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Introduction

Multi-agent Coordination by Reinforcement Learning
and Evolutionary Algorithms

This chapter provides an introduction to the multi-agent coordination by rein-
forcement learning (RL) and evolutionary algorithms (EAs). A robot (agent) is
an intelligent programmable device capable of performing complex tasks and
decision-making like the human beings. Mobility is part and parcel of modern
robots. Mobile robots employ sensing-action cycles to sense the world around
them with an aim to plan their journey to the desired destination. Coordination
is an important issue in modern robotics. In recent times, researchers are tak-
ing keen interest to synthesize multi-agent-coordination in complex real-world
problems, including transportation of a box/stick, formation control for defense
applications, and soccer playing by multiple robots by utilizing the principles of
RL, theory of games (GT), dynamic programming (DP), and/or evolutionary
optimization (EO) algorithms. This chapter provides a thorough survey of
the existing literature of RL with a brief overview of EO to examine the role
of the algorithms in the context of multi-agent coordination. The study
includes the classification of multi-agent coordination based on different crite-
rion, such as the level of cooperation, knowledge sharing, communication, and
the like. The chapter also includes multi-robot coordination employing EO,
and specially RL for cooperative, competitive, and their composition for appli-
cation to static and dynamic games. The later part of the chapter deals with an
overview of the metrics used to compare the performance of the algorithms in
coordination. Two fundamental metrics of performance analysis are defined,
where the first one is required to study the learning performance, while the
other to measure the performance of the planning algorithm. Conclusions
are listed at the end of the chapter with possible explorations for the future
real-time applications.
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1.1 Introduction

A robot is an intelligent and programmable manipulator, targeted at developing
the functionality similar to those of a living creature [1]. It can serve complex
and/or repetitive tasks efficiently. Based on the ability of locomotion, robots are
categorized into two basic types: fixed base robots and mobile robots. Depending
upon the type of locomotion, mobile robots are categorized into three types:
wheeled/legged robots, winged/flying robots, and underwater robots, where for
the last one, locomotion is controlled by water thrust. In this chapter, we would
deal with wheeled robots only.
Agency is a commonly used jargon in modern robotics [1]. An agent is a piece of

program/hardware that helps a robot to serve a directed goal. Like humans, when
complexity of the problem grows, collective intelligence of the agents is required to
achieve the target. The book is on collective/group behavior of agents, who can
sense and act rationally. On occasions, agents can share the sensory information
or its decisionwith its teammates directly through a communication network or by
displaying its gestural/postural patterns, carrying a specific signature, to commu-
nicate a message to its team members.
Communication is a vital issue to generate plans by the agents. However, com-

munication is time-costly and thus is often disregarded for real-world robotic
applications. In the present book, we attempted to learn the agent behavioral pat-
terns by a process of learning, and thus avoid communication overhead in real-
time planning [1].
There exists quite a vast literature on planning algorithms [2–29]. One of the

early robot planning algorithms is due to Nilsson in connection with his research
on reasoning-based planning undertaken in Stanford AI research laboratory,
which later was adopted in STRIPs [30–32]. In late 1980s to early 1990s, several
planning algorithms, including A∗ [31, 32], Voronoi diagrams [33], Quad tree,
and potential field [34] were evolved. These algorithms presume static world.
At the beginning of the 1990s, Michalewicz in one of his renowned papers intro-
duced genetic operators to undertake dynamic planning with local adaptation in
trial solutions by specialized mutation operators. The period 1990–2000 has seen
significant changes in the planning algorithm with the introduction of supervised/
unsupervised neural learning in planning algorithms [32]. The neural algorithms
worked in both static and dynamic environments. Typically, in dynamic environ-
ments, they predict the direction and speed of motion to determine possible avoid-
ance of collisions. However, they had limited learned experience, and thus were
unable to handle planning in the presence of random motions of dynamic obsta-
cles/persons in the environment. Almost at the beginning of the first quarter of the
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1990s, Sutton proposed RL algorithm [35], which can help the robot learn its envi-
ronment through semi-supervised learning. We would deal with multi-agent RL
(MARL) in this chapter.
Planning and coordination are two closely used terms in multi-agent robotics

[30]. While planning is concerned with determining the sequence of steps to
achieve a goal, coordination refers to skillful interaction among the agents to serve
their individual short-run/long-run purposes. Apparently, coordination among
the agents is required to implement the steps of planning. In centralized planning,
the agents need not require coordination, as the central manager takes care of
all the agents’ states as if its own state and generate a planning cycle by taking care
of all the agents’ states and goals jointly. Unfortunately, centralized planning is
very slow and single-point failure may occur. Thus, centralized planning is not
amenable for real-time applications, when the number of agents is excessive. In
distributed planning, each agent generates one step of planning by coordinating
with other active agents.
Coordination is broadly divided into two types: cooperation [36] and competition

[37]. As the names indicate, cooperation requires agents to work hand-in-hand
to purposefully serve the common objective of the team. Competition, on the other
hand, leads to the success of one team against the failure of its opponent.
For instance, in robot soccer, teammates work harmoniously in a cooperative man-
ner, while each team of agents competes for winning at the cost of defeat of the
other team.
Researchers are taking keen interest to model agent cooperation/competition by

various models/tools. A few of these that need special mention include RL, GT
[38–45], DP [46, 47], EO [48–56], and many others [6, 15–28, 57–59]. In RL, agents
learn the most profitable joint action at each joint state through a feedback from
the environment, and use them for subsequent planning applications [35]. GT
requires for strategic analysis in multi-agent domain. In GT, agents evaluate the
equilibrium, representative of the most-profitable joint action for the team in a
joint state, and execute the joint action for joint state-transition in a loop until
the joint goal is explored [38, 41–43, 60]. In DP [46], a complex problem is divided
into finite overlapping subproblems. Each subproblem is solved by a DP algorithm
and the solution is stored in a database. In the subsequent iterations, if a subpro-
blem already addressed reappears, then that subproblem is not readdressed, but its
solution is exploited from the database. In EO algorithm [48, 61–70], the constraint
to satisfy the cooperation is checked on the members of the trial solutions before
the solutions are entertained for the next generation. Recently, researchers aimed
at developing MARL fusing RL, DP, and GT [71, 72]. In this book, we would
explore new algorithms of MARL and novel EO.
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1.2 Single Agent Planning

In single agent planning [5], an agent searches for the sequence of actions, for
which it reaches its predefined goal state from a given state optimally in terms
of predefined performance metric. The section describes the single agent planning
terminologies and algorithms. Here, single agent planning algorithm includes
search-based and learning-based planning algorithms.

1.2.1 Terminologies Used in Single Agent Planning

Definition 1.1 An agent [1] is amathematical entity that acts on its environment
and senses the changes in the environment due to its action. The agent is realized
by hardware/software means. A hardwired agent has an actuator (motors/levers)
and a sensor to serve the purpose of actuation and sensing, respectively.

A learning agent learns its right action at a given location/grid, called state, from
its sensory-action doublets. A planning agent identifies its best action at its current
state to obtain maximum reward for its action in the given environment.
In a single agent system, the environment includes a single agent. Naturally, the

learning/planning steps/moves of the agent is undisturbed by the environment.
Figure 1.1 offers architecture of a single agent system.

Definition 1.2 The state of an agent represents a
situation of the agent, concerning the position and/or
orientation of the agent in the environment at an instant.

A state-space is a collective set of states of an agent. The
definition of the state-space is required a priori, to
address a planning problem. Such description of the
state-space is problem specific. The state-space may be
discrete or continuous. We in this book, however,
dealwith discrete state-space. Figure 1.2 illustrates three
discrete states (s1, s2, and s3) of an environment.

Definition 1.3 The action selection by an agent is
done randomly or using specific strategies, such as
ε-greedy strategy [35] or the Boltzmann strategy [73].
Random action selection sometimes is inefficient, when
the same action is selected repeatedly during the learn-
ing phase.

Environment

Actuation

S
e
n
si

n
g

Agent 1

Figure 1.1 Single agent
system.

s1 s2 s3

Figure 1.2 Three
discrete states in an
environment.
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The ε-greedy strategy [35] allows an agent to select random actions from a pool
with a probability =ε. For example, if ε=0.2, then the agent would select 20 actions
randomly and 80 greedy actions out of 100 trials from a pool of actions.
Unlike the above, the Boltzmann strategy [73] employs a probability distribution

based on the reward function value obtained for individual actions. Usually, an
exponential distribution is used to determine the probability of an action in a pool
of actions. The larger is the individual reward, the higher is the action selection
probability. One control parameter temperature is used to tune the action selection
probabilities.
In Figure 1.3, we consider one agent capable of state-transitions using

only four actions: Left-move (L), Forward-move (F), Right-move (R), and
Back-move (B).

Definition 1.4 A state-transition [35] function at state s {s} due to action a {a}
is a mapping from (s, a) to s/ {s}, where s/ be a next state, i.e.

s δ s, a 1 1

In deterministic system, for each pair of (s, a), we have a fixed s/. In non-
deterministic (or stochastic) situation, for each pair of (s, a), we may have different
s/. Traditionally, non-determinism is handled in an easier way by assigning a prob-
ability mass for each state-transition δ(s, a), such that the sum of the state-
transition probabilities is equal to one.
Non-determinism creeps into the system by various ways. For instance, in robot

planning application, the condition of floor, such as its “slippery condition” is a
guiding factor to determine the transition probabilities.
Suppose, in Figure 1.4, a robot executes an action a

at state s and moves to the next state s/, receiving an
immediate reward r(s, a) as a feedback from the
environment. Suppose the floor on which the robot
moves on is slippery. In that case, from a state s because
of an action a the robot can have more than one
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F = Forward move

R = Right move
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Figure 1.3 Robot executing action
Right (R) at state s1 and moves to the
next state s2.

s s/a

r (s,a)

Figure 1.4 Deterministic
state-transition.
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state-transition, each with a state-transition probability of P(s/ (s, a)), s/ [s1, s2,
s3], where,

s

P s s, a = 1 1 2

as shown in Figure 1.5. For each state-transition, the agent receives an individual
immediate reward r(s, a) with its corresponding state-transition probability.

Definition 1.5 A policy [35] π is a decision-makingmapping function, represent-
ing the probability assignment to a set of actions {a} at a given state s {s} such that,

a
π s, a = 1, i e

π s × a 0, 1 , 1 3

subject to

a

π s, a = 1 1 4

holds for each state s.

In Figure 1.3, at state s1 there is a set of finite possible actions: L, F, R, and B. Now,
random selection of an action from this finite set infinite times results in a policy,
π(s1, a) = 0.25, a {L, F, R, B}.
In a planning problem, an agent starts by executing its individual action from a

predefined state (starting state) with an aim to reach its individual predefined

a
s

r (s,a)

r (s,a)

r (s,a)

s1

s2

s3

s/ ∈ {s1,s2,s3}

∑

P (s1 | (s,a))

P (s3 | (s,a))

P (s/ | (s,a)) = 1

P (s2 | (s,a))

Figure 1.5 Stochastic state-transition.
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absorbing state (goal state), optimally in terms of time, path length, energy, and the
like. Feasibility and optimality are two desired criterions need to be satisfied while
addressing the planning problem [30].

Definition 1.6 Feasibility refers to the locomotion of an agent to a feasible next
state because of an action form the current state.

Definition 1.7 Optimality indicates the performance optimization of the pla-
nning algorithm in each step, by minimizing the system resource utilization.

Definition 1.8 The sequence of actions lead to the predefined goal state from a
given starting state maintaining the feasibility and optimality jointly in each step is
well known as plan.

To understand the concept of planning, Example 1.1 is given to realize the move-
ment of a single agent (here robot) in a two-dimensional discrete environment.

Example 1.1 Suppose a robot moves in a two-dimensional 5 × 5 grid environ-
ment as shown in Figure 1.6. There are 25 states and each state is represented
by an integer or the Cartesian coordinate (x, y), where x [1, 5] and y [1, 5].
An agent can execute one among the four possible actions a {L, F, R, B} at a state
s [1, 25]. After executing an action a at a state s, a state-transition takes place
and the robot moves from s to the next state s/ [1, 25] by (1.1). The collection
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Figure 1.6 Two-dimensional 5 × 5 grid environment.
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of state-transitions for which the robot moves from its current state “1” to the goal
state “25” is called a feasible path. Among the feasible paths, the optimal one is
chosen. One optimal path (here in terms of number of state-transitions) is shown
in Figure 1.6 by dotted lines. The example can be made more interesting by adding
obstacles in the optimal path.
After finalizing a plan (sequence of actions) by an agent, the agent follows the

plan either by execution, refinement, or hierarchical approach.

Execution: In the execution phase, planner’s plan is executed in a simulator or by
a robot connected to the real environment. There are two types of robots for exe-
cution. In the first type, the robot is programmable and acts as an autonomous
agent. This approach has the provision of updating the plans after finite time inter-
val. However, most planning algorithms are designed to tackle new situations dur-
ing the planning phase and hence, the above type of execution is not preferred. The
second one is the special-purpose robot designed to solve a specific task given to it.

Refinement: Refinement is the evolution of the planning algorithms toward the
better performance as shown in Figure 1.7. In Figure 1.7, agents first compute a
collision-free path in the presence of obstacles after that agents optimize
(smoothen) the path. Finally, a trajectory is planned following the path and a feed-
back controller is added for that.

Hierarchical: In hierarchical model, each plan is considered as an action under a
larger plan. The same plan may also be defined as a subroutine under the larger
plan. In Figure 1.8, the master plan is known as the root node. Remaining subse-
quent plans act as an action for the master plan or plan. There may be infinite
number of plans under a master plan or plan. In Figure 1.8, n, m, and p are the
real positive integer number. In Figure 1.9 (hierarchical model), agent 1 interacts
with environment 1 and agent 2 with environment 2. Again in Figure 1.9,

Environment

Evaluate

collision-free

path 

Optimize/Smoothen the

path satisfying differential

constraint

Plan a trajectory
along the path

Add a feedback
controller to track

the trajectory

Model

Execute

Figure 1.7 Refinement approach in robotics.
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environment 2 includes agent 1 and environment 1. So, Agent 2 interacts with the
environment 2 as well as 1.
The search-based planning algorithms are employed to evaluate low-cost pla-

nning paths in terms of path length, time, energy, and the like, for single-robot
planning. The search-based planning algorithms are popular mainly because of
their simplicity. The search-based algorithm compromises of the following
two parts:

1) In the first part, the realization of the goal following a number of feasible plans
is done by employing a search algorithm.

2) The second part is related to the optimal planning, which employs principle of
optimality to reduce the computational effort in the planning algorithms.

The search-based planning algorithms avoid the geometric models or differential
equations. The search-based algorithms also avoid uncertainty and hence they
avoid complications due to probability calculation.

Master plan

Plan1 Plan2 Plann

Plan11 Plan1m Plann1 Plannp

Figure 1.8 Hierarchical tree.

Agent 1

Environment 2

Environment 1 Agent 2

Sensing

Actuation Sensing

Actuation 

Figure 1.9 Hierarchical model.
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1.2.2 Single Agent Search-Based Planning Algorithms

By search-based planning algorithms, a plan (or sequence of feasible actions) is
searched by one of the following methods: forward search, backward search,
and bidirectional search [30]. Forward search algorithm deals with the three var-
iant of states. First one is the state which has not been visited yet or the unexplored
one is known as unvisited state. If all possible state-transitions are explored in a
given state, then the state is referred to as a dead state. The state which has been
visited but still there exist a few unexplored next state is defined as alive state.
Breadth first [30], Depth first [30], Dijkstra’s [74], Best first search [30], Iterative
deepening [30], A-star (A∗) [32], and D-star (D∗) [6] are the examples of forward
search algorithms. The above forward search algorithms are extendable to the
backward search algorithm, by solving the same planning problem by traversing
from the goal state to the starting state. The bidirectional search is the combination
of forward and backward search. In every search-based planning algorithm, a tree
is maintained. For the forward (backward) search, initial (goal) state is the root
node of the tree. The advantage of bidirectional search is the radical reduction
in the exploration required. In this chapter, only the Dijkstra’s, A∗ and D∗, and
STRIPS like algorithms are discussed as given below.

1.2.2.1 Dijkstra’s Algorithm

Dijkstra’s algorithm was proposed by computer scientist Edsger W. Dijkstra’s [74].
Dijkstra’s algorithm is employed to find out the shortest path between two nodes
in a graph. In case of robotics, each state is represented by a node of the graph. The
starting state is denoted by the source node and instead of finding the shortest path
from the source node to all other nodes, the shortest path is obtained from the
source node to a specific goal node (goal state of the robot).
The Dijkstra’s algorithm is explained for the 3 × 3 grid shown in Figure 1.10. In

Figure 1.10, there are nine states (nodes). State 1 is the source node and state 9 is
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Figure 1.10 Two-dimensional 3 × 3
grid environment.
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the goal node. From each node there aremaximum four possible paths as shown in
the graph (Figure 1.11). Weights of all the edges are 1,∞, and−1. 1 is assigned for a
feasible edge. The self-loop and/or collision between robot and the boundary in
Figure 1.11 signify the penalty with reward of−1.∞ is assigned for an invalid edge.
The steps of Dijkstra’s algorithm are given in Algorithm 1.1.
The trace of the Dijkstra’s algorithm for robot path planning is given in Table 1.1.

The bold numbers are the selected node corresponding to the column’s node from the
current node. The run-time complexity of the Dijkstra’s algorithm is O( V log V
+ E ), where V and E are the number of edges and nodes, respectively.

1.2.2.2 A� (A-star) Algorithm

A∗ is a heuristic search-based algorithm [32]. In A∗ algorithm, the quality of a node
is measured by introducing two cost functions: one is heuristic cost and another is
the generation cost. The heuristic cost, denoted by h(x), is a measure of distance
(here city block distance) between the current node x to the goal node. The gen-
eration cost of a node x, denoted by g(x), measures the distance of node x from the
source node. Total cost function at node x is the summation of f(x) and g(x). The
following definitions are required before explaining the A∗ algorithm [32].

Definition 1.9 A node x is called open if the node x has been generated and the
heuristic cost h(x) has been computed over it but it has not been expanded yet.

Definition 1.10 A node x is called closed if it has been expanded for generating
offspring.

The steps of A∗ algorithm is given Algorithm 1.2. Example 1.2 is given for better
understanding of A∗ algorithm in the perspective of robot path planning problem.
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Figure 1.11 Corresponding graph of
Figure 1.10.
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Algorithm 1.1 Dijkstra’s Algorithm

Input: Mark all the unvisited nodes and the current node is

set as the source node; Generate a search graph G, including

the starting node x. Mark node x as an open;

Output: The optimal path;

Begin

Initialize: Set a distance value to all the nodes in the

graph. Set zero for the source node (here state 1) and ∞ for

the remaining nodes;

Repeat

1) From the current node, explore all the unvisited neigh-

bors and evaluate their distances from the initial node.

(For example, let the current node, x has a distance of 3

unit from the source node, and an edge connecting x with

another node y has distance of 2. Now, the distance to y

through x from the source node becomes 3 + 2 = 5. Compare

the currently evaluated distance with the previously

recorded distance (∞ at the beginning). If the cur-

rently evaluated distance is less than previously

recorded distance, then update the database by the cur-

rently evaluated distance, otherwise do nothing.

2) Once all the neighbors of the current node have been

explored, the current node is marked asvisited (not

checked further), and the evaluated distances are

recoded as the final and minimal distances.

3) Select one unvisited node with smallest distance as the

next current node;

Until goal state reached;

End.

Table 1.1 Trace of Dijkstra’s algorithm for Figure 1.11.

Nodes

1 2 3 4 5 6 7 8 9

Visited nodes {1} −1 1 ∞ 1 ∞ ∞ ∞ ∞ ∞

{1,2} 1 −1 2 2 2 ∞ ∞ ∞ ∞

{1,2,3} 2 1 −1 3 2 3 ∞ ∞ ∞

{1,2,3,6} 3 2 1 4 3 −1 5 6 4
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Example 1.2 In this example, the A∗ algorithm is employed to find the shortest
path between source node 1 to the goal node 9 as shown in Figure 1.10. The
heuristic cost h(x) of node x (xx,xy) is given by the city-block distance and it is
defined in (1.5).

Algorithm 1.2 A� Algorithm

Input: Generate a search graph G, including the starting node

x. Mark node x as an open;

Output: The optimal path;

Begin

Initialize: Create a list of closed node keeping them

initially empty;

Repeat

1) If list of open node is empty, then exit with failure;

2) Let node n is selected from the list of open nodes and

removes it from the set. Put the node n on the closed nodes

list;

3) If n is the goal node, then exit and return the solution

obtained to trace a path from the node n to node x in the

search graph G;

4) Expand node n and generate the set M, which contains its

successors that are not already the ancestors of n in G.

Add the elements of M as successors of n in G;

5) Point n from each members of M, which does not belong to G

and add them in the open list. If for all the members of M

already belong to open or closed list of nodes, then

redirect the pointer to n, subject to the shortest path

is found through n. If all the members of M are belong

to closed list of nodes, then redirect the pointers of

its entire offspring in G, so that they point toward

the back along the best paths found till now to these

offspring;

6) Sort the elements of open list in order of increasing cost

function (sum of heuristic cost and generation cost);

Until goal state reached;

End.
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h x = xg − xx + yg − yx , 1 5

where (xg, yg) is the goal coordinate.
The trace of the A∗ algorithm is given in Table 1.2. In step 0, robot starts from

node 1 and its heuristic cost is 4 and generation cost is 0. Hence, total cost is 4.

Table 1.2 Trace of A∗ algorithm from Figure 1.10.

Step State-space
Heuristic
cost

Generation
cost

Total
cost

0 1 4 0 4

1

1

42

F R

For node 2
(selected)

3 1 4

For node 4 3 1 4

2

1

42

F R

3 5 1

F R B
X

For node 3
(selected)

2 2 4

For node 5 2 2 4

3

1

42

F R

3 5 1

F R B
X

2 6
X

B R

1 3 4

4

1

42

F R

3 5 1

F R B
X

2 6
X

B R

5 9

B R
X

Goal

0 4 4

The bold values signifies the selected node and its corresponding cost.
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In step 1, node 1 is expanded by the action forward (F) to node 2 and by the action
right (R) to node 4. The total cost of both the nodes 2 and 4 is 3 + 1 = 4. Node 2 is
selected and it is expended further by the actions forward (F), right (R), and back
(B) to the nodes 3, 5, and 1, respectively. The total cost of the nodes 3 and 5 is 2 +
2 = 4. Node 1 is not selected following Definition 1.10. Node 3 is selected and it is
extended further to node 2 and 6 by the action back (B) and right (R), respectively.
Here, node 2 is a closed node by Definition 1.10 and hence it is eradicated. So, node
6 is expanded to node 6 and 9 by the action back (B) and forward (F). Again node 6
is eradicated by Definition 1.10 and node 9 is the goal state. The total cost function
of node 9 is 4 with 0 heuristic cost. Hence, optimal path is generated by sequen-
tially following the nodes 1, 2, 3, 6, and 9.

1.2.2.3 D� (D-star) Algorithm

Unlike A∗ [68], D∗ [6] algorithm may be employed to efficiently plan in dynamic
unknown or partially known environments, by adjusting the weights of the edges
(arcs). In the present path-planning application, each state is assumed as a node
and weight of each edge (arc) connecting two nodes represents the cost of moving
from one node to another. Initially, a path is planned from current node to the goal
employing the A∗ algorithm using the known information. In the journey of the
robot toward the goal state, it discovers the presence of obstacles in its path and the
graph is modified by adapting the arc weight. The robot again computes the short-
est path from its node position to the goal. The process continues until it reaches its
goal position or it concludes that the goal is inaccessible. The trace of the D∗ algo-
rithm is shown below in Table 1.3 by adding an obstacle in state 3 of Figure 1.10 as
shown in Figure 1.12. Steps 0 and 1 are same as A∗ algorithm. In step 2, node 3 is
expanded to node 1 and 5 by action right (R) and back (B), respectively.
Node 3 is not accessible as there is an obstacle at node 3. So, node 5 is expanded

by left (L), forward (F), right (R), and back (B) actions to nodes 2, 6, 8, and 4,
respectively. Nodes 2 and 4 are closed nodes following Definition 1.10. Selecting
node 6 and expanding it to nodes 5 and 9 by actions back (B) and right (R), respec-
tively, the goal node 9 is reached. So, optimal path is generated by sequentially
following the nodes 1, 2, 5, 6, and 9.

1.2.2.4 Planning by STRIPS-Like Language

Representation is the main bottleneck of the earlier explained search-based pla-
nning techniques due to enormous state-space. To address such representation
problem, STRIPS-like language [30] is proposed by the Stanford Research Institute
Problem Solver group, which is expressive enough to characterize a planning prob-
lem logically. STRIPS stands for Stanford Research Institute Problem Solver.
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Table 1.3 Trace of D∗ algorithm from Figure 1.12.

Step State-space
Heuristic
cost

Generation
cost

Total
cost

0 1 4 0 4

1

1

42

F R

For node 2
(selected)

3 1 4

For node 4 3 1 4

2

1

42

F R

15

R BX

For node 5 2 2 4

3

1

42

F R

15

R BX

2 6 8 4

RFL B
X

X

For node 6
(selected)

1 3 4

For node 8 1 3 4

4

1

42

F R

15

R BX

2 6 8 4

RFL B
X

X

5 9

B RX

Goal

0 4 4

The bold values signifies the selected node and its corresponding cost.

y

F

1

2

93

4

5

6

7

8

1 2 3

1

2

3

x

B

RL

L = Left
F = Forward

R = Right
B = Back

S0

SG

Robot

Figure 1.12 Two-dimensional 3 × 3
grid environment with an obstacle.
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STRIPS is the first well-known logic-based representation of the discrete planning
algorithm, which is the extension of first-order logic (propositional logic). The fol-
lowing representations are employed in STRIPS.

State: In STRIPS, an agent decomposes the environment into logical conditions
(TRUE or FALSE), and then the state is represented by conjunctions of func-
tion-free ground literals. Ground literal refers to the predicates, which cannot
break any more. Suppose, a home service robot is instructed to bring a cup of
tea with a biscuit and a magazine. So, in STRIPS, the initial state is formed using
the following predicates “at(home),” “┐have(tea),” “┐have(biscuit),” and “┐have
(magazine).” Here, home represents the initial position. Now, initial state is the
conjunctions of the function-free predicates (ground literals), i.e. “at(home)
˄┐have(tea)˄┐have(biscuit)˄┐have(magazine).” However, the goal state is the
“at(home)˄have(tea)˄have(biscuit)˄have(magazine)”. Now, the task is to find out
the sequence of actions to reach from the initial state to the goal state.

Action: An action follows the following two conditions: preconditions and effect.
In precondition, an agent needs to satisfy certain feasibility condition before
executing an action. For example, for “have(tea)” the agent must go to a nearby
tea stall because tea is not available at(home). Also the preconditions are always
positive ground literals. On the other hand, effects are the conjunction of positive
and negative ground literals. For example, if there is an action “go(tea stall)” from
“at(home)”, then the precondition is “at(home)˄path(here, there)” and the effect is
“at(tea stall)˄┐at(home)”. Hence, to reach the goal state “at(home)˄have(tea)˄have
(biscuit)˄have(magazine),” an agent must satisfy all the preconditions and effects.

1.2.3 Single Agent RL

In the above perspective, learning can assist an agent to select actions. In single
agent RL [35, 75–77] (Figure 1.13), an agent receives a reward/penalty as a feed-
back due to an action at its present (current) state or situation from the surround-
ing (environment). Such scalar feedback measures the quality of the action in that
state. In the literature of RL, this quality value is well known as state–action value.
The robot remembers or stores the <state, action, reward> profile as an experience
for future reference. Once the robot learns all possible
<state, action, reward> profiles, it plans optimally in
terms of time and/or energy, from any state within the
environment it learns. The single agent RL can be
explained by the well-known multiarmed bandit
problem [78, 79].

1.2.3.1 Multiarmed Bandit Problem

In the literature of English, a bandit refers to a robber
or gambler, who belongs to a gang typically isolated
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Figure 1.13 Structure of
reinforcement learning.
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from the human society. If a bandit has only one arm, then the bandit is called one-
armed bandit. The one-armed bandit is also well known as a slot machine, because
a slot machine is operated by a button located on the front panel of the machine.
A slot machine is a casino gambling machine, which rolls three or more times once
the button is pushed. As the slot machine stops rolling, it pays off the bandit based
on the pattern formed by the symbols visible on the front side of the machine.
A multiarmed bandit consists of a series of slot machines arranged in a row. In
multiarmed bandit problem [78, 79], the bandit has to decide which slot machine
to play and for how many times to maximize the sum of the rewards earned.
The gambler starts playing the multiarmed bandit problem without any knowl-

edge about the slot machines. In each trial, the gambler faces a trade-off between
the “exploration” of a new slot machine to obtain better reward than the present
rewards, and “exploitation” of a slot machine that has already obtained highest
expected rewards. Similar trade-off is experienced by a reinforcement learner in
RL. Hence, the multiarmed bandit is employed to manage several projects in a
large organization, where initially the properties of the projects are partially
known or unknown, but as time passes, the properties becomes fully known to
the bandit.
Suppose, a multiarmed bandit [78, 79] has N-slot machines (or N-arms), which

are being played by the bandit, and the bandit receives different rewards for each
arm, with an aim to determine the arm having the maximum reward. To choose
the best arm, i.e. an arm corresponding to the maximum reward (or greedy
reward); the agent (or bandit) may compute the running average of rewards of
all the arms given in (1.6).

Qt a =
r1 + r2 + + rk

k
, 1 6

where Qt(a) refers to the estimated value of the action a in t trials (play). We
assume that action a was played k times in t trials and rk was the reward of choos-
ing the action (arm) a at kth time step. As choosing an arm is analogous to choos-
ing an action, the value of each arm may also be defined as the expected reward of
the arm. Let the expected optimal reward of the action a is Q∗(a). Based on the
greedy action selection policy, the optimal action a∗ is chosen by (1.7).

a∗ = argmax
a

Q∗ a 1 7

The said greedy action selection may trap the agent (bandit) in local minima. To
overcome the problem of trapping in local minima, an agent has to explore a new
arm to receive new reward (well known as exploration), which might be better
than the present reward. Randomization of the probability of choosing an arm,
which is not the greedy one, is referred to as the exploration. In RL, always there
is a trade-off between the exploration and exploitation. For example, let N = 10 in
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the said multiarmed bandit problem. Each arm (analogous to an action) a [1, 10]
has a random reward given in (1.8) drawn from a normal random distribution with
mean zero and variance one, N(0, 1). Equation (1.8) represents the true value or
expected reward of the 10 arms.

Q∗ a = 0 0325,0 8530,0 1341,0 0620,−0 2040,0 6525,0 8927,−0 9418,
−1 4122,0 8089

1 8

By (1.7) and (1.8),

a∗ = argmax
a

Q∗ a

=argmax 0 0325,0 8530,0 1341,0 0620,−0 2040,0 6525,0 8927,

−0 9418,−1 4122,0 8089

= 7

1 9

By (1.9), seventh action is the optimal action denoted by a∗. The learning process is
started by estimating the true values from the earlier distribution of N(0, 1) setting
the exploration parameter ε to 0.2 and the first estimate is given in (1.10).

Q0
est a = 0 6761,−1 4321,−0 1824,3 1140,−1 5285,−2 4264,−1 6687,

−0 5252,−0 1021,−0 7124

1 10

By (1.7), (1.10), and assuming Q∗ a = Q0
est a ,

a∗ = argmax
a

Q∗ a

=argmax 0 6761,−1 4321,−0 1824,3 1140,−1 5285,−2 4264,

−1 6687,−0 5252,−0 1021,−0 7124

= 4

1 11

By (1.11), the bandit should choose the fourth action but by (1.9), the optimal
action is the seventh one. So, the greedy choice is misleading the action selection.
Several estimations are done to update the Qest(a) vector using (1.6). The learning
process continues until the agent recognizes the seventh action as its best choice
among the 10 actions. The variation of average reward with the number of trial for
different ε is given in Figure 1.14.
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1.2.3.2 DP and Bellman Equation

DP [46] is an optimization technique, which transforms a large complex problem
into a sequence of simple problems, by dividing it into finite overlapping subpro-
blems, where overlapping indicates that the subproblems can recursively form the
actual large complex problem. Breaking a large complex problem into finite over-
lapping subproblems is the condition of applying DP upon the large complex prob-
lem. In DP, there is a relation between the solution offered by the large problem
and solutions offered by the subproblems. In the literature of optimization, this
relationship is well known as the Bellman equation (BE) or DP equation.
Each subproblem is solved by a DP algorithm and the solution is stored in a data-

base. In the subsequent iterations, if a subproblem already addressed reappears,
then that subproblem is not readdressed, but its solution is exploited from the data-
base. Finally, one optimal solution is chosen from the evaluated value functions.
The basic four steps for a DP algorithm are given below [46].

1) Divide the large complex problem into finite overlapping subproblems.
2) A value function is defined recursively based on the overlapping subproblems.
3) Compute and memorize the value functions of the overlapping subproblems to

avoid repetition.
4) Obtain an optimal solution from the evaluated value functions.

Value function is the heart of DP, as it expresses the quality of a state because of an
optimal action in terms of numerical value. If one needs to maximize the value
function v(s) at a state s {s}, then using the principle of DP, the problem can
be expressed in the BE as given in (1.12).

v s = max
a

r s, a + γv s , γ 0, 1 , 1 12
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Figure 1.14 Variation of average reward with the number of trial for different ε in
10-armed bandit problem.
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where r(s, a) refers to the reward received at state s
because of an action a and v(s/) denotes the value func-
tion at next state s/.

1.2.3.3 Correlation Between RL and DP

It is apparent from the earlier sections that the RL
works on the principle of reward/penalty received by
the agents as a feedback from the environment, DP is
nothing but an optimization technique, which opti-
mizes the BE [71, 72]. Figure 1.15 indicates that the sin-
gle agent Q-learning (QL) is the combination of the RL
and the DP. The details of single agent Q-learning are
given in the next section.

1.2.3.4 Single Agent Q-Learning

Q-learning is one well-known paradigm among the RL techniques coined by Wat-
kins andDayan [80] in 1989. In Q-learning, an agent (robot) adapts in an unknown
environment, and receives two types of rewards due to an action at a given state
within the environment. One reward is immediate reward received as a feedback
from the environment as explained earlier in Section 1.2.3. Another reward is eval-
uated at the next state. The evaluated reward at the next state is of two types based
on the nature of the environment. If the environment is deterministic, then best
(or optimal) future reward is evaluated at the next state, shown in Figure 1.16.
Since, in deterministic environment, an agent can move from a given state to
the next state with probability one due to an action. On the other hand, in stochas-
tic environment, a robot moves from a given state to the next one by assigning a
probability in [0, 1] due to an action. Hence, in stochastic environment, the robot
evaluates the expected best (or optimal) future reward at the next state. The
expected best future reward in the next state is the expectation of selecting the best
action in the next state in terms of numerical value. The mechanism of evaluating
the expected best future reward in Q-learning is shown in Figure 1.17.
In Figure 1.16, initially all the Q-values at Q-table are set to zero. At the current

state 1, the robot executes an action right (R) and receives an immediate reward r
(1, R) = 0 from the environment. In the next state 3, maximum future reward is
evaluated from the Q-table. Until (3, F) is not explored, in the next state, Q(3,
L) = 81 is the best future reward and updated Q-value at (1, R) is Q(1, R)=72.9.
On the other hand, once (3, F) is explored in the next state, Q(3, F) = 100 is the
best future reward and updated Q-value at (1, R) is Q(1, R) = 90.
In Figure 1.17, “R” inside the circle symbolizes a robot. Here, each state 1 to 3 has

distinct frictional properties. In such stochastic environment, any one next state
among the three possible next states may be reached due to left action executed

QL

DPRL

Figure 1.15 Correlation
between the RL and DP.

1.2 Single Agent Planning 21

c01.3d 21 7/11/2020 9:51:16 PM



by R at 1. So, there is a probability of moving to the next state from the current state
due to an action. In the literature, such probability is well known as the state-
transition probability and the expected future reward is evaluated thereof.
In Q-learning, the future reward prediction depends on the current state–action

pair. It is apparent that the future reward prediction in Q-learning of an agent
depends exclusively upon the current state but not on the past state–action pairs,
which is the Markov property. The Markov property is also well known as the
memoryless property. This idea is framed inside the Markov Decision Process
(MDP). In Q-learning, theMDP plays a significant role in finding the optimal value
function corresponding to the optimal policy π∗. The definition of theMDP is given
in Definition 1.11 [81].

0 0

0 0 0

81 100 89

S
ta

te

Action

G

1

2

3

4

1

2

3

0 0 04

0

0

81

0

L F R B

–1

1000

F

L R

B

Q(1, R) ← r(1, R) + γ max Q(3, a); a ∈ {L, F, R, B}

γ = 0.9

80.1

r(1, R) = 0

Environment 

89 100 Q-table

80.1 90

Q-learning 

90

R1

Actions

a

Figure 1.16 Single agent Q-learning.

Possible next state

123

R

Current state

Left

Figure 1.17 Possible next state in stochastic situation.

22 1 Introduction

c01.3d 22 7/11/2020 9:51:16 PM



Definition 1.11 AMDP is a 4-tuple S,A, r, p [82], [83], where S refers to a finite
set of states, A denotes a finite set of actions, r : S ×A R refers to the reward
function of the agent, and p : S ×A [0, 1] indicates the state-transition
probability.

v s, π∗ = max
a

r s, a + γ
s

p s s, a v s , π∗ , 1 13

where v(s, π∗) and v(s/, π∗) represent the value at current state s and next state S/

due to optimal policy π∗, γ denotes the discounting factor, p[s/ (s, a)] is the state-
transition probability to reach next state s/ from current state s due to action a A,
and r(s, a) is the immediate reward at state s due to action a.

If an agent directly learns its optimal strategy without knowing either reward func-
tion or the state-transition probability, then the learning policy is calledmodel-free
RL [84]. Q-learning is one such model-free learning, involving the basic equation
given in (1.14).

Q∗ s, a = r s, a + γ
s

p s s, a v s , π∗ 1 14

Here,Q∗(s, a) is the optimal Q-value. After infinite revisit of state S due to action
a, Q(s, a) turns to Q∗(s, a). If next state is deterministically known for each action,
then the Q-learning is called deterministic. In deterministic situation, p[s/

(s, a)] = 1, s/.
Combining (1.13) and (1.14), we can write,

v s, π∗ = max
a

Q∗ s, a 1 15

Hence, the problem transforms to determining Q∗(s, a) for all (s, a). If Q∗(s, a) is
found, one can identify the action which maximizes the v(s, π∗). So, the Q-learning
update rule becomes,

Q s, a = r s, a + γmax
a

Q δ s, a , a , 1 16

where

s δ s, a 1 17

be the state-transition function. Hence, Q(s/, a/) = Q(δ(s, a), a/). By combining
(1.16) and (1.17), we obtain (1.18).

Q s, a = r s, a + γmax
a

Q s , a , 1 18
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where max
a

Q s , a indicates the action a/ A for which maximum Q-value,

Q(s/, a/) is received at next state s/. Now, the Q-learning update rule with learning
rate α (0, 1] is given by (1.19).

Q s, a 1− α Q s, a + α r s, a + γQ s , a∗ 1 19

However, in the stochastic situation, the state-transition probability to reach the
next state s/ {s} from the state s because of action a, is P[s/ (s, a)] 1. So, Q-value
adaption rule in the stochastic situation is given by (1.20) [84]:

Q s, a = 1− α Q s, a + α r s, a + γ
s

P s s, a max
a

Q s , a

1 20

After infinite revisit of (s, a), Q-value, Q(s, a) turns to the optimal Q-value
Q∗(s, a). The convergence proof of (1.20) is given in [2]. Single agent Q-learning
steps are given in Algorithm 1.3.

1.2.3.5 Single Agent Planning Using Q-Learning

Figure 1.18 explains the single robot planning mechanism. At first, the robot (R1)
observes its current state 3 and its corresponding Q-values from the Q-table. Then
at 3, the robot evaluates the action corresponding to the maximum Q-value using

Algorithm 1.3 Single Agent Q-Learning

Input: Current state s and action set A;

Output: Optimal Q-value Q∗(s, a), s, a;

Begin

Initialize: Q(s, a) 0, s, a and γ [0, 1);

Repeat

Select an action a A randomly and execute it;

Receive an immediate reward r(s, a);

Evaluate next state s/ δ(s, a);

Update: Q(s, a) by (1.19) for deterministic situation,

by (1.20) for stochastic situation and s s/;

Until Q(s, a) converges;

Obtain: Q∗(s, a) Q(s, a), s, a;

End.
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the learned Q-table. In Q-table, at the row of 3, the action R corresponds to the
maximum Q-value. Robot executes the action R and moves to the next state 4.
The above steps are repeated until the robot reaches it goal state.

1.3 Multi-agent Planning and Coordination

Multi-agent planning and coordination are two almost similar terminologies both
belonging to the multi-agent systems. Multi-agent planning refers to determining
the sequence of feasible actions of the agents to achieve individual goals maintain-
ing optimality. However, coordination refers to skillful and effective interaction
among the agents to serve the purpose of all the agents. The section describes
the multi-agent planning and coordination terminologies with corresponding
algorithms.

1.3.1 Terminologies Related to Multi-agent Coordination

A multi-agent system (MAS) includes several agents. Naturally, the action of an
agent influences the rewards received by the other agents. This calls for special
arrangement for learning and planning in a MAS. Figure 1.19 outlines the archi-
tecture of a MAS.
In the MAS, a state-space is a collective set of states of an agent. The definition of

the state-space is required a priori, to address a planning problem. Such descrip-
tion of the state-space is problem specific. In a multi-robot coordination problem,
instead of states, the joint state is defined.

Definition 1.12 A joint state is the collection or union of individual states in a
fixed order following the ascending order of the agents.

Suppose si is the individual state of agent i [1,m], then the joint state form agents
system is given by S = < si > m

i = 1

Environmentargmax (81, 100, 89, 81)
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Figure 1.18 Single agent planning.
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Definition 1.13 The phrase: joint-action is a widely used term in the MAS and is
defined by the collection or union of individual actions in a fixed order following
the ascending order of the agents.

Suppose ai is the individual action of agent i [1,m], then the joint action for them
agent system is given byA = < ai > m

i = 1 In Figure 1.20, due to joint action <R, L>
at <1, 8> robots move to the joint next state <4, 5> as shown in Figure 1.20.

1.3.2 Classification of MAS

There exist several state-of-the-art attributes, based on which the MAS is classified
[1, 37]. Attributes relevant to the present book are employed here to classify the
MAS. Basically MAS is of two types: cooperative and competitive. Like any social
living beings, an agent belonging to cooperative MAS cooperate with remaining
agents. However, in the competitive MAS, agents do compete among themselves
to acquire limited resources required for livelihood. In this chapter, we consider
only the cooperative MAS.

Classification based on cooperation: Classification of MAS based on the coop-
erative aspect of the agents is done by measuring the ability of an agent to coop-
erate with remaining agents while performing a task. Agents cooperate with the
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remaining agents are well known as cooperative agent and those do not cooperate
rather they compete with others are distinguished as noncooperative agent. The
goal of cooperative agents is to achieve a common objective. On the other hand,
the noncooperative agents have always conflicting objectives. Figure 1.21 provides
a detailed classification of cooperative agents only based on the knowledge level.

Classification based on knowledge level: Further classification of cooperative
MAS can be done based on the knowledge level of an agent about the remaining
agents in the same team. In Figure 1.21, one is aware agent, which has knowledge
about its teammates and the unaware agent does not have such knowledge about
the remaining agents in the environment.

Classification based on coordination: Next, the aware agents are classified
based on the coordination procedure employed by the agents. There are three types
of coordination. In strong (weak) coordination, agents strictly (do not strictly) fol-
low the coordination protocols. In the third type, i.e. not coordinated, agents do not
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Figure 1.21 Classification of multi-robot systems.
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coordinate with other agents. Classification based upon the coordination is shown
in Figure 1.21.

Classification based on organization: Strongly coordinated agents are further
classified based on the responsibilities of the agents in a team (or organization) as
shown in Figure 1.21. By this aspect, the centralized approaches are distinguished
from the distributed approaches. In the centralized approach, an agent is elected as
a leader for the entire team. The leader is responsible to distribute the task among
all the agents in the team. The remaining agents (follower) act according to the
instructions provided by the leader. However, in the distributed system, agents
are completely autonomous in view of the decision-making process, as there is
no leader in the team. On the other hand, the centralized system can further be
classified based upon the way the leader is elected among the team members. If
only one robot leads the complete mission, then such centralized system is known
as strongly centralized. However, in a weakly centralized system, more than one
agent is allowed to lead the team toward the completion of the mission.

Classification based on communication:Distributed robots are classified based
upon the dependency on communication among the agents as shown in
Figure 1.21. There are two types of distributed agents, one is communication
dependent, and another is communication independent.
Besides the above classification, the MAS can further be classified considering

“Team Composition” (combination of heterogeneous and homogeneous robots),
“System Architecture,” and “Team Size.”
Several approaches are available in the literature of multi-robot coordination.

Among them, coordination by MAQL and EO algorithms are described in this
chapter. To improve readability, GT and DP are briefly described below.

1.3.3 Game Theory for Multi-agent Coordination

GT formally analyzes the strategic situation of the MAS, where each agent poten-
tially affects the interests of other agents in the environment [38, 41, 42]. Two types
of game are considered in the present book: static and dynamic. The definitions of
static and dynamic games are given below.

Definition 1.14 A static game with m player is defined by a tuple m, A1, A2, …,
Am, r1, r2, …, rm [42], where Ai, i [1,m] is the set of finite actions of player i and
ri × m

i = 1Ai R, i 1,m refers to the reward function of player i, where, ×
denotes the Cartesian product.

Definition 1.15 If a static game is played repeatedly, then the game is well
known as repeated game.
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In static game, multiple agents execute their actions at a joint state and agents do
not have any state-transition. Hence, a static game is also known as state-less
game. Now, to handle the games with state-transitions, another version of game
called dynamic game is defined below.

Definition 1.16 A dynamic gamewithm number of agents is defined as a 5-tuple
m, {S}, {A}, ri, pi where S = × m

i = 1Si is the joint state-space, A = × m
i = 1Ai is

the joint action-space, ri= {S} × {A} R is the reward function at joint state–action
of agent i, and Pi = {S} × {A} [0, 1] is state-transition function of agent i.

Suppose an agent i [1,m] selects an action ai from the pool of its action set Ai and
plays the repeated game. The conjunction of the individually chosen actions for all
the agents form a joint action A × m

i = 1Ai Let πi(ai) refers to the probability of
selecting an action ai Ai by agent i, where

πi Ai 0, 1 1 21

If πi(ai) = 1, then the strategy of agent i, πi is deterministic for ai Ai. The strat-
egy profile for m agents is given by

Π = πi i 1,m 1 22

The strategy profile

Π− i = π1,…, πi− 1, πi + 1,…, πm 1 23

denotes the strategy of all the agents except the strategy of agent i, πi, where

Π = Π− i πi 1 24

It is apparent from Definitions 1.14 and 1.16 that a dynamic game is also a static
game with state-transitions. In a static game, agents look for a balanced condition
or equilibrium among them, such that no one would receive any incentive by uni-
lateral deviation. In the literature, two well-known equilibria exist: Nash equilib-
rium (NE) and correlated equilibrium (CE).
Before understanding equilibrium, let at a given state s an agent (here robot)

have an action set A. An action a∗ A corresponding to the maximum reward
at state s refers to the optimal or greedy action. Collection of such optimal actions
executed at each state is termed as optimal policy or strategy. In a particular state, if
a robot executes an action, then the action is well known as a pure strategy. How-
ever, the mixed strategy is the randomization over the pure strategies. To under-
stand mixed strategy, rock-paper-scissor game is given in Example 1.3.

Example 1.3 Rock-paper-scissor [41, 42] is a two player hand game, played for
fun by kids and sometimes for decision-making by adults. Each player has three
options: rock, paper, or scissor and a player can choose one in a trial. The player
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expresses his/her choice to another player by using a hand to form one of the sha-
pers as shown in Figure 1.22.With these options, this game can have three possible
outcomes excluding a tie. The three possible outcomes are given one by one.

1) One rock crushes scissor. Here, player playing rock beats the player playing
scissor.

2) But if paper covers rock, then the player chooses to play paper beats the player
playing rock.

3) On the other hand, if scissors cut paper, then the play of paper is defeated by the
play of scissor.

However, if the choices of both the players are same, then a tie occurs and the
game is replayed until the tie is broken.
After finite trials of the game, the rewards of both the players are given in the

reward matrix as shown in Figure 1.23. In Figure 1.23, one cell contains two
rewards. The first reward is for Player 1 and second one is for Player 2. In case
of a tie, both the players receive 0 reward. If a player wins the game, then the player
is rewarded by 1. On the other hand, if the player loses, then the player is penalized
by −1.
It is apparent that in the rock-paper-scissor game (Figures 1.22 and 1.23),

optimal mixed strategy of Players 1 and 2 is to execute each action with a proba-
bility 1/3. Now, suppose Player 1 knows in advance that the Player 2 is playing the
pure strategy “paper,” then optimal pure strategy for Player 1 is “scissor” as it
provides maximum reward to Player 1.

(a) (b) (c)

Figure 1.22 Hands gestures in rock-paper-scissor game: (a) rock, (b) paper, and (c) scissor.
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1
  
  Player 2

Rock Paper Scissor

Rock (0,0) (–1,1) (1,–1)

Paper (1,–1) (0,0) (–1,1)

Scissor (–1,1) (1,–1) (0,0)

Figure 1.23 Rock-paper-scissor game.
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1.3.3.1 Nash Equilibrium

NE is a solution concept of the multi-agent interactive system from where no
player deviates to maintain its current reward, which is the maximum one. The
Definition of NE is given in Definition 1.17. NE is of two types: pure strategy
NE (PSNE) and mixed strategy NE (MSNE). To evaluate PSNE at a joint state,
an agent selects an action from its own action set, which corresponds to its max-
imum reward due to joint action, where remaining agents’ actions are kept fixed.
The joint action at a joint state for which all the agents receive maximum reward
and no one has any selfish intension to deviate from its chosen action is well
known as PSNE at that joint state. An example is considered in Figures 1.24
and 1.25 to evaluate PSNE in a static game or state-less or one-stage or normal-
form game [85].

Definition 1.17 NE is a stable joint action (or strategy) at a given joint state (S) of
a system that involvesm interacting agents, such that no unilateral deviation (devi-
ation of an agent independently) can occur as long as all the agents follow the same
optimal joint action AN = < a∗i >

m
i = 1 at a joint state S {S} for PSNE. Further, for

a MSNE, agents perform the joint action A = < ai > m
i = 1 with a probability

p∗ A = m
i = 1p

∗
i ai , where p∗i ai 0, 1 , p∗ A 0, 1 .

Let a∗i ai be the optimal action of agent i at si and A∗
− i Abe the optimal joint

action profile of all agents except agent i at joint state S = < s j > m
j = 1,j i and Qi(S,

A) be the joint Q-value of agent i at S because of joint action A {A}. Then the
condition of PSNE at S is

Qi S, a
∗
i ,A

∗
− i ≥ Qi S, ai,A

∗
− i , i

Qi S,AN ≥ Qi S,A , i where AN = < a∗i ,A
∗
− i > and A = < ai,A

∗
− i >

1 25
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Figure 1.24 Reward mapping from joint Q-table to reward matrix.
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and condition of MSNE at S is

Qi S, p
∗
i , p

∗
− i ≥ Qi S, pi, p

∗
− i , i, 1 26

where Qi S, p =
A
p A Qi S,A and p∗− i A− i = m

j = 1,j i p
∗
j a j be the joint

probability of selecting joint action profile of all agents except agent i denoted
by A−i A.
Agents follow Figure 1.25 to evaluate PSNE AN = < a∗i ,A

∗
− i > and Figure 1.26

for MSNE < p∗i ai , p∗− i A− i > , respectively, at joint state S.

Pure Strategy NE

Assuming in the one-stage game there are two robots R1, R2 and each has two
actions. Robot 1 (R1) selects one action from the set {L, F} and robot 2 (R2) selects
one from {L, F}. As a result there is a joint action set. The joint action set {LL, LF,
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Figure 1.25 Pure strategy Nash equilibrium evaluation. (a) Fix A1 = L and A2 = L/F
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(e) Nash equilibrium and FL and LF.
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Figure 1.26 Evaluation of mixed strategy Nash equilibrium.
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FL, FF} is the all possible combinations (the Cartesian product) of {L, F} and {L, F}.
Figure 1.24a and b provide the reward tables of R1 and R2 at joint state–action
space, respectively. The rows of the state–action tables indicate the joint state. Joint
state is the conjunction of individual states, here S and S/. Each column corre-
sponds to a joint action A. A can be any one from the set {LL, LF, FL, FF}. The
entries for each joint state–action pair are called joint state–action value. To eval-
uate PSNE at joint state S/, the rewards at S/ due to joint actions are mapped in the
reward matrix, as shown in Figure 1.24c and d. In Figure Figure 1.24c and d, each
cell of the reward matrices displays the rewards at a joint state S/ due to individual
actions, respectively, for R1 and R2. In Figure 1.24c–e, rows indicate the actions of
R1 and columns indicate the actions of R2. However, in Figure 1.24e, each cell
shows the rewards of both the agent. First entry is for R1 and the second one is
for R2.
Figure 1.25a–d show the reward matrices of R1 and R2 at joint state S/. In

Figure 1.25a, R1 selects its best action assuming that R2 has been selected L indi-
cated by solid black arrows. In this situation, R1 prefers action F and receives 1 as a
reward indicated in Figure 1.25a. Similarly, R1 receives 20 as a reward assuming
that R2 has been selected F as shown in Figure 1.25b. Similarly, R2 earns 20 and 1,
when R1 selects L and F, respectively, as indicated in Figure 1.25c and d. Finally,
Figure 1.25e shows the common solution producing cells, which are the PSNE.
Computation of PSNE for two agents is performed by the following three steps:

1) Fix the action of R1, then select the best reward of R2, considering all possible
actions of itself.

2) Fix the action of R2, then select the best reward of R1, considering all possible
actions of itself.

3) If the results of selection fall in the same cell, then PSNE = joint actions cor-
responding to the selected common grid.

Here, two PSNE are obtained: <F, L> and <L, F>. Let us examine them one by
one. For the <F, L>, both the robots receive 1. Now, if any one robot selfishly
attempts to change its action aiming at maximizing its own reward, then the robot,
which changes its action, causes to decrease its reward from 1 to−10. Besides, if R1
changes its action from F to L, then R2’s reward improves from 1 to 10. Again, if R2
changes its action from F to L, then R1’s reward improves from 1 to 10. So, the joint
action <F, L> is an adversarial equilibrium. Adversarial equilibrium is a PSNE in
competitive situation. Now, the joint action <L, F> is coordination equilibrium,
where both the robots receive maximum reward selflessly, i.e. 20. Coordination
equilibrium is a PSNE in cooperative situation. The present book considers coor-
dination equilibrium only.
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Mixed Strategy NE

MSNE is stochastic. In MSNE, each robot randomizes its own pure strategies by
assigning a probability in between zero and one for each pure strategy. Let R1 select
its actions L and Fwith a probability p and (1− p), respectively. Also, let R2 select its
actions L and F with a probability q and (1− q), respectively. The summary of
rewards at MSNE is given in Figure 1.26. At MSNE, the expected rewards of L
and F against q are equal. Equating these two expected rewards yield p and
(1− p) as shown in Figure 1.26a. Similarly, one can find q and (1− q) as shown
in Figure 1.26b. The expected reward of a mixed strategy is the weighted sum of
the expected rewards of all the pure strategies in the mix. Finally, the expected
reward of R1 by employing p against q and the expected reward of R2 by employing
q against p are given in Table 1.4. Also it is listed in Figure 1.26d. Finally, the MSNE
is <(p, (1− p)); (q, (1− q))> given in Figure 1.26c. Table 1.4 provides the expected
reward at MSNE for two players. Example 1.4 provides an example of MSNE for a
two-player tennis game. Example 1.4 is given below to illuminate MSNE.

Example 1.4 Figure 1.27 shows the reward matrix for a two-player tennis game
between Venus and Serena. Let in Figure 1.27, Venus is the row player and Serena
is the column player. If Venus chooses Left (L), then she attempts to pass Serena to
Serena’s left (l). If Venus decides Right (R), then she is attempting to pass Serena
to Serena’s right (r). Serena chooses l, means that she bends slightly toward her l.
Similarly, Serena chooses r means she slightly bends toward her r. There is no
PSNE in Figure 1.27. Let’s find MSNE for the tennis game. In MSNE, each agent’s
mix should be the best for the remaining agents’ mix. To find Serena’s NE mix
(q, 1− q), look at Venus’s rewards. Now, Venus’s rewards against qwhile choosing

Table 1.4 Expected reward of R1 and R2 at MSNE.

Expected reward of R1 by employing p against q p[−10q+ 20(1− q)] + (1− p)[1q+ 10(1− q)]

Expected reward of R2 by employing q against p q[10p+ 1(1− p)] + (1− q)[20p− 10(1− p)]

V
e
n
u
s

Serena

l r

L 50, 50 80, 20 p

R 90, 10 20, 80 1 − p

1 − qq

Figure 1.27 Reward matrix for
tennis game.
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L and R is given by 50q+ 80(1− q) and 90q+ 20(1− q), respectively. In MSNE, L
and R both themselves must be the best response against q. So,

50q + 80 1− q = 90q + 20 1− q 1 27

Therefore, solving (1.27), we obtain q= 0.6 and 1− q= 0.4. Now, to find Venus’s
NEmix (p, 1− p), look at Serena’s rewards. Serena’s reward against pwhile choos-
ing l and r is given by 50p+ 10(1− p) and 10p+ 80(1− p), respectively. In MSNE, l
and r both themselves must be the best response against p. So,

50p + 10 1− p = 10p + 80 1− p 1 28

Therefore, solving (1.28), we obtain p = 0.7 and 1− p = 0.3. Hence, the MSNE is
given by [(p, 1− p); (q, 1− q)] = [(0.7, 0.3); (0.6, 0.4)].
For multi-agent coordination without any communication among the agents,

agents face coordination problem in the presence of multiple coordination equili-
bria [72]. Here, coordination problem refers to the problem of selecting unique
equilibrium by all the robots. Such problem can be resolved by selecting a joint
action based on a signal (e.g. traffic signal), which is commonly accessible by
all the robots. Before discussing about the remedies of equilibrium selection,
Example 1.5 is provided to realize the problem.

Example 1.5 The reward matrix for a common reward two-agent static game is
given in Figure 1.28, where both a and bare the rewards. There are two action sets
{x0, x1} and {y0, y1} for agent X and Y, respectively. Now, if a> b> 0, then there are
two equilibria <x0, y0> and <x1, y1 > . But, only <x0, y0> is the optimal and
hence, one would expect that the agents play <x0, y0 > . If a = b> 0, then none
of the agents have any reason to prefer any one action.
In such situation, there exist multiple equilibria. Choosing one equilibrium

among multiple equilibria by random selection or by focusing personal basing
may lead to suboptimal (or uncoordinated) equilibrium.
A robot can resolve the problem of equilibrium selection [38] in a coordinated

game by repeatedly playing a game by the same robot. In the literature, CE
addresses the problem of equilibrium selection.

1.3.3.2 Correlated Equilibrium

CE is more general than the NE [72]. There are four
variants of CE: Utilitarian, Egalitarian, Republican,
and Libertarian equilibria [72]. In each variant, a
numerical value is maximized and its corresponding
index (joint action) is well known as CE. The former
numerical value may be evaluated by one of the fol-
lowing techniques:

A
g
e
n
t 
X

Agent Y

y0 y1

x0 a 0

x1 0 b

Figure 1.28 Reward
matrix of in a common
reward two-agent
static game.
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1) In Utilitarian equilibrium, the numerical value to be maximized is evaluated by
adding all robots’ rewards.

2) The least efficient robot’s reward is maximized in the Egalitarian equilibrium.
3) Most efficient robot’s reward is maximized in Republican equilibrium.
4) In Libertarian equilibrium, the numerical value to be maximized is evaluated

by multiplying all the robots’ rewards.

Like NE in CE, there are pure strategy andmixed strategy CE. The definition of CE
is given in Definition 1.18. The pure strategy Egalitarian equilibrium evaluation is
shown in Figure 1.29.

Definition 1.18 CE at a joint state, S = < si > m
i = 1 with m interacting agents is

the pure strategy CE, AC and mixed strategy CE, p∗(AC) if agents follow (1.29) and
(1.30), respectively.

AC = argmax
A

Φ Qi S,A , 1 29

p∗ AC = argmax
p A

Φ
A

p A Qi S,A , 1 30
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Figure 1.29 Pure strategy Egalitarian equilibrium, which is one variant of CE.
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where

Φ
m

i = 1

,Minm
i = 1,Maxmi = 1,

m

i = 1

1 31

Game of chicken reflects the idea of CE and is illustrated in Example 1.6.

Example 1.6 In the game of chicken, two players play by heading toward each
other as shown in Figure 1.30. If both the players move (M) on the same way, then
they collide, which results in penalty for both the agents. If one player moves and
another player waits (cooperate (C)), then both the players are rewarded. The
player which successfully moves receives more reward, than the player which
cooperates. Both the players receive zero reward if none of them move. In
Figure 1.31, both the joint action (M, C) and (C,M) is the PSNE. To achieve PSNE
without establishing any communication among the players, they should follow a
signal (like traffic signal), which is commonly accessible for both the players.

1.3.3.3 Static Game Examples

A few examples of static games are given below.

Constant-sum-game: In constant-sum game [41], summation of the two players’
rewards is constantas shown inFigure1.32,where<a,b>and<x, y>are theaction
sets of player 1 and 2, respectively. In Figure 1.32, the value of the constant is 1.

Collision
Player 1 moves

successfully

Player 2 cooperates

Both Players 1 and 2
try to cooperate

Player 1 cooperates

Player 2 moves

successfully

1

1

2

2

1

1

2

2

Figure 1.30 Game of chicken.
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M –5, –5 10, 5

C 5, 10 0, 0

Figure 1.31 Reward matrix in the game of chicken.
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Zero-sumgame: Zero-sum game is a special case of
constant-sum game [41]. It is a two-player game,
where the summation of the two players’ reward
is always zero. This indicates that one player’s gain
is equivalent to another player’s loss. Hence, net
change in reward is zero. Chess and tennis are the
examples of zero-sum game, where there is a winner
and a loser. Financial market is also an example of
zero-sum game. In the literature of GT, matching
pennies and rock-paper-scissor (given in Exam-
ple 1.3) are the well-known examples of zero-sum
game. Example 1.7 illustrates the game of matching
pennies.

Example 1.7 In matching pennies, two pennies
are thrown by two players simultaneously. The
rewards of the players depend on whether the pennies match or not. If both pen-
nies result in head (H) or tail (T), then player 1 wins and rewarded by player 2’s
penny. If there is amismatch, then player 2 wins and rewarded by player 1’s penny.
As one player’s gain is other player’s loss, hence, matching pennies is a zero-sum
game as shown in Figure 1.33. Inmatching pennies, there is no PSNE instead there
exists MSNE.
In some situation, a game does not have a PSNE but every game have a MSNE

[42]. For example in the rock-paper-scissor game, there is no PSNE but there
exists MSNE.

General-sum-stochastic game: In general-sum-stochastic game, the summation
of all the players’ rewards is neither zero nor constant. Prisoner’s Dilemma is an
example of general-sum-stochastic game and is illustrated in Example 1.8.

Example 1.8 In Prisoner’s Dilemma, two criminals are suspected of committing
a crime and are being interrogated in two separate cells. From human physiology,
both the criminals want tominimize their jail sentence. Both of them face the same
scenarios as follows (Figure 1.34):

• If Players 1 and 2 each Deny (D) each other,
then each of them are sentenced by nine year
jails.

• If Player 1 Deny (D) but Player 2 remains Con-
fess (C), then Player 1 will be set free and
Player 2 will serve 10 year jails (and vice versa).
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a 5, –4 –7, 8

b –2, 3 4, –3

Figure 1.32 Constant-sum
game.
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Figure 1.33 Matching
pennies.
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Figure 1.34 Reward matrix in
Prisoner’s Dilemma game.
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• If both Players 1 and 2 remain Confess (C),
then both of them will only serve one
year jail.

Hence, in Prisoner’s Dilemma game, (C, C)
is the PSNE.

1.3.4 Correlation Among RL, DP,
and GT

It is apparent from the earlier sections that
the RL works on the principle of reward/pen-
alty received by the agents as a feedback from
the environment. DP is nothing but an optimization technique, which optimizes
the BE. On the other hand, GT helps in analyzing the strategic situation of the
agents in theMAS, where an agent significantly affects the interests of other agents
in the environment. Figure 1.35 indicates that the multi-agent Q-learning (MAQL)
comprising of the MARL, GT, and DP. However, in the literature, MARL is well
known as MAQL for simplicity.

1.3.5 Classification of MARL

Based on the task type, MARL is classified as cooperative, competitive, and mixed
as shown in Figure 1.36 [85]. Now, the cooperative and mixed algorithms may be
designed for static (stateless) games or for stagewise (dynamic) games. However,
there are only two competitive algorithms for two agents, namely Minimax-Q and
heuristically accelerated multi-agent RL (HAMRL).
Joint Action Learners (JAL) and Frequency Maximum Q-value (FMQ) heuristic

are classified as cooperative static algorithm. Team-Q, Distributed-Q, Optimal
Adaptive Learning (OAL), Sparse Cooperative Q-learning (SCQL), Sequential
Q-learning (SQL), and Frequency of the maximum reward Q-learning (FMRQ) fall
within the scope of cooperative dynamic algorithms.
Themixed static algorithms are classified based on the belief on the other agents’

policy of an agent and the steps required in searching the optimal policy (direct
policy search). Belief-based learning include Fictitious play (FP), Meta Strategy,
AWESOME, and Hyper-Q. The direct policy search-based algorithms are classified
based on variation of the learning rate: fixed learning rate and variable learning
rate. Fixed learning rate includes Infinitesimal Gradient Ascent (IGA) and Gener-
alized IGA (GIGA). Win or Learn Fast-IGA (WoLF-IGA) and GIGA-Win or Learn
Fast (GIGA-WoLF) are under the variable learning rate. The dynamic mixed

GT

DP

MAQL

MARL

Figure 1.35 Correlation among the
MARL, DP, and GT.
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strategy algorithms are classified as equilibrium dependent and equilibrium inde-
pendent. Equilibrium-dependent algorithms are Nash Q-Learning (NQL), Corre-
lated Q-Learning (CQL), Asymmetric-Q learning, Friend-or-Foe Q-Learning
(FFQ) (for more than two agents), Negotiation-based Q-learning (NegoQ), and
MAQL with equilibrium transfer (MAQLET). Again equilibrium-independent
learning algorithms are classified as fixed learning rate and variable learning rate.
Fixed learning rate includes Nonstationary Converging Policies (NSCP) and
Extended Optimal Response Learning (EXORL) heuristic. WoLF Policy Hill-
Climbing (WoLF-PHC) and PD-WoLF are under the variable learning rate. The
details of all the algorithms are given in the subsequent sections.
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Figure 1.36 Classification of multi-agent reinforcement learning.
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1.3.5.1 Cooperative MARL

The cooperative MARL algorithms are given below as listed in Figure 1.36.

Static

The static MARL does not involve any state-transitions as described in
Section 1.3.3. The static MARL algorithms are discussed below.

Independent Learner and Joint Action Learner In [81], Claus and Boutilier pro-
posed two variants of learners. One is the Independent Learner (IL) and another
is the JAL. IL learns Q-value at its own action–space employing the classical single
agent Q-learning rule ignoring the presence of other agents. For an IL i, the single
agent Q-learning rule (1.19) becomes (1.32) with <a, r> as the experience profile.
Also the Q-value earned by IL denoted by Qi(ai) converges to the optimal Q-value
Q∗
i ai for all action ai Ai in the single agent system.

Qi ai Qi ai + α ri ai −Qi ai 1 32

In MAS, all the agents are adapting simultaneously and hence, the environment
is no longer stationary, which does not ensure the convergence of Q-values any
more. Reconsidering the 1.5, in IL, Agent X learns for the actions x0 and x1. How-
ever, if Agent X is a JAL, then it learns for the four joint actions. It is interesting
that the expected value of selecting x0 and x1 exclusively depends on the strategy
played by Y. In 1.5, if a = b = 10, then Agent X’s expected Q-value for x0 is

Qx x0 =Qx x0,y0 ×P y0 x0 +Qx x0,y1 × P y1 x0

= 10 ×P y0 x0 + 0×P y1 x0 by1 5Qx x0,y0 = 10 and Qx x0,y1 = 0

=10× 0 5+ 0× 0 5

=5,

1 33

where P(y0 x0) and P(y1 x0) refer to the probability of y0 and y1 being executed,
respectively, by agent Y subject to x0 is being selected by agent X. To handle the
above explained dynamics in multi-agent systems, the JAL maintains a belief
about the other agents’ strategies and the expected value of action ai by agent i
is given below.

Qi ai =
a− i A− i

Qi a− i, ai
j i

Pi
a
− i j

, 1 34

where

Qi a− i, ai Qi a− i, ai + α ri a− i, ai −Qi a− i, ai 1 35

The experience tuple of JAL is denoted by <ai, a−i, ri> .
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So, JAL learns the Q-value at joint action–space considering the presence of
other agents by synergistically combining the RL and equilibrium (or coordina-
tion) learning methods [45, 86–88]. Learning equilibrium depends on the rewards
corresponding to the joint actions at a given joint state and these rewards are
obtained by the well-known RL more especially by Q-learning. The convergence
of Q-learning does depend on the already explained trade-off between the explo-
ration and exploitation. If an agent i chooses an action ai with probability Pi(ai),
then probability of choosing remaining actions is 1− Pi(ai). The said trade-off can
be balanced by tuning the temperature parameter T of the Boltzmann strategy
given by (1.36). The variation of T is done in such a way so that the convergence
is guaranteed [89].

Pi ai =
eQi ai T

ai

eQi ai T
1 36

The following conditions are required to satisfy for convergence of both the IL
and JAL [81]:

1) The learning rate α decreases with respect to time, i.e. t
α = 0α = ∞ and

1
α = 0α

2 < ∞
2) Each agent selects each of its actions infinitely.

3) The probability of choosing action a by agent i, Pi
t a 0

4) All the agent’s exploration strategy is exploitive. That is, lim t ∞ Pi
t Xt = 0,

where Xt is a random variable denoting the event that some nonoptimal action
was taken based on i ’ s estimated value at time t.

Finally, myopic heuristic-based optimistic exploration strategies are proposed in
[81] for optimal action selection.

1) Optimistic Boltzmann (OB): Choose the action a−i using the Boltzmann
strategy, assuming MaxQi(ai) = MaxQi(ai, a−i).

2) Weight OB (WOB): Explore using the Boltzmann strategy using the factor
Pi(optimal match a−i for ai), i.e. MaxQi(ai) Pi(optimal match a−i for ai).

3) Combined: Employ the Boltzmann strategy, assuming V(ai) = ρMaxQi(ai) +
(1− ρ)EV(ai) as the value of action ai, where ρ [0, 1].

Considering the biasing ρ= 0.5 in [81], it is shown that combined exploration strat-
egy outperforms the OB,WOB, and the Boltzmann strategy in terms of the average
accumulated reward. The algorithm for IL and JAL are given in Algorithms 1.4
and 1.5, respectively.
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Unfortunately, the above conditions do not guarantee convergence to equilib-
rium in the practical and complicated games such as in the climbing game [3,
81] and the penalty game [3, 81].

Algorithm 1.4 Independent Learners

Input: Action set of agent i, Ai, α [0, 1);

Output: Optimal Q-value of agent i,Q∗
i ai ,ai Ai;

Initialize: Qi(ai) 0;

Begin

Repeat

Execute an action ai by agent i employing the

Boltzmann strategy;

Receive immediate reward ri(ai);

Update: Qi(ai) Qi(ai) + α[ri(ai) − Qi(ai)];

Q∗
i ai Qi ai ;

Until Qi(ai) converges;

End.

Algorithm 1.5 Joint Action Learners

Input: Action set Ai, i, α [0, 1);

Output: Optimal joint Q-value Q∗
i ai,a−i , i;

Initialize: Qi(ai, a−i) 0;

Begin

Repeat

Execute an action ai by agent i employing the

Boltzmann strategy;

Receive immediate reward ri(ai, a−i) by

observing other agents’ rewards;

Update:
Qi ai,a−i Qi ai,a−i +

α ri ai,a−i −Qi ai,a−i
and

Pi
a j
,Qi ai by (1.50), (1.51) respectively;

Q∗
i ai,a−i Qi ai,a−i ;

Until Qi(ai, a−i) converges;

End.
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Frequency Maximum Q-Value heuristic The inde-
pendent agent in [90] and [2] including the JAL in
[81] does not guarantee convergence to the optimal
joint action in the absence of coordination with high
penalties. In the FMQ heuristic [3], a novel action
selection strategy is proposed assuming agents can
observe other agents’ actions and are tested in two
coordination problems mentioned in [81]: the climb-
ing game and the penalty game. The said games are repeated cooperative
single-stage games and they provide suitable platforms for studying the
multi-agent coordination problem.

Climbing game: It is apparent from Figure 1.37 that in the climbing game [3, 81],
(x, x) is the optimal joint action and both the agents should go for it. Now, if Agent
1 plays x and Agent 2 plays y, then both the agents receive negative reward (−30).
After learning this situation, both the agents avoid joint action (x, y). Later, if Agent
1 plays action z, then Agent 2 plays either y or z as due to both the joint action (z, y)
and (z, z) agents receive positive rewards of 6 and 5, respectively. Suppose, Agent 2
is playing x but Agent 1 does not play x as it receives negative reward in the past
due to x, and also Agent 1 does not play y as it provides negative reward. Hence,
Agent 1 plays z and both the agents receive reward of 0. Similarly, if Agent 2 plays
z, then agents receive at least 0 independent of Agent 1’s choice. From the above
analysis it is apparent that in the climbing game, agents always move away from
the optimal joint action.

Penalty game: Similartotheclimbinggame,thepresenceofmultipleequilibriainthe
penaltygame[3,81] isalsochallengingtochecktheperformanceof thecoordination in
the MAS. In the penalty game (Figure 1.38), both the agents should avoid the joint
actions (x, z) and (z, x) to avoid the negative reward of−10. Now, in the penalty game,
thereare twooptimal joint actions (x, x) and (z, z).Agents canplay for anyoneof them.
Suppose, Agent 1 plays xwith an expectation that Agent 2 also plays x to receivemax-
imum reward of 10. In this situation, if Agent 2 plays z, expecting Agent 1 plays z to
receive maximum reward of 10. In the above circumstances, y is the safe choice for
both the agents regardless of what other agent’s play and is guaranteed to receive a
reward of 0 or 2. Hence, it is challenging to identify the optimal joint action in
penalty game for multi-agent coordination.
From the climbing game and the penalty game it is

apparent that an agent should select its action wisely
for convergence. Maintaining a balance between the
exploration and exploitation is an intelligent approach
for action selection. Balancing the exploration/exploi-
tation is a trade-off and is addressed by thewell-known
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x y z
x 11 –30 0
y –30 7 0

z 0 6 5

Figure 1.37 The climbing
game reward matrix.
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x 10 0 –10
y 0 2 0

z –10 0 10

Figure 1.38 The penalty
game reward matrix.
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Boltzmann strategy given in (1.36). In (1.36), the probability of selecting an action ai
for agent i is evaluated by utilizing the Q-value and the tuning parameter temper-
ature (T). If T ∞ , then each action has an equal probability to execute and hence,
pure exploration occurs. If T 0, then the action has a probability of one to execute
and hence, exploitation occurs. In [3], T is given by

T t = e− st × Tmax + 1, 1 37

where t is the learning epoch, s is a parameter to control the exploration rate, and
Tmax is initial value of temperature.
In [91], an optimistic assumption-based algorithm is proposed. By optimistic

assumption, an agent updates its Q-value only if the new value is greater than
the current one. Unfortunately, the optimistic assumption fails to converge to
the optimal joint action due to misleading maximum reward. FMQ heuristic is
based on the experience of the agent. Agent counts the frequency of the action
which yields the best reward. Instead of optimistic assumption, an agent i uses

the Boltzmann strategy with the modified Q-value Qi A given in (1.38).

Qi A = Qi A + f ×
cmax A
c A

× rmax A , 1 38

where cmax(A) is the number of times agent i receives maximum reward rmax(A)
after executing the action A c(A) times. f refers to the control parameter to control
the importance of the FMQ heuristic. The value of f increases proportionally with
the increase in problem difficulty.

Algorithm 1.6 FMQ heuristic

Input: Action set Ai, i, γ [0, 1), α [0, 1), f;

Output: Optimal joint Q-value Q∗
i A , i,i 1,m ;

Initialize: Qi(A) 0, i;

Begin

Repeat

Execute action ai Ai, i employing FMQ heuristic;

Receive immediate reward ri(A), i;

Update: Qi(A) Qi(A) + α[ri(A) − Qi(A)] and modify

Q-value Qi ai , i by (1.54) for

modified Boltzmann strategy (FMQ heuristic);

Q∗
i A Qi A ;

Until Qi(A), i converge;

End.
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It is observed from the experiments that the
FMQ heuristic outperforms the baseline experi-
ments in terms of the convergence to the opti-
mal joint action both in the climbing game
and the penalty game [3]. To compare the
FMQ heuristic with optimistic assumption, a
partially stochastic version of the climbing
game is given in Figure 1.39. In the partially sto-
chastic climbing game, at least one of the rewards is stochastic as shown in
Figure 1.39. In Figure 1.39, the joint action (y, y) yields a reward of 14 or 0 with
probability 0.5. So, in the long run both the agents receive a reward of 7 due to
joint action (y, y). Hence, the reward matrix given in Figures 1.37 and 1.39 are
equivalent in the long run. The FMQ heuristic also outperforms the baseline
experiment and the optimistic assumption in the partially stochastic climbing
game, in terms of the convergence to optimal joint action. Unfortunately, the
FMQ heuristic fails to convergence to optimal joint action in the fully stochastic
penalty game and climbing game. The algorithm for FMQ heuristic is given in
Algorithm 1.6.

Dynamic

Dynamic RL is stochastic Markov game with more than one joint state.

Team-Q Team-Q is a cooperative dynamic Q-learning algorithm. Dynamic indi-
cates the existence of state-transitions. In [92], Littman proposed Team-Q learning
designed for team games in the framework of team Markov games (Coordination
game). In Team-Q learning, the value function VQi(S

/) of agent i [1, m] at joint
next state S/ for the m agents’ team is given in (1.39).

VQi S = Max
a1, a2,…, am

Qi S; a1, a2,…, am 1 39

The update rule in Team-Q learning for agent i is given in (1.40), without using
reaming agents’ model like in [81].

Qi S,A 1− α Qi S,A + α ri S,A + γVQi S , 1 40

where A = < a1, a2, …, am> be the joint action at joint state S = < s1, s2, …, sm> .
The Team-Q learning is convergent following the generalized Q-learning algo-
rithm [93, 94]. Team-Q learning is similar to NQL [95] for the coordination games.
Still there exists a challenge regarding the equilibrium selection among multiple
equilibria in noisy environment. The algorithm for Team-Q learning is given in
Algorithm 1.7.

A
g
e
n
t 
2 Agent 1

x y z
x 11 –30 0

y –30 14/0 6

z 0 0 5

Figure 1.39 The penalty game
reward matrix.
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Distributed-Q In [91], model-free Distributed Q-learning is proposed for cooper-
ative MAS in deterministic situation with a motivation to compute an optimal pol-
icy in a cooperative multi-agent environment. The Distributed Q-learner solves
two problems. The first problem is concerned with determination of the optimal
policy. The second problem deals with selection of one optimal policy among alter-
natives, which is optimal for the entire team.
To handle multi-agent dynamics, MDP is extended to Multi-agent MDP

(MMDP), where each agent maximizes its own reward having different goals
(i.e. reward-function). However, in the cooperative MMDP, all the agents have
identical reward function. Such identical reward-functions are advantageous in
finding an equilibrium point, which is an optimal joint action and it maximizes
the reward of all the agents. In cooperative MMDP, the learning algorithm is
responsible in making cooperation among the agents. Here, also two types of
agents are considered: one is JAL and another is IL as mentioned in [81]. IL cannot
distinguish the difference between the individual (elementary) action [91] and
joint action. Hence, IL maintains a Q-table of smaller size, i.e. S ×A, instead of
maintaining the Q-table at joint state–action space, S ×Am. In [91], the smaller
Q-tables are assumed as the projection from the larger central Q-table with a con-
jecture about the strategies of teammates. So, in [91], a projection approach is pro-
posed by evaluating the individual Q-table in a distributed way without adapting
Q-table in joint state–action space by weighting the Q-values from larger Q-table
given in (1.41).

Algorithm 1.7 Team-Q

Input: Action set Ai, i, γ [0, 1), α [0, 1);

Output: Optimal joint Q-value Q∗
i S,A , i,i 1,m ;

Initialize: Qi(S, A) 0, i;

Begin

Repeat

Execute action ai Ai, i;

Receive immediate reward ri(S, A), i;

Update: Qi S,A 1−α Qi S,A + α ri S,A + γmax
A

Qi S;A

and S S/;

Q∗
i S,A Qi S,A ;

Until Qi(S, A), i converge;

End.
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qi S, ai
A = < ai > m

i = 1

P S,A ai ri S, ai + γmax
ai

qi S , ai ,

1 41

where P(S, A ai) refers to the probability of joint action A to be executed at joint
state S including the action of agent i, ai.
Another way of projection is the “pessimistic assumption.” By pessimistic

assumption, the individual smaller Q-value is the least efficient agent’s Q-value
obtained from larger central Q-value. Such approach creates robust policies but
is not extended in [91], because of its cautious nature. Instead of pessimistic
assumption, its dual form is utilized to obtain the smaller Q-value from the central
Q-table as given in (1.42).

qi S, ai max
A

Q S,A 1 42

It can also be written in terms of small Q-table given in (1.43).

qi S, ai = max
ai A

qi S, ai 1 43

The projection technique introduced in (1.43) is also known as optimistic
assumption. It is assumed that all agents are acting optimally and the conjunction
of the individual optimal actions is also an optimal joint action. However, such
assumption is necessarily not true. This inspires the researchers in [91] to propose
a Proposition, which states that in cooperative deterministic MMDP

Algorithm 1.8 Distributed Q-learning

Input: Action set Ai, i, γ [0, 1);

Output: Optimal Q-value q∗
i S,ai , i,i 1,m ,ai A;

Initialize: qi(S, ai) 0, i;

Begin

Repeat

Execute action ai Ai, i;

Receive immediate reward ri(S, ai), i;

Update: qi S,ai max qi S,ai ,ri S,ai +γmax
ai

qi S ,ai

and S S/;

q∗
i S,ai qi S,ai ;

Until qi(S, ai), iconverge;

End.
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qti S, ai = max
A = < ai > m

i = 1

Qt S,A 1 44

holds and also its proof is given in [91], where t
is the learning epoch. The steps of the Distrib-
uted Q-learning are given in Algorithm 1.8.
The climbing game and the penalty game
are extended for the Distributed Q-learning,
respectively, in Examples 1.9 and 1.10.

Example 1.9 To extend the climbing game
for Distributed Q-learning as shown in
Figure 1.40, let both the agents are at joint
state S and for brevity discount factor γ is
set to 0. The reward function qi(S, ai) is eval-
uated employing Algorithm 1.8. Such greedy
approach of Algorithm 1.8 yields highest
Q-value for both the agents as shown in
Figure 1.40. In Figure 1.40, the optimal joint
action is (x, x). However, in the IL, JAL, and
the FMQ-heuristic algorithm, agents are sup-
posed to find the suboptimal joint action (y, y)
as explained in Figure 1.37.

Example 1.10 Like Example 1.9 to extend the penalty game for Distributed Q-
learning as shown in Figure 1.42, the discount factor γ is set to 0 and Algorithm 1.8
is employed to evaluate distributed rewards. In the FMQ-heuristic algorithm
(Figure 1.41), there are four optimal joint actions:(x, x), (x, z), (z, x), and (z, z)
but only (x, x) and (z, z) are optimal joint actions with reward 10 as shown in
Figure 1.42 offered by Algorithm 1.8. Unfortunately, application of the Distributed
Q-learning is limited to the deterministic system only.

Optimal Adaptive Learning There are many straightforward solutions to choose
optimal equilibrium among multiple equilibrium solutions, like enforce conven-
tion [96] and FP [39, 81]. In [81], the JAL guarantees the convergence to NE in a
team game. However, it is not guaranteed that the selected NE is the optimal one.
Similar problem arises in game theory like Adaptive play (AP) [86] and evolution-
ary model proposed in [40].
In model-free RL, agents do not have any idea about the environment; in addi-

tion, they may receive noisy rewards. Hence, it is impossible to converge
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properly. In [91] and [96], the MDP is extended to Team Markov Game (cooper-
ative MMDP) with an aim to find a deterministic joint strategy to maximize the
expected sum of discounted rewards. In [96], the OAL algorithm is proposed with
convergence proof where agents learn to choose the optimal NE among multiple
NE with probability one. Let in a three-player coordination game, <a1, a2 > , <
b1, b2>, and <c1, c2> be the individual action sets of agent 1, 2, and 3, respec-
tively. The reward matrix of this coordination game is shown in Figure 1.43.
It is apparent from Figure 1.43 that there are three PSNEs <a1b1c1, a2b2c2,
a3b3c3> and six suboptimal NEs. The rewards corresponding to the suboptimal
NE are italicized.
Before discussing about the OAL algorithm, the AP algorithm [86] is discussed.

In AP game, it is assumed that agents know the game before playing it and one
virtual game (VG) is designed. In TeamMarkov Game, to eliminate the suboptimal
NE, the following arrangement is made. Suppose, in cooperative situation VG(S,
A) be the payoff of the agents at joint state S because of joint action A. In VG, it is
assumed that at optimal NE, the reward denoted by VG∗(S, A) is equal to one and
else it is set to zero; e.g. in Figure 1.43, VG∗(S, A) is equal to one if A is an optimal
NE, i.e. A {a1b1c1, a2b2c2, a3b3c3} and else it is zero. Considering weakly acyclic
game (WAG) [86] as a VG, where each joint action A {A} is considered as a ver-
tex. The vertices are connected with the directed edge avoiding self-loop, where for
an agent i the action ai Ai is the best response to A−i, here−i stands for all except
agent i. By the principle of WAG represented as a best-response graph, from any
starting vertex A there exists a directed path to some vertex A∗ {A} and from A∗

there is no outgoing path [86].
To eliminate the suboptimal NE or tackle the equilibrium selection problem in

WAG, Young proposed AP in [86]. In AP, suppose in am− player matrix game the
joint action at time t is denoted by At {A}. Also assume two integers k and n such
that 1≤ k ≤ n and t≤ n. After acting randomly, agents look at its experience and
restart the learning at t= n+ 1. At t= n+ 1, each agent looks reverse at their most
recent n experiences and randomly choose k samples from that. Now, the expected
reward of agent i ’ s action ai is given in (1.45). After evolution of ER(ai) randomly,
an action is chosen from a set of best response given in (1.46).

←
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1
 Joint actions of Agents 2 and 3 →

b1c1 b1c2 b1c3 b2c1 b2c2 b2c3 b3c1 b3c2 b3c3

a1 10 –20 –20 –20 –20 5 –20 5 –20

a2 –20 –20 5 –20 10 –20 5 –20 –20

a3 –20 5 –20 5 –20 –20 –20 –20 10

Figure 1.43 Reward matrix of a three-player coordination game.
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ER ai =
A− i A− i

ui ai A− i
Kt + 1 A− i

k
, 1 45

where Kt+ 1(A−i) refers to the count the joint actionA−i in the k samples and ui({ai}
A−i) = ui(A) is the reward of agent i because of joint action A.

BRt
i = ai ai = argmax

ai Ai

ER ai 1 46

It is shown in [86] that by AP, WAG converges to a strict NE. Unfortunately, all
the VGs are not WAG and hence, the AP may not converge to a strict NE for all
VGs. To address the said problem, the WAG and AP algorithms are modified as
follows.
The WAG and AP are modified as WAG with respect to a biased set (WAGB). In

WAGB, there is a set D containing a few Nash equilibria of the WAGB. A game is a
WAGB if from any vertex A one path exists leading to the NE belongs to set D or a
strict NE [96]. In AP, agents randomly select the NE among multiple best
responses of the agents. On the other hand, in biased AP (BAP) [96], agents deter-
ministically select the best-response action as a NE belongs to D. Suppose, Wt

denotes the set of k samples drawn from the most recent n joint actions. The fol-
lowing two conditions are satisfied. First condition is that the joint action A/ D
such that A, A Wt, A−i A, and A−i A/. Second condition is that there must
exist at least a joint action A D so that A Wt and A D. If the above two con-
ditions are satisfied, then agent i chooses its best-response action ai such that

ai at , where

t = max T aT Wt aT D 1 47

The philosophy of (1.47) is that the action ai is the component of the most recent
NE belonging to D. If the above two conditions are not satisfied, then AP is imple-
mented. Hence, it can be concluded that the BAP on WAGB converges to either a
NE belongs to D or a strict NE. The above techniques are applicable only when the
game structure is known. To learn in an unknown game structure multi-agent
−optimality is employed. By definition, a joint action is ε−optimality at joint

state S and time t if Qt S,A + ≥ max A Qt S,A , A A Let the set of

ε−optimal joint action, which converges Qt to Q∗ with slower rate, then VGt con-
verges to VG∗. Here, ε varies proportionately to the function B(Nt) [0, 1], where B
(Nt) decreases slowly and monotonically to zero with Nt. Nt refers to the minimum
time required to sample a state–action pair. The algorithm for OAL is given in
Algorithm 1.9 [96]. The convergence proof of the OAL algorithm is given in [96].
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Algorithm 1.9 Optimal Adaptive Learning

Input: Action set Ai, i at joint state S, γ [0, 1);

Output: Optimal Q-value Q∗(S, A);

Initialize:

t=0,nt S,A =1,Tt S S,A =
1

S
,Rt S,A =0, t = C,A t S =A,D =A;

Repeat //nt(S, A) is the number of times the joint action A has been

executed in joint state S up to time t

If t≤ m,

Then randomly select an action ai, i;

Else do

Begin

Update the virtual game VGt at joint state S;

Randomly select records from n recent observations of other

agents’ joint actions played at joint state S;

Evaluate expected payoff of individual action ai of the VG at

joint state S by (1.45) and construct the best

response set by (1.46);

If condition 1 and 2 in BAP are TRUE

Then choose best response action with respect to the biased

set D;

Else randomly select a best response action from BRt
i S ;

End If.

End.

End If.

Receive immediate reward rt
i S,A ;

Update: nt S,A nt S,A +1,Rt S,A Rt S,A + 1
nt S,A rt

i S,A −Rt S,A ,

Tt S S,A Tt S S,A + 1
nt S,A 1−Tt S S,A ,

Qt+1 S,A Rt S,A +γ
S S

Tt S S,A × max
A A

Qt S ,A ,t t+1, Nt

min
S,A

nt S,A ;

If t > CB(Nt)

Then do

Begin

t > CB(Nt), Q∗(S, A) Q(S, A), i and A t S

A Qt S,A + t≥ max
A A

Qt S,A ;

End;

End If.

Until Q(S, A), i converge;
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Sparse Cooperative Q-learning One of the principal bottlenecks of the MAS is the
exponential increase in the space and time complexity, with the increase in num-
ber of agents. Kok et al. [97] observed that in most of the MAS, agents are required
to coordinate their actions only in a few states and in the remaining, they act inde-
pendently. In the coordinated joint state S, the Q-value of an agent i is denoted by
Qi(S, A). However, if S be the uncoordinated joint state, then the Q-value of agent i
is denoted by Qi(S, ai). In case of uncoordinated joint state, the global Q-value Q(S,
A) for m number of agents is defined as the summation of individual Q-values
given by (1.48).

Q S,A =
m

i = 1

Qi S, ai 1 48

Based on the above observations, in [97], Kok and Vlassis proposed SCQL,
where the Q-tables of the agents are sparsely maintained as discussed above.

Sequential Q-learning In [98], Wang and Silva proposed SQL to handle conflict-
ing behavior of the agents that arises in tightly coupled multi-robot object trans-
portation. In SQL, robots do not select their actions simultaneously; rather they do
it sequentially based on their predefined priorities. In SQL, the problem of behav-
ior conflict is addressed by avoiding the selection of same actions those already
selected by the preceding robots. Assuming ith robot is denoted by Ri, i [1, m]
and all the robots are arranged in a special sequence. The subscript i in Ri indicates
its position in the sequence. All the robots repeat steps given in Algorithm 1.10 to

Algorithm 1.10 Joint Action Formation in SQL

Initialize Ψ = ϕ; //ϕ be the empty set.

Observe current joint state S;

For i = 1 to m

Evaluate the currently available action set Δi, where Ai the

action set of robot be i.

Δi = (Ai − (Ai Ψ));

Ri selects the action a j
i = Δi by probability P aj

i =
eQi S,a j

i

Δi

r = 1
eQi S,ar

i

Include the action a j
i to the set Ψ;

End For

Execute the corresponding selected action a j
i , i;
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form a joint action avoiding the conventional steps in the classical stepMAQL. The
joint action offered by Algorithm 1.10 avoids the bottleneck of behavior conflict in
tightly coupled multi-robot object transportation.

Frequency of the Maximum Reward Q-learning In [99], Zhang et al. proposed a
MARL algorithm for fully cooperative tasks, namely FMRQ, which aims at achiev-
ing the optimal NE tomaximize the system performance with respect to the metric
of interest. In FMRQ, a modified immediate reward signal is used, which is
obtained by identifying the highest global immediate reward. In FMRQ, an agent
needs to share only its state and reward at each learning epoch with remaining
agents.
In FMRQ, the authors considered two issues: first, they investigated whether the

NE is good enough for the fully cooperative MAS; second, the curse of dimension-
ality of the MARL is considered by storing the Q-value at joint state–individual
action space.
To describe the dynamics of the FMRQ, differential equations are formulated for

the four cases including two-agent two-action repeated game, and a three-agent
two-action repeated game. In each case, the critical points of the differential equa-
tions are analyzed and it is observed that FMRQ converges to equilibrium with
maximum global rewards in all the five cases [99]. In case 1, there exists only
one global immediate reward. Cases 2 and 3 have two maximum immediate
rewards in diagonal positions and in the same row, respectively. In case 4, three
maximum immediate rewards exist and in case 5, only one global immediate
reward exists [99].
In FMRQ, the size of a Q-table for an agent i is {S} × {Ai} . In the FMRQ algo-

rithm (Algorithm 1.11), the immediate reward of an agent i, denoted by ri(ai), is
replaced by the frequency of getting the maximum global immediate reward by
the same action ai, denoted by fre(ai).

fre ai =
nmax ai

nai
, 1 49

where nai refers to the number of times action ai is selected by agent i and nmax ai is
the number of times agent i achieves the maximum global immediate reward.
Moreover, the superiority of the FMRQ algorithm is verified by two case studies:
one is the 12-vertex box-pushing by 4-agents and the other one is the distributed
sensor network optimization problem. The FMRQ algorithm is provided in
Algorithm 1.11 for an agent i in repeated games.
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1.3.5.2 Competitive MARL

The competitive MARL algorithms are discussed below. Here, two competitive
MARL algorithms are discussed. One is Minimax Q-learning for two agents and
its extension for general-sum game for more than two agents called HAMRL.

Minimax-Q Learning

In [100], Littman proposed a competitive algorithm, namely minimax-Q learning
for two agents. In minimax-Q learning, both the agents have conflicting goals with
an objective of maximizing the sum of its own discounted expected reward. In
other words, an agent tries to maximize a reward function and simultaneously
the opponent agent tries to minimize it. In [2] and [90], the authors realized that
an agent must interact with other agents and the environment during the learning
phase without proposing any supporting mathematical model. In addition, the
theory of MDP [46, 84], which is an extension of game theory, also cannot handle
the multi-agent dynamics. Even sometimes it is assumed that the environment is
stationary. Littman [100] considered only two-player zero-sum Markov game. In
zero-sum game, the summation of the rewards of two agents is zero [41]. In every

Algorithm 1.11 FMRQ for an Agent i in Repeated Games

Input: Action set ai Ai, i and learning rate α [0, 1);

Output: Optimal Q-value Q∗(ai);

Initialize: Q(ai) 0, count of selecting action ai,nai = 0, number

of times maximum global immediate reward received by action

ai,nmax ai = 0 and frequency of getting maximum immediate reward

after selecting action ai, fre(ai) = 0;

Repeat

Select an action ai by the Boltzmann exploration scheme;

nai = nai + 1;

Execute the action ai and update nmax ai and rh(ai);

For each action ai Ai do //rh(ai) refers to history of global

immediate reward obtained by action ai

Begin

Evaluate fre(ai) by (1.49);

Q(ai) = Q(ai) + α(fre(ai) − Q(ai));

Set nai = 0, nmax ai = 0 and fre(ai) = 0;

End

End For

Until Q∗(ai); converges;
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MDP, there is at least one strategy that is stationary, deterministic, and optimal
[100]. But in most of the cases, the optimal strategies are probabilistic. For exam-
ple, in Figure 1.23 (rock, paper, and scissor, Example 1.3), selection of a determin-
istic policy by any one player leads to punishment and hence, the player is
defeated. The probabilistic strategy is required to represent the uncertainty about
the agents’ action choice. Suppose, the opponent agent has an action O {O} and
Q-value is denoted by Q(S, A, O) as introduced in (1.50).

Q S,A,O r S,A,O + γ
S

P S S,A × V S , 1 50

where

V S = max
π P A

min
O O

πA Q S,A,O 1 51

(1.51) indicates the expected reward to the agent for playing strategy π against the
opponent’s choice O {O}. P({A}) refers to the probability distribution over the
action set {A}. The algorithm for Minimax Q-learning is given in Algorithm 1.12
[100]. Algorithm 1.12 is tested in a two-player Markov game and it is compared
with Q-learning. The convergence of Minimax-Q learning is guaranteed and the
strategy offered by it is a safe choice against the opponent even in the worst
situation.

Algorithm 1.12 Minimax Q-learning

Input: Action A {A}, opponent’s action O {O} at joint state S,

α [0, 1) and γ [0, 1);

Output: Optimal Q-value Q∗(S, A, O);

Initialize: Q S,A,O 0, π S,A = 1
A ;

Begin

Repeat

Choose an action to execute by π(S, A);

Receive immediate reward r(S, A, O);

Update: Q(S, A, O) (1 − α)Q(S, A, O) + α[r(S, A, O) + γV(S/)],

S S/,

π S,A =argmax
π S,A

Min
O A

π S,A ×Q S,A,O and V S = max
π P A

min
O O

πA Q S,A,O ;

Q∗(S, A, O) Q(S, A, O);

Until Q(S, A, O) converges;

End.
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Heuristically Accelerated Multi-agent Reinforcement Learning

In [101], Bianchi et al. proposed HAMRL, which attempts to speed up in conver-
gence of MARL, by balancing exploration/exploitation employing a heuristic
function for action selection. There exist a series of literature [101–104], where
heuristic functions are used to increase the convergence speed of the MARL.
The work of [101] is the extension of [104], whereas in [104], Littman’s Mini-
max-Q is heuristically accelerated. Bianchi et al. defined a heuristic function
H : {S} × {A} × {O} R, which influences the action selection of the agents during
the learning phase, when an agent executes an action A {A} at state S {S}
against the opponent’s action O {O}. In [101], the authors employ the modified
ε-greedy learning rule including the heuristic function H(S, A, O) given by (1.52).

πc S = argmax
A

min
O

Q S,A,O + ξH S,A,O β 1 52

and ξ R, β R are the weightage on the confidence of the heuristic function. In
(1.52), if ξ = 0, then (1.52) becomes (1.53), which is the standard ε-greedy.

π S =
πc S , if p ≥ ε, ε 0, 1

Select an action randomly, otherwise
, 1 53

where p [0, 1] is a random number. Considering ξ= β = 1, the heuristic function
is given by

H S,A,O =
max

i
Q S, i,O −Q S,A,O + η, if A = πH S

0, otherwise
, 1 54

where η R, πH(S) is the heuristic policy. The superiority of theHAMRL (Algorithm
1.13) is validated by conducting the experiments in two robots soccer game.

Algorithm 1.13 HAMRL for Zero-sum Game

Input: Action A {A}, opponent’s action O {O} at joint state S, α
[0, 1), γ [0, 1) and ε [0, 1);

Output: Optimal Q-value Q∗(S, A, O);

Initialize: Q(S, A, O) 0, H(S, A, O), πH, η;
Begin

Repeat

Choose an action A {A} using the modified ε-greedy rule;

Execute A {A}, observe the opponent’s action O {O};

Receive immediate reward r(S, A, O);

Update: Q(S, A, O) (1 − α)Q(S, A, O) + α[r(S, A, O) + γV(S/)],

S S/ and H(S, A, O),

where V S = max
A A

min
O O

Q S,A,O ;

Q∗(S, A, O) Q(S, A, O);

Until Q(S, A, O) converges;

End.
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1.3.5.3 Mixed MARL

Mixed MARL includes the following algorithms. The mixed MARL may be coop-
erative or competitive. It can be categorized based on the number of joint states
involved: static and dynamic.

Static

The static MARL algorithms are further extended in Figure 1.36.

Belief-Based Learning Rule In belief-based learning algorithm, an agent main-
tains a belief about the remaining agents’ strategy. This section illustrates the
belief-based learning rule.

Fictitious Play FP [105] is a belief-based learning rule. Here, belief indicates that a
player adapts with the strategy about opponent players’ and behaves as per the
strategy learned. In FP, a robot can resolve the problem of equilibrium selection
[38] in a coordinated game by repeatedly playing the game by the same robot. FP is
an effective and efficient approach to reach equilibrium in a coordinated game. As
per FP, agent i learns the models of all the other agentsj i by the model given
in (1.55).

Pi
a j

=
C j
a j

a j

C j

a j

, 1 55

where Pi
a j
refers to the model of agent j ’ s strategy evaluated by agent i or agent i ’ s

assumption of playing aj Aj by agent j or Π−i and C j
a j

be the number of times

agent i observed agent j executing action aj. In cooperative games, the strategy
offered by (1.55) leads to an equilibrium, where in case of multiple equilibrium,
agents randomly choose any one. Also, in FP, a player does not need to learn about
opponent players’ reward, rather it maintains a belief about the opponents’ feature
strategy. If a FP converges to Π∗, then Π∗ is a NE.

Meta Strategy In [106], Powers and Shoham proposed a straightforward MARL
algorithm for repeated games, which have the following two requirements. The
first requirement is to specify a class of opponents and against them the algorithm
yields a reward that approaches the reward corresponding to the best response.
Second requirement is that the reward offered by the algorithm fulfills a threshold
of security-level reward. Constraining the above requirements, the algorithm
achieves a close to optimal payoff in self-play. Based on the above conditions
an algorithm is proposed in [106], for stationary opponents only. However, to learn
in a repeated game a learning algorithm is required. In the learning algorithm, an
agent plays its best response with a prior probability of its opponent’s strategy.
GAMUT [60] is employed to test the superiority of the proposed algorithm in [106].
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In [107], two properties are presented related to the rationality and convergence.
By rationality in a stage game, if the other players’ strategies converge to stationary
strategy, then the learning algorithm will converge to a stationary strategy and it is
the best response to the other players’ strategies. Another property is related to the
convergence. By this property, the learner will necessarily converge to a stationary
strategy.
In [107], Bowling and Veloso proposed an algorithm for known repeated game

having two players and two actions. Conitzer and Sandholm in [108] extend the
work in [107] for all repeated games. It is investigated in [106] that the algorithms
considering self-play proposed in [107] and [108] are not convergent against all
possible opponents. In Figures 1.30, 1.31, and 1.34, by Tit-for-Tat algorithm for
the Prisoner’s Dilemma and game of chicken offers higher average reward in
self-play than the rewards at NE. To avoid encounter the opponent outside the
target set, security value Vs is defined in (1.56).

Vs = max
π1 π1

max
π2 π2

Ve π1, π2 1 56

In summary, Powers and Shoham synergistically fuse the FP [39], Bully [109],
and Minimax [100] strategy with an aim to create most powerful hybrid
algorithm [106].
By FP, an agent plays best response against its stationary opponent utilizing the

likelihood of other agents to select an action from history. In [106], the best
response

Br π argmax
x X

OVe x, π , 1 57

where

X = y Π1 EV y, π ≥ max
z π1

EV z, π − ε 1 58

In [106], Bully algorithm (Algorithm 1.14) is extended to handle multiple stra-
tegies with equal reward by maximizing opponent’s values. In Bully algorithm, a
full set of mixed strategies are

BullyMixed argmax
x X

OVe x,Br x , 1 59

X = y Π1 Ve y,Br0 y = max
z Π1

Ve z,Br0 z 1 60

Bully algorithm is the one which is employed to elect a coordinator dynamically
among m number of agents with unique identify (ID) in the field of distributed
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computing. In distributed artificial intelligence, an algorithm needs to act as a
leader (or coordinator). In distributed algorithm, it is assumed that each agent
has a unique ID and goal of the algorithm is to find out the agent with highest
ID. The Bully algorithm is given in Algorithm 1.14. Finally, the Minimax strategy
is defined as

maximin argmax
π1 Π1

min
π2

Ve π1, π2 1 61

Initial portion of Algorithm 1.15 is related to coordination/exploration to iden-
tify the class of opponent and choose one strategy among three. If neither station-
ary strategy nor Bully strategy holds, then best-response strategy is applied. The
algorithm plays with one of the three strategies maintaining the average reward
within the security level and improving the maximum strategy when it is too
low, where dt2t1 refers to the distribution of opponent actions for the period from

t1 to t2. Avgn represents the average value achieved by the agent during the last
n epoch. VBully represents Ve(BullyMixed, Br0(BullyMixed)).

Algorithm 1.14 Bully Algorithm

Begin

An agent i initiates an election;

Agent i sends election message to all agents with higher IDs and

waits for feedback;

If feedback is not OK

Then agent i becomes coordinator and sends coordination

message to all agents with lower IDs;

Else

The agent i drops out and waits for a coordination message;

End;

If an agent receives an election message

Then immediately sends coordination message subject to that

the agent has highest ID;

Else

Return OK and starts an election;

If an agent receives a coordination message

Then the agent i treats the sender as the coordination;

End.
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Adapt When Everybody Is Stationary, Otherwise Move to Equilibrium As per [108], the
minimum requirements of MAS are that agents learn optimally against stationary
opponents and converge to a NE when all the agents are playing the same algo-
rithm. WoLF-IGA [107] has satisfied the above criteria in a two-agent two-action
repeated game assuming that the opponents’ strategies are observable. In [108],
Conitzer and Sandholm proposed Adapt When Everybody is Stationary, Otherwise
Move to Equilibrium (AWESOME), which is guaranteed to have the above proper-
ties for more than two agents and actions assuming that the opponents’ actions
(not strategies) are observable. In AWESOME, either agents’ aim at adapting with
the present strategies of the opponent agents or they converge to an already
learned NE. Once both of the above hypotheses are discarded, agents restart the
learning by the AWESOME algorithm.
The basic idea of the AWESOME is straightforward. If other agents are following

stationary strategies, then AWESOME offers its best strategy to the other agents.

Algorithm 1.15 Meta Strategy Algorithm

Begin

Set strategy = BullyMixed

Play strategy at time step t1;

Play strategy at time step t2;

If strategy=BullyMixed AND AVGValueH < VBully − ε1 with prob-

ability P

Then set strategy = Brε2 dt
0 and play;

End If

If dt1
o −dt

t−t1
< ε3

Set best Strategy = Brε2 dt
0 ;

Else if strategy=BullyMixed AND AVGValueH > VBully − ε1
Then set Best strategy=BullyMixed;

Else

Set best Strategy=Best Response;

End If

Until end of the game;

If AVGValuet − t0 < Vsecurity − ε0
Play Maximin strategy for t3 time steps

Else

Play best Strategy for t3 time steps;

End If

End
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On the other hand, if other agents adapt their strategies, then AWESOME follows
an already learned equilibrium. In spite of the above basic idea, the following addi-
tional specifications are made before proposing the AWESOME algorithm.

• From the beginning it is specified which equilibrium to repeat and restart learn-
ing by the AWESOME to avoid confusion.

• After restarting, the learning agents forget whatever it learned for simplicity.

• Following one equilibrium strategy among the already computed other equilib-
rium strategies may lead to divergence from equilibrium. Although, a null
hypothesis exists, AWESOME does not reject the hypothesis without sufficient
confirmations.

• If an agent selects its own action by its own mixed strategy, then AWESOME
rejects the equilibrium strategy to avoid the nonequilibrium strategy.

• After rejecting the equilibrium strategy by AWESOME, randomly an action is
chosen from a pool and changes its strategy.

• In AWESOME, except actions the strategies of the remaining agents are not
observable. Hence, one needs to specify how to reject an equilibrium strategy
which is common to all the agents.

The AWESOME algorithm is given in Algorithm 1.16 [108], and is developed
based on the above specifications. It is shown in [108] that AWESOME learns best
responses against the stationary opponents, and AWESOME converges to NE in
self-play.

Hyper-Q Q-learning is a well-known technique to learn optimal strategies by an
agent utilizing the cumulative rewards earned by it in an infinite trial-and-error.
Unfortunately, this is not applicable for nonstationary environment with multiple
adaptive agents. Most of the multi-agent Q-learner [72, 95, 100] requires knowl-
edge about other agents’ rewards and Q-function at each learning epoch. These
MAQL algorithms are convergent subject to the following conditions which are
not realizable in practice. First, an agent can observe all agents’ rewards. Second,
all the learning agents follow the same learning algorithms. In [110], Gerald pro-
posed Hyper-Q learning. Hyper-Q learner learns only the mixed strategies and the
strategies of the remaining agents are estimated employing the Bayesian inference.
Hyper-Q learner aims at overcoming the above limitations of MAS by modeling
the environment as repeated stochastic game, where only the remaining agents’
actions are observable but the rewards received due to the actions are not
observable.
Assuming the Hyper-Q learner is playing in a stochastic Markov game and

hence, the reward functions of the agents become the function the available joint
actions. Now, instead of choosing the best joint action with probability one (pure
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Algorithm 1.16 AWESOME Algorithm

For i = 1 to m

π∗i ComEquStrategy i ;//compute equilibrium strategy

for agent i

End For;

Repeat

For i = 1 to m

Ini2Empty hprev
i ; Ini2Empty hcurr

i ;

End For;

APPE true;// All players playing Equilibrium

APS true; // All players stationary

β false;// β is true if the equilibrium hypothesis is just rejected

t 0; // denotes the tth epoch and is initializes to zero in every

restart.

ϕ π∗Me; // refers to the AWESOME player’s current strategy

While APPE

For j = 1 to Nt

Play(ϕ); //Play the strategy ϕ
For i = 1 to m

Update hcurr
i ;

End For;

End For;

If APPE=false

If β =false

For i = 1 to m

If hcur
i −hprev

i > εts
Then APS false;

End If;

End For;

End If;

Then β false;a arg max
a

V a,hcurr
−Me ;

If V a,hcurr
−Me > V ϕ,hcur

−Me + n A εt + 1
s μ;

Then ϕ a;

End If;

End If;

If APPE=true

For i = 1 to m

If hcur
i − πpi > εte

Then APS false; ϕ RandAct(); β true;

End If;

End For; End If;

For i = 1 to m

hcur
i hprev

i ;Ini2Empty hcurr
i ;

End For; t t + 1;

End While;
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strategy), in stochastic Markov game, an agent chooses actions with the best prob-
ability (mixed strategy). The Hyper-Q learning update rule is given in (1.62).

ΔQ S, pi, p− i α r S, pi, p− i + γmax
ai

Q S, pi , p− i −Q S, pi, p− i ,

1 62

where pi and pi denote the mixed strategy to select action ai and ai at joint state S

and joint next state S/, respectively. p−i and p− i refer to the joint mixed strategy of

all the agents except i to select joint action A−i and A− i at joint state S and joint
next state S/, respectively. It is indicated in [110] that establishing the convergence
for the function, approximation-based Q-learning is more difficult than the same
for the Q-learning. If all the agents do explore in a similar exploration strategy,
then like Q-learning in Hyper-Q learning, agents may fail to spot the optimal
mixed strategy in the strategy space after infinite visit of the joint states. In case
of stationary opponent strategy, the stochastic game becomes a MDP with station-
ary state-transitions and stationary rewards. Under the above circumstance,
Hyper-Q learning converges. Remaining convergence conditions are given in
[110]. To estimate opponent strategy, Bayesian strategy estimation is done in
[110]. By Bayesian estimation, one can write

P S H =
P H S P S

S

P H S P S
, 1 63

whereH refers to the history of observed actions, S and S/ are the discrete state and
next state, respectively. The outstanding performance of Hyper-Q learning in
terms of convergence rate and opponent agent’s strategy modeling is tested in
the framework of two-player, three-action matrix game rock-paper-scissors game
(Example 1.3).

Direct Policy Search Based Algorithm Direct policy search-based algorithms are
further classified as fixed learning rate and variable learning rate as shown in
Figure 1.36.

Fixed Learning Rate The algorithms with fixed learning rates are given below.

Infinitesimal Gradient Ascent In [111], Singh and Kearns proposed IGA based on
the positive changes in expected reward of the agents. The IGA is tested in a two-
player, two-action iterated general-sum games. It is shown in [111] that agents
converge to NE, but once they fail to converge to NE, they can never reach the
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NE. Literature shows that agents converge to
NE, but with restriction and limiting the appli-
cability of the NE [88]. Following the gradient
ascent (positive change) is the most common
trend in machine learning algorithm. It is not
guaranteed that the strategies computed by gra-
dient ascent in two-player, two-action iterated
games will converge to NE. However, the aver-

age reward is guaranteed to converge NE. For example, let there is a two-player,
two-action general-sum game. The reward matrix of the row (R) and column (C)
player is given in Figure 1.44.
Let row player choose action a1 stochastically with probability 0≤ r≤ 1 and col-

umn player choose action a1 stochastically with probability 0≤ c≤ 1. The expected
payoff of the row and column player is given by (1.64) and (1.65), respectively.

VR r, c = r11 rc + r22 1− r 1− c + r12 r 1− c + r21 1− r c ,

1 64
VC r, c = c11 rc + c22 1− r 1− c + c12 r 1− c + c21 1− r c

1 65

Here, the strategy pair (r, c) is called NE if and only if, the following two condi-
tions hold.

• if for any mixed strategy r/ (1.66) holds: i.e.

VR r , c ≤ VR r, c 1 66

• for any mixed strategy c/ (1.67) holds: i.e.

VC r, c ≤ VR r, c 1 67

Gradient for the row player and column player is given by (1.66) and (1.69),
respectively, considering u = (r11 + r22)− (r21 + r12) and u/ = (c11 + c22) −

(c21 + c12).

δVR r, c
δr

= cu− r22 − r12 , 1 68

δVC r, c
δc

= ru − c22 − c12 1 69

The mixed strategy update rules are given by (1.70) and (1.71), where η refers to
the step size.

r r + η
δVR r, c

δr
, 1 70

R

C

a1 a2

a1 r11, c11

r21, c21 r22, c22

r12, c12

a2

Figure 1.44 Reward matrix in a
two-player two-agent game.
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c c + η
δVC r, c

δc
1 71

Assuming that the gradient ascent algorithm is a full information game and
hence, both the players know the game matrices and the mixed strategies played
by the opponent players in the previous step.
By game theory [43], the sequences of strategies over timemay never converge to

NE. However, in [111], it is shown that the average rewards of both the players
always converge. The basic logic behind the analysis of two players acting accord-
ing to IGA is a two-dimensional dynamic system. Considering the infinitesimal
step size of η(η 0), IGA is proposed in [111]. By (1.66)–(1.71) and setting η 0,
the unconstraint dynamics of the strategy pair can be expressed as a function of
time in (1.72).

δr
δt
δc
δt

=
0

u

u

0

r

c
+

− r22 − r12
− c22 − c21

1 72

If the matrix U given in (1.73) is invertible, then trajectories of the unconstraint
strategies of the two-player two-action stochastic game are of having either limit
cycle behavior or have divergent nature. The direction and structure of these tra-
jectories depend on the exact values of u and u/.

U =
0

u

u

0
1 73

By solving (1.72), (r∗, c∗) is given in (1.74).

r∗, c∗ =
c22 − c21

u
,
r22 − r12

u
1 74

The average expected reward of the IGA player converges to a NE following one
of the following conditions. First condition is that the trajectories of the strategy
pair will automatically converge to a NE. The other condition is that the trajec-
tories due to the strategy pair will not converge but the average reward of the
two players reward will converge to the NE. To prove these conditions, the follow-
ing exclusive and exhaustive cases are considered [112].

1) U is non-invertible, if u 0/u/ 0 or u 0, u/ 0. Such cases can appear in
team, zero-sum, and general-sum games.

2) U is invertible, if the Eigen values of (1.75) are imaginary with zero real part, i.e.
when uu/ < 0.

0

u

u

0

x

y
= λ

x

y
1 75
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3) U is invertible, if its Eigen values are real with zero imaginary part. This con-
dition may appear in team and general-sum games but not is zero-sum games,
i.e. when uu/ > 0.

If U has imaginary Eigen values with zero real part, then based on the location of
the center (i.e. (r∗, c∗)) in the two-dimensional plane, there are three possibilities.

1) The center (r∗, c∗) is in the interior of the unit square,
2) Center (r∗, c∗) is on the boundary of the unit square, and
3) Center (r∗, c∗) is outside of the unit square.

Generalized Infinitesimal Gradient Ascent Convex programming is the generaliza-
tion of the linear programming having several applications in machine learning
domain [113–115]. The convex programming aims at searching a point F which
maximizes the cost function.

c F R 1 76

A convex programming comprises a feasible set F Rn and a convex cost func-
tion given in (1.76). In applications like industrial optimization, nonlinear facility
location problems [113], network routing problems [116], and consumer optimi-
zation problems [117], the value of the end product is unknown until the end prod-
uct is created. In [118], an online convex optimization programming is undertaken
with identical feasible set but having dissimilar cost functions. An algorithm is pro-
posed in [118], namely GIGA, which is generally reliable to solve former problems.
GIGA is the extension of IGA [111] applicable for more than two agents. Following
the definitions of convex, convex programming problem, online convex program-
ming problem, and the assumptions made in [107], make clear idea about the
online convex optimization. Interestingly, it is shown in [107] that the repeated
games are online linear programming. Finally, GIGA tries to minimize
regret [118].

Variable Learning Rate The algorithms with variable learning rates are
given below.

Win or Learn Fast-IGA Referring from Section “Infinitesimal Gradient Ascent,” if
the center (r∗, c∗) is inside the unit square with imaginary Eigen values, then the
performance of IGA andWoLF-IGA differs in terms of convergence. It is shown in
[107] that IGA does not converge if (r∗, c∗) lies inside the unit square. But WoLF-
IGA converges in such situation. The strategy-space where the player wins and
loses is also indicated in the proof. In addition, it is shown in [107] that the trajec-
tories due to Eigen values are pricewise elliptical in nature and take a spiral shapes
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toward the center. In [107], lemmas are proposed assuming that there are only
imaginary Eigen values.
By lemma 6 in [107], if the learning rate for the row player (αr) and the learning

rate for the column player (αc) remain constant, then the trajectory due to strategy

pair forms an ellipse considering (r∗, c∗) as the center and

0

αc u
αr u

,
1

0
are

as the axes of the ellipse. In [107], lemma 7 concludes that a player is winning if the
strategy of the player is moving away from the center. It is also mentioned in [107]
that in a two-person, two-action iterated general-sum game, both the players
follow the WoLF-IGA algorithm with learning rates αmax and αmin, then their
strategies will converge to a NE subject to

αrminα
c
min

αrmaxα
c
max

< 1 1 77

GIGA-Win or Learn Fast The most common problems in MARL, regret and con-
vergence, are addressed in gradient-based GIGA-WoLF [119]. GIGA-WoLF is the
synergism of GIGA’s no-regret property and WoLF-IGA’s convergence prop-
erty [119]. A bound is assigned to test the GIGA-WoLF’s regret against the
unknown strategy of an opponent agent. For a two-agent, two-action normal-form
game, if one agent follows the GIGA-WoLF algorithm and another agent follows
the GIGA algorithm, then their strategies does converge to NE. Both the properties
are validated theoretically and experimentally in [119]. In GIGA-WoLF, agents
must know about the game and should have the model of opponent agent. In
almost all the games (except “problematic” Shapley’s game), unlike GIGA’s stra-
tegies, GIGA-WoLF’s strategies does converge in self-play to equilibrium.

Dynamic

The dynamic algorithms are categorized as equilibrium dependent and independ-
ent. The algorithms based on the equilibrium solution concept are listed below.

Equilibrium Dependent The equilibrium-dependent MARL algorithms are
given below.

Nash-Q Learning NQL is the extension of Littman’s Minimax-Q learning [100]. In
other words, it’s the extension of zero-sum-stochastic game to the general-
sum-stochastic game. NQL is a MAQL algorithm, which converges under specific
conditions. It looks for optimal joint action (NE) in a game. Formultiple NEs in the
game, the NQL algorithm is fused with other learning techniques to obtain optimal
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strategies for the entire team. The adopted framework in [95] is stochastic/Markov
games. Markov game is the generalization of the MDP with more than two agents.
Unlike, zero-sum game, here in general-sum-stochastic game, an agent’s gain is no
longer its opponent agent’s loss. In general-sum game, an agent’s reward depends
on other agent’s choices and hence, the NE is employed. In NE, an agent cannot
deviate unilaterally and it is assumed that there is no communication among the
agents. Only agents can observe other agents’ strategies and rewards. In addition,
the state-transition probabilities and reward functions are unknown. The NQL
algorithm is designed in such a way that all the agents converge to the NE with
restrictions. NQL is guaranteed that all the agents converge to the NE. But for mul-
tiple NE solutions, it is not guaranteed that all the agents converge the same NE. In
[80], Filar and Vrieze proposed that every general-sum discounted stochastic game
possess at least one equilibrium point in stationary strategy. Unlike single agent
Q-learning [84] andMinimax Q-learning [100], in NQL the Q-learning update rule
for agent i is given in (1.78).

Qi S,A 1− α Qi S,A + α ri S,A + γ NashQi S , i, 1 78

where

NashQi S = π1 S πm S Qi S 1 79

An online version of NQL and simulation results on Grid game 1 and 2 are given
in [71]. The NQL for general-sum-stochastic game is given in Algorithm 1.17. The
convergence proof of Algorithm 1.17 is given [71].

Algorithm 1.17 NQL in General-sum Game

Input: Action ai Ai at si Si, i, learning rate α [0, 1) and dis-

count factor γ [0, 1);

Output: Optimal Q-value Q∗
i S,A , i; S = si

m
i = 1,A = ai

m
i = 1;

Initialize: Qi(A, A) 0, i;

Begin

Repeat

Choose an action ai Ai, i;

Receive immediate reward ri(S, A), i;

Update: Qi(S, A) (1 − α)Qi(S, A) + α[ri(S, A) + γ NashQi(S
/)],

i and S S/;

Q∗
i S,A Qi S,A , i; //NashQi(S

/) = π1(S
/). …πm(S

/). Qi(S
/)

Until Qi(S, A), i converge;

End.
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Correlated-Q Learning In [72], Greenwald andHall introduced aMAQL algorithm,
namely Correlated-Q Learning (CQL). In CQL, Q-value of an agent updates at CE.
CQL generalizes both NQL and FFQ in general-sum-stochastic games. If NE and
CE do not intersect, then the agent receives less reward at NE compared to the
same at CE. Four variants of CE are defined in [72] and the definition of CE is
given in Definition 1.18. The algorithm for CQL is given in Algorithm 1.18. Con-
vergence analysis of the above equilibria in the framework of Markov games are
done in [72].

Asymmetric-Q Learning In [120], Ville proposed Asymmetric-Q Learning (AQL)
algorithm, where an agent leads the follower agents by providing the information
about the follower agents’ strategy to the follower agents. AQL offers the following
benefits:

• In each state the leader has unique equilibrium point.

• Asymmetric Q-learner always achieves the PSNE very fast. Though MSNE
exists.

• The AQL algorithm enjoys the lower space and computational requirements
than conventional algorithms.

In [120], the existingMAQL algorithms are divided into three clusters. One is the
methods utilizing the direct gradients of agents’ value function. Second one is the
methods that estimate the value functions and then use this estimate to compute

Algorithm 1.18 Correlated-Q Learning

Input: Action ai Ai at state si Si for all the agents learning

rate α [0, 1) and discount factor γ [0, 1);

Output: Optimal Q-value Q∗
i S,A , i;

Initialize: Qi(S, A) 0, i;

Begin

Repeat

Choose an action ai A, i;

Receive immediate reward ri(S, A), i;

Update: Qi(S, A) (1 − α)Qi(S, A) + α[ri(S, A) + γVi(S
/)], i

and S S/;

Vi(S
/) = CE(Q1(S

/), Q2(S
/), …, Qm(S

/)), i;

Q∗
i S,A Qi S,A , i;

Until Qi(S, A), i; converge;

End.
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equilibrium of the process. Last one is the use of direct policy gradients. The AQL
algorithm is developed by Stackelberg equilibrium (SE) [44]. The algorithm for the
leader and the follower are given in Algorithms 1.19 and 1.20. The leader agents
are capable to maintain all the agents’ Q-tables. However, the follower agents are

Algorithm 1.19 Asymmetric-Q Learning for the Leader

Input: Action ai Ai at state si Si for all the agents learning rate

α [0, 1) and discount factor γ [0, 1);

Output: Optimal Q-value Q∗
i S,A , i;

Initialize: Qi(S, A) 0, i;

Begin

Repeat

Choose an action ai A, i;

Receive immediate reward ri(S, A), i;

Update: Qi(S, A) (1 − α)Qi(S, A) + α[ri(S, A) + γVi(S
/)], i

and S S/;

Vi(S
/) = SE(Q1(S

/), Q2(S
/), …, Qm(S

/)), i;

Q∗
i S,A Qi S,A , i;

Until Qi(S, A), i; converge;

End.

Algorithm 1.20 Asymmetric-Q Learning for the Follower

Input: Action ai Ai at state si Si for all the agents learning rate

α [0, 1) and discount factor γ [0, 1);

Output: Optimal Q-value Q∗
i S,A , i;

Initialize: Qi(S, A) 0, i;

Begin

Repeat

Choose an action ai A, i;

Receive immediate reward ri(S, A), i;

Update: Qi S,A 1−α Qi S,A + α ri S,A + γmax
A

Qi S ,A and

S S/;

Q∗
i S,A Qi S,A , i;

Until Qi(S, A), i; converge;

End.
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not able to maintain all the agents’ Q-values and hence, they just maximize their
reward. Experiments are performed in the grid world environment to demonstrate
the superiority of the AQL algorithm.

Friend-or-Foe Q-learning In [121], Littman proposed one variant of MAQL algo-
rithm, namely FFQ algorithm with a strong convergence guarantee compared
with NE in the framework of general-sum-stochastic game, where agents are
instructed to consider other agents’ either as a friend or foe. Though, FFQ learning
is an improvement over the Nash-Q. In FFQ, two variants’ of NE are employed.
One is adversarial equilibrium and another is coordination equilibrium. In Min-
imax-Q (zero-sum game) [100], all the equilibria are adversarial equilibrium. How-
ever, in general-sum game, all the equilibria are not coordination equilibrium.
Coordination equilibrium provides the highest possible reward of agent i, i [1,
m] given in (1.80) [121].

Ri π1,…, πm = max
a1 A1,…, am Am

Ri a1,…, am 1 80

Except fully cooperative game, coordination equilibrium need not always exist.
The adversarial and coordination equilibria are explained in Figure 1.25. The dif-
ference between the Nash operation and the maximization or minimax operations
is that the latter two have unique solutions. However, the Nash operation offers
two variant of solutions: adversarial and coordination equilibrium depending
on the problem type.
Two Propositions are proposed and proved in [121]. As per the Propositions, if a

one-stage game has a coordination/adversarial equilibrium, then all of the coor-
dination/adversarial equilibrium have same value. There exist two conditions
for convergence [121]. In summary, the conditions statement is that for a game
there exists either adversarial/coordination equilibrium. Later, two stronger con-
ditions of convergence are proposed in [95, 121]. These conditions can be summar-
ized as follows. There exists an adversarial/coordination equilibrium in a game
and every game is defined by the Q-functions adapted during the learning phase.
The later conditions are also not sufficient to guarantee convergence. Hu andWell-
man [95] state two theorems that by the latter two conditions Nash-Q converges to
Nash-Q equilibrium until all the equilibria are adapted during the learning phase
are unique. Also by the latter two conditions, Nash-Q converges to NE, until the
required equilibria are employed in (1.82).
Now, in FFQ algorithm, Nash Qi(S

/) are given in (1.81) and (1.82) for Friend-Q
(coordination equilibrium) and Foe-Q (adversarial equilibrium), respectively.

Nash Qi S = max
A

A

P A Qi S ,A , 1 81
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Nash Qi S = max
a1,…, ax

min
a1,…, ay A

P A Qi S ,A , 1 82

where A/ = < a1,…, am> , A// = < a1,…, ax, a1,…, ay>, and y refers to the number
of foes (opponent agents). The convergence of FFQ learning is subject to that the
Nash operator is max or minimax operator [121]. Like NQL, for simulation pur-
pose two grid games are employed [95, 121] in FFQ. Six different variants’ of oppo-
nents are described in [121]. Though, Nash-Q and FFQ cannot fix the problem of
finding equilibria, if neither coordination nor adversarial equilibrium exists. The
algorithm for FFQ learning is given in Algorithm 1.21.

Negotiation-Based Q-learning In [122], Hu et al. proposed a MARL without mutu-
ally sharing their value functions. Authors in [122] mentioned that mutual
exchange of value function is impractical because of the local restriction of the sys-
tem and privacy of the agents in case of distributed agents. Doing so appears
impossible to evaluate equilibrium in a one short game. In the above circum-
stances, authors propose a multi-step negotiation process to evaluate three types
of pure strategies: PSNE, equilibrium-dominating strategy profile (EDNP), and
nonstrict EDNP, instead of computing the computationally expensive MSNE. It
is also shown that abovementioned three strategies are symmetric Meta strategies.
Fusing the above techniques, Hu et al. proposed NegoQ in [122].

Algorithm 1.21 Friend-or Foe-Q Learning

Input: Action ai Ai at state si Si for all the agents learning rate

α [0, 1) and discount factor γ [0, 1);

Output: Optimal Q-value Q∗
i S,A , i;

Initialize: Qi(S, A) 0, i;

Begin

Repeat

Choose an action ai A, i;

Receive immediate reward ri(S, A), i;

Evaluate Nash Qi(S
/), i by (1.81) and (1.82) respectively

for Friend-Q and Foe-Q

Update: Qi(S, A) (1 − α)Qi(S, A) + α[ri(S, A) + γNash Qi(S
/)],

i and S S/;

Q∗
i S,A Qi S,A , i;

Until Qi(S, A), i; converge;

End.
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NegoQ deals with pure strategy equilibrium. However, in some games (e.g. rock-
paper-scissor game, Example 1.3), PSNE does not exist. Another hindrance is that
a strategy may be Pareto dominated and so not a PSNE. In Prisoners’ Dilemma,
only one PSNE (C, C) exist as shown in Figure 1.34. Though (D, D) is the better
choice, but (D, D) is the Pareto optimal and not a PSNE. In this regard, a strategy
profile Pareto dominates NE, i.e. EDNP is defined in Definition 1.19.

Definition 1.19 In an m−agent (m ≥ 2) normal-form game, a joint action A
{A} is an EDNP if there is a PSNE AN {A} such that

Qi A ≥ Qi AN , i = 1,m 1 83

By Definition 1.19 one can conclude that each agent following EDNP receives
more reward than the same by following PNSE.
Before defining the nonstrict EDSP, a normal-form game with the same is given

in Figure 1.45. In Figure 1.45, there are two PSNEs: (a1, b1) and (a2, b2). It is appar-
ent that the strategy profile (a1, b3) and (a3, b3) provide a greater reward to A than
(a1, b1) and a greater reward to B than (a2, b2), respectively. So, the priority of (a1,
b3) and (a3, b3) are more than (a1, b1) for A and (a2, b2) for B, respectively. Hence,
for A and B the nonequilibrium strategy profile (a1, b3) and (a3, b3) partially dom-
inate the existing PSNE. In [122], Hu et al. defined them as nonstrict EDSP as given
in Definition 1.20.

Definition 1.20 In anm−agent (m≥ 2) normal-form game, a joint actionA {A}

is an EDNP if there is a PSNE Ai
N A such that

Qi A ≥ Qi A
i
N , i = 1,m 1 84

In the multistep negotiation process of computing the abovementioned three pure
strategy profiles, agents exchange their preferences of joint actions among them-
selves in terms of binary answers. An illustration of themultistep negotiation proc-
ess is given in Figure 1.46. In Figure 1.46, “Y” and “N” represent as yes and no,
respectively. A joint action is pure strategy profile if and only if both the agents’
responses are yes. The negotiation process comprises of three types:
(i) negotiation for finding the set of PSNE, (ii) negotiation for finding the set of

A

B
b1 b2 b3

a1 (20,40) (4,22) (29,30)
a2 (18,9) (36,19) (7,4)
a3 (17,26) (15,38) (27,38)

Figure 1.45 Nonstrict EDNP in normal-
form game.
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nonstrict EDSP, and (iii) negotiation for choosing
equilibrium (joint action) from the sets obtained
by the above two steps. Evaluation of EDSP fol-
lows from the evaluation of the nonstrict EDSP,
as EDSP is a special case of nonstrict EDSP. The
negotiation to evaluate the PSNE for agent i is
given in Algorithm 1.22. The negotiation to eval-
uate the nonstrict EDSP for agent i is given in
Algorithm 1.23. Based on the Negotiation algo-

rithms (Algorithms 1.22 and 1.23) to evaluate the pure strategy profiles the NegoQ
algorithm for a Markov game is given in Algorithm 1.24. The superiority of

A

B

C D

C Y, Y Y, N

D N, Y Y, Y

Figure 1.46 Multistep
negotiation process between
agent A and B.

Algorithm 1.22 Negotiation to Evaluate the PSNE for Agent i in a Normal-form
Game

Input: Action ai Ai only for the agent i [1, m] and Qi(A);

//A A = × m
i = 1Ai

Output: PSNE set {AN};

Initialize: {AN} φ;
Evaluate maximal reward set for agent iMSi;

For all A−i {A−i}

ai = arg max
ai

Q ai,A −i ;

{AN} {AN} {ai, A−i};

End For

For all joint action A {AN}

Ask remaining agents that is {AN} includes A;a

If {AN} does not include A then

{AN} {AN}\{A};

Inform other agents to exclude A from their {AN} sets

End If

End For

For all joint action A/ received from remaining agents

If A/ belongs to MSi then

Response as yes to the remaining agents;

else

Response as no to the remaining agents;

End If

End For
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Algorithm 1.23 Negotiation to Evaluate the Nonstrict EDSP for Agent i in a
Normal-form Game

Input: Action ai Ai only for the agent i [1, m], {AN} from

Algorithm 1.13 and Qi(A); //A A = × m
i = 1Ai

Output: nonstrict EDSP set {AnP};

Initialize: {AnP} φ;
{X} A\{AN};

For each PSNE AN {AN}

For each joint action A {X};

If Qi(A)≥ Qi(AN) then

{X} {X}\{A};

{AnP} {AnP} {A};

End If

End For

End For

For all joint action A {AnP}

Ask remaining agents that is AnP includes A;

If answer is no then

{AnP} {AnP}\{A};

End If

End For

For all joint action A/ received from remaining agents

If A/ belongs to AnP then

Response as yes to the remaining agents;

else

Response as no to the remaining agents;

End If

End For

Algorithm 1.24 Negotiation-Q Learning for Agent i in a Markov Game

Input: Joint action space {A}, number of agents’ m, state space

{S}, learning rate α, discounting factor γ and exploration rate ε;
Output: Optimal joint Q-value Q∗

i S,A ;

Initialize: Qi(S, A) 0;
Begin

Repeat
Negotiate with remaining agents employing Algorithms 1.13

and 1.14;
Select the pure strategy equilibrium A/ using ε-greedy;
Receive experience tuple <S, A, ri(S, A), S/ > ; // ri(S, A) and

S/ are the immediate reward and next joint state
Update: Qi(S, A) (1 − α)Qi(S, A) + α[ri(S, A) + γQi(S

/, A/)],

and S S/;
Q∗
i S,A Qi S,A ;

Until Qi(S, A); converges;

End.
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Algorithm 1.24 is tested in grid-world maps over the state-of-the-art reference
algorithms.

MAQL with Equilibrium Transfer Hu et al. [123] identified that agents evaluate the
same equilibrium (NE or CE) at a joint state for different one-shot games. Here,
two equilibria are declared as same if and only if the Euclidian distance between
the probability distribution of the strategies is less than a predefined threshold.
Reuse of the previously computed equilibrium (or equilibrium transfer) decreases
as the convergence time of the equilibrium-based MAQL decreases with negligible
transfer loss. Suppose G and G/ are two one-short games that visit the same joint
state S. Now, the Euclidian distance between the equilibrium strategy p ofG and p/

of G/ are given in (1.85) and (1.86), respectively, for NE and CE.

dNE p, p =
n

i = 1 ai Ai

pi ai − pi ai
2
, 1 85

dCE p, p =
A A

q A − q A 2 1 86

If the dNE(p, p/) or dCE(p, p/) is smaller than a threshold, then p and p/ are con-
sidered as identical in G and G/. Hence, by equilibrium transfer one can directly
use p in G/. As computation of equilibrium is more expensive than checking,
hence, there is a significant saving in computational cost. Hu et al. [123] measures
the equilibrium transfer loss and based on that loss the equilibrium transfer con-
dition is defined. Let p∗ and q∗ denote the NE and CE of G and G/, respectively.
Now, loss because of transferring the equilibrium p∗ and q∗ from G to G/ is given
by (1.87) and (1.88), respectively.

Algorithm 1.25 Equilibrium Transfer-Based MAQL

Input: Action ai Ai at state si Si for all the agents learning

rate α [0, 1), discount factor γ [0, 1),exploration factor

ε, threshold of transfer loss τ, Gc be the one-short game at

joint state S and p∗ previously computed equilibrium at S;

Output: Optimal joint Q-value Qi(S, A), i; //S S = × m
i = 1Si

and A A = × m
i = 1Ai

Initialize: Qi(S, A) 0, i;

Repeat

If joint state S has been visited

then evaluate maximum utility loss εΩ, Ω {NE, CE} for

transferring to Gc;

Else
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Here, QG
i refers to the Q-value of agent i in G/.

Now the transfer loss condition for NE, p∗ for an agent i is given by

QG
i p∗ + εNE ≥ QG

i p∗ + max
ai Ai

QG
i ai, p∗− i −QG

i p∗

= QG
i p∗ + max

ai Ai

QG
i ai, p∗− i −QG

i p∗

= max
ai Ai

QG
i ai, p∗− i

1 89

Similarly, for CE, the following condition can be derived:

A− i

q∗ ai,A− i × QG
i ai,A− i + εCE ≥

A− i

q∗ ai,A− i × QG
i ai ,A− i

1 90

The algorithm for equilibrium transfer-based MAQL is given in Algorithm 1.25.
Superiority of Algorithm 1.25 is tested in Grid World game, Wall game, and Soc-
cer game.

Equilibrium Independent Equilibrium-independent MARL algorithms are again
categorized based on the learning rate selection given below.

Variable Learning Rate RL algorithms with variable learning rate are given below.

εΩ + ∞ ;

End if

If εΩ > τ
Then evaluate p∗ for Gc;

Else

Reuse p∗ in Gc;

End if

Select joint action, A sampled from p∗;
Receive experience (S, A, ri, S/), i;

Evaluate equilibrium p/ for the next joint state S/;

Evaluate Vi(S
/) expected value of p/ in S/, Qi(S, A) (1 − α)Qi

(S, A) + α(ri + γVi(S
/)) and S S/;

Until Qi(S, A), i converge;

εNE = max
i N

max
ai Ai

QG
i ai,p∗

−i −QG
i p∗ , 1 87

εCE = max
i N

max
ai Ai

max
ai Ai A −i

q∗ ai,A −i × QG
i ai,A −i −QG

i ai,A −i 1 87
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Win or Learn Fast Policy Hill-Climbing In [124], Bowling and Veloso proposed
WoLF policy hill-climbing algorithm for stochastic game in the presence of other
adaptive agents, satisfying rationality and convergence. Rationality indicates that
all agents’ policies converge to stationary policies and then the learning algorithm
will converge to a stationary policy, which is best response to their policies [124].
The convergence property states that agents necessarily converge to a stationary
policy. Also, if all agents are rational and convergent, then it is guaranteed to con-
verge NE. The learning algorithms in [31] and [125] either converge to a subop-
timal policy or does not converge. Proposed WoLF is based on the principle of
learn quickly while losing and learn slowly while wining.
Policy hill-climbing (PHC) is a straightforward extension of Q-learning to han-

dle mixed strategies. The PHC algorithm is given in Algorithm 1.26. PHC learns
the most recent mixed strategy. The updating of the mixed strategy in PHC is done
by selecting the highest valued action as per the learning rate δ (0, 1]. For δ = 1,
the algorithm behaves as single agent Q-learning. Both Q-values and the strategy
are convergent following single agent Q-learning.
The main contribution of the proposed algorithm in [124] is the extension of

PHC algorithm by employing a variable learning rate and the WoLF principle.

Algorithm 1.26 Policy Hill-Climbing (PHC)

Input: Action ai Ai at state si Si for all the agents learning rate

α [0, 1) and discount factor γ [0, 1);

Output: Optimal policy π∗i S,A ;

Initialize: Qi(S, A) 0 and πi S,A 1
Ai

;

Begin

Repeat

Choose an action ai A with probability πi(S, A);

Receive immediate reward ri(S, A);

Update: Qi S,A 1− α Qi S,A + α ri S,A + γmax
A

Qi S ,A ,

S S/ and

πi S,A πi S,A +

δ, If A = arg max
A

Q S,A

− δ

Ai −1
, otherwise

π∗i S,A πi S,A ;

Until π∗i S,A converges;

End.
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In variable learning rate, the learning rate is used by the learning algorithm and is
tuned in such a way so that the rationality is maintained. The WoLF principle
motivates to learn quickly while losing and slowly while winning [124]. The
WoLF-PHC algorithm employs two learning rate: losing learning rate δl and win-
ing learning rate δw, where δl> δw. The winning/losing situation of the agent is
determined by contrasting the current reward and the average reward taken over
the time. If the agent is losing, then larger learning rate δl is employed. The WoLF-
PHC [124] algorithm is given in Algorithm 1.27. The convergence and rationality
of the WoLF-PHC algorithm is tested in Matrix games, Grid world game, and Soc-
cer game. In all frameworks, WoLF-PHC outperforms reference algorithms.

Policy Dynamic-BasedWin or Learn Fast (PD-WoLF) IGA [111] learner converges to
NE rationally but they are not convergent to NE for all the general-sum games.
Later, IGAwas extended toWoLF-IGA in [107] and its convergence proof is shown
in [107] for a 2 × 2 game assuming agents know the equilibrium policies of other
agents. In [126], Banerjee and Peng did experimental-based comparisons of the

Algorithm 1.27 Win or Learn Fast-PHC (WoLF-PHC)

Input: Action ai Ai at state si Si for all the agents learning

rate α, δl > δw and discount factor γ [0, 1);

Output: Optimal policy π∗i S,A ;

Initialize: C(S) 0, Qi(S, A) 0 and πi S,A 1
Ai

;

Begin

Repeat

Choose an action ai A with probability πi(S, A);

Receive immediate reward ri(S, A);

Update: average policy π,C S C S + 1, S S/,

π S,A π S,A + 1
C S πi S,A − π S,A

and πi S,A πi S,A +

δ, If A = argmax
A

Q S,A ;

− δ

Ai −1
, otherwise;

δ =
δw, If

A
πi S,A Qi S,A >

A
π S,A Qi S,A

δl, otherwise
;

π∗i S,A πi S,A ;

Until π∗i S,A converges;

End.
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WoLF and PD-WoLF to establish the superiority of the PD-WoLF both in the
bimatrix and the general-sum games.
From Section “Infinitesimal Gradient Ascent,” considering the sub case of

purely imaginary Eigen values,U and the center (r∗, c∗) are within the unit square.
The solution r(t) of (1.72) for unconstraint dynamics [127] is given in (1.91), where
the value of B and ϕ depends on the initial values of α, β.

r t = B u cos uu t + ϕ + r∗ 1 91

PD-WoLF criteria for a row player (agent) are given by (1.92).

αr t =
αmin, if ΔtΔ2

t < 0

αmax, otherwise
, 1 92

where Δt = rt− rt− 1 and Δ2
t = Δt −Δt− 1 It is apparent that (1.92) is independent

of other agents’ policies.

Fixed Learning Rate MARL Algorithms with fixed learning rate are given below.

Non-Stationary Converging Policies One major shortcoming of MAQL is the
assumption that the environment is stationary. In [128], Michael and Jeffrey pro-
posed the NSCP, where agents are not interested in converging to an equilibrium
rather they search for the best-response policy for the non-stationary opponents.
NSCP predicts the opponents’ non-stationary strategy with precision and act by its
best-response strategy with respect to the opponents in the well-known test bench
of general-sum-stochastic games (game with multiple joint states) or matrix games
(game with one joint state). The MAQL algorithms [71, 72, 81, 95, 100] and [121]
either converge to NE or CE. By [129], the equilibrium-based MAQL algorithms
are problematic, as the learning stops at the equilibrium point and the equilibrium
point is necessarily not a goal point. Also an additional problem arises in the pres-
ence of multiple equilibria. The NSCP algorithm aims at adapting an optimal
reward considering the presence of other agents. In [130], an agent converges
to best-response strategy subject to stationary opponents in two-player general-
sum-stochastic games. The NSCP algorithm is given in Algorithm 1.28. Simulation
results validate the superior performance of the NSCP with respect to reference
algorithms.

Extended Optimal Response Learning The zero-sum-stochastic game proposed by
Littman [100] was extended to general-sum-stochastic game by Hu and Wellman
[95] and agents converge to NE in stochastic games by these algorithms. On the
contrary, in [95] and [100], agents always try to converge to NE ignoring strategies
of other agents. Further, all the agents must agree upon to select a NE in the
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presence of multiple NEs. Thus, the algorithms proposed in [95] and [100] are not
adaptable in the above sense. In [131], Nobuo and Akira extended optimal
response to EXORL, where agents converge to NE subject to adaptability of other
agents. Similar to NQL [95], in EXORL, an agent maintains all agents’ Q-tables
assuming that it can observe other agents’ state–action and reward. EXORL aims
at realizing a policy which is optimal response to other agents’ policies, where
remaining agents are adaptable and attain NE. The EXORL algorithm is given
in Algorithm 1.29. JAL [81] learns Q-value due to its own action and estimates
teammates’ strategy. Let πi be the strategy of agent i at state S which maxi-
mizes (1.93).

Qi S, πi = πi
TQi S π − i S , 1 93

where π − i S refers to estimate of all agents’ joint policy except agent i. Now, if a
policy diverges from NE, then the policy may not be suitable to estimate the
remaining agents’ strategy. This problem is addressed in [131] and the update rule
is given by (1.94) and (1.95) tuning the value of ρ.

Qi S, πi = πi
TQi S π − i S − ρσ S, πi , 1 94

Algorithm 1.28 Non-Stationary Converging Policies

Input: Action ai Ai at state si Si, i, i [1, m], learning rate

α [0, 1) and discount factor γ [0, 1);

Output: Optimal Q-value Q∗
i S,A , i;

Initialize: Qi(S, A) 0, i and πi S,A = 1
A ;

Begin

Repeat

Observe the actions taken by all the agents A {A};

Receive immediate reward ri(S, A), i;

Update: other agents’ strategy π −i S,A = 1
A , i;

Select best-response strategy πbri S,A

that maximizes BR S =
a1 a2 am

πbri S ,ai
−i
πi S ,ai Qi S ,A ;

Update: Q-values using the following rules

Qi(S, A) (1 − α)Qi(S, A) + α[ri(S, A) + γBR(S/)] and S S/;

Until Qi(S, A), i; converges;

Obtain Q∗
i S,A Qi S,A , i;

End.
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where

σ S, πi = max
π − i

πi
TQ− i S π − i − πi

TQ− i S π − i S , 1 95

here σ(S, πi) refers to the possible increase in expected discounted reward of agent
i. Hence, to maximize the left part of (1.95), agent i has to maximize the first com-
ponent of right part and also minimizes the second component of the right part.
Also, (1.95) is a piece-wise linear concave function and it has a sole maximal point.
It is shown in [131] that by EXORL an agent plays well subject to that the opponent
agents play fixed policy considering small value of ρ. The EXORL is verified in
Matching Pennies, Presidency Game [80], and Battle of sexes game in [131].

1.3.6 Coordination and Planning by MAQL

In the present book, for multi-robot coordination and planning without any com-
munication among the agents, we focus on the equilibrium-based MAQL as
explained in Section “EquilibriumDependent”. Because of the absence of commu-
nication among the agents, each agent needs to maintain all the agents’Q-tables at
joint state–action space. Figure 1.47 explains the multi-robot coordination and
planning mechanism for the well-known stick-carrying problem. Stick-carrying

Algorithm 1.29 EXORL for Agent i

Input: Action ai Ai at si Si, i, learning rate α [0, 1) and

discount factor γ [0, 1);

Output: Optimal Q-value Q∗
i S,A , i; S = si

m
i = 1,A = ai

m
i = 1;

Initialize: Qi A,A 0, πi S,ai
1
Ai

i, π −i S,A −i
1

× m
j = 1,j i

A j
;

Begin

Repeat

Choose an action ai Ai, i;

Receive immediate reward ri(S, A), i;

Update: Qi(S, A) (1 − α)Qi(S, A) + α[ri(S, A) + γ Qi(S
/, A)],

i, S S/

and π −i S 1− β π −i S + β π −i S ; π −i S =
1 if A −i = A −i

0 otherwise

Until Qi(S, A), i converge;

Obtain Q∗
i S,A Qi S,A , i;

End.
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problem refers to the transportation of a stick from current positions to the desired
destination. Presently, twin robots are at a joint state <4, 7> with a stick as shown
in Figure 1.47c. As each robot have both robots’ Q-tables at joint state–action
space, a robot looks for the optimal joint action, i.e. PSNE at <4, 7> by evaluating
equilibrium. To evaluate equilibrium, a robot extracts the information from the
joint state <4, 7> (Figure 1.47a, b) and PSNE, “FL” is evaluated following the def-
inition of NE as shown in Figure 1.47. Here, both the robots evaluate identical
PSNE. Hence, without any communication between the robots, coordination
occurred and the stick is shifted to the next joint state <5, 4> because of the joint
action “FL” by the robots.

1.3.7 Performance Analysis of MAQL and MAQL-Based Coordination

The MAQL algorithms illustrated above have addressed several challenges of the
MAQL. The main challenges of MAQL are suitable action selection for balancing
exploration/exploitation, update policy selection for adaptation of the Q-table in
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Figure 1.47 Multi-robot coordination for the well-known stick-carrying problem. (a) Joint
Q-table of agent 1 by NQL. (b) Joint Q-table of agent 2 by NQL. (c) Stick-carrying by
employing (a) and (b).
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joint state–action space, equilibrium selection among multiple equilibria, and
the exponential increase in the space and time complexity, with the increase
in number of agents. In this regard, to measure the performance of a MAQL over
contender MAQL algorithms, the following metrics are summarized for the
abovementioned MAQL.
In JAL [81], the Boltzmann strategy is extended to the OB, WOB, and their com-

bination. The superiority of the JAL with the combined method is tested consid-
ering the average accumulated reward as the performance metric. The superiority
of the FMQ heuristic is measured considering convergence to the optimal joint
action as the performance metric. In Team-Q learning [92], the average reward
of agents is maximized over the learning epoch. The Distributed Q-learner [91]
converges to the optimal joint action with less storage and computational cost.
Therefore, in Distributed Q-learning, computational cost and storage requirement
are the performance metrics. In OAL [96] algorithm, agents select the optimal NE
among multiple NE with probability one. Hence, in OAL, optimal equilibrium
selection is the metric. In SCQL [97], the Q-tables are sparsely maintained and per-
formance of the SCQL is measured over reference algorithms in terms of the com-
putational cost and storage requirement. In SQL [98], the metric is the steps
required to reach the goal state from the starting state, i.e. selection of the right
joint action without any behavior conflict among the agents. In FMRQ [99], agents
achieve the coordination-type optimal NE to maximize the system performance in
terms of average steps per episode for box-pushing problem and average rewards
per episode for distributed sensor network problem. In Minimax-Q learning algo-
rithm [100], both the agents learn optimal policies and efficiency of the algorithm
is tested in the framework of a two-player grid game by measuring the winning
percentage of the game by the agent in an episode. Performance of the HAMRL
algorithm [101] is measured in terms of the convergence speed. FP [105] addressed
the equilibrium selection problem in coordination game. The performance of the
Meta strategy [106] is measured in terms of the average reward achieved by the
agents. AWESOME [108] learns the best response (NE) considering a stationary
opponent and its performance is measured against FP in terms of the distance
to equilibrium and distance to the best response. In Hyper-Q learning [110], online
Bellman error and average reward variation with respect to the learning epoch are
considered as the performance metrics. In [111], IGA proposed a scheme by which
agents conditionally converge to the NE. Performance of the GIGA [118], WoLF-
IGA [107], and GIGA-WoLF [119] algorithms are measured in terms of the con-
vergence rate. In NQL [95], percentage of NE achieved in a game is considered as
the performance metric. In CQL [72], mean Q-value difference is the performance
metric. In AQL [120], change in Q-values of the agents with the learning epoch is
considered as the performance metric. The FFQ [121] always converges to a NE
and converging to a NE is a metric. Average reward with the episode and number
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of learning epoch required per episode are the metrics in NegoQ. In the equilib-
rium transfer-based MAQL [123], three metrics are considered. First one is the
learning speed, second one is the improved average reward, and finally the last
one is the reduction in the space complexity. InWoLF-PHC [124], the policy either
converges to NE or to a suboptimal NE and percentage of winning a game by an
agent is considered as the performance metric. In PD-WoLF [111], average reward
is the performance metric during the learning phase. Average time required to
complete a task is considered the performance metric during learning in case of
NSCP [128]. In EXORL [100], policy and Q-value learned with the learning epoch
are considered as the performance metric.
In MAQL-based coordination, agents re-evaluate the NE/CE as explained in

Section 1.3.6. As the computational cost of evaluating the NE/CE is very high,
run-time complexity is one performance metric in the MAQL-based coordination.
On the other hand, space-complexity, successful completion of the task, system
resource utilization, and the like are considered as the performancemetrics during
the MAQL-based coordination [98].

1.4 Coordination by Optimization Algorithm

One common bottleneck of the search-based coordination and MARL-based algo-
rithms is the memory requirement and suboptimal solution. Such bottlenecks are
addressed by the Swarm Intelligence (SI) [61, 62] and EA [62]. The advantages of
the SI algorithms are Scalability, Adaptability, Collective Robustness, and Individ-
ual Simplicity. The scalability of the SI algorithms are remarkable, as the control
mechanism adopted by the SI algorithms does not depend upon the swarm size,
until the swarm size is not too small [45]. The SI algorithm has very fast response to
the rapidly changing environment by employing the auto-configuration and self-
organization capabilities, which allow the swarms to adapt online with the
dynamic environment [66]. Collective robustness indicates that the SI algorithms
are distributed and hence, there is no possibility of single point failure [67]. In spite
of very simple behavior of every swarm in any SI algorithm, the group of a swarm
can achieve sophisticated group behavior [67]. Particle SwarmOptimization (PSO)
algorithm and Firefly algorithm (FA) are two examples of SI algorithms. In PSO,
the fitness function is not differentiable and is employed to obtain quality solution
for high-dimensional problems faster than other alternatives. However, there is a
high probability to be trapped in local optima in high-dimensional problems. On
the other hand, the FA has a very high probability of exploring the global optima.
The advantages of EAs are that they can cope with discontinuities, nonlinear con-
straints, multi-modalities, and multi-objective optimization problems.
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However, the EAs do not provide any guarantee to provide optimal solutions
within finite amount of time. Differential evolution is an example of EA. Stability
is a very good attribute of DE over the GA. Another is Imperialist Competitive
Algorithm (ICA) [67], which is a sociopolitical-based algorithm. ICA has neigh-
borhood movements both in continuous and discrete search-space. However,
the solutions provided by the ICA does not guarantee for optimal solution. In addi-
tion, the ICA requires tuning more number of parameters as compared with the
PSO, FA, and DE. In the above circumstance, hybridization is a good approach. By
hybridization, the efficient attributes of two or more algorithms are fused to pro-
duce a powerful algorithm. One approach formulti-robot stick-carrying problem is
shown in [91], where the hybridization of the motion dynamics of fireflies of the
FA [48] into a sociopolitical evolution-based meta-heuristic search algorithm is
done and is named as Imperialist Competitive Firefly Algorithm (ICFA). The
abovementioned algorithms are implemented for multi-robot coordination follow-
ing scheme as shown in Figure 1.48. Brief description of the abovementioned algo-
rithms are given below.

1.4.1 PSO Algorithm

In [61], Kennedy and Eberhart proposed a nonlinear function optimization tech-
nique following the behavior of flocking birds, namely PSO. Let an n-dimensional
nonlinear function given by (1.96) to be optimized. The PSO aims at finding such a
X so that (1.96) is either maximized or minimized depending upon the problem
requirement. So, one can say that the solution of (1.96) is an n-dimensional
hyperspace.

Current states
of robots

Local planning by 
determining next optimal 
states employing swarm/

evolutionary algorithm 

Next state 
transition

Goal states 
reached?

Next state becomes
current state

Stop

No

Yes

Figure 1.48 Multi-robot local planning by swarm/evolutionary algorithm.
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f X = f x1,…, xn 1 96

Let us consider a two-dimensional problem as given in (1.97) [48]. In (1.97), x
[−10, 10] and y [−10, 10] and the plot of (1.97) is given in Figure 1.49. It is appar-
ent from Figure 1.49 that (0, 0) is the only solution in the xy plane for which the
f(x, y) attains a minimum value of zero. It is quiet easy to identify the minima for
the function (1.96) compared to the same for (1.98) [48]. The plot of (1.98) is shown
in Figure 1.50. Unlike Figure 1.49, in Figure 1.50, there are multiple optimal
points. It is difficult to identify the global optima among them. PSO employs
the multi-agent parallel search technique and each agent starts from different ini-
tial positions and explores the landscape until a global optima is reached. It is
assumed that in PSO, agents can communicate among themselves and share
the values of fitness function explored by them.

f x, y = x2 + y2, 1 97

f x, y = x sin 4πy + y sin 4πx + π + 1 1 98

In PSO, each agent flies through the multidimensional landscape with a unique
position and velocity at each landscape. The population is initialized with random
positions denoted by X = xi

S
i = 1 each having a random velocity V = vi

S
i = 1
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Figure 1.49 Surface plot of (1.97).
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The position and velocity of the d-th dimension’s i-th particle is given by (1.99) and
(1.100), respectively.

xid t + 1 = xid t + vid t + 1 , 1 99

vid t + 1 = ω vid t + C1 φ1 Pid t − xid t + C2 φ2 gid t − xid t

1 100

In (1.100), the first component is the initial velocity of the i-th particle. ω refers
to the inertial weight factor. C1 and C2 are the constant multiplier termed as self-
confidence and swarm confidence, respectively. Two random numbers φ1 [0, 1]

and φ2 [0, 1] are introduced in (1.100), which determine the influence of p t

and g t on (1.100). p t , g t , and x t are initialized to zero at t = 0, i.e. and

p 0 = g 0 = x 0 After that the velocity and position of each particle update
following (1.99) and (1.100). The algorithm for PSO is given in Algorithm 1.30 [48].
In [69], Pugh et al. proposed the noise-resistance PSO for obstacle avoidance in

multi-robot systems. In [70], Pugh modified the noise-resistance PSO [69] by
setting

x∗'i = x∗''i , if fitness x∗''i > fitness x∗'i , 1 101
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where x∗'i refers to the neighborhood best for particle (here robot) i and x∗''i denotes
the new neighborhood best particle.

1.4.2 Firefly Algorithm

In FA [93], a potential solution to an optimization problem is encoded by the posi-
tion of a firefly in the search space and the light intensity at the position of the
firefly corresponds to the fitness of the associated solution. Each firefly changes
its position iteratively by flying toward brighter fireflies at more attractive location
in the fitness landscape to obtain optimal solutions.

Algorithm 1.30 Particle Swarm Optimization (PSO)

Input: Enter the Swarm size (S), values of C1, C2, φ1 [0, 1], φ2

[0, 1], ω and Vmax;

Output: Approximate global optimal position X
∗
;

Initialize: Initialized the position and velocity vectors: Xi 0

and Vi 0 ;

Begin

While termination condition is not reached do

For i = 1 to S

Evaluate the fitness f Xi ;

Update pi and gi;

Adapt position and velocity of the partial by (1.99) and (1.100)

respectively.

End For;

End While.

End.

Initialization Mutation Recombination Selection

Figure 1.51 Steps of Differential evolution (DE) algorithm [132].
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1.4.2.1 Initialization

FA commences with a population Pt of NP, D-dimensional firefly positions,

Xi t = xi,1 t , xi,2 t , xi,3 t ,…, xi,D t for i = [1, NP] by randomly initializing

in the search range X
min

,X
max

where X
min

= xmin
1 , xmin

2 ,…, xmin
D and

X
max

= xmax
1 , xmax

2 ,…, xmax
D at the current generation t = 0. Thus, the d-th com-

ponent of the i-th firefly at t = 0 is given by (1.102).

xi,d 0 = xmin
d + rand 0, 1 × xmax

d − xmin
d , 1 102

where rand(0, 1) is a uniformly distributed random number lying between 0 and 1

and d = [1, D]. The objective function value f Xi 0 (which is inversely propor-

tional to the light intensity for minimization problem) of the i-th firefly is evalu-
ated for i = [1, NP].

1.4.2.2 Attraction to Brighter Fireflies

Now the firefly Xi t is attracted toward the positions of the brighter fireflies X j t

for i, j= [1,NP] but i j such that f X j t < f Xi t for minimization problem.

Now the attractiveness βi,j ofXi t towardX j t is proportional to the light intensity
seen by adjacent fireflies. However attractiveness βi,j decreases exponentially with
the distance between the fireflies, denoted by ri,j as given in (1.103).

βi,j = β0 exp − γ × rmi,j , m ≥ 1, 1 103

where β0 denotes the maximum attractiveness experienced by the i-th firefly at its
own position (i.e. at ri,j = ri,i = 0) and γ is the light absorption coefficient, which
controls the variation of βi,j with ri,j. This parameter is responsible for the conver-
gence speed of FA. A setting of γ = 0 leads to constant attractiveness while γ
approaching infinity is equivalent to the complete random search [48]. In
(1.103), m is a positive constant representing a nonlinear modulation index.

The distance between Xi t and X j t is computed using the Euclidean norm as
follows:

ri,j = Xi t −X j t 1 104

This step is repeated for i, j = [1, N].
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1.4.2.3 Movement of Fireflies

The firefly at position Xi t moves toward a more attractive position X j t occupied

by a brighter firefly (i.e. f X j t < f Xi t ) for j = [1, N] but i j following the

dynamic given in (1.105).

Xi t + 1 = Xi t + βi,j × X j t −Xi t + α × rand 0, 1 − 0 5

1 105

The first term in the position updating formula (1.105) represents the i-th fire-
fly’s current position. The second term in (1.105) denotes the change in the posi-

tion of the firefly at Xi t due to the attraction toward the brighter firefly at X j t .
Hence it is apparent that the brightest firefly with no more attractive firefly in the
current sorted population Pt will have no motion due to the second term and may
get stuck at the local optima. To circumvent the problem, the last term is intro-
duced in (1.105) for the random movement of the fireflies with a step-size of
α (0, 1). Here, rand(0,1) is a random number generator uniformly distributed
in the range (0, 1). This step is repeated for i= [1, NP]. After completion of its jour-
ney mediated by the brighter ones, the updated position of the i-th firefly is repre-

sented by Xi t + 1 for i = [1, NP].
After each evolution, Sections 1.4.2.2 and 1.4.2.3 are repeated until one of the

following conditions for convergence is satisfied. These conditions include
restraining the number of iterations, maintaining error limits, or the both, which-
ever occurs earlier. In Algorithm 1.31, the number of iterations is considered as the
condition of convergence.

1.4.3 Imperialist Competitive Algorithm

ICA is a population-based stochastic algorithm, which is inspired by the sociopo-
litical evolution and the imperialistic competitive policy of a government to extend
its power beyond its boundaries. It has earned wide popularity because of its
noticeable performance in computational optimization with respect to the quality
of solutions [89]. Like any other EAs, ICA starts with an initial population of solu-
tions, called countries. The countries are classified into two groups – imperialists
and colonies, based on their ruling power (which is inversely proportional to their
objective function values). The colonies (weaker countries) with their relevant
imperialist (stronger country) form some empires. In each empire, the imperialist
pursues an assimilation policy to improve the economy, culture, and political sit-
uation of its colonies, thus winning their loyalty. Moreover, the empires take part
in the imperialistic competition in an attempt to gain more colonies. In ICA, the
assimilation of colonies toward their respective imperialists along with the
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competition among empires eventually results in just one empire in the world with
all the other countries as colonies of that unique empire. An overview of the main
steps of the ICA is presented next.

1.4.3.1 Initialization

ICA starts with a population Pt of NP, D-dimensional countries,

Xi t = xi,1 t , xi,2 t , xi,3 t ,…, xi,D t for i = [1, NP] representing the candidate
solutions, at the current generation t= 0 by randomly initializing in the

range X
min

,X
max

where X
min

= xmin
1 , xmin

2 ,…, xmin
D and X

max
=

xmax
1 , xmax

2 ,…, xmax
D . Thus the d-th component (sociopolitical feature) of the

i-th country at t = 0 is given by

xi,d 0 = xmin
d + rand 0, 1 × xmax

d − xmin
d , 1 106

Algorithm 1.31 Traditional Firefly Algorithm (FA)

Input: X = x1,x2,…,xD , fitness function f(X); // D dimen-

sion of the firefly

Output: Xi,i 1,n ;

Initialize: Generate population Xi,i 1,n , α (0, 1),

β0 = 1 andγ [0.1, 10];

While (t <MaxGeneration)

For k=1 to D

For i=1 to n

For j=1 to n

If f Xi t < f X j t

then Move Xi t towards X j t in all D dimensions;

End If;

Updatexik(t+1)=xik(t)+βrij×[xjk(t)−xik(t)]+α(rand−0.5);
End For;

End For;

End For;

Rank the fireflies based on current fitness and find the

current best one;

End While.
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where rand(0, 1) is a uniformly distributed random number lying between 0 and 1

and d = [1, D]. The objective function value f Xi 0 of the country Xi 0 is

evaluated for i = [1, NP].

1.4.3.2 Selection of Imperialists and Colonies

The population P0 is sorted in ascending order of f Xi 0 for minimization prob-

lem with i = [1, NP]. The first N countries with less cost function values are
selected as imperialists while the remaining M =NP −N countries are declared
as colonies. Hence the population individuals are categorized into two groups
of countries – imperialists and colonies.

1.4.3.3 Formation of Empires

The empire under the j-th imperialist is constructed based on its ruling power. To
accomplish this, first the normalized power of the j-th imperialist country, pj, is

evaluated by (1.107) with f XNP 0 representing the objective function value

of the weakest country in the current sorted population P0.

p j =
f XNP 0 − f X j 0

N

l = 1
f XNP 0 − f Xl 0

1 107

It is evident from (1.107) that better the j-th imperialist (i.e. less objective func-

tion value f X j 0 for minimization problem), higher is the difference

f XNP 0 − f X j 0 leading to the enhancement of its corresponding ruling

power, pj. Now the initial number of colonies under in the j-th empire, denoted
by nj, is computed by (1.108).

n j = M × p j , 1 108

such that

N

j = 1

n j = M 1 109

Here, represents the floor function. According to (1.108), the stronger imperi-
alists with higher ruling power now possess larger empires. Hence pj symbolizes
the fraction of the colonies occupied by the j-th imperialist. Subsequently, the j-th
empire is formed by randomly selecting nj countries from M colonies provided
that there will be no common colony between two different empires. Hence the

1.4 Coordination by Optimization Algorithm 95

c01.3d 95 7/11/2020 9:51:39 PM



number of countries within the j-th empire including its imperialist is nj + 1. Let

the k-th country belonging to the j-th empire be denoted by X
j

k t (at generation
t = 0) for k = [1, nj+1]. The countries within the j-th empire are now sorted in
ascending order of their objective function values such that the imperialist

X
j

1 t in the j-th empire attains the first rank. This step is repeated for j = [1, N].

1.4.3.4 Assimilation of Colonies

Each imperialist country now attempts to improve its empire by enhancing the

sociopolitical influences of its colonies. To accomplish this, each country X
j

k t

in the j-th empire now moves toward its corresponding imperialist X
j

1 t by chan-
ging its characteristic features following (1.110) for k = [2, nj+1].

X
j

k t + 1 = X
j

k t + β × rand 0, 1 × X
j

1 t −X
j

k t 1 110

Here, rand(0, 1) is a uniformly distributed random number lying between 0 and 1
and β is the assimilation coefficient. The objective function value of the modified

colony f X
j

k t + 1 is evaluated for k= [2, nj+1]. After assimilation, all the coun-

tries in the j-th empire are sorted in ascending order of the objective function

values and the first ranked country is declared as the imperialist X
j

1 t + 1 of
the same empire for the next generation (i.e. t = t + 1). The step is repeated for
j = [1, N].

1.4.3.5 Revolution

Revolution creates sudden fluctuation in the economic, cultural, and political
aspects of countries in an empire. The colonies in an empire are now equipped
with the power of randomly changing their sociopolitical attributes instead of
being assimilated by their corresponding imperialist. It resembles the mutation
of trial solutions in the traditional EA. The revolution rate η in the algorithm indi-
cates the percentage of colonies in each empire which will undergo the revolution
process. A high value of revolution rate therefore fortifies the explorative power at
a cost of poor exploitation capability. Hence a moderate value of revolution rate is
favored. Revolution is implemented by randomly selecting η × nj countries
(including the imperialist) in the j-th empire (for j = [1, N]) and then they are
replaced by randomly initialized countries characterized by new sociopolitical
nature. After revolution, as in case of assimilation, all the countries in each empire
are sorted in ascending order of the objective function values so that its imperialist
is at the first position. The step is repeated for all empires.
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1.4.3.6 Imperialistic Competition

All the N empires now participate in an imperialistic competition to take posses-
sion of colonies of other weaker empires based on their ruling power. The colonies
of the weaker empires will be gradually eluded from the ruling power of their cor-
responding imperialists and will be thereafter controlled by some other stronger
empires. Consequently, the weaker empires will be losing their power and ulti-
mately may be eradicated from the competition. The imperialistic competition
along with the collapse mechanism will progressively result in an increment in
the power of more dominant empires and diminish the power of weaker ones.
The imperialistic competition encompasses the following steps.

Total Empire Power Evaluation

Once an empire is constructed under the dominance of the j-th imperialist

X
j

1 t + 1 , the power of the respective empire is compositely influenced by the

objective function value of X
j

1 t + 1 as well as the constituent colonies

X
j

k t + 1 (after assimilation) under the respective j-th empire for k = [2, nj+1].
The total objective function value of the j-th empire is evaluated as follows:

tc j = f X
j

1 t + 1 + ξ
1
n j

n j + 1

k = 2

X
j

k t + 1 1 111

Here, ξ < 1 is a positive number which regulates the influence of the constituent
colonies to control the ruling power of the empire. A tiny value of ξ causes the total

power of the j-th empire to be determined by its imperialist X
j

1 t + 1 only, while
increasing the value of ξ accentuates the importance of the colonies in deciding the
total power of the respective empire. The N empires now are sorted in ascending
order of tcj for j= [1, N]. Then the normalized possession power of the j-th empire,
ppj, is evaluated by (1.112) with tcN representing the total objective function value
of the weakest empire in the current population Pt.

pp j =
tcN − tc j
N

l = 1
tcN − tcl

1 112

It is evident from (1.112) that stronger the j-th empire (i.e. less the total objective
function value tcj for minimization problem), higher is the possession power, ppj,
which consecutively increases its probability of seizing colonies from weaker
empires. This step is repeated for j = [1, N].
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Reassignment of Colonies and Removal of Empire

The empire with least possession power is interpreted as being defeated in
the competition. Let the weakest colony of this weakest empire be denoted
as Xworst, which is now removed from the dominance of its currently ruling impe-
rialist and reassigned as a new colony to one of the stronger empires based on their
possession probabilities. It is noteworthy that Xworst will not be possessed by the
most powerful empires, but stronger the empire, more likely to possess Xworst .
To accomplish this, the possession probability of the j-th empire is computed as
follows for j = [1, N]:

prob j = pp j − rand 0, 1 1 113

Now Xworst is assigned as a new colony to the j-th empire for which the posses-
sion probability probj is maximum. However, if the worst colony consists of only its

imperial before exclusion operation (i.e. Xworst is the imperialist of the weakest

empire), the removal of Xworst will result in the collapse of the weakest empire.

Union of Empires

The disagreement between two empires may be assessed by the difference in their
respective sociopolitical features. This dissimilarity between any two empires,
j and l, is evaluated by taking the Euclidean distance between the respective

imperialists X
j

1 t + 1 and X
l

1 t + 1 as in (1.114) for j, l = [1, N].

Dist j,l = X
j

1 t + 1 −X
l

1 t + 1 1 114

If Distj,l is less than a predefined threshold, Th, the two empires are merged into

one empire. The stronger country among X
j

1 t + 1 and X
l

1 t + 1 is declared as
the imperialist of the newly formed empire.
After each evolution, we repeat from Section 1.4.3.4 until one of the following

conditions for convergence is satisfied. Stop criteria include a bound by the num-
ber of iterations, achieving a sufficiently low error or aggregations thereof.

1.4.4 Differential Evolution Algorithm

Differential evolution (DE) algorithm is a stochastic, population-based global opti-
mization algorithm, introduced by [133], to optimize real parameter, real-valued
functions [48].
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1.4.4.1 Initialization

Range of each parameter, i.e. the upper and lower boundaries for each parameter,
is defined, and then randomly these parameters are initialized.

1.4.4.2 Mutation

The step mutation expands the search-space. Mutation is done by (1.115), where
F [0, 2] is the mutation factor. xr1,G , xr2,G and xr3,G are the randomly selected vari-
ables with i, r1, r2, r3 and G are index. vi,G+ 1 refers to the donor vector.

vi,G + 1 = xr1,G + F xr2,G − xr3,G 1 115

1.4.4.3 Recombination

Employing the target vector xi ,G and the elements of the donor vector vi ,G + 1, the
trial solution vector ui,G+ 1 is evaluated by following (1.116).

ui,j,G + 1 =
vi,j,G + 1 if rand ≤ CR or j = Irand
xi,j,G if rand > CR or j Irand

, 1 116

where i = [1, N], j = [1, D] and vi,G+ 1 xi, G is checked by Irand.

1.4.4.4 Selection

The target solution xi,G is compared with the trial solution vector ui,G+ 1 and the
next generation is selected by (1.117).

xi,G + 1 =
ui,G + 1 if f ui,G + 1 ≤ f xi,G
xi,G otherwise

, 1 117

where i = [1, N].
Sections 1.4.4.2 to 1.4.4.4 continue until the termination criterion as explained

earlier is reached.

1.4.5 Off-line Optimization

By SI and EO algorithms only the off-line optimization is possible due to their huge
run-time complexity. In case of multi-robot coordination, robots evaluate the opti-
mal trajectory (collection of coordinates) off-line in the sense of system recourse
(time and/or energy) utilization. After off-line optimization of the trajectory, it
is executed in the real-robot.

1.4.6 Performance Analysis of Optimization Algorithms

The performance of SI, EA, and their hybridization can be analyzed by the follow-
ing performance metrics. Quality of solution within a fixed epoch and the
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convergence time are two performancematrices of the SI and EA. In addition, mean
best objective function versus function evaluation, accuracy versus function eval-
uation, and function evaluation versus search space dimensionality can be consid-
ered as the performance metrics. In spite of the abovementioned performance
metrics, statistical test is conducted over the algorithms for performance
measurement.

1.4.6.1 Friedman Test

Friedman test [64], which is a nonparametrical statistical test, may be carried out
on the average objective function values of each of the algorithms for fixed inde-
pendent runs, assuming a fixed dimension. To carry out the Friedman test, first the
average ranking (Ri) for each of the considered algorithms is calculated as the
mean of the individual ranks obtained by them over all the considered N number
of benchmark functions, as shown in (1.118),

Ri =
1
N

N

j = 1

r j
i 1 118

Here, r j
i refers to the individual rank attained by the i-th algorithm for the j-th

benchmark function and the results have been computed considering N bench-
mark functions. In the next step, a term formally defining the Friedman statistic,
which follows a χ2F distribution with (k− 1) degrees of freedom, has been evaluated
using (1.119),

χ2F =
12N

k k + 1

k

i = 1

R2
i −

k k + 1 2

4
1 119

1.4.6.2 Iman–Davenport Test

Moreover, Iman–Davenport test [65] can also been conducted in order to substan-
tiate the findings of the former statistical analysis. It is basically a deviation from
the Friedman test producing more precise results and the Iman–Davenport statis-
tics is calculated as follows:

FF =
N − 1 × χ2F

N × k− 1 − χ2F
1 120

Tabular analysis can be shown in case of Friedman test, which demonstrates
that the null hypothesis has been rejected if the computed value of χ2F is greater
than the critical value of the χ2Fdistributionwith degrees of freedom (k− 1) at prob-
ability of α (χ23,α). For, Iman–Davenport test, the statistic is distributed with (k− 1)

and (k− 1) × (N− 1) degrees of freedom. Likewise, the null hypothesis has been
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rejected as the calculated value of FF is greater than the critical value of the FF
distribution with degrees of freedom (k− 1) and (k− 1) × (N− 1) at probability
of α (F(k− 1),(N− 1),α). It is obvious that the proposed algorithm is the most efficient
one, hence, in the post-hoc analysis, the proposed algorithm is assumed to be the
control method.
For multi-robot trajectory (path) planning, Average total path deviation, Aver-

age Uncovered Target Distance, Average total path traversed, and numbers of
steps required are considered as the performance metrics.

1.5 Summary

This chapter introduces multi-robot coordination algorithms for complex real-
world problems employing the principles of RL, GT, DP, and/or EA. As expected,
this chapter includes a thorough survey of the exiting literature of RL with a brief
overview of the EO to examine the role of the algorithms in view of the multi-agent
coordination.Here,multi-robot coordination is achieved by employing the EO, and
specially RL for cooperative, competitive, and their composition for application to
static anddynamic games. The remainder of the chapter provides anoverviewof the
metrics used to compare the performance of the algorithms while coordinating.
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