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Review of the Laplace Transform

Our emphasis in this book is on constant parameter linear time invariant dynamic systems. Laplace transform theory is most
useful when applied to analysis of linear systems, and this transformation allows the analyst to reduce differential equation
problems to algebraic problems. The theory discussed later will be utilized in both the dynamic system analysis and control
system design portions of the text. It is demonstrated in this chapter that linear, time-invariant dynamic equations can be
transformed into rational functions. Many important input (test) signals can be transformed in this way as well.

1.1 The Laplace Transform Concept

One of the most important problems in dynamic systems analysis is to predict the outputs of a physical system when the
inputs are known. We can then ask the following question, Does a transformation scheme exist to help in the tasks of
dynamic system analysis? The answer is yes. In fact, there are several transformations that could be used in addressing
this problem. For example, the Fourier transformation can be used; however, the domain for the Fourier transformation is
“limited.” That is, too many important types of inputs do not belong to the domain of the Fourier transform. On the other
hand, the Laplace transform has a very broad domain, and the existence of the Laplace transform tables aid the execution
of the steps in the indirect path shown in Figure 1.1.

1.2 Singularity Functions

Before we can take up the definition of the Laplace transform, it is necessary to consider those functions of time which have
a discontinuity at some instants. Especially important is some understanding of what we mean by an impulse function or
the so called Dirac-6 function.

Our first definitions provide a terminology for values of a discontinuous function at either side of the instant of disconti-

nuity.
Definition 1.1 The initial condition, denoted y(07), is the limit from the left at ¢ = 0:

y(07) = lim () (1.1)

Definition 1.2 The initial value, denoted y(0"), is the limit from the right at ¢t = 0:

(0% = lim y(6) (1.2)

Notice that the restrictions are strict inequalities. In other words, the initial condition is the limiting value of the function
just before a possible jump discontinuity at t = 0 and the initial value is the limiting value of the function just after a possible
jump discontinuity at ¢ = 0.
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Figure 1.1 Laplace transform process.

Example 1.1 We consider the initial condition and initial value of a unit step function,

u(t) = 1(t) (1.3)
u(07) =0, u(0*) =1, Lu@)] = % (1.4)
1.2.1 Definition of the Impulse Function
The impulse (or Dirac Delta) function §(t) is defined such that
S(t)y=0fort+#0 (1.5)
/ ’ ot — o)y(t)dt = {y(‘r), <r=l for any integrable y(¢) (1.6)
ly

0, otherwise

An important question is why the limits of this integration are chosen such that ¢, < 7 < t;. Suppose we write things more

symmetrically: This means that the boundary on 7 is ¢, < 7 < t;. Then

t,
@) = / "5t — opp(ode
I,

0

T L
= / 8t — T)y(H)dt + / fzS(t—r)y(t)dt

Ly T
Y(7) =y(7) + y(r) = 2y(7)

A contradiction! Similarly, suppose the boundary on 7 is f, < 7 < t;. Then

t,
@) = / "5t — oo
I

T L
= / 8t — T)y()dt + / ' 8(t — T)y(p)de
ty T
Yr)=0+0=0

So, we must have {, <7 < fyorf, <7 <f.

1.7)

(1.8)
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Another important point is even with the right definition of the boundary on 7, the definition of the impulse function
given in Eq. (1.6) is inconsistent with the definition of the Riemann integral, the definition used in introduction to calculus.
Without covering the details of this inconsistency (as this is outside the scope of this text), this issue is briefly discussed in
Section 1.2.2.

1.2.2 The Impulse Function and the Riemann Integral

The impulse function is inconsistent with the definition of the Riemann integral (illustrated in Figures 1.2 and 1.3).

y(t) y(t)

t, t, ot to tp t
Figure 1.2 Riemann integral lower sum, S,. Figure 1.3 Riemann integral upper sum, S,,.

The Riemann integral (with lower sum S; and upper sum S;;) is the common limit as the partitioning is refined. For the
impulse function with £, < 7 < ;, however, the lower limit is defined as S; = 0 while the upper limit is nonzero. The
Riemann integral simply does not work. There are several ways to resolve this mathematical difficulty, the simplest is to
use the Stieltjes definition of the integral [6].

1.2.3 The General Definition of Singularity Functions

The kth order derivative of singularity function 6% (r) is defined such that:

s®) for t #0 (1.9)
Iy (G
/ 80t - ny(nde = U Tl (1.10)
t 0, otherwise

Once again, it can be shown that this definition is inconsistent with Riemann’s definition of integral.

1.2.3.1 “Graphs” of Some Singularity Functions
The main reason for the persistent use of the singularity functions in the control-system literature, in spite of the mathe-
matical problems, is the simple fact that they are useful theoretical devices. In addition, we are able to manufacture signals
in the laboratory or on the computer which seem to be endowed with all of the theoretical properties of the singularity
functions. A good way to think of all this is that the physical notion of the impulse is not what creates the difficulty; rather,
it is the notion of what we mean by the integral that lies at the root of the theoretical problems.

The laboratory impulse is illustrated as dash lines overlaid on the function, p(t) in Figure 1.4. (Notice that this pulse-like
function ends at t = 7.) An apparent mathematical justification for this claim derives from use of the mean-value theorem
provided by the following equation,

b
/ yidt=y)b-a), a<{<h (1.11)

That is, imagine multiplying this pulse by y(¢) and integrating. It then seems to follow from the mean-value theorem,

L T
/ p(Oy(t)dt = / p(Oy(t)dt = é V) -e=y(C), r—es{ <7 (1.12)
ty T—€

If we continue this line of reasoning, we can imagine laboratory versions of the higher order singularity functions. For
example, a finite difference approximation for the first singularity function. To “construct” 61 (z) = —Z—};(r), refer to the
finite difference approximation:

dy(@)  ¥1) -y —e)

1.13
dt € ( )
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Figure 1.4 Mean value theorem development of singularity functions.

The following example provides an illustration of an impulse function and a finite difference approximation for the first
singularity function and their associated dynamic responses.

Example 1.2 We compare the impulse and doublet response for a moving mass. Consider applying a force F(¢) to the
mass shown in Figure 1.5.

First, let F(t) be an approximate impulse or doublet function, as shown in Figures 1.6 and 1.7. In these cases, ¢ is consid-
ered to be a very small (but finite) number.

The approximate impulse function is zero except for a length of time e starting at t = —e, where the magnitude is 1/e.
The velocity response is a ramp between t = —e and ¢ = 0, ending at a magnitude of 1. In turn, the displacement response
is a parabola between t = —e and ¢t = 0 and a ramp with slope equal to 1 for ¢t > 0.

The approximate doublet is zero except for a length of time 2¢ starting at t = —2¢. For the first half of the duration, the
approximate doublet has a magnitude of 1/¢2. For the second half, it has a magnitude of —1/¢2. The velocity response is a
positive ramp from ¢t = —2¢ to t = —¢ and a negative ramp from ¢ = —e to ¢ = 0, ending with a magnitude of 1/e. Further
integration gives the displacement response, a parabolic increase from ¢ = —2¢ to t = —¢ and parabolic decrease from t = —¢
to t = 0, such that the magnitude at t = —e is 1/2 and the magnitude at t = 0 is 1.

Next, consider the exact response to an impulse or doublet force input, as shown in Figures 1.8 and 1.9. As € — 0, the
approximate impulse and doublet functions approach true impulse and doublet functions and integrate into the more
familiar step and ramp functions.

Figure 1.5 An mass with an applied force.

B(t) v(t) y(t)
1/e Yy 2
—€ t —€ t —€ t

Figure 1.6 Impulse approximate response.

F(t) o(t) y(t)
|—| 1/e? 1/e 7—
—2€ t —2¢ t —2e t
—1/€?

Figure 1.7 Doublet approximate response.
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F(t) v(t) y(t)
Impulse o

‘ t t t

Figure 1.8 Impulse exact response (¢ — 0).

F(t) v(t) y(t)
Doublet Impulse 1

l t t t

Figure 1.9 Doublet exact response (¢ — 0).

Similarly, we can construct a finite difference approximation for the second derivative and then infer a laboratory version
of the third singularity function. In a similar way, we can approximate all the singularity functions.

1.3 The Laplace Transform

1.3.1 Definition of the Laplace Transform

The Laplace transform converts a function from the time domain with variable ¢, to the Laplace domain with variable s (the
Laplace domain is sometimes referred to as the s-domain). The Laplace variable s is a complex number and can be written
in terms of its real part ¢ and imaginary part w.

s =0+ jw (1.14)

The choice for s is arbitrary but proves to be very convenient in the application of dynamic systems theory [7]. The Laplace
transform of y(¢) is denoted by J(s) or £ [y(¢)] and is defined as [8]

Zy@®)] = / e Sy(nydt (1.15)
o
Notice the lower limit of 07, which reads “slightly before zero.” The Fourier transform is defined by
F )] = / eI@ty(r)dt (1.16)

The Laplace transformation domain [9] is given as follows: for a function to be Laplace transformable, f(f) must be

1. Sectionally continuous; i.e. f(f) may have only a finite number of discontinuities in any finite interval; and
2. Of exponential order; i.e. for some real 6, A > 0, and t; > 0, Ae™%" > |f(t)| for t; > t. The region of the s plane for which
Re(s) > o, is called the “region of convergence.”

These conditions are sufficient conditions for the existence of the integral in Eq. (1.15).

Example 1.3 We consider the Laplace transform of the unit step function, illustrated in Figure 1.10.

1, t>0
t) = T 1.17
u(t) {0’ o (1.17)

The unit step function, u(t), can be written as 1(¢).

a(s) = /°° e 1(ndt
o
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[e4)
/ e stdt
0

_ e—st ©

S o

= +§ (if Re s > 0, where Re s = o) (1.18)

Plotting #i(s) vs. s cannot be done in a very convenient manner, as was done with u(f) vs. ¢, because s is complex. How-
ever, it is very useful to plot the critical points of i(s), i.e. points where #i(s) is infinite (called poles) and is zero (called
zeros), on the s plane. For the unit step function, #i(s) has a single pole at origin as illustrated in pole-zero diagram of
Figure 1.11.

1(t) jwl

o
t

Figure 1.10 Unit step time domain. Figure 1.11 Unit step s-domain.

1.3.2 Laplace Transform Properties

In this section, we discuss the properties of the Laplace transform by series of propositions with their associated proofs.
This should aid in quickly deriving Laplace transforms for sets of functions.

Proposition 1.1 The Laplace transform is linear, i.e.
Zley®) + 801 = ¢, Z (O] + ;2 [g(0)] (1.19)

forany c;, c,, y(1), g().
Proof: Linearity of the integration.

/[clf(t) +c,h(H]dt = ¢, /f(t)dt +c, / h(t)dt,

Then, per the definition of the Laplace transform in Eq. (1.15), the Laplace transform is linear. [ ]

Proposition 1.2 The Laplace transform is nonmultiplicative, i.e.
Zytg] # Z[y1]1<Z [g1)] (1.20)

due to the properties of integration.

Proof:

/ fOh()dt # / f(de / h(t)dt

Therefore, per the definition of the Laplace transform in Eq. (1.15), the Laplace transform cannot be multiplicative. [

1.3.3 Shifting the Laplace Transform

The definition of the Laplace transform is manipulated to yield results that are useful for obtaining the transforms of an
important set of functions and for manipulating and interpreting mathematical models of physical systems.
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Proposition 1.3 (Complex Shift of the Laplace Transform): Ifj(s) = Z[y(t)], then

ZLe "y =P(s + o) (1.21)
Proof:
Zle 'y = / e Ste~ly(r)dt
o
= / e~ Sty (nde
o
=y +o0)
Therefore, multiplying y(¢) by e~°* shifts j(s) by o. [

This result shares a symmetry with the following proposition.

Proposition 1.4 (Time Shift of the Laplace Transform): Ifjy(s) = Z[y(t)] and y(t) = 0 fort < 0, then
Lyt —1)] =eP(s) (1.22)

Proof: Let{ =t—1,s0

Lyt —1)] / " e Sy(t — 7)dt
o

= / T ey

-

= e / YO

T

— 17~ =0 because y(t) =0for t <07, s0

= e / eSO
0

=€)
Therefore, multiplying y(s) by e~** shifts y(¢) by .

Example 1.4 Consider the function illustrated in Figure 1.12
y(t) = e '1(t) (1.23)

The critical points of this function are plotted in Figure 1.13.

2] = % so Z[e"1(1)] = s% (1.24)

y(t) Jjw

>0

t

Figure 1.12 Decaying exponential time response. Figure 1.13 Decaying exponential time domain.
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Example 1.5 Consider the function

Y(t) = cos(wt)1(t) (1.25)
As illustrated in Figure 1.14, if z is complex, then by definition e* =1 +z + ;—2, + 2—3| + - --. Suppose z = jo:
~ 0> jo et jO°
0 _ _rz_Z v 7
¢’ =1+j6 CTREY +4!+ = (1.26)
e = cos(0) +jsin(d), eV’ = cos(9) —jsin(6) (1.27)
0 | ,—jo
cos(9) = e’% (1.28)
Therefore,
Zcos(wh)1(t)] = %3[&”1(:)] + %EZ[e‘j‘”‘l(t)]
1 1 11
25—jo 25+ jo
s
= — 1.29
§% + w? (1.29)
The critical points of this function are plotted in Figure 1.15.
y(t) Jjw
VA -
VARV =
—jw
Figure 1.14 Cosine function time response. Figure 1.15 Cosine function s-domain.
Example 1.6 Consider the function
y(t) = e~ cos(wt)1(t) (1.30)
As illustrated in Figure 1.16,
PLle cos(@b1(t)] = — T 1.31
[ @010) = =5 (1.31)
The critical points of this function are plotted in Figure 1.17.
y(t) s
X
g
\_ t x
Figure 1.16 Decaying cosine time response. Figure 1.17  Decaying cosine s-domain.
1.3.4 Laplace Transform Derivatives
The next two propositions are also symmetrical.
Proposition 1.5 (Derivative of a Transformed Function): IfJ(s) = Z[y(t)], then
d.
Zy)] = —aJ)(S) (1.32)
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Proof:

d, d [®
——y(s) = —— tyde
O =5 /0 ey

_ / e ye)dt = L[(0)]
0

Therefore, when a function y(t) is multiplied by ¢, the Laplace transform of the resulting output is the negative derivative
in s of Z[y(t)]. ]

Example 1.7 Consider the ramp function, #(1(t)), as shown in Figure 1.18.
dr1 1
Zuam) = -1 || = (1.33)

s 52

y(t)

| t

Figure 1.18 Ramp input.

Apply this proposition in an iterative fashion to establish

ZIVO] = (<17 $256) (1.34)

Proposition 1.6 (Transformation of a Derivative): If $(s) = Z[y(t)], then the Laplace transform of the derivative is
related to the initial condition by

d
& [d—ﬁ] = $9(s) — y(07) (1.35)

Proof: Reminder: Integration by parts.

/udu:uu—/vdu (1.36)

& b =/ e‘”d—ydt
a|l ") ¢

Integration by parts:

Then,

dy(t
u=-e™, du=—seddt, v= ¥, dv = <%> «

= ey — / —seSty(f)dt
o

knowing that
e y(0)]> =0—y(07)
SO

i _ oo
& [E] = sj(s) —y(07)

Therefore, when a function y(¢) is differentiated with respect to time, the Laplace transform of the resulting output is s times
Z [y(t)] minus the initial condition y(07). [}
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Applying this result in an iterative way establishes a corollary to this proposition.

Corollary 1.1

dyO] e N d
3[ i ] = 5"9(s) l;s dtk—ly(o ) (1.37)

Example 1.8 Consider a force applied to a mass, as shown in Figure 1.19.
2
Newton’s law: m% = u(t), where u(t) = F(t)

&yl _ o od
Z [F] = 59() = y(07) — L 6(07)) (1.38)
24 o dy N
m[s“y(s) — sy(07) — 5(0 )] = 0(s) (1.39)
o)+ 20
¥s) = e + @ﬁ(s) (1.40)
1.C. response forced response

7
%y(t)ﬁ m  f——F(t)

Figure 1.19 A mass with an applied force.

When all initial conditions are zero, we are left with the transfer function, G(s), from input & to output j.
1

— (1.41)

G@=§®=

The block diagram and critical points of this system are illustrated in Figures 1.20 and 1.21, respectively.

Jw
2%
: o
a(s) e g(s)
Figure 1.20 Forced mass block diagram. Figure 1.21 Poles of the forced mass.

o(t—7)

l T 3

Figure 1.22 Impulse function.

1.3.5 Transforms of Singularity Functions

To this point, our example transforms have been rational functions. Here, we determine the transforms of the singularity
functions that are rational functions (polynomials actually) for the special case of = = 0. As it turns out, it is this value of
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7 that is used most often in our discussions. A simple application of Eq. (1.15) and the definition of an impulse function of
the last section yields the transform

00

FI6(t—1)] = / 8(t — t)e~tdt = = (1.42)
.

where the impulse 6(t — 7) is illustrated in Figure 1.22. Note: If r = 0, then £ [6(¢)] = 1. By linearity,
Z7HR,] = Ryd(t) (1.43)
More generally, the application of Eq. (1.15) and the previous definition of an impulse function of the last section results in

3[5(k)(t — )= Ske—sr, g[a(k)(t)] =gk (1.44)

1.4 Inverse Laplace Transform

At this point, it is clear that the differential equations of linear, time invariant, systems can be converted to polynomials and
rational functions where the Laplace transform is effected; the Laplace transform can be used to solve differential equations
by purely algebraic means. Nearly all that is needed to complete the solution of ordinary differential equations with con-
stant coefficients by Laplace transformation is contained in the propositions and examples of previous sections. The final
ingredient is a method for obtaining the inverse transform, y(t) = & ~1[§(s)]. One can certainly utilize the Cauchy integral
formula, which is discussed in Appendix A, for this purpose. Other, more mundane but useful methods are developed in
this section.

1.4.1 Inverse Laplace Transformation by Heaviside Expansion

In this section, we shall use the simpler procedure of partial fraction or Heaviside expansion to obtain an inverse transfor-
mation. That is to say, we exploit the properties of rational functions as follows:

Suppose we have a transfer function, G(s) and want g(t). Also suppose that G(s) is strictly proper, where the number of
poles, m, is greater than number of zeros, n, m > n. Write any strictly proper transfer function as

Gs) = Q18"+ Q8" iS4, (1.45)
(S+p)E+py)---(S+py,)

The problem of converting this form with a Heaviside expansion is divided into subcases according to whether or not the

poles, p,, are repeated.

1.4.1.1 Distinct Poles
Where the p, are distinct, it is possible to make the Heaviside expansion as

R R R
L — " (1.46)

G(s) = +o
s+ p, S+ p, S+ p,

The R, are called residues. Multiply this by (s + p;) and note that result must apply to all values of s. In particular, we can
set s = —p, to obtain the formula

R, = (s +p)Gs)|,_ (1.47)

The residuals can then be independently inverted.

—Pk

g(t) = [Rle_P1I + Rze_Pzt 4+ Rne_Pnt]l(t) (1.48)

1.4.1.2 Distinct Poles with G(s) Being Proper
When G(s) is proper, the degree of the numerator is equal to the degree of the denominator. If G(s) is proper, then it can be
written as

R R

GBS)=Ry+ —— + ——+---+ , where R, = G(c0) (1.49)
S+p; S+p; S+ Dy

g(0) = Ry8(1) + [Rye™P1' + Rye P2 + -+ - + R, e Pr']1(0) (1.50)

Remember that g(t) = Z ~[G(s)].

13
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1.4.1.3 Repeated Poles
Suppose one of the poles of G(s), call it —p,, is repeated a times,

9GS T S T st g

G(s) = (1.51)
(s +p1)a(s + pz) e (s +pn—a+1)
The Heaviside expansion is modified in the following way,
R R R R
Ge)=—1+ —B_ My 2 (1.52)
s+p, (s+py) (s+p)* s+p, S+ Pnqar1

It is easy to verify that the residues associated with linear denominator terms are calculated as in Eq. (1.47). For a single
repeated pole (a = 2), it is easily verified that

d
R, = —I[(s+p)*G)] (1.53)
ds $=-p1
In addition, for values of a — [ > 2, we find that
R Ry e (1.54)
UT a—praset - '
Then g(t) can be written as
g(0) = [Ryje ' + Rpyte ™' + - -
+ Ry t%e PP+ RyeP - -
+ Ry € P 1(0) (1.55)
The examples below illustrate the utility of Heaviside expansion in inverse Laplace transformation.
Example 1.9 Consider the transfer function (distinct poles - proper)
s +55+6
GB)= —"— 1.56
®) 52+ 35+ 2 (1.56)
This is the case where G(s) is proper. First, carry out any pole/zero cancellations.
3
Gs) = sA42)(5+3) _s+3 (157)
S+ Ds+2) s+1
Therefore,
R R
Ge) =3 R+ —L —R + (1.58)
s+1 s+p; s+1
According to Eq. (1.49),
Ry =G(0) =1 (1.59)
And according to Eq. (1.47),
R, =(s+DGH)|,__, (1.60)
yields R, = 2. Therefore, the partial fraction expansion of G(s) is
2
G =14+ — 1.61
() =1+ —= (1.61)

and therefore,
g(t) = 6(t) + [2e7]1(t) (1.62)
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Example 1.10 Consider the transfer function (distinct poles, strictly proper)

48 +135+ 12

G(s) = 1.63
©) S(s2 + 55 + 6) (1.63)
First, factor G(s).
45 + 135+ 12
G = —— =272 1.64
® = G+ 26+3) (1.64)
Therefore, the partial fraction expansion is of the form
R R R R R R
Gs)= —— +—2 42 L1, 2 , 3 (1.65)
s+p, s+p, S+p; s s+2 s+3
According to Eq. (1.47)
R = (s +p)GO)|,- _,, (1.66)
This yields
R, = 5G(8)|4zg =2
R, = (s+2)G(s)|;= _, =-1 (1.67)
Ry = (5+3)G(S)|=_3=3
Therefore, the partial fraction expansion of G(s) is
2 1 3
G ==-——+ — 1.68
®) s s+2 s+3 ( )
and
gy =[2—-e2 437310 (1.69)
Example 1.11 Consider the transfer function (repeated poles)
3 2
G(s) = 4s° + 165 4+ 235 + 13 (1.70)
(s+1)3(s+2)
The partial fraction expansion is of the form
Rll R12 R13 R2
G(s) = + + 1.71
=G+ x0T T 512 (L.71)
According to Egs. (1.53) and (1.54)
_1& 3 _
Rll = 5@[(.9"‘ 1) G(S)] o =3
_d 3 _
R, = &[(s +1)°G(s)] T 1 1.72)
Ry = [(s+ 1)3G(s)]|S:_1 =2
Ry =[(s+2)G®)]l;=, =1
Therefore, the partial fraction expansion of G(s) is
3 1 2 1
G(s) = + + + 1.73
W=+ x0Ty T 512 (1.73)
and
g) = [B+t+2 " +e 1) (1.74)

15
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1.5 The Transfer Function and the State Space Representations (State Equations)

The true value of the Laplace transform is that it provides an important, mathematical characterization of a dynamic sys-
tem, the transfer function. In this text, for control system design with Youla parameterization, we discover that the transfer
function is more valuable than the underlying state space representation. Of course the state equations are the usual prod-
uct of dynamic system analysis and as discussed later, the transfer function is obtained from the state equations. The state
equations tell us much that is important about the dynamics of any system and are used here to draw-out crucial mathe-
matical properties of the transfer function and the transfer function approach to feedback design.

1.5.1 The Transfer Function

Our picture of the dynamic system is that of Figure 1.23. We shall use “u” to denote input and “y” to denote output through-
out the text. In continuous-time application, the transfer function is the ratio of the transformed output to the transformed
input G(s) = ﬁ and all initial conditions are zero.

One can obtain this ratio anywhere the transforms exist. In some cases, the term “transfer function” is utilized to mean
some input-output characteristic with direct physical measures rather than the “s-plane” transform. In these cases, the
transfer function depends upon the particular input. In the case of the linear, time-invariant (LTI) system, the transfer
function is completely specified by the parameters of the system and is independent of the input.

This independence of the transfer function for the input, for the LTI systems, is easily established if one considers the
differential equation describing a dynamic system. Since such an equation transforms to a polynomial operator times the
output equal to a polynomial times the input, the ratio of output to input is a rational function. Clearly, this rational function
is independent of the particular input.

We have shown through several examples, one can always derive the equation of motion (the differential equation) and
then write the transfer function by inspection. That is almost the way things go, but not quite.

1.5.2 The State Equations

Rather than a single, high-order equation, it is usually more convenient to write a system of simultaneous equations to
describe the dynamics of a physical system. In mechanical engineering, for example, Hamilton’s principle leads to a system
of first-order equations. In general, the dynamics of a system can be written in the matrix form.!

%= Ax + bu

1.75
y=c'x+Du (47

The first equation is called the dynamic equation, while the second is referred to as the message equation. The combi-
nation is called the state variable model.?> A great deal of computer software is based upon the assumption that the state
equations are an important part of the user’s natural language.

The vector x represents a set of intermediate variables (momenta and generalized displacements in the context of Hamil-
ton’s principle) needed to complete the description of the relation of input to output. These intermediates are called state
variables. If one takes the input-output point-of-view, as is often the case in control studies, the identities of the state
variables are immaterial.

The state equations are represented in the block diagram of Figure 1.24.

a(s) Dynamic

- IS 1)

Actuator system Sensor

Figure 1.23 Block diagram of a dynamic system.

1 The matrix notation used here is conventional: column matrices (“vectors”) are represented by lower case and rectangular matrices are
represented by upper case. The “T” superscript represents the matrix transpose so ¢! represents a row matrix.

2 Kalman called the combination a state-variable realization. His explanation is that an “analog” computer circuit could be directly wired from
these equations and such a circuit is a physical synthesis or “realization” of the equations. The analog computer is antiquated at this date so the
modern student may have difficulty interpreting these ideas.
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A
L
X X
u B +@* 12 o =1y )— v
+
D

Figure 1.24 State-space block diagram.

The transfer function is related to state variable models after some preparation. For one thing, we must decide what we
mean by the Laplace transform of a vector or a matrix. We let the Laplace transform of a vector be a vector of Laplace
transforms.

X, (£) Z[x,(1)]
s = | 2O |a| L0 (1.76)
X, (1) Zx, ()]

The kth component of the Laplace transform of the vector is the Laplace transform of the kth component. The Laplace
transform of a matrix is defined in a similar fashion. The linearity property has implications for the Laplace transform of
matrix products. Notice that by linearity, & [Ax(t)] = AZ [x(¢)]. In fact, we can use the linearity property to obtain many
matrix-transform relations similar to the scalar counterparts.

The state variable model of (1.75) can be transformed into the Laplace domain.

- x(0) = A+ )
1.77
y=c'%+Da

These equations are manipulated to obtain
P=c"GI-A) " 207) + [¢"sI —A)'b+D| & (1.78)

where for any variable v, 0 = Z [v(t)].

It is here that we can justify the name “state.” In order to obtain the output, y(s), we must know the input, &i(s) (that is,
u(t) for t > 0) and the initial conditions, x(07). These initial conditions contain all the information that is required about
what had happened before the input was applied; they completely describe the current state of the system.

In order to obtain a connection with the transfer function, set x(07) = 0 and knowing that G(s) = %, we obtain
G(s)=c'(sI-A)'b+D (1.79)
1.5.3 Transfer Function Properties
Consider a rational function R
G(s) = X == (1.80)
it den
Definition 1.3 G(s) is proper if deg(num) = deg(den).
Definition 1.4  G(s) is strictly proper if deg(num) < deg(den).
Definition 1.5 G(s) is improper otherwise (i.e. if deg(num) > deg(den)).
Recall the formula for matrix inversion. .
M= adj M (1.81)
T det M '
‘We can then write di (sT— A) Iv. with des < 1
a - . -
(sT—A)yt =295 — POy Wi e = 1 (1.82)

nxn  det(sI —A) ~ poly. with deg = n
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where n is the dimension of matrix A. Then we can write G(s) as

’5’ =G(s)=c'(sI—A)'b+D
cTadj (sI — A)b
T det(sI — A)
Tadj (sI — A)b + Ddet (s — A
_cad ( )b ( ) (183)
det (sl — A)

An element of the adjugate matrix, adj (sI — A), is formed by crossing out a single row and a single column and applying
the determinant operation. This means that the elements of adj (sI — A) are polynomials of degree no greater than n — 1.
Using this observation, we can say the followings about G(s):

e Strictly proper if D = 0.
e ProperifD # 0.
e Never improper.

The question arises whether any transfer function is improper: Is there another formulation of the dynamic equations
such that such a thing is possible? One does see such formulations from time to time, but one should be skeptical on
physical grounds. The Paley-Wiener theorem [10] establishes that an improper transfer function is physically impossible.
In Section 1.5.4 of this chapter, we argue in a more heuristic way that the transfer function of a physical system is not
improper.

1.5.4 Poles and Zeros of a Transfer Function

Given the state equations below, the transfer function G(s) can be written as

% = Ax + bu
cTadj (ST —A)b+Ddet(sI —A)  y(s)
G(s) == — =—=, d <degA 1.85
©) det(sI — A) A’ eBm=des (1.85)

Poles of G(s) are roots of det (sI — A) = 0 and depend only upon the internal connections of the system; that is, the poles
depend only upon the A-matrix. The zeros of G(s) are the roots of gTadj (sI —A)b+ Ddet(sI — A) = 0. In contrast to poles,
zeros also depend upon the way that the system connected to its environment (characterized by ¢T and b). The physical
interpretation of these state matrices is provided in Table 1.1.

Let G(s) be the transfer function from #(s) to y(s) without any repeated poles,

_ns) _ +2)+2) - (S+2,)

G(s) = = , < (1.86)
A(s)  +p)E+py)---(5+p,)
then, as shown in the previous sections, the output response y(s) is
N N Ry
Ps) = G)a(s) =-- -+ +- (1.87)
S+ Py
Table 1.1 Matrix form parameters.
Matrix Function
A State interaction
B Connection to actuator (“environment”)
cr Connection to sensor (“environment”)

D Direct connection from actuator to sensor
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where,
-1

R
k = R e P! (1.88)

In this context, a pole and zero cancellation could be problematic in feedback design, and it will be discussed in the following
sections. The example below introduces the idea of a pole and zero cancellation.

Example 1.12 Pole cancellation. Consider a system with dynamics

con o (s+1)
¥s) = GiDG12 2)u(s) (1.89)

Partial fraction expansion without carrying out pole-zero cancellation will result in a term with denominator (s + 1) and
numerator 0.

)= — ST po— . .

¥s) = G612 a@s)=---+ =1t (1.90)
Inverse Laplace and retransform:
Vy+3y+2=u+u (1.91)
§2P(s) — (07) — sp(07) + 3sP(s) — 3y(07) + 2P(s) = st + 11 (1.92)
(8% + 35 + 2)P(5) = (s + DA(s) + y(07) + sp(07) + 3y(07) (1.93)
s) = (s+1) . [O7)]s+[3y(07) + y(07)] (1.94)
s+ 1(s+2) s+ 1)(s+2)
j)(s)=---+i+---, where R # 0 (1.95)
s+1

The pole is canceled from the forced response, but not the initial condition response. This is called a “hidden mode.”

1.5.5 Physical Realizability

It is important to obtain results that indicate the range of possibilities for real, physical transfer functions. The most satis-
factory results are obtained by imposing a constraint of “cause and effect”: the output of a causal physical system cannot
anticipate the input. We claim that these causal physical systems are proper, and we ask the following question, Can we
build a system for which G(s) is improper? Is an improper transfer function realizable?

The simplest improper G(s) is illustrated in Figure 1.25, this system is a simple differentiator.

Let u(07) = 0, y(s) = si(s), G(s) = %(s). More generally, suppose G(s) = %, where degn > deg A + 1. We can expand G(s)
such that

Gs)=Ry+R_s+---+ G5 (1.96)
strictly proper

as illustrated in Figure 1.26.

But, what is the definition of a derivative? The derivative at time ¢ is the common limit (if it exists) of the slope from the
right and left.

YO _ oy YO-YE—AD L Y+ AD —y()

(1.97)
dt At—0~ At At—0* At

This is shown in Figure 1.27.
We can determine the limit from the left, At — 0~ (from past values), but it is impossible to measure the limit from the
right At — 0" (and therefore the common limit), because no device cannot predict the future.

u(t) 4 y(t) = §

Figure 1.25 An improper system.
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[~}
—
u(t) R4 % y(t)

:

Figure 1.26 An expansion of G(s) into proper and improper components.

Slope limit
from right
X Actual
Slope limit ! slope
from left |
t

Figure 1.27 Derivative common limit.

Instead, we can implement some delay, e.g. fﬂ, (making the G(s) proper), in order to approximately measure the deriva-
tive. This delay results in using only the past values to approximate the computation of a differential operator.

It should be noted that some limit processes, such as integration, do not require a device that can foresee the future, as
discussed later.

One can ask, is integration physically realizable? Integration, as shown in Figure 1.28, is the common limit (if it exists)
as partitioning is refined Figure 1.29, shown in Figure 1.29, is refined. Information about future states is not required for

integration, so integration is realizable.

u(t) u(t)

y(t)

t

Figure 1.29 The integral is the common limit of the

Figure 1.28 Integral of u(t).
upper and lower sum.

The integral operator is shown in Figure 1.30.
The Laplace transform of this operator is given by

dy .
- O =10 (1.98)
Transform: sp(s) = i(s) (1.99)
G(s) = J—) == (1.100)

o

u(t) y(t) = [u(t)dt

Figure 1.30 Integration block diagram.



1.6 Problems

A consideration of frequency response allows one to anticipate the more rigorous result laid down by the Paley—Wiener
theorem [10], which is outside the scope of this text. Intuitively, it seems impossible for a physical system to have increasing
gain with increasing frequency: If this sort of thing were possible, the power requirements would be enormous. This leads
to speculate that the degree of the numerator of a transfer function of a physically realizable dynamic system is never greater
than the degree of the denominator.

Notice that we satisfy this constraint wherever formula (1.79) is used: State equations (1.75) meet expectations for physical
realizability. Something negative can be said about those formulations of the state equations from which improper transfer
functions are calculated.

The same sort of reasoning leads some to argue that a physical system must be strictly proper (similar to our integral
operator), where the D-matrix is zero, since it is hard to imagine that a real system can pass a very high frequency input
without some attenuation. That is fair enough, but this conclusion is not supported by the more rigorous realizability theory
based upon causality principles and complex analysis.

1.6 Problems

1.1 Find the Laplace transform of the two functions of time illustrated in Figure 1.31a,b. Hint: You can write an expression
for these signals using step and delayed steps.

1.2 Obtain the Laplace transform of
y(t) = te™" cos(2t)

fi@®) f(®)

(a) (b)

Figure 1.31 Time domain functions for Problem 1.1. (a) Truncated ramp.
(b) Delayed ramp.

1.3 Find the inverse Laplace transforms of

75—6
(a) 5$2—5—6

252+5
(b) 5243542

6(s+34)
(C) S(s2+10s+34)

8s+10
(d) (s+1)(s+2)3

1.4 Consider the following state-space equation,

where

)

Find the transfer function G(s) where G(s) = o

21
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1.5 For the system shown in Figure 1.32, the elements are designed so that

dc
— =) —c(t —
- O-ct-7)
The unavoidable delay = occurs because the measuring device must be placed downstream of the roller. Use the
time-shifting property to find the transfer function G(s) = %.

Motor Speed control
+ r@)

Dial setting

Thickness
Roll measuring
oller .
Moving metal device
ribbon

lc(t —7)
e !
Figure 1.32 Controlled metal-rolling device.

corollaries:
(a)

1.6 Apply the relevant propositions and proofs discussed in the class in a iterative fashion to establish the following
2101 =~ 5()
y a s"y
(b)

n
i — N5 _ n—k dk_l -
z| dtny(t)] = 5"(s) k;s i)

1.7 Consider the following state-space equation,

X =Ax + bu,
where

o L b
— _ T
m
Find the transfer function G(s), where

G(s) = 2-(s)
U,
Explain how u, has to change so that the transfer function G(s) will be equal to

-1
G(s) =

m

S (S + b )
m
1.8 Newton’s second law for the submersible shown is

d2
Y _r
de?

dF

a=k3u

(1.101)
where F is regulated by pumping water in or out of tanks. The relationship between F and the pumping rate, u(t), is

(1.102)



1.6 Problems

(a) Find the transfer function %(s). Indicate the pole-zero diagram.
(b) Actually, if the water is expelled or brought in from the bottom of the craft, then we get a little added thrust, so

the second law becomes &
y
mﬁ =F+kru (1.103)

What is the transfer function l%(s) in this case? Indicate the pole-zero diagram.
(c) If, instead, the water is expelled or brought in from the top of the craft, then the second law becomes

d2
m—y =F—kpu (1.104)

What is the transfer function %(s) in this case? Indicate the pole-zero diagram.
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