Electromagnetics, Physics, and Mathematics

Mathematics is the mother of science, science is the mother of technology and father
of innovation, and technology is a gift of God.

1.1 A Brief History of Electromagnetics

Electromagnetics is a subject that entails the study of electromagnetic theory, its
physical interaction with environments and objects, and its use for design and engi-
neering applications. Electromagnetic theory is governed by a set of equations that
originated from many great scientists such as Gauss (1835), Amperes (1823), Faraday
(1838), and Coulomb (1785) [1-4]. However, this set of equations is now commonly
known as Maxwell’s equations due to the work of James Clerk Maxwell who put on
them in mathematical form in 1864 and added a term to Ampere’s law that included
displacement current density [5, 6, 33]".

This set of equations is used to describe static electromagnetic fields, radio waves,
microwaves, optical fields, as well as x-rays. It is valid from subatomic length scale to
inter-galactic length scale. The Coulomb potential due to a point charge of a proton or
an electron inside an atom can be derived from Maxwell’s equations. Meanwhile, the
propagation of radio waves and optical signals from outer galaxies can be described by
the same set of equations [7].

Before the completion of Maxwell’s theory, optical fields were thought to be different
from electromagnetic fields. Snell (1621), Huygens (1660), Newton (1660), and Fresnel
(1814) were studying optical fields along a different line. Maxwell’s theory unified elec-
tromagnetics with optics. When quantum theory is added to electromagnetic theory,
quantum electrodynamics (QED) ensues, as was done by Dirac (1920). When differen-
tial geometry was used, electromagnetic theory inspired Yang-Mills theory which has
been regarded as a generalized electromagnetic theory (see Figure 1.1).

Moreover, the impact and importance of electromagnetics on modern technologies
are unquestionable. This knowledge is pervasively used in engineering, and is used as
a supporting technology for many aspects of scientific investigation. For instance, in
high-energy physics, particles are accelerated by an electromagnetic field [8, 9], and

1 The theory was presented to the British Royal Society in 1864, published in 1865, and a treatise was
written in 1873. The equations were later beautified by O. Heaviside.

The Nystrom Method in Electromagnetics, First Edition. Mei Song Tong and Weng Cho Chew.
© 2020 John Wiley & Sons Singapore Pte. Ltd. Published 2020 by John Wiley & Sons Singapore Pte. Ltd.



2

1 Electromagnetics, Physics, and Mathematics

Quantum

Yang-Mills Theory Electrodynamics

+ Differential
Geometry

+ Quantum Theory

CLASSICAL
ELECTROMAGNETIC
THEORY

+ Mathematical Analysis,
Computational Electromagnetics,
Physical Insight

+ Other Physics Equations

Tools for New Design and Multiphysics Modelling,
Scientific Discovery Applications Design and Applications

Figure 1.1 The relationship of classical electromagnetic theory with other knowledge areas.

hence electromagnetic engineering is needed. The measurement of electromagnetic
fields and optical signals arriving to the earth from the outer universe is used in
astronomy to enhance our understanding of the universe. Electromagnetic fields are
used in electrophoresis in electrochemistry [10, 11] and biomolecular electrostatics
[12, 13]. The electromagnetic force is a predominant force in nano-electronic transport
[14-17]. The Poisson-Boltzmann equation is usually solved in these contexts [18—25].
More recently, electromagnetics is of fundamental importance in wireless power
transfer and also in bioelectromagnetics.

Electromagnetics is also important in the design of rotating machineries, electric
generators, energy conversion devices, and electric power distribution networks, as
well as green energy such as solar cells and solar collectors [26—-32]. It is important
for antenna design for wireless communication, radar, and remote sensing. The maser
was first invented at microwave frequency (1952) before its close cousin, laser, was
invented (1958). As the field of optics grows, many technologies that were first proven
at microwave frequencies are now being realized at optical frequencies, such as
optical interferometric imaging, optical coherence tomography, and nano-antennas.
Electromagnetics also becomes increasingly important in electromagnetic interference
(EMI) and electromagnetic compatibility (EMC) as more electronic components are
packed into smaller spaces in, e.g., the cellphone industry.



1.2 Enduring Legacy of Electromagnetic Theory-Why?

The recent advent in nano-fabrication technology, where structures on the order of
tens of nanometers can be made, has spurred strong interest in nano-optics. The advent
of single photon measurement, and the validation of the Bell’s theorem in favor of the
interpretation of Copenhagen school in the 1980s, spurred new interest in quantum
optics and quantum information. Quantum electromagnetics is emerging. The valida-
tion of the Casimir force in 1997 also spurred new interest in this force.

1.2 Enduring Legacy of Electromagnetic Theory-Why?

Electromagnetic theory as completed by James Clerk Maxwell in 1865 [5] is just over 150
years old now. It has withstood the test of time, and the emergence of new physics the-
ories such as relativity and quantum theory. This is unlike Newton’s laws of mechanics
that were quickly superseded by new theories.

Putatively, Maxwell’s equations were difficult to understand [33]; distillation and
cleaning of the equations were done by Heaviside and Hertz [34]; experimental
confirmations of these equations were not done until some 20 years later in 1888 by
Hertz [35].

As is the case with the emergence of new knowledge, it is often confusing at times, and
inaccessible to many people. Numerous developments of electromagnetic theory have
ensued since Maxwell’s time and we shall discuss them in the next section.

Since the advent of Maxwell’'s equations in 1865, the enduring legacy of these
equations has been pervasive in many fields. As aforementioned, Hertz confirmed the
remote induction effect in 1888. And in 1893, Tesla [36] demonstrated the possibility of
radio. In 1897, Marconi [37] demonstrated wireless transmission, followed by transat-
lantic transmission in 1901. Maxwell did not know the importance of the equations
that he had completed. Much advanced understanding of electromagnetic theory in its
modern form did not emerge until many years after his death; it will be interesting to
recount these facts.

e Since Maxwell’s equations unify the theories of electromagnetics and optics, they are
valid over a vast length scale. Electromagnetic theory is valid for subatomic particle
interaction, as well as being responsible for the propagation of light waves and radio
waves across the galaxies.

e With the theory of special relativity developed by Einstein in 1905 [38], these
equations were known to be relativistically invariant. In other words, Maxwell’s
equations remain the same in a spaceship irrespective of how fast it is moving.
Electrostatic theory in one spaceship becomes electrodynamic theory in a moving
spaceship relative to the first one.

o The development of QED by Dirac in 1927 [39] indicated that Maxwell’s equations
are valid in the quantum regime as well. Initially, QED was studied by Dyson, Feyn-
man, Schwinger, and Tomonaga, mainly to understand the interparticle interactions
in the context of quantum field theory to determine fine structure constants and their
anomalies due to quantum electromagnetic fluctuations [40]. However, the recent
increase in quantum information has spurred on the application of QED in optics,
giving rise to the field of quantum optics [41-47].
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o Later, with the development of differential forms by Cartan in 1945 [48, 49], it was
found that electromagnetic theory is intimately related to differential geometry. Elec-
tromagnetic theory inspired the Yang-Mills theory, which was developed in 1954
[50, 51]; it is regarded as a generalized electromagnetic theory. In fact, as quoted by
Misner, Thorne, and Wheeler, it is said that “differential forms illuminate electromag-
netic theory, and electromagnetic theory illuminates differential forms” [52, 53].

e In 1985, Feynman wrote that quantum electrodynamics (a superset of electromag-
netic theory) had been validated to be one of the most accurate equations to a few
parts in a billion [54]. This is equivalent to an error of a few human hair widths com-
pared to the distance from New York to Los Angeles. More recently, Styer wrote in
2012 [55] that the accuracy had been improved to a few parts in a trillion [56]; such
an error is equivalent to a few human hair widths in the distance from the Earth to
the Moon.

e More importantly, since Maxwell’s equations have been around for over 150 years,
they have pervasively influenced the development of a large number of scientific
technologies. This impact is particularly profound in electrical engineering, ranging
from rotating machinery, oil-gas exploration, and magnetic resonance imaging, to
optics, wireless and optical communications, computers, remote sensing, bioelectro-
magnetics, etc.

Despite the cleaning up of Maxwell’s equations by Heaviside, he has great admiration
for Maxwell as seen from his following statement [34], “A part of us lives after us, diffused
through all humanity — more or less — and through all nature. This is the immortality of
the soul. There are large souls and small souls. The immoral soul of the ‘scienticulists™
is a small affair, scarcely visible. Indeed its existence has been doubted. That of a Shake-
speare or Newton is stupendously big. Such men live the bigger part of their lives after
they are dead. Maxwell is one of these men. His soul will live and grow for long to come,
and hundreds of years hence will shine as one of the bright stars of the past, whose light
takes ages to reach us.”

1.3 The Rise of Quantum Optics and Electromagnetics

The rise of the importance of quantum electromagnetics has been spurred on by tech-
nologies for single photon sources and measurements [57, 58], the validation of Bell’s
theorem [59], and the leaps and bounds progress in nanofabrication technologies.

The validation of Bell’s theorem in favor of the interpretation of Copenhagen school
opens up new possibilities for quantum information, computing, cryptography, and
communication [60]. Nanofabrication techniques further allow the construction of
artificial atoms such as quantum dots that are microscopic in scale. Moreover, the
potential for using such artificial atoms to manipulate quantum information abounds.
In this case, semi-classical calculations where the fields are treated classically and the
atoms treated quantum mechanically [61, 62] do not suffice to support many of the
emerging technologies when the number of photons is limited, such as single photon

2 This term was coined by Heaviside for his nemesis, Preece [34].
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based devices and high sensitivity photo-detectors. Another interesting example is
circuit QED at microwave frequencies where a superconducting quantum interference
device (SQUID) based artificial atom is entangled with coplanar waveguide microwave
resonators [63]. For these situations, full quantum field-artificial-atom calculations
need to be undertaken [64].

The recent progress in nano-fabrication technology underscores the importance
of quantum effects at nanoscale, first on electron transport [65], and now on the
importance of photon-artificial-atom interaction at nanoscale. Moreover, nanofabri-
cation emphasizes the importance of photons and the accompanying quantum effects
in heat transfer. While phonons require material media for heat transfer, photons
can account for near-field heat transfer through vacuum where the classical heat
conduction equation and Kirchhoff’s law of thermal radiation are invalid. Furthermore,
the confirmation of the Casimir force in 1997 [66] revived it as an interesting research
topic. Several experiments confirmed that the Casimir force is in fact real, and entirely
quantum in origin: it can be only explained using quantum theory of electromagnetic
fields in its quantized form [67, 68]. Also, the Casimir force cannot be explained by
classic electromagnetics theory, which assumes null electromagnetic field in vacuum.

More importantly, the use of the ubiquitous Green’s function is still present in many
quantum calculations [69, 71]. Hence, the knowledge and effort in computational
electromagnetics for computing the Green’s functions of complicated systems have not
become obsolete or in vain [72, 74-76]. Therefore, the development of computational
electromagnetics, which has been important for decades for the development of many
classical electromagnetics technologies all across the electromagnetic spectrum, will
be equally important in the development of quantum technologies.

1.3.1 Connection of Quantum Electromagnetics to Classical
Electromagnetics

Vacuum space consists of electron-positron (e—p) pairs that represent nothingness.
However, when an electromagnetic wave passes through vacuum, the e—p pairs are
polarized to form simple harmonic oscillators. The propagation of electromagnetic
waves through vacuum is due to the coupling of these simple harmonic oscillators [79].
From this concept, the quantum Maxwell’s equations are derived to be [80, 81]:

V x H(r,t) — 9,D(r, ) = . (r,0) (1.1)
V x E(r,£) + 0,B(r,t) = 0 (1.2)
V-D(r,t) = §.4(r, t) (1.3)
V. -B(rt)=0. (1.4)

The Green’s function technique applies when the quantum system is linearly
time-invariant. Hence, past knowledge in classical computational electromagnetics can
be invoked to arrive at these Green’s functions. These quantum Maxwell’s equations
portend well for a better understanding of quantum effects that are observed in many
branches of electromagnetics, as well as in quantum optics, quantum information,
communication, computing, encryption and related fields. More details about this work
can be found in [62, 80—-83]. Hence, the combination of computational electromagnetics
with quantum theory is cogent for the development of computational quantum optics.
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1.4 The Early Days — Descendent from Fluid Physics

In the early days, mathematics was developed to describe different physical laws such
as Newton’s laws. Later, calculus was developed to study solid mechanics, elasticity, and
fluid mechanics. In fluids and elastomechanics, the concepts of field and its conserva-
tive and rotational properties were introduced. Such concepts were later carried over
to describe the physics of electromagnetic fields. The concepts of gradient, curl, and
divergence operators have originated in fluid mechanics. The concepts of scalar field
and vector field also occur in fluids. The gradient of a scalar field gives rise to a vector
field that could be a velocity field. For instance, in acoustics, the gradient of the pressure,
which is a scalar field, gives rise to a force field density, which is a vector field, namely,
F=-V¢.

The curl operator is a measure of the rotation of a vector field. Hence, it is a good
measure of angular momentum that exists in a fluid field. It also reflects on the torsional
field that exists in the force field in a solid when it is deformed. For instance, @ = V X v
is a measure of rotation in the velocity field v.

The divergence operator indicates how much field actually oozes from a point in space.
It is useful for measuring the conservation of “things’; such as conservation of mass and
momentum in fluid mechanics. For example, the conservation of mass in fluid can be
written as

do
V. (vo) + 3% = 0 (1.5)
where v is the velocity field, while ¢ is the mass density.

The divergence operator has been used to describe Coulomb’s law that the total elec-
tric flux that emerges from a charge source is proportional to the charge [3], i.e.

V.-D=o (1.6)

where g is the charge density. The concept of electric flux density D was introduced to
relate D to the surface charge density. The above has a conservative concept in the sense
that a fixed amount of flux emerges from a fixed amount of charge.

Similarly, the Gauss’ law [4] was introduced for the conservation of magnetic flux, and
the concept of magnetic flux density B was introduced, namely,

V-B=0 (1.7)

which represents the conservation of magnetic flux density. It also points to the
non-existence of magnetic charges.

Ampere’s law [2] was introduced by experimental observation that a wire carrying
an electric current produces a swirling magnetic field that “circulates” around the cur-
rent, i.e.

VxH=J. (1.8)

Taking the divergence of the above yields V - J = 0, which implies the conservation of
current flow. It also implies Kirchhoff’s current law in circuit theory.

Faraday’s law has been formulated following the observation that a time-varying mag-
netic flux induces a voltage in a loop of wire. Consequently,

B
VXE=—-—. 1.9
= (1.9)



1.5 The Complete Development of Maxwell’s Equations

The above equations can be written in an integral form, but the physics is entailed in the
differential form as lucidly as they are in integral form. However, much of circuit theory
is derived from the integral form. The integral form of Maxwell’s equations brings out
the fact that it is the topology that governs the laws of circuits. So if two circuits may
look very different in shape, but their behavior is similar if they are topologically the
same. The above equations (1.8) and (1.9) are pre-Maxwellian, and the development of
telegraphy very much depends on them [34].

1.5 The Complete Development of Maxwell’s Equations

Maxwell’s equations are descended from Gauss, Coulomb’s, Ampere’s, and Faraday’s
laws. Maxwell’s contribution was to add a displacement current term to Ampere’s law
making it into the generalized Ampere’s law. The displacement current is produced by
the time variation of the electric flux density D (also called the displacement field). The
generalized Ampere’s law can be written as

VxH=]+2 (1.10)
ot
It is the addition of this displacement current term P that connects the laws of elec-
tricity and magnetism with the laws of optics. Prior to this, the group of four equations
without the displacement current was used to describe the theory of electricity and mag-
netism, and did not predict the existence of wave phenomena.

The term % introduces “springiness” into the electromagnetic media like a capacitor.
This displacement current, in turn, produces a magnetic field. The time-varying mag-
netic field produces an electric field that opposes the flow of the displacement current,
or a reluctance (analogous to the inertial of a mass) as in Lenz’s law. This inductance
together with the capacitive effect yield a simple harmonic oscillator®.

For material media,

D=¢E+P (1.11)

where P is the dipole density. The dipoles in material media are polarized by the electric
field that exerts a force that pulls the positive and negative charge of a molecule or an
atom apart, forming a dipole. For a time harmonic field, the time-varying charge pro-
duces a current, and hence a magnetic field like an inductor. The dipole together with
the inductor forms a resonant circuit very much like an LC tank circuit. For a weak field,
P is linearly related to E, and we can write P = ¢, yE. Therefore, for material media, we
introduce € = ¢,(1 + y) so that D = ¢E.

For a vacuum, D = ¢,E, implying that even a vacuum has “springiness” It is this
springiness of vacuum and material media that gives rise to electromagnetic waves

3 The equation for capacitance, V = Q/C is similar to Hook’s law in that F = kx where £ is the spring
constant. The voltage across an inductor V = LI = LQ is similar to Newton’s law in that F = m. Hence,
the harmonic oscillator of a mass on a spring is similar to the harmonic oscillator formed by an LC tank
circuit.
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in material and even in vacuum. Electron-positron pairs that lurk in vacuum, in their
quiescent state, constitute nothingness. It has also been observed that when vacuum
is bombarded with energetic photons (or energetic electromagnetic fields), electron-
positron pairs are produced [79, 84, 85].

Electromagnetic theory in the classical sense is hence completely described by the
four equations:

oD

VxH=J+2 1.12

j+ o (112)

VxE=_98B (1.13)
ot

V.-D=o (1.14)

V.B=0. (1.15)

When Maxwell’s equations were first derived by Maxwell, they were not as elegant and
succinct as the above. It was the work of Heaviside and Herz that cast them into the
above form [34, 86]. It was deemed that the electric field and the magnetic field are the
measurable quantities.

The above equations look deceptively simple, but they have very profound meanings.
They are relativistically correct in all inertial frames of special relativity [9, 74]. They are
also intimately related to geometry.

It is to be noted that for time-varying solutions, the second two equations above are
derivable from the first two. For instance, if we take the divergence (V-) of the first
equation (1.12), and make use of the fact that V - (V X H) = 0, we obtain that

o(V -D)
0=V -J4+ ———. 1.16
J+ 5 (1.16)
The conservation of charge necessitates that
00
V:-J+—=0. 1.17
I+ (1.17)
Using this fact in (1.16) yields
o(V-D -
( ) _, (1.18)
ot
The above implies that
V-D—0=0cns (1.19)

where ¢, corresponds to a constant charge independent of time. We can assume
such a charge to be zero, or that it produces a static field that does not contribute
to our time-varying field. Then (1.14) follows from (1.12). Equation (1.15) can be
similarly derived from (1.13). Therefore, for time-varying fields or electrodynamics,
Equations (1.12) and (1.13) are sufficient. However, when a numerical code is written
for a time-varying field, it often breaks down when the frequency is lowered, because
at low frequencies, the first two of Maxwell’s equations are not stable, as they do not
reduce to the last two equations when the frequency is identically zero [73].

To preclude the low-frequency breakdown, the vector and scalar potential formu-
lation has been suggested [73]. This formulation solves all four Maxwell’s equations
concurrently, and hence, does not have low-frequency breakdown. This formulation is
in fact closer to the original formulation of Maxwell’s [33].



1.5 The Complete Development of Maxwell’s Equations

However, there are four vector unknowns E, H, D, B, with two vector equations. To
increase the number of equations, we rely on the constitutive relations. A set of general
constitutive relations are

D=¢-E+&-H (1.20)
B=¢-E+u-H (1.21)
where €, &, &, and T are tensors. The medium with the above relations is known as a
bianisotropic medium [74]. When & = { = 0, the medium is anisotropic. When the ten-

sors are replaced with scalars, the medium is isotropic. Other non-local relations are
possible such as a convolutional relation in space

D) = / dr'e(r — r"E(r). (1.22)
When Fourier transformed to the k space or spatial frequency space, the above becomes
D(k) = e(k)E(k) (1.23)

which is a scalar relationship. Such a medium is known as spatially dispersive. Certain
multiple scattering media that are translationally invariant in space can be described
by such constitutive relations. Also, a relationship involving convolution in time is also
possible. When transformed into the w or the frequency space, the permittivity is a func-
tion of frequency. Such media are termed frequency dispersive. When the constitutive
parameters are functions of space, the media are inhomogeneous.

The constitutive relations describe the physical properties of the media. Most media
can be described by simpler constitutive relations

D =¢E (1.24)
B = uH (1.25)

where ¢ is the permittivty and y is the permeability. Then Equations (1.12) and (1.13)
and the constitutive relations are sufficient to be solved for the unknowns E and H if
the current J is given. In some media, the electric current J is induced. Then we divide
J = Jimp + Jing» where J;,. is the impressed current into the equations, while J; 4 is the
induced current in the medium®. For instance, for a simple conductive medium,

Jioy = oE (1.26)

where o is the conductivity.

1.5.1 Derivation of Wave Equation®

To show the existence of the wave solution, we take the curl of (1.13) and one gets
d(V x B) o(V x H)
B A AL

VXVXE =
ot ot
oD
_ 0(I+;)__ J_ Ok (1.27)
TR T =Ry T Hoe ‘

4 An impressed current is a current put into Maxwell’s equations that is immutable irrespective of what the
environment is.
5 This can be skipped for the initiated.
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or

0’E d]
VXVXE+ pe— =—-pu—.
Heor = Mo
The above is the vector wave equation with a source term J. In the absence of a source,
it reduces to

(1.28)

0*E
VXVXE+ ue— =0 1.29
He— (1.29)

whose solutions are the homogeneous solutions to (1.28). It can be simplified to the
scalar wave equation, verifying the existence of a wave solution to Maxwell’s equations.
By using the vector identity that

VXVXE=-V-VE+VV-E (1.30)
and that for a source free region V - E = 0, (1.29) becomes

2 0°E
V°E — ue pYol 0 (1.31)
which manifestly resembles the scalar wave equation. When written in Cartesian coor-
dinates, the above becomes three scalar wave equations for E,, E,, E,. However, one
has to be mindful that these field components are not independent of each other since

V-E=0.

1.6 Circuit Physics, Wave Physics, Ray Physics, and Plasmonic
Resonances

Even though Maxwell’s equations are deceptively simple, there are three regimes of
physical phenomena described by them that are distinctly different. At low frequen-
cies or long wavelengths, circuit physics prevails. When the object size is on the order
of © the wavelength, wave physics prevails. However, when the wavelength is very short
compared to the size of the object, ray physics predominates [87].

When the frequency is very low, or at statics, the E and H fields are decoupled in free
space. This is the regime of circuit physics, where we have the world of the inductors
and the world of the capacitors. The inductive world encompasses devices that store
magnetic energy, while the capacitive world encompasses devices that store electric
energy. Moreover, at low frequencies, devices in these two worlds are weakly coupled to
each other.

1.6.1 Circuit Physics

When w — 0 or d/0t — 0, the four Maxwell’s equations reduce to:

VxH=] (1.32)
VXE=0 (1.33)
V-D=o (1.34)
V-B=0. (1.35)

6 This is the mathematical parlance for “about”.
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In this case, the bottom two equations are not derivable from the top two. Hence, In
the low frequency regime, all four of Maxwell’s equations are important. Moreover, the
electric field and the magnetic field are decoupled in free space. Namely, {E,D, p} are
decoupled from {H, B, J} in free space. This is the circuit physics regime where topology
is more important than shape.

At very low frequencies,

0B
VXE= ” ~0 (1.36)

can be interpreted as Kirchhoff’s voltage law. When written in integral form, it implies
that the sum of voltages in a loop is zero. The above implies that the electric field E is a
conservative field: The total work done by such a field in a loop is zero.

Similarly, by taking the divergence of the generalized Ampere’s law (1.10), and making
use of V - D = p, we deduce that

—6—0 ~0

ot
which is Kirchhoff’s current law. It implies the conservation of current flow.

The above two laws, together with the voltage-current (V—I) relations of lumped ele-
ments such as resistors, capacitors, inductors, form the basic equations in circuit theory.
Nonlinear elements such as diodes and transistors can be added to further enrich cir-
cuit physics. Notice that in the static or direct current (DC) limit, taking the divergence
of (1.32) implies that V - J = 0. However, the current, by Helmholtz decomposition, can
be decomposed into curl-free (irrotational) and divergence-free (solenoidal) currents,
namely, J = J,, +J,- ltimplies that V - J, . = O but J,,, need not be zero. The DC current
J can be coupled to the magnetic field only, as in the super-conducting current loop case.
A current can flow in a superconducting loop to generate a DC magnetic field without
the need for an electric field to push the current along, viz., E = 0.

On the other hand, the DC current J can be a conduction current. In this case, ] = ¢E
where o is the conductivity of the medium in which the current is flowing. It couples
the electric field to the magnetic field via (1.32). Since V X E = 0, it follows that

J

Vx==0. (1.38)
c

V.J= (1.37)

By applying the above around a loop of resistors and using Ohm’s law that V' = IR, which
follows from E = 67!, we obtain

N
D IR, =0 (1.39)
i=1

which is Kirchhoft’s voltage law. Since by V -J =0, the current must be conserved
at every node (Kirchhoff’s current law), the above can be zero only if one or more of
terms I,R; is negative. One way that [;R; can be negative is to have a negative resistor
(see Figure 1.2). This can be understood by summing the above over a simple loop. In
the negative resistor, the current flows in the opposite direction to the electric field.
A battery can be modeled by a negative resistor. We can make the negative resistor
dependent on current to model a voltage source, or make it dependent on voltage to
model a current source.
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R; R, R R,

Rs<0 R3

Rs<0 JR

Figure 1.2 A negative resistor is needed in order for the total voltage drop in a loop to add up to zero.
A battery can be modeled by a negative resistor.

For some devices such as an inductor, the % term can be made large by concentra-
ting the magnetic field. In such a case, its V-1 relation is

V= L% (1.40)

which follows from Faraday’s law that states V X E = —0B/dt = —udH/ot. By studying
this law for a current loop, and using the fact that the magnetic field H can be related to
the current 7 in the loop, one can derive (1.40).

From V - J = 0, we derive Kirchoff’s current law, which is

1\[/

Y=o (1.41)
i=1
Similarly, for a capacitor, its charge storage capability is enhanced and the right-hand
side of (1.37) is non-negligible. In other words, the current is now coupled to the dis-
placement current. Then its VI relation is

I=C P (1.42)
where the right-hand side is due to the displacement current J,, = edE/ot.

From these circuit equations, one can also derive the telegrapher’s equations, which
describe the propagation of signals (or waves) on a telegraph line. These equations pre-
date Maxwell’s equations [88, 89]. By approximating a transmission line as a ladder of
inductors and capacitors (see Figure 1.3), one can easily show that

d/
AV ~ —AzL— 1.43
2L+ (1.43)

dv
Al ~ —AzC==. 1.44
2C; (1.44)
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LAZ \4 LAZ V+AV LAZ V+2AV
o 2288 Y, Yy
1 1| I+Al 1+2A1
CAZ —— CAZ —— CAZ ——
Y -Al
O O

Figure 1.3 Two pieces of wire constituting a transmission line can be approximated with a ladder of
inductors and capacitors.

In the limit when Az — 0, we obtain the telegrapher’s equations:

oV _ ;9 (1.45)
0z ot

and
o __coV (1.46)
0z ot

With this historical setting, it is inevitable that the missing displacement current in
Ampere’s law be discovered.

In general, in the low frequency regime, the electric field and the magnetic field are
weakly coupled through space, except via energy storage devices such as capacitors and
inductors where the electric field and magnetic field are enhanced, or via resistors where
the current and electric field are coupled. It is through the lumped elements that the
dynamic (0/0¢t) terms or the whole bounty of Maxwell’s equations are retained. This
gives rise to the richness of circuit physics even though the circuits may be confined to
a domain that is much smaller than wavelength.

Moreover, when the tiny objects are coupled to electronic devices such as transistors
and diodes, the physics of circuits is richly endowed, and wonderful electronic tech-
nology has emerged which allows the devices to be packed in miniaturized dimensions.
This is almost like the Alice in Wonderland story, where when one descends to nanome-
ter dimensions, one can see a whole different world of physics in action. This is also
reflected in the singularity of the electromagnetic dyadic Green’s function [78], which
is more elaborate than that of the elastodynamic dyadic Green’s function. There was an
avid interest in the dyadic Green’s function singularity [76, 77].

The electromagnetic field is related to the electric current by

E(r) = iou / G, 1) - J(t) (1.47)
where '

G(r,r) = <ig(r, r)+ V‘giﬁ) (1.48)
and 0

gr,v') = el (1.49)

" dxlr—r'|
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The second term is related to the electric field produced by charges in the system,
which is very important in the near field to the source or when capacitance physics is
important. The first term is related to the electric field produced by magnetic induction.
However, if we take the curl of the above equation to obtain the magnetic field via
H = V X E/(iwp), the second term disappears completely, yielding

H(r) = V x /g(r, r')J(r). (1.50)
v

Moreover, if the dyadic Green’s function acts on a divergence-free current, only the first
term, or the induction term, is important. Hence, the rich interplay between inductance
physics and capacitance physics occurs in the dyadic Green’s function.

In contrast, the elastodynamic Green’s function is

— _ ik, |r—1’| ik, |r—1’|

G, r) = 1 1 YV _e __1 V. e .
U k2 ) 4xlr—r'|  A+2u k2 4n|r—r|

It can be shown that the leading singularities produced by the VV term will cancel each

other, making its physics close to the source point quite different from that of electro-
magnetics.

(1.51)

1.6.2 Wave Physics

When the frequency is higher, the E and H fields are tightly coupled in space. As a con-
sequence, oscillatory behavior through space is possible. The oscillation comes about
due to the exchange of stored energies in the form of electric field and magnetic field.
In the early days, this was possible in a telegraph line where inductors and capacitors
coexist to enhance the magnetic field and electric field.

The wave physics regime is important for radio frequency (RF) and microwave when
the wavelength is on the order of the dimension of the objects. In the past, the optical
wavelength was usually much smaller than the size of the objects. However, wave physics
has recently been important in optics and nano-optics due to the advent of nanofab-
rication. It is now possible to fabricate objects on the order of optical wavelength or
smaller [90].

The wave physics regime is the regime in which the solutions to Maxwell’s equations
are the most difficult. The vector nature and the wave nature of the electromagnetic field
have to be accounted for. It is also in this regime that computational electromagnetics
plays an important role in seeking viable solutions to Maxwell’s equations.

The physics of waves is quite different from the physics of static fields. Waves can be
used to send information over along distance, as in communication, remote sensing, and
geophysical probing. However, a static field cannot be used to send information over a
long distance [87]. Hence, when we look at the moon through an optical telescope, we
can observe the fine details on the moon’s surface. The gravitational field of the moon is
a Coulombic or Laplacian field. If we observe the moon through its gravitational field, a
big blob with no detail is observed [87, 91].

It turns out that the presence of ¢dE/dt implies the existence of “capacitance” in space,
and the presence of pdH/dt implies the existence of “inductance” in space. Due to the
“smallness” of this phenomenon (because ¢ and y are small numbers), the velocity of
the wave is tremendous, given by ¢ =1/ \//E In other words, the coupling becomes
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significant only when E and H are varying rapidly with respect to time. For instance, for
the same wavelength, electromagnetic wave oscillates much more rapidly compared to
an acoustic wave.

The coupling allows the existence of electromagnetic waves even in vacuum. In
wave physics, both E and H are equally important since stored energies are exchanged
between them. When this physics exists, the yardstick is the wavelength A of the
electromagnetic wave at the pertinent frequency, viz., A = ¢/f where f is the frequency
of the field. When electromagnetic field interacts with objects that are on the order of
wavelength, wave physics is important. On the other hand, when electromagnetic field
interacts with objects that are much smaller than the wavelength, then circuit physics
predominates.

The aforementioned fact can be appreciated by eye-balling the scalar wave equation

2 ?¢ _
Ve — pe FYoi 0 (1.52)
which is valid for a Cartesian component of the electromagnetic field. When the field is
time harmonic, the above simplifies to

V2¢ + k2¢ =0 (153)

where k = @? ue. When an object is small, and is of length scale L, such that kL < 1, then
the field has to vary rapidly on the length scale L around the object in order to satisfy the
boundary condition on it. We can do a coordinate stretching transformation by letting
x=Lx',y =Ly,and z = Lz’ [92]. In other words, ', y’, and 2’ are of O(1) when x, y, and
z are of O(L). Consequently, V2 = V’? /L% where V' is of (&(1). For time-harmonic field,
the above becomes

V%p + K*L*p = 0. (1.54)
Therefore, if k2L? < 1, then the above equation becomes
V2 =0 (1.55)

which is just the Laplace equation describing the static (circuit) physics of electromag-
netics. On the other hand, if k2L? ~ 1, then the full wave equation has to be solved [93].

1.6.3 Ray Physics

When the frequency becomes exceedingly high, electromagnetic physics morphs into
another regime, making electromagnetic waves behave like particles. This is the ray
physics regime. In this regime, since the wavelength is very short, most electromagnetic
fields can be locally approximated by a plane wave. A plane wave can be thought of as a
ray. A ray bounces off surfaces and penetrates media very much like a particle. Surpris-
ingly, it is in this regime that the quantization of an electromagnetic field is important
[94], and that electromagnetic energy propagating through space should be thought of as
packets of energy [95-99]. In the ray physics regime, solutions are amenable to asymp-
totic approximations [100—105].

In the early days, optics was studied primarily with scalar wave equations: the polar-
ization effect of light was de-emphasized in those studies [106]. It was because light,
by its nature, is randomly polarized, hence washing out the importance of the vector
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nature of light. Due to the short wavelength of light, the concept of coherence comes
into play [107, 108]. A light may not be able to maintain the purity of its polarization
over long distances due to the short wavelength nature of light and the environmental
perturbation of the wave.

Ray Equations

In the extremely-high frequency limit, the wave equation can be further simplified. In
this regime, the wave that propagates through the medium is locally a plane wave. In
other words, the magnitude variation of the field in one direction is much more rapid
than the phase variation of the field in other directions. The dominant variation of the
field is in the phase. Therefore, we let [76]

P(r) = Ael™® (1.56)
where A is a constant. Substituting the above into (1.53), we have

Vz(r) = iwp(r)Vz(r) (1.57)
and

V- V() = {iwv%(r) — ? Vi) } B(x). (1.58)
Using the above in (1.53), we have

iwV2r(r) — w* (V1) + k*(r) = 0. (1.59)

At this point, (1.59) is still exact but nonlinear. However, we can solve (1.59) perturba-
tively by letting @ — oo. In this limit, we let

) =ty +o ' n@ -+, ©— oo (1.60)

If the series is used in (1.59), the w? terms in the equation balance each other, yielding a
leading order approximation that

[0V, @] = K1) = 05°(x) (1.61)
where s = k/w = 4/ pe is the slowness of the wave. The above equation can be written as
Vi, (r) = +s(r)8 (1.62)

where § is an arbitrary unit vector. The above equation can be integrated to yield the ray
passing through a point. This is known as the eikonal equation. Along the ray direction
or in one dimension, it can be written as

70(2) = £5(2). (1.63)

It can be easily integrated to yield
z
7o(2) = i/ dZ' s(z) + C,. (1.64)
2o

By collecting the first order terms, we have

iwV - Vz,(r) — 20V7y(r) - V7,(r) = 0. (1.65)
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The above is the transport equation. In one dimension, or along the ray direction, it can
be written as

it (2) - 27)(2)7.(2) = 0. (1.66)

The above can be solved to yield
7,(z) = %m @) +C, = %m s(z) + Cyy. (1.67)

Consequently, along the ray direction, or in one dimension, the solution to the wave
equation in a slowly varying inhomogeneous medium is

A, [ Al Y AR

¢(z) ~ — exp |iw s(z')dZ' | + — exp |—iw s(Zz') dZ'| . (1.68)
\/; zy % 2

The eikonal equation contributes to describing the phase variation of the field, while

the transport equation contributes to the 1/ \/E factor, which is important for energy

conservation.

Importance of Polarization Charges

When a light impinges on a dielectric interface, the Fresnel reflection coefficients for
TE (transverse electric) and TM (transverse magnetic) fields are quite different. This is
because for TM fields, a component of electric field normal to the dielectric interface
exists and gives rise to polarization charges. However, when the medium is slowly vary-
ing, and the frequency is high, these polarization charges are less important [76]. The
inhomogeneity at optical frequencies usually is with the dielectric permittivity e and we
can assume that the permeability y is a constant. We start with the vector wave equation
for magnetic field H, or

VxelVXH-o?uH=0 (1.69)

where a time-harmonic field is assumed with frequency . Using the vector identity, we
rewrite the above as

e 'WWXVXH+ (Ve )x VXH—-w?uH =0. (1.70)
If the field is locally a plane wave, then V = ik. If the permittivity is slowly varying, then
Vel is small. Only the first term and the last term are needed to balance the equation
when w — o0. Hence, the vector wave equation for high frequency and slowly varying
inhomogeneity simplifies to

VXxVxH-wueH = 0. (1.71)
Again, the above reduces to the scalar Helmholtz wave equation

where k? = w?pe.

1.6.4 Plasmonic Resonance

Even though we have attributed the resonance/oscillation behavior of an electromag-
netic field to energy exchange between E and H fields, there is an emerging technology
that relies on another physics for resonances; this is the field of plasmonic resonances.
In this system, the resonance is due to the exchange between the stored energy in the
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electric field and the kinetic energy of the electrons. In plasma, free electrons abound
such as in the ionosphere. In certain metal, such as gold and silver, the sea of electrons in
the metal behaves like plasma. It can acquire enough kinetic energy at high-enough fre-
quencies (optical frequencies) to exchange energy with that stored in the electric field,
giving rise to resonance behavior. In this regime, the permittivity of the material medium
is negative [74, 109], as shall be shown below.

One can easily show by Newton’s law that the acceleration of the electron due to an
applied electric field is given by

mx = gE (1.73)

where x is the displacement of the electron from the mean, m, is the effective mass of the
electron’, g is the charge of the electron, and E is the applied electric field. By assuming
a time-harmonic field, so that ¥ = —»?x, one deduces that

qE

x=— . (1.74)
m,w?

Since the polarization density P = n,gx, where n, is the electron density, one
deduces that

P=- E (1.75)

m,w?
Hence, using the fact that D = ¢,E + P, one gets

c—e (1_&> (1.76)

w2

where w, = \/n,q*/(m,¢€). In the above, the plasma medium becomes e-zero material

when w = o

Simple Drude-Lorentz-Sommerfeld Model

This is often just called the Drude model. Since Lorentz and Sommerfeld also made
significant contributions to this model, we will call it the Drude-Lorentz-Sommerfeld
model. To begin, we have

mi + L = qE 1.77)
T
p+2 =4k (1.78)
T
. p_
—iwp + = =¢qE (1.79)
T

where p = mx and I ~ p. Using the fact that the kinetic energy (KE) density of the elec-
trons is

KE = %neme(a'c)2 = %rzgmea)zx2 (1.80)

7 The plasma effect is also observed in some metallic nano-particles. In this case, the electron moves in a
lattice with an effective mass [98, 99].
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and that the displacement x is given by (1.74), one can show that at w = w,, the kinetic

p,
energy density is exactly equal to the electric field energy density [109], i.e.
2
KE = 1 90¢E” (1.81)
2 dw

Hence, at the plasma frequency, the material becomes e-zero, the velocity of the wave
is infinite, and all the electrons are in a time-harmonic motion but in phase with each
other. In other words, the particles move in unison and oscillate as a block; the medium
is in bulk plasma resonance.

When the frequency is below the plasma frequency, the material is e-negative, and the
wave is evanescent in the medium. This is because the electrons are light and agile; they
can shield the electromagnetic field by annulling its effect to induce positive polarization
current in a medium. However, above the plasma frequency, the inertia of the electrons
prevents them from following the rapidly-varying electric field; they lose their shielding
effect, and the electromagnetic field penetrates the plasma medium.

Surface Plasmons
When the plasma medium is e-negative, the kinetic energy storage is dominant. This
kinetic energy can be exchanged with the stored electric field energy. At an air-plasma
interface, when the electric field has a normal component to the interface, a strong
electric field is produced. The stored energy in the electric field of the charges can be
exchanged with the stored kinetic energy of the electrons, yielding surface plasmon
resonance. A surface plasmon mode can propagate on an interface with this energy
exchange.
The guidance condition for the surface plasmon can be derived by finding the pole of
the Fresnel reflection coefficient
R™M — €1ko, — €oky,

= 1.82
€1ko, + €oky, (182

where k;, = 1/k? = k, (i = 0,1) and k, is the wavenumber along the interface, and k;, is
the wavenumber normal to it. The pole of the reflection coefficient is obtained by solving
the equation

€.k, = —€pky,- (1.83)

Assuming that the medium is non-magnetic material, solving the above yields the guid-
ance condition that

€.k, = —€pky, (1.84)

which further gives

€€
k, = oy |20 (1.85)
€0+€1

This is the same as the condition for the Brewster angle, except that they are on different
Riemann sheets of the complex plane [76]. This is the rare case where an electromagnetic
wave can be guided by a single interface, whereas in elastic waves, single interface guided
waves exist as Rayleigh waves [110], and Stoneley waves [111].

Since the stored energy of electric field need not exchange with the stored energy of
magnetic field, plasmonic resonance can occur in nanoparticles even when they are
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much smaller than the wavelength. When an e-negative particle is immersed in an
electric field, much electric field energy is stored outside the particle. Hence, resonance
by exchanging its kinetic energy with the stored electric field energy can occur. The
resonance occurs despite the fact that the particle is much smaller than a wavelength.

If a dielectric spherical particle with a radius a is immersed in a long wavelength elec-
tric field, it has a dipole moment given by

€ — €

—_— 1.86
€, + 2¢ (1.86)

p = 4re a’E,
where ¢, is the permittivity of the particle. For an e-negative material, the denominator
of the above can become zero, giving rise to plasmonic resonance of the nanoparticle.
This is observed in gold and silver nanoparticles immersed in the optical field, where
the particles can be in tens of nanometers, while the wavelength of the optical field is in
hundreds of nanometers [90, 112, 113].

1.7 The Age of Closed Form Solutions

Maxwell’s equations have extremely high predictive power compared to many other
physical laws. The range of length scales and the range of frequencies over which they are
valid make these equations become the bedrock of many technologies. Moreover, since
many electromagnetic phenomena are linear, Maxwell’s equations are relatively simple
to solve compared to many other physics equations. By comparison, fluid equations are
nonlinear, and often break into turbulence when loss or viscosity is considered [114].

Hence, there has been great interest in finding closed form solutions of Maxwell’s
equations. These closed form solutions offer researchers physical insights into the inter-
actions of electromagnetic fields with simple shape objects [115-118].

The derivation of closed form solutions was preceded by mathematical knowledge in
the field of fluids and acoustics that predated electromagnetics. In fluids, non-turbulent
flows are amenable to closed form solutions, such as high viscosity flow (low Reynolds
number) and Helmholtz flow. In fluids, the onset of turbulence is due to the existence
of viscosity. In an ideal fluid with no viscosity, called inviscid fluid, turbulence cannot
occur, and closed form solutions can be found [114]. Also, the acoustic wave equation,
which is scalar and linear, is also amenable to closed form solutions. Many special
functions and mathematical knowledge of ordinary differential equations were derived
before Maxwell’s equations [116]. Hence, they helped set the stage for deriving closed
form solutions for electromagnetics.

1.7.1 Separable Coordinate Systems

The early closed form solutions were obtained by objects in separable coordinate sys-
tems for which the separation-of-variables technique applies. For example, scattering
solution of a sphere can be obtained in the spherical coordinate system. Solutions
to Maxwell’s equations are derivable from solutions to the scalar wave equation. The
solutions to the vector wave equation in spherical coordinates can be expressed by the
derivatives of two scalar Debye potentials. The Debye potentials are in turn solutions to
the scalar wave equation in spherical coordinates [113, 119].
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The scalar wave equation in spherical coordinates can be expressed by separation of
variables into solutions of the spherical Bessel equation, the Legendre equation, and
cylindrical harmonics. These functions together are called spherical harmonics. When
the solution is expressed in terms of a summation of series involving spherical harmon-
ics, it is called the Mie-series solution [113].

When the sphere size is small compared to wavelength, the approximate solution,
the Rayleigh scattering solution, can be obtained [120]. It provides insight that a wave
experiences more scattering when the frequency increases, hence, explaining why the
sky is blue and the sunset is red. When the scatterer is comparable to wavelength, the
solution is computed via the Mie scattering solution. A typical Mie-series solution has
Debye potentials that are of the form

[oo] n
O, =Y Y a,,h (kr)P(cos )e™? (1.87)
n=0 m=-n
where a,,, is selected to match boundary conditions. The above solution is given in
the frequency domain, or the Fourier transform space where the time dependence is
exp(—iwt). The spherical Hankel function of the first kind, 4. (kr), is chosen to corre-
spond to an outgoing wave at infinity, P’ (x) is a Legendre’s polynomial, and r, 6, and
¢ are variables in the spherical coordinate system. For an incident wave, one would
replace the spherical Hankel function above with spherical Bessel function j,(kr) [121].
These special functions are often discussed in standard textbooks in electromagnetics
(74, 122-126].

The scattering solution of a cylinder can be obtained in the cylindrical coordinate
system. Again, the solution to the vector wave equation in cylindrical coordinates can be
derived from two scalar potentials representing the transverse® electric and transverse
magnetic waves. The solution is expressed in terms of the cylindrical Hankel function
Hf,l)(kp), and Bessel function J,(kp) and cylindrical harmonics €. Other closed form
solutions are possible by similar reduction to scalar wave equations, when such solutions
are available, e.g., in spherical coordinates, elliptical coordinates, etc.

In addition to the scattering problems, the inside-out solutions of cavity resonances
in spherical coordinates, waveguide solutions of a cylinder can be derived by similar
mathematical techniques. The above solutions can also be generalized to layered media.

A quirky problem is the case of the cavity resonances of a cuboid formed by per-
fect electric conducting wall or perfect magnetic conducting wall. While the inside-out
problem is separable and can be solved in closed form, the outside-in scattering problem
of a cuboid has no closed-form solution. The same case applies to a rectangular waveg-
uide that has a closed form solution, while the outside-in problem has no closed form
solution.

1.7.2 Integral Transform Solution

Other important problems with closed form solutions using integral transform tech-
niques include the solutions of a point source on top of layered media, which were used
to explain the propagation of radio wave over the layered earth. This problem was first
solved by Sommerfeld [127]. The field due to a point source can be expanded in terms

8 Transverse here implies transverse to the axial direction of the cylinder.
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of plane waves, which can be easily propagated through the planar layered media. An
important mathematical identity to this end is the Weyl identity [128]

eikor 1k x+ik,y+ik, |z|
. / / dk.dk, S (1.88)

where k? + k2 + k2 = kg, or k, = (kj — k} — k7)'/>. It expands the spherical wave due to a
point source in terms of plane waves emanatmg from the z = 0 plane. Both propagating
and evanescent waves are included in the above expansion. The double integral above
can be reduced to a single integral using the integral representation for Bessel function,
yielding the Sommerfeld identities [76]

ikyr 00 k . : © k .
ey / dk, (ke = = / dk, ZZHY (,p)e (1.89)
0 z -0 z

r

where p = 1/x? + y? and k, = 1/kZ + k;. The above identity was first used by Sommer-

feld to solve for the solution of a point source over a half-space. The transform inte-
grals thus obtained are known as Sommerfeld integrals. Various kinds of potential were
defined to solve this problem. It was later generalized to layered media using the Kong
formulation with just E, and H, components of the electromagnetic fields [129].

Similarly, when a point source field is expanded in terms of cylindrical harmonics,
or spherical harmonics, they can be propagated through layered cylinders or layered
spheres.

Another problem of great importance with a closed form solution is the Sommer-
feld half-plane problem [130-132]. While this problem is deceptively simple, it resists
a closed form solution unless the Fourier transform technique is applied. When the
Fourier transform technique is applied with the Wiener-Hopf technique [133], a closed
form solution in terms of an integral is obtained’. The Wiener-Hopf technique is used to
deconvolve a function that has semi-infinite support and the convolved result is known
only over semi-infinite support. A typical problem of this type can be written as

D (x) = g(x) = j(x) = —D,(x), x>0, (1.90)

jx) =0, x<0 (1.91)

where s implies a convolution. In the above, ®,(x), which represents the incident field,
is known for x > 0 while j(x) is unknown to be solved with a support for x > 0. The
above integral equation is a special class of the integral equation that can be deconvolved

using the Wiener-Hopf technique, which seems like a lost art. The final solution to the
Sommerfeld half-plane problem can be expressed in terms of the Fourier integral as

D, (x,y) = ek + k) / B L dk (1.92)
o 2zi (k, = Kk, + Rtz '

where the incident field is e, ™, k = w/c, and k2 + k} = k2.
When asymptotic expansion using the contour deformation technique and the
method of steepest descent is performed on the Fourier integral, the physics of the

9 Sommerfeld obtained his own solution by inspection, which is quite different from the Wiener-Hopf
technique, but his method cannot be generalized.
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scattering of a plane wave by a half plane can be elucidated. One can clearly see the
contribution of edge diffraction, specular reflection, and the existence of reflection
boundary and the shadow boundary in the above solution. This problem forms the
canonical solution that explains the high-frequency scattering physics of a half plane.

1.8 The Age of Approximations

Many closed form solutions are in terms of integral transforms, or a summation of series.
For instance, the solution of the point source on top of layered media is in terms of
the Sommerfeld integral, which offers little physical insight into the problem. However,
when the frequency is high, asymptotic approximations can be derived so as to offer
more physical insight. This was done for the Sommerfeld half-plane problem, but it can
also be done for the Sommerfeld integrals.

1.8.1 Asymptotic Expansions

While the asymptotic expansion for the half-plane problem could be easily obtained
due to the simplicity of the integrand, it was more difficult to obtain the asymptotic
solution to the Sommerfeld integrals for layered media. This was due to the presence
of poles corresponding to guided waves and leaky waves in the integrand. The presence
of branch cuts can be related to lateral waves, or surface waves [76, 134, 135]. A typical
Sommerfeld integral is

3

= K o ik |zl | BTM ik, z+2ik_d
= Snwel/ dk,,—leO (k,p) [e =12 4 Ry et 1] (1.93)

1z
-0

1
where k,, = (ki — k2)2, and k} = @?u,€; which is the wave number in Region 1. In the
above, R™M is the generalized reflection coefficient given by

2i/<t (dt _d,)
T; 1Ry iy Tiyq €7 e %m

Ry =R + (1.94)
ii+1 ii+1 = Sik. (d..—d .
I =Ry iRy 008 Kiva (i =)
_ pkepik, _ _ _
where R; = k. T;=1+R; p;=¢; for TM waves and p; = y; for TE waves.

Furthermore, k;, = 4 /ki2 - kg. It appears that there is a branch point at k, = k; for each
of the layered media, but it can be proved that the branch point exists only for the
first and the last layer [76, 135, 136]. It is a beautiful harmony between physics and
mathematics as the branch points correspond to space waves that can only exist in the
first and the last regions.

One important lesson to learn from the exercise of deriving asymptotic expansions for
spectral integrals that follow from the Sommerfeld problems is that the approximations
are associated with critical points on the complex plane: poles, branch points, saddle
point (stationary phase point) [76, 137]. When the far field can be approximated by
a simple critical point, simple ray-optics physics follows. However, when the critical
points start to merge on the complex plane, the approximation of the spectral integral
with simple functions becomes difficult and special functions have to be used [76, 137].
This usually corresponds to observation points near the shadow boundary, reflection
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boundary, or caustics, where simple ray optics does not work. Uniform asymptotic
approximations have to be designed in the vicinity of such boundaries [101-103, 138].
Since integrals are amenable to asymptotic expansions, even when a series solution,
such as a Mie-series solution, is obtained, attempts will be made to express it into
an integral by Watson’s transformation to facilitate its asymptotic approximations
[135, 139-141]. Watson’s transformation elucidates the physics of the creeping waves,
as well as the radiation from the lit-shadow boundary, which can be corrected with the
incremental length diffraction coefficient [142].

Approximate asymptotic solutions offer physical insight not available with many
closed form solutions. They have also motivated other asymptotic-based approximate
solutions to many problems [100]. This was because the cases of solvable geometries
were quickly exhausted by researchers. However, there was still a quest for solutions
of more complex geometries to increase the predictive power of theoretical modeling
of physical problems using mathematics. Nevertheless, many problems have no closed
form solutions and are amenable only to approximate solutions.

1.8.2 Matched Asymptotic Expansions

A notable approximate method is the method of matched asymptotic expansions [92].
It was used in fluids to solve many boundary layer problems, involving the problems of
different length scales. For instance, when fluid flows near a surface, the fluid velocity
varies rapidly normal to the surface compared to the tangential direction. For this type
of problem, it can be divided into an inner solution and an outer solution. Coordinate
stretching technique is used to emphasize the variation of the fluid normal to the surface
when one seeks the inner solution. For the outer solution, the inner solution provides
an effective “boundary condition” for it [143].

One can view the Rayleigh scattering solution of a small particle [120] as a simple
matched asymptotic solution. When one is close to the particle, which is much smaller
than a wavelength, electrostatic physics prevails. The field is rapidly varying in the vicin-
ity of the particle, but an electrostatic solution is sufficient to capture the interaction of
the field with the particle. Hence, one can solve a static problem in the vicinity of the
particle, to derive the induced dipole moment by a field. But far away from the particle,
the radiation field of the particle is important to produce wave physics results. Hence,
one can match the far field solution to obtain the dipole scattering strength [74].

A place where matched asymptotics is useful is in the WKB (Wentzel, Kramers, Bril-
louin) [144-146] solution in an inhomogeneous profile by assuming that the profile is
smooth, and that the frequency is high [76]. If the profile is becoming optically less dense
(decreasing refractive index profile) as the wave penetrates into the medium, eventu-
ally, at one point called the turning point, the wave will be refracted back and totally
reflected by total internal reflection (Figure 1.4). At the region before the turning point,
it can be described by ray optics. At the region beyond the turning point, the wave can
be described by the evanescent wave of total internal reflection. However, at the turning
point region, only a special function can be used to describe the field. In this case, it is
the Airy function [121]. Solutions can be written down in each region, and asymptotic
matching is used to find the coefficients of the solution in each region. The turning point
region is where ray optics breaks down, because of the convergence of the rays into a tiny
region. This is a caustic region [76].
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Figure 1.4 In an inhomogeneous profile with decreasing index, the ray will be continuously refracted
until it turns around at the turning point.
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Figure 1.5 Matched asymptotics can be used to find the solution of the capacitance between two
disks. The solution is divided into edge solution near the edge, inner solution between the plate, and
outer solution outside the two plates.

Another place where matched asymptotics has been used is to find the capacitance
of the two circular parallel plates. When the separation between the two plates is small,
the solution near the edge, or the edge solution, is rapidly varying, and is quite different
from the solution in the region between the two parallel plates, or the inner solution, and
outside the plates, or the outer solution (see Figure 1.5). The solution near the edge can
be obtained by coordinate stretching when 6 = d/a is small. After coordinate stretching,
the edge solution to leading order is similar to the solution of a straight edge which
can be solved by conformal mapping or the Wiener-Hopf technique [133]. The outer
solution can be easily sought. The first approximate solution to such a problem was
obtained by Kirchhoff [147] heuristically, but was correct asymptotically:

neya’
C~

+ ¢yalog (f_i) + ¢ya (log 87 — 1), Z -0 (1.95)

where 2d is the separation of the disks, and 4 is their radii. It was generalized to the case
of two disks separated by a dielectric slab by Chew and Kong [148]. The formula in this
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case is

ne €ya* teal (a )
2d OB\

- [(1—¢€\"
+€ya llog8—1—2€,2 <1+€ > logn + (e, — l)log2+€,log7r] ,

n=1 r

d - 0. (1.96)
a

The Wiener-Hopf method was used to find the edge solution in the above problem. The
above reduces to Kirchhoff’s formula when ¢, = 1.

Leppington and Levine [149] obtained a correction to Kirchhoff’s formula, and Shaw
[150] further refined the correction given by

2
e

2d

eod d\|° d
+eoalog<g>+€0u(log8n—1)+;—”[log(%>], ;-’0-

(1.97)

C~

The conformal mapping technique [151] was used to find the edge solution since a
dielectric slab was absent.

A formula to the same order of approximation as Shaw’s formula has also been given
by Chew and Kong in [152] when a dielectric slab is present.

~ﬂ€'€0az + ¢palog (Z) + eya (log8r — 2+ A)
2d d
+g{[log(%> A—1]2—2}, g—>0 (1.98)
where
A=—2€,i<1_€')nlogn+(er—1)log2+€,log7r+1. (1.99)
“\1l+e,

When €, = 1, the above reproduces Shaw’s formula but with a correction term to her
formula.

A similar formula for capacitance per unit length of two parallel strips, with width
w separated by a dielectric slab of thickness d, has also been derived in [148] with an
improvement in [153]. It is

€,6W € [ w ] 2¢yd [ w 1] w
N0 D og () 4 A log(“)+a-=|, ¥
¢ 2d +7T og(d>+ +u)7r2€r Og(d)+ 21" ~
(1.100)

When €, = 1, the first two terms reduce to the result of Michell, Bromwich, and Love
[154—156]. The higher order correction to the above is an improvement over Shaw’s
formula [150].

The matched asymptotic technique has also been generalized to find the resonance
frequencies and guidance condition of a microstrip line where wave physics is included
in the outer solution while static physics is involved in the edge solution [157, 158].
The matched asymptotic expansion method has also been applied to understand the
interaction of electromagnetic field with electrical double layer in electrochemistry.
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Figure 1.6 The occurrence of a thin double layer outside a charged particle makes the problem
suitable for matched asymptotics analysis [10].

It helps explain the dielectric dispersion and electrophoretic properties of colloidal
suspension of particles in ionic solutions [10, 159-161]. For instance, when a positively
charged polystyrene particle is immersed in an ionic solution, it acquires negative
counter-ion charges on its surface, forming a thin double layer. The thin double layer,
where the ionic density varies rapidly, is the inner solution of a matched asymptotic
analysis (see Figure 1.6).

1.8.3 Ansatz-Based Approximations

When a scatterer is very complex, a high frequency scattering solution can be motivated
by physical insight derived from asymptotic approximations of closed form solutions.
The approximate solutions can be derived based on an ansatz. It is assumed that at high
frequencies the dominant contribution of a scatterer comes primarily from important
critical points (see Figure 1.7). Moreover, the scattering phenomena are localized, mean-
ing that the scattered field will come from localized points on surfaces, edges, vertices
[100, 162—164]. At high frequencies, the specular reflection from an object is of lead-
ing order whereas the scattered field from edges and vertices are of increasingly higher
order or weaker.

Since in ray physics the interaction of the field with the object is local, one can use
canonical solutions such as the Sommerfeld half-plane solution to ascertain the ampli-
tude of the scattered fields from the critical points. By studying Watson’s transformation,
one can understand the physics of the surface or creeping wave contribution on a curved
surface. On a convex curved surface, the surface wave is radiative, meaning that it sheds
energy as it creeps on the curved surface. Hence, it decays along its creeping direction,
implying that in the high-frequency limit, their contributions are exponentially small,
but in the twilight zone between wave physics and ray physics they may be important. In
the high frequency limit, in the order of importance, the scattering events are: specular
reflection, edge diffraction, vertex diffraction, and creeping wave.
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Figure 1.7 The essential physics of high-frequency scattering is controlled by critical point reflections
and diffractions.

Moreover, many ray-optics approximations break down near shadow boundaries and
caustics. Uniform solutions with the help of special functions and asymptotic matching
are needed for solutions in this region [142].

1.9 The Age of Computations

The untenability of many problems in order to meet the demand of science and tech-
nology developments calls for new mathematical modeling methods of solving intri-
cate equations with complex geometries. Numerical methods were the most promising
general purpose methods to solve nonlinear differential equations involving elaborate
geometries.

During the Second World War, a bevy of women were hired to do numerical comput-
ing by hand, but it was far too laborious. These women were actually called computers.
Hence, there was a pressing need to use machines to replace humans as computers
[165, 166]. Mechanical computing machines have been around for a while, but they were
not feasible for high-speed computations [167]: machines with moving parts were slow
and too unwieldy. Therefore, the electronic computer, with no moving mechanical parts,
that promised high speed computation was developed in 1946 (Eniac) [168, 169] and an
all-transistor computer was developed in 1951 (Illiac) [170].

The invention of the computer heralded in a new era and motivated many researchers
to investigate alternative methods of solving sophisticated problems. In engineering,
many researchers were using the finite element method (FEM) and the finite difference
method (FDM) to solve complex engineering problems [171-178]. The final equation
becomes a sparse matrix equation that is best solved by numerical methods and method-
ically by machines.

The basic equations describing many science and engineering problems involving
fields, such as fluid dynamics and electromagnetics, are partial differential equations.
These partial differential equations can be linear or nonlinear. The fields are functions
of space as well as time. When the problems are nonlinear, they need to be solved in
their original form in the time domain.
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However, if the problem is linear, the Fourier transform technique can convert
these equations from the time domain to the frequency domain. When the frequency
is fixed, then the fields are functions of space alone, making them easier to solve.
Furthermore, for linear problems, one can define a Green’s function to further convert
the differential equations into integral equations by using the principle of linear super-
position [122, 123]. Consequently, numerical methods for solving integral equations
have become important and popular [179, 181]. It is important to note that reduction
to the frequency domain and integral equations is only possible for linear problems.
It is, however, possible to solve a nonlinear problem in the frequency domain by
considering multiple frequencies simultaneously, and to use the harmonic balancing
method [182-185] to seek the solutions.

Numerical methods can be easily developed for linear problems. When a non-linear
problem is encountered, it is linearized, and then an approximate solution is sought and
iterated until convergence is reached. This is a Newton related method. In one dimen-
sion, this is called the Newton-Raphson method, while in higher dimensions, it is called
the Gauss-Newton method or by other variants [186—188].

For inhomogeneous media, the electromagnetic equation reduces to

-1 0°E 0]
VXu VXE+€0t2 =3
Finite element or finite difference techniques can be applied directly to solve the above
equation in the time domain. These techniques can be applied to nonlinear problems as
well, for instance, when € or p are functions of E or H. However, if the problem is linear,
then the above equation can be transformed to the frequency domain and it becomes

V X 'V X E — 0*E = iw). (1.102)

(1.101)

The above can be rewritten as
LE = iw] (1.103)

where L is a linear operator. This equation can be solved with the finite-element fre-
quency domain method or the finite-difference frequency domain method.
By rearranging terms, the above equation can be rewritten as [76, 123]

V X /,t(;IV X E — a)zeOE =iw] — w2(€0 —e)E+ VX (,ua1 - HV XE. (1.104)
Assuming that y,, is a constant, it can be multiplied through the equation to arrive at

V X V X E — 0?pye,E = iou,) — o®py(ey — €)E + pyV X (,u(;1 —uHV xE.
(1.105)

Now if we have a closed form solution to the following equation
VX 45!V X G(r - 1) — 0”6 G(r — ') = 15(r - ') (1.106)

the solution is the point source response to the vector wave equation [72, 77]. Using the
principle of linear superposition, we can treat the right-hand side of (1.105) as sources,
and write down the solution of it as

E(r) = iou, / dr'G(r—r') - J(t') — &’p, / dr'G(r - 1) - [, — e(r)| E(r')

+ fo / drGr—r) -V X (5" = u(@)™| V X E(r)). (1.107)
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The above equation can be simplified further if needed. Assuming that J is known, the
first term on the right-hand side can be regarded as the incident field on the inhomo-
geneity, and then the above is an integral equation for the unknown E. We can rewrite
the above as

E=E_+L,E (1.108)

mnc

where L, represents the integral operator associated with the second and the third terms
on the right-hand side of (1.107).

Since the unknown is inside the integral as well as outside the integral, it is an integral
equation of the second kind. Moreover, it is a volume integral equation, and the inte-
gration need only be over the domain where ¢, — e(r’) and u, — (1) are non-zero. So
if the scatterer is of finite support, this domain is finite. The unknown E needs only to
be solved over a smaller domain compared to the original differential equations [76, 93,
179, references therein]. The early concepts were formulated in 2D [180] and gradually
evolved to 3D.

If the domains are piecewise homogenous, then the vector Green’s theorem can be
used to derive integral equations where only surface unknowns are needed [189]. The
support of the unknown domain is even further reduced. These are surface (or bound-
ary) integral equations. The number of unknowns is greatly reduced, beating the cruelty
of dimensionality that shall be discussed later.

1.9.1 Computations and Mathematics

Mathematics is useful for classifying partial differential equations (PDEs) that are
encountered in electromagnetics. For electromagneitcs, when the equations involve
no derivative in time, the PDEs are considered elliptic. Such PDEs cannot propagate a
singularity such as the Laplace’s equation or the Poisson’s equation. The field solutions
of such equations are highly smooth. When the PDEs involve the first-order derivative
in time only, such as the diffusion equation, they are classified as parabolic. These
equations only evolve in one direction in time: the singularity can only propagate
forward in time. When the PDEs involve the second-order derivatives in time, such as
the wave equation, they are classified as hyperbolic. Such equations can propagate the
field or singularity both forward and backward in time [190, 191].

Partial differential equations need to be solved with boundary conditions in order to
guarantee unique solutions [192]. However, when internal resonance solutions exist,
uniqueness is not guaranteed. Internal resonances can exist in wave-like solutions. Both
hyperbolic and parabolic equations can have wave-like solutions. Internal resonance
corresponds to a homogeneous solution without excitation, and hence, is equivalent to
the existence of a null space solution. The solution is non-unique for PDEs when such
resonance solutions exist.

Derivation of Integral Equations
When a problem is cast into an integral equation, the Green’s function becomes the
kernel of the integral equation. For example, in the integral equation

/ dr'g(x, v')f () = h(r) (1.109)
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where g(r,r’") = exp(ik|r — r’|) is the Green’s function and also the kernel. For wave
problems, k # 0, and the Green’s function is oscillatory. The oscillatory nature of
the Green’s function implies that it can send information over a long distance. For
static problems or low-frequency problems, k = 0, and the Green’s function is smooth
(non-oscillatory); it cannot send information over a long distance [87]. These two
distinct physics affect how these integral equations can be solved. Internal resonances
can affect integral equations to give rise to non-uniqueness in their solutions, just as
for differential equations [193—208]. An excellent review was given by Peterson [204].
Most problems are linear problems in electromagnetics. In the case when the problem
is nonlinear, it is linearized and solved iteratively as a set of linear problems. For instance,
differential equations and integral equations in electromagnetics are often linear. Hence,
we shall discuss next the numerical methods to solve a linear equation [76, 93, 179].

Subspace Projection Methods
We can describe a general linear problem with a linear operator equation

Lf =h (1.110)
Lf,=h, (1.111)

where L represents a linear operator. The second equation is the auxiliary equation,
which is discussed in conjunction with the first equation. It represents a differential
operator in the case of differential equations, while it represents an integral operator
for integral equations. In mathematical notation, one often writes £ : V' — W, mean-
ing that it is a linear operator that maps elements of the vector space V' to the elements
of the vector space W, where V is known as the domain space and W the range space
of the operator L.
For a differential operator, an explicit form may be

(V*+ k%) f(x) = h(r) (1.112)

which is the Helmholtz wave equation or the frequency domain version of the wave
equation. A boundary condition and a loss condition have to be stipulated in order
to make the solution to the above equation unique. The Laplacian operator V2 can be
proved to be a negative definite operator because by using integration by parts or using
the fact that V - (fVf) = (Vf)? + fV%f, we have

(f,Vf) = / drf (r)Vf (r) = — / dr(Vf(r))* + / dS - f(r)Vf(r). (1.113)
\%4 %4 S

When f(r) satisfies the appropriate boundary condition on the surface S, the second
term on the right-hand side disappears and the first term is always negative for real f(r).
Hence, for real k%, the operator V2 + k? is indefinite, implying that it can have a null
space. This null space corresponds to the resonance solution of the wave equation.

For an integral equation, an explicit form is given in (1.109). These equations are not
amenable to computation. They are equations in infinitely dimensional Hilbert space
with uncountably infinite indices. To make them computable, we find a subspace in
which an approximate solution of the above equations can be found, and then project
the solution into this subspace. This process can be methodically described as follows.

We choose a basis set with N basis functions f,,# = 1, - - -, N that spans the subspace
that can approximate the domain space of the operator. We expand the unknown f in
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terms of the basis functions in this subspace, and the auxiliary unknown f, in terms of
the auxiliary basis functions, namely

N

f@) = Z a,f,(r) (1.114)
i

£ =Y afim (1.115)
n=1

The linear operator equation can then be written as

N
Y a,Lf,=h. (1.116)
n=1

The above equation can only be approximately satisfied since we have picked a finite
number of basis functions. Moreover, the solution to (1.116) is still untenable. To make
it more easily solvable, we convert (1.116) into a matrix equation by weighting or testing

the equation with w,,(r),m =1, - -, N. Consequently, we have
i%(wm,%) =(w,,h), m=1,---.N (1.117)
n=1
where the inner product is defined by
{u,v)y = /u(r)v(r). (1.118)
The above equation (1.117) implies that it can be exactly satisfied if we project (1.116)
onto a subspace spanned by w,,(r),m = 1,- - -, N. Recent research has shown that if the

testing functions w,, are chosen from the dual space of the range space, the above can be
a good approximation or matrix representation of the original operator equation [210].
The dual space can be larger or smaller than the range space.

Equation (1.117) now constitutes a matrix equation

L-a=h (1.119)
L),y = (W, LS, (1.120)
(@), =a, (1.121)
h),, =(w,,, h) (1.122)
L-a=h, (1.123)
(L), = (w0, Lf,) (1.124)
@), =a, (1.125)
(h,),, = (w,,. &) (1.126)

In the above, the choice of the testing function is determined by the auxiliary equation
[76]. The testing function should be chosen so that the auxiliary equation is solved accu-
rately, whereas the choice of the expansion or basis function is to solve the primary
equation accurately. The auxiliary equation is the adjoint or the transpose of the origi-
nal equation where the range space and the domain space are swapped. It can be shown
that the left domain space of an operator is the dual space of the range space. Hence,
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if the testing functions solve the auxiliary equation well, they can well approximate the
left domain space of the original operator, which is the dual space of the range space of
the original equation. This is in agreement with the aforementioned recent findings.

The above procedure of converting the operator equation into a matrix equation is the
underpinning method behind the finite element method, or the method of moments.
They are variously known as Galerkin’s method, Petrov-Galerkin’s method, method of
weighted residuals, collocation method, and point matching method [212-214]. How-
ever, they are all subspace projection methods [215, 216].

When £ is a differential operator, the matrix L is sparse because a differential operator
is a local operator. However, when L is an integral operator, the matrix L is dense. In
differential equations, the unknown is the field that permeates all of space. Hence, the
unknown count is usually larger in differential equation solvers. However, they come
with sparse matrix systems that are cheaper to solve and store.

For integral equations, the unknown is the induced current on the scatterer. Hence, the
unknown count is smaller since the current resides only on or in a scatterer with finite
support. However, the ensuing matrix system is dense and is hard to store. Moreover,
the matrix assembly of forming the matrix elements

(W, L) (1.127)

is tedious since the operator involves singularities that have to be evaluated with care
(217, 218].

1.9.2 Sobolev Space and Dual Space

Since many quantities (fields and currents) in electromagnetics correspond to finite
energy, they are square integrable over a finite volume. In mathematical parlance, these
quantities live in the L2 space. For instance,

/|E(r)|2dv < o0 (1.128)
14

for physical reasons. Hence, E(r) lives in the L2 space. However, the above is not specific
enough to describe the space in which E lives. Since V X E produces the magnetic field
H, which must have finite energy and hence, the square integrable E lives in a space
where itself plus its curl are square integrable. We can define such a space to be

H(curl)={E€ L2 : VXE € L2}. (1.129)

Spaces where the function is in Lp as well as its certain-order derivatives are also in
Lp are known as Sobolev spaces. The particular Sobolev space above is also called curl
conforming space. A Sobolev space imposes smoothness constraint on a function, and
hence, it is a smaller space than L2.

What kind of space does J live in? If ] is physical, then its divergence exists since from
the continuity equation, V - J = —iwo where ¢ is charge density. Since both the current
density J and the associated charge density g are finite energy functions that are square
integrable, J lives in the space

Hdiv)={J€L2:V- -Jel2). (1.130)
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Given an inner product (f, /1) that exists where / is chosen from a vector space V, then
f is said to live in the dual space of V. For instance, in electromagnetics, the reaction
(E,J) always exists corresponding to a physical E field and a physical current J. If all
physical currents live in a space V, then E must live in the dual space of V.

Iterative Methods

When the unknown count is large, the matrix L is never generated. Instead, iterative
matrix-free methods in numerical linear algebra are used to solve the matrix equation.
Iterative methods can be made matrix-free because one needs only to write a code to
produce the result

L-a (1.131)
namely, the result of the action of a matrix on a vector, but not the matrix itself. For
sparse matrices, this action can be effected with () operations. For dense matrices,
it costs O(N?) to effect this action. However, various fast solvers have been developed
that allow this action to be effected in O(N) or O(N log N) operations [115, 219-224].

When it comes to solve a matrix equation iteratively, numerical linear algebra plays
an important role [225]. The condition number and the distribution of the eigenvalues
of the system matrix determine the convergence rate of iterative methods. The Krylov
subspace method [225-228] is a popular way to understand the convergence rate of iter-
ative methods. In this method, one finds the solution to the matrix equation by finding
the best fit solution in a subspace called Krylov subspace

ICK(Er)={r A-r Kz-r KK_I'r} (1.132)
>0 0 0 0> ) 0 .

where r, = h — L - a, where a, is the initial guess to the solution. Thus, r, is the residual
error in the first iteration in the method. The above Krylov subspace can be generated
by performing a K — 1 matrix-vector product with the matrix L on the vector r,,. The
method finds the optimal solution at the Kth iteration, ay, by letting it be a; = a; + z,
such that z; € KX(L, r,). By doing so, the residual at the Kth iteration is
ry=h-L-a,
— I —K
=r,—L-zp € {rO,L-rO,L 1y, ,L -ro}
€ LKL, xy). (1.133)

In other words, the residual error that is to be minimized can be written as

— =2 —K
re=ry+aL-rg+al -ryg+---+al -x

K
—k —
=y L -1y =Po(L) -1, (1.134)
k=0
where Py (x) is an optimal polynomial with &, = 1, and the coefficients a;, - - - , ay are

chosen to minimize ry.
To understand the convergence of the above matrix polynomial, we expand r, in terms
of the left and right eigenvectors of L, or [229-233]

N
r, = ZV” (W, 1p) (1.135)
n=1
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where v, is the right eigenvector, while w, is the left eigenvector. They can be shown to
share the same set of eigenvalues, and are mutually orthogonal. Thatisw,, -v,, =4,
Therefore,
L-v, =4y, (1.136)
w. L =4,w (1.137)

where the eigenvalue A, can be complex. We can easily show that

Ty = Z Ay (wh - (1.138)

By substituting the above into (1.134), we have

N
Iy = z Z aklﬁvn (Wfq “Ty) = Z PIO< 4,)v, (W; ‘1) (1.139)
n=1 k=0 n=1
K _
k=2 L x = Z ¢ (4,) v, (W), - X0) (1.140)
k=0
=h-1L-a (1.141)
=
r,=r,+aL-r, (1.142)

It is seen that the residual error in the Kth iteration is proportional to the optimal
polynomial P¢(4,) at the N eigenvalues 4,. If K = N, a polynomial can be found such
that P} (4,) is exactly zero at all these eigenvalues, meaning that the residual error is zero.
When K is less than N, if the eigenvalues are clustered together on the complex plane,
the residual error can still be made small. Since the polynomial has a value such that
P2(0) = 1, if there are many eigenvalues near the origin, it is difficult to fit the polynomial
so that it is small close to the origin.

1.10 Fast Algorithms

Due to the increased workload of numerical methods when the scatterer becomes elec-
trically large (large compared to wavelength), there has been much interest in fast meth-
ods to solve the ensuing matrix equations derived from Maxwell’s equations.

Differential equation solvers naturally give rise to sparse matrices. The solution pro-
cess can be made matrix-free easily. The down side is the existence of grid dispersion
error whose deleterious effect increases with the size of the problem [234]. In this case,
the effort has been in reducing the unknown counts as the unknowns are fields that per-
meate space pervasively. Also, accuracy improvement is necessary to mitigate grid dis-
persion errors. A higher-order method is used to reduce unknown counts, but with the
peril of reducing the sparsity of the matrix. Also, the unknowns in differential equation
solvers grow with the volume of the simulation region, and hence sufter from the cruelty
of dimensionality as we shall discuss later.

Methods to invert the finite-element matrix directly have been studied extensively.
Because of the sparsity of the FEM matrix for differential equations, it can be directly
inverted in O(N'®) in 2D and O(N?) in 3D by the nested dissection ordering method
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[235, 236]. Moreover, for domains where the shapes are oblong, frontal method proves
popular in inverting the finite-element matrix [237, 238].

Another hot area of research in differential equation solvers is the design of absorbing
boundary conditions (ABCs) [239-250]. Berenger’s perfectly matched layers (PMLs)
[251], and coordinate-stretching PMLs [252] have become highly popular among
numericists in this area. Coordinate-stretching PMLs draw inspirations from the area
of matched asymptotics where coordinate stretching is used to emphasize a certain
physics of the problem [252]. Furthermore, an anisotropic medium PML has been
developed [253]. This topic has spurred the interest of many researchers [254—261].

The coordinate stretching PML is quite general, as coordinate stretching can be
applied to any derivative operators. So it can be applied to different types of PDEs, and
hence, it has allowed the generalization of PMLs to curvilinear coordinates, and other
equations of physics easily [261-264].

Most ABCs are not perfect; a rigorous, perfect ABC is actually a boundary integral
equation truncation of a differential equation solution domain solved by FEM or FDM
[174-178]. This has been avoided in the past because boundary integral equations give
rise to dense matrix systems that are expensive to solve and store. However, the advent
of fast algorithms has changed the landscape [115, 265]. Boundary integral equations
accelerated by fast algorithms have been used to reduce the domain size of finite element
methods since they act as absorbing boundary conditions.

1.10.1 Cruelty of Computational Complexity

Integral equations were difficult and expensive to solve in the past. They usually give rise
to dense matrix system requiring O(N?) computer time and O(N?) memory to solve.
These computational complexities are just too unwieldy for large problems. However,
advances in fast methods have eliminated this bottleneck by reducing the size of & in
the exponent in O(N*) in these computational complexity scalings.

First, direct solvers such as RATMA (recursive aggregate T matrix method) [266, 267]
have been designed to solve integral equations in O(N?) in 2D, and O(N’/?) in 3D, faster
than the O(N?) time needed to solve a dense matrix system. A method similar to the
nested dissection ordering method, called the nested equivalence principle algorithm
(NEPAL) [268, 269] can directly solve a matrix in O(N'®) in 2D and O(N?) in 3D. When
the object is oblong, it can be reduced to O(N logzN ) [270, 271]. Recently, some direct
solver work has been done to produce low-complexity solutions to scattering problems
[272, 273].

For iterative solvers, a sleuthing of the method can reduce the computational time
complexity to O(N log N). Moreover, many of these methods can be made matrix-free
so that only the unknown vector, and only the diagonal part of the matrix, need to be
stored. Hence, the memory requirements can be reduced to O(N). There are essentially
three popular methods to speed up the solutions of integral equations.

e Fast Fourier transform (FFT) based techniques: In this technique, the integral
operator is cast into a form that resembles a convolutional integral as much as
possible. Then FFT is used to expedite the convolution enabling its evaluation of a
matrix-vector products in O(N log N) operations. For surface scatterers with a lot of
zero-padding in the FFT, the complexity is worse and is not optimal [274—285].

e Matrix compression based techniques: the method of moments matrix that follows
from solving integral equations is of low rank. The reasons for low rank are two: over
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discretization of mesh density; and far interactions between currents on the object.
The Nyquist sampling theorem necessitates the discretization of at least two points
per wavelength in order to capture the oscillatory nature of the currents on an object.
However, oftentimes, discretization far above the Nyquist sampling rate is used. In
this case, redundancies are created in the unknown counts, and the ensuing matrix
system is of lower rank than the unknown counts. Such matrix systems can be eas-
ily compressed using matrix compression techniques, such as wavelets [286-295],
adaptive cross approximations, simple fast multipole, etc. [219, 296-305]. Interac-
tion matrices with low-ranks due to far interactions are harder to compress. They
cannot be compressed beyond the Nyquist barrier [291], even though ray-physics
based methods have been used to compress them further beyond the Nyquist barrier
[306—310]. When wave physics is involved, the only viable way to compress the matri-
ces for far interaction efficiently is the multipole based methods [222, 223]. However,
recent advances in direct solvers [272, 273] herald new possibility for further matrix
compression.

e Multipole-based methods: the simple fast multipole method can expedite the solution
involving circuit physics or Laplace solutions very easily [219, 311, 312]. Extension of
such an algorithm for wave physics cases has been proposed, but its verbatim use
for wave physics cases does not work [313, 314]. The only viable method of expedit-
ing the wave physics case is the multilevel fast multipole algorithm [222, 223], where
anterpolation and interpolation [315] between levels are added. The algorithm is a
tree-based algorithm. The matrices for far interactions are analytically diagonalized
[313, 316, 317] on paper rather than by algebraic or numerical means. The number of
diagonal elements needed is proportional to the rank of the matrices. The reason is
that the ranks of the matrices increase with the group size compared to wavelength.
Near the upper levels of the inverted tree, the ranks of the matrices are higher, while
near the lower levels, their ranks are lower.

To be of the varying ranks of these matrices, their dimensions are different for dif-
ferent levels even if they are diagonalized. Hence, anterpolation and interpolation are
needed between levels due to their different ranks, very much in the spirit of multi-
level multigrid schemes [318]. With this augmentation, the multilevel fast multipole
algorithm provides optimal complexity of performing a matrix-vector product with
O(N log N) complexity. It is with this algorithm that wave physics problems with tens
of millions to hundreds of millions, and over a billion unknowns have been solved
[115, 319-324].

The key to the multilevel fast multipole algorithm is the factorization of the the matrix
element L; when elements i and j are far apart. Then one can express [115, 223]

= —t =

~ -t =~ = ~

L= V;J.J.I LBy L B By, o LBy LoV, (1.143)
The factorization allows a matrix-vector product to emulate a multilevel telephone
network connection, as shown in Figure 1.8, where the number of telephone lines

can be greatly reduced compared to direct telephone connection. In the above, the

i,y

@ and B matrices are diagonal, while the I matrices are quasi-diagonal interpolation
and anterpolation matrices that are not square. Hence, the storage requirement of
the factorized matrices is small, and they can be reused in a tree algorithm. Other
factorizations do not lead to O(N log N) complexity. There has been much activity in
this field as well [325-336].
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Figure 1.8 The factorization of the matrix L; in (1.143) allows the matrix-vector product to emulate a
telephone network connection (left) [115]. The direct line connections between telephones (right)
require a large number of lines.

1.10.2 Curse of Dimensionality

If the discretization density is in terms of n per wavelength, it implies that # is linearly
proportional to k = 27 /. The fact that the total N = n? where d is the dimensionality
of the problem can make N exorbitantly large if d is 3. For some problems, like the
finite difference problem, the grid dispersion error makes the frequency scaling of # as
n = Cyk'® [234]. Consequently, in 3D,

N = Ck*® (1.144)

which is a rather pathological scaling.

One way to reduce the grid dispersion error is to use higher-order methods. Another
way to reduce the dimensionality of the problem is to combine it with analytic meth-
ods. Integral equation techniques generally can reduce a volume problem to a surface
problem. The use of the closed-form Green’s function as a propagator reduces the grid
dispersion error, as it is an exact propagator.

Yet another way to reduce the dimensionality of the problem is to use the semi-
analytic, or numerical mode-matching method [337-339]. In this method, the problem
is decomposed into the propagation dimension and the transverse dimensions. The
transverse dimension is usually one less than the original dimensions of the problem.
The problem is solved numerically in the traverse dimension, and the solution is
analytically propagated in the propagation dimension (see Figure 1.9). These meth-
ods are variously known as the R-matrix method, rigorous coupled wave analysis,
numerical mode matching, the recursive Green’s function method, and the contact
block recursion approaches [337, 338, 340—344]. They are also pervasively used in
nano-electronic simulation involving Schrédinger equations. The use of the FEM or
FDM to solve the transverse dimension can give rise to an increase in speed of orders
of magnitude compared to a full 3D method [338, 345].

1.10.3 Multiscale Problems

As the complexity of a geometry increases, there is a need for multiscale modeling of
complex geometry. Certain parts of the geometry may need discretization sizes much
smaller than wavelengths, while other parts may be modeled with much larger dis-
cretization sizes. This can happen in the modeling of complex antennas mounted on
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Figure 1.9 A multiregion problem can be solved semi-analytically using numerical mode matching,
where the problem is solved numerically in the transverse dimension, but analytically in the
longitudinal z direction [76].

a platform or inside a computer. The modeling of the fineries of an antenna structure is
important in capturing the circuit physics necessary for the functioning of the antenna.
This part may need fine meshes for its modeling. On the other hand, the interaction of
the radiation field from the antenna with the rest of the platform does not involve circuit
physics, and hence can be modeled with much coarser meshes.

The concurrent existence of disparate mesh sizes can be dealt with using a number
of methods. In the case of multilevel FMM (fast multipole method), tree structures of
different depths have been proposed for its solution, or different multiscale methods
have been developed [210, 346-349].

However, the disparate mesh sizes often give rise to ill-conditioned matrix systems.
Hence, a divide and defeat (DAD) scheme is more expedient to overcome such
problems [265, 350]. For instance, the regions of fine meshes can be solved first with
a different method, and later on sewn with the other regions. In the FEM, the domain
decomposition method (DDM) [265] is best suited to solve such problems. For integral
equation solvers, the equivalence principle algorithm (EPA) [350] can be used to
overcome the ill-conditioning of the matrix system due to disparate mesh sizes. More
recently, well-conditioned formulations such as the augmented electric field integral
equation [351] and the Calderon multiplicative preconditioner have been designed to
overcome such problems [209, 210].

1.10.4 Fast Algorithm for Multiscale Problems

When the discretization sizes are uneven, some parts of the object can be in the
circuit-physics regime, while the long-range interactions between different parts of
the object are in the wave-physics regime. A simple fast multipole algorithm that
works only in the circuit physics (low frequency), or the fast multipole algorithm that
captures only wave physics, is insufficient to model such problems. For these problems,
the mixed-form fast multipole algorithm has been specially designed to overcome
these problems [352—-355]. More importantly, a recent advance has been made in
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developing a low-complexity fast multipole algorithm that is valid from the static to the
wave-physics regime [356].

1.10.5 Domain Decomposition Methods

A popular way to attack large scale problem is via the DAD scheme by DDMs. In this
scheme, a large problem is subdivided into smaller subproblems. Then each subprob-
lem is solved using a method that requires less resource. DDM has been applied first to
differential equation solvers. Examples of such solvers are the frontal algorithms [357],
Schwarz algorithms [358], as well as the nested dissection ordering method [235].

The precursor to domain decomposition method is the diakoptic approach where a
complex problem is broken into simpler subproblems [359]. The subproblems are easily
solved and pieced together to obtain the solution to the larger problem [360—365]. This
subsequently gives rise to the DDM. The domain of numerical simulation is systemat-
ically divided into smaller subdomains, and the problem is solved for each subdomain
using a numerical method, and usually, the FEM. This allows for ease of parallel com-
puting. Then the solution for the entire domain is sewn together by imposing boundary
conditions at the interface of the domain. Overlapping domains are also used, called the
overlapping Schwarz method [358]. When a condition is imposed at an interface, it is
also called the finite element tearing interconnect method [265, 366—388]

Other DDM methods include the frontal algorithm [357], and the nested dissec-
tion ordering (NDO) algorithm [235]. Recently, an integral equation approach of
domain decomposition has been proposed using Huygens' equivalence principle
[268, 269, 389-397]. This is particularly useful when each domain contains “white
space” due to free space or a homogeneous medium. A differential equation solver
would have wasted many unknowns by having to discretize and represent such white
space with many unknowns. An integral equation solver, however, would propagate the
field through such white space using the closed-form Green’s function. The DDM for
an integral equation was first proposed in 1993 known as the NEPAL [268, 269]. It is
similar to the NDO for differential equation solvers. Its advantage is that there is little
grid dispersion error, as in differential equation solvers, and the radiation boundary
condition is automatically satisfied due to the used Green’s function. Subsequently, a
simpler version of it was used to solve practical problems involving complex structures.
The simple version is known as the EPA [389, 390].

While the NEPAL does a multilevel subdivision of a domain into smaller subdomains,
the EPA does a single-level division of a domain into smaller subdomains. The EPA is
particularly useful for solving multiscale problems. Interaction between subdomains
is calculated using surface equivalence currents on equivalence surfaces. A scattering
operator (also called equivalence principle operator) is defined to encapsulate the scat-
tering physics of an object within the operator. The mesh for capturing the physics of
surface equivalence current is usually coarser than the fine mesh needed to capture the
physics of a multiscale structure. Hence, the system matrix equation is better condi-
tioned, and easier to solve, by iterative methods.

The EPA has been applied to solve for the solution of a microstrip patch antenna
mounted on a car or a large ground plane. The EPA allows for solutions of large prob-
lems when it is accelerated with the multilevel fast multipole algorithm [115, 223, 395].
Hence, a problem size with several million unknowns has been solved on a single CPU
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personal computer. More recently, a version of the EPA known as the augmented-EPA
(A-EPA) has been developed to preclude low-frequency breakdown [391, 392]. Conse-
quently, the A-EPA has been used to solve low-frequency micro-chip problems where
the structures are much smaller than the wavelength. In this regime, both circuit physics
and wave physics have to be captured concurrently. A more efficient version of the EPA
using a single source rather than both electric and magnetic currents has also been
developed [393]. Other methods that can be classified as an integral equation DDM
are: (1) the self-box inclusion preconditioner method, where a parallel code has been
used to solve problems with several million unknowns [115, 223, 394, 395]. (2) The gen-
eralized impedance boundary condition where the scattering solution is encapsulated
within an impedance operator [396]. Some problems involving nano-optics have been
solved using such a method [397].

1.11 High Frequency Solutions

When the frequency is extremely high, electromagnetic problems are not easily solved
with numerical methods. Most numerical methods are based on the discretization of
complex objects into smaller pieces, each of which is much smaller than the wavelength.
Hence, the number of discretizations or unknowns grows exorbitantly as the frequency
becomes high.

In the high frequency limit, the dominant contribution comes from specular reflec-
tions and diftractions off critical points of an object. Ray tracing technique can be used
to find these dominant contributions. Moreover, as the wavelength becomes short, the
phase of the wave becomes random and unimportant. In the infra-red (IR) and optical
regime, the phase of the field is often neglected.

However, in the microwave regime, there is some interest in keeping track of the
phase of the wave. The shooting-and-bouncing ray method is popular in seeking solu-
tions in this regime [398]. For complex targets, the current on the object is approxi-
mated with the physical optics approximation. Then the radiation integral is evaluated
to find the scattered field. But these integrals are highly oscillatory in nature. One press-
ing need is the efficient evaluation of highly oscillatory integrals making the workload
frequency-independent. This has been a subject of avid study by a number of researchers
[100-103, 105, 162—164, 398—414]. Also, efficient numerical methods have also been
developed to enable them to solve higher frequency problems [115, 313, 315, 415].

Another approach is to solve the integral equation directly using techniques that are
frequency-independent. This has also been a subject of avid study [416—419].

1.12 Inverse Problems

Since an electromagnetic field has been used in remote sensing, geophysical prospec-
tion, microwave imaging, and optical coherence tomography, inverse problems are
an important aspect of this field. Inverse problems in 1D, surprisingly, are driven by
incredible tour-de-force mathematics. Many inverse problems are not solvable, but the
1D inverse problems can be tackled with many mathematical techniques, such as the
Gelfand-Levitan-Marchenko method [76, 420].
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In multidimensions, there is no closed form solution for the inverse problems except
when linear approximations are made. If only single scattering is assumed, which is also
called the Born approximation, one can show that the scattered field data in the far field
are related to the Fourier transform of the object. Hence, one can perform a Fourier
inverse transform to obtain the object. This is used in synthetic aperture radar (SAR)
with the production of marvelous pictures of the Earth surface from remotely sensed
data. Diffraction tomography is another example of linear inverse problem that can be
performed rapidly. Since FFT can be used in the reconstruction, the complexity of the
image reconstruction is proportional to O(N log N) [421-424].

In general, inverse problems in multidimensions have no closed-form solutions, and
are usually solved as an optimization problem, where the forward problem is solved with
a scatterer. Then a scatterer that generates the best fit data is searched and selected as
the solution. Such a method generally gives rise to non-uniqueness of solutions. The way
to overcome the non-uniqueness is to arrive at the minimum norm solution [76, 425].

This is very much in the spirit of finding the Fourier inverse transform. If one knows
the Fourier transform of an object up to a finite spectrum, the inverse Fourier transform
of the object is indeterminate. This is because if we can add an object with spectrum
outside the finite spectrum, it will produce the same Fourier transform within the same
window. The way to remove the non-uniqueness is to define a minimum norm inverse
that is equivalent to pad the data outside the finite window with zero values.

When multiple scattering is accounted for in inverse problems, the multiple scattering
(nonlinear) solution can be solved by minimization of the cost functional. A cost func-
tional can be set up and the minimum of the cost functional can be found by a gradient
search approach. The gradient in multidimensional space, called the Frechet derivative,
can be found by the distorted Born approximation, or other Gauss-Newton methods
[426—441]. The Gauss-Newton method is the general name for a nonlinear problem
solver, whereas the distorted Born approximation relates this multiple scattering (non-
linear) method directly to the inverse problems.

1.12.1 Distorted Born Iterative Method

By the above approaches, it can be shown that the calculation of the Frechet derivative is
equivalent to the solving of the forward scattering problem. Hence, if the forward prob-
lem can be solved rapidly, it portends a rapid solution to the inverse problem. With the
advent in computer technologies, there is hope that the multiple scattering (nonlinear)
inverse problem can be solved rapidly and made practical [442].

Since inverse scattering involves a volume scatterer, we can write the volume integral
equation of the Green’s function as

E(r) =E, (r) + / dr’ Gy(r. 1) - [K*(t)) - k] E('). (1.145)
|4

where k; is a constant wavenumber for the homogeneous background. Here, ao(r, r')is
a homogeneous medium Green’s function with wavenumber k;. Hence, E; . is the field
in the absence of the scatterer, but E(r) is the total field in the presence of the scatterer.
By letting

E(r) = G(r,r')-a (1.146)
E,.(r) = Gy(r.r') - a (1.147)
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(1.145) can be written as

G(r,r') = Gy(r,r') + / dr’ Gy(r,v') - [*(r)) - k2] G(',1"). (1.148)

v

The above can be written as an operator equation

G=Gy+6G,-0-G (1.149)
where O is the operator representation of k2(r') — k?. The above can be solved formally

C=(T-G,-0)"-¢, (1.150)
where E is manifestly nonlinear with respect to 0. If one lets

O=0,+80 (1.151)

G=0G,+6G (1.152)
where G, = (I — G, - @,)™" - G,, then it can be easily shown that

6G=G,- 30 -G, (1.153)

The above is the functional or Frechet derivation that can be used in conjunction with
a gradient search method such as the Gauss-Newton method. However, it is also a
distorted Born approximation for finding the perturbed Green’s operator 5C. We have
called the iterative method of solving the inverse problem the distorted Born iterative
method (DBIM).

1.12.2 Super-Resolution Reconstruction

The use of the DBIM has been shown to yield super-resolution reconstruc-
tion of objects with subwavelength resolution (see Figure 1.10) [443-448]. The
super-resolution can be ascribed to the fact that the data used for reconstruction
have been embedded in the multiple scattering information. The high-resolution
information of an object is buried in the evanescent wave spectrum of the scattered
field. When single scattering is assumed, the evanescent wave remains localized to the
vicinity of the scatterer. Hence, the far field has no super-resolution information of the
object. However, when multiple scattering is accounted for, evanescent waves can be
converted to propagating waves due to multiple scattering. The multiply-scattered
propagating wave hence contains super-resolution information on the object. Thus,
if a reconstruction algorithm includes the multiple-scattering physics in the model,
super-resolution reconstruction of an object is possible. Super-resolution phenomena
have also been observed in [449, 450].

1.12.3 Super-Resolution and the Weyl-Sommerfeld Identity

The physics of super-resolution can be gleaned from the Weyl (1919) identity given as

1k r 1k x+ik,y+ik, |z|
_ L / / b, (1.154)
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Figure 1.10 The use of multiple-scattering information in multiple scattering (nonlinear) inverse
scattering algorithm allows the super-resolution reconstruction of two objects spaced 0.1
apart [443].

where k? + k2 + k2 = k; or k, = (k; — k2 — k2)!/>. The above expression says that a point
source generates a spherical wave that can be expressed as an integral summation of
plane waves propagating in all directions. Notably, k, becomes pure imaginary corre-
sponding to an evanescent wave when k2 + k; > k;. If we view the above right-hand
side as the Fourier transform of the left-hand side, the field is from a point source. It is
clear that the Fourier data for & + &} > k2 cannot propagate to a large z location. For
large z, the Fourier data that can propagate over long distances are within the Ewald cir-
clek? + k; < k;. Hence, alow-pass filtered version of the source field is accessible at long
distances. This is the source of the Rayleigh limit for the resolution of a point source.

The bunches of plane waves only interfere constructively when they are almost parallel
to each other. In other words, the plane wave bundles become rays in the long distance
limit or high-frequency limit. If one is to collect the Fourier data with a lens of radius a
and subtending an angle 0 at the source location, the Fourier data are collected with a
circular disk of radius k, sin 6, even smaller than the Eward circle aforementioned. Here,
sin 6 is the numerical aperture of the lens. It is seen that the larger its numerical aperture,
the more Fourier data the lens can collect, and hence, of the higher resolution the image
that can be reconstructed.
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Figure 1.11 Since super-resolution
information is buried in the Light pulse
evanescent field of the wave,

near-field scanning optical
microscopy (NSOM) exploits this fact
by using subwavelength sharp tips
to generate and sense evanescent
field (courtesy of Wiki). NSOM
fiber probe
L1

Sample / \ T=10-300 K

(@) (b)

A space propagator for wave is a Fourier transformer, as indicated by the following
formula

ik, r o ikor
H(r) = / dr'g(r,v')s(t') ~ S— / dr'e *7s(r') = £ 5(k) (1.155)
v 47[7' 1% 4-7[7‘

where S(k) is the Fourier transform of s(r). A lens is a phase-shift provider so that after
the wave field has passed through it, its Fourier transform by space creates the image of
the original object.

If a lens has a numerical aperture of sin 6, the Fourier data are provided by a circle of
radius &, sin 6 on the k, -k, Fourier space. A precise point source field cannot be created.
It is interesting to note that

9 eiku”
aZ Vo |z=0

= 5(x)5(). (1.156)

The above can be proved easily by using Weyl’s identity. The space propagator takes
the Fourier of the field at z = 0 and propagates to the lens location. The lens adds the
appropriate phase shift to the wave field so that the second part of the space propagator
essentially does a Fourier inverse transform of the wave field at z = 4, which tries to
reconstruct the wave field at z = 0. However, due to low-pass filtering and the finite
numerical aperture of the lens, the point image reconstructed is

ko sin @
I(x,y) = / dk,k,Jo(k,p). (1.157)
0

The above can be evaluated to
_ Ji(kysin6)

I(p) = 1.1
() o sin 0 (1.158)
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which is also called the Airy disk function. It is the point-spread function of the low-pass
filter system that will propagate a point image at z = 0 to the focal point of a lens.

1.13 Metamaterials

The study of metamaterials has become a hot topic in recent years mainly due to two
recent concepts proposed by Pendry [451, 452]. One was the use of double-negative
materials to obtain super-resolution. The second was to engineer a reflectionless body
by cloaking so that the object is invisible to a field [453, 454].

While super-resolution was possible on paper, it was never realized to satisfaction. The
high-resolution information of a point source is embedded in the evanescent spectrum
of the field. However, the evanescent spectrum decays rapidly away from the source
point, and hence this information is lost as one moves away from the source point.
However, if one can amplify this evanescent spectrum, it can potentially recover the
high-resolution information and give rise to super-resolution. This is the gist of the con-
cept of super-resolution in a double-negative slab [455].

When a double negative material with 4 = —u, and € = —¢, interfaces with a vacuum,
it can be shown that plasmonic-type resonances occur at the interface for all frequen-
cies. For a double negative slab placed in vacuum, the plasmon resonances occur at both
surfaces. The character of a surface plasmon mode is that it is exponentially decaying
away from the surface. So when a point source is placed next to the slab, the evanescent
spectrum of the point source will excite the surface plasmon resonance at the interface.
The surface plasmon resonance at the first interface will excite the surface plasmon res-
onance at the second interface. The surface plasmon of the second interface, though
exponentially decaying from the interface, is exponentially growing with respect to the
first interface. Hence, within the slab, it will appear that the evanescent spectrum is
exponentially growing, but it is actually due to resonance coupling between two surface
plasmon modes. This amplification of the evanescent mode is the source of the proposed
super-resolution in a double-negative slab.

However, this amplification process is a very fragile process. The evanescent field, by
the time it reaches the first interface, could be in the noise floor of the system. When
such an evanescent wave is amplified by resonance coupling, the noise content of the
amplified field can be high. So in practice, even if such double-negative material exists in
nature, the physics behind this amplification is highly fragile. Any system imperfection
or loss could annul this physics [455, 456].

The second difficulty is to construct an artificial double negative material. This has
been mimicked at microwave frequencies due to the longer wavelength and larger com-
ponent sizes, but has been difficult to achieve at optical frequencies due to the shorter
wavelengths, and potential loss.

Regarding the second cloaking phenomenon, it has been long observed that the mate-
rial properties described by u and € are intimately related to the metric of space [457].
This is particularly clear when Maxwell’s equations are written in differential forms
[458]. The metric of space and material properties are inseparable.

In Cartesian coordinates in free space, a plane wave can propagate without reflec-
tions. However, one can change the metric of space. The wave will propagate through
a distorted space with respect to the Cartesian coordinates, and yet it can propagate
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without reflections. Hence, space can be deformed. Since metric and material properties
are multiplied together, one can distort space with changing material properties. For
instance, a point can be morphed into a sphere. In the original space, a point is invisible
to a plane wave. In the distorted space, the wave will travel around the sphere without
reflection. Hence, such material can be used to make an object invisible. However, one
needs to engineer materials with u and e ranging from zero to infinity in order to be able
to distort space fully [459, 460].

The above two ideas have given rise to a flurry of activity in this area, generally
called the metamaterial or transformation optics area [461-463]. The promise of
super-resolution and the possibility of cloaking to make objects invisible have induced
a large amount of funding in this arena. Even though the original goals may not have
been achieved, there has been much new knowledge created on the making of artificial
materials due to the large amount of resource being invested.

1.14 Small Antennas

Antennas are used to radiate electromagnetic energy to free space, mainly for commu-
nication purposes. The first famous radiation experiment was done by Hertz [35] to
confirm the wave nature of an electromagnetic field. One can model a Hertzian dipole
current as

J(x) = I£5(x)% (1.159)

where Z is a unit vector pointing in the z direction. The field produced by this current
source is

ik|r|
W) a1p 2 (1.160)

Eie) = on (T+ 20) 210 £

(1) = lon 2 4xr|

In the far field, when kr — oo, the above can be approximated by replacing V = ik7? where

7 is a unit vector pointing in the r direction. For a Hertzian dipole, I = iwQ where Q is
the charge on the dipole. Consequently,

eiklrl

dr|r|”

It is seen that the radiation field is proportional to w* because it is proportional to the
acceleration of the charge Q. Strangely enough, a DC current loop does not radiate even
though the electrons carrying the current are traveling in a circle, and hence, experi-
encing centrapetal acceleration. The reason is because of charge neutrality: for every
electron carrying the current, a positive charge is present to neutralize the electron
charge, but an electron alone traveling in a circle will radiate.

The effective aperture of an antenna is given by

/12
Ar=G— 1.162
eff Y ( )

E(r) ~ -0’ u(00 + ) - 2Q¢

(1.161)

where G is the antenna gain, and 4 is the wavelength of the operating frequency. For
small antennas, the above formula gives the erroneous concept that the aperture of the
antenna becomes larger without a bound as the wavelength increases. This is incor-
rect, because as the frequency lowers, the radiation resistance of the antenna becomes

a7
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smaller. Finally, copper loss or material loss starts to dominate in the antenna, precluding
the effective aperture from increasing without bound. In other words, the gain of the
antenna drops as the frequency lowers.

A small antenna like a Hertzian dipole is a poor radiator because the dipole moment
Q7 of the antenna is small. This dipole moment can be enlarged by enlarging the size
of the dipole. Since a Hertzian dipole is capacitive, one can make the antenna resonate
with an inductor to drive more current, and hence charge into the antenna to make it
radiate more. Alternatively, one can make the dipole into a half-wave dipole so that it
can self resonate to enhance the current on the antenna.

Due to the growth in the cellular phone industry, antennas have to be designed to
be as inconspicuous as possible. Hence, the field of small antennas has been in vogue
[464—-472].

An antenna can be made into a resonating structure to enhance its radiation efficiency,
such as in half-wave dipole, microstrip patch, etc. A Hertzian dipole is a small antenna,
but with poor radiation efficiency because of its non-resonating nature. An inductor
can be used to resonate the antenna and hence increase the current amplitude on the
antenna, but at the peril of increasing loss coming from the inductor as well as increasing
the Q (quality factor) of the antenna.

The Q of an antenna is defined to be [473]

energy stored 1.

Q=2x (1.163)

energy radiated per cycle - A_f

where f, is the resonance frequency while Af is the bandwidth. Hence, a high-Q antenna
has a narrow bandwidth, which is undesirable. The Q of the antenna is also reflective of
its bandwidth. A small dipole has high Q because it has much stored energy in the near
field, and radiates little. The fundamental limit for the Q of a small antenna has been
derived by Chu in [474]. That and others [469, 475] have improved on the tightness of
the bound derived by Chu.

The alternative has been to build inductors into the antenna, which also contribute to
the radiation of the antenna. This has been the concept of many small antenna designs.
The resonating structure has been made smaller by using meandering line to reduce the
size of the antenna. It has also exploited the inductor as radiating magnetic dipole in
addition to having a radiating electric dipole. In the case of a microstrip patch, a simple
microstrip patch resonator requires about half-wavelength for its resonance. Attempts
have been made by using tortuous lines on a patch to increase the patch inductance so
as to achieve a resonance at a lower frequency [470]. Also, one has used metamaterials
to improve the efficiency for small antennas [476].

1.15 Conclusions

Electromagnetic theory and Maxwell’s equations were completed in 1864. They are over
150 years old now, but their usefulness in science and technology has not diminished,
as they are fundamental to many engineering technologies, especially electrical engi-
neering technologies. From the very beginning, electrical technology grew because of
the need for power transfer and communication. The importance of these two needs
has not diminished in the modern world, but more technologies have emerged, such
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as wireless communication, remote sensing, and emerging applications in renewable
energies and wireless power transfer.

The onset of quantum mechanics brings new possibilities to electromagnetic
technologies in the area of nano-optics, quantum optics, quantum communications,
cryptography, and computing. All these systems use electromagnetic technologies, old
and new. Therefore, electromagnetics will remain an important area of study, impacting
many technologies for many years to come.
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