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In the introduction to this first part of the text, we learned that chance is used to select
samples from the population that are, in the long run, representative of the popu-
lation from which they came (Figure 1.1). Before we can appreciate how chance
influences the composition of those samples, however, we need to understand some
things about chance itself. In this chapter, we will look at the basic properties of
chance and see how the chances of individual events can be combined to address
health issues.
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4 THINKING ABOUT CHANCE

Population Chance

Sample

Figure 1.1 Chance determines which data values in the population end up in the sample.

1.1 PROPERTIES OF PROBABILITY

To begin with, we should point out that there are two terms that can be used inter-
changeably: chance and probability. In everyday language, probability (or chance)
tells us how many times something happens relative to the number of times it could
happen. For example, we might think of the probability that a patient presenting
with a sore throat has streptococcal pharyngitis. If we can expect 1 patient to actu-
ally have streptococcal pharyngitis out of every 10 patients seen with a sore throat,
then the probability of having streptococcal pharyngitis is 0.10. Or equivalently,
there is a 10% chance that a person selected at random from among persons with
sore throats would have strep throat.

In statistical terminology, the number of times something happens is called its
frequency and that “something” is called an event. The opportunities for an event to
occur are called observations.1 When using the concept of probability, we need to
understand that there are two possible results for each observation: either the event
occurs or the event does not occur. In the previous example, the event was strepto-
coccal pharyngitis and the patients seen with a sore throat were the observations.

Everyday language is often cumbersome when discussing issues in statistics.
An alternative approach is to examine events and observations graphically. We do
this by constructing a Venn diagram. In a Venn diagram, we use a rectangle to
symbolize all of the observations and a circle to symbolize those observations in
which the event occurs. Figure 1.2 is a Venn diagram we could use to think about
the probability that a patient with a sore throat has streptococcal pharyngitis.

There are some aspects of observations and events that are evident in a Venn
diagram. For instance, we can see that the entire rectangle outside of the circle cor-
responds to observations in which the event does not occur. When an event does not
occur, we say that the complement of the event occurs. In this case, the event is
having strep throat and its complement is not having strep throat.

The way a Venn diagram tells us about the magnitude of the probability is by the
area of the circle representing the event relative to the area of the entire rectangle. A
way we can compare these areas is by creating a Venn equation. A Venn equation

1Statisticians also refer to the opportunity for an event to occur as a trial. Since the term trial refers
to a clinical experiment in health research, we will exclusively use the term observation to refer to the
opportunity for an event to occur.
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PROPERTIES OF PROBABILITY 5

Figure 1.2 An example of a Venn diagram. The rectangular area represents all observations.
The circular area represents the observations in which the event occurs. The area within the
rectangle but outside of the circle represents those observations in which the event did not
occur.

Probability of strep throat =

All patients
with

sore throat

Patients
with strep

throat

Figure 1.3 A Venn equation illustrating the probability a patient with sore throat has strep-
tococcal pharyngitis.

uses the parts of a Venn diagram in a mathematical equation that shows how the
probability of an event is calculated. For the probability that a patient with sore
throat has streptococcal pharyngitis, the Venn equation would look like Figure 1.3.

A Venn equation helps us see another property of probabilities that probabili-
ties have a distinct range of possible values. Since an event cannot exist without an
observation, the circle can only be as big as the rectangle. In other words, the numer-
ator must be a subset of the denominator. The result of this property is to make the
largest possible value for a probability equal to 1 (or 100%). The value of 1 occurs
when every observation in the denominator is also an event in the numerator. When
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6 THINKING ABOUT CHANCE

the probability of an observation being an event has a value of 1, it is certain that
the event will occur.

The numerator of a probability contains the number of events. The largest value
possible is equal to the number of observations. The smallest value possible is 0. If
the numerator of a probability is equal to 0, this implies that none of the observations
are events and, therefore, the probability is equal to 0 as well. A probability of 0
indicates that it is impossible for an event to occur. A probability can be no smaller
than 0 and no larger than 1.2

When we want to calculate a probability, it is easier to use some mathemati-
cal shorthand. To symbolize a probability, we use a lowercase p followed by a set
of parentheses. Within those parentheses, we identify the event addressed by the
probability. Then, the equation looks like this:

p(event) = number of events
number of observations

(1.1)

Next, let us take a look at an example that illustrates calculation of a probability
and its interpretation.

◼ EXAMPLE 1.1

Suppose we did throat cultures for 100 patients who complained of a sore throat
and 10 of those cultures were positive for streptococcus. What is the probability a
person picked at random would have a positive strep culture?

In this question, a positive strep test is the event and someone with sore throat
is an observation. To calculate the probability of a person having a positive strep
culture, we can use Equation (1.1).

p(event) = number of events
number of observations

= 10
100

= 0.1

Thus, there is a probability of 0.1 (or a 10% chance) that a person selected from the
group of patients with a sore throat would be positive for streptococcus. ◼

A part of the shorthand we use to show how probabilities are calculated concerns
the complement of an event (i.e., an observation in which the event does not occur).
Rather than inserting the description of the complement of the event within the
parentheses, we more often put a bar over the description of the event. So,p(event)
stands for the probability of the complement of the event occurring (i.e., the prob-
ability of the event not occurring). For the complement of having strep throat, we
could use p(strep). There are two properties of a collection of events that an event
and its complement always demonstrate. The first is mutual exclusion. A collection
of events is said to be mutually exclusive if it is impossible for two or more events

2This range of possible values between 0 and 1 means that a probability is also a proportion.
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to occur in a single observation. In this case, it is certainly impossible for a person
both to have strep throat and to not have strep throat.

The second property of an event and its complement is that they are collectively
exhaustive. A collection of events is said to be collectively exhaustive if every
observation is certain to consist of at least one of the events. Here, this implies
that every person with a sore throat either has or does not have strep throat. Clearly,
this is true.

For events that are both mutually exclusive and collectively exhaustive (like an
event and its complement), there is a special relationship among the events: the
sum of their probabilities is equal to 1. In mathematical language, the relationship
between the probability of an event occurring and the probability of the complement
of the event occurring is shown in Equation (1.2):

p(event) + p(event) = 1 (1.2)

A little bit of algebra shows us that we can calculate the probability of the comple-
ment of an event by subtracting the probability of the event from 1. This is shown
in Equation (1.3):

p(event) = 1 − p(event) (1.3)

This relationship can also be described in graphic language as in the Venn equation
in Figure 1.4.

So far, we have seen how we can think about probabilities using everyday lan-
guage, graphic language, and mathematical language. Each one of these ways of
examining statistical issues has its own advantages. The sort of things we have

Patients without
strep throat

All patients
with

sore throat

All patients
with

sore throat

All patients
with

sore throat

All patients
with

sore throat

Patients
with strep

throat

Figure 1.4 A Venn equation illustrating the relationship between the probability of the
complement of the event (e.g., not having strep throat) and the probability of the event (e.g.,
having strep throat).
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8 THINKING ABOUT CHANCE

learned about probability includes the fact that probabilities have a discrete range of
possible values ranging from 0 (indicating that the event cannot occur) to 1 (indicat-
ing that the event always occurs). Also, we have examined the relationship between
an event and its complement. This relationship has two important properties of
a collection of events. These properties are mutually exclusive and collectively
exhaustive. A collection of events is mutually exclusive if only one of the events
can occur in a single observation. To be collectively exhaustive, the collection of
events needs to encompass every possibility so that at least one of the events occurs
in every observation. Next, we will take a look at other kinds of collections of events.

1.2 COMBINATIONS OF EVENT

There are two ways we might be interested in how two or more events relate to each
other. One way is that the events occur together in the same observation. We call
this the intersection of events. Another way is that at least one event occurs in an
observation. We call this the union of events.

1.2.1 Intersections

In health research and practice, we are often interested in situations in which more
than one event occurs in a single observation. For instance, we might be interested
in the relationship between a high-fat diet and development of atherosclerosis. The
sorts of people in whom we would be most interested are those who have both of
those events, since they are the ones for whom a high-fat diet could have contributed
to the risk of disease.

In statistical terminology, we refer to the occurrence of two or more events
in a single observation as the intersection of the events. Figure 1.5 illustrates the

Figure 1.5 Venn diagram illustrating the relationship between a high-fat diet and develop-
ment of atherosclerosis. The area in which the circles overlap represents those persons who
have both a high-fat diet and atherosclerosis.
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probabilities of a high-fat diet and atherosclerosis and the intersection of those
two events. Their intersection is where the two circles overlap. These are the
observations in which a person has both a high-fat diet and atherosclerosis.

The probability of an observation including both events (i.e., the intersection
of those events) considers the size of the overlap relative to all the observations.
Figure 1.6 shows a Venn equation representing the probability of the intersection of
high-fat diet and atherosclerosis.

If we want to calculate the probability of an intersection of events, we use what
is called the multiplication rule. To see how the multiplication rule works, let us
begin with a Venn equation (Figure 1.7).

To the left of the equals sign in the Venn equation in Figure 1.7 is the probability
of the intersection of having a high-fat diet and developing atherosclerosis as shown
in Figure 1.6. In the numerator of that probability are the persons who had both
events. In the denominator are all persons regardless of diet or disease. Immediately
to the right of the equals sign is the probability that someone has a high-fat diet. In
the numerator of that probability are the persons with a high-fat diet and in the
denominator are, as before, all persons regardless of diet or disease.

p (fat and atherosclerosis) =

All persons

Figure 1.6 Venn equation for the probability that a person has both a high-fat diet (fat) and
has atherosclerosis. In the numerator is the area of overlap (intersection) of the two circles
in the Venn diagram (Figure 1.5). The denominator represents everyone whether or not they
have a high-fat diet or atherosclerosis (i.e., the entire rectangle).

All persons All persons

High
fat
diet

High
fat
diet

Figure 1.7 Venn equation of the multiplication rule used to calculate the intersection of
high-fat diet and atherosclerosis.
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The second fraction to the right of the equals sign also is a probability,3 but it
looks different from any probability we have encountered so far. Specifically, it does
not include all the observations (represented by the rectangle in a Venn diagram) in
its denominator. Rather, it includes only those persons with a high-fat diet in its
denominator. This is an example of a very important kind of probability, called a
conditional probability. A conditional probability tells us the probability of an
event occurring given that another event has occurred. In this case, the conditional
probability tells us the probability of a person having atherosclerosis given that the
person has a high-fat diet.

In mathematical notation, a conditional probability also looks different from
other probabilities we have encountered. Equation (1.4) illustrates the mathematical
notation for the Venn equation in Figure 1.7.

p(A and B) = p(A) ⋅ p(B ∣ A) (1.4)

where

p(A and B) = probability that an observation will include both event A and event
B (i.e., the probability of the intersection of A and B)4

p(A) = probability that an observation includes event A (i.e., the unconditional
probability of event A)

p(B ∣A) = probability that an observation will include event B given that it
includes event A (i.e., a conditional probability of event B)

Or, in terms of a high-fat diet and atherosclerosis,

p(fat and atherosclerosis) = p(fat) ⋅ p(atherosclerosis ∣ fat) (1.5)

From a statistical point of view, it does not matter which event is addressed by the
conditional probability.5 Thus, the probability of the intersection of high-fat diet
and atherosclerosis could also be calculated as

p(fat and atherosclerosis) = p(atherosclerosis) ⋅ p(fat ∣ atherosclerosis) (1.6)

3Recall that, to be a probability, a fraction’s numerator must be a subset of its denominator. This is the
case here, because those persons with both a high-cholesterol diet and atherosclerosis (the numerator)
are all included in the circle representing persons with atherosclerosis (the denominator).
4In set notation, this is p(A∩B).
5The way the probability of the intersection is calculated depends only on which probabilities are
obtained as part of a particular health research study. If our information about the relationship between
the high-fat diet and atherosclerosis comes from a cohort study (a study in which the probability of dis-
ease is compared between exposed and unexposed persons), for example, the conditional probability we
would measure is the probability of the disease given exposure status. In a case–control study (a study in
which the odds of being exposed is compared between persons who have and do not have the disease),
however, the conditional probability we measure is the probability of the exposure given the disease
status.
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In Equations (1.5) and (1.6), we can see that a vertical line is used to separate the
two events in the parentheses of a conditional probability. The event to the left of the
vertical line is called the conditional event. It is the conditional event that the proba-
bility addresses. In Equation (1.5), the conditional event is having atherosclerosis, so
this conditional probability tells us about the chance that someone has atheroscle-
rosis. The event to the right of the vertical line is called the conditioning event.
The conditioning event defines the circumstance in which we are interested in the
probability of the conditional event. Here, having a high-fat diet is the conditioning
event. Thus, Equation (1.5) tells us that we are interested in the probability of having
atherosclerosis given (i.e., under the condition) that someone has a high-fat diet.

The reason that conditional probabilities are so important in health research is
the fact that they tell us about an important aspect of the relationship between
events. Namely, conditional probabilities can be used to see if the occurrence of one
event changes the probability of the occurrence of another event. If, for example,
we are interested in whether there is this sort of relationship between a high-fat
diet and having atherosclerosis, we could compare the conditional probability in
Equation (1.5) with the probability that someone has atherosclerosis given that they
do not have a high-fat diet (p(atherosclerosis ∣ fat)). If those two conditional prob-
abilities have the same value, then we can conclude that a high-fat diet does not
influence the chance of having atherosclerosis. In that case, the three probabilities
in Equation (1.7) are all equal to the same value.

p(atherosclerosis ∣ fat) = p(atherosclerosis ∣ fat) = p(atherosclersis) (1.7)

Or, in more general terms,

p(B ∣A) = p(B ∣A) = p(B) (1.8)

where

p(B ∣ A) = probability that an observation will include event B given that it does
not include event A (i.e., another conditional probability of event B)

In statistical terminology, we say two events are statistically independent when
the probability of one of the events is not affected by occurrence of the other event.6

In biologic terms, events that are statistically independent cannot have a causal rela-
tionship (or any other type of relationship).

6The term “statistically independent” as statisticians use it can be confusing when we consider the every-
day meaning of “independence.” If we were to say, for example, that two persons are independent, we
are likely to infer that there is no connection between them. This is not what the statistician is imply-
ing. Rather, the statistician is saying that you do not need to consider whether or not one event has
occurred when addressing the probability of another event. When a statistician implies that there is no
overlap between events, the statistician says that they are “mutually exclusive” rather than “statistically
independent.”
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To determine if events are statistically independent, we need to compare only two
of the three probabilities in Equation (1.8). If those two probabilities are equal to the
same value, then all three probabilities are the same and the conditional and condi-
tioning events are statistically independent. We will take a look at an example of this
relationship shortly, but first let us see how conditional probabilities are calculated.

To calculate a conditional probability, we use Equation (1.4) algebraically rear-
ranged as in Equation (1.9).

p(B ∣ A) =
p(A and B)

p(A)
(1.9)

Or, in terms of a high-fat diet and having atherosclerosis,

p(atheroslerosis ∣ fat) =
p(fat and atherosclerosis)

p(fat)
(1.10)

This process of identifying statistical independence is illustrated in Example 1.2.

◼ EXAMPLE 1.2

Suppose that, in a particular valley of the Mojave Desert, there are 2,500 residents.
Of those 2,500 residents, 625 work for ACME Borax, Inc., a company that recovers
chemicals from the brine under a salt flat that covers most of the valley floor. Of the
2,500 residents of the valley, 500 have been diagnosed with leukemia. Of the 500
diagnosed with leukemia, 125 are persons who work for ACME Borax, Inc. Given
that information, is working for ACME statistically independent of being diagnosed
with leukemia?

First, let us consider the relationship between working for ACME and having
leukemia. We are told that 625 persons work for ACME and, of those, 125 have
leukemia. From that information, we can calculate the probability of having
leukemia under the condition that a person works for ACME using Equation (1.9):

p(leukemia ∣ACME) =
p(leukemia and ACME)

p(ACME)
=

125∕2,500

625∕2,500
= 0.2

To determine if working for ACME and having leukemia are statistically indepen-
dent events, we need to compare that conditional probability with either the proba-
bility of having leukemia given that a person does not work for ACME or with the
overall (i.e., unconditional) probability of having leukemia. The latter probability is

p(leukemia) =
number with leukemia in valley

number in valley
= 500

2,500
= 0.2

Since these two probabilities are equal to the same value, we can conclude that work-
ing for ACME and having leukemia are statistically independent events. In other
words, working for ACME does not change the probability of having leukemia. ◼
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So far, we have seen that we can use the multiplication rule to calculate the prob-
ability of two events occurring in a single observation (i.e., the intersection of those
events). To calculate the probability of the intersection of more than two events,
we simply include each additional event in the multiplication of conditional prob-
abilities. For each additional event, we include the conditional probability of the
event with the conditioning events being all of the events listed previously in the
equation. For example, we can calculate the intersection of three events as shown
in Equation (1.11).

p(A and B and C) = p(A) ⋅ p(B ∣ A) ⋅ p(C ∣ A and B) (1.11)

where

p(C ∣A and B) = probability that an observation will include event C given it
includes events A and B (i.e., a conditional probability of event C)

If the events are statistically independent, we can use a simplified version of the
multiplication rule. This simplification is to multiply the unconditional probabilities
of the events. Equation (1.12) shows the simplified version for the intersection of
three events examined in Equation (1.11).

p(A and B and C) = p(A) ⋅ p(B) ⋅ p(C) (1.12)

The reason we can use this simplified version of the multiplication rule is that, by
definition, the conditional and unconditional probabilities are the same for statisti-
cally independent events (as shown in Equation (1.8)). If the three events are not
statistically independent, however, we need to use Equation (1.11) to calculate the
intersection of events.

1.2.2 Unions

When our interest is in the probability of any (i.e., 1 or more) of a collection of events
occurring in the same observation, we say we are interested in the union of those
events. Suppose, for example, we are considering two risk factors for atherosclero-
sis: high-fat diet and smoking. In that case, we might be interested in calculating the
probability a person has at least one of these risk factors (i.e., either high-fat diet or
smoking or both high-fat diet and smoking). To illustrate this, let us add smoking
to the Venn diagram in Figure 1.5. Then the Venn diagram of all three events will
look something like the one in Figure 1.8.

The union of the two risk factors is satisfied if a person either has a high-fat diet
or smokes (or both). Thus, the numerator of the probability of the union of those
two events includes the part of the Venn diagram covered by either circle.
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Atherosclerosis

High
fat
diet

Smoking

Figure 1.8 Venn diagram showing the relationship between high-fat diet, smoking, and
atherosclerosis.

p (fat and/or smoke) =

All persons

Smoking

High
fat
diet

Figure 1.9 Venn equation showing the probability of the union of smoking and/or high-fat
diet

Figure 1.9 shows the Venn equation for the union of smoking and high-fat diet.
To calculate the probability of the union of two events, we use the addition rule.
As the name implies, in the addition rule the probabilities of each of the events are
added together.

Since adding the probabilities together includes the intersection of those events
twice, the probability of the intersection of the events must be subtracted from the
sum. This calculation for the union of smoking and a high-fat diet is illustrated by
the Venn equation in Figure 1.10.
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All persons

= + –

High
fat

 diet
High
fat

 diet

All persons All persons All persons

Smoking Smoking

Figure 1.10 Venn equation showing calculation of the union of smoking and a high-fat diet
using the addition rule.

In mathematical terms, the calculation of the union of two events is performed
as shown in Equation (1.13).

p(A and∕or B) = p(A) + p(B) − p(A and B) (1.13)

where

p(A and/or B) = probability an observation will include event A and/or event B
(i.e., the probability of the union of events A and B)7

Now, let us take a look at an example addressing the union of two events.

◼ EXAMPLE 1.3

Suppose we are planning a clinical trial of a new live vaccine. In this study, we want
to exclude persons who are either pregnant or immunocompromised. Suppose we
estimate that the population from which we are planning to take our sample includes
20% of the total number of persons who are pregnant and 10% of the total number of
persons who are immunocompromised. If being pregnant and being immunocom-
promised are statistically independent events, what proportion of our sample will
be excluded due to either of these characteristics?

To calculate the probability of the union of two events, we use Equation (1.13).
For this application, Equation (1.13) looks like the following:

p(preg and∕or comp) = p(preg) + p(comp) − p(preg and comp)

We know the probability that a person selected at random from the population will
be pregnant (p(preg)= 0.2) and the probability that a person selected at random from

7In set notation, this is p(A∪B).
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the population will be immunocompromised (p(comp) = 0.1). We are not given the
probability of the intersection of these two events (i.e., the probability a person
will be both pregnant and immunocompromised). We are told, however, that these
two events are statistically independent. This tells us that we can use the simplified
version of the multiplication rule illustrated for three statistically independent events
in Equation (1.12). For the two statistically independent events of being pregnant
and being immunocompromised, their intersection can be calculated as follows:

p(preg and comp) = p(preg) ⋅ p(comp) = 0.2 ⋅ 0.1 = 0.02

Now that we have the probability of the intersection of the two events, we are ready
to calculate their union.

p(preg and∕or comp) = p(preg) + p(comp) − p(preg and comp)

= 0.2 + 0.1 − 0.02 = 0.28

Thus, we can expect that 28% of the persons we select from the population will be
excluded from the study because they are either pregnant or immunocompromised
(or both). ◼

As with the multiplication rule we used to calculate the probability of the inter-
section of events, the addition rule for calculation of the probability of the union
of events has a simplified version that can be used under a special condition. For
the addition rule, the condition is that the events are mutually exclusive. If so, the
probability of the union of events can be calculated by simply adding together the
probabilities of the events. The intersections of the events do not need to be sub-
tracted from that sum because, by definition, the probability of the intersection of
two mutually exclusive events is equal to 0.

1.3 BAYES’ THEOREM

Earlier, we learned there are two types of events in a conditional probability: the
conditional event(s) and the conditioning event(s). We also learned that these types
of events have very different roles in a conditional probability. The conditional event
is the event for which the probability is calculated (i.e., conditional probabilities tell
us the chance of the conditional event occurring). All of the characteristics of uncon-
ditional probabilities (those discussed at the beginning of this chapter) apply to the
conditional event. For instance, the probability of the complement of the conditional
event is found by subtracting the conditional probability from 1 (see Equation (1.3)).
Equation (1.14) shows that relationship for conditional probabilities:

p(A ∣ B) = 1 − p(A ∣ B) (1.14)
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The conditioning event defines the condition under which we are interested in the
probability of the conditional event. None of the characteristics of unconditional
probabilities discussed at the beginning of this chapter apply to the conditioning
event. For example, we cannot find the probability of the conditional event given
that the conditioning event does not occur by subtracting from 1 the conditional
probability given that the conditioning event occurs. Equation (1.15) shows this
inequality in mathematical notation:

p(A ∣ B) ≠ 1 − p(A ∣ B) (1.15)

So, there are important differences in the way conditional and conditioning events
affect interpretation of conditional probabilities. Under most circumstances, we
need to only keep these differences in mind. Under some circumstances, however,
the conditional probabilities we know something about have the conditional and
conditioning events reversed relative to our interest. Examples of such “backward”
conditional probabilities are the sensitivity and specificity of a diagnostic test.
Sensitivity tells us the probability that a person with a particular disease (D) will
have a positive test result (T). Specificity tells us the probability that a person
without that disease (D) will have a negative test result (T). In mathematic
notation, Equations (1.16) and (1.17) describe the sensitivity and specificity of a
diagnostic test.

Sensitivity = p(T ∣ D) (1.16)

Specificity = p(T ∣ D) (1.17)

Since the conditioning event is having the disease, sensitivity can only be interpreted
for those persons known to have the disease. Likewise, specificity can only be inter-
preted for those persons known not to have the disease. When a diagnostic test is
used, however, it is not known whether or not the person has the disease. What is
known is whether the test has a positive or negative result. To interpret a diagnostic
test, we need to interchange the conditional and conditioning events in sensitivity
and specificity.8 The way we do this is by using Bayes’ theorem. Equation (1.18)
shows Bayes’ theorem in general terms.

p(B ∣ A) =
p(B) ⋅ p(A ∣ B)

[p(B) ⋅ p (A ∣ B)] + [p(B) ⋅ p(A ∣ B)]
(1.18)

where

p(B ∣A) = probability of event B occurring given event A has occurred

p(B) = unconditional probability of event B occurring

8Since sensitivity and specificity are “backward” conditional probabilities, you might wonder why we
use them to address the performance of a diagnostic test. The reason is the way studies examine diagnostic
tests. In one study, the test is used on persons with the disease. That study estimates sensitivity. In another
study, the test is used on persons without the disease. That study estimates specificity.
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p(A ∣B) = probability of event A occurring given event B has occurred

p(B) = unconditional probability of event B not occurring

p(A ∣ B) = probability of event A occurring given event B has not occurred

Example 1.4 applies Bayes’ theorem to sensitivity and specificity.

◼ EXAMPLE 1.4

Suppose we are screening a particular population for cervical cancer. In that pop-
ulation, 1 out of 1,000 women has cervical cancer. The diagnostic test we use for
screening has a sensitivity of 0.9 and a specificity of 0.7. What is the probability a
person with a positive test result really has cervical cancer?

To begin with, let us take a look at the information we have. Knowing that 1 out
of 1,000 women in the population have cervical cancer tells us that the probability
that any particular woman has cervical cancer is 0.001. A sensitivity of 0.9 implies
that a person with cervical cancer has a 90% chance of having a positive test result
and a specificity of 0.7 implies that a person without cervical cancer has a 70%
chance of having a negative test result. In mathematic notation, we know

p(D) = 0.001

p(T ∣ D) = 0.9

p(T ∣ D) = 0.7

Our interest is in the probability of a person with a positive test result has cervi-
cal cancer. At first this sounds like the sensitivity, but it is not the same thing. In
sensitivity, our interest is confined to people who have the disease. To interpret a
positive test result, however, we need to confine our interest to persons with a posi-
tive result. Thus, our interest is in the same events that make up sensitivity, but with
the conditional and conditioning events transposed. We can transpose conditional
and conditioning events by using Bayes’ theorem (from Equation (1.18)).

p(D ∣ T) =
p(D) ⋅ p(T ∣ D)

[p(D) ⋅ p (T ∣ D)] + [p(D) ⋅ p(T ∣ D)]

= 0.001 ⋅ 0.9
[0.001 ⋅ 0.9] + [(1 − 0.001) ⋅ (1 − 0.7)]

= 0.003

So, the probability that a woman with a positive test result has cervical cancer is
0.003. You might be surprised that this probability is so low. The principal reason
for this is the fact that cervical cancer occurs in only 1 out of 1,000 women. Among
women with a positive test result, this changes to 3 out of 1,000. So, the chance of
cervical cancer is three times as great among women with a positive test result, but
it is still a low probability (i.e., 0.003). Bayes’ theorem has helped us to appreciate
the meaning of a positive test result when the diagnostic test is used for screening
this population. ◼
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Now that we have an understanding of probabilities, we are ready to apply what we
have learned to the process of taking samples from populations. In the next chapter,
we will begin doing this by focusing on populations.

CHAPTER SUMMARY

In Chapter 1, we learned that probabilities are useful in thinking about events (things
that occur or characteristics that exist) relative to observations (opportunities for
things to occur or characteristics to exist). When thinking about probabilities, we
use literary, graphic, or mathematic language. In literary language, a probability is
the frequency of events relative to the number of observations. In graphic language,
we use Venn diagrams to think about probabilities. In Venn diagrams, a circular area
usually represents occurrences of the event and a rectangle represents the observa-
tions. Then, the probability of the event is reflected by the area of the circle relative
to the area of the rectangle. Mathematically, probabilities are proportions, because
the number of events is part of the number of observations.

Regardless of which language we use to think about probabilities, we notice that
probabilities have certain properties. One of these is that a probability must have
a value within the range of 0 to 1. A probability of 0 tells us that the event never
occurs. A probability of 1 tells us that the event always occurs. Probabilities between
0 and 1 tell us that the event sometimes occurs.

In addition to thinking about single events, we can use probabilities to think about
collections of events. The first collection of events considered in Chapter 1 includes
the event and its complement. The complement of an event includes everything that
could happen in an observation except the event. Events and their complements
always have two characteristics. One is that they are always collectively exhaustive.
Events are collectively exhaustive when at least one of the events must occur in
every observation. Another characteristic of events and their complements is that
they are mutually exclusive. Being mutually exclusive means that, at most, only
one of the events can occur in a particular observation.

We can have collections of events other than just a particular event and its
complement. Other collections of events might be collectively exhaustive and/or
mutually exclusive. An event and its complement, however, are always collectively
exhaustive and mutually exclusive.

With other collections of events, we can be interested in two types of relation-
ships of the events. These are the intersection and the union of those events. In an
intersection of events, we are interested in those observations in which all of the
events occur. In a union of events, we are interested in those observations in which
at least one of the events occurs.

When we are interested in the intersection of events, we can use the multipli-
cation rule to calculate the probability of the intersection of events. There are two
versions of the multiplication rule. The simplified version involves multiplying the
probabilities of each event together. This simplified version is appropriate if the
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events are statistically independent (from each other). That is, if the probability of
each event is the same regardless of whether the other event(s) occur(s). The full
version of the multiplication rule uses conditional probabilities.

Many of the probabilities we encounter in health research and practice are condi-
tional probabilities. What distinguishes conditional probabilities from other proba-
bilities is the fact that conditional probabilities address a subset of the observations,
rather than all of the observations. That subset of observations is specified by the
conditioning event(s). The event(s) addressed by the conditional probability is spec-
ified by the conditional event(s). If events are statistically independent, then the
probability of the conditional event occurring is the same regardless of whether the
conditioning event occurs.

When we are interested in the union of events, we use the addition rule to calcu-
late the probability of the union. There are two versions of the addition rule. In the
simplified version, the probabilities of the events in the union are added together.
This simplified version of the addition rule can be used when the events are mutu-
ally exclusive. If the events are not mutually exclusive, the probabilities of their
intersections need to be taken into account.

The conditional and conditioning events in conditional probabilities have very
different functions. A conditional probability addresses the probability that the con-
ditional event(s) will occur under the assumption that the conditioning event(s) has
occurred. Often, we find we are interested in the probability that the conditioning
event will occur assuming the conditional event has occurred. One example of this
situation is the relationship among the probabilities used in interpreting diagnostic
tests. Tests are characterized by their sensitivities and specificities. The conditioning
events in sensitivity and specificity are whether or not a person has the disease. To
interpret the result of a diagnostic test, however, we want to consider the probability
that a person has the disease. In other words, we want to change whether someone
has the disease from being the conditioning event to be the conditional event. The
way in which we exchange conditional and conditioning events is by using Bayes’
theorem.

EXERCISES

1.1. In a particular high school, 40 of the 200 graduating seniors report they have
had unprotected sexual intercourse and 100 of the 200 graduating seniors report
they have tried smoking marijuana at least once during high school. Further,
30 of the 100 graduating seniors who report they have tried smoking mari-
juana have also had unprotected sexual intercourse. Based on that information,
which of the following is the best description of the relationship between hav-
ing unprotected sexual intercourse and smoking marijuana?

A. Having unprotected sexual intercourse and smoking marijuana are not sta-
tistically independent, but they are mutually exclusive.
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B. Having unprotected sexual intercourse and smoking marijuana are statisti-
cally independent, but they are not mutually exclusive.

C. Having unprotected sexual intercourse and smoking marijuana are both sta-
tistically independent and mutually exclusive.

D. Having unprotected sexual intercourse and smoking marijuana are neither
statistically independent nor mutually exclusive.

E. There is not enough information given here to determine statistical inde-
pendence and mutual exclusion of having unprotected sexual intercourse
and smoking marijuana.

1.2. Suppose 25% of the children in a certain elementary school developed nausea
and vomiting following a holiday party. None of the children who drank the
apple cider at that party became ill. Based on that information, which of the
following is the best description of the relationship between becoming ill and
drinking apple cider at the party?
A. Becoming ill and drinking cider are not statistically independent but they

are mutually exclusive.
B. Becoming ill and drinking cider are statistically independent but they are

not mutually exclusive.
C. Becoming ill and drinking cider are both statistically independent and

mutually exclusive.
D. Becoming ill and drinking cider are neither statistically independent nor

mutually exclusive.
E. There is not enough information given here to determine statistical inde-

pendence and mutual exclusion of becoming ill and drinking cider.

1.3. In a particular population, 30% of the people smoke cigarettes and 10% of the
people have chronic obstructive pulmonary disease (COPD). If having COPD
is independent of smoking, what percent of the population would you expect
to find who smoke and also have COPD?
A. 0%
B. 3%
C. 10%
D. 30%
E. 40%

1.4. In a particular population, 5% of the infants have a low birthweight
(<2,500 gm) and 60% of the mothers have at least 16 years of education.
If having a mother with at least16 years of education and having a low
birthweight are statistically independent, which of the following is closest to
the percentage of infants who have a mother with at least 16 years of education
and who have a low birthweight?
A. 0%
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B. 3%

C. 6%

D. 30%

E. 40%

1.5. Suppose in a population of 10,000 persons, 5,000 smoke cigarettes and 7,500
have a high-fat diet. Further, suppose that among the 5,000 persons who smoke
cigarettes there are 3,000 who are also among the 7,500 who have a high-fat
diet. Based on that information, which of the following is closest to the percent-
age of persons in the population who smoke cigarettes and/or have a high-fat
diet?

A. 38%

B. 50%

C. 75%

D. 95%

E. 125%

1.6. In a particular population, 60% of infants receive only their mother’s breast
milk, 20% receive only commercial infant formula, and 20% receive both.
What is the chance that a particular infant selected randomly would receive
breast milk and/or formula?

A. 0%

B. 20%

C. 80%

D. 100%

E. 120%

1.7. Suppose we are interested in the efficacy of a new treatment for anemia. To
investigate this treatment, we randomly assign 50 persons with anemia to
receive the new treatment and 50 persons with anemia to receive the standard
treatment. Among those 100 persons, suppose 60% are cured. If there is no
association between treatment and the chance of being cured, what percentage
of the persons who received the new treatment would we expect to be cured?

A. 0%

B. 30%

C. 36%

D. 50%

E. 60%

1.8. In a certain industry, 20% of the workers develop liver disease and 40%
develop respiratory disease. If there is no association between developing liver
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disease and developing respiratory disease, what percentage of the workers
who develop liver disease would we expect to also develop respiratory
disease?

A. 8%

B. 20%

C. 40%

D. 52%

E. 60%
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