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Uniform Plane Wave

1.1 Introduction to Uniform Plane Wave

With the emergence of new wireless technologies, electromagnetic wave propagation in noncon-
ventional media has forced to revisit the classical electromagnetic theories in dynamic conditions.
In this chapter, a few very important classical electromagnetic theories are examined in the
light of wave propagations in time varying cases. The emerging applications are RF/microwave/
millimeter-wave printed electronics on nonconventional materials, and study of propagation of
electromagnetic waves in very complex composite media. The chapter first defines the uniform
plane wave in the light of far field radiation from a dipole antenna followed by the uniform plane
wave concept. Derivation of electromagnetic wave equations with the aid of Maxwell’s equations
and one-dimensional wave equation are presented next. The wave is characterized with its phase
velocity meaning the velocity of wave propagation and the wave impedance, which is the function
of the constitutive parameters of the medium. The above derivations are extended to the time har-
monic field wave equation and the refractive index of medium and dispersion of medium. The time
harmonic wave solution and polarization of the uniform plane wave are presented next. Finally, the
energy balance equation which is called Poynting theorem is presented in detail for a few special
cases followed by the conclusion of the chapter.
Maxwell unified all classical electromagnetic principles and laws into four potent equations.

These equations are so universal that they can be used to characterize electromagnetic field wave
equations for any frequency, for the static as well as the dynamic field conditions. In this regard, an
electromagnetic field can be defined as: (i) every function that satisfies Maxwell’s equations, which
is finite, continuous,1 and single valued, and (ii) propagates through homogeneous, linear, and iso-
tropic medium. In this chapter, we shall develop the uniform plane wave concept of the electro-
magnetic fields using Maxwell’s equations for any frequency in a medium as stated above. In
this chapter, we examine this aspect in depth.
In solving the field wave equations, we need to deal with the complex phasor vector field quan-

tities which are the functions of both space and time in double derivatives. In these situations,
these vector functions are not easily solvable because of the following reasons: (i) no field solu-
tion is possible to get directly from scalar functions. Here, the functions are dependent on time
and spatial coordinates, and (ii) the complexity of analyses of the vector functions increases as we
move from one coordinate system to another coordinate system. As for example, the complexity
of vector analysis of the electromagnetic fields increases as we move from the rectangular

1 Recall the boundary conditions that we have derived in the previous chapters for the dynamic fields.
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coordinate system to the cylindrical coordinate system to the spherical coordinate system. There
are also other seven coordinate systems in the vector analysis with which the electromagnetic
fields are resolvable, but we only confine ourselves in the three main coordinate systems. Also
note that electromagnetic field propagation in bounded and unbounded media behave differ-
ently. In unbounded medium, the antenna radiates spherically, whereas in bounded structure
such as rectangular metallic waveguide we solve electromagnetic field problems with the rectan-
gular wave equations. In optical fibers, we analyze the electromagnetic fields using cylindrical
coordinate systems. With the simplest one, the rectangular coordinate system, we shall develop
the electromagnetic field wave theory in this coordinate system in the chapter. Then gradually we
define field solutions for more complex coordinate systems in cylindrical and spherical coordi-
nate systems. (iii) It is also not possible to solve 3D scalar wave equations in arbitrary coordinate
systems by the use of separation of variable method.2 That is why, we keep our wave field analysis
into simple configurations such as rectangular, circular, and spherical coordinate systems.3

Figure 1.2 illustrates how wireless communications networks established by the time varying
electromagnetic field waves harness each and every device in the system for efficient wireless com-
munications. As we have seen in the big picture of wireless communications shown in Figure 1.1,
the wireless channel is established with the wave propagation. In this chapter, we shall study more

Communications
satellite

Ground
terminals

Mobile users

Fixed networked terminals

Data processing
center

Figure 1.1 Wireless communications networks showing how the electromagnetic waves harness each and
every device in the system for efficient wireless communications.

2 It is a method to solve a vector field which is a function of multiple independent variables. In this method we derive
the original function as the product of two functions of individual independent variables and then we solve the
function one by one. Finally, we multiply the individual solutions to get the final solution.
3 Islam, M.A. (1969). Electromagnetic Theory. Dacca, East Pakistan: EPUET.
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details of the wireless channel augmented with the theory of uniform plane wave propagation.
A brief description of the topics covered in the chapter are as follows:

i) Definition of Uniform Plane Waves
In the definition of uniform plane waves in this chapter, the very beginning of the book, we
already have given a very good understanding of the uniform plane wave. We have learned that
in a uniform plane wave, the electric field E, the magnetic field H and, the Poynting vector
P = E×H, which is also called the power flow density vector in (W/m2), are orthogonal to each
other, and the wave propagates orthogonally with respect to the directions of the two fields.

ii) Derivation of Field Wave Equations
After the proper definition of the uniform plane wave, we shall derive the electromagnetic
plane wave equations. As we know, in a uniform plane wave the phase front is like a flat sur-
face on which the phase of the signal is the same. From the derivation of the field wave equa-
tions, we shall now learn how to derive electromagnetic wave equations using simple
differential equations. Uniform plane wave equation is a double derivative equation of both
spatial and time coordinates. We shall see that the vector wave equation has two solutions,
forward and reverse traveling wave fields.

iii) Wave Impedance
Every plane wave has its intrinsic wave impedance which is defined as the ratio of electric field
and the magnetic field intensities at any point in space. The wave impedance is a function of
the constitutive parameters such as medium permittivity ε (F/m), permeability μ (H/m), finite
conductivity σ (S/m), and angular frequency ω (rad/m). We shall define the intrinsic wave
impedance of the lossless and lossy media in the chapter. You may recall the wave impedance
of the plane wave in free space is 377 Ω.

iv) Polarizations of Uniform Plane Waves
The polarizations of uniform plane waves is a significant parameter that regulates the efficacy
of electromagnetic communications. The polarization of the field wave is the spatial orienta-
tion of the electric field vector with respect to time. We shall learn more in details of various
polarizations of the field waves and their significance in the wireless communications.

v) Poynting Theorem
And finally, Poynting Theorem, that tells us the power flow density vector P = E ×H (w/m2).
Poynting Theorem is an energy balance equation that tells us that in a homogeneous, linear,
and isotropic medium, the power input is equal to the electric and magnetic energy stored plus
the power dissipated as the Ohmic loss as it propagates real power as the plane wave. The time
average power is defined as

Pave =
1
2
Re E × H� 1 1

Finally, in this chapter, we shall solvemany interesting problems as we go along with the theories
on the uniform plane wave.
This chapter provides the very important concept of medium properties derived from the wave

equation. There, we shall define the attenuation and phase constants, and the loss tangent for lossy
medium. In defining those parameters, we shall go in deeper in defining the propagation of wave in
good conductors and good dielectrics. These concepts are critically important in designing any prac-
tical RF and microwave circuits.
The aim of this chapter is to develop the concept of electromagnetic waves, and how they prop-

agate in free space and in different complex media. It helps readers to understand the meaning of
the polarization of plane waves and how introduction of a metallic or dielectric slab in their
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propagation paths affects their behaviors.4 The reader will also obtain the concept of 3D and 2D
vector plots of electromagnetic field distributions in various conditions via some illustrations gen-
erated with Computer Simulation Technologies (CST) Microwave Studio™. A few practical exam-
ples and worked out problems of the plane wave propagation is also provided to enhance
understanding in a real-world scenario.
In this section, we investigate the different aspects of plane waves: how they look like, how they

behave when encountered with different obstacles such as buildings, walls inside a room, on the
roads, and in the free space when wireless propagations happen. Recall Maxwell’s two curl equa-
tions, Faraday’s and Ampere’s laws that tell us that for a plane wave to be generated, a source of
time varying electromagnetic fields must exist. According to Ampere’s circuital law:

∇ × H = Jc +
∂D
∂t

1 2

In other words, if the electric field, E(t), varies at a point in space resulting in a time-varying elec-
tric flux density, D(t), it produces a time-varying magnetic field in the region around that point
instantaneously. On the other hand, Faraday’s law states that:

∇ × E = −
∂B
∂t

1 3

The law tells us about the induction of electric field E(t) due to the time varying magnetic field
B(t). As for example if a time varying magnetic field cuts a conductor it generates an induced cur-
rent that produces the induced electromotive force Vemf or electric potential or curling electric field.
A good example is an antenna that cuts a time varying magnetic field and as a result induces Vemf.
We amplify the received signal and process it for meaningful information in our radio receiver. This
means we are always encountering Faraday’s law in telecommunications engineering. Receiving a
call via a mobile phone is a good example of Faraday’s law in action.

1.2 Fundamental Concept of Wave Propagation

We consider at some point in space there is a radiating point source. Good example is an infinites-
imal dipole antenna, also called aHertzian dipole. This antenna isotopically radiates EM fields radi-
ally outward in all directions. We usually study dipole antennas as the first lesson of the antenna
analysis. Assume the antenna carries a time varying uniform current density J(t) in (A/m). It is a
legitimate guess because we assume a very tiny antenna on which the time varying current exists.

Review Questions 1.1: Introduction to Uniform Plane Wave

Q1. Explain how does the EM field waves propagate from one point to another point in space?
What is the mechanism? What fundamental laws they follow?

4 This extra exercise helps develop concepts of wave incidence, transmission and reflection at the obstacles of the
wave. We shall develop the concept of reflection and refraction of the wave at the discontinuities of media and derive
the reflection and transmission coefficients when we shall cover the normal and oblique incidence cases. Also, the
concept paves the way to understand the multipath fading which is a common problem of wireless mobile
communications when the signal reflects from and penetrates buildings, walls, trees, and roads.
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Let us observe the dipole antenna in Figures 1.2a and 1.3a. It is a source of EMwave propagation.
By Ampere’s circuital law, due to the current density J(t), which is present on the dipole, a time
varying magnetic field,H(t), is induced in the surrounding region. By Faraday’s law of the electro-
magnetic induction, the time varying magnetic field induces a time varying electric field E(t).
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antenna

Bobbin with blue thread
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Figure 1.2 Depiction of electromagnetic wave propagation (a) wave propagation due to the time varying
current J(t) that creates the time varying magnetic field H(t) by Amperes law and then the time varyingmagnetic
field creates the time varying electric field E(t) by Faraday’s law. Then the oscillating fields alternate between
the time varying electric and magnetic fields as they propagate away from the source J(t), the dipole,
(b) a depiction of exchange between the electric and magnetic field with an analogy of tap dancers who
exchange their positions of their legs in a rhythmic manner which resembles the oscillating frequency and
exchange of energy between the electric andmagnetic fields. Source:Ulaby, F.T. (2005). EM for Engineers. Upper
Saddle River, NJ, USA: Pearson Prentice Hall, (c) a sewing machine’s sewing mechanism has analogy of the
electromagnetic field wave propagation, and (d) exchange of electric and magnetic energy in instantaneous
electromagnetic field wave is equivalent to seesaw.
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Energy is passing back and forth between electric and magnetic fields as they travel away from the
source point at the speed of light. Note that away from the dipole there is no original current source
J(t) present, but still the electromagnetic wave fields carry real power in the direction of propaga-
tion due to these two laws in action.
It is an interesting analogy of the series of bricks vertically placed at a uniform distance like a

domino. A slight push to the first brick propagates the mechanical energy to the next brick, and
then after a moment, the energy is transferred to the third brick and the energy is propagating on
and on. Now if we put the analogy of the domino effect in the electromagnetic system, the first
push is equivalent to the source of the oscillation; here the current source that is generated by an
oscillator that oscillates at an angular frequencyω= 2πf (rad/s) where, f is the operating frequency
in Hz.5 Note that the source (hand) is sitting in its original position and does not need any further
push but the signal is propagating indefinitely without any source present along with the prop-
agation. This is the foundation for wireless propagation in which no source needs to be present in
free space.
These source free oscillating fields away from the source in free space constitute the propagating

waves of electromagnetic energy. As shown in Figure 1.3a, the electromagnetic energy exchanges
hands between the electric and magnetic energies, and travels away from the source point creating
electromagnetic wave propagation. And this alternating or periodic oscillation constitutes the time

J H
H EE
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Figure 1.3 (a) Electromagnetic wave propagation via a dipole antenna connected with a generator, and
(b) analogy of electromagnetic wave propagation as the domino effect of a series of vertical bricks made of
alternate electric and magnetic fields. Here the figure push is the generator with alternating source voltage
Vs(t) that creates the induced current J(t) on the dipole.

5 See also the video of domino brick and thewave propagation due to push of a series of brick. It also tells that thewave
energy propagates with finite velocity. The velocity is called the phase velocity of the wave propagation.
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harmonic fields. We shall discuss the time harmonic fields after derivation of the generic wave equa-
tions. The sinusoidally varying electromagnetic fields are called the time harmonic fields. A signal
waveform can be transformed into the sinusoidally varying field using Fourier series expansion.
This assumption simplifies the electromagnetic field analysis.

1.3 Plane Wave Concept

As we discussed in this chapter, the wave radiates spherically, but at a remote distance away from
the source the spherical wave resembles a uniform plane wave,6 UPW in short. The distance is
called the far field distance in the antenna nomenclature. Usually the far field distance is defined
as R ≥ (2D2/λ), where D is the largest dimension of the radiating source, here is the active part of
the antenna7 and λ is the wavelength in free space. As you know the wavelength λ is inversely
proportional to the operating frequency f, therefore, the far field is also a function of the operat-
ing frequency. As the frequency goes up the wavelength gets shorter and the far field distance is
also getting larger. However, due to the resonant nature of the antenna, the effective dimension
D of the antenna is also proportional to the wavelength λ, hence the antenna is getting shorter
almost linearly with the frequency. And the far field distance varies with the squared terms of D.
Therefore, in general, the far field distance is almost inversely proportional to the operating
frequency.
The far field distance R represents the distance at which the phase error between a perfect plane

wave and the antenna’s wavefront is equal to 22.5 or less. This phenomenon of the far field is
shown in Figure 1.4. That means we can assume at this distance; the field’s phase front resides
on a plane as shown by the dotted line in Figure 1.4a. As we move further away from the source,
the wave front becomes planar and then we can assume the wave is a uniform plane wave. We also
defined that for a uniform plane wave, the electric and magnetic fields are oriented orthogonally to
each other as well as the direction of wave propagation.
Figure 1.4b illustrates a uniform plane wave generated with a horn antenna. The illustration is

generated from a 3D animation of CST Microwave Studio. The detailed field orientation and the
direction of the wave propagation are shown in Figure 1.5. Both E andH fields are sinusoidal/time
harmonic in nature. The electric (along the x-axis) and magnetic fields (along the y-axis) are orthog-
onal to each other and transverse to the direction of propagation (propagating along the z-axis) as

Review Questions 1.2: Mechanism of Uniform Plane Wave

Q1. Discuss different analogies of the different mechanisms of creations of the uniform
plane wave.

Q2. What is the analogy of seesaw in electromagnetic wave propagation?

6 It follows the surface area of a sphere S = 4πR2, where R is the radius of the sphere. As R increases, the spherical
surface looks like a flat surface. Similarly, since the Earth surface is too large compared to a normal human, it
looks like a flat surface to us.
7 The active part of the antenna is called effect length for a dipole antenna and effective area for a patch, a horn
and a reflector antennas. Using the diagonal distanceD of a rectangular horn aperture is considered in the calculation
of the far field.
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depicted in Figure 1.5. The power is propagating along the z-axis and is defined with the power
density vector P = E ×H. The phase on which the electric and magnetic fields reside is called
the phase front or the wave front. The direction of the wave propagation follows the right-hand
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Figure 1.5 Definitions of near field (spherical) wave and the far field (flat) waves at a distance from a radiating
antenna.
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Figure 1.4 (a) Definitions of near field (spherical) wave and the far field (flat) waves at a distance from a
radiating antenna, and (b) CST Microwave Studio rendering of plane wave creation from a horn antenna.
Observe the wave front becomes planar as it moves away from the horn antenna.
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rule: Pz = Ex ×Hy. Therefore, the uniform plane wave is also called the transverse electromagnetic
(TEM) wave. The magnitude and phase of the field vectors in a UPW are equal at every point on the
wavefront. For simplicity we analyze the field wave problem in rectangular coordinate. We usually
work on the spherical coordinate for the antenna analysis.
You can watch some YouTube video in the following link.8 You may find many videos and lec-

ture notes on this topic on YouTube to enhance your understanding of UPW. You may also use
free trial version of CST Microwave Studio™ animations software downloadable from website
upon request from the vendor to obtain the visualization of the abstract nature of EM field in
3D animation via www.cst.com. In the next section, we shall derive the field wave equation using
Maxwell’s equations.

Example 1.1: Introduction to Uniform Plane Wave
The electric field E (z , t) = 10 cos (108πt− 4πz)ax (V/m) and the magnetic field isH (z , t) = 26.53 cos
(108πt− 4πz)ay (mA/m). Calculate the power density or Poynting vector P in (W/m2).

Answer: P = E ×H = 10 cos (108πt− 4πz)ax × 26.53 × 10−3 cos (108πt− 4πz)ay = 377cos2 (108πt−
4πz)az (W/m2).

Example 1.2: Uniform Plane Wave
Calculate the wave impedance of the wave in Example 1.1

Answer: The wave impedance is the ratio of the x-directed electric field and y-directed magnetic
fields.

η =
Exo

Hyo
=

10 V
m

26 53 mA
m

= 377 Ω

Review Questions 1.3: Introduction to Uniform Plane Wave

Q1. What is the far field of an electromagnetic wave?

Q2. Why do we need to consider the effective dimensions of the sources in calculating the far
field distance?

Q3. Explain the salient features of a uniform plane wave.

Q4. What is the definition of the phase front? What is wavefront?

Q5. What is the far field distance of a radiating source? How do you determine the far field
distance for a physical source?

Q6. The antenna operates at 1 GHz frequency and has the largest dimension of 210 mm.
Calculate the far field distance.

Q7. Why a uniform plane is also called a TEM wave?

8 http://www.walter-fendt.de/html5/phen/electromagneticwave_en.htm (accessed 05 December 2017)
http://www.edumedia-sciences.com/en/media/222 (accessed 05 December 2017)
https://www.youtube.com/watch?v=c_IUic_oatY (accessed 05 December 2017)
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Example 1.3: Derivation of Electromagnetic Wave Equation
Now we are going to derive the wave equation from Maxwell’s equations. Recall Maxwell’s equa-
tions in point form.

∇ E =
ρv
ε

1 4

∇ H = 0 1 5

∇ × E = − μ
∂H
∂t

1 6

∇ × H = Jc + ε
∂E
∂t

1 7

In far away from the source, we legitimately consider the source free region where the field wave
propagates with real energy. Therefore, in free space we assume ρv = 0; therefore, Gauss law for
electric field case reduces to ∇ E = 0.
Now, consider a homogeneous, linear and isotropic medium, which has time invariant constitu-

tive parameters permittivity (ε), and permeability ( μ) and the electromagnetic wave propagates in
this medium. Then Gauss law for electric and magnetic cases are:

∇ E =
ρv
ε

= 0 and ∇ H = 0

The Gauss law for magnetic case is zero due to the fact that there is no magnetic source in reality,
irrespective of the distance. Also, at far away from the source, the conduction current Jc = σE is
zero. Using the above two source free assumptions in the free space, we can write the two curl equa-
tions of Maxwell:

∇ × E = −μ
∂H
∂t

∇ × H = ε
∂E
∂t

1 8

The symbols have their usual physical meanings. We shall be using these two source-free curl
equations in deriving EM wave equations.

Next, take curl on both sides of Faraday’s law, we obtain,

∇ × ∇ × E = ∇ × − μ
∂H
∂t

1 9

Observe on the right side of the above equation, the curl is a position derivative in x, y, and z that
is acting on a time derivative ∂/∂t. A wave is a two independent dimensional entity with positions
(x, y, z) and time (t). Now using the identity

Review Questions 1.4: Introduction to Uniform Plane Wave

Q1. Explain why do we consider J and ρv both zero in the derivation of the electromagnetic
wave equation?

Q2. Show that in a source free region ∇ × E = − μ(∂H/∂t) and ∇ × H = ε(∂E/∂t).

10 1 Uniform Plane Wave
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∇ × ∇ × E = ∇ E−∇2E 1 10

on the left-hand side and taking μ out of ∇× in the right-hand side as it is not varying with space,9

yields

∇ E−∇2E = − μ
∂ ∇ × H

∂t
1 11

Now if you substitute Ampere’s law in point form ∇ ×H = σE+ ε(∂E/∂t) in the right-hand side
and do the time derivative on it then we get the complete expression for the field wave equation as
follow:

∇ E−∇2E = − μσ
∂E
∂t

− με
∂2E
∂t2

1 12

Since in the source free region, no volume charge density ρv is present
10 hence ∇ E = 0. Taking

the source free assumption in free space, we obtain the generic wave equation for the electric field:

∇2E− μσ
∂E
∂t

− με
∂2E
∂t2

= 0 1 13

where the Laplacian operator ∇2 is a double derivation operator in spatial coordinates and is
defined in the rectangular coordinate as:

∇2 = ∇ ∇ =
∂2

∂x2
+

∂2

∂y2
+

∂2

∂z2
1 14

Likewise, we can derive the generic wave equation for the magnetic field:

∇2H − μσ
∂H
∂t

− με
∂2H
∂t2

= 0 1 15

In the above two wave equations of E and H, we observe that E and H are the functions of both
space (x, y, z) and time t. This wave equation is called the Helmholtz wave equation.11 Similar equa-
tion is derived for H. This derivation of H is left as an exercise.

Laplacian operator ∇2 can be decomposed into independent three spatial dimensions x, y, and z.
Therefore, each equation can be broken up into their individual spatial components: Ex , Ey , Ez , Hx ,
Hy, and Hz. This yields the corresponding six one dimensional field wave equations in x, y, and z
directions. Each of the six equations is a second-order differential equation. Remember we shall no
more use partial differential equation as we are working with one dimensional independent spatial

Review Questions 1.5: Introduction to Uniform Plane Wave

Q1. Derive the field wave Equation (1.15) for the time varying magnetic field from Maxwell’s
equations in free space.

9 We assume the medium is linear, isotropic, and homogeneous.
10 As discussed above in free space away from the source there is not active source like volume charge density ρv. as
well as current density J present.
11 Helmholtz was the teacher of Heinrich Hertz and both worked in the same laboratory in Germany.
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variable only. These equations can be solved in terms of one-dimensional position and time. The
solution is an equation defining forward and reverse travelling field waves in these three respective
coordinates. One example for the physical meaning of the field wave propagation of Ex and Hy

fields along z-direction is shown in Figure 1.5. Table 1.1 summarizes the one-dimensional field
wave equations for both electric and magnetic fields.
The above equations for the E andH fields are for the case of variations in one spatial coordinate

only. As we have seen from the depiction of the uniform plane waves of the E and H fields com-
ponents in Figure 1.5, that the uniform plane wave is transverse to the direction of the wave prop-
agation, z. According to the illustration of the wave propagation along z-direction, the z-directed
electromagnetic field components must be zero. Therefore, for the uniform plane wave we shall
solve for the two transverse field components along x- and y-directions assuming that the direction
of wave propagation is along z-axis. Let us derive the field solutions forEx field component first. The
scalar field wave equation for Ex is:

∂2Ex

∂z2
= μσ

∂Ex

∂t
+ με

∂2Ex

∂t2
1 18

We observe that Ex is a function of z and t only. To solve for it, we resort the method of separation
of variables. In this method we can decompose a function into the product of the two functions of
individual independent variables separately as follow12:

Ex z, t = f z g t 1 19

where f(z) is a function of z only and g(t) is a function of t only.
Substitution for the Equation (1.19) in the 1D field wave Equation (1.18) above, we obtain

∂2f z g t
∂z2

= μσ
∂f z g t

∂t
+ με

∂2f z g t
∂t2

1 20a

g t
∂2f z
∂z2

= μσf z
∂g t
∂t

+ μεf z
∂2g t
∂t2

1 20b

Now dividing both sides by f (z)g(t), we obtain

1
f z

d2f z
dz2

=
μσ

g t
dg t
dt

+
με

g t
d2g t
dt2

= − k2 a constant 1 20c

Table 1.1 One-dimensional electromagnetic field wave equations.

1-D electric field wave equations 1-D magnetic field wave equations

d2E
dz2

= μσ
∂E
∂t

+ με
∂2E
∂t2

(1.16a)
d2H
dx2

= μσ
∂H
∂t

+ με
∂2H
∂t2

(1.17a)

d2E
dy2

= μσ
∂E
∂t

+ με
∂2E
∂t2

(1.16b)
d2H
dx2

= μσ
∂H
∂t

+ με
∂2H
∂t2

(1.17b)

d2E
dy2

= μσ
∂E
∂t

+ με
∂2E
∂t2

(1.16c)
d2H
dx2

= μσ
∂H
∂t

+ με
∂2H
∂t2

(1.17c)

12 Similar derivation is also available in Islam, M.A. (1969). Electromagnetic Theory. Dacca, East Pakistan: EPUET.
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k is a constant due to the fact that both sides are the singular functions of the respective independent
variables z on the left-hand side and t on the right-hand side, respectively. The individual equations
of the singular function are:

d2f z
dz2

+ k2f z = 0 1 20d

d2g t
dt2

+
σ

ε

dg t
dt

+
k2

μσ
g t = 0 1 20e

The general solution for f(z) is:

f z = Ae− jkz + Be jkz 1 21a

where A and B are coefficients and usually represent the amplitudes of the forward and reverse
functions of f(z). For equation containing g(t), we assume similar solution

g t = Ce− jpt 1 21b

and substitute Equation (1.21b) in the above Equation (1.20e) then we obtain,

Ce− pt p2 −
σ

ε
p +

k2

μσ
= 0 1 22

Since Ce−pt cannot be zero, therfore

p2 −
σ

ε
p +

k2

μσ
= 0 1 23

In the above equation we observe that p and k are not independent of each other. Therefore, if one
of them, for example p is specified then k can also be calculated. Now we combine solutions for f(z)
and g(t) in the above two equations, we obtain the complete solution for Ex,

Ex z, t = f z g t = Ae− jkz + Be jkz Ce− jpt 1 24

or,

Ex z, t = E1xe
− jkz− pt + E2xe

jkz− pt 1 25

where E1x = AC and E2x = BC are used.
In a similar mathematical manipulation, we can obtain the solution for the other transverse field

components Ey,

Ey z, t = E1ye
− jkz− pt + E2ye

jkz− pt 1 26

Now combining the individual complete we obtain the complete solution for the transverse elec-
tric field:

E z, t = E1e
− jkz− pt + E2e

jkz− pt 1 27

Likewise, we can derive the solution for the magnetic field,

H z, t = H1e
− jkz− pt + H2e

jkz− pt 1 28

We can easily develop the relationship between E1, E2, H1 and H2 and show that the field quan-
tities are orthogoal to each and the direction of wave propagation.
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Exercise 1.1: Derivation of Uniform Plane Wave
Q1. Derive Equation (1.28) from Equation (1.17a).

1.4 One Dimensional Wave Equation Concept

In the beginning of the chapter we mentioned that the vector field analysis is a complex and chal-
lenging process, and it is not possible to get vector field solution using the conventional mathemat-
ical process. The complexity of the analysis increases with the coordinate systems. In this regard,
the field components are decomposed into their individual one dimensional field components and
the assumptions of variations are made to simplify the process. This process we have just witnessed
in the above field wave analysis. Therefore, the simplest approach to this field analysis is to find the
field solution in one dimensional wave equations. In this section, we shall develop the concept of
one dimensional field wave equation and the relevant field solutions. This theory is also supported
by the practical system. In guided structures such as transmission lines, waveguides and optical
fibers; and radiation of waves via antennas, we always look for solutions for one dimensional fields,
and develop the appropriate excitation mechanism to support the theory.13

Let us have a look at the relation of the field components and the direction of propagation as we
have derived in the above section. Assume that the wave propagates along z-axis only and no var-
iations along x and y axes. Let us assume the medium is lossless, and the region is charge free as we
have assumed before. To solve the problem we take Maxwell’s equations again as follows:
From Maxwell’s equation,

ax ay az

0 0
∂

∂z
Ex Ey o

= − μ
∂

∂t
axHx + ayHy + azHz 1 29

Simplification leads to the following differential equations:

∂Ey

∂z
= μ

∂Hx

∂t
1 30

∂Ex

∂z
= − μ

∂Hy

∂t
1 31

Review Questions 1.6: Introduction to Uniform Plane Wave

Q1. Explain why we need to decouple 3D electromagnetic field wave equations into discrete
1D spatial field wave equation.

Q2. Sketch the procedure to calculate the 1D spatial field wave equation.

13 We have witnessed such excitation mechanism during the development of the field wave propagation via a
dipole antenna. As wemove along applications of the wave equation in specific cases such as waveguides, optical fibers
and antennas, we shall encounter various specific excitation mechanisms.
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0 = μ
∂Hz

∂t
1 32

From (1.2) with the conduction current Jc = 0 and D= εE in 3D coordinates we obtain,

ax ay az

0 0
∂

∂z
Hx Hy o

= ε
∂

∂t
axEx + ayEy + azEz 1 33

Simplification leads to the following differential equations:

∂Hy

∂z
= − ε

∂Ex

∂t
1 34

∂Hx

∂z
= ε

∂Ey

∂t
1 35

0 = ε
∂Ez

∂t
1 36

From the above derivations we observe that Ez andHzmust either be zero or time independent to
satisfy the last bottom two equations. Since we are investigating the time varying field quantities,
they must be zero. This confirms that if we assume the field quantities vary only in one direction
then both E andHmust be transverse to the direction of the field variation. In the present case the
variation is assumed to be in z-direction only, and hence both electric and magnetic fields must
have only x and y components. This is the fudamental definition of the transverse electromagnetic
field waves.
Nowwe shall work on the field wave equations of the transverse wave that propagates only in the

z direction. We start with

∂Ey

∂z
= μ

∂Hx

∂t
1 37

and differentiate with respect to z to obtain the field wave equation as follow:

∂2Ey

∂z2
= μ

∂Hx

∂z∂t
1 38

Similarly for

∂Hx

∂z
= ε

∂Ey

∂t
1 39

with partial derivate with respect to t we obtain,

∂2Hx

∂t∂z
= ε

∂2Ey

∂t2
1 40

Now combining Equations (1.38) and (1.40), we obtain

∂2Ey

∂z2
= με

∂2Ey

∂t2
1 41

Equation (1.41) is the field wave equation of Ey. In the above derivation we assume that the time
varying magnetic field is a continuous function of both t and z. Therefore, the differentiation with
respect to t and z can be done in any order that yields the same results.
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Likewise we can derive the field wave equations for of Ex, Hx, and Hy. as follows:

∂2Ex

∂z2
= με

∂2Ex

∂t2
1 42

∂2Hx

∂2z
= με

∂2Hx

∂t2
1 43

∂2Hy

∂2z
= με

∂2Hy

∂t2
1 44

Exercise 1.2: Derivations of One-Dimensional Wave Equation
Q1. Derive the one-dimensional field wave equations from the relevant Maxwell’s Equations

(1.42)–(1.44).

We can generalize all the above one dimensional scalar fieldwave equations in the following form:

∂2f
∂z2

=
1
v2

∂2f
∂t2

1 45

where v =
1
με

is the velocity of wave propagation.

The wave of this type is called the wave equation of vibrating string. Figure 1.6 illustrates the waves
for the stretched vibrating string: (a) stretched string, (b) fundamental mode (n = 1), (c) second
harmonic (n = 2), and (d) third harmonic (n = 3).

L
f1

n = 1

n = 2 n = 3
L = λ2

L = λ1

1

2
–

L = λ3

3

2
–

(a) (b)

(c) (d)

f2 f3

Figure 1.6 Illustration of string waves: (a) stretched string at equilibrium, (b) disturbance of fundamental
mode frequency with wavelength λ, (c) 2nd harmonic, and (d) 3rd harmonic.
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We solve for the one dimensional wave equation using separation of variable method and under-
stand the salient feature of the one dimensional wave such as its two solutions of forward and
reverse travelling natures, the velocity of wave propagation and definition of the uniform
plane wave.
As per the method of separation of variables, we assume f = Z(z)T(t) where, Z(z) and T(t) are the

functions of z only and t only, respectively. Substitution for f= Z(z)T(t) in the above Equation (1.45)
and diving both sides by v2 we obtain,

d2Z z
dz2

+
c2

v2
Z z = 0 1 46

d2T t
dt2

+ c2T t = 0 1 47

Here c2 is the separation variable. The solutions for the above two double derivative equa-
tions are:

Z z = A1e
− jcz v + A2e

jcz v 1 48

T t = Ce jct 1 49

and the complete solution for f (z, t) is obtained by the product of the two above Equations (1.48)
and (1.49):

f z, t = A1e
− jcz v + A2e

jcz v Ce jct = Ae jc t + z v + Be jc t− z v 1 50

We find that the solution has two parts: (i) one with the function of (t− (z/v)) and can be deifned
as F1(t− (z/v)), and (ii) second one with the function of (t+ (z/v)) and that can be defined as
F2(t+ (z/v)). These functions must satisfy the generic wave Equation (1.45).
The function F1(t− (z/v)) represents the forward travelling wave along +ve z-direction and

F2(t+ (z/v)) represents the reverse travelling wave in the −ve z-direction, both are with the same
velocity (m/s). Figure 1.7 illustrates the forward and reverse travelling wave function Ft(t− (z/v))
and Fr(t+ (z/v)) in the sinusoidal form.

1.5 Wave Motion and Wave Front

We have defined the wave velocity v = 1 με in a linear, isotropic, and homogeneous medium

with the constitutive parameters ε and μ. Now we understand the physical significance of the wave
motion and the wave front. These two concepts are vital for the uniform plane wave theory.

Review Questions 1.7: Derivation of General Wave Equation

Q1. Derive the wave equation of vibrating strings.

Q2. What is the velocity of the wave?

1.5 Wave Motion and Wave Front 17
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The wave motion is defined as the uniform propagation speed at which the constant phase front, also
called wave front, of the wave energy travels. Each surface of the constant phase is called the wave
front. Figure 1.8 illustrates such wave front propagates from a horn antenna as generated using CST
Microwave Studio. As you may observe in the CST rendition of the wave propagation of an elec-
tromagnetic wave, for each wave there is a characteristic distance between two successive wave
fronts of the same family of the wave front of which all members are simultaneously in the same
phase. This characteristic distance is called the wavelength. The wavelength is related with the fre-
quency of operation as λ = v/f where f is the frequency of wave propagation.

Example 1.4: Derivation of Electromagnetic Wave Equation
If the horn antenna is propagating an electromagnetic wave at 9 GHz in air with ε = 8.854
× 10−12 (F/m) and μ = 4.475 × 10−7 (H/m). Calculate the wavelength of the wave.

Answer:

λ =
v
f
=

c
f
=

3 × 108 m s
9 × 109 Hz

= 3 3 cm

–z

–z directed traveling wave +z directed traveling wave

–z

–z
+z

+z

+z

x

x

x

y

1

0

A
m

pl
itu

deF2 F1
( )t + –

z
v ( )t – –

z
v

Figure 1.7 Concept of the field solution of the plane wave propagation with forward and reverse travelling
waves on xz-plane with the propagation direction along z-axis.

Horn antenna

Phase/wave fronts

Wave propagation along

z-direction

z
λ

Figure 1.8 Concept of the wave front of the EM wave as it propagates away from a horn antenna
(CST Microwave Studio rendition).
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The above wave front is also called the wave train. This is a continuous sequence of wave fronts of
which those intervals of the constant wavelength λ, and also called constant time period T= 1/f, and
they are always in the same phase. As you can also see that the wave fronts near the antenna aper-
ture is spherical and as the wave propagates away from the antenna aperture it become planar. In
all cases the wave fronts are in the same phase. Depending on the shapes of the wave front they have
different names. As for example, the wave fronts near the antenna consist of surfaces of concentric
spherical surfaces. In this case, they are called spherical waves. This wave is also called the near field
wave in antenna nomenclature.14 In a case, if we can make a wave front in cylindrical shape then
the wave is called cylindrical wave. Therefore, depending on the shapes of the wave fronts we define
the electromagnetic waves.
As the wave propagates away from the antenna, the field which is planar in shape is called the far

field wave in the antenna nomenclature. The far field wave is also called plane wave meaning the
phase front of the wave consisting of a plane surface as shown in Figure 1.8. If the amplitude of the
field vectors remains constant over each plane which is perpendicular to the direction of propaga-
tion, then we call it as a uniform plane wave or in short UPW.

1.6 Phase Velocity of UPW

In the preceding section, we have examined that the function F1(t− (z/v)) is a solution of an elec-
tromagnetic wave equation that travels at a velocity v. Nowwe shall develop the physical concept of
the wave velocity in this section. We all have examined that the wave equation has two solutions
F1(t− (z/v)) and F2(t+ (z/v)), the forward and reverse travelling wave functions, respectively. The
wave function has two independent variables, the distance z along z-axis and time t. As the wave
travels, the time increases with the distance irrespective of the direction of the wave propagation. To
understand the physical concept appropriately, let us take an example of a car traveling with a cer-
tain uniform speed v along z-axis as shown in Figure 1.9. Assume that the location of the car is z= z1
at an instant of time t= t1. As the car travels with time, the location of the car is z= z2 at the instant

Review Questions 1.8: Introduction to Uniform Plane Wave

Q1. Define wavelength of a time varying electromagnetic propagating signal

Q2. What is wave motion?

Q3. Show that a uniform plane wave has two solutions, one is forward travelling wave and one
is reverse travelling wave.

Q4. Define uniform plane wave.

14 The near field waves are of two types: (i) the spherical waves which are very close to the antenna aperture
are called non-radiating near field wave, and (ii) the spherical waves which are in between the non-radiating
near field wave and the far field waves are called radiating near field waves. In the first case of the waves, the
non-radiating reactive energy is stored in the waves and does not contribute in the real power radiation. The
radiating near field starts detaching the radiative field’s energies in real power. However, the phase front of the
wave remains curvilinear.
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of time t = t2. By this time, the car travels a distance R with a uniform velocity v. Therefore, the
magnitude of velocity of the car along z-axis is:

v =
z2 − z1
t2 − t1

=
R

t2 − t1
m s 1 51

If we want to measure the velocity of the car precisely, we need to measure the distance and time
precisely as well. To measure the distance in precision details, we need to fix a point on the car as
shown in Figure 1.9a. At the time instant t1, the location point P on the car is always fixed as for the
time instants t2, and t3 etc. The fixed-point P on the car is equivalent to the fixed or constant phase or
the initial state of a uniform plane wave.15

Now look at the plots of the wave function F1(t− (z/v)) at different locations along the z-axis
as the time progresses from t1 to t2 to t3. At these time instances, the wave travels from z1 to z2 to
z3 along the z-axis, respectively. In the three progressive plots of the wave functions F1(t− (z/v))
we set a fixed reference amplitude position F on the plots and set the three distances at the three
distance–time instances (z1, t1), (z2, t2), and (z3, t3), respectively, as shown in Figure 1.9b. This
means as time increases, the same plot moves to a distance along the positive z-axis. The two
independent variables are z and t that are denoted along the horizontal axis. In all cases, we
assume the velocity v to be constant at all time. The above examination reveals that as time
t increases the distance z must increase in order that (t− (z/v)) remains constant at all time.

P P
R = z2–z1

F
1
(t

–z
/v

)

t = t1
z = z1

t = t2
z = z2

z, t

t1

z1

t2

z2

t3

z3 z

t

F F F

up

(a)

(b)

Figure 1.9 Concept of the phase velocity (a) analogy of car travelling a distance R at a velocity v = ((z2 − z1)/
(t2 − t1)) = (R/(t2 − t1)), and (b) the constant phase point F of a wave function F1(t−z/v) travelling along z-axis with
a phase velocity up.

15 The phase of the signal is such a concept that needs to be measured precisely. We may ignore small deviation of
amplitude but not the phase. We hinted this issue in the development of the concept of the retarded potential. In the
antenna radiation theory, we shall consider the minute phase variation very seriously, and include minute phase
variation in the calculation. The direction of the radiated wave propagation and beamforming of the antenna are
highly dependent on the phase excitation of individual antenna elements.
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This means the solution of the wave function F1(t− (z/v)) is constant as long as (t− (z/v)) is
constant. And in this case, we designate F1(t− (z/v)) = F for all of the three-time instances
and travelled distances.
Now to determine the velocity of the wave propagation, we focus our attention to the reference

point F on the plot of F1(t− (z/v)). We have observed that the fixed amplitude point F is moving
with the plot of F1(t− (z/v)) along the z-direction. Its height is equivalent to the phase state of
the wave function and must remain constant all the time. Hence the argument (t− (z/v)) must
remain constant all the time.
Now we are in a position to define the velocity of the wave in the physical sense as we can

measure precisely the distance and time based on the above explanation. We set a reference
point F on the plots of the wave function that is propagating along the z-axis at different time
instances with a uniform velocity v. The velocity of the wave function is obtained simply taking
the derivative of distance z with respect to time t. This means the velocity of the constant phase
point F is:

v =
dz
dt

1 52

This means the velocity with which a point of the constant phase of the wave is propagating is
simply v= (dz/dt). Thus, we conclude that a wave function F1(t− (z/v)) that moves at a fixed velocity
v along the positive z-direction. Likewise we can also show that F2(t+ (z/v)) is moving along the neg-
ative z-direction at a velocity v = (dz/dt) to keep the argument (t+ (z/v)) fixed. Here, as t increases z
must increase negatively with a proportionality constant 1/v to keep the phase of the wave func-
tion fixed.

We have already defined = 1 με (m/s). The velocity is known as the phase velocity of the

uniform plane wave, and in many instances, it is denoted as up, as shown in Figure 1.9b.

Example 1.5: Derivation of Phase Velocity
Show that the phase velocity has unit (m/s).

Answer:
Permittivity has unit F/m = (coulomb)2/{N.(m)}2, permeability has unit H/m = V.s/(A.m),
energy = N.m = V.A.s, coulomb = A.s

Answer:

με =
V s
A m

×
coulomb 2

N m 2 =
V s A s 2

A V s A m 2 =
s 2

m 2

∴ v =
1
με

m
s

Thus, v has the dimension of velocity (m/s), and is independent of frequency, but dependent on
the constitutive parameters μ and ε. It represents the velocity of the phase or the original state of the
signal. It is important to point out that it is not the velocity of energy of the wave. We shall discuss
the energy velocity, which is called the group velocity, during developing the concept of uniform
plane wave for time harmonic cases.
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Exercise 1.3: Phase Velocity to Uniform Plane Wave
Q1. Show that in free space the phase velocity of the electromagnetic wave is v = 3 × 108 (m/s).

Hints: ε (1/36π) × 10−9 (F/m) and μ = 4π × 10−7 (H/m).

Q2. A coaxial cable has a Teflon filling which has εr= 2.3 and μr= 1. Calculate the electromagnetic
signal’s phase velocity in the coaxial cable. Compare the velocity with respect to the free space
phase velocity.

Answer:
1.978 × 108 (m/s); 66% of free space velocity.

In free space and in vacuum, the electromagnetic wave travels with the velocity equal to the
speed of light 3 × 108 (m/s).16 We therefore, both light and electromagnetic plane waves travel
with the same velocity in vacuum. This tells us that light wave and electromagnetic waves are
similar in nature. They are similar in many ways such as: (i) both waves are transverse to the
direction of wave propagation, (ii) in free space both types of waves have exactly similar behavior,
and (iii) the properties of reflection, refraction, and transmission of both wave types have simila-
rities not only in free space or vacuum but also in any medium. These similarities laid the founda-
tions for the electromagnetic wave theory of light wave by Maxwell. This textbook covers the
theory of both electromagnetic and light waves for the advanced level applications of microwave
passive design such as metallic waveguides, antennas, optical waveguides, and optical fibers,
respectively.
So far, we have examined the wave motion of the plane wave. From the examination we have

understood a few salient features of the plane wave: (i) a plane wave can travel in both −ve and
+ve z-directions, (ii) the wave travels with a uniform velocity v, (iii) the reference phase point
on the wave is always constant, and (iv) the velocity of the wave is independent of frequency of
operation, but depends on the constitutive parameters of the medium of propagation.
Now let us go back to the wave equation of a particular wave function say the z-directed travelling

electric field component Ex:

∂2Ex

∂2z
= με

∂2Ex

∂t2
1 53

Review Questions 1.9: Phase Velocity to Uniform Plane Wave

Q1. Define phase velocity. What is the physical meaning of the phase velocity of the electro-
magnetic wave?

Q2. Who described that the light wave was an electromagnetic wave?

Q3. Explain the similarities of the electromagnetic and light waves in terms of the phase
velocity

Q4. What is group velocity?

16 Maxwell has discovered the phenomena of the similarity between the electromagnetic and light waves. Therefore,
covering the light wave theory in terms of the electromagnetic phenomena and electromagnetic field solutions
is a salient feature of the book compared to other traditional textbooks on electromagnetism.
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Using the definition of the phase velocity v = 1 με , we can rewire the equation as

∂2Ex

∂z2
=

1
v2

∂2Ex

∂t2
1 54

Based on our previous examination of the solution for Ex we can write the general solution of the
one dimensional wave equations as

Ex = f 1 t−
z
v

+ f 2 t +
z
v

1 55

where, f1 and f2 are two arbitrary functions of (t− (z/v)) and (t+ (z/v)), that travel along +ve and
−ve z-directions, respectively. In electromagnetic nomenclature we denote the forward travelling
wave as

E +
x z, t = f 1 t−

z
v

1 56a

and the reverse travelling wave as

E−
x z, t = f 2 t +

z
v

1 56b

Therefore, we can write the complete solution as:

Ex z, t = E +
x z, t + E−

x z, t 1 56c

Likewise we can develop the magnetic wave field solutions from the wave equation

∂2Hy

∂2z
=

1
v2

∂2Hy

∂t2
1 57

for Hy field component as:

Hy z, t = H +
y z, t + H −

y z, t 1 58

In the next section we shall use the above equation to develop the relationship between the cor-
responding magnetic field component to develop the concept of wave impedance. Again we shall
resort to Maxwell’s equations in the development.

Exercise 1.4: One-Dimensional Wave Equation
Q1. Show that the general solution of the one-dimensional wave equation for the magnetic

field is:

Hy z, t = H +
y z, t + H −

y z, t

1.7 Wave Impedance

The concept of wave impedance is somewhat different than the impedance that we are used to in
the theory of alternating current (AC) circuit. In the AC circuit, the impedance is fixed for a par-
ticular frequency, and is defined as the ratio of the voltage and current waveforms. The impedance
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of an AC circuit is a complex quantity and is comprised of the real and reactive circuit elements. In
free space electromagnetic wave propagation, we define the intrinsic wave impedance that relates
the time varying electric and magnetic fields at any point in space. The impedance is a function of
the constitutive parameters of the medium such as σ, ε, and μ. In lossless, homogeneous, and linear
medium, the intrinsic impedance is a real quantity and does not change with frequency.
In this section, we shall develop the physical understanding of the wave impedance, also called

the intrinsic wave impedance. As coined by Maxwell in his legendary theory, the electromagnetic
wave carries real power as it propagates along the direction of propagation. Take the example of
a radar as shown in Figure 1.10. The wave from the radar’s transmitter travels with the speed of
light and hits a target at a certain distance in free space. As the electromagnetic wave hits the target,
it experiences a different impedance than that for the free space. Therefore, the reflection of the
electromagnetic wave is due to the fact that the intrinsic impedance of the object is different from
that of the free space. The intrinsic impedance is defined by the ratio of the electric and magnetic
field intensities at a point in space. Therefore, we understand that the reflection of the electromag-
netic wave is due to the change in the intrinsic impedance of the medium in which it propagates.
The reflected signal from the target starts propagating in the reverse direction and the radar’s
antenna receives the returned echo of the target.17 The sensitive radar receiver processes the weak
received signal and provides useful information of the target. Usually, a radar provides the target’s
distance from the radar, the speed and direction of travel of the target, and the bearing of the target.
Now let us derive the intrinsic wave impedance using Maxwell’s equation that we derived in

Section 1.6:

∂Ex

∂z
= − μ

∂Hy

∂t
1 31

Substitution for

Ex z, t = E +
x z, t + E−

x z, t = f 1 t−
z
v

+ f 2 t +
z
v

1 59

η0 = 377Ω (free space)

Target η≠η0

Transceiver

Figure 1.10 A radar hits a target in free space
and the returned echo from the target is received by
the radar receiver. The reflection is due to the fact
that the intrinsic impedance of the object is different
than that for the free space.

17 In previous section we solved wave equation and found the general solution has two components: the forward
travelling wave function F1(t− (z/v)) and the reverse travelling wave function F2(t+ (z/v)). The reflected signal is the
reverse travelling wave in the radar example.
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in the left-hand side of the above equation yields,

∂Ex z, t
∂z

= −
1
v
f 1 t−

z
v

+
1
v
f 2 t +

z
v

= − μ
∂Hy

∂t
1 60

Now integrating Equation (1.60) with respect to,18 we obtain:

Hy z, t = H +
y z, t + H −

y z, t =
1
μv

E +
x z, t −

1
μv

E−
x z, t 1 61

As can be seen, Hy has two parts: (i) a forward travelling wave component H +
y z, t , and (ii) a

reverse travelling wave component:H −
y z, t . Linking the respective forward and reverse travelling

waves of both electric and magnetic field components, we can define the intrinsic wave impedance
η as follow:

η =
E +
x z, t

H +
y z, t

= −
E−
x z, t

H −
y z, t

=
1
μv

=
μ

ε
Ω 1 62

The intrinsic wave impedance is always positive and has dimension of ohms. It is very useful in
wave analysis. In free space, the intrinsic wave impedance is:

η =
μ0
ε0

=
4π × 10− 7

1
36π

× 10− 12
377 Ω 1 63

Exercise 1.5: One-dimensional Wave Equation
Q1. Derive the wave impedance using the following Maxwell’s equation: (∂Ey/∂z) = μ(∂Hx/∂t)

1.8 Time Harmonic Field Wave Equations

In the preceding chapter we have already introduced the time harmonic fields and its significance.
In engineering applications, the sinusoidally varying or the time harmonic fields are of special sig-
nificance. In laboratory and in the field, we measure such time varying field waveforms using oscil-
loscopes. Even if the field variation is not purely sinusoidal, any field function can be decomposed

Review Questions 1.10: Wave Impedance

Q1. What is intrinsic wave impedance?

Q2. What is the value of intrinsic wave impedance in vacuum?

Q3. Show that the unit of intrinsic wave impedance is Ohm.19

18 Here we neglect any constant of integration which can give rise to at best a static field.
19 Use the proper dimensions of permittivity and permeability.
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with Fourier series expansion as the combinations of purely sinusoidally varying field functions. In
addition to these, the time harmonic field expression in the phasor vector formed with the aid of
Euler’s theorem simplifies the field analyses of complex problem so greatly that it becomes an inte-
gral tool for practical field solutions in the electromagnetic theory.
Nowwe go back to the Helmholtz generic wave equations for the electric andmagnetic fields that

we derived in the beginning of the chapter:

∇2E− μσ
∂E
∂t

− με
∂2E
∂t2

= 0 1 13

∇2H − μσ
∂H
∂t

− με
∂2H
∂t2

= 0 1 15

In time harmonic field analysis, Helmholtz simplified the time harmonic case by simply substi-
tuting the time derivative ∂/∂t = jω in the above generic field wave equations. How we are getting
this? Do you have a clue?
Euler’s theorem defines:

e jωt = cos ωt + j sin ωt 1 64

Therefore, if we take time derivative of ejωt, we obtain

dejωt

dt
= jωejωt;

d2ejωt

dt2
= jω jω ejωt = −ω2ejωt 1 65

This gives us the substitution of generic time varying field quantities to time harmonic case
(∂/∂t) = jω. Thus, Maxwell’s equations in source free region can be transformed into their time har-
monic expressions as follows:

Time-varying field expression

∇ E = 0 (1.66a)

∇ H = 0 (1.66b)

∇ × E = − μ
∂H
∂t

(1.66c)

∇ × H = ε
∂E
∂t

(1.66d)

Time-harmonic field expression

∇ Es = 0 (1.67a)

∇ Hs = 0 (1.67b)

∇ × Es = − jωμHs (1.67c)

∇ ×Hs = jωεEs (1.67d)

We define the time harmonic field expressions with a subscript swhere s= jω is implied as shown
above. Now let us go back to the two generic field wave equations and substitute ∂/∂t = jω then we
obtain,

∇2E− jωμσE + ω2μεE = ∇2E− jωμ σ + jωε E = 0 1 68

∇2H − jωμσH + ω2μεH = ∇2H − jωμ σ + jωε H = 0 1 69

With the substitution, the previous generic wave equations with time derivatives become such a
simplified form without any derivative or fraction, they just become a straight equation in one line.
Therefore, substitution for ∂/∂twith jω simplifies the wave equations significantly. In short, we can
write the above equations as

∇2E− γ2E = 0 1 70

∇2H − γ2H = 0 1 71
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The general solutions of the electric and magnetic field wave equations can be easily derived
using the exponential form as follows:

Exs = E +
0 e− γz + E−

0 eγz 1 72

and,

Hys = H +
0 e− γz + H −

0 eγz =
E +
0

η
e− γz −

E−
0

η
eγz 1 73

where

γ = jωμ σ + jωε = α + jβ 1 74

is called the propagation constant with its unit (1/m). And the two components of γ are: α is called
the attenuation constant (Np/m) and β is called the phase constant (rad/m).20 Both are real positive
numbers. For a lossy medium with finite conductivity σ, the propagation constant γ is a complex
number. If the medium is lossless, then α is zero and γ = jβ is fully imaginary that represents the
oscillatory nature and represents uninterrupted propagation of the wave. Nowwe derive the expres-
sions for α and β in terms of the constitutive parameters.
Taking square of the propagation constant in (1.75), we obtain:

γ2 = α2 − β2 + j2αβ = jωμ σ + jωε = −ω2με + jωμε 1 75

Separating the real and imaginary parts of the above equation, respectively, we obtain

α2 − β2 = −ω2με 1 76a

and

2αβ = ωμσ 1 76b

Again, taking the square of the absolute value of γ in (1.75), we obtain,

γ 2 = α2 + β2 = ω2με 1 + σ ωε 2 1 77

Adding Equations (1.76a) and (1.77) we obtain:

2α2 = ω2με 1 +
σ

ωε

2
− 1 1 78

∴ α = ω
με

2
1 +

σ

ωε

2
− 1 1 79

Subtracting Equation (1.76a) from Equation (1.77) and with simple manipulation as above we
obtain:

β = ω
με

2
1 +

σ

ωε

2
+ 1 1 80

20 The phase constant β (rad/m) is also called the wave number. The physical meaning of the wave number of a
wave is that how many radians per meter the wave rotates in the phase plane where one wavelength λ represents
2π angular rotation. Therefore, β increases with frequency as well as with the constitute parameter ε and μ.
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Example 1.6: Wave Propagation in Lossy Medium
Given, the operating frequency f = 1 GHz, the conductivity of the medium σ = 0.1 (S/m), relative
permittivity εr = 2.2, and the relative permeability μr = 1, calculate the attenuation constant α in
(Np/m) and the propagation constant β in (rad/m).

Answer:
We shall work out the problem step by step. First angular frequency ω = 2πf. Then με/2, (σ/ωε),

1 + σ ωε 2 and finally, we substitute all the calculated numerical values of the given parameters

into expression for α = ω με 2 1 + σ ωε 2
− 1 and

β = ω
με

2
1 +

σ

ωε

2
+ 1

This yields α = 22.6 (Np/m), the unit of attenuation constant. (Np/m) is in natural log scale
because we are dealing with exponential form of the wave equation eα. Npmeans at what distance
the amplitude diminishes by 1/e of its original value. 1 Np = 8.686 dB.
The angular frequency is derived as ω = 2πf = 2π × 109 (rad/s)
Now we calculate the parameters in the equations of α and β one by one

με

2
=

4π × 10− 7 ×
10− 9

36π
× 2 2

2
= 1 22 × 10− 17

σ

ωε
=

0 1

2π × 10− 9 ×
10− 9

36π

= 1 8; 1 +
σ

ωε

2
= 2 06

∴ α = 2π × 109 1 22 × 10− 17 2 06− 1 = 22 6 Np m

1Np = 8.686 dB

∴ α = 22 6 × 8 686 = 196 3 dB m

The phase constant is: β = 2π × 109 1 22 × 10− 17 2 06 + 1 = 38 4 rad m

As stated before, the phase constant is also called the wave number.

α and β in Lossless Medium

For loss less medium σ = 0, this simplifies the calculation significantly as follows:

α = ω
με

2
1 +

0
ωε

2

− 1 = 0 1 81

β = ω
με

2
1 +

0
ωε

2

+ 1 = ω με =
2πf
up

=
2π
λ

1 82

∴ β =
ω

up
=

2π
λ

1 83
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The phase velocity is:

up =
ω

β
1 84

Substitutions for the value of angular frequency ω = 2π × 109 (rad/s) and the free space wave
velocity

u0 =
1
μ0ε0

= 3 × 108 m s yield

β =
2π × 109

3 × 108

2 2

= 31 06 rad m

1.8.1 Summary of Propagation Constant

1) If we put α, a real number as the exponent with its negative value along with the distance z, e−αz;
this represents exponentially decaying factor as the wave propagates along the positive
z-direction. Thus, α is called the attenuation constant.

2) If we put jβ, an imaginary number as an exponent with its negative value along with the distance
z, e−jβz, this represents uninterrupted oscillating factor as the wave propagates infinitely along
the z-direction. This is an oscillating quantity with phase velocity up, time period T, and wave-
length λ. β is called the phase constant or the wave number.

3) The phase constant is also called the wave number, because it tells how many radians a wave
cycles in one meter. This is a very important concept for practical design. Therefore, develop-
ment of this concept of propagation constant, attenuation and phase constant is very significant
in practical design exercises.

4) The propagation constant β is very important concept in wave propagation as it conveys many
important pieces of information about the characteristics of the wave in the specific media and
guided structures. We shall cover these elements in the subsequent chapters.

Review Questions 1.11: Wave Propagation in Lossy Medium

Q1. What is α? What is β? Can you explain them in terms of exponential form of these
quantities?

Q2. We do not like a lossy medium as a wave losses its power due to the finite conductivity of
the media. Explain from the above examinations of propagation and attenuation con-
stants, and wave impedance, how we can know if a medium is lossy and how much power
we are losing.

Q3. Explain the significance of lossy and low loss media in RF/microwave/mm-wave active
and passive circuit design.

Q4. Explain if you prefer to use a low cost but highly lossy FR4 laminate for microwave design.

Q5. As a microwave design engineer, explain how do you modify the laminate for efficient
design with low cost FR4 laminate.
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5) The concepts of the attenuation constant α and the phase constant β are integral parts of any
wave type.

6) For simplicity, we, in most cases, neglect the attenuation constant α and only work on the phase
constant β. For loss less media, the conductivity σ is zero, then the propagation constant γ
reduces to jβ, where β = ω με = 2π λ rad m . This means the wave does not attenuate as
it travels. We use β in every calculation of plane wave, transmission lines, waveguides, optical
fibers and antennas.

7) Finally, the phase velocity, up, which is also called the velocity of wave propagation, or you can
say the velocity of the wave front is up= ω/β. This is another important expression that we shall
be using in the above occasions.

1.9 Refractive Index of Medium and Dispersion

The refractive index of an optical medium is a very important design parameter in optical fiber
design. It is considered to be one of the most important characteristic parameters of wave propa-
gation in optical spectra. Maxwell hypothesized the concept of the light waves as electromagnetic
waves from the definition of the refractive index n. The refractive index n of a medium is defined as
the ratio of the phase velocity of light in vacuum to the phase velocity of light in that medium. Thus,
the refractive index is defined mathematically as:

n =
u0
up

=
με

μ0ε0
=

μ0μrε0εr
μ0ε0

= μrεr 1 85

Most optical media are dielectric media, and the relative permeability μr 1, and the refractive
index is defined as:

n = εr 1 86

For the above example with the relative permittivity εr= 2.2, and the relative permeability μr= 1,
the refractive index is n = εr = 1 48. Note for most optical materials μ = μ0, therefore, (1.86) is a
valid expression. On the basis of the expression of n, the refractive index,Maxwell hypothesised that
the light wave and the electromagnetic wave have the same wave phenomena.
As stated above, the refractive index of an optical medium is the key parameter in designing optical

fibers inwhich the refractive index is gradually changed for avoidanceofmodaldispersion. See the two
illustrations of twodifferently refractive index gradedoptical fibers inFigure 1.11a andobservehowby
changing the refractive index profile inside an optical fiber the signal propagation changes its profile.
Also observe how the incoming pure impulse is distorted at the end of the optical fibers. The profiling
of the refractive index inside the optical fiber helps reduce distortion of the light wave inside the
optical fiber.
Likewise, our eyes are conceived as the optical devices that communicate optically with the outer

world. Figure 1.11b shows the refractive indices of various parts of a human eye. With various eye
diseases such as myopia, hyperopia, and astigmatism, the refractive indices of various layers of eyes
change and cause focusing problem of optical signals. The rays of lights with a sound eye with 20/20
vision and unfocused ray with eye diseases are shown in Figure 1.11b. Using appropriate lenses in
reading glasses we can correct the eyesight errors.
As you may observe in Figure 1.11a that with the change of the refractive index profile, the pulse

distortion at a certain distance in the optical fiber can be controlled. This distortion of pulses due to
the refractive index change is called dispersion and the medium in which the refractive index
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changes with the frequency is called the dispersive medium.21 This pulse broadening happens with
the change of the relative permittivity εr of the medium and hence the phase velocity up of the wave
inside the medium with frequency f. For example, the refractive index of distilled water at micro-
wave frequency is n = 9. At optical frequency, such as 500 THz, the frequency of sodium light,22

Higher order
mode

Input pulse

Input pulse

Multimode step index optical fiber.

Multimode-graded index optical fiber

Output
pulse

Output
pulse

Cladding

Cladding

Core (n2)

Core (n1)

Core (n1)

n1

n1

n2
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n1

n2

n1
n2

n1
n2

n1

n1

n2

n

n1

n1
n2

n

ρ

ρ

ρ

ρ

(ρ)

(a)

Human eye model with
refractive indices

n1n2 n3 n4

n1 n2 n3 n4

n1 n2 n3 n4

Healthy eyesight

Eyesight with MYOPIA

(b)

Figure 1.11 (a) Index graded optical fibers, and (b) refractive indices of various parts of a human eye and
eyesight with health and diseased eyes.

21 The practical design of a low dispersion optical fiber consider various dispersion such as material and waveguide
dispersion. Author encourages readers to investigate these topics via open sources.
22 Islam, M.A. (1969). Electromagnetic Theory, 348–349. Dacca, East Pakistan: EPUET.

1.9 Refractive Index of Medium and Dispersion 31

c01.3d 31 27/3/2023 7:04:39 PM



the refractive index n = 1.33. This reveals that at the frequency in the optical range, the value of
refractive index n does not remain the same as for the microwave frequency. In this example,
there is a significant change in the relative permittivity εr = n2 from 81 in the microwave fre-
quency to only 1.77 in the optical frequency. Since the phase velocity up is inversely proportional
to εr or 1/n, the wave travels in different speeds in the medium. The wave has many harmonic
components and suffers from relative displacement of the harmonic components in phase as the
wave propagates along the medium. The resultant wave is a distorted version of the incoming wave
at certain distance in the medium. We define this distorted version of the signal with harmonic
components as the dispersed signal. This means the signal is scattered or spread out in space
and time. This phenomenon of signal broadening is called dispersion. The medium as discussed
above in which the phase velocity is a function of frequency up = up(f) is called a dispersive
medium.23

1.9.1 Summary of Wave Propagation in Lossless Medium

Now we can summarize the findings about the EM wave in lossless media as follow.

1) Phase constant beta is β =ω/up= 2π/λ (rad/m). For the last example substitution for the angular
frequency ω, free space permittivity ε0, the medium relative permittivity εr and the free space
permeability μ0, we get β = 31.06 (rad/m).

2) For free space phase velocity, up = c = 3 × 108 (m/s).
3) The refractive index of a medium is defined as the ratio of phase velocity of a signal in free space

versus the velocity in the medium: n= u0/up is simplified by simple mathematical manipulation
to n = μrεr .

4) For most optical fibres which are made of dielectric media such as silica or plastic, the perme-
ability μ = μ0, gives rise to n = εr . For the above example n = 1.48.

5) We use Taconic TLX0 with dielectric constant or εr of 2.3. As homework, you find εr for
most used commercial substrate such as Rogers Duroid, Taconic TLX series and RF4. Exam-
ple includes fire resistant FR4 εr = 4.2 is the low-cost and most-used laminate in low fre-
quency RF while low loss Rogers Duroid, Taconic TLX laminates are used in microwave
frequencies.

Review Questions 1.12: Wave Propagation in Lossy Medium

Q1. Define refractive index.

Q2. For an optical design what would be the refractive index?

Q3. Explain how the refractive index is graded in optical fiber design and why?

Q4. What is dispersive medium? How does the refractive index plays a significant role in
mitigating dispersion in optical spectra?

Q5. Explain the contrasting difference in the refractive index of a medium in microwave and
optical spectra.

23 Chapter 7- Wave Propagation in Dispersive Medium deals with the analyses of waves in various dispersive
medium.
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1.10 Time Harmonic Wave Solution

As we have defined before that the time harmonic wave equation is a function of sine and cosine
functions, and therefore, is oscillatory in nature with an angular frequency ω = 2πf and synchro-
nised with a time period T = 2π/ω. The wave also varies sinusoidally as it propagates along the
direction of propagation. We have defined the solution of the plane wave with the wave function
F1(t− (z/v)), which is a two-dimensional function with space z and time t, respectively as shown in
Figure 1.12. Therefore, the second periodicity comes with respect to space with a factor kz. Where
k= 2π/λ, where k is called the wave number or phase constant and λ is the wavelength. Note there is a
subtle difference between the phase constant β that we derive in the above theory of plane wave and
the wave number k, that usually refers to the phase constant in free space. Sometimes in textbooks,
k is also replaced with βu, the free space wave number or propagation constant and β refers to the
guided wave number or phase constant.
Let us consider the one-dimensional electric field wave Ex that is propagating along±z-directions

as time t progresses. Revisiting the generic form of the wave equation:

∂2Ex

∂z2
=

1
v2

∂2Ex

∂t2
1 54

with the propagation velocity v = 1 με

We already have derived the solution for the wave equation with the forward and backward trav-
elling wave functions as follow24:

Ex = f 1 t−
z
v

+ f 2 t +
z
v

1 55

We can express the time harmonic case in the sinusoidal function of a specific angular frequency
ω and phase velcoity up in the following form:

Ex z, t = E +
x z, t + E−

x z, t

= E +
x0 cos ω t− z up + ϕ1 + E−

x0 cos ω t + z up + ϕ2

= E +
x0 cos ωt− koz + ϕ1 + E−

x0 cos ωt + koz + ϕ2

1 87

–z directed traveling wave +z directed traveling wave

0
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+z–z

t

Ex ( )t + –
z
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z
vE

x(
z,

 t)

Figure 1.12 General wave solution of an x-directed field propagating in ± z-direction.

24 Similar derivation is also available in Hayt, W.H. and Buck, J.A. (2001). Engineering Electromagnetics, 6e. Boston,
Ma, USA: McGraw Hill.
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Here,

ko = ω up rad m 1 88

is called the free space wave number or phase constant of the wave.
As discussed before, the wave number k has a very practical significance in time harmonic elec-

tromagnetic analyses. The wave number defines the number of full wave cycles in radian25 per
meter as a wave cycle periodically with 2π radians per cycle. The solution of the time harmonic
electric field in the Equation (1.87) is called the instantaneous or time domain form of the field.
It has two components: the first part of the right-hand side is called the forward travelling wave
and the second part is called the reverse travelling wave. Now we can analyze the functions in
the parenthesis of cosine functions:

cos ωt ± koz + ϕi

for i = 1, 2.
The simplest term is the phase terms ϕi for i= 1 and 2, that represent the initial state of the signal

in the forward and reverse directions, respectively. If properly referenced, the phase quantities can
be made zero. For the first and second terms in the parenthesis both have units of angle and
expressed in radians. The angular frequency ω = 2πf (rad/s) measures the phase shift of the signal
in radians of a periodic signal per second. In a similar annotation, we can define ko as the spatial
frequency that measures the phase shift per unit length in radians per meter along the direction of
propagation, in this case along z-axis. Assume the time is fixed, the wave travels a full wavelength is
the distance over which the spatial phase shift is 2π (rad). At that time the spatial phase shift26 in
free space is defined as:

koz = koλ = 2π rad 1 89

This understanding leads to the derivation of the wavelength in terms of the phase constant as
follows:

λ =
2π
ko

m 1 90

As the distance progresses with time, the instantaneous field in Equation (1.87) above travels
with the sinusoidal function in both space and time. Therefore, there are crests and troughs in
the waveform. Neglecting the phase shifts ϕI, 2, which represent the initial conditions of the waves,
the wave travels a full cycle of 2π from a crest to its successive one and this will continue to repeat.
Therefore, we can define the spatial angular distance in radians as the integer multiple of 2π as

koz = 2πm rad 1 91

Now we allow time to grow, then we can define the argument of the cosine functions as:

ωt− koz = ω t−
z
c

= 2mπ rad 1 92a

25 Note that 2π (rad) is equivalent to one cycle and a full wave length λ in meters.
26 The spatial phase shift is also called the electric length in radians of the signal.
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This means that as time progresses the distance must be positively increased to make the term in
the parenthesis constant. This is the definition of the forward travelling wave. Using similar argu-
ment, we can say that

ωt + koz = ω t +
z
c

= 2mπ rad 1 92b

represents the reverse travelling wave.

1.11 Poynting Theorem27

The above discussion on the fundamentals of electromagnetic laws and the electromagnetic
wave theory can be derived from two aspects: (i) initially the action at a distance (force) such
as the laws of Coulomb, Gauss, Biot-Savart, Ampere in electrostatic and magnetostatic cases,
and Faraday in dynamic cases, and (ii) Maxwell’s field theory due to the electromagnetic inter-
action. The legendary continuity equation of Maxwell had opened up the gate of the modern time
varying electromagnetic wave theory. As you may recall that the continuity equation suggests
that the time rate of diminishing charges in an enclosed surface generates the diverging current.
This means the rate of the decrement of the stored charge is transformed into the diverging cur-
rent. The displacement current concept, another legendary discovery of time varying electromag-
netic field theory, is also derived from the continuity equation of Maxwell. Maxwell’s original
contribution leads to the wireless energy propagation through any medium either guided or
wireless. In this section we shall discuss the energy balance equation in an enclosed surface that
is derived by an English Physicist J. D. Poynting in 1883.28 At the same time, Heaviside also
reported similar theory of the energy balance equation.29 To understand this energy balance
equation, we shall first understand the energy stored and dissipated in the circuit elements
as described in the circuit theory and also shown in Figure 1.13a. We shall draw an analogy
of the energy stored in the circuit theory with those for the electrostatic and magnetostatic cases
in a closed area which is defined by a differential volume ΔV enclosed by a closed surface area
ΔS as shown in Figure 1.13b. Finally, we shall consider the dynamic electromagnetic cases and
shall derive the energy balance equations for the time varying electromagnetic fields at any arbi-
trary time rate of changes.

Review Questions 1.13: Characteristics of electromagnetic waves

Q1. Explain the difference in wave number k and the phase constant β in the electromagnetic
wave theory.

Q2. Define the instantaneous or time domain form of the field.

Q3. Define spatial frequency and its unit.

27 Similar derivation is also available in Islam, M.A. (1969). Electromagnetic Theory. Dacca, East Pakistan: EPUET.
28 Poynting, J.D. (1883). On the transfer of energy in the electromagnetic field. Phil. Trans., 174: 343 (quoted in
Sadiku, M. N.O. (2001). Elements of Electromagnetics, 3e, 363. Oxford University Press.)
29 Islam, M.A. (1969). Electromagnetic Theory. Dacca, East Pakistan: EPUET.
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In guided electromagnetics, electromagnetic energy is transported from one point to another
point via a transmission line.30 We are more used to with the voltage V (equivalent to the electric
fieldE) across the terminal and the current I (equivalent to themagnetic fieldH) through the circuit
elements. Contrary to the guided energy case, based on Maxwell’s field wave theory, the electro-
magnetic energy is also propagated in free space as the unguided wave. However, in static and
low frequency cases, we can assume that the energy is stored in separate cases of electric and mag-
netic energies in the respective fields in a medium with their respective finite constitutive para-
meters, permittivity ε and permeability μ. For a lossless medium the conductivity and Ohmic
loss can be neglected.
First, we start with the AC circuit theory of the reactive elements with inductance L and capac-

itance C. In the circuit theory, the magnetic energy stored in the circuit element is defined as (1/2)
LI2 where, I is the current. Likewise, the electric energy stored in a capacitor is defined as (1/2)CV2

where V is the voltage across the capacitor. If the transmission line and the circuit elements are
lossy then the real power loss is represented by a resistor R. The time–average power dissipated
as heat is defined as (1/2)RI2.
Now if we draw the analogy of the static electric and magnetic cases31 with the above circuit the-

ory, the electric and magnetic energies stored in a medium with permittivity ε and permeability μ
can be defined as (1/2)εE2 and (1/2)μH2, respectively. If the medium is lossy then we can also derive
the real power loss as heat dissipation as (1/2)σE2, where σ is the conductivity of the medium. The
above definitions of the energy equations are based on the static and low frequency dynamic cases
and is perceived that the energy accumulation is happening in a slowly building up form like a
summation of the consecutive static states.32
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Figure 1.13 (a) An RLC AC circuit with impressed voltage V, and (b) equivalent Poynting theorem is a power
balance equation for EM fields.

30 The transmission line is perceived as the distributive circuit elements with combinations of R, L, and C.
We shall derive the wave equations based on the circuit elements using Telegraphist’s equations in Transmission
Line theory chapter later on.
31 We reserve the term electromagnetic for the time varying case and here we define the static cases in separate
definitions “Static electric and magnetic cases” instead of defining “static electromagnetic case.”
32 Revisit 3.9 Electric Energy and Joule’s Law; Section 3.11 Electrostatic Potential Energy and Section 3.19
Magnetic Energy and Inductance.
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The objective of the above analogy is to get an understanding whether such energy accumulation
as the stored electromagnetic energy is valid in any arbitrary rate in the time varying cases. To val-
idate the theory, first we take a small volumeΔVwithin which we would like to evaluate the energy
state as shown in Figure 1.13b. Assume that the total enclosed surface area of the volume is ΔS.
Here we assume that the enclosed surface ΔSwith a volume ΔV can accept energy as incident elec-
tromagnetic fields denoted as “Energy in,” and also energy flowing out as “Energy out.”33 In
between, there are some electromagnetic interaction based on the field theory of Maxwell, in
the forms of stored electric energy (symbolized as capacitor) and magnetic energy (symbolized
as inductor), and the real power dissipation (symbolized as resistor). This means in between the
“energy in” and “energy out” there is some energy that can be stored in the form of electric and
magnetic energies as shown with the symbols of capacitance and inductance, respectively, plus
some real power loss as heat in the resistance.
Based on the principle of the conservation of energy, any increase of energy within the volume ΔV

must be accompanied by the equal amount of energy flowing into the volume via the enclosed sur-
faceΔS. Likewise, any decrease of energy within the volumeΔVmust be accompanied by the equal
amount of energy flowing out of the volume via the enclosed surface ΔS. First consider the energy
flowing out of the surface per unit volume “per unit time” as a vector P (W/m2). Also, for simplicity
assume that the medium is loss less σ = 0. Then there must be diminishing of energy in the volume
and we can define the energy balance with the following equation:

P dS = −
v

∂

∂t
1
2
εE2 +

1
2
μH2 dV W 1 93

Here the unit ofP is in (W/m2) and (1/2)εE2 and (1/2)μH2 are in (J/m2). The above equation is the
energy balance equation in the integral form for lossless case. Now considering the differential form
of the equation that can be written using the divergence theorem on the enclosed surface as follows:

v
∇ P dV = −

v

∂

∂t
1
2
εE2 +

1
2
μH2 dV W 1 94a

or

∇ P = −
∂

∂t
1
2
εE2 +

1
2
μH2 W m2 1 94b

Here, P is power density per unit area and is called the Poynting vector, after the name of J. D.
Poynting.
Now consider the rapidly time varying field case in which the electric and magnetic fields are

present simultaneously and the fields are governed by Maxwell’s equations. Recalling from Equa-
tions (1.4)–(1.7). The time varying electromagnetic field equations for any linear, isotropic, homo-
geneous medium are:

∇ E =
ρv
ε

1 4

∇ H = 0 1 5

33 Note that the figure shows the representations of area of in and out of energy. Energy can be in from any point/area
and out from any point/area depending on the configuration of an electromagnetic system. As for example, for an
antenna, the input energy is provided via its input point and the output energy is the radiation from its radiation
aperture or length.
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∇ × E = − μ
∂H
∂t

1 6

∇ × H = Jc + ε
∂E
∂t

= σE + ε
∂E
∂t

1 7

We observe that for a lossy medium with finite conductivity σ, we define Ohm’s law J = σE that
represents the Ohmic or real power loss. We drop subscript c for conduction current for simplicity.
Therefore, J.E= σE2 represents the real power loss as heat dissipation. To develop the generic
energy balance equation with all energy stored and losses we start with the dot product of E
and Ampere’s law ∇ ×H = J+ ε(∂E/∂t):

E ∇ × H = E J + ε
∂E
∂t

= E J + εE
∂E
∂t

1 95

Likewise, if we take a dot product between Equation (1.6) and H, we obtain

H ∇ × E = − μH
∂H
∂t

1 96

Now subtracting Equation (1.95) from (1.96) we obtain:

H ∇ × E −E ∇ × H = − μH
∂H
∂t

−E J − εE
∂E
∂t

1 97

Using the vector identity

∇ E × H = H ∇ × E −E ∇ × H 1 98

we obtain

∇ E × H = − μH
∂H
∂t

+ εE
∂E
∂t

+ E J 1 99

Assuming the medium is linear, homogeneous, isotropic, and does not change with time, we can
simplify the energy equations into the following forms:

μH
∂H
∂t

=
1
2
∂ μH H

∂t
=

1
2

∂

∂t
μH2 1 100

εE
∂E
∂t

=
1
2
∂ εE E

∂t
=

1
2

∂

∂t
εE2 1 101

Substitution for Equations (1.100) and (1.101) into Equation (1.99) we obtain:

∇ E × H = −
∂

∂t
1
2
εE2 +

1
2
μH2 −E J 1 102

This is the differential from of the energy balance equation. The integral from of the energy bal-
ance equation can be obtained by integrating the above equation over a volume enclosed by the
closed surface area S and using the divergence theorem as follows:

V
∇ E × H dV =

S
E × H dS = −

V

∂

∂t
1
2
εE2 +

1
2
μH2 −E J dV 1 103

V
∇ E × H dV =

S
E × H dS = −

V

∂

∂t
1
2
εE2 +

1
2
μH2 −E J dV
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or,

S
P dS = −

V

∂

∂t
1
2
εE2 +

1
2
μH2 −E J dV 1 104

Here

P = E × H W m2 1 105

is used. Equation (1.104) is referred to as the Poynting theorem. As stated above, the equation
was derived by J. D. Poynting in 1883 and also by Heaviside at about the same time. From the
examination of the left side of the above equation we can easily state that the diverging energy
density term P = E ×H (W/m2) on an enclosed surface S equates with the decrement of the time
rate of change of the electric and magnetic energies subtracted by the real power dissipation in
the volume. By the law of conservation of energy, we can say that the decrement of energy must
be equal to the power (time rate of energy) flowing out of the volume through the enclosed
surface. The power flow density vector is designated as Equation (1.105). The vector P is called
the Poynting vector.
If we compare Maxwell’s current continuity equation with the above Poynting theorem Equa-

tion (1.104), we can draw nice similarities between them. For the continuity equation, the negative
time rate of change of the stored charge (−(∂Q/∂t)) in a volume must be equal to the diverging cur-
rent density ∇. J. For the Poynting theorem, the negative rate of change of the stored energy minus
the Ohmic loss must equate with the diverging power flow density vector ∇ P= ∇ (E ×H)
where, the power flow density vector or the Poynting vector is defined as: P = E ×H in (W/m2).
In the following sections, we shall examine a few special cases of Poynting theorem.

Review Questions 1.14: Poynting Theorem

Q1. Draw a mud map to reflect how the energy balance equation evolved from Maxwell’s
current continuity equation.

Q2. Explain the difference between static and low frequency and time varying energy
balance cases.

Q3. Derive the analogy between the circuit theory and the electromagnetic energy balance
theory.

Q4. What is the equivalence of the circuit theory with the electromagnetic energy balance
theory in the static and low frequency cases?

Q5. Derive the Poynting vector equations from the electric and magnetic potential energy
theorems for the static case.

Q6. What is the relevance between the transmission line and an enclosed volume with elec-
tromagnetic phenomenon?

Q7. What is the difference between the concepts of the energy balance in the circuit theory
and the theory developed by Poynting using Maxwell’s equations?

Q8. Derive Poynting theorem from Maxwell’s equations for the time varying case.

Q9. Relate Poynting theorem with Maxwell’s current continuity equation and interpret each
elements of the Poynting theorem.
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1.12 Static Poynting Theorem

In static electromagnetic case such as DC or low frequency AC, there is no rate of change of the
electromagnetic energy within the volume of investigation. Therefore, the Poynting theorem
reduces to:

S
P dS = −

V
E JdV 1 106

Assume the volume contains no source. Thus, in static case the net influx of power within the
system is fully dissipated as Julian heat or power loss. In the following, an example is given for
a conductor.

1.12.1 Poynting Theorem for a Wire

Figure 1.14 shows a wire with radius a and carrying a DC current I. The conductivity of the wire is σ
and length is L. We investigate the Poynting vector and the total power loss due to the finite con-
ductivity. We shall also define the real power loss in terms of the circuit parameter R.
Since the wire is a circularly symmetric configuration, we employ cylindrical coordinate system

( ρ,ϕ, z). Fromour understanding of theDCcurrent I and resistanceR, we can assume the current I is
uniformly distributed over the cross-sectional area as shown in Figure 1.14. The current density is:

J =
I

πa2
az A m2 1 107

Applying Ohm’s law the electric field is:

E =
J
σ
=

I
σπa2

az A m 1 108

Applying Ampere’s law, the magnetic field on the surface of the wire is:

H =
I

2πa
aϕ A m 1 109

The Poynting vector is the product of the electric and magnetic fields:

P = E × H =
I

σπa2
az ×

I
2πa

aϕ = −
I2σ

2π2a3
aρ W m2 1 110

Which is directed inside the wire along the radial direction, as shown in Figure 1.14.

x

L

z

z
I

ϕ
ρ a

Hϕ
Ez

Pρ

Figure 1.14 Awire with radius a which is carrying a DC current I. The conductivity of the wire is σ and length is
L. We calculate the Poynting vector and the total power loss due to the finite conductivity σ. We shall also
define the real power loss in term of the circuit parameter R.
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Now to verify the Poynting theorem we integrate the Poynting vector P over the entire volume or
the entire enclosed surface which is 2πaL. Let us do the surface integration. In the integration we
can ignore the two vertical side surfaces at two ends of the wire of length L due to the fact that the
normal of the surfaces is along ±z whereas the Poynting vector P is along the radial direction, and
therefore, the contributions of the integration of the two surfaces will be zero. Therefore, the inte-
gration of ρ over the cylindrical surface arc is:

S
P dS =

S
−

I2

2σπ2a3
aρ aρ ρdϕdρ = −

I2

2σπ2a3
× 2πaL = − I2

1
σ
×

L
πa2

= − I2R

1 111

where, the resistance is defined as:

R =
1
σ
×

L
πa2

Ω 1 112

If we draw the analogy of the current continuity equation, we can tell that the −ve sign of the
Poynting vector represents the power flowing out of the surface.

1.13 Energy Balance Equation in the Presence of a Generator:
In-Flux and Out-Flow of Power

So far, we did not consider any source or generator that impressed energy inside the volume. Let us
start with the term E.J that represents the Ohmic power loss per unit volume. As shown in the
above figure now assume that the in-flux of energy generates an impressed electric field E .34 Also
assume that the conductivity of the medium is σ. Then the total current density J generated by both
the impressed electric field E and the electric field E that is generated by the current and charges
within the volume is:

J = σ E + E 1 113

This leads to the definition of the original electric field E in terms of the current density and the
impressed electric field as

E =
J
σ
−E 1 114

Therefore, the volume integration of E.J leads to the following expression:

V
E J dV =

V

J2

σ
dV −

V
E J dV 1 115

Now examining the above Equation (1.115) we can easily deduce that the first term in the right-
hand side which represents the energy dissipation as heat which is an irreversible process. The sec-
ond term represents the impressed energy flowing inside the system. The −ve sign represents some
works need to be done by the external source to impress the electric field E .35 This supplied power

34 The prime sign is usually reserved to represented quantities and coordinate systems related to source.
35 Recall the definition of electric potentialV= − E dLwith the negative sign, it indicates work is needed to bring a
unit charge in the influence of the electric field.
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is balanced by the increase in the stored electromagnetic energy and heat loss in the system. The
rest is flowing out of the surface as SP dS. Let us prove the above statement with the following
mathematical manipulation.

S
P dS = −

V

∂

∂t
1
2
εE2 +

1
2
μH2 dV −

V

J2

σ
dV +

V
E J dV 1 116

or,

V
E J dV =

S
P dS +

V

∂

∂t
1
2
εE2 +

1
2
μH2 dV +

V

J2

σ
dV 1 117

Examination of the above Equation (1.117) reveals that the left-hand side term V(E J)dV repre-
sents the in-flux energy in the system from a generator as shown in Figure 1.15. The first term on the
right-hand side SP dS represents the energy flowing out of the volume through the enclosed sur-
face S. The Poynting vector P represents energy flow at a point in the system. The second term on
the right-hand side V[(∂/∂t)(((1/2)εE

2) + ((1/2)μH2))]dV represents the rate of change of stored
electromagnetic energy in any arbitrary time rate of change in fast varying and/or quasi-static state.
The last term V (J

2/σ)dV is the irreversible Ohmic loss due to finite conductivity of the system.
A good analogy of the energy balance equation as developed via the Poynting theorem is an

antenna as shown in Figure 1.4 in the beginning of the chapter. A source is added to the antenna.
The antenna has stored reactive electromagnetic energy which changes with the operating fre-
quency, some power is dissipated as heat due to the finite conductivity of the antenna material,
and the rest of the power is radiated as the Poynting vector as P = E ×H (W/m2).

Ohmic

loss σE2–1
2

–1
2

–1
2

energy

energyStored electric

Stored

magnetic

εE2

μH2

ΔS

ΔV

Energy out

P.dS= (E × H).dS

Energy in

Energy

in

Energy

flow out

Stored energy

increment
Ohmic

loss

V

V

S

VS

(E'.J)dV

(E'.J)dV

= P.dS +
V V

д
дt

– –
1 1

2 2
εE2 + +μH2 J2

dV dV
σ

Figure 1.15 Depiction of energy balance Poynting theorem.
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1.14 Time Harmonic Poynting Vector

So far, we have discussed the generic time varying field quantities and developed the Poynting The-
orem. However, when describing plane wave propagation, it is customary to express the field quan-
tities in their complex phasor vector or time harmonic forms. As we know that the time domain or
the instantaneous expressions of these complex field quantities are the real part of the product of
the phasor vector quantity and ejωt. The instantaneous expression of the field quantities that we can
measure in the oscilloscope in the sine and cosine waveforms. In a lossless, linear, isotropic, and
homogeneous medium, a positive z-directed electric andmagnetic field can be expressed as follows:

Ex = axE
+
0 cos ωt− βz 1 118

Hy = ayH
+
o cos ωt− βz = ay

E +
0

η
cos ωt− βz 1 119

where η is the intrinsic impedance of the medium.
The instantaneous Poynting vector is expressed as:

P z, t = E × H = axE
+
0 cos ωt− βz × ay

E +
0

η
cos ωt− βz = az

E +
0

2

η
cos 2 ωt− βz

1 120

Using the trigonometric identity of cos2 θ= (1/2)(1 + cos 2 θ) we obtain the instantaneous expres-
sion for the Poynting vector as:

P z, t = az
E +
0

2

2η
1 + cos 2 ωt− βz 1 121

From the examination of the above expression (1.121), we can see that the time domain
expression for the Poynting vector has two parts: (i) the first DC component with

amplitude PDC z, t = az E +
0

2
2η , and (ii) the second AC component with double the fre-

quency PAC z, t = az
E +
0

2

2η cos 2 ωt− βz .

If we integrate the above AC component over the cycle (2π) then we obtain zero contribution
from the AC component.
We are more interested in the time average quantity as this represents the real power loss as heat.

The time average power is the real power loss in all resistive elements in the network over a time
period or a cycle. The time average power is defined over a time period T or a cycle (2π) as

Pave =
1
T

T

0
P x, y, z, t dt 1 122

Review Questions 1.15: Poynting Theorem

Q1. Explain the difference of the energy balance equation without and with a generator.

Q2. Explain the difference of the Poynting theorem in static and dynamic cases in the light of
Maxwell’s equations.
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or,

Pave =
1
2π

2π

0
P x, y, z, t d ωt 1 123

Now substitution for the value of P z, t = az
E +
0

2

2η
1 + cos 2 ωt− βz in the above Equa-

tion (1.123) we obtain:

Pave = az
1
2π

2π

0
P x, y, z, t d ωt = az

1
2π

2π

0

E +
0

2

2η
1 + cos 2 ωt− βz d ωt

= az
1
2π

×
E +
0

2

2η

2π

0
d ωt +

2π

0
cos 2 ωt− βz d ωt = az

E +
0

2

2η

1 124

∴ Pave = az
E +
0

2

2η
1 125

The above expression can be deduced from their phasor vector expression using the following
expression:

Pave =
1
2
Re Es × H∗

s =
1
2
Re E∗

s × Hs 1 126

∇ × E = −
∂B
∂t

= − μ
∂H
∂t

The Phasor expressions of the electric and magnetic fields are:

Exs = axE
+
0 e− jβz 1 127

Hy = ayH
+
o ejβz = ay

E +
0

η
e− jβz 1 128

Then the time average Poynting vector is defined36 as:

Pave =
1
2
Re Es × H�

s =
1
2
Re E�

s × Hs =
1
2
Re axE

+
0 e− jβz × ay

E +
0

η
e jβz 1 129

∴ Pave = az
E +
0

2

2η
1 130

Observation from the above procedure of taking the real part of the electric and the conjugate of the
magnetic fields or vice versa of the phasor expressions of the electric andmagnetic fieldswe obtain the
same results of the procedure followed in the integration over the full cycle of 2π. Therefore, we can
experience the benefit of using the phasor vector calculation in time harmonic field analysis.37

If the medium is lossy then we need to consider the loss term e−αz in the above calculation. The
phase difference between the field quantities due to the loss is also needed to be considered.38 The
instantaneous expressions for the field quantities are:

Ex = axE
+
0 e− αz cos ωt− βz 1 131

36 Usually we take complex conjugate of the magnetic field.
37 Helmholtz devised the expressions of phasor vector method of calculation of time harmonic fields using Euler
theorem.
38 Recall the intrinsic impedance becomes complex for a lossy medium. Therefore, the phase difference between the
electric and magnetic fields must be considered in the calculation.
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Hy = ayH
+
0 e− αz cos ωt− βz− θ = aye

− αz E
+
0

η
cos ωt− βz− θ 1 132

where the phase angle θ represents the initial phase state of the magnetic field compared
with the electric field due to the loss factor. The phasor expression of the above field quantities
are:

Exs = axE
+
0 e− αze− jβz 1 133

Hys = aye
− αz E

+
0

η
e− jβze− jθ 1 134

Using the above procedure, the time average Poynting vector for the lossy medium is:

Pave =
1
2
Re axE

+
0 e− αze− jβz × aye

− αz E
+
o

η
ejβzejθ 1 135

∴ Pave = az
E +
o

2

2η
e− 2αz cos θ 1 136

The above expression uses Euler theorem: Re[e−jθ] = Re [cos θ − jsin θ] = cos θ

Example 1.7: Poynting Theorem39

A y-polarized electromagnetic field wave is propagating along +z direction. The operating fre-
quency is 6 GHz. The time average power density of the wave is 20 (mW/m2). Calculate the electric
and magnetic fields in their instantaneous form using the above theorem. Assume that the medium
is lossless.

Review Questions 1.16: Poynting Vector and Time Average Power

Q1. Derive the Poynting vector for a lossy medium using the integration method and com-
pared with the phasor vector method of calculation.

Q2. Explain the benefit of using the phasor vector notations of the field quantities in time
harmonic electromagnetic analysis

Q3. Explain why there is a phase difference in the field quantities for a lossy medium.

Q4. Define the time average Poynting vector and its SI unit.

Q5. Explain why we are more interested in the time average values instead of the instanta-
neous values of the field quantities and Poynting vector.

39 Adapted from Johnk, C.T.A. (1988). Engineering Electromagnetic Fields and Waves, 2e. NY, USA: Wiley.
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Answer:
Since the electric field is propagating along +z direction with y-polarization, the generic expres-

sions for the electric and magnetic fields are:

Es = ayE
+
0 e− jβz 1 137

Hs = −axe
− αz E

+
0

η
e− jβz 1 138

where the wave impedance η = 120π (Ω)
The amplitude of the fields can be calculated using the time average power density Pave as follow:

Pave =
E +
0

2

2η
= 20 × 10− 3 W m2

Therefore, the peak amplitude of the electric field is:

E +
o = 20 × 10− 3 × 2 × 120π = 3 88 V m

The amplitude of the magnetic field is:

H +
o =

E +
0

η
=

3 88
120π

= 0 01 A m

The angular frequency is: ω = 2πf = 2π × 6 × 109 = 37.7 × 109 (rad/s)
The Phase constant of the field wave is:

β =
2π
λ

=
2πf
c

=
2π × 6 × 109

3 × 108
= 125 66 rad m

The expressions for the instantaneous electric and magnetic fields are:

E t = 3 88 cos 37 7 × 109t− 125 66z ay V m

H t = − 0 01 cos 37 7 × 109t− 125 66z ax A m

Example 1.8: Poynting Theorem
A time varying incident wave is defined by

Ex t = axE
+
0 cos ωt− βz Hy = ayH

+
o cos ωt− βz = ay

E +
0

η
cos ωt− βz

Assume that the wave is emanating out of the aperture of a rectangular horn antenna with
dimensions a = 10 cm, b = 5 cm as shown in Figure 1.16. Calculate the total power flux entering
a rectangular region of the same dimensions of the aperture of the horn antenna. Also verify
the Poynting theorem that S P dS = − V[(∂/∂t)((1/2)εE

2 + (1/2)μH2)]dV assume the system is
lossless σ = 0. The increase in the reactive power is a phenomenon of the near field of the antenna.
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Answer:
The contribution for surface S1 is:

P1 t = −
S1

P dS az = −

b
2

y = − b
2

a
2

x = a
2

az
E +
0

2

η
cos 2 ωt− βz

z = 0

−azdxdy =
E +
0

2

η
ab cos 2 ωt 1 139

The contribution from surface S2 is:

P2 t = −
S2

P dS az = −

b
2

y = − b
2

a
2

x = a
2

az
E +
0

2

η
cos 2 ωt− βz

z = W

azdxdy =
E +
0

2

η
ab cos 2 ωt− βW 1 140

Total net power flux entering the closed surface S is:

P t = P1 t + P2 t =
E +
0

2

2η
ab cos 2ωt − cos 2 ωt− βW 1 141

where we use: cos 2θ =
1
2

1 + cos 2θ .

Now we shall prove −
S2

P dS =
V

∂

∂t
1
2
εE2 +

1
2
μH2 dV

The right-hand side of the Equation (1.141) is:

V

∂

∂t
1
2
εE2 +

1
2
μH2 dV =

∂

∂t

ε E +
0

2

4

W

z = 0

b 2

y = − b 2

a 2

x = − a 2
1 + cos 2 ωt− βz dxdydz

+
∂

∂t

μ E +
0

2

4η2

W

z = 0

b 2

y = − b 2

a 2

x = − a 2
1 + cos 2 ωt− βz dxdydz

1 142

X

E

–a/2

a/2

S2S1

–b/2

Z

Hy

A

W

B

b/2

Figure 1.16 The Poynting theorem of near field of a horn antenna with dimensions ab.
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To simplify the calculation first we take the time derivate of the function40 inside. Thus, the unity
term becomes zero and cos{2(ωt− βz)} becomes −2ωsin2{(ωt− βz)}. Also, we use the definition

η = μ ε so that μ/η2 = ε and ωε/β = η−1. Substitutions of these quantities into the above equation
yields:

P t =
V

∂

∂t
1
2
εE2 +

1
2
μH2 dV =

ε E +
0

2

2

W

z = 0
− 2ω sin 2 ωt− βz dz

=
ωε E +

0
2
ab

2β
− cos 2 ωt− βz W

z = 0

∴ P t =
E +
0

2
ab

2η
cos 2ωt− cos 2 ωt− βW

1 143

Substitution for E +
o = 10 V m , η = 377 (Ω). Operating frequency f = 6 GHz, and W = 1 m, we

get the following closed form expression for the net power flux entering region is:

P t =
E +
0

2

2η
ab cos 2ωt − cos 2 ωt− βW

P t =
102 V m 2

2 × 377
0 10 m × 0 05 m

× cos 2π × 6 × 109 × t − cos 2 2π × 6 × 109 × t−
2π × 6 × 109

3 × 108
× 1 m

= 6 63 × 10− 4 × cos 3 77 × 1010 × t − cos 7 54 × 1010 × t− 251 3 W

Exercise 1.6: One Dimensional Wave Equation
Q1. Repeat the problem for finite conductivity of the medium σ.

1.15 Problems

Uniform Plane Wave Theory

P1.1 A half wavelength dipole is operating at 2.45 GHz Wi-Fi frequency band. Calculate the far
field distance at which we consider the emanating out wave from the dipole is a plane wave.

P1.2 Is v(t) =V0 sinωt a wave equation? If so what is the amplitude, frequency of operation, direc-
tion of propagation of the voltage wave? To complete the answer, write the complete equa-
tion of the voltage wave.

P1.3 In connection to P1.1, if the radiated far electric field has an amplitude E0 = 20 mV/m that
oscillates along x-axis, propagates along z-direction and the intial phase state is 0 , write the
expression of the electric field with appropriate unit. Is the field a time harmonic field?

40 Here we assume that the volume is not changing with neither time t nor the medium’s constitutive parameters ε
and μ.
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P1.4 UsingMaxwell’s equation calculate the far magnetic field from P1.3 for the dipole antenna.

P1.5 For the complete vector time-domain expression for the electric field:

E z, t = E +
0 e− αz cos ωt− βz ax + E−

0 e + αz cos ωt + βz ax V m

what are the amplitude, phase, frequency of operation, direction of propagation of the elec-
tric field wave? Which ones are the forward travelling and reverse travelling waves’
amplitudes?

P1.6 An electric field is defined as E(z, t) = 15e−10z cos (ωt− βz)ax− 20e−αz cos (ωt− βz)ay
(V/m). Determine the amplitude and direction of the field at t = 0 and z = λ/2.

P1.7 We know that curling electric and magnetic fields generate time varying magnetic and
electric fields respectively. The fields support propagation of electromagnetic wave. Explain
the justification against your belief.

P1.8 Draw a conceptual map (flow chart) to derive the general wave equations for the electric
and magnetic fields, and finally, show that the time-domain field expressions for both
fields are similar in form.

P1.9 A uniform plane wave which is defined with an electric field as E(z, t) = 250 sin (2π × 103t
− βz)ay (V/m). Calculate the magnetic field if the medium of propagation is free space.

P1.10 Write the complete time domain expression of the magnetic field for the following para-
meters: the peak amplitude,H0 = 20 (A/m), the phase constant, β= 37, 7 (rad/m),the direc-
tion of propagation is along −z direction and the field vibrates along −ay at its initial half
cycle. Derive the time domain expression for the electric field from the magnetic field.
Identify the frequency operation that has commercial significance.

Propagation in Dielectric and Lossy Media

P1.11 Explain how food is cooked in a microwave oven in the perspective of wave propagation in
lossy dielectric as shown in Figure P1.11.

Figure P1.11 A microwave oven launches signal at 2.45 GHz from a high power microwave source
called magnetron.
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P1.12 What are the real power losses in the lossy dielectric materials such as foods as shown in
the figure above?
1) How does the finite conductivity contribute to the loss in the dielectric when an EM

wave propagates?
2) What is the other factor that contributes to the loss in the dielectric media?
3) Write the expression of loss tangent of a loss dielectric.
4) Find the data sheets for a few microwave laminates and study the dielectric constant

in terms of ε , ε and tanδ (Some manufactures of microwave laminates are Rogers;
Taconic; etc.)

P1.13 Using general expressions for the propagation constant: γ = α+ jβ; where

α = ω
με

2
1 +

σ

ωε

2
− 1 ; β = ω

με

2
1 +

σ

ωε

2
+ 1

1) Find the attenuation constant α and the propagation constant β in:
i) low-loss medium with (σ/ωε) < < 1;
ii) a good dielectric?
iii) a good conductor?

P1.14 A high intensity Electromagnetic bomb (electric bomb) may cripple a nation within a
moment and could be as dangerous as atomic bomb, but without any human casualty.
Design an electric bomb shield to protect the computers of a strategic information man-
agement center of Melbourne with attenuation 100 (dB/m). Figure P1.14 illustrates the
attenuation of wave propagation in the conducting shield. Hints: 1 (Np/m) = 8.686 (dB/m).

P1.15 A plane wave incident from free space upon a dielectric mediumwith the constitutive para-
meters: μr, εr, σ. Calculate the propagation constant of a wave in a medium with μr = 1.
εr = 10.2, σ = 24 × 10−12 (S/m) at an operating frequency of 1 GHz.

P1.16 A plane wave is propagating from free space to a dielectric medium. Due to the medium
change, the wavelength reduces from 5 to 2.5 mm. Determine the frequency, dielectric con-
stant, and phase velocity of the medium.

P1.17 From amobile tower an x-polarised uniform plane wave is launched to a partially conduct-
ing wall with εr = 10.2, μr = 1000, and σ = 0.4 (S/m). The wave is propagating along
z-direction with an operating frequency of 1800 MHz. Calculate attenuation constant α,

Good conductor

(σ/ωε')>>ε''/ε'

Figure P1.14 Propagation in good conductor as a shield.
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phase constant, β, wave impedance η, phase velocity up of the wave inside the medium. If
the electric field has a peak amplitude of 230 (V/m), derive the expression for both the elec-
tric and magnetic fields.

P1.18 A dual band GSM smart phone operates in 900 and 1800MHz. The phone is protected with
an aluminium cage so that the electromagnetic compatibility is maintained for underwater
leakage of signal to and from the phone circuitry. Find the skin depth δ, propagation con-
stant γ, phase velocity up, and the thickness of the aluminum cage so that less than 1% sig-
nal can penetrate the cage.

P1.19 If the fields from a GMS 1800MHz mobile base station in P1.9 propagate through a
thick wall of a nearby building with the following constitutive parameters, μr = 1,
εr = 9, σ = 0.2 (nS/m). Determine the propagation constant of the wave in the wall. Also
determine if the wall is conductor or a dielectric in nature. If the thickness of the wall is
1 m, calculate the attenuation in the wall in dB.

P1.20 An x-polarised free space plane wave with amplitude 125 (mV/m) travelling along
+z-direction from a GMS dual band mobile tower is normally incident on the aluminum
cage of the smart phone in P1.18, calculate the wave impedance, the electric field, and the
magnetic field propagating inside the aluminum cage for both bands. Assume cosine ref-
erence of the electric field and the cage is at reference position z = 0.

P1.21 Using the definition of attenuation constant in (Np/m) for a plane wave in lossy medium,
show that 1 Np is 8.686 dB.

P1.22 If the wall shows high conductivity σ = 20 × 10−4 (S/m) due to steel frames inside the wall,
but other constitutive parameters remain the same for P1.19, calculate the frequencies at
which the wall is assumed to be a perfect dielectric. For a perfect dielectric use the thresh-
old (σ/ωε)≤ 1%. What is the attenuation constant at these frequencies? Does the attenu-
ation depend on the frequency?

P1.23 The property of a material can be characterized with the attenuation profile with fre-
quency. This can be used to detect adulteration in substances such as milk and powder
for uniformity. If the amplitude of the incident electric field just at the edge of sample
of substance is 20 (V/m) and the constitutive parameters of the substance is
μr = 1, εr = 22 and σ = 0.58 (S/m). Calculate the amplitude of the electric field for a
25 cm thick sample for frequencies (a) 800, (b) 1200, and (c) 1600 MHz. Draw a plot for
amplitude versus frequency.

P1.24 A uniform plane wave with an electric field that vibrates along x-axis and propagates along
z-direction has a maximum amplitude of 10 (mV/m) at t = 0 and z = 0. The medium of
propagation is a lossless dielectric medium of dielectric constant of 10.2. The operating fre-
quency is 850 MHz. Calculate the followings:
i) the instantaneous expression of the electric field for any t and z.
ii) the instantaneous expression of the magnetic field for any t and z.
iii) the time at which the electric field is the maximum for t> 0.
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P1.25 Repeat P1.24 for which the maximum of the electric field is at t = 0, z = 0.25 . (Hints: first
calculate the initial phase ϕ).

P1.26 A radar hits a target as shown Figure P1.26. Explain in what condition the radar receive the
signal. How do the stealth bombers avoid the radar?

P1.27 What is the intrinsic impedance of the EM wave in a lossy dielectric with a finite conduc-
tivity σ, permittivity ε, and permeability μ?

P1.28 For a propagation medium that has conductivity σ = 0.02 (S/m), dielectric constant εr = 4,
and relative permeability μr = 1. The operating frequency of a signal is 100 MHz. Calculate
the propagation constant γ, attenuation constant α, phase constant β, and the wave imped-
ance η.

P1.29 What is the phase velocity of anEMwave in amediumwith the relative permittivity εr=2.2,
and the relative permeability μr = 1?

P1.30 Show that the attenuation constantα and thepropagation constantβ of a good conductor are
the same. Calculate the skin depth of a good conductor forwhich the signal attenuates to e−1

of its original value. And find the thickness at which the signal attenuates less than 1%.

P1.31 Show that the wave impedance of a good conductor is η = ωμ σ 45

P1.32 Amobile phone cage is made of aluminum sheet to stop leakage of electromagnetic wave for
electromagnetic compatibility. The incident electric field is Ei (z , t) = 20e−αz cos (ωt− βz)ax
(V/m), the operating frequency is 540 MHz. The aluminum conductivity is σ = 3.69 × 107

(S/m) and μr = 1. Calculate the skin depth of aluminum at 450MHz and find thickness
of the aluminum shield so that less than 1% of the incident wave can leak through the shield.

η0 = 377Ω (free space)

Target η≠η0

Transceiver

Figure P1.26 A radar targets a plane with different wave impedance than that for the free space.
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P1.33 The phasor vector expression of a composite uniform plane wave is given by the electric
field: Es(x, z) = 123ej(23x+ 15z)ay (V/m). Find the frequency f and wavelength λ and write
the instantaneous expression for the electric and the associated magnetic fields.

Poynting Theorem

P1.34 Draw a conceptual map (flow chart) of the Poynting Theorem. (Hints: take divergence of
Poynting vector: E ×H). Describe the physical meaning of the Poynting Theorem.

P1.35 Energy can be transmitted wirelessly from one point in space to another point. Most recent
example is the microwave power transmission from the outer orbit to the earth. About
3−9 × 109 W are expected to be collected via the rectifying antennas as the renewable
energy. Read more in Wikipedia: Microwave power transmission.

P1.36 If an incident electric field is 2 (V/m) with x-polarization and a magnetic field is 2 (A/m)
with y-polarization hit an antenna; what is the average power intensity at the aperture of
the antenna in (W/m2)? What is the direction of the power intensity? [Hints: Pave = (1/2)
Re (E ×H∗)]

P1.37 A circular patch antenna of radius 150 mm is receiving a plane wave with the instantane-
ous electric field E(z, t) = 250 cos (ωt− βz) ax (V/m). Find the time average power incident
upon the aperture of the patch antenna. Note the circular patch antenna has the diameter
for the fundamental mode is very close to half of the wavelength.

P1.38 A time harmonic electromagnetic wave with electric field amplitude of 125 (V/m) from a
mobile tower is launched in a highly foggy weather with relative permittivity of 9 and loss
tangent of 0.2. Calculate the time average power dissipation in the atmosphere in (W/m3).
The operating frequencies are 900 and 1800 MHz for GSM mobile bands in Australia.

P1.39 An x-polarized electromagnetic field wave is propagating along +z direction from a mobile
tower with an operating frequency of 900MHz. The time average power density of the
wave is 30 (mW/cm2). Calculate the electric and magnetic fields in their instantaneous
form using the Poynting theorem.

P1.40 A square patch antenna is operating at 2.45 GHz wi-fi frequency band. The patch is reso-
nant at half the wavelength of the operating frequency and designed on a microwave lam-
inate of dielectric constant εr = 4.2. (a) Determine the patch dimension in mm. (b) If the
launched average power density from the patch antenna is 50 (W/m2), calculate the total
power flux entering a square region of the same dimensions and length of 1 m of the radiat-
ing aperture of the patch antenna.

P1.41 A circular patch antenna radiates spherically symmetric electromagnetic fields. If the
patch antenna radiated field is defined in the spherical coordinates as follows:

E r, θ, t = E0
r cos 1 2θ cos ωt− βr aθ V m ,whereE0 = 250 (mV/m), calculate the radiated
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magnetic field and the time average power crossing the hemispherical shell of the radius
r = 1 km, 0≤ θ ≤ (π/2). Also calculate the power density if no leakage in the bottom side
of the antenna as shown in the Figure P1.41.

P1.42 A uniform plane wave which is defined with E(z, t) = 125 sin (ωt− βz) ax (V/m) is propa-
gating in free space. (a) Calculate the time average power density in (W/m2). (b) Calculate
the power crossing a rectangular area of sides 25 mm by 15 mm normal to the direction of
power propagation.

Substrate

Circular patch a

𝜃

r= 1 km

Figure P1.41 Circular patch antenna radiation mechanism.

54 1 Uniform Plane Wave

c01.3d 54 27/3/2023 7:04:48 PM


