 Solution of Linear Programming Problem
Consider the following constraint-specific version of problem
(1.26):
R; = minimize -r
X,r )
subject to Ax < (b — [|A']|,r)

Ax =D, (1.32)

A1, = 11 = (AA] 11,

xeP, reR,
where (-)? denotes the element-wise square of (). Note that Ax < b
isassumed to be normalized such that||q;||, = 1foralli=1, ... ,m.

Then the ith constraint is redundant if and only if R; < 0. Note that
this identifies weakly and strongly redundant constraints.

Remark 1.5 The solution of problem (1.32) identifies the
largest Euclidean ball which on the set £ = {x|]x e PUAx = b,},
i.e. which lies on the ith constraint. Thus, the solution can be
understood as the center of the ith constraint with respect to P.

1.3.2 Projections
One of the operations used in this book is the (orthogonal) projec-
tion:
Definition 1.11 (Projection [7]).Let P C R% x RF be a polytope.
Then the projection z,4(P) of P onto R is defined as:

74(P) = {x € RY|3y € R¥, (x,y) € P} . (1.33)
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Projecting polytopes is one of the fundamental operations in
computational geometry and has many applications in control
theory. Two commonly encountered strategies for the calculation
of the projection are the following:

e Solving a multi-parametric linear programming (mp-LP) prob-
lem (see e.g. [8])
o Performing a Fourier-Motzkin (FM) elimination (see, e.g. [9])

In addition, the concept of a hybrid projection is introduced:

Definition 1.12 (Hybrid Projection). Consider the set P C
RY x R¥ x {0,1}". Then, the hybrid projection #,(P) of P onto R¢
is defined as

#4(P) = {x € RY|Fy € R* x {0,1}", (x.y) € P}. (1.34)

By inspection it is clear that (i) 7,;(P) is obtained by performing at
most 2" projections, one for each combination of the binary vari-
ables and consequently (ii) 7,;(P) is generally a union of at most 2"
possibly overlapping polytopes.

A hybrid projection can thereby be performed by solving a
multi-parametric mixed-integer programming problem purely
based on feasibility requirements.

1.3.3 Modeling of the Union of Polytopes

P

The aim is to represent a union of polytopes P = | J{x|Gx < g} as
i=1

a single set of linear inequality constraints in order to seamlessly

include them within multi-parametric programming problems.
However, in order to address the possible non-convexity within
unions of polytopes, the introduction of suitable binary variables
is required. First, consider that a point x € P if and only if there
exists at least one i such that G;x < g;. Thus, one binary variable y,
is defined such that

[Gx<gl-1ly=1] (1.352)

L

p
Yyi>1 (1.35b)
i=1
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Let G;; and g;; denote the jth row and element of G; € R"*" and
g € R, respectively. Then, the statement G;x < g; holdsif and only
if G;jx < g;;, Vj. Thus, one binary variable per row of G;, yi is defined
such that

(Gx<g;lel=1] (1.36a)
t; )

lZY'i = til - =1 (1.36b)
=

p

Yyl (1.36¢)

i=1

Based on [10, 11], Egs. (1.1.36a)—(1.1.36c) are reformulated as

Glx+My <M+g; (1.37a)
Gix—my, > g; (1.37b)
t; )
ty, < Zyi (1.37¢)
=1
i
y, > Zy’i +1-1, (1.37d)
j=1

where m < x < M, Vx € P. Thus, the final formulation of the union
as a set of linear inequality constraints featuring binary variables is
given as

ngx+My’l: <M+g;
—GiTJX‘f‘ myi < _giJ

Lo
P Y, = XY, <0
P= U{x|Gix <gl -5 ]?1 (1.38)
= —yﬁ%y’i <t -1
]:

p
-2y <-1
i=1
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1.4 Organization of the Book

The remainder of this book is organized in two parts. In the first
part, the theoretical and algorithmic essentials of multi-parametric
programming problems will be established. These include algo-
rithms for the solution of multi-parametric linear programming
(mp-LP), multi-parametric quadratic programming (mp-QP),
multi-parametric mixed-integer linear programming (mp-MILP),
and multi-parametric mixed-integer quadratic programming
(mp-MIQP) problems. On the other hand, the latter of these parts
is focused on the applications of multi-parametric programming
and specifically on its utilization to provide solutions to receding
horizon optimization problems such as model predictive control.
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