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Basic Methods and Tools

1.1 General Approach

This first part is devoted to a synthesis of the different methods and concepts
used in the various fault diagnosis and failure prognosis techniques (Figure
1.1).
Whatever the approach, these methods require informative data. Therefore

we dedicate the first section to the signals that can be extracted from the drive
system (Section 1.2). Thus, the different technology of sensors will be presented
(Subsection 1.2.1). From these signals are then extracted time, frequency, sta-
tistical (Subsection 1.2.2), or model (Subsection 1.2.3) parameters. They could
come also from analytical redundancies (Subsection 1.2.4).
However some parameters may be redundant and the problem may be

overdetermined. Therefore, a compromise must be found between a minimum
number of parameters and sufficient information (Section 1.3). Thus, twomain
techniques for reducing the size of the pattern vectorwill be presented: the prin-
cipal component analysis (Subsection 1.3.1) and the intercorrelation, which
measures the dependency of the parameters (Subsection 1.3.2). The quality
of the information is measured with the entropy (Subsection 1.3.3). Then, the
main techniques for selecting the best parameters in the case of supervised clus-
tering (Subsection 1.3.4) and unsupervised clustering (Subsection 1.3.5) will be
detailed.
Another important problem is the determination of the best number of

classes (Subsection 1.3.6), especially in the case of unlabeled data. Some criteria
are given in the Subsection 1.3.7 to evaluate the quality of the classification.
Diagnosis is mainly based on classifiers (Section 1.4). They allow automatic

classification of the unknown states into healthy class or faulty ones. Some
generalities are presented in Subsection 1.4.1. Then the supervised classifiers
(Subsection 1.4.2) and unsupervised ones (Subsection 1.4.3) are detailed.
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From diagnosis to prognosis
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Figure 1.1 General overview of Diagnosis and Prognosis methods

Finally, themethods of failure prognosis are discussed (Section 1.5). First, the
general process is described in Subsection 1.5.1. Some techniques are detailed:

● the extrapolation of time series (Subsection 1.5.2) that can be used to forecast
the pattern vector,

● the Bayesian inference (Subsection 1.5.2),
● the Markov chain (Subsection 1.5.3) and the hidden Markov chain, which
allow the diagnosis to be addressed in terms of stochastic process,

● the rain  ow (Subsection 1.5.6) that joins the reliability approaches.

1.2 Feature Extraction: Signal and Preconditioning

1.2.1 Raw Signals: What Kind of Signals and Sensors?

Diagnostic tools need sensors, which are adapted to the faults that are being
investigated. The choice of these sensors depends on the nature of the faults,
the desired bandwidth, the in uence signals but also, of course, the cost and
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Figure 1.2 Application fields for sensors

the complexity of the interface. The reader can refer toWebster [1998] andAsch
[2017] for a more in-depth study of the different types of sensors.
Current sensors and voltage ones are mainly used in motor current signa-

ture analysis (MCSA) applications to detect electrical faults in inverter and
actuators. They can also give indications of bearing and gear defects.
Vibration and noise sensors are used for the mechanical part of the drive.

They also give indications of abnormal torque, eccentricity, and thus the
magnetic behavior of the actuator.
Temperature sensors are used in the detection of converter and actuator

faults but with a bandwidth of a few hundred Hz maximum.
Axial field sensors are used to detect some defects linked to a magnetic

asymmetry (eccentricity, magnetomotive force asymmetry ...).

1.2.1.1 Current Sensors
Current sensors (and voltage sensors) are used for the control, protection, and
supervision of electrical drives. Their choice depends on the bandwidth, the
influence quantities, the necessity or not of a galvanic isolation, the possibility
to measure DC currents and their price. The following tables give the main
characteristics of the different technology (Clerc [1989]) and (Asch [2017]).
Table 1.1 gives the characteristics of the shunts (Clerc [1989]).
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Table 1.1 Current sensors: shunts 1∕8

Characteristics Classical shunt Coaxial shunt

Schematic diagram

Measure

Transfer function 𝑈 = 𝑅𝑠ℎ𝑢𝑛𝑡.𝐼 𝑈 = 𝑅𝑠ℎ𝑢𝑛𝑡.𝐼

Galvanic insulation No No

DCmeasurement Yes Yes

Frequency bandwidth Few hundreds of Hz Up to 1MHz

Output level Very low: Few tens of mV Very low: Few tens of mV

Interface

Di�erential ampli�er

with high common mode

rejection

Di�erential ampli�er

with high common mode

rejection

Losses Joule losses: 𝑅𝑠ℎ𝑢𝑛𝑡 ⋅ 𝐼2 Joule losses: 𝑅𝑠ℎ𝑢𝑛𝑡 ⋅ 𝐼2

In�uence quantities

-Frequency:
Skin e�ect and interaction
with inductances and capacitances
of the structure.
-Temperature.
-Electromagnetic interference.

-Skin e�ect for 𝑓 > 1𝑀𝐻𝑧
-Interaction of inductances
and capacities of the structure,
-For the U-shaped structure,
edge e�ects increase the
in uence of the eddy currents
-Temperature.

Limitations

-Sensitivity to interferences
for low I.
-Long-term overloads degrade
the structure by overheating.

Intensity is limited by:
-the heating
-the electrodynamic stresses
that can distort too thin walls.

Remarks

- Major drawback: low output level
- Advantage: its price.
with inductances and capacitances
of the structure.
-Temperature: Depends on the
material being used.
-Electromagnetic interference.

It is more used in proto-
types than in industrial
series.
Major drawback: low
output level and its price
for high current.
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Table 1.2 gives the characteristics of sensors based on temperature and
current comparator working at zero  ux (Clerc [1989]).

Table 1.2 Current sensors: Temperature-based sensor and current comparator 2∕8

Characteristics Temperature sensor Current comparator

Schematic diagram

+12V à +24V

–12V to –24V

Gnd

V

mA
n

N

i

i

Transfer function 𝑁.𝐼 = 𝑛.𝑖

Galvanic insulation Yes Yes

DCmeasurement Yes Yes

Frequency bandwith
The response time depends

on the test specimen > 1𝑠.

A few tens of kHz

Response times < 1𝜇𝑠

Output level
Low but takes advantage
of galvanic isolation.
Before ampli�er: a few mV

Current
A few hundred mA

Interface

For thermocouple: ampli�er.
For resistance:
Bridge and ampli�er or
potentiometer circuit.

Supply: A few W
The interface is described
on the schematic diagram.

Losses
Depends on the temperature
sensor and the test specimen.
Very low with thermocouple.

Average

In�uence quantities
Ambient temperature.
Supply voltage for the conditioner.
Humidity for the 8 resistive sensors.

Temperature.
Stray  uxes caused by
neighboring conductors.

Limitations
Response time.
Internal thermal coupling.

Rather poor reliability.
Withstands overloads.

(Continued)



6 1 Basic Methods and Tools

Table 1.2 (Continued)

Characteristics Temperature sensor Current comparator

Remarks

Temperature sensor:

Resistance, Thermocouple,

Quartz oscillator, Diode.

Test Specimen:

Resistance or semiconductor.

Source of errors

-Magnetic circuit remanence

-O�set current

-Magnetic interference

-Temperature drift

Table 1.3 gives the characteristics of a current comparator with a detection
coil and of a current transformer.

Table 1.3 Current sensors: Current comparator with detection coil and Current
transformer 3∕8

Characteristics Current comparator
with detection coil

Current transformer

Schematic diagram

Zero
Detector

Ip

Is

ImIc

Load Is

Ip

Transfer function 𝑁1.𝐼𝑝 = 𝑁2.𝐼𝑚 𝑁𝑝.𝐼𝑝 −𝑁𝑠.𝐼𝑠 = 𝐼𝑚 ≈ 0

Galvanic insulation Yes Yes

DCmeasurement No No

Frequency bandwith A few kHz Limited to few kHz

Output level Current Current

Interface

An interface is given in the remarks.

The adjustment of G and C

can be controlled by the signal

of the zero detector.

An auxiliary source must provide

the compensation current.

TI must have a low

input impedance.

Current/voltage transformer,

must have a high

input impedance

(Continued)
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Table 1.3 (Continued)

Characteristics
Current comparator

with detection coil
Current transformer

Losses
Part of the measurement energy

is taken from the main circuit.

Eddy current and Joule losses.

Measurement energy pick-up

on the primary.

In�uence quantities

They have minimal impact:

- interference  uxes caused

by neighboring conductors.

-frequency (parasitic capacitances).

Stray  uxes caused

by neighboring conductors.

Load: (which modi�es

the TI characteristics)

Limitations

Parasitic �elds, parasitic

capacitances between windings,

and between windings

and conductive screens.

Overload saturation.

Self-heating can cause

deterioration of the insulation.

Remarks

Sources of errors:

-magnetizing current

-leakage inductances

and winding resistances.

Saturation can protect measuring

devices by limiting 𝐼𝑆

Table 1.4 gives the characteristics of the transducer and of the Rogowski coil.
These later give an image of the current gradient.

Table 1.4 Current sensors: Transducer and Rogowski coil

Characteristics Transducer Rogowski Coil

Schematic diagram

Ng

Tl for DC current Ic A
Ig

Ng
NcI

Variable
Inductance

Rc

Rg

RI

EI

Nc

Ic

r = radius of the coils
R = radius of the torus

Z

Z is very high.

(Continued)
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Table 1.4 (Continued)

Characteristics Transducer Rogowski Coil

Transfer function

𝐼𝑠 = 𝐼.𝑁𝑐

𝑁𝑔
.(1 + 𝑅𝑔

𝑅𝑖
)

TI for DC current: 𝑁𝑐 .𝐼𝑐 = 𝑁𝑔.𝐼𝑔

𝐸 = −𝜇0
𝑁

𝑙
. 𝑑𝐼
𝑑𝑡
.𝑆

with 𝑁

𝑙
linear density of turns

Galvanic insulation Yes Yes

DCmeasurement Yes No

Frequency bandwith Limited to a few kHz
Bandwidth from 0.1Hz
to 100kHz.

Propagation time: 10𝜇𝑠

Output level Current Voltage

Interface
Power Supply: Few tens of W.

It is recommended to use a
supply signal of a few kHz.

Measurement interface with
high input impedance.
Differential amplifier

Losses Important Very low

Influence quantities Stray fluxes caused by the
neighboring conductors.

- Frequency,

- Sensitivity to external magnetic
fields very attenuated by the feed-
back cable.

Limitations Saturation on overload

- Minimummeasurable voltage.

- Breakdown voltage of windings.

- Accuracy requirements

Remarks
Drawback:

High cost and High
consumption.

-Excellent linearity.

-Not suitable for low 𝑑𝐼

𝑑𝑡
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Table 1.5 gives the characteristics of the internal inductive  ow sensor and
of the coreless full shield probe.

Table 1.5 Current sensors: Internal inductive flow sensor and coreless full shield
probe 5∕8

Characteristics
Internal inductive

flow sensor

Coreless

full shield probe

Schematic diagram

Z is low.
R0 is very high.

Z

r = radius of the coils
R = radius of the torus
R0 = internal resistance
L = Internal inductance

Z is low.
Z0 is low.

Z

r = radius of the coils
R = radius of the torus
Z0 = internal impedance

Transfer function
𝑖 = − 𝐿

𝑛.𝑅0
. 𝑑𝐼
𝑑𝑡

with 𝐿𝜔

𝑅0
<< 1 and 𝑛 number of turns

𝐼𝑠 =
𝐼

𝑛

Galvanic insulation Yes Yes

DCmeasurement No No

Frequency bandwith Similar to the Rogowski coil. Similar to the Rogowski coil.

Output level Current Current

Interface
Low input impedance

measuring device.

Low input impedance

measuring device.

Losses Very low. Very low.

In�uence quantities

-Frequency.
-Sensitivity to externalmagnetic
�elds very attenuated by
the feedback cable.
-Temperature

Sensitivity to external magnetic
�elds very attenuated by
the feedback cable.

Limitations

𝑅0 must be kept independent of

-the temperature and

-the frequency.

They depends on

-mechanical resistance,

-the heating,

-the skin e�ect.

Remarks Not suitable for low 𝑑𝐼

𝑑𝑡

Table 1.6 gives the characteristics of the Hall e�ect sensor and of the Magne-
toresistive probe.
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Table 1.6 Current sensors: Hall effect sensor and magnetoresistive probe 6∕8

Characteristics Hall effect sensor
Magnetoresistive

probe

Schematic diagram

S2

S1

U
Vh

II

I

B

c

d

Copper

Ferromagnetic film Bridge

Bridge

II

Transfer function

𝑉ℎ = 𝐾.𝐼 and 𝐵 = 𝑘.𝐼

with 𝐾 = 𝑅ℎ.𝑘.𝑖

𝑑
and 𝑅ℎ =

1

𝑁.𝑒

and 𝑒 = 1.610−19𝐶

R increases with 𝐻𝑠

with a good polarization,

the relation is linear.

Galvanic insulation Yes Yes

DCmeasurement Yes Yes

Frequency bandwith Few kHz

Sensor on Fe substrate: 1MHz

Sensor on epoxy substrate: 10MHz

Sensor with interface : < 10𝑀ℎ𝑧

Output level
Sensitivity: ≈ 2.5𝑉∕𝑇

Output : few Volts for 𝐼 = 1000𝐴
For ∆𝐵 = ±1𝑇, 5 < 𝑅

𝑅0
< 15

Interface

Supply: Few mW

Interfaces:

-di�erential ampli�er

-Summators for serial

connection of sensors.

Wheatstone bridge

and its supply.

Losses Very low Very low

In�uence quantities
External magnetic �eld

Temperature

Temperature

Supply voltage

Ampli�er Gain

External magnetic �eld

Limitations

Aging

Saturation on overload

Limited bandwidth

For low �elds, noise in 1∕𝑓

Used to measure �elds from

a few nT to tens of nT.

Remarks

Sources of errors:

-o�set of the hall e�ect generator

-magnetic circuit hysteresis

We can supply the bridge with

an alternative source to improve

the behavior.
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Table 1.7 gives the characteristics of the current mirror (especially for MOS-
FET transistor) and of the optical sensor.

Table 1.7 Current sensors: Current mirror and optical sensor 7∕8

Characteristics Current mirror Optical sensor

Schematic diagram

D

E

Rsense

G

Transfer function

𝐼𝐷
𝐼𝑠𝑒𝑛𝑠𝑒

= 𝑁.𝑅𝐷𝑆𝑂𝑛+𝑅𝑠𝑒𝑛𝑠𝑒
𝑅𝐷𝑆𝑂𝑛

with 𝑅𝐷𝑂𝑛 the on state
resistance for all the
output cells and N the
ratio of the number of
output cells to the num-
ber of measurement
cells

𝛼 = 𝑝.𝐼.𝐻

𝑖1 = 2𝐴1 cos2 (𝛽 − 𝛼)
𝑖2 = 2𝐴2 cos2 (𝛽 + 𝛼)
For 𝐴1 = 𝐴2 = 𝐴

∆𝑖 = 𝐴 sin(2𝛼) sin(2𝛽)

with 𝐴1, 𝐴2, and p coe¦cients.

Galvanic insulation No Yes

DCmeasurement Yes Yes

Frequency bandwith Bandwidth around 1Mz Around ten kHz

Output level Current

The output is the polarization

angle of rotation.

Typically 𝑝 = 10−5𝑟𝑎𝑑∕𝐴

for a silicon �ber

Interface
Interface must have

a low input impedance

The polarization angle is

converted into current or voltage

Losses Low Almost no loss.

In�uence quantities

The transfer function
depends on the junc-
tion temperature, the
collector current and
the frequency

-Temperature (but a little)

-p depends on the wavelength

(Continued)
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Table 1.7 (Continued)

Characteristics Current mirror Optical sensor

Limitations
Nonlinearity in case of overload

Low accuracy : ≈ 5%

Depends on the sensor.

Intensity from mA to 100kA with

a resolution of 1.10−4𝐴

(SAGNAC interferometer)

Remarks Low price sensor

High voltage applications.

Notations:

𝛼: rotation of the polarization plan

l: length subjected to the �eld

p: Verdet constant

Table 1.8 gives the characteristics of the laser diodes and presents the use of
the characteristics of the power devices.

Table 1.8 Current sensors: Laser diodes and device characteristics 8∕8

Characteristics Laser diodes Device
characteristics

Schematic diagram
Reflector

Piezo electric element
(sensor positioning)

Nickel tubed

Detector

Vds

Vgk

Vak Vce

Vbe

Transfer function

Transistors: 𝑉𝐶𝐸(𝐼𝑐)

and 𝑉𝐵𝐸(𝐼𝑐)

MOS: 𝑉𝑑𝑠 = 𝑅𝑜𝑛.𝐼𝑑
Thyristors: 𝑉𝐴𝐾(𝐼𝑐)

(Continued)
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Table 1.8 (Continued)

Characteristics Laser diodes Device
characteristics

Galvanic insulation Yes No

Yes Yes

Frequency bandwith In the range of some kHz Response time: ≈ 1𝜇𝑠

Output level Voltage or current Voltage

Interface
Photodetector output

signal processing.

The interfaces must correct

the thermal drift.

Losses Very low Almost zero

Influence quantities

Laser wavelength

Initial position of the reflector

Temperature

Temperature

Drive

Nonlinearity of the

transfer function

Limitations
Minimum field strengh: 10−10𝑇.

From 10−5𝐴 to 10A

Essentially set by the

accuracy of the triggering

threshold.

Remarks

Improvement of detection conditions:

-For variable fields,

superimpose a continuous field

-Precise positioning of the reflector

Advantages:

-Low price

-Fast response time

Drawback: influence
quantities

1.2.1.2 Vibration Measurement and Accelerometers
The diagnosis of mechanical failures or excessive eccentricity of electrical
machines often uses vibration measurements (see Table 1.9).
Three type of sensors are used to realize a vibration analysis:

● displacement in𝑚𝑚,
● speed in𝑚𝑚∕𝑠,
● acceleration in𝑚𝑚∕𝑠2 or in g (𝑔 = 9.81𝑚.𝑠−2).

In this paragraph, we will focus on one of the most used vibration sensors:
the acceleration sensors.
An accelerometer is made of a damped mass (called proof mass) and a

spring. The acceleration is given by the proof mass movement. The system is
damped in order to decrease the measurement disturbances (see Figure 1.3).
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Table 1.9 Vibration sensors

Sensors Bandwidth Application

Displacement low frequency: 𝑓 ≤ 200𝐻𝑧
Balourd, misalignment

coupling wear, loosening

Speed medium frequency: 𝑓 ≤ 1𝑘𝐻𝑧

Balourd, misalignment

coupling wear, loosening

faulty meshing

highly degraded bearing

Acceleration high frequency: 𝑓 ≤ 20𝑘𝐻𝑧

Faulty meshing,

regular degradation or

highly degraded bearing,

lack of lubrication

Figure 1.3 Accelerometer

The measurement of the displacement between the proof mass and the frame
can be done with piezoelectric, piezoresistive, or capacitive senors. Piezoelec-
tric accelerometer can measure acceleration up to 100g (𝑔 = 9.81𝑚.𝑠−2), a
shock resistance up to 1,000,000𝑔 and a bandwidth greater than 50kHz.
There are single accelerometers that measure in only one direction and

multi-axis accelerometers that canmeasure simultaneously in three directions.

1.2.1.3 Temperature Sensors
Temperature is a key feature for diagnosis and and prognosis of electrical
drives. But its dynamics, in relation to the thermal constants of the circuit and
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the temperature sensors, is significantly slower than that of the electrical and
mechanical quantities. Nevertheless, the temperature can be a component
of the pattern vector or an influencing parameter. It is used for both motor
(Mohammed et al. [2019]) and converter diagnosis (van der Broeck et al.
[2018]).
The main thermal sensors are:

● Thermistor;
● Thermocouple;
● Resistance temperature detector (RTD);
● Fiber optic thermal sensor;
● Thermo sensitive parameter (TSEP). They will be fully described in Subsec-
tion 2.6.6.2.

Table 1.10 gives an overview of the temperature sensors.

Table 1.10 Temperature sensors

Thermistor

Thermistors use the variation of resistance
as a function of temperature.
CTN (semiconducting material) has a Negative
Temperature Coefficient,
CTP (barium titanate) has a Positive Temperature Coefficient,
Temperature Range: -100 to 350◦𝐶
Response time: 0.1 to 10s
Accuracy: 0.05 to 1.5◦𝐶

Thermocouple

Thermocouples use the Seebeck effect:
Two wires of different metals, welded at one of
their ends, making a circuit without current flow,
when they are submitted to a temperature gradient
can exhibit a gradient of voltage at the end of the open loop.
Temperature Range: -200 to 2500◦𝐶
Response time: 0.10 to 10s
Accuracy: 0.5 to 5◦𝐶

Resistance temperature
detector (RTD)

(RTD PT100 and PT1000)

RTD are often made of a length of Platinum wire
wrapped around a ceramic or glass core.
They are based on the increasing of the resistance
with the temperature.
Temperature Range: -200 to 650◦𝐶
Response time: 1 to 10s
Accuracy: 0.1 to 1◦𝐶

(Continued)
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Table 1.10 (Continued)

Fiber optic
thermal sensor

They are mostly based on (Roriz et al. [2020]
and Malekzadeh et al. [2014])):
- Fiber Bragg Grating (using the selective photo-induced
modulation of the optical fiber core refractive index).
- Fabry-Pérot interferometer.
Temperature Range: Typically -100 to 400◦𝐶
Response time: 5ms
Accuracy: Typically ±0.5◦𝐶

Thermo sensitive
parameter

Junction temperature is estimated from some electrical
characteristics of the device such as 𝑉𝐶𝐸 , ...
Temperature Range: limited by the junction temperature
Response time: depends on the interface - a few ms
Accuracy: > 1◦𝐶. Sensitive to different parameters.

1.2.1.4 Field Sensors
These sensors are mainly made of a measurement coils distributed in the
machine body (non intrusive case) or placed inside themachine (intrusive case)
(Ewert [2017]).

Figure 1.4 Axial flux distribution in an induction motor and possible distribution of
measurements coils (Ewert [2017]). Courtesy of IEEE

1.2.1.5 Acoustic Sensors
Manymachine breakdowns can be detected acoustically sincemachines consist
of moving parts inducing friction and noise.
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Pressure and speed can be used to measure an audible signal. But most sen-
sors use sound pressure. Table 1.11 gives the main technologies (Wikipedia
contributors [2020a]).
The choice of the acoustic sensors depends on:

Table 1.11 Acoustic sensors

Condenser microphone

E

Rsense

D

G

Electrostatic microphone : a thin metallic membrane

is placed near a solid plate and acts as a variable

capacitor.

Bandwidth: few 10kHz

Dynamic microphone Moving-coil microphone: The diaphragm drives a

coil moving in a magnetic �eld and induce a voltage.

Bandwidth: few 10kHz

Ribbon microphones A thin metal ribbon is suspended in a magnetic �eld.

and moves under the e�ect of a sound wave,

creating an induced voltage.

Bandwidth: few 10kHz

Piezoelectric microphone
They use piezoelectric materials which have

the ability to produce a voltage when subjected

to pressure

Bandwidth: few tens kHz

Fiber optic microphones

They are based in a device in which the

sound waves modulate the light beam guided

in optical �bers.

They are use in harsh environment.

Bandwidth: few kHz

Micro Electrical-Mechanical

System (MEMS) microphones

A pressure-sensitive diaphragm is mounted

directly into a silicon wafer using

MEMS processing techniques.

Bandwidth: up to 1MHz

● the polar patterns: they are the locus of points with the same signal level
output from the microphone for a given sound pressure level generated from
that point;
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● the bandwidth;
● the output impedance.

These sensors can be used, among other things, to detect gear defects (Zurita
et al. [2013]), bearing faults (Xue et al. [2017]), stator winding delamination
(Zhu et al. [2010]), etc. They have bandwidth up to 1MHz.

1.2.1.6 Other Sensors
Voltage sensors can be used to monitor the state of capacitors and batteries.
But, they are also necessary to evaluate the transient power for some diagnosis

Figure 1.5 Lobar polar pattern
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methods of semiconductor devices or actuators. In the latter case, particular
attention must then be paid to synchronization with the current channels.
Voltage meters could be (Webster [1998]):

● electromagnetic: they are based on the interaction between currents andmag-
netic fields (𝐹 = 𝑁.𝐵.𝑙.𝐼 with 𝐹 the force, 𝑙 the length of conductor cutting
the magnetic field, 𝐵 and 𝑁 the number of turns of the coil). Some of them
only measure DC voltage (with moving coil or magnet);

● electrodynamic: they are based on the interaction between currents (𝐹 =
𝑘.𝐼1.𝐼2);

● electrostatic: they are based on electrostatic interactions between the conduc-
tors (for a moving plate displaced by 𝑑𝑠, 𝐹 = 𝑈2 𝑑𝐶

𝑑𝑠
with 𝐶 the capacitance

between conductors);
● thermal: they are based indirectly on thermal effects;
● inductive: they are based on magnetic induction (Voltage Transformers) and
only measure AC voltage;

● electronic: they are based on digital to analog interaction and signal
processing.

Speed sensors are often integrated in the control. They can enter in the
evaluation of the mechanical torque from the absorbed power. However, the
inertia strongly smoothes the signal, which makes them unsuitable for fast
defect detection. Indicators based on speed are more relevant for defects whose
vibratory impact appears in low and medium frequencies.
Two main technologies are used:

● Tachometer generator: It could be aDCcurrent Tachometer generator. The
DC no-load e.m.f. is proportional to the speed (see Figure 1.6).
It could be also a synchronous AC tachometer generator where the AC no-

load electromotive force (e.m.f.) is proportional to the speed.
● Pulse angular speed tachometers: A train of pulses whose frequency is
proportional to the speed is generated. It could be a variable reluctance
sensor, a magnet sensor with Hall effect receiver, or an optic sensor.

Position could be used in order to find the orientation of the frame where
raw signals are projected (see paragraph Symmetric component, Park Compo-
nent 1.2.2.2). It is also used in diagnostic methods related to cyclostionarity in
particular for bearing defects, etc. (Wu et al. [2009]).
There are two types of position sensors:

● The incremental encoder: at least two square waves are generated in quadra-
ture A and B, whose frequency is proportional to the speed. The direction
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Figure 1.6 Direct current generator @LeroySomer

Figure 1.7 Pulse angular speed tachometer

of rotation is indicated by the sign of the phase angle A and B (Figure 1.8).
Sometimes, rotary incremental encoders have an index output that provides
a pulse at a given angle to synchronize.

● The absolute encoder: They can provide a numeric output (Figure 1.10). They
could be mechanic, magnetic (with magneto-resistor or Hall effect sensor),
optical, ormechanical sensors. The output signal can be coded in binary or in
Grey where two adjacent codes differ by only one bit position, thus reducing
coding errors.
It could be also analog (Figure 1.10). A synchro-resolver provides

two ±90◦ shifted sinusoidal signals. Speed and position are obtained by
demodulation.
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Figure 1.8 Incremental encoder

Figure 1.9 Numeric Grey absolute encoder

Figure 1.10 Synchro-resolver
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Position can be also obtained by virtual sensors such as extended observers
(see Subsection 1.2.3.2), or estimated from the e.m.f. of synchronousmachines.
But in this latter case, the rotor must turn in order to generate an e.m.f. (Zheng
et al. [2007] and Comanescu [2012]).
The torque can be used to diagnose electric unbalance, short circuits, and

mechanical failures. Torque meters are essentially used for research appli-
cations. They can reach bandwidth of a few kHz. However, torque can be
computed by extend observer withmeasured stator currents and estimated flux
(Liu et al. [2006] andWang Chenchen and Li Yongdong [2008]). Torque can be
measured from the shear forces experienced on a test body. Theirmeasurement
by a stress sensor is transmitted from the rotor to the stator in high frequency
by inductive coupling.

1.2.2 Preconditioning

1.2.2.1 Signal Features in the Time Domain
Several techniques are used in order to monitor the state of health of electri-
cal machine, such as the MCSA, which is popular. This technique allows to
show up the lines close to the fundamental frequency supplying a three-phase
machine. Among all techniques, this one is an online method, which is attrac-
tive, because the monitoring of the process doesn’t require to interrupt the
operating system. To illustrate our meanings, we will present the theoretical
components in a spectrum a lot of lines close to the fundamental frequency 𝑓𝑠.
As a consequence, in the case of broken bars for an induction motor, the

components frequencies close to 𝑓𝑠 are:

𝑓𝑏𝑟𝑏 = [𝑘𝑝 (1 − 𝑠) ± 𝑠]𝑓𝑠 (1.1)

where 𝑘∕𝑝 = 1, 5, 7, 11, . . .
Knowing the fault frequencies in the current spectrum and their evolution

in time, which depend on the fault severity, we can easily estimate the state of
health of the three-phase induction machine.

1.2.2.2 Symmetric Component, Park Component
Any three-phase voltage or current can be written as the sum of a for-
ward sequence with a backward and a homopolar sequence. So, the forward
sequence is written as follows:

[𝑉𝐹(𝑡)] =

⎧
⎪

⎨
⎪
⎩

𝑣𝑎𝐹 (𝑡) = 𝑉𝐹
√
2 cos (𝜔𝑒𝑡)

𝑣𝑏𝐹 (𝑡) = 𝑉𝐹
√
2 cos (𝜔𝑒𝑡 −

2

3
𝜋)

𝑣𝑐𝐹 (𝑡) = 𝑉𝐹
√
2 cos (𝜔𝑒𝑡 −

4

3
𝜋)

(1.2)



1.2 Feature Extraction: Signal and Preconditioning 23

where 𝜔𝑒 is the electrical pulsation, and 𝑉𝐹 is the rms value of the voltage for
the forward sequence. For the backward sequence, voltages can be written as
follows:

[𝑉𝐵(𝑡)] =

⎧
⎪

⎨
⎪
⎩

𝑣𝑎𝐵 (𝑡) = 𝑉𝐵
√
2 cos (𝜔𝑒𝑡)

𝑣𝑏𝐵 (𝑡) = 𝑉𝐵
√
2 cos (𝜔𝑒𝑡 +

2

3
𝜋)

𝑣𝑐𝐵 (𝑡) = 𝑉𝐵
√
2 cos (𝜔𝑒𝑡 +

4

3
𝜋)

(1.3)

And for the homopolar sequence, one can write as follows:

[𝑉𝑂(𝑡)] =

⎧
⎪

⎨
⎪
⎩

𝑣𝑎𝑂 (𝑡) = 𝑉𝑂
√
2 cos (𝜔𝑒𝑡)

𝑣𝑏𝑂 (𝑡) = 𝑉𝑂
√
2 cos (𝜔𝑒𝑡)

𝑣𝑐𝑂 (𝑡) = 𝑉𝑂
√
2 cos(𝜔𝑒𝑡)

(1.4)

Let us remember that

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

cos𝑝. cos 𝑞 = 1

2
(cos (𝑝 − 𝑞) + cos (𝑝 + 𝑞))

sin𝑝. sin 𝑞 = 1

2
(cos (𝑝 − 𝑞) − cos (𝑝 + 𝑞))

sin𝑝. cos 𝑞 = 1

2
(sin (𝑝 + 𝑞) + sin (𝑝 − 𝑞))

sin𝑝 + sin 𝑞 = 2 sin
(𝑝+𝑞

2

)
. cos

(𝑝−𝑞
2

)

(1.5)

Let us introduce the not orthonormal Clarke’s transformation. Themain idea
is to transform a three-phase system into a two-phase system. This transfor-
mation is based on the fact that a three-phase system is naturally composed
of a system shifted by a multiple of 2

3
𝜋. Thus, in conclusion, the matrix

transformation is written as follows:

[𝐶] = 2
3 .

⎡
⎢
⎢
⎢
⎢
⎢
⎣

cos 0 cos 2

3
𝜋 cos 4

3
𝜋

sin 0 sin 2

3
𝜋 sin 4

3
𝜋

1

2

1

2

1

2

⎤
⎥
⎥
⎥
⎥
⎥
⎦

= 2
3 .

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 − 1

2
− 1

2

0
√
3

2
−
√
3

2
1

2

1

2

1

2

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(1.6)
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If we apply the Clark’s transformation to the forward voltage sequence, we
obtain:

𝑉𝛼𝛽𝑂 = [𝐶].𝑉𝐹(𝑡) = 2
3 .

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 − 1

2
− 1

2

0
√
3

2
−
√
3

2
1

2

1

2

1

2

⎤
⎥
⎥
⎥
⎥
⎥
⎦

.

⎡
⎢
⎢
⎢
⎢
⎢
⎣

𝑉𝐹
√
2 cos (𝜔𝑒𝑡)

𝑉𝐹
√
2 cos (𝜔𝑒𝑡 −

2

3
𝜋)

𝑉𝐹
√
2 cos (𝜔𝑒𝑡 −

4

3
𝜋)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

𝑉𝐹
√
2 cos (𝜔𝑒𝑡)

𝑉𝐹
√
2 sin (𝜔𝑒𝑡)

0

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(1.7)

Ifwe apply now theClark’s transformation to the backward voltage sequence,
we obtain:

𝑉𝛼𝛽𝑂 = [𝐶].𝑉𝐵(𝑡) = 2
3 .

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 − 1

2
− 1

2

0
√
3

2
−
√
3

2
1

2

1

2

1

2

⎤
⎥
⎥
⎥
⎥
⎥
⎦

.

⎡
⎢
⎢
⎢
⎢
⎢
⎣

𝑉𝐵
√
2 cos (𝜔𝑒𝑡)

𝑉𝐵
√
2 cos (𝜔𝑒𝑡 +

2

3
𝜋)

𝑉𝐵
√
2 cos (𝜔𝑒𝑡 +

4

3
𝜋)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

=

⎡
⎢
⎢
⎢
⎢
⎢
⎣

𝑉𝐵
√
2 cos (𝜔𝑒𝑡)

−𝑉𝐵
√
2 sin (𝜔𝑒𝑡)

0

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(1.8)

In conclusion, any three-phase system or any unbalanced three-phase sys-
tem can be expressed as the sum a forward sequence with a backward
sequence.

1.2.2.3 Symmetric Component, Park Component
As a three-phase system is composed of a two-phase system, one can express the
Park’s vector. One can notice that it is an abuse of language because the trans-
formation don’t use a rotating frame. Consequently, the expression of the Park’s
vector components (𝑖𝛼 and 𝑖𝛽) using the Concordia’s tranformation, which is a
normalized orthonormal matrix, in a reference frame related to the stator is as
follows:
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𝑖𝛼(𝑡) =
√

2
3 (𝑖𝐴(𝑡) −

1
2 𝑖𝐵(𝑡) −

1
2 𝑖𝐶(𝑡)) (1.9)

𝑖𝛽(𝑡) =
1
√
2
(𝑖𝐵(𝑡) − 𝑖𝐶(𝑡)) , (1.10)

where 𝑖𝐴(𝑡), 𝑖𝐵(𝑡), and 𝑖𝐶(𝑡) represent the currents line of the induction
motor.

[𝑇] =
√

2
3

⎡
⎢
⎢
⎢
⎢
⎢
⎣

1 − 1

2
− 1

2

0
√
3

2
−
√
3

2
1
√
2

1
√
2

1
√
2

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(1.11)

Under normal conditions, themotor currents are a forward-sequence system.
Therefore, the Park’s vector can be written as follows:

𝑖𝛼(𝑡) =
√
3𝐼𝑓 sin𝜔𝑒𝑡 (1.12)

𝑖𝛽(𝑡) =
√
3𝐼𝑓 cos𝜔𝑒𝑡 (1.13)

where

𝐼𝑓 is the rms value of the current forward sequence,
𝜔𝑒 is the angular supply frequency (2𝜋𝑓𝑠).

The Park’s current vector can be written in a complex form as follows:

𝑖𝑠(𝑡) = 𝑖𝛼(𝑡) + 𝚥𝑖𝛽(𝑡) =
√
3𝐼𝑓𝑒𝚥𝜔𝑒𝑡 (1.14)

where 𝚥2 = −1.
Consequently, using the Park’s extended vector, the current for the forward

sequence becomes:

⃖⃗𝑖𝑠𝑓(𝑡) =
√
3
[
𝐼𝑓𝑒𝚥[𝜔𝑒𝑡−𝜑𝑓]

+𝐼𝑙𝑓𝑒𝚥[(1−2𝑠)𝜔𝑒𝑡−𝜑𝑙𝑓]

+𝐼𝑟𝑓𝑒𝚥[(1+2𝑠)𝜔𝑒𝑡−𝜑𝑟𝑓]
]

(1.15)
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And by the same way, we can deduce the current for the backward sequence:

⃖⃗𝑖𝑠𝑏(𝑡) =
√
3
[
𝐼𝑏𝑒−𝚥[𝜔𝑒𝑡−𝜑𝑏]

+𝐼𝑙𝑏𝑒−𝚥[(1−2𝑠)𝜔𝑒𝑡−𝜑𝑙𝑏]

+𝐼𝑟𝑏𝑒−𝚥[(1+2𝑠)𝜔𝑒𝑡−𝜑𝑟𝑏]
]

(1.16)

The main advantage of the use of Park’s extended vector is to analyze and
quantify the contribution of a forward and backward power supply on the stator
line current. Moreover, the estimation of all line amplitudes in the spectrum
allows to better deduce the quality of the power supply and the state of health
of the induction machine.

1.2.2.4 Signal Features in the Frequency Domain
The Fourier transform (Poularikas [2000]) 𝐹 {𝑠(𝑡)} for an aperiodic signal 𝑠(𝑡) is
given by:

𝑆(𝜔) = 𝐹 {𝑠(𝑡)} =∫
∞

−∞
𝑠(𝑡)𝑒−𝚥 𝜔𝑡𝑑𝑡 (1.17)

Thus, for a classical signal as a cosinus signal (cos𝜔𝑜𝑡), the spectral components
are:

𝑆(𝜔) = [𝛿(𝜔 − 𝜔𝑜) + 𝛿(𝜔 + 𝜔𝑜)] (1.18)

where 𝛿 is the Dirac function. But for the complex signal as the function 𝑒𝚥 𝜔𝑜𝑡,
the spectral component is:

𝑆(𝜔) = [𝛿(𝜔 − 𝜔𝑜)] (1.19)

Consequently, this approach is recommended for the analysis of the signal in
the forward sequence (1.15) as the backward sequence (1.16). All components
will appear in the spectral analysis.

(1) Fourier transform and windowing
These methods require the availability of all samples in order to evaluate the
spectrum.Moreover, they need a number𝑁 of samples equal to a power of two.
Consequently, the spectral resolution which depends on𝑁 = 2𝑟, is given by the
relation∆𝑓 = 𝐹𝑒∕𝑁, where 𝐹𝑒 is the sampling frequency. The acquisition time
of the signal is consequently equal to 𝑇 = 1∕∆𝑓.
Considering the measured signal 𝑥(𝑝) at the sampling time 𝑡 = 𝑝 .𝑇𝑒, which

is characterized by a finite duration sequence of length 𝑁 and knowing all the
previous values 𝑥((𝑝 − 𝑛)𝑇𝑒) (𝑛 = 0,… , 𝑁 − 1) and starting with the discrete
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Figure 1.11 The trajectory of the line current: the motor operates under one broken
bar and at full load

Fourier transform (DFT) at the time 𝑡 = 𝑝 .𝑇𝑒, denoted 𝐹𝑝[𝑘], we can evaluate
the spectrum thanks to the relation:

𝐹𝑝[𝑘] =
1
𝑁

𝑁−1∑

𝑛=0
𝑥(𝑝 − 𝑛)𝑊𝑛𝑘

𝑁 ;

where𝑊𝑛𝑘
𝑁 = 𝑒−𝚥 2𝜋𝑛𝑘∕𝑁 with 𝑛, 𝑘 = 0, 1, 2, . . . , 𝑁 − 1. If the signal is complex,

then:

𝐹𝑝[𝑘] =
1
𝑁

𝑁−1∑

𝑛=0
[ℜ {𝑥(𝑝 − 𝑛)} + 𝚥 𝐼𝑚 {𝑥(𝑝 − 𝑛)}]𝑊𝑛𝑘

𝑁
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Figure 1.12 The spectrum of the line current: the motor operates under one broken
bar and at full load

whereℜ and ℑ denote the real and the imaginary parts, respectively.
The Hann window: 𝑤(𝑛) = 0.5

(
1 − cos

(
2𝜋 𝑛

𝑁

))
with 0 ≤ 𝑛 ≤ 𝑁.
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Figure 1.13 The Hann window

The Hamming window: 𝑤(𝑛) = 0.54 − 0.46 cos
(
2𝜋 𝑛

𝑁

)
with 0 ≤ 𝑛 ≤ 𝑁.
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Figure 1.14 The Hamming window
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Figure 1.15 The Blackman window

The Blackman window: 𝑤(𝑛) = 0.42 − 0.5 cos
(
2𝜋 𝑛

𝑁

)
+ 0.08 cos

(
4𝜋 𝑛

𝑁

)
with

0 ≤ 𝑛 ≤ 𝑁.
The impact of windows is very important in the estimation of a spectrum. In

fact, their use modi�es a lot the estimation of the spectrum.We highlight these
meanings by the illustration of a real case of the stator current of an induction
motor. To do that, the sampling frequency is 10kHz and the number of samples
is 218. The acquisition time is 26.2144𝑠. We �rstly represent the spectrum using:

● a rectangular window;
● a Hamming window;
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Figure 1.16 Spectrum without window

● a Hann window;
● a Blackman window.

We have to notice that the resolution of the acquisition board is on a 14 bits. So,
discretization will produce noise. Moreover, we represent the amplitude of the
stator current in 𝐴 using a logarithmic scale, from +20dB to −80dB in order to
show the impact of the use of a window function on the reduction of the noise
in the spectrum.
As a conclusion, we must use a window function to better distinguish lines

to each other in the spectrum. To do that, we can see that a window allows to
better show the lines but a�ects the amplitude of each one.

(2) Fast Fourier transform (recursive Fourier transform)
Let’s now address the recursivity aspect of the Fourier transform. The classical
procedure consists in evaluating the spectral content at the instant 𝑝 𝑇𝑒. As a
consequence, the spectrum is given by:

𝐹𝑝[𝑘] =
1
𝑁

𝑁−1∑

𝑛=0
𝑥(𝑝 − 𝑛)𝑊𝑛𝑘

𝑁 (1.20)

Now,we are going to use an artifact, which consists in adding and subtracting
a term that will have the advantage of making an equation with recursivity
appearing progressively.
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Figure 1.17 Spectrum using the Hamming window
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Figure 1.18 Spectrum using the Hann window

𝐹𝑝[𝑘] =
1
𝑁𝑥(𝑝 − 0) + 1

𝑁

𝑁−1∑

𝑛=1
𝑥(𝑝 − 𝑛)𝑊𝑛𝑘

𝑁 ± 1
𝑁𝑥(𝑝 −𝑁)𝑊𝑁𝑘

𝑁 (1.21)

This can be rewriten as:

𝐹𝑝[𝑘] =
1
𝑁𝑥(𝑝) + 1

𝑁

𝑁∑

𝑛=1
𝑥(𝑝 − 𝑛)𝑊𝑛𝑘

𝑁 − 1
𝑁𝑥(𝑝 −𝑁) (1.22)
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Figure 1.19 Spectrum using the Blackman window

𝐹𝑝[𝑘] =
1
𝑁𝑥(𝑝) +𝑊𝑘

𝑁.
1
𝑁

𝑁−1∑

𝑛=0
𝑥(𝑝 − 1 − 𝑛)𝑊𝑛𝑘

𝑁 − 1
𝑁𝑥(𝑝 −𝑁) (1.23)

𝐹𝑝[𝑘] =
1
𝑁𝑥(𝑝) − 1

𝑁𝑥(𝑝 −𝑁) +𝑊𝑘
𝑁
1
𝑁

𝑁−1∑

𝑛=0
𝑥(𝑝 − 1 − 𝑛)𝑊𝑛𝑘

𝑁 (1.24)

As at the instant (𝑝 − 1)𝑇𝑒, the spectrum is given by:

𝐹𝑝−1[𝑘] =
1
𝑁

𝑁−1∑

𝑛=0
𝑥(𝑝 − 1 − 𝑛)𝑊𝑛𝑘

𝑁 (1.25)

The recursive equation at the instant 𝑝 𝑇𝑒 is:

𝐹𝑝[𝑘] = (
𝑥(𝑝) − 𝑥(𝑝 −𝑁)

𝑁 ) +𝑊𝑘
𝑁𝐹𝑝−1[𝑘] (1.26)

A great advantage of the sliding discrete Fourier transform (SDFT) is the pos-
sibility to make the spectral estimation only on an interesting bandwidth like
around the supply frequency for the monitoring of the induction motor.

𝑥(𝑝) = 𝑖𝛼(𝑝) + 𝚥 𝑖𝛽(𝑝) (1.27)
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40 45 50 55 60
−60

−50

−40

−30

−20

−10

0

10

20

f Hz

i
(A

)
in

dB

(d) Spectrum using the Blackman window

Figure 1.20 Spectra on the range 40–60Hz

The Discrete Fourier transform (DFT) can be written in the form as:

𝐹𝑝[𝑘] =
1
𝑁

𝑁−1∑

𝑛=0

[
𝑖𝛼(𝑝 − 𝑛) + 𝚥 𝑖𝛽(𝑝 − 𝑛)

]
𝑊𝑛𝑘

𝑁 (1.28)

This expression is equal to:

𝐹𝑝[𝑘] =
1
𝑁

𝑁−1∑

𝑛=0
𝑖𝛼(𝑝 − 𝑛)𝑊𝑛𝑘

𝑁 + 𝚥 1𝑁

𝑁−1∑

𝑛=0
𝑖𝛽(𝑝 − 𝑛)𝑊𝑛𝑘

𝑁 (1.29)
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Consequently, if we denote the DFT of the current 𝑖𝛼 by 𝐹𝑖𝛼 and by the same
way, the current 𝑖𝛽 by 𝐹𝑖𝛽 , the relation can be rewritten as:

𝐹𝑝[𝑘] = 𝐹𝑖𝛼 𝑝[𝑘] + 𝚥 𝐹𝑖𝛽 𝑝[𝑘] (1.30)

As the signals 𝑖𝛼 and 𝑖𝛽 are real, each Fourier transform has the propriety of
symmetry. Thus, we can deduce the spectral density of each of them only by
using the simple relations:

⎧

⎨
⎩

𝐹𝑖𝛼 𝑝[𝑘] =
1

2

(
𝐹𝑝[𝑘] + 𝐹𝑝[𝑘]∗

)

𝐹𝑖𝛽 𝑝[𝑘] =
𝚥

2

(
𝐹𝑝[𝑘]∗ − 𝐹𝑝[𝑘]

) (1.31)

where the asterisk denotes the complex conjugate part.
In conclusion, there is a possibility to estimate in real-time the spectral con-

tent of a signal thanks to the recursivity form. The advantage of this approach is
that it does not require a lot of numerical calculations but has the disadvantage
of not using a weighting window. The spectral estimation is done continuously
but doesn’t forget that the conditions must be such that the signal is stable;
otherwise the estimation will be altered.

1.2.2.5 Wavelet Analysis
As far as we know, the concept of wavelet took its origin in the beginning of
the previous century. Despite this, applications in signal analyses appear close
to 1980. Let us be reminded that the Wavelet transform of a function 𝑓(𝑡) is a
decomposition of it in a set of functions 𝜓𝑎,𝜏 (𝑡) named wavelets functions. A
Wavelet transform is defined as follows:

𝑊𝜔 (𝑎, 𝜏) =∫
+∞

−∞
𝑓 (𝑡)𝜓∗𝑎,𝜏 (𝑡)𝑑𝑡 (1.32)

where 𝑎 is the scale factor and 𝜏 is the translation one and with 𝜓𝑎,𝜏(𝑡) is the
basic mother wavelet:

𝜓𝑎,𝜏 (𝑡) =
1
√
𝑎
𝜓 ( 𝑡 − 𝜏

𝑎 ) (1.33)

The analysis using the orthogonal wavelet allows to obtain a more compact
representation of the signal. It permits the reconstitution of the original signal
from its transformed one. Nevertheless, the analysis of a signal with a non-
orthogonal wavelet is recommended for the continuous amplitude variation of
the wavelet coefficients (Torrence and Compo [1998]).
Among all non-orthogonal wavelet families, we have: Gaussian, Morlet, and

Mexican Hat. The most common functions used are the Morlet Hat and the
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MexicanHat. The expression ofWaveletMother ofMorlet function is described
as follows:

𝜓 (𝑡) = 𝑒𝑗𝐾𝑡𝑒−
𝑡2

2 (1.34)

where the number of oscillation is depending on the coefficient 𝐾.
Although the Morlet function is non-orthogonal and complex, it allows to

obtain information on the amplitude and the phase of signals. Thus, it is cer-
tainly better adapted for oscillatory systems. The Mexican Hat Mother Wavelet
is a real function described in Equation (1.35):

𝜓(𝑡) =
(
1 − 𝑡2

)
𝑒−

𝑡2

2 (1.35)

This real function is particularly well adapted and so recommended for the
observation of discontinuities into a signal.
However, the choice of the scale factor is not easy and a lot of work proposes

criteria for the determination of this scale factor. It is possible to estimate the
values minima and maxima of the scale factor to be used (see Torrence and
Compo [1998]), or to determine the optimum value of scale factor (see Saleh
and Rahman [2005]).
In our illustration, knowing the number of samples (𝑁) of the signal to ana-

lyze, using the Wavelet Mexican Hat, and knowing that 𝑁 is a power of two,
the scale factor to be used is given by:

𝑎 = log2𝑁 (1.36)

where the minimal and maximal value are given by:

𝑎min =
1

2
𝑎 and 𝑎max =

3

2
𝑎 (1.37)

1.2.2.6 Instantaneous Amplitude and Frequency
(1) Instantaneous amplitude
To calculate the instantaneous amplitude of a real signal 𝑥(𝑡), it is possible to
use the analytical signal 𝑧(𝑡) associated with 𝑧(𝑡):

𝑧(𝑡) = 𝑥(𝑡) + 𝑗 𝑦(𝑡) = 𝑎(𝑡) ∗ 𝑒𝑗𝜑(𝑡) (1.38)

Where 𝑦(𝑡) is the Hilbert transform of 𝑥(𝑡), defined by:

𝐻[𝑥(𝑡)] = 𝑦(𝑡) = 1
𝜋𝑃

+∞

∫
−∞

𝑥′(𝑡)
𝑡 − 𝑡′ 𝑑𝑡

′ (1.39)

where 𝑃 is the principal value of Cauchy.
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In 1.41, 𝑎(𝑡) corresponds to the instantaneous amplitude of 𝑧(𝑡):

𝑎(𝑡) =
√
𝑥2(𝑡) + 𝑦2(𝑡) (1.40)

(2) Instantaneous frequency
Instantaneous frequency is an important characteristic of the signal that is
present inmany areas. It is a concept related to time–frequency analysis, where
it can be obtained from a time–frequency distribution (TFD). The frequency of
a signal is usually a quantity that is defined independently of time. However,
in the case of nonstationary signals, the introduction of the notion of instan-
taneous frequency can be useful for the analysis. Physically, it is important
to note that the analyzed signal must imperatively be a signal with a single
spectral component. In the case of multicomponent signals, the concept of
instantaneous frequency is no longer valid (Loughlin and Tacer [1997]). Two
basic definitions are proposed in the literature for calculating instantaneous
frequency. The first one is based on the time–frequency representation of the
studied signal, and the second one is defined as the derivative of the phase of
the analytical signal associated with the studied signal. The instantaneous fre-
quency 𝑓𝑖(𝑡) of an analytical signal 𝑧(𝑡) = 𝑎(𝑡) ∗ 𝑒𝑗𝜑(𝑡) containing a single
component is defined as being the derivative of its phase:

𝑓𝑖(𝑡) =
1
2𝜋

𝑑𝜑(𝑡)
𝑑𝑡

(1.41)

The analytical signal 𝑧(𝑡) is a complex signal containing the same informa-
tion as the real signal 𝑥(𝑡). Unlike the real signal, the complex signal contains
only the positive frequencies. It is built from the real signal using the Hilbert
transform symbolized by the operator𝐻:

𝑧(𝑡) = 𝑥(𝑡) + 𝑗𝐻[𝑥(𝑡)] (1.42)

𝐻(𝑡) =

+∞

∫
−∞

𝑥(𝑡 − 𝜏)
𝜋𝜏 𝑑𝜏 (1.43)

1.2.2.7 Bilinear Time–frequency Distributions or Quadratic Time–frequency
Distributions: Cohen’s Class
Time analysis does not allow to represent precisely the harmonic compo-
nents of the signal, while the frequency analysis does not allow them to be
located temporally. Simultaneous representation in the time and frequency
domain should achieve a compromise between the two previous approaches
(Lebaroud [2007], Chatfield and Xing [2019], and Flandrin [1998]). However,
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the Heisenberg uncertainty principle excludes any precise temporal location of
a frequency. This ambiguity has led to define a wide variety of time–frequency
transformations.

1.2.2.7.a Uncertainty Principle of Heisenberg
For any signal 𝑥(𝑡) of finite energy, let us define the centroids in the time and
frequency domains (eq. 1.44 and eq. 1.45):

< 𝑡 >= 1
𝐸 ∫ 𝑡|||𝑥(𝑡)|||

2𝑑𝑡 (1.44)

and

< 𝑓 >= 1
𝐸 ∫ 𝑓|||𝑋(𝑓)|||

2𝑑𝑓 (1.45)

The time and frequency resolutions can be deduced from these equations (eq.
1.46 and eq. 1.47):

∆𝑡 =

√
1
𝐸 ∫ (𝑡− < 𝑡 >)2

|||||𝑥(𝑡)
2|||||𝑑𝑡 (1.46)

and

∆𝑓 =

√
1
𝐸 ∫ (𝑓− < 𝑓 >)2

|||||𝑥(𝑓)
2|||||𝑑𝑓 (1.47)

Thus, we can write the Heisenberg’s uncertainty principle as eq. 1.48:

∆𝑡.∆𝑓 ⩾ 1
4𝜋 (1.48)

1.2.2.7.b General Representation
The time–frequency representations of Cohen’s class (Cohen [1995]) are of the
form (eq. 1.49):

𝐶𝑥(𝑡, 𝑓) =

+∞

∫
−∞

+∞

∫
−∞

𝜑𝑡−𝑟(𝑡 − 𝜈, 𝜏)𝑥(𝛾 + 𝜏
2)𝑥

∗(𝛾 − 𝜏
2)𝑒

−𝑗2𝜋𝑓𝜏𝑑𝛾𝑑𝜏 (1.49)

where 𝜑𝑡−𝑟(𝑡 − 𝜈, 𝜏) is the kernel.
Let us define the ambiguity function (eq. 1.50):

𝐴𝑥(𝜏, 𝜉) =

+∞

∫
−∞

𝑥(𝑡 + 𝜏
2)𝑥

∗(𝑡 − 𝜏
2)𝑒

−𝑗2𝜋𝜉𝑡𝑑𝑡 (1.50)

We can find two different forms of the previous equations:
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Figure 1.21 Rules of transformation between the time–frequency and
Doppler-delay domains encoder

First form:

𝐶𝑥(𝑡, 𝑓) =∫
∞

−∞
∫

∞

−∞
𝜑𝑟−𝑑 (𝜏, 𝜉)𝐴𝑥 (𝜏, 𝜉) 𝑒𝑗2𝜋(𝑡 𝜉−𝑓 𝜏)𝑑𝜉𝑑𝜏 (1.51)

where 𝐴𝑥(𝜏, 𝜉) =
+∞
∫
−∞

𝑥(𝑡 + 𝜏

2
)𝑥∗(𝑡 − 𝜏

2
)𝑒−𝑗2𝜋𝜉𝑡𝑑𝑡 and 𝜑𝑟−𝑑 (𝜏, 𝜉) =

∫ ∞
−∞ 𝜑𝑡,𝜏 (𝑡, 𝜏) 𝑒−𝑗2𝜋 𝜉 𝑡𝑑𝑡

The two variables 𝜏 and 𝜉 are called delay and Doppler frequency, respectively.
Second form:

𝐶𝑥 (𝑡, 𝑓) =∫
∞

−∞
∫

∞

−∞
𝜑𝑡−𝑓 (𝑡 − 𝜐, 𝑓 − 𝜈)𝑊𝑥 (𝜐, 𝜈) 𝑑𝜐 𝑑𝜈 (1.52)

where 𝑊𝑥(𝑡, 𝑓) =
+∞
∫
−∞

𝑥(𝑡 + 𝜏

2
)𝑥∗(𝑡 − 𝜏

2
)𝑒−𝑗2𝜋𝑓𝑡𝑑𝜏 and 𝜑𝑡−𝑓 (𝑡, 𝑓) = ∫ ∞

−∞

𝜑𝑡,𝜏 (𝑡, 𝜏) 𝑒−𝑗2𝜋𝑓 𝜏𝑑𝜏. The function 𝑊𝑥(𝑡, 𝑓) is the distribution of Wigner–Ville
(Wigner [1932] and Ville [1948]).
The rules of transformation between the time–frequency and Doppler-delay

domains are illustrated in Figure 1.21, which explains the type of Kernel to be
associated with the type of variables. All theseKernels are detailed in the Tables
1.16 to 1.19.

1.2.2.7.c Properties
There is a wide variety of time–frequency representations based on the Cohen’s
class principle. They are distinguished by their properties. The research work
carried out in this field (Hlawatsch and Boudreaux–Bartels [1992] and TA
andMecklenbräuker [1980]) has allowed associate properties and the different
kernels of the time–frequency representations (TFR).
Let us consider the main properties in Table 1.12.
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Table 1.12 First group of properties of the representations of the Cohen’s class
(Lebaroud [2007], Hlawatsch and Boudreaux–Bartels [1992], and Auger and Doncarli
[1992]).

N Property Mathematical formulation Condition

0

Invariance with respect

to time and frequency

translations

∀𝑡1, 𝑓1, 𝑦 (𝑡) = 𝑥 (𝑡 − 𝑡1) 𝑒𝑗2𝜋𝑓1𝑡

⇒ 𝐶𝑦 (𝑡, 𝑓) = 𝐶𝑥 (𝑡 − 𝑡1, 𝑓 − 𝑓1)

𝜑𝑟−𝑑 (𝜏, 𝜉)
whatever is

1
Invariance with respect

to changes in scale

∀𝑎 > 0, 𝑦 (𝑡) = 𝑎−1∕2𝑥 (𝑡∕𝑎)

⇒ 𝐶𝑦 (𝑡, 𝑓) = 𝐶𝑥 (𝑡∕𝑎, 𝑎𝑓)

∀𝜏, 𝜉,∀𝑎 > 0,

𝜑𝑟−𝑑 (𝜏, 𝜉) = 𝜑𝑟−𝑑 (𝜏∕𝑎, 𝑎𝜉)

2
Invariance with respect

to time inversion

𝑦 (𝑡) = 𝑥 (−𝑡)

⇒ 𝐶𝑦 (𝑡, 𝑓) = 𝐶𝑥 (−𝑡,−𝑓)

∀𝜏, 𝜉

𝜑𝑟−𝑑 (𝜏, 𝜉) = 𝜑𝑟−𝑑 (−𝜏,−𝜉)

3
Invariance with respect

to complex conjugation

𝑦 (𝑡) = 𝑥∗ (𝑡)

⇒ 𝐶𝑦 (𝑡, 𝑓) = 𝐶𝑥 (𝑡,−𝑓)

∀𝜏, 𝜉

𝜑𝑟−𝑑 (𝜏, 𝜉) = 𝜑𝑟−𝑑 (−𝜏, 𝜉)

4 Real character of TFR
∀𝑡, 𝑓,

𝐶𝑥 (𝑡, 𝑓) = 𝐶∗
𝑥 (𝑡, 𝑓)

∀𝜏, 𝜉

𝜑∗𝑟−𝑑 (𝜏, 𝜉) = 𝜑𝑟−𝑑 (−𝜏,−𝜉)

5 Causality
𝐶𝑥(𝑡, 𝑓) only depends

on x(u) if 𝑢 < 𝑡

∀𝑡, 𝜏,

𝑡 ≺ |𝜏| ∕2 ⇒ 𝜑𝑡−𝑟 (𝑡, 𝜏) = 0

where 𝑥̂(𝑓) =
+∞
∫
−∞

𝑥(𝑡)𝑒−𝑗2𝜋𝑓𝑡𝑑𝑡 is the Fourier transform of 𝑥(𝑡).

1.2.2.7.d Different Representations
Tables 1.16 to 1.19 give the different Cohen’s class representations with the
properties defined in the paragraph 1.2.2.7.c.
The Wigner–Ville representation is the only distribution that provides per-

fect localization of linearly frequency-modulated signals. But it has many
interference terms, which makes it difficult to interpret.
The pseudo Wigner–Ville representation uses a window ℎ(𝜏) that makes an

easier computation.
The smoothed pseudo Wigner–Ville representation uses an additional win-

dow g(t), in order to perform a time domain smoothing independent of
the frequency smoothing (𝜑𝑡,𝑓 (𝑡, 𝑓) = 𝑔 (𝑡) ℎ̂ (𝑓)). This allows to have a good
compromise between the localization of the different components and the
attenuation of interference terms (Lebaroud [2007] ) (Table 1.19).
Rihaczek Distribution provides a perfect localization of sinusoidal signals.

The distribution of Margenau-Hill is easier to represent graphically.
The Page’s distribution is the only Cohen’s class that simultaneously veri-
fies the properties of causality (property 5), spectrum conservation (property
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Table 1.13 Second group of properties of the representations of the Cohen’s class
(Lebaroud [2007], Hlawatsch and Boudreaux–Bartels [1992], and Auger and Doncarli
[1992])

N Property Mathematical formulation Condition

6 Energy conservation
+∞
∫
−∞

+∞
∫
−∞

𝐶𝑥(𝑡, 𝑓)𝑑𝑡𝑑𝑓 =
+∞
∫
−∞

𝑥(𝑡)|2𝑑𝑡 𝜑𝑟−𝑑 (0, 0) = 1

7
Instantaneous power

conservation
∀𝑡,

∞
∫

−∞
𝐶𝑥 (𝑡, 𝑓)𝑑𝑓 = |𝑥 (𝑡)|2 ∀𝜉, 𝜑𝑟−𝑑 (0, 𝜉) = 1

8
Spectrum

conservation
∀𝑓,

∞
∫
−∞

𝐶𝑥 (𝑡, 𝑓)𝑑𝑡 = |||𝑥̂ (𝑓)|||
2

∀𝜏, 𝜑𝑟−𝑑 (𝜏, 0) = 1

9

Instantaneous

frequency

conservation

∀𝑡,
∞
∫
−∞

𝑓𝐶𝑥 (𝑡, 𝑓)𝑑𝑓 = 𝑓𝑥 (𝑡) |𝑥 (𝑡)|
2

𝑓𝑥 (𝑡) =
1
2𝜋

𝑑
𝑑𝑡

arg (𝑥 (𝑡))

[1𝑚𝑚]

∀𝜉, 𝜑𝑟−𝑑 (0, 𝜉) = 1

and

𝜕
𝜕𝜏
𝜑𝑟−𝑑 (0, 𝜉) = 0

10
Group delay

conservation

∀𝑓,
∞
∫
−∞

𝑡 𝐶𝑥 (𝑡, 𝑓)𝑑𝑡 = 𝑡𝑥 (𝑓) |||𝑥̂ (𝑓)|||
2

𝑡𝑥 (𝑓) = − 1
2𝜋

𝑑
𝑑𝑓

arg (𝑥̂ (𝑓))

∀𝜏, 𝜑𝑟−𝑑 (𝜏, 0) = 1

and

𝜕
𝜕𝜉
𝜑𝑟−𝑑 (𝜏, 0) = 0

11 Positivity ∀𝑥 (𝑡) ,∀𝑡, 𝑓, 𝐶𝑥 (𝑡, 𝑓) ⩾ 0

𝜑𝑟−𝑑 (𝜏, 𝜉) =
∞
∫
−∞

𝑐 (𝛼)𝐴ℎ𝛼 (𝜏, 𝜉)𝑑𝛼

with

∀𝛼, 𝑐 (𝛼) ⩾ 0

8), Moyal’s formula (property 14) and the conservation of the signal domain
(property 16) (Lebaroud [2007] ) (Table 1.17).
The spectrogram is still widely used today, especially for analyzing signals

that are slowly non-stationary or have a large number of components. For short
and strongly non-stationary signals, a better compromise can then be obtained
by the 𝑆 representation (Lebaroud [2007] ) (Table 1.18).
The use of product kernels reduces interference terms (Lebaroud [2007])

(Table 1.19).
We will illustrate the different Cohen’s classes with the help of a chirp func-

tion (eq 1.53). It is a signal where the frequency increases or decreases with
time.

𝑦(𝑡) = ℜ𝑒(𝑎(𝑡)𝑒𝑗Φ(𝑡)) (1.53)
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Table 1.14 Third group of properties of the representations of the Cohen’s class
(Lebaroud [2007], Hlawatsch and Boudreaux–Bartels [1992], and Auger and Doncarli
[1992]).

N Property Mathematical formulation Condition

12
Compatibility with

linear Filters

𝑦 (𝑡) =
∞
∫
−∞

ℎ (𝑢)𝑥 (𝑡 − 𝑢)𝑑𝑢

⇒

𝐶𝑦 (𝑡, 𝑓) =
∞
∫
−∞

𝐶ℎ (𝑢, 𝑓)𝐶𝑥 (𝑡 − 𝑢, 𝑓)𝑑𝑢

∀𝜏, 𝜏′, 𝜉

𝜑𝑟−𝑑 (𝜏, 𝜉)𝜑𝑟−𝑑 (𝜏′, 𝜉) =

𝜑𝑟−𝑑 (𝜏 + 𝜏′, 𝜉)

13
Compatibility with

modulations

𝑦 (𝑡) = 𝑚 (𝑡)𝑥 (𝑡)

⇒

𝐶𝑦 (𝑡, 𝑓) =
∞
∫
−∞

𝐶𝑚 (𝑡, 𝜈)𝐶𝑥 (𝑡, 𝑓 − 𝜈)𝑑𝜈

∀𝜏, 𝜉, 𝜉′,

𝜑𝑟−𝑑 (𝜏, 𝜉)𝜑𝑟−𝑑 (𝜏, 𝜉′) =

𝜑𝑟−𝑑 (𝜏, 𝜉 + 𝜉′)

14
Preservation of

scalar product

∞
∫
−∞

∞
∫
−∞

𝐶𝑥 (𝑡, 𝑓)𝐶∗
𝑦 (𝑡, 𝑓)𝑑𝑡𝑑𝑓 =

|||||||

∞
∫
−∞

𝑥 (𝑡) 𝑦∗ (𝑡)𝑑𝑡
|||||||

2 ∀𝜏, 𝜉, |||𝜑𝑟−𝑑 (𝜏, 𝜉)|||
2 = 1

15 Reversibility
𝑥(𝑡) can be retrieved, within

one phase, from its TFR

∀𝜏, 𝜉,

𝜑𝑟−𝑑 (𝜏, 𝜉) ≠ 0

Table 1.15 Fourth group of properties of the representations of the Cohen’s class
(Lebaroud [2007], Hlawatsch and Boudreaux–Bartels [1992], and Auger and Doncarli
[1992]).

N Property Mathematical formulation Condition

16
Conservation of

the signal domain

If

∀ 𝑡, |𝑡| > 𝑇 ⇒ 𝑥 (𝑡) = 0

Then

∀𝑡, |𝑡| > 𝑇 ⇒ 𝐶𝑥 (𝑡, 𝑓) = 0

∀𝑡, 𝜏,

|𝜏| < 2 |𝑡| ⇒ 𝜑𝑟−𝑑 (𝑡, 𝜏) = 0

17

Conservation of

the null values of

the signal

𝑥 (𝑡0) = 0 ⇒ ∀ 𝑓, 𝐶𝑥 (𝑡0, 𝑓) = 0
𝜑𝑟−𝑑 (𝜏, 𝜉) =

ℎ1 (𝜏) 𝑒−𝑗2𝜋𝜉𝜏∕2 + ℎ2 (𝜏) 𝑒𝑗2𝜋𝜉𝜏∕2

18

Conservation of the

the null values of

the spectrum

𝑥̂ (𝑓0) = 0 ⇒ ∀ 𝑡, 𝐶𝑥 (𝑡, 𝑓0) = 0
𝜑𝑟−𝑑 (𝜏, 𝜉) =

𝐺1 (𝜉) 𝑒−𝑗2𝜋𝜉𝜏∕2 + 𝐺2 (𝜉) 𝑒𝑗2𝜋𝜉𝜏∕2



42 1 Basic Methods and Tools

Table 1.16 Cohen’s class representations: Wigner–Ville Distribution and associated
forms (Lebaroud [2007], Hlawatsch and Boudreaux–Bartels [1992], and Auger and
Doncarli [1992]).

Name Formula Properties

Wigner

Ville

∞
∫
−∞

𝑥 (𝑡 + 𝜏∕2)𝑥∗ (𝑡 − 𝜏∕2) 𝑒−𝑗2𝜋𝑓𝜏𝑑𝜏

Kernel:

𝜑𝑟−𝑑 (𝜏, 𝜉) = 1

𝜑𝑡−𝑟 (𝑡, 𝜏) = 𝛿 (𝑡)

0,1,2,3,4,6,7,8,9,

10,12,13,14,15,16

Pseudo

Wigner–

Ville

∞
∫
−∞

ℎ (𝜏)𝑥 (𝑡 + 𝜏∕2)𝑥∗ (𝑡 − 𝜏∕2) 𝑒−𝑗2𝜋𝑓𝜏𝑑𝜏

Kernel:

𝜑𝑟−𝑑 (𝜏, 𝜉) = ℎ (𝜏)
𝜑𝑡−𝑟 (𝑡, 𝜏) = 𝛿 (𝑡)ℎ (𝜏)

0,2,3,4,6,7,9,16

if ℎ(𝑡) is is real

and even,

ℎ(0) = 1 , ℎ′(0) = 0

Smoothed

Pseudo

Wigner–

Ville

∞
∫
−∞

∞
∫
−∞

𝑔 (𝑡 − 𝜐)ℎ (𝜏)𝑥 (𝜐 + 𝜏∕2)𝑥∗ (𝜐 − 𝜏∕2) 𝑒−𝑗2𝜋𝑓𝜏𝑑𝜏𝑑𝜐

Kernel:

𝜑𝑟−𝑑 (𝜏, 𝜉) = ℎ (𝜏) 𝑔̂ (𝜉)
𝜑𝑡−𝑟 (𝑡, 𝜏) = 𝑔 (𝑡)ℎ (𝜏)

0,2,3,4,6

if ℎ(𝑡) is real

and even,

ℎ(0)=1

and if 𝑔(𝑡) is real

and even,

𝑔̂(0) = 1

Table 1.17 Cohen class representations: Rihaczek Distribution and associated forms
(Lebaroud [2007] and Auger and Doncarli [1992]).

Name Formula Properties

Rihaczek

𝑥 (𝑡) 𝑥̂∗ (𝑓) 𝑒−𝑗2𝜋𝑓𝑡 Kernel:

𝜑𝑟−𝑑 (𝜏, 𝜉) = 𝑒−𝑗𝜋𝜉𝜏

𝜑𝑡−𝑟 (𝑡, 𝜏) = 𝛿 (𝑡 − 𝜏∕2)

0,1,2,6,7,8,12,13,

14,15,16,17,18

Margenau-Hill

∞
∫
−∞

1
2 [𝑥 (𝑡 + 𝜏)𝑥∗ (𝑡) + 𝑥 (𝑡)𝑥∗ (𝑡 − 𝜏)] 𝑒−𝑗2𝜋𝑓𝜏 =

Re
{
𝑥 (𝑡) 𝑥̂∗ (𝑓) 𝑒−𝑗2𝜋𝑓𝑡

}

Kernel:

𝜑𝑟−𝑑 (𝜏, 𝜉) = cos (𝜋𝜉𝜏)
𝜑𝑡−𝑟 (𝑡, 𝜏) =

1

2
[𝛿 (𝑡 − 𝜏∕2)] + 𝛿 (𝑡 + 𝜏∕2)

0,1,2,3,4,6,7,8,

9,10,16,17,18

(Continued)
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Table 1.17 (Continued)

Name Formula Properties

Pseudo

Margenau-Hill

∞
∫
−∞

ℎ (𝜏)
2 [𝑥 (𝑡 + 𝜏)𝑥∗ (𝑡) + 𝑥 (𝑡)𝑥∗ (𝑡 − 𝜏)] 𝑒−𝑗2𝜋𝑓𝜏𝑑𝜏 =

Re
{
𝑥 (𝑡)𝑇𝐹𝐶𝑇ℎ∗𝑥 (𝑡, 𝑓) 𝑒−𝑗2𝜋𝑓𝑡

}
(h real and even)

Kernel:

𝜑𝑟−𝑑 (𝜏, 𝜉) = ℎ (𝜏) cos (𝜋𝜉𝜏)
𝜑𝑡−𝑟 (𝑡, 𝜏) =

ℎ(𝜏)
2
[𝛿 (𝑡 − 𝜏∕2)] + 𝛿 (𝑡 + 𝜏∕2)

0,2,3,4,6,7,9,1617,

if h(t) is is real

even,

ℎ(0) = 1 , ℎ′(0) = 0

Page

2Re
⎧

⎨
⎩

𝑥 (𝑡) (
𝑡
∫
−∞

𝑥 (𝑢) 𝑒−𝑗2𝜋𝑓𝑢𝑑𝑢)
∗

𝑒−𝑗2𝜋𝑓𝑡
⎫

⎬
⎭

Kernel:

𝜑𝑟−𝑑 (𝜏, 𝜉) = 𝑒𝑗𝜋𝜉|𝜏|

𝜑𝑡−𝑟 (𝑡, 𝜏) = 𝛿 (𝑡 − |𝜏| ∕2)

0,3,4,5,6,7,16,17

Table 1.18 Cohen class representations: Spectrogram et 𝑆 representation (Lebaroud
[2007] and Auger and Doncarli [1992])

Name Formula Properties

Spectrogram

|||||||

∞
∫
−∞

𝑥 (𝑢)ℎ∗ (𝑢 − 𝑡) 𝑒−𝑗2𝜋𝑓𝑢𝑑𝑢
|||||||

2

Kernel:

𝜑𝑟−𝑑 (𝜏, 𝜉) = 𝐴∗
ℎ (𝜏, 𝜉)

𝜑𝑡−𝑟 (𝑡, 𝜏) = ℎ∗ (−𝑡 + 𝜏∕2)ℎ (−𝑡 − 𝜏∕2)

0,2,3,4,6,11 if
∞
∫
−∞

|ℎ (𝑡)|2𝑑𝑡 = 1

S-

representation

∞
∫
−∞

𝑆̂ (𝜉)𝑇𝐹𝐶𝑇ℎ𝑥 (𝑡, 𝑓 + 𝜉∕2)𝑇𝐹𝐶𝑇ℎ∗𝑥 (𝑡, 𝑓 − 𝜉∕2) 𝑒𝑗2𝜋𝜉𝑡𝑑𝜉

Kernel:

𝜑𝑟−𝑑 (𝜏, 𝜉) =
∞
∫
−∞

𝑆̂ (𝜈)𝐴∗
ℎ (𝜏, 𝜉 − 𝜈)𝑑𝜈

𝜑𝑡−𝑟 (𝑡, 𝜏) = 𝑆 (𝑡)ℎ∗ (−𝑡 + 𝜏∕2)ℎ (−𝑡 − 𝜏∕2)

0,2,3,4,6

where the amplitude is slowly varying compared to the variations of Φ. In our
example, we will use a quadratic increase. Several distributions are presented
in Table 1.20 for the same signal.
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Table 1.19 Cohen class representations: Product-type or cone-shaped core
representation (Lebaroud [2007] and Auger and Doncarli [1992]).

Name Formula Properties

Choi–Williams

∞
∫
−∞

∞
∫
−∞

exp(− 𝜈2

4𝜏2∕𝜎
)

√
4𝜋𝜏2∕𝜎

𝑥 (𝑡 − 𝜈 + 𝜏∕2)𝑥∗ (𝑡 − 𝜈 − 𝜏∕2) 𝑒−𝑗2𝜋𝑓𝜏𝑑𝜐𝑑𝜏

Kernel:

𝜑𝑟−𝑑 (𝜏, 𝜉) = exp
(
−4𝜋2𝜉2𝜏2∕𝜎

)

𝜑𝑡−𝑟 (𝑡, 𝜏) =
⎧

⎨
⎩

𝛿 (𝑡) 𝑖𝑓 𝜏 = 0
exp(− 𝑡2

4𝜏2∕𝜎
)

√
4𝜋𝜏2∕𝜎

𝑖𝑓 𝜏 ≠ 0

0,1,2,3,4,6,

7,8,9,10,15

Born–Jordan

∞
∫
−∞

|𝜏|∕2
∫

−|𝜏|∕2

1

|𝜏|
ℎ (𝜏)𝑥 (𝑡 − 𝜈 + 𝜏∕2)𝑥∗ (𝑡 − 𝜈 − 𝜏∕2) 𝑒−𝑗2𝜋𝑓𝜏𝑑𝜐𝑑𝜏

Kernel:

𝜑𝑟−𝑑 (𝜏, 𝜉) = sin 𝑐 (𝜋𝜉𝜏)

𝜑𝑡−𝑟 (𝑡, 𝜏) =

⎧
⎪

⎨
⎪
⎩

𝛿 (𝑡) 𝑖𝑓 𝜏 = 0
1

|𝜏|
𝑖𝑓 |𝑡| ≺ |𝜏| ∕2

𝑒𝑙𝑠𝑒 0

0,1,2,3,4,6,

7,8,9,10,16

Zhao–Atlas

–Marks

∞
∫
−∞

|𝜏|∕2
∫

−|𝜏|∕2
ℎ (𝜏)𝑥 (𝑡 − 𝜈 + 𝜏∕2)𝑥∗ (𝑡 − 𝜈 − 𝜏∕2) 𝑒−𝑗2𝜋𝑓𝜏𝑑𝜐𝑑𝜏

Kernel:

𝜑𝑟−𝑑 (𝜏, 𝜉) = ℎ (𝜏) sin 𝑐 (𝜋𝜉𝜏)

𝜑𝑡−𝑟 (𝑡, 𝜏) =

⎧
⎪

⎨
⎪
⎩

0 𝑖𝑓 𝜏 = 0

ℎ (𝑡) 𝑖𝑓 |𝑡| ≺ |𝜏| ∕2

𝑒𝑙𝑠𝑒 0

0,2,3,4,16

Table 1.20 TFR examples for a chirp signal

Wigner–Ville Distribution Smoothed Pseudo Vigner Ville Distribution

(Continued)
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Table 1.20 (Continued)

Spectrogram Pseudo Margenau-Hill

Page distribution Quadratic Chirp Function

1.2.2.8 Statistic Features
Eight main statistic features are often used, in particular for vibration studies.
Let us consider a time series 𝑥𝑡 of 𝑁 samples. They are defined as follows:

● The energy

𝐸 =
𝑁∑

𝓁=1
𝑥2𝓁 (1.54)

● The maximum

𝑆𝑃𝐴 = sup
1≤𝓁≤𝑁

|||𝑥𝓁||| (1.55)

● The mean value

𝑥̄ = 1
𝑁

𝑁∑

𝓁=1
𝑥𝓁 (1.56)

● The crest factor

𝐹c = 𝑆𝑃𝐴∕𝑅𝑀𝑆 (1.57)
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● The mean power

𝑃 = 1
𝑁

𝑁∑

𝓁=1
𝑥2𝓁 (1.58)

● The standard deviation

𝑅𝑀𝑆 =

√
√√√√ 1

𝑁

𝑁∑

𝓁=1
(𝑥𝓁 − 𝑥̄)2 (1.59)

● The kurtosis

𝑠𝑘𝑢𝑟𝑡 =

1

𝑁

𝑁∑

𝓁=1
(𝑥𝓁 − 𝑥̄)4

𝑅𝑀𝑆4
(1.60)

● The factor 𝐾

𝐹𝐾 = 𝑆𝑃𝐴.𝑅𝑀𝑆 = 𝐹𝑐.𝑅𝑀𝑆2 (1.61)

RMS value gives a measure of an overall vibration level. It is sensitive to the
energy of the signal. The maximum value gives the same kind of information,
but it is less adapted than RMS indicator.
Crest factor and kurtosis are suitable for shock measurement. They measure

the impulsive nature of a signal. Kurtosis is often better. However, it can have
a non-monotonous variation with the severity, in case of several defects.
One must beware of an overly simplistic interpretation of kurtosis (Balanda

and Macgillivray [1988]). J. J. A. Moors [1986] explains that two causes involve
a high values of the Kurtosis:

● The probability mass is concentrated around the mean and a few scattered
values are far from the mean;

● The probability mass is concentrated in the tails of the distribution.

Factor 𝐾 allows to evaluate the degree of severity of a rolling single defect
(Boukar and Hamzaoui [2019]).

1.2.2.9 Cyclostationarity
(1) General description
The concept of cyclostationarity was introduced in the Russian literature by
Gudzenko [1959] and Lebedev [1959]. It deals with signals which exhibit
some hidden periodicity of their energy flow (see Figure 1.22). In other terms,
cyclostationary processes, which result from the interaction of periodic and
random phenomena, are characterized by periodic statistics (Antoni [2009]).
The utilization of cyclostationarity is especially suitable for diagnosing the
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mechanical failures of rotating machines (Bonnardot [2004]), gears (Kidar
[2015]), etc.

Figure 1.22 Stationary signal example (Bonnardot [2004])

We will now give some definitions of the cyclostationarity for rotating
machines.

(2) 𝐧𝐭𝐡-order strict cyclostationarity
Let us consider a rotating machine signal 𝑋(𝜃) with a stochastic behavior. For
any 𝜃, 𝑋(𝜃) is a random variable.
The 𝑛𝑡ℎ-order distribution function is defined by:

𝐹
𝑋(𝜃 + 𝜃1) ... 𝑋(𝜃 + 𝜃𝑁−1) 𝑋(𝜃)

(𝛿1...𝛿𝑁−1𝛿𝑁)

= 𝑃(𝑋(𝜃 + 𝜃1) ≤ 𝛿1...𝑋(𝜃 + 𝜃𝑁−1) ≤ 𝛿𝑁−1𝑋(𝜃) ≤ 𝛿𝑁)

(1.62)

The process 𝑋(𝜃) has a strictly 𝑛𝑡ℎ-order cyclostationary of period 𝜃 if and
only if its 𝑛𝑡ℎ-order distribution function is periodic of period Θ.

∀ [ 𝛿1, ..., 𝛿𝑁 ] ∈ 𝑅𝑁 , ∀ [ 𝜃1, ..., 𝜃𝑁 ] ∈ 𝑅𝑁 ,∀𝜃 ∈ 𝑅,

𝐹
𝑋(𝜃 + 𝜃1), ... 𝑋(𝜃 + 𝜃𝑁−1, 𝜃 )

(𝛿1, ... 𝛿𝑁−1, 𝛿𝑁 )

𝐹
𝑋( Θ + 𝜃 + 𝜃1), ... 𝑋(Θ + 𝜃 + 𝜃𝑁−1), 𝑋(Θ + 𝜃 )

(𝛿1, ... 𝛿𝑁−1, 𝛿𝑁 )

(1.63)

(3) 𝐧𝐭𝐡-order wide sense cyclostationarity
The process 𝑋(𝜃) has a wide sense 2nd-order cyclostationary of period 𝜃 if and
only if it satisfies the following properties:
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● Periodicity of the 1st-order moment

∀𝜃, 𝐸(𝑥(𝜃 + Θ)) = 𝐸(𝑥(𝜃)) (1.64)

where 𝐸 is the expected value.
● Periodicity of the 2nd-order moment

∀𝜃, ∀𝛿, 𝑅𝑋(𝜃, 𝛿) = 𝑅𝑥(𝜃 + Θ, 𝛿)

with

𝑅𝑋(𝜃, 𝛿) = 𝐸(𝑋(𝜃)𝑋(𝜃 + 𝛿))

(1.65)

As we obtain a cyclic function, and under certain conditions of convergence,
we can compute the coefficients of the Fourier series.

𝐸(𝑋(𝜃)) =
+∞∑

𝑘=−∞
𝑚𝑋,Θ,𝑘𝑒

𝑗2𝜋
( 𝑘
Θ

)
𝜃 with 𝑚𝑋,Θ,𝑘 =

1
Θ

+ Θ
2

∫

− Θ
2

𝐸(𝑋(𝜃))𝑒−𝑗2𝜋
( 𝑘
Θ

)
𝜃𝑑𝜃

(1.66)

and

𝑅𝑋(𝜃, 𝛿) =
+∞∑

𝑘=−∞

𝑅𝑋,Θ,𝑘(𝛿)𝑒
𝑗2𝜋( 𝑘Θ )𝜃 with 𝑅𝑋,Θ,𝑘(𝛿) =

1
Θ

+ Θ
2

∫

− Θ
2

𝑅𝑋(𝜃, 𝛿)𝑒
−𝑗2𝜋( 𝑘Θ )𝜃𝑑𝜃 (1.67)

However, these different parameters and their harmonic decomposition
allow the construction of efficient fault signatures in the vibratory domain.
These techniques can require angular resampling of signals in order to trans-
form time representation to angular one.
The ergodicity of some cyclostationary signals makes it possible to evaluate

these static parameters by splitting the time series into successive blocks of
lengthΘ (cyclic period) andmaking a synchronous average (Bonnardot [2004]).
A signal is ergodic if its statistical characteristics, computed from the values at
the same instant of a large number of different realizations of the system, are
identical with those computed from the successive values in time of any of these
realizations.

1.2.3 Model Approach

Some relevant features for diagnosis come from a model of the system (Clerc
and Marques [2011]). They are two different approaches:
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Figure 1.23 Estimation of the parameters

Figure 1.24 Estimation of the parameters

● The first one is based on the estimation of the model parameters.
● The second one is based on an analysis of the residuals between the model
and the actual process.

In case of estimated parameters, these later can be identified with off-line
algorithms or estimated by extended observers. Table 1.21 gives an overview of
the main characteristics of these methods.
We will now describe the main concept of observer. It allows the reconstruc-

tion of non-measurable state quantities (rotor flow, motor slip ...) or difficult
to measure (torque, speed ...). It associates an estimator and a state correction
from the model output error. The estimator is based on the direct solving of the
equations associated with the model. It operates in open loop. The observer is
an estimator where the estimated quantity is corrected by a term that depends
on an error built from measurable quantities.
The observer makes it possible to rebuild the state of an observable system

from themeasurement of inputs and outputs. It is used in state feedback control
when all or part of the state vector cannot bemeasured. In its extended version,
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Table 1.21 Some characteristics of the model approach

Advantages Disadvantages

Parameters

identi�cation

-Taking into account more complex models

that can represent defective behaviors.

-Can be used in variable speed drives

with converter.

-Numerous algorithms that can be

adapted to the application.

-Mostly used o�-line

Extended

observers

-Can be used online.

-Can be integrated in controls laws

where the state must be rebuilt

such as state feedback, etc ...

-Can be used in variable speed drives

with converter

-Requires simple models.

-Requires slowly varying

parameters
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Figure 1.25 Observer

it allows to estimate variable or unknown parameters of a system. It can be
represented by the following block diagram (Figure 1.25):
The di�erent types of observers di�er on the gain synthesis.
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To be able to build an observer, the system must be observable. A discrete
linear Single Input Single Output (SISO) system is observable if and only if the
initial state of the state vector 𝑋(𝑘.𝑇𝑠𝑎𝑚𝑝𝑙𝑖𝑛𝑔0) can be reconstructed from the
observation of its input and output over a finite number of sampling periods.
A linear SISO described by the following state equations

⎧

⎨
⎩

𝑋𝑘+1 = 𝐴.𝑋𝑘 + 𝐵.𝑈𝑘 (state equation)

𝑌𝑘 = 𝐶.𝑋𝑘 + 𝐷.𝑈𝑘 (output equation)
(1.68)

with the state matrix of dimension 𝑛, is observable if and only if the matrix

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝐶

𝐶𝐴

…

𝐶𝐴𝑛−1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(1.69)

is of maximum order (Its determinant is not zero).
In case of nonlinear systems, readers will find an approach to the observ-

ability in Gauthier and Kupka [1994] and Hwang and Seinfeld [1972]. We
assume the conditions of observability verified in this book, in particular for
the extended observers.

1.2.3.1 Kalman Observer
The Kalman filter (Kalman [1960]) gives a realization of the random variable
𝑋̂𝑘 representing the state of the system at instant 𝑘, knowing the measure-
ment vector 𝑌 = {𝑦1, 𝑦2, ..., 𝑦𝑘−1}, which minimizes the a priori variance of the
estimation error 𝐸(𝑋̃𝑇

𝑘 𝑋̃𝑘) with 𝑋̃𝑘 = 𝑋𝑘 − 𝑋̂𝑘.
The discretized process is modeled by the following equations:

𝑋𝑘+1 = 𝐴𝑘.𝑋𝑘 + 𝐵𝑘.𝑈𝑘 +𝑊𝑘

𝑌𝑘 = 𝐶𝑘.𝑋𝑘 + 𝑉𝑘
(1.70)

𝑊𝑘 and 𝑉𝑘 are uncorrelated centered white noises characterized by their
covariance matrix.
The noises are centered, so 𝐸(𝑊𝑖) = 0 and 𝐸(𝑉𝑖) = 0. The covariance

matrices are noted:

● Σ𝑊𝑘𝑖𝑊𝑘𝑗
=
[
𝐸(𝑊𝑘𝑖𝑊𝑘𝑗 )

]
= 𝑄𝑘𝛿𝑖𝑗 where 𝛿𝑖𝑗 is is the operator defined by

𝛿𝑖𝑗 = 1 if 𝑖 = 𝑗 and 𝛿𝑖𝑗 = 0 if 𝑖 ≠ 𝑗 and Q is a positive-definite symmetrical
matrix.
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● Σ𝑉𝑘𝑖𝑉𝑘𝑗 =
[
𝐸(𝑉𝑘𝑖𝑉𝑘𝑗 )

]
= 𝑅𝑘𝛿𝑖𝑗 where Q is a positive-definite symmetrical

matrix.

𝑊𝑘 and 𝑉𝑘 are uncorrelated, thus 𝐸(𝑊𝑘𝑖𝑉𝑘𝑗 ) = 0.
Let us note 𝑋̂𝑘|𝑛 the instantaneous estimation, at the sample 𝑘.𝑇𝑒, minimiz-

ing the variance of the estimation error 𝐸((𝑋𝑘 − 𝑋̂𝑘)𝑇(𝑋𝑘 − 𝑋̂𝑘)) knowing the
measures 𝑦1, ..., 𝑦𝑛

● if 𝑘 < 𝑛, 𝑋̂𝑘|𝑛 is obtained by smoothing;
● if 𝑘 = 𝑛, 𝑋̂𝑘|𝑛 is obtained by filtering;
● if 𝑘 > 𝑛, 𝑋̂𝑘|𝑛 is obtained by a prediction.

The Kalman algorithm minimizing the a priori conditional variance
(𝑛 = 𝑘 − 1) is decomposed into two steps which are:

1. Prediction or propagation step

𝑋̂𝑘+1|𝑘 = 𝐴𝑘.𝑋𝑘+1|𝑘
+ 𝐵𝑘.𝑈𝑘

𝑃𝑘+1|𝑘 = 𝐴𝑘.𝑃𝑘+1|𝑘.𝐴𝑇
𝑘 + 𝑄𝑘

(1.71)

where 𝑃𝑘|𝑘 is the a priori covariance matrix
2. Correction state

𝑋̂𝑘|𝑘 = 𝐴𝑘.𝑋̂𝑘|𝑘−1 + 𝐾𝑘(𝑌𝐾 − 𝐶𝑘𝑋̂𝑘|𝑘−1)

𝑃𝑘|𝑘 = ([𝐼] − 𝐾𝑘.𝐶𝑘)𝑃𝑘|𝑘−1

𝐾𝑘 = 𝑃𝑘|𝑘−1.𝐶𝑑𝑘
𝑇 .(𝐶𝑑𝑘.𝑃𝑘|𝑘−1𝐶𝑑𝑘

𝑇 + 𝑅𝑘)−1
(1.72)

where 𝑃𝑘|𝑘 is the a postiori covariance matrix

This filter has several advantages:

● If the output matrix 𝐶𝑘 is constant and the noises are stationary (their
stochastic properties are not time-dependent), the computation of the
Kalman gain matrix can be done off-line.

● It is recurrent, which reduces the volume of stored data.

1.2.3.2 Extended Observer
(1) Kalman oberver for nonlinear system
Let us consider a nonlinear continuous system

𝑑𝑋

𝑑𝑡
= 𝑓𝑐(𝑋(𝑡), 𝑈(𝑡)) +𝑊(𝑡)

𝑌(𝑡) = ℎ(𝑋(𝑡)) + 𝑉(𝑡)
(1.73)
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This system is discretized at a sampling step 𝑇𝑒:

𝑋̂𝑘+1|𝑘 = 𝑋̂𝑘|𝑘 +
(𝑘+1)𝑇𝑒
∫
𝑘𝑇𝑒

𝑓(𝑋(𝑡|𝑡𝑘), 𝑢(𝑡))𝑑𝑡 (1.74)

The following state equations are obtained:

𝑋𝑘+1 = 𝑓(𝑋𝑘, 𝑈𝑘) +𝑊𝑘

𝑌𝑘 = ℎ(𝑋𝑘) + 𝑉𝑘
(1.75)

The filter linearizes the system at each step around the operating point
defined at the previous step. Let us define:

𝐹𝑘 =
( 𝜕𝑓
𝜕𝑋

)

𝑋𝑘−1|𝑘−1,𝑈𝑘

𝐻𝑘 =
( 𝜕ℎ
𝜕𝑋

)

𝑋𝑘−1|𝑘−1

(1.76)

To calculate 𝑃𝑘+1|𝑘 the system has been linearized around 𝑋̂𝑘|𝑘. Thus, the
algorithm becomes:

1. Prediction or propagation step

𝑋̂𝑘+1|𝑘 = 𝑓(𝑋̂𝑘|𝑘, 𝑈𝑘)

𝑃𝑘+1|𝑘 = 𝐹𝑘𝑃𝑘|𝑘𝐹𝑘
𝑇 + 𝑄𝑘

(1.77)

2. Correction state

𝐾𝑘+1 = 𝑃𝑘+1|𝑘.𝐻𝑘
𝑇
[
𝐻𝑘.𝑃𝑘+1|𝑘.𝐻𝑘

𝑇 + 𝑅𝑘
]−1

𝑃𝑘+1|𝑘+1 = ([𝐼] − 𝐾𝑘+1𝐻𝑘)𝑃𝑘+1|𝑘

𝑋̂𝑘+1|𝑘+1 = 𝑋̂𝑘|𝑘+1 + 𝐾𝑘+1.(𝑦𝑘 − ℎ(𝑋̂𝑘+1|𝑘))

(1.78)

(2) Extended observer
The extended filter (EKF) can be used to identify variable parameters. Two
important applications are the monitoring of rotor time constants or the esti-
mation of rotor speed. To achieve this goal, an augmented system is constructed
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from the state of the system 𝑋𝑘 and the unknown parameters 𝜃𝑘. A new state
vector is defined:

⌣
𝑋𝑘 =

⎡
⎢
⎢
⎣

𝑋𝑘

𝜃𝑘

⎤
⎥
⎥
⎦

(1.79)

By modeling the variation of the parameters by a noise 𝑊𝜃𝑘 and assuming a
slow variation of 𝜃𝑘, the equations of the augmented system are:

⎡
⎢
⎢
⎣

𝑋𝑘+1

𝜃𝑘+1

⎤
⎥
⎥
⎦

=
⎡
⎢
⎢
⎣

𝐴(𝜃𝑘) 0

0 𝐼

⎤
⎥
⎥
⎦

⎡
⎢
⎢
⎣

𝑋𝑘

𝜃𝑘

⎤
⎥
⎥
⎦

+
⎡
⎢
⎢
⎣

𝐵(𝜃𝑘)

0

⎤
⎥
⎥
⎦

𝑈𝑘 +
⎡
⎢
⎢
⎣

𝑊𝑋𝑘

𝑊𝜃𝑘

⎤
⎥
⎥
⎦

𝑌𝑘+1 = [ 𝐶(𝜃𝑘) 0 ]
⎡
⎢
⎢
⎣

𝑋𝑘

𝜃𝑘

⎤
⎥
⎥
⎦

+ 𝑉𝑘

(1.80)

Then, a Kalman observer can be designed for this nonlinear augmented system
with:

𝐹(𝑋, 𝑢, 𝑘𝑇𝑒) =
⎡
⎢
⎢
⎣

𝐴(𝜃𝑘)
𝜕(𝐴(𝜃𝑘 )𝑋𝑘+𝐵(𝜃𝑘 )𝑈𝑘 )

𝜕𝜃𝑘

0 𝐼

⎤
⎥
⎥
⎦

𝐻(𝑋, 𝑘𝑇𝑒) = [ 𝐶(𝜃𝑘)
𝜕(𝐶(𝜃𝑘 )𝑋𝑘 )

𝜕𝜃𝑘
]

(1.81)

For instance, let us consider the following system (Rayyam et al. [2015]):

𝑋𝑘+1 = 𝑓(𝑋𝑘 , 𝑈𝑘) +𝑊𝑘

𝑌𝑘 = ℎ(𝑋𝑘) + 𝑉𝑘

with

𝑋 = [ 𝑖𝑠𝑑 𝑖𝑠𝑞 𝜑𝑟𝑑 𝜑𝑟𝑞 𝑅𝑟 ]

𝑈 =
⎡
⎢
⎢
⎣

𝑢𝑠𝑑

𝑢𝑠𝑞

⎤
⎥
⎥
⎦

𝑌 =
⎡
⎢
⎢
⎣

𝑖𝑠𝑑

𝑖𝑠𝑞

⎤
⎥
⎥
⎦

(1.82)
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The state discrete equations are:

𝑓(𝑋𝑘 , 𝑈𝑘) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑖𝑠𝑑(1 − 𝑇𝑒 (
𝑅𝑠

𝜎𝐿𝑠
+ 1−𝜎

𝜎𝜏𝑟
)) + 𝑖𝑠𝑞𝑇𝑒𝜔𝑠 + 𝜑𝑟𝑑

𝑇𝑒𝐿𝑚

𝜎𝐿𝑠𝐿𝑟𝜏𝑟
+ 𝜑𝑟𝑞𝑇𝑒

𝐿𝑚𝜔𝑠𝑙
𝜎𝐿𝑠𝐿𝑟

+ 𝑢𝑠𝑑
𝑇𝑒

𝜎𝐿𝑠

𝑖𝑠𝑑𝑇𝑒𝜔𝑠 + 𝑖𝑠𝑞(1 − 𝑇𝑒 (
𝑅𝑠

𝜎𝐿𝑠
+ 1−𝜎

𝜎𝜏𝑟
)) − 𝜑𝑟𝑑𝑇𝑒

𝐿𝑚𝜔𝑠𝑙
𝜎𝐿𝑠𝐿𝑟

+ 𝜑𝑟𝑞
𝑇𝑒𝐿𝑚

𝜎𝐿𝑠𝐿𝑟𝜏𝑟
+ 𝑢𝑠𝑞

𝑇𝑒

𝜎𝐿𝑠

𝑖𝑠𝑑𝑇𝑒
𝐿𝑚

𝜏𝑟
+ 𝜑𝑟𝑑(1 −

𝑇𝑒

𝜏𝑟
) + 𝜑𝑟𝑞𝑇𝑒𝜔𝑚

𝑖𝑠𝑞𝑇𝑒
𝐿𝑚

𝜏𝑟
− 𝜑𝑟𝑑𝑇𝑒𝜔𝑚 + 𝜑𝑟𝑞(1 −

𝑇𝑒

𝜏𝑟
)

𝑅𝑟

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

ℎ(𝑋𝑘) =
⎡
⎢
⎢
⎣

1 0 0 0 0

0 1 0 0 0

⎤
⎥
⎥
⎦

with

𝜏𝑟 =
𝐿𝑟

𝑅𝑟

𝜔𝑠𝑙 = 𝜔𝑠 − 𝜔𝑚

(1.83)

Thus we obtain the Jacobian matrix 𝐹𝑘:

𝐹𝑘 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

(1 − 𝑇𝑒 (
𝑅𝑠

𝜎𝐿𝑠
+ 1−𝜎

𝜎𝜏𝑟
)) 𝑇𝑒𝜔𝑠

𝑇𝑒𝐿𝑚

𝜎𝐿𝑠𝐿𝑟𝜏𝑟
𝑇𝑒

𝐿𝑚𝜔𝑠𝑙
𝜎𝐿𝑠𝐿𝑟

𝑇𝑒
𝐿𝑚𝜑𝑟𝑑−𝐿𝑚

2 𝑖𝑠𝑑
𝐿𝑟2𝐿𝑠−𝐿𝑚2𝐿𝑟

𝑇𝑒𝜔𝑠 (1 − 𝑇𝑒 (
𝑅𝑠

𝜎𝐿𝑠
+ 1−𝜎

𝜎𝜏𝑟
)) −𝑇𝑒

𝐿𝑚𝜔𝑠𝑙
𝜎𝐿𝑠𝐿𝑟

𝑇𝑒𝐿𝑚

𝜎𝐿𝑠𝐿𝑟𝜏𝑟
𝑇𝑒

𝐿𝑚𝜑𝑟𝑞−𝐿𝑚2 𝑖𝑠𝑞

𝐿𝑟2𝐿𝑠−𝐿𝑚2𝐿𝑟

𝑇𝑒
𝐿𝑚

𝜏𝑟
0 (1 − 𝑇𝑒

𝜏𝑟
) 𝑇𝑒𝜔𝑚 𝑇𝑒

𝐿𝑚𝑖𝑠𝑑−𝜑𝑟𝑑
𝐿𝑟

0 𝑇𝑒
𝐿𝑚

𝜏𝑟
−𝑇𝑒𝜔𝑚 (1 − 𝑇𝑒

𝜏𝑟
) 𝑇𝑒

𝐿𝑚𝑖𝑠𝑞−𝜑𝑟𝑞

𝐿𝑟

0 0 0 0 1

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(1.84)

Then, we obtain the rotor time constant (See Figure 1.26).

1.2.3.3 Unscented Kalman Filter
Unscented Kalman filter (UKF) (Julier and Uhlmann [1997]) deals with online
state estimation of a discrete-time nonlinear system. It uses suitable chosen
X-state samples (called sigma points), which are passed directly into the state
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Figure 1.26 Extended rotor resistance observer

function 𝑓 and whose statistics are extracted from it, rather than linearising it,
as in the classical Kalman �lter.
Readers could �nd the algorithm in Wan and Van Der Merwe [2000]. See

Figure 1.27.

1.2.4 Parity Space

Thismethodwas introduced by Chow andWillsky [1984]. It deals with the gen-
eration of residuals based on nonlinear analytical redundancies. In the absence
of a failure, the residuals should converge to zero. In the presence of a fault, the
residue deviates from zero. The threshold is chosen in order to avoid unsus-
pected alarms.Wewill describe it for linear systems (Chow andWillsky [1984]).
Let us consider the state equations:

𝑥(𝑘 + 1) = 𝐴.𝑥𝑘 +
𝑞∑

𝑗=1
𝑏𝑗𝑢𝑗(𝑘)

𝑦𝑗(𝑘) = 𝑐𝑗𝑥(𝑘) for 𝑗 = 1..𝑀
(1.85)

where

● x a state vector of dimension 𝑁,
● A is a constant state matrix of dimension 𝑁x𝑁,
● 𝑏𝑗 is a constant input vector of dimension 𝑁x1,
● 𝑏𝑗 is a constant output vector of dimension 1x𝑁,
● 𝑢𝑗 is the known scalar input to the 𝑗𝑡ℎ actuator
● 𝑦𝑗 is the scalar output of the 𝑗𝑡ℎ sensor.
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Figure 1.27 Unscented Kalman Filter Algorithm (Wan and Van Der Merwe [2000])
with permission of IEEE.
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Some of the outputs can be linear dependent of the others. They can also
depend on some inputs and outputs. These links can provide redundancy rela-
tions and, thus, residuals. The general method to generate general redundancy
relations is described below.
Let us consider:

𝐶𝑗(𝑘) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑐𝑗

𝑐𝑗𝐴

...

𝑐𝑗𝐴𝑘

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

for 𝑗 = 1..𝑀 (1.86)

It exist a 𝑛𝑗 such as 1 ≤ 𝑛𝑗 ≤ 𝑁 and

𝑟𝑎𝑛𝑘[𝐶𝑗(𝑘)] =
⎧

⎨
⎩

𝑘 + 1 for 𝑘 < 𝑛𝑗

𝑛𝑗 for 𝑘 ≥ 𝑛𝑗
(1.87)

Les us define a nonzero raw vector 𝜔 =
[
𝜔1, ..., 𝜔𝑀

]
of dimension

𝑛 =
𝑀∑

𝑖=1
(𝑛𝑖 + 1) such as

[
𝜔1, ..., 𝜔𝑀

]

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝐶1(𝑛1)

𝐶2(𝑛2)

𝐶𝑀(𝑛𝑀)

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

𝑥(𝑘) = 0 with 𝑥(𝑘) ∈ 𝑅𝑁 (1.88)

Assuming that the system 1.85 is observable, there are only 𝑛-𝑁 linearly inde-
pendent𝜔 satisfying 1.88. They define a (𝑛-𝑁) x𝑁matrix notedΩ. A𝑛-𝑁 vector
𝑃(𝑘) called generalized parity vector is finally built:
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𝑃(𝑘) = Ω

⎛
⎜
⎜
⎜
⎜
⎝

⎡
⎢
⎢
⎢
⎢
⎢
⎣

𝑌1(𝑘, 𝑛1)

...

𝑌𝑀(𝑘, 𝑛𝑀)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

− 𝐵

⎛
⎜
⎜
⎜
⎜
⎝

𝐵1(𝑛1)

...

𝐵𝑀(𝑛𝑀)

⎞
⎟
⎟
⎟
⎟
⎠

𝑈(𝑘, 𝑛0)

⎞
⎟
⎟
⎟
⎟
⎠

with

𝑌𝑗(𝑘, 𝑛𝑗) =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

𝑦𝑗(𝑘)

...

𝑦𝑗(𝑘 + 𝑛𝑗)

⎤
⎥
⎥
⎥
⎥
⎥
⎦

𝐵𝑗(𝑛𝑗) =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

0 0 ... ... ... ... 0

𝑐𝑗𝐵 0 ... ... ... ... 0

... 𝑐𝑗𝐵 0 ... ... ... 0

... ... ... ... ... ... ...

𝑐𝑗𝐴𝑛𝑗−1𝐵 𝑐𝑗𝐴𝑛𝑗−2𝐵 ... ... ... 𝑐𝑗𝐵 0

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

𝐵 = [𝑏1 ... 𝑏𝑞 ] with q the number of actuators

𝑢(𝑘) = [𝑢1(𝑘) ... 𝑢𝑞(𝑘)]
𝑇

𝑛0 = max(𝑛1, ..., 𝑛𝑀)

𝑈(𝑘, 𝑛0) = [𝑢(𝑘)𝑇 ... 𝑢(𝑘 + 𝑛0)
𝑇 ]

𝑇

(1.89)

𝑃(𝑘) is nonzero if and only if a failure occurs.
But parity space is not limited to linear systems. Zhong et al. [2010] have

developed this strategy for linear discrete dime-varying systems.
Nguang et al. [2006] described an extension of parity space to nonlinear sys-
tems with an LMI approach.
Amrane et al. [2017] applied it on nonlinear systems described in Takagi–
Sugeno form by using a transformation by sector nonlinearity.
These methods can be implemented in numerous applications. For instance,

they can be used:

● to the fault detection and isolation of an Induction Machine (Amrane et al.
[2017]).

● to detect current sensor faults (Berriri et al. [2011]).
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● the time-domain synchronous generator diagnosis (Lalami and Wamkeue
[2012]).

1.3 Feature Reduction, Principal Component
Analysis

The performance of diagnostic and prognostic methods depends very strongly
on the choice of pattern vector (fault signature). Its components must be suffi-
ciently informative without being too numerous, at the risk of overloading the
useful information and degrading the performance of the classifier. Thus, the
selection of the pattern vector components requires:

● selecting informative parameters for diagnosis: Shannon entropy indicator;
● analyzing correlated parameters in order to keep only the relevant ones:
Pearson coefficient;

● selecting monotonic parameters for prognostic: Spearman indicator;
● reducing the dimension of the research space for supervised classifier;
● reducing the dimension of the research space for unsupervised classifier:
Laplacian score;

● determining the number of classes;
● evaluating the quality of the classification.

First of all, we will present the principal component analysis (PCA), which
allows to reduce the representation space. It is used both to visualize the differ-
ent classes and to perform an unsupervised classification. However, it does not
reduce the number of parameters to be calculated.

1.3.1 Principal Component Analysis: A Space Reduction and an
Unsupervised Classification

Principal component analysis (PCA) is a multivariate exploratory analysis
method introduced by Karl Pearson in 1901 (Pearson [1901]), formalized by
Hotelling in 1933 (Hotelling [1933]), and taken up in the work of Rao [1964].
A more detailed history of PCA has been given in Mishra et al. [2017].
The general objective of this method is to summarize the initial variables

in the raw data using a reduced number of synthetic variables called princi-
pal components. These new variables are a linear combination of the initial
variables, allowing the representation of the data to be condensed while main-
taining their overall structure (Eke [2018]).
The PCA can then be used:

● to visualize the structure of data;
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● to realize an unsupervised classi�cation;
● as a preconditioning step for other classi�ers;
● reducing the dimension of the research space for supervised classi�er.

The principle of PCA is to reduce the size of the initial data by replacing the
initial 𝑝 variables [𝑋1, 𝑋2, ..., 𝑋𝑝]𝑡 by 𝑞 ones [𝑋𝑛𝑒𝑤

1 , 𝑋𝑛𝑒𝑤
2 , ..., 𝑋𝑛𝑒𝑤

𝑞 ]𝑡 with 𝑞 < 𝑝
with 𝑋𝑡 the transposed vector of 𝑋.
These later 𝑞 factors are linear combination of the initial variables.

𝑋𝑛𝑒𝑤
1 = 𝛼11𝑋1 + 𝛼21𝑋2 + ... + 𝛼𝑝1𝑋𝑝

...

𝑋𝑛𝑒𝑤
𝑞 = 𝛼1𝑞𝑋1 + 𝛼2𝑞𝑋2 + ... + 𝛼𝑝𝑞𝑋𝑝

(1.90)

They are called factors or principal components.
Equation 1.90 can be rewritten as follows:

𝑋𝑛𝑒𝑤 = 𝑃𝐽.𝑋 (1.91)

with 𝑃𝐽 a projection matrix.
The choice of the principal components is made by maximizing the disper-

sion of individuals according to these factors.
The dispersion of a quantitative variable is generallymeasured by its variance

(or standard deviation). When a cloud of points is available in several dimen-
sions, we speak about inertia, (the sum of the variances of the variables under
consideration). Thus, the factors selected must have a maximum variance.
In other words, PCA aims to �nd the directions of maximum variances in

a high 𝑝 dimensional data and project it into a 𝑞 lower dimensional subspace
without too much loss of information (Figure 1.28).
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PCA involves the following steps:

● step 1 - Collect 𝑚 different data in a matrix 𝑋. Each column represents a
parameter, each line represents a pattern (data);

● step 2 - Standardize the data: 𝑋𝑚 = 𝑋−𝑋̄

𝜎𝑋
with 𝑋̄ the mean of each column of

𝑋, and 𝜎𝑋 the variance;
● step 3 - Obtain the covariance matrix of 𝑋𝑚: Σ𝑋 =

1

𝑝
𝑋𝑚𝑋𝑚

𝑇 . Diagonal terms
are the variances of each parameter. Non-diagonal terms are the covari-
ances between two parameters. A parameter with a high variance carries
information . A high covariance indicates highly redundant parameters;

● step 4 - Calculate Eigen vectors and Eigen values. Diagonalize the matrix in
order tomaximize the variances andminimize the covariances. Eigen vectors
are given with 𝑑𝑒𝑡(Σ𝑋 − 𝜆.𝐼) = 0. If we note 𝜆𝑖 the Eigen values and 𝑉𝑖 the
Eigen vectors, then Σ𝑋 .𝑉𝑖 = 𝜆𝑖 .𝑉𝑖;

● step 5 - Sort theEigen vectors. Take the eigenvalues 𝜆1,𝜆2, . . . ,𝜆𝑝 and sort them
from largest one to smallest one. Then, sort the eigenvectors 𝑉𝑖 in the same
way in order to build the matrix 𝑃𝐽 ;

● step 6 - Compute the new vector: 𝑋𝑛𝑒𝑤 = 𝑃𝐽 .𝑋;
● step 7 - Drop uninformative features from the new set to keep 𝑞 parameters.

For that, compute the inertia of each axe: 𝜆𝑖
𝑝
then the cumulated inertia

𝑟∑

𝑖=1

𝜆𝑖
𝑝

where r is the rank of the main component. Finaly compute the proportion
of variance explained, which is the sum of the eigenvalues of the features you

kept until rank 𝑟 divided by the sum of the eigenvalues of all features
∑𝑟

𝑖=1 𝜆𝑖∑𝑝
𝑖=1 𝜆𝑖

.

Keep the 𝑞 most representative ones.

1.3.2 Intercorrelation

Intercorrelation represents the statistical link between two variables. It doesn’t
deal with causal interaction. In our case, intercorrelation is used to keep
the minimum number of parameters in a set of correlated ones and remove
redundant features.

1.3.2.1 Pearson Coefficient “r”
The Pearson coefficient (Pearson and Galton [1895] describes the cor-
relation between two variables by assuming their linear variation.
This coefficient always varies between −1 and 1 (Tufféry [2012] and
Ben Marzoug [2020]).
Given paired data {(𝑋1, 𝑌1),… , (𝑋𝑛, 𝑌𝑛)} with 𝑛 the sample size, this coeffi-

cient can be calculated according to the following equations eq. 1.92 and eq.
1.93.
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Figure 1.29 Pearson coefficient Source: Tufféry [2012] and Ben Marzoug [2020]

𝑟 =
𝜎𝑋𝑌
𝜎𝑋𝜎𝑌

=

1

𝑛

𝑛∑

𝑖=1
(𝑋𝑖 − 𝑋̄) (𝑌𝑖 − 𝑌̄)

√
√√√

𝑛∑

𝑖=1
(𝑋𝑖−𝑋̄)

2

𝑛

√
√√√

𝑛∑

𝑖=1
(𝑌𝑖−𝑌̄)

2

𝑛

(1.92)

with 𝑋̄ and 𝑌̄, the sample mean of the points 𝑋𝑖 and 𝑌𝑖 .

𝑟 = 1
𝑛

𝑛∑

𝑖=1
(
(𝑋𝑖 − 𝑋̄)
𝜎𝑋

.
(𝑌𝑖 − 𝑌̄)
𝜎𝑌

) =
1
𝑛

𝑛∑

𝑖=1
(𝑋𝐶𝑅𝑖 .𝑌𝐶𝑅𝑖) (1.93)

1.3.2.2 Spearman Coefficient “𝜌𝜌𝜌 ”
The Spearman’s index (Spearman [1904]) identifies and quantifies the existence
of a monotonic link, linear or not, between the variables under consideration
(Gray [2013] and Ben Marzoug [2020]). It deals with the ranks of the variables
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under consideration. The following examplemay explain the procedure for cal-
culating this coefficient. If we consider a variable 𝑋 = [7, 10, 26, 20, 23, 2, 5], 𝑋
contains seven observations. The vector 𝑟𝑎𝑛𝑘𝑋 can be obtained as follows: we
start by sorting variable𝑋 in ascending order. Then, we replace the values taken
by variable𝑋 by their order number. This gives 𝑟𝑎𝑛𝑘𝑋 = [3, 4, 7, 5, 6, 1, 2]. Now,
to calculate the Spearman’s coefficient for variables𝑋 and𝑌, we can use the (eq.
1.94):

𝜌 = 1 −
6

𝑛∑

𝑖=1
𝑑2𝑖

𝑛3 − 𝑛
, (1.94)

with 𝑛 the number of observations and 𝑑𝑖 the difference between 𝑟𝑎𝑛𝑘𝑋𝑖 and
𝑟𝑎𝑛𝑘𝑌𝑖 Alternatively, the following expression can be used (eq. 1.95):

𝜌 =
c𝑜𝑣(𝑟𝑎𝑛𝑘𝑋 , 𝑟𝑎𝑛𝑘𝑌)

𝜎𝑟𝑎𝑛𝑘𝑋 .𝜎𝑟𝑎𝑛𝑘𝑌
(1.95)

with 𝜎𝑟𝑎𝑛𝑘𝑋 and 𝜎𝑟𝑎𝑛𝑘𝑌 standard deviations of the rank variables.
Figure 1.30 shows the difference between the Pearson’s coefficient and the

Spearman’s index.

Figure 1.30 Difference between Pearson and Spearman coefficients Source: Gray
[2013] and Ben Marzoug [2020]
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1.3.3 Information Content: Shannon Entropy

Shannon’s entropy (Shannon [1948]) measures the amount of information in
a signal. The larger the entropy of a signal is, the more nonredundant infor-
mation it contains (Gray [2013] and Ben Marzoug [2020]). It is used to remove
irrelevant features and keep informative ones.
Given a discrete random variable 𝑋, with 𝑚 possible outcomes 𝑥1, ..., 𝑥𝑚,

which occur with probability 𝑃1, ..., 𝑃𝑚, the entropy of𝑋 is defined as (eq. 1.96):

𝐻(𝑋) = −
𝑚∑

𝑖=1
𝑃𝑖 .log2(𝑃𝑖) (1.96)

For instance, let us consider 𝑋 a signal of 𝑛 individuals, containing 𝑚
different symbols with𝑚 < 𝑛.
Example: 𝑋 = (𝑎, 𝑏, 𝑎, 𝑐, 𝑎, 𝑏, 𝑑, 𝑐).
In this case, the number of individuals is 𝑛 = 8 and in the vector𝑋, there are

four different symbols (“a", “b", “c", and “d") from where𝑚 = 4.
To measure the quantity of information, wemust first calculate the probabil-

ity of appearance of each of the symbols 𝑖 with 𝑖 ∈ [1, 𝑚], we call it 𝑃𝑖 . For our
example 𝑃 = (3∕8; 2∕8; 1∕8). As for the calculation of the entropy, we apply
equation (eq. 1.96). For our example, we obtain 𝐻(𝑋) = 1.9056.

1.3.4 Pattern Sizing Reduction for a Supervised Classification

A too large number of parameters involves too many computations and, in
some cases, can decrease the performance of the classifier.
To reduce the number of parameters and, thus, the size of the display space,

parameter selection methods can be used (Ondel [2006]).
These methods assume that the class structure of the learning set is

known,that is it used in supervised mode.
The objective is to select the 𝑑′ most representative parameters among the

initial 𝑑, keeping as well as possible the information on the class structure.
Thus, we build a subspace 𝐸′ from the initial space 𝐸.

1.3.4.1 Selection Criteria
The criterion used for the determination of the subspace 𝐸′, must represent as
well as possible the classes which are supposed to be known. Intuitively, this
approach is based on:

● grouping of the points of the same class, that is a minimizing the intra-class
variance (notion of compactness);

● separating the different classes, that is a maximizing the inter-class variance
(notion of separability);
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The intra-class and inter-class variance matrices deal with these two condi-
tions. The intra-class variance matrix involves the samples of each class as well
as the centroid (eq. 1.97):

Σ𝑤 =
1
𝑁

𝑀∑

𝑐=1

𝑁𝑐∑

𝑣=1

(
𝑋𝑐𝑣 −𝑚

𝑐

)
.
(
𝑋𝑐𝑣 −𝑚

𝑐

)𝑡
(1.97)

while the inter-class variance matrix characterizes the dispersion of classes
among themselves (eq. 1.98).

Σ𝐵 =
1
𝑁

𝑀∑

𝑐=1

(
𝑚
𝑐
−𝑚

)(
𝑚
𝑐
−𝑚

)𝑡
(1.98)

with:

● 𝑚: overall center of gravity;
● 𝑀: number of clusters;
● 𝑚

𝑐
: center of gravity of cluster Ω𝑐;

● 𝑋𝑐𝑣: 𝑣
𝑡ℎ vector of the cluster Ω𝑐;

● 𝑁𝑐: number of vectors of the cluster Ω𝑐;
● N: total number of vectors of the learning base.

We can then define the variance-covariance matrix Σ by (eq. 1.99):

Σ = Σ𝑤 + Σ𝐵 (1.99)

Two criteria can be defined (eq. 1.100 and eq. 1.101):

𝐽1 = 𝑡𝑟𝑎𝑐𝑒(Σ𝑤
−1.Σ𝐵) (1.100)

𝐽2 =
det(Σ)
det(Σ𝑤)

(1.101)

where 𝑡𝑟𝑎𝑐𝑒(𝑋) is the trace of the matrix 𝑋 (sum of the diagonal elements).
The Fisher ratio can also be applied as a criterion. In the case of a two-class

problem, the criterion is expressed, for a parameter (eq. 1.102):

𝐽3(𝛼) =
𝑚1(𝛼) −𝑚2(𝛼)

𝑁1𝜎12(𝛼) −𝑁2𝜎22(𝛼)
(1.102)

where

● 𝑚𝑐(𝛼) with 𝑐 = 1, 2;, center of gravity of the class Ω𝑐, considering only the
parameter 𝛼

𝑚𝑐
𝑐=1,2

(𝛼) = 1
𝑁𝑐

𝑁𝑐∑

𝑣=1
𝑋𝑐𝑣 (𝛼) (1.103)
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● 𝜎𝑐2 (𝛼): variance of the component 𝛼 of the vectors of the class Ω𝑐;

𝜎𝑐2 (𝛼) =
1
𝑁𝑐

𝑁𝑐∑

𝑣=1

[
𝑋𝑐𝑣(𝛼) −𝑚𝑐(𝛼)

]2
(1.104)

In the general case of a problem with M classes, 𝐽3(𝛼) is expressed as (eq.
1.105):

𝐽3(𝛼) =
𝑀∑

𝑐=1

𝑀−1∑

𝑟=1

𝑚𝑐(𝛼) −𝑚𝑟(𝛼)
𝑁𝑐𝜎𝑐2(𝛼) −𝑁𝑟𝜎𝑟2(𝛼)

(1.105)

The greater the criterion is, the more separate the classes are.

1.3.4.2 Sequential Backward Feature Selection and Sequential Forward Feature
Selection
The aimof the Feature Selection is to select 𝑑 parameters froman initial set of𝑚
parameters with 𝑑 < 𝑚. If the number of features is too great, it is not possible
to test all the subset of parameters. Thus, the number of possible combinations
is (eq. 1.106)

Number of combinations =
𝑚∑

𝑘=1

𝑚!
𝑘!(𝑚 − 𝑘)!

(1.106)

For instance, for 10 features, we have 1023 subsets and for 11 features, 2047
subsets.
Thus, it is necessary to use sub-optimal approaches. Two of the main feature

selection algorithms come from the work of Efroymson [1960]:

● Sequential Backward Feature Selection (SBS);
● Sequential Forward Feature Selection (SFS).

The Sequential Backward Feature Selection (SBS) starts with the full set of
the𝑚 features. A selection criterion is computedwith all the𝑚-1 sets of features
extracted from the original one. The combination with the optimal criterion
is kept. This removal stage is repeated until a break appear on the criterion.
The best combination before this break gives the final set of features. Thus, the
features are sequentially removed from the given 𝑚 features list to reach the
list of 𝑑 features (see Figure 1.31).
In the case of SFS, the algorithm starts with singletons and at each step, all

combinations of each remaining feature from the original set with the previous
optimal subset are tested (see Figure 1.32).
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Figure 1.31 Sequential backward feature selection

Figure 1.32 Sequential forward feature selection

1.3.5 Pattern Sizing Reduction for an Unsupervised Classification:
Laplacian Score

The Laplacian Score (He et al. [2005]) determines the importance of a feature
by evaluating its ability to preserve the locality (Eke [2018]).
Let us consider 𝐼𝑟 the Laplacian score of the 𝑟𝑡ℎ variable of the initial pattern

vector and 𝑓𝑟𝑖 the 𝑖𝑡ℎ value of the 𝑟𝑡ℎ variable with 𝑖 = 1, ..., 𝑛.
The Laplacian score is built with the following method:

● Construction of the nearest neighbor graph with 𝑛 nodes. The 𝑖𝑡ℎ node cor-
responds to the point 𝑥𝑖 . A boundary is built between node 𝑖 and 𝑗 if 𝑥𝑖 and
𝑥𝑗 are close points, that is 𝑥𝑖 is among the 𝑘 closest neighbors to 𝑥𝑗 or 𝑥𝑗 is
among the 𝑘 closest neighbors to 𝑥𝑖 (when label information is available, a
boundary can be put between two nodes sharing the same label).
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● Construction of the weighting matrix 𝑆 of the connected nodes. If the nodes

𝑖 and 𝑗 are connected, associate 𝑆𝑖𝑗 = 𝑒−
‖𝑥𝑖−𝑥𝑗‖2

𝑡 where 𝑡 is a suitable constant
and associate 𝑆𝑖𝑗 = 0 in the other case. The matrix 𝑆 models the local struc-
ture of the data representation space. 𝑆𝑖𝑗 evaluates the similarity between the
𝑖𝑡ℎ and the 𝑗𝑡ℎ node.

● For the 𝑟𝑡ℎ variable, define:

𝑓𝑟 = [𝑓𝑟1, 𝑓𝑟2, ..., 𝑓𝑟𝑛]
𝑡

𝟏 = [1, 1, ..., 1]𝑡

𝐷 = 𝑑𝑖𝑎𝑔(𝑆𝟏)

𝑓𝑟 = 𝑓𝑟 −
𝑓𝑡𝑟𝐷𝟏

𝟏𝑡𝐷𝟏
𝟏

𝐿 = 𝐷 − 𝑆.

(1.107)

Then, compute

𝐿𝑟 =
𝑓𝑡𝑟𝐿𝑓𝑟
𝑓𝑡𝑟𝐷𝑓

(1.108)

1.3.6 Choice of the Number of Classes for an Unsupervised
Classification

In this case, the label of the different pattern in the learning base and the
number of clusters are unknown.

1.3.6.1 Choice of the Number of Classes with a PCA
Two methods are mainly used:

● the elbow criterion;
● the Kaiser’s law (Kaiser [1960]).

Both techniques are based on the calculation of inertia (inertia measures the
dispersion of the point cloud) explained by the principal component axes. The
total inertia of a point cloud is the sum of the squares of the distances of the
points from the center of gravity. The average inertia is equal to the total inertia
divided by the number of variables.
When the data are projected on the axes of the PCA, the inertia explained by

each of themain components can be calculated (Gonzalez [2020]). The variance
of a principal component 𝑖 (variance of the coordinates of the projected points
on the axis under consideration) is equal to the inertia 𝜆𝑖 carried by the principal
axis 𝑖 associated with it.
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Figure 1.33 Inertia explained by axes

Kaiser’s law recommends to retain all axeswhich have an inertia greater than
or equal to the mean inertia (Beavers et al. [2013]).
The elbow criterion is a visual method that proposes to plot the percentage

of inertia explained by each component and keep the axes located before the
slope break.
The graph of Figure 1.33 shows the inertia explained by each axis of the PCA

in relation to the total inertia.
In this example, we have kept four axes, taking into account 80% of the total

inertia.
Herrera and Gac [2002] de�ne the quality of the projection of the variables

(eq. 1.109):

𝑄𝑉𝑛 =
𝑛∑

𝑖=1
𝑐𝑜𝑟𝑟2(𝑉,𝐴𝑥𝑖) (1.109)

where 𝑄𝑉𝑛 is the quality index of the projection of the variable 𝑉 in 𝑛 axes of
the PCA. 𝑐𝑜𝑟2 is the square of the Pearson’s correlation. 𝐴𝑖 is the data vector of
the 𝑖𝑡ℎ axis of the PCA.

1.3.6.2 General Case
One of the most commonly used techniques is to test an increasing number of
classes and assess the number of false positives or false negatives on a given test
base. One can built for instance a confusion matrix (Figure 1.34).
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Figure 1.34 Confusion matrix after a discriminant analysis of Fisher’s iris data

The confusion matrix allows visualization of the performance of an super-
vised classifier. Each row of the matrix represents the instances in a predicted
class, while each column represents the instances in an actual class (or vice
versa).

1.3.7 Other Quality Criteria of a Classification

Many indices have been presented in Desgraupes [2017] in order to evaluate
the quality of the classification. We will present the main ones:

● R2 index;
● Calinski–Harabasz index;
● Silhouette index;
● Dunn.

1.3.7.1 R2 index
𝑅2 index is based on the calculation of the inertia that is the variance explained
by the classes.
According to theHuygens relation and as we have already seen (eq. 1.99), the

total inertia can be decomposed into intra-class and inter-class-inertia, Figure
1.35:

𝑛∑

𝑖=1
𝑑2(𝑋,𝐺) =

𝑘∑

𝑗=1

𝑚𝑗∑

𝑙=1
𝑑2(𝑋𝑙, 𝐺𝑗) +

𝑘∑

𝑗=1
𝑚𝑗𝑑2(𝐺𝑗 , 𝐺)

𝐼𝑇 = 𝐼𝑤 + 𝐼𝐵

(1.110)
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where 𝑛 is the number of individuals, 𝑘 is the number of classes, and𝑚𝑗 is the
number of individuals in class j. 𝑋 denotes individuals, G for the global centre
of gravity,𝐺𝑗 is the centre of gravity of class 𝑗. 𝐼𝑇 deals with the total dispersion,
𝐼𝑤 represents the within classes dispersion, and 𝐼𝐵 denotes the dispersion of the
group centers around the global center.
𝑅2 is given the amount of inertia explained with this partition (1.111):

𝑅2(𝑘) =
𝐼𝐵
𝐼𝑇

(1.111)

𝑅2 is always between 0 and 1. 𝑅2 is 0 whenwe have only one class and 1when
the number of classes equals the number of individuals. To choose the optimal
number of classes, 𝑅2must be as close as possible to 1 without having toomany
classes and by plotting the curve of 𝑅2 according to the number of classes, we
must stop after the last important jump (as in the method descibed for PCA).

1.3.7.2 Calinski–Harabasz Index
The Calinski–Harabasz criterion (Caliski and Harabasz [1974]) measures the
separation between all classes (Desgraupes [2017]). Let us note 𝑛 is the number
of individuals, 𝑘 is the number of classes. The Calinski–Harabasz, also called
pseudo-F is given by (eq. 1.112):

𝑃𝑠𝑒𝑢𝑑𝑜𝐹(𝑘) =

𝑅2

𝑘−1
1−𝑅2

𝑛−𝑘

=

𝐼𝐵
𝑘−1
𝐼𝑊
𝑛−𝑘

(1.112)

Total Inertia = Intra-class Inertia + Inter-classes Inertia

gg

gC

gA

gB

(b)(a)

Figure 1.35 Illustration of Huygens relation
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1.3.7.3 Davies–Bouldin Index
This criterion (Davies and Bouldin [1979]) compares intra-class dispersions
with distances between classes. It measures the similarity between classes.
Thus, the “best" choice of the number of clusters is the one that minimizes
this similarity (Desgraupes [2017]).
Davies–Bouldin index is given by eq. 1.113:

𝐷𝐵(𝑘) = 1
𝑘

𝑘∑

𝑖=1
max𝑎,𝑏≠𝑎(

𝑆𝑎 + 𝑆𝑏
𝑑𝑎𝑏

) (1.113)

1.3.7.4 Silhouette Index
Silhouette index has been by defined by Rousseeuw [1987].
Let us design the data matrix

𝑋 =

⎡
⎢
⎢
⎢
⎢
⎢
⎣

𝑥11 ... 𝑥1𝑝

... ... ...

𝑥𝑁1 ... 𝑥𝑁𝑝

⎤
⎥
⎥
⎥
⎥
⎥
⎦

(1.114)

The set of points belonging to the 𝑘𝑡ℎ class is defined in eq. 1.115:

𝐶𝑘 = {𝑖 ∈ [1, 𝑁]∕𝑐𝑙𝑎𝑠𝑠(𝑖) = 𝑘} (1.115)

According to Wikipédia [2019] and Desgraupes [2017], the silhouette coeffi-
cient or score is first defined on a point 𝑖, whose group is 𝑘 = 𝑐𝑙𝑎𝑠𝑠(𝑖) (see eq.
1.116).

𝑎(𝑖) = 1
|||𝐶𝑘||| − 1

∑

𝑗∈𝐶𝑘 ,𝑗≠𝑖
𝑑
(
𝑥𝑖 , 𝑥𝑗

)
(1.116)

where |||𝐶𝑘||| is the number of elements of 𝐶𝑘.
The average distance from the point to its neighboring group is given by (eq.

1.117):

𝑏(𝑖) = min
𝑘′≠𝑘

1
|||𝐶𝑘′ |||

∑

𝑖′∈𝐶𝑘′
𝑑 (𝑥𝑖 , 𝑥𝑖′) (1.117)

The silhouette index of point 𝑖 is provided by (eq. 1.118):

𝑠𝑠𝑖𝑙ℎ𝑜𝑢𝑒𝑡𝑡𝑒(𝑖) =
𝑏(𝑖) − 𝑎(𝑖)

max (𝑎(𝑖), 𝑏(𝑖))
(1.118)

It can be averaged group by group to compare their homogeneity: those with
the highest silhouette coefficients are the most homogeneous. Over the whole
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classification, it will be expressed as follows (eq. 1.119):

𝑆𝑠𝑖𝑙ℎ𝑜𝑢𝑒𝑡𝑡𝑒(𝑖) =
1
𝐾

𝐾∑

𝑘=1

1
|||𝐶𝑘|||

∑

𝑖∈𝐶𝑘

𝑠𝑠𝑖𝑙ℎ𝑜𝑢𝑒𝑡𝑡𝑒(𝑖) (1.119)

1.3.7.5 Dunn Index
This index (Dunn [1974]) looks for the minimum distance between two classes
in the partition while taking into account the distribution of elements within
the classes (eq. 1.120). The greater the distance is, the better the partition.
(Desgraupes [2017] and Eke [2018]))

𝐼𝐷 = min
1≤𝑖≤𝑛

(min1≤𝑗≤𝑛,𝑗≠𝑖
𝑑(𝑤𝑖𝑤𝑗)

min1≤𝑘≤𝑛𝑑′(𝑤𝑘)
) (1.120)

where

● 𝑤𝑖 and 𝑤𝑗 are two distinct classes;
● 𝑑(𝑤𝑖𝑤𝑗) = min1≤𝑖≤𝑛,1≤𝑗≤𝑛

(
𝑑(𝑥, 𝑦) 𝑤𝑖𝑡ℎ 𝑥 ∈ 𝑤𝑖 𝑎𝑛𝑑 𝑦 ∈ 𝑤𝑗

)
;

● 𝑑(𝑤𝑘) = max𝑥,𝑦∈𝐶𝑘 (𝑑(𝑥, 𝑦) ), maximum distance between two elements of
the class.

1.4 Classification Methods

1.4.1 Generalities

In order to diagnose the different states of the electrical drive, clustering tech-
niques can be used. They are used to organize raw data in sets (classes) with
similar characteristics. The different classes are organized in order tomaximize
the intra-class compactness and the inter-class distance (Raschka and Mirjalili
[2017], Russell et al. [2010], and Cornuéjols et al. [2018]).
Clustering generally consists of two steps:

● A learning phase where the boundaries of the different classes are defined
from a database called the learning database or the training database;

● A classification phase where unknown data are assigned to the different
classes.

Rejection rules can be implemented in order not to classify ambiguous data
(either too far away from already classified data or too close to two different
classes).
This rejected data can also be used to determine the appearance of new

classes (Figure 1.36).
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Figure 1.36 General process of classification

Gaussian process

Support vector machine

Regression Trees

Linear regression

Non-linear regression
K-nearest neighbors

Parzen-window method

Hidden Markov Chain
Naive Bayes Classifier

Logistic regression

Random forest algorithm

Kernel clustering
Bayesian network

Neural network

Non-parametric
method

Gaussian mixture model clustering

Hierarchical clustering

Regression

Supervised clustering

Figure 1.37 Examples of supervised clustering

1.4.1.1 Supervised and Unsupervised Clustering
Supervised clustering uses a learning data basedwith labeled patterns. It is used
to classify unknown raw data in known classes or to build a regression (Bishop
[2007], Barber [2011] and Dreyfus et al. [2002]).
Figure 1.37 gives some examples of supervised techniques.
We will present in detail three methods of supervised clustering in Section

1.4.3:

● 𝑘 nearest neighbors (KNN);
● Support vector machine (SVM);
● Recurrent neural network (RNN).

Unsupervised clustering uses learning data based on unlabeled patterns,
but with some diversity. It is used to organize data in sets with similar
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One-class support
vector machine

Self organising maps (SOM)
Unsupervised clustering

Hard clustering
Principal component analysis

Expectation Maximization

Single linkage

Complete linkage

C-means
K-means

Soft Clustering

Fuzzy
Clustering

Fuzzy C-means

Unsupervised fuzzy
model-based Gaussian Competitive Learning Rule

Kernel PCA
Kernel k-means

Kernel methods

Neural network

Anomaly detection Deviations from
association rules

Hierarchical clustering

Figure 1.38 Examples of unsupervised clustering

characteristics. The class towhich each observation belongs is not known (Yang
[2018] and Aldrich and Auret [2013]).
Figure 1.38 gives some examples of unsupervised techniques.
Wewill present in detail threemethods of unsupervised clustering in Section

1.4.3:

● K-means and centroid clustering;
● Hierarchical classi�cation;
● Self-organizing map.

1.4.1.2 Measuring the Similarity: Different Distances
Pattern recognition classi�ers are based on similarity measures. These rely on
distances between two pattern vectors.
Let us de�ne the points (eq. 1.121) of a set 𝐸 of objects (elements, patterns):

𝑥𝑖 =

⎡
⎢
⎢
⎢
⎢
⎢
⎢
⎢
⎣

𝑥𝑖1

𝑥𝑖2

…

𝑥𝑖𝑑

⎤
⎥
⎥
⎥
⎥
⎥
⎥
⎥
⎦

(1.121)

with Σ−1 the inverse of the covariance matrix of the descriptive variables.
The distance is a function from 𝐸 𝑋 𝐸 to 𝑅+, which ful�lls the following

properties:

⎧
⎪
⎪
⎪

⎨
⎪
⎪
⎪
⎩

𝑑(𝑥𝑖, 𝑥𝑗) = 𝑑(𝑥𝑗, 𝑥𝑖)

𝑑(𝑥𝑖, 𝑥𝑗) ≥ 0

𝑑(𝑥𝑖, 𝑥𝑖) = 0

𝑑(𝑥𝑖, 𝑥𝑗) ≤ 𝑑(𝑥𝑖, 𝑥𝑘) + 𝑑(𝑥𝑘, 𝑥𝑗)

(1.122)
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The main distances which are used for classifiers are given in Table 1.22:

Table 1.22 Main distances

Euclidian distance 𝑑(𝑥𝑖 , 𝑥𝑗) = (
𝑑∑

𝑘=1
(𝑥𝑖𝑘 − 𝑥𝑗𝑘)2)

1
2

Manhatann distance or city-block 𝑑(𝑥𝑖 , 𝑥𝑗) =
𝑑∑

𝑘=1
(||||𝑥𝑖𝑘 − 𝑥𝑗𝑘

||||)

Tchebychev distance 𝑑∞ 𝑑(𝑥𝑖 , 𝑥𝑗) = max1≤𝑘≤𝑑
||||𝑥𝑖𝑘 − 𝑥𝑗𝑘

||||
Mahalanobis distance 𝑑∞ 𝑑(𝑥𝑖 , 𝑥𝑗) = (𝑥1 − 𝑥2)𝑡Σ−1(𝑥1 − 𝑥2)

Figure 1.39 shows some isovalues for Euclidean and Mahalanobis distances:

Figure 1.39 Isovalues of Euclidean (circles) and Mahalanobis (ellipse) distances
from the center of gravity of the class Ω

As we can see, the Mahanalobis distance takes into account of the variance
on each axis of the Ω class, which is not realized by the Euclidean distance.

1.4.2 Supervised Clustering

Wu et al. [2008] have written a synthesis paper dealing with algorithms in
data mining in the research community in 2008. They present ten of these
algorithms.
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1.4.2.1 k Nearest Neighbors
The choice of 𝑘 is sensitive because larger 𝑘 would give a reliable estimate, but
this choice remains arbitrary. In fact, if 𝑘 is too small, the result can be sensitive
to noise, and if 𝑘 is too large, the resultmay include other classes. Consequently,
assigning a new observation to a known class can lead to a diagnostic error. It is
therefore advisable to choose a rejection class. To do this, the decision rule can
include two rejection possibilities which can be based on distance rejection or
ambiguous rejection Figure 1.40.

Figure 1.40 kNN rules applied to a new observation

In the case an observation is close to two classes and at the edge of the deci-
sion boundary, the decision to reject due to ambiguity is the safest. For this
purpose, this new observation can be assigned to a specific and fictitious class of
rejection due to ambiguities. However, for a new observation, which is located
in an unexplored area, a new specific class can be attributed to it. It is based on
distance rejection. Of course, the distance threshold is arbitrarily defined by the
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user. However, it can be defined thanks to the distance between the observation
and the center of gravity of the assignment class.
There is, however, a weight disadvantage with this approach. This method

requires the calculation of distances to all observations in the learning set. This
can be cumbersome in terms of computation time, especially if the size of the
observations is large. To do this, a mesh-based approach can be efficient. For
example, this would involve checking the location of a new observation in a
class area. Thus, the calculation of distances will no longer be necessary with
vectors. The algorithm is then faster.
When two classes overlap because they are not sufficiently distant from each

other, one proposal would be to assign the new observation to the class that is
predominantly represented among its closest neighbors Figure 1.41. A nonex-
clusive decision rule may be interesting in that an observation located at the
border of a class or at the border of contiguous or disjoint classes may signify

Figure 1.41 Class overlap
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a transitional state between classes. The transition from exclusive to nonex-
clusive assignment must be characterized by a gradation between absolute
nonmembership and full membership.
Since the similarity of an object with a reference form is often relative, in gen-

eral, amembership function characterizing the degree of compatibility between
the observation and a class is introduced. There is no general method to con-
struct the membership function associated with a given set. The form of this
function is closely related to the context. However, it would be interesting, for
a new observation, to take into account not only the distance with the different
center of gravity of each class, but also to give an advantage to the classes which
contain the greatest number of closest neighbors.
In any case, a new observation located between two classes can correspond to

an intermediate state of this mode. By using the exclusive or nonexclusive deci-
sion rule with the reject options, the observation can be rejected. It is therefore
necessary to take into account the evolution of the different operating modes
of the system.
A new observation can be rejected due to ambiguity or due to distance, even

though it belongs to a mode of operation defined by its classes, due to poor
feedback. The learning set does not exhaustively cover all modes of operation.
Also, in order to establish an efficient diagnosis, it will be necessary to take into
account the evolution of the operating modes of the system to be diagnosed.
An exclusive classification does not give strong information about the obser-

vation except that it belongs to a class. This observation can be at the edge of
the class as well as inside the class. In the same way, what about an observa-
tion at the border of two contiguous classes or disjoint classes? A way should
be implemented to follow the evolution of an observation inside a class and to
associate to it a degree of confidence of belonging to this class. The transition
from exclusive to nonexclusive assignment should be made by establishing a
degree of belonging that could be modulated through the notion of proximity.
Instead of a binary classification, the use of membership functions, as used

in fuzzy logic, will allow a gradual notion to be introduced. One possibility is
to use an 𝐶∞ function such as a Gaussian function. It would be centered on
the center of gravity of the class. A threshold defined in relation to the standard
deviation allows to define: the whole membership to a class (𝜇 = 1), the degree
of membership to a class (0 < 𝜇 < 1), or its non membership (𝜇 = 0).

1.4.2.2 Support Vector Machine
Among classifications techniques, one can find in the literature the support
vector machine (SVM), which is characterised by its robustness. It was intro-
duced by Vapnik [1995]. The goal of the SVM is to find a hyperplane separating
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two classes of data thanks to support vectors. A new datum coming from obser-
vation, is classified by evaluating the distance from this datum to a hyperplane.
So, a label is generated,which canhave two types of value based on the distance.
If the distance is positive, thus the label is +1, and if the distance is negative,
the label is −1.
The equation of the hyperplane is:

𝜔.𝑥 + 𝑏 = 0 (1.123)

with 𝜔 a normal vector and 𝑏 a constant.
However, a margin distance 𝑑 has to be defined as the sum of two distances.

The first one is obtained as the distance from the hyperplane and the closest
positive datum (observation), the second one as the closest negative datum
(observation). The training process of the SVM consist to maximise the mar-
gin, which is equivalent to minimise ‖𝜔‖ knowing that all data should satisfy
the condition:

𝑦𝑖 (𝜔.𝑥𝑖 + 𝑏) ≥ 0 (1.124)

Figure 1.42 shows a hyperplane which separates data into classes.

Figure 1.42 Binary SVM
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Thehyperplane can be obtained by solving a quadratic optimization problem.
So, a dual Lagrangian formulation should be used as follows:

𝐿𝐷 =
𝑀∑

𝑖=1
𝛼𝑖 +

𝑀∑

𝑖,𝑗=0
𝛼𝑖𝛼𝑗𝑦𝑖𝑦𝑗𝑥𝑖𝑥𝑗 (1.125)

knowing that constraints of this problem are:

𝐶𝑀 ≥ 𝛼𝑖 ≥ 0

and
𝑀∑

𝑖=1
𝛼𝑖𝑦𝑖 = 0

where the parameter 𝐶 deals with the tolerance to errors and the coefficient 𝛼𝑖
is the Lagrangianmultipliers which is greater than zero if the datum 𝑥𝑖 is in the
support vector, otherwise 𝛼𝑖 is equal to zero.
In order to take into account nonlinear boundaries, a kernel can be used. This

allows a projection of the research space into a space of higher dimensionwhere
the border becomes an hyperplane.
However, in case of nonlinear kernel, the expression of the formulation

becomes:

𝐿𝐷 =
𝑀∑

𝑖=1
𝛼𝑖 −

∑

𝑖,𝑗=0
𝛼𝑖𝛼𝑗𝑦𝑖𝑦𝑗𝐾

(
𝑥𝑖𝑥𝑗

)
(1.126)

The discriminant function for a new datum is based on:

𝑓 (𝑥𝑛𝑒𝑤) =
𝑀∑

𝑖=1
𝛼𝑖𝑦𝑖𝐾 (𝑠𝑖 , 𝑥𝑛𝑒𝑤) + 𝑏 (1.127)

where 𝑠𝑖 ∈ [1…𝑀].
Among all kernel functions, one can find in the literature these different

expressions Breuneval R. and Mansouri [2018]:

● 𝐾
(
𝑥𝑖𝑥𝑗

)
= 𝑥𝑖 .𝑦𝑗

● 𝐾
(
𝑥𝑖𝑥𝑗

)
=
(
𝑥𝑖 .𝑦𝑗 + 1

)𝑝

● 𝐾
(
𝑥𝑖𝑥𝑗

)
= exp ‖𝑥𝑖−𝑦𝑗‖2

2𝜎2
● 𝐾

(
𝑥𝑖𝑥𝑗

)
= tan

(
𝑎.𝑥𝑖 .𝑦𝑗 + 𝑏

)

1.4.2.3 Recurrent Neural Network
The structure of a neural network is simple. It is based on layers which are
composed of perceptrons (mathematical functions). Each output of percep-
tron is connected to an other perceptron. Figure 1.43 shows a neural network
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Figure 1.43 A basic neural network with one hidden layer

composed of three layers. The first one is the input layer composed of four per-
ceptrons, the second layer is called hidden layer which is composed of three
perceptrons and one output layer composed of one perceptron. The number
of layers as the number of perceptrons in each layer depends on the user
Figure 1.43.
Hayashi et al. [2002] has used a neural network composed of 240 neurons in

the input layer, 30 neurons in the hidden layer and one neuron in the output
layer. His neural network was dedicated to fault diagnosis of a machine based
on the spectrum of vibrations from it.
The learning of the diagnosis network is performed with some normal and

abnormal data coming from the process to monitor. Usually, the learning pro-
cess is based on a gradient method as described by Rumelhart et al. [1986].
However, there are other optimization algorithms such as the Levenberg–
Marquardt, which combines two strategies which are: acceleration of the
convergence at the beginning of the optimization then slow convergence when
we are close to the optimum, Korbicz [1997]. as presented in the Figure 1.44,
an error is evaluated thanks to a comparison of the output of a process with the
output of the neural network. Based on this error, the optimization algorithm
modifies all coefficients of the neural network in order to minimize the error.
The process can be a multiple input multiple output system. We can use a

neural network whose inputs would take into account the past and would then
be written in the form:

𝑢 = [𝑢0 𝑢1 𝑢2 … 𝑢𝑝]
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Figure 1.44 Optimization process of a basic neural network

Then, the dynamics of the system can be taken into account by also taking
into account the past of the output in the form:

𝑦 = [𝑦1 𝑦2 𝑦3 … 𝑢𝑞]

Therefore, the neural network should duplicate the dynamic behavior of the
process which may be nonlinear. By way of illustration, we represent a neural
network duplicating a process using three samples as input 𝑢 and three samples
for the output 𝑦 Figure 1.45.
Of course, once the learning process is complete, the coefficients (weights)

within the neural network will be fixed. So, we do have a recurrent neural
network.
Neurons, or perceptrons, are nonlinear functions called “sigmoid." The

equation governing the neuron is simple and is written in the following form:

𝑦 = 𝑓(Σ𝑤𝑖 .𝑥𝑖) (1.128)

where 𝑤 is the connecting weight between two perceptrons of two consecutive
layers, and 𝑥 is the output of the previous perceptron. The sigmoid function can
be written as:

𝑓(Σ𝑤𝑖 .𝑥𝑖) =
1

1 + exp−Σ𝑤𝑖 .𝑥𝑖
(1.129)

An application of neural networks can also be the detection of defects in pro-
cesses. To do this, the inputs will be residuals, for example, residuals formed
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Figure 1.45 A basic recurrent neural network

by the difference in behavior between the output of a process and its model.
Consequently, the 𝑥 variables at the input of the neural network will be the
residuals. It is necessary to implement a learning phase in order to train
the neural network to detect defects. Therefore, a knowledge and database is
mandatory. We represent in Figure 1.46 one structure among many others.

1.4.3 Unsupervised Clustering

There are severalmethods of unsupervised classification, also known as coales-
cencemethods. Ifwe limit ourselves to exclusive assignment, thesemethods are
divided into two parts (Jain et al. [1999]):

● Hierarchical classification methods (ascending or descending);
● Classification by partition.
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Figure 1.46 A basic neural network for faults detection

1.4.3.1 Hierarchical Classification
Hierarchical classification produces a hierarchical set of classes according to a
linkage criterion. The classes, which are nested, are linked recursively either
in agglomeration mode as Ascending Hierarchical Classification (AHC) or in
division mode as Descending Hierarchical Classification (DHC). In the hier-
archical ascending classification, the classes are determined iteratively in four
steps:

● Step 1: the classification algorithm begins by considering each observation as
a class. The initialization phase is defined by the variable:

Ω𝓁
𝑖 = {𝑥𝑖} ∀𝑖 and 𝓁 = 0 (1.130)

where the variableΩ𝓁
𝑖 denotes the membership class of observation 𝑥𝑖 at the

𝓁tℎ iteration, with 𝓁=0 for the initialization phase.
● Step 2: the similarity between two classes is defined by a link criterion. This
criterion evaluates two classes using a similarity measure which evaluates
the similarity between two classes. The “Sim" similarity between two classes
is defined as follows:

𝑆𝑖𝑚
(
Ω𝓁
𝑙 ,Ω

𝓁
ℎ

)
= 𝛽

(
Ω𝓁
𝑙 ,Ω

𝓁
ℎ

)
(1.131)

where the link criterion is represented by the function 𝛽 which can be a
link criterion by minimum jump, maximum jump, average distance or by
the intra-class inertia represented by the Ward criterion. Equation 1.131
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Figure 1.47 Example of a dendrogram

indicates that all observations of class (𝓁) should be compared with all obser-
vations of class (ℎ). The link criterion 𝛽 returns a similarity between the two
classes.

● Step 3: select the pairs of classes which have a very great similarity
𝑆𝑖𝑚

(
Ω𝓁
𝑙 ,Ω

𝓁
ℎ

)
. Let Ω𝓁

𝑙∗ and Ω
𝓁
ℎ∗ two classes selected as follows:

[
Ω𝓁
𝑙∗,Ω

𝓁
ℎ∗

]
= argmax

𝑙,ℎ∈ [1−𝑀]; 𝑙≠𝑘
𝑆𝑖𝑚

(
Ω𝓁
𝑙 ,Ω

𝓁
ℎ

)
(1.132)

● Step 4: merge the two classes with an index 𝑙 ∗ and ℎ ∗

Ω𝓁+1
𝑙∗ =

(
Ω𝓁
𝑙∗ ∪ Ω

𝓁
ℎ∗

)
(1.133)

Ω𝓁+1
ℎ∗ = {} (1.134)

Steps 2–4 are repeated until all the classes are merged into one class (see
Figure 1.47). In the standard case, the aggregation stops when a stop criterion
is reached. For example, the stopping criterion is obtained by a maximum dis-
tance between the different classes aswell as by a lowdispersion of observations
in each class. Class fusion sequences can be represented graphically by a tree
diagram, called a dendrogram. The dendrogram is a multilevel hierarchy with
the merging of two classes at each level (see Figure 1.47).

(1) Linkage criterion
The merging of classes is based on the similarity between them. This similarity
is calculated from a linkage criterion. The criterion of connection by minimal
jump 𝛽jump−min is the first criterion which can be taken into account. It seeks
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Figure 1.48 Chain effect

the greatest similarity between two observations 𝑥𝑖 and𝑥𝑗 which are located in
the classes Ω𝓁

𝑙 and Ω
𝓁
ℎ. It is expressed as follows:

𝛽𝑗𝑢𝑚𝑝−min
(
Ω𝓁
𝑙 ,Ω

𝓁
ℎ

)
= max

{
𝑑−1

(
𝑥𝑖 , 𝑥𝑗

)}
∀ 𝑥𝑖 ∈ Ω𝓁

𝑙 , 𝑥𝑗 ∈ Ω𝓁
ℎ and 𝑙 ≠ ℎ

(1.135)

The variable 𝑥𝑖 denotes the 𝑖 − 𝑡ℎ observation and 𝑥𝑗 denotes the 𝑗 − 𝑡ℎ obser-
vation. The similarity distances proposed in the literature can be used for the
calculation of the link criterion. However, the linkage criterion by minimal
jump is ill-suited in the case where the classes have a stretched shape which
has the disadvantage of producing chain effects as presented in Figure 1.48.

● Maximum hop link criterion
The linkage criterion by maximum jump 𝛽jump−max calculates a dissimilarity
between the classes based on the maximum distance between two observa-
tions which are located in the classes Ω𝓁

𝑙 and Ω
𝓁
ℎ. It is expressed as follows:

𝛽𝑗𝑢𝑚𝑝−max
(
Ω𝓁
𝑙 ,Ω

𝓁
ℎ

)
= min

{
𝑑−1

(
𝑥𝑖 , 𝑥𝑗

)}
∀ 𝑥𝑖 ∈ Ω𝓁

𝑙 , 𝑥𝑗 ∈ Ω𝓁
ℎ and 𝑙 ≠ ℎ

(1.136)

● Connection criterion by average distance
The average distance linkage criterion 𝛽jump−avg calculates the similarity
between two classes by finding the average distance between all pairs of
observations in classes Ω𝓁

𝑙 and Ω
𝓁
ℎ. It is expressed as follows:

𝛽𝑑𝑖𝑠𝑡−𝑎𝑣𝑔
(
Ω𝓁
𝑙 ,Ω

𝓁
ℎ

)
= 1
||||Ω

𝓁
𝑙
||||

1
||||Ω

𝓁
ℎ
||||

∑

𝑥𝑖∈Ω𝓁
𝑙

∑

𝑥𝑗∈Ω𝓁
ℎ

𝑑
(
𝑥𝑖 , 𝑥𝑗

)
𝑙 ≠ ℎ (1.137)

||||Ω
𝓁
𝑙
|||| and

||||Ω
𝓁
ℎ
|||| denote the number of observations in the classes Ω

𝓁
𝑙 and Ω

𝓁
ℎ,

respectively. This criterion can be seen as a compromise between 𝛽jump−min
and 𝛽jump−max.
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● Ward’s criterion
TheWard’s criterion 𝛽ward corresponds to the intra-class inertia which results
from the fusion of Ω𝓁

𝑙 and Ω
𝓁
ℎ. It is expressed as follows:

𝛽𝑤𝑎𝑟𝑑
(
Ω𝓁
𝑙 ,Ω

𝓁
ℎ

)
=

||||Ω
𝓁
𝑙
|||| ⋅
||||Ω

𝓁
ℎ
||||

||||Ω
𝓁
𝑙
|||| +

||||Ω
𝓁
ℎ
||||
𝑑2𝐸𝑢𝑐 (𝑔𝑙, 𝑔ℎ) 𝑙 ≠ ℎ (1.138)

where 𝑔𝑙 and 𝑔ℎ are the centers of gravity of the classes Ω𝓁
𝑙 and Ω

𝓁
ℎ, respec-

tively;𝑑2𝐸𝑢𝑐 (𝑔𝑙, 𝑔ℎ) is the square of the Euclidean distance between the centers
𝑔𝑙 and 𝑔ℎ.

1.4.3.2 K-means and Centroid Clustering
Classification by partition subdivides a set of observations into several subsets.
Each subset represents a class containing at least one observation. Each class
is represented by a function (𝐹) which assigns observations to these classes
based on their similarities. Let Ω𝓁

1 ,Ω
𝓁
2 , ...,Ω

𝓁
𝑀 be a set of 𝑀-classes. The func-

tion (𝐹)which affects the set of𝑁-observations 𝑥𝑖 𝑖 𝜖(1,…,𝑁) in𝑀-classes is given
as follows:

𝐹 (𝑥𝑖) = argmin
1≤ 𝑘≤𝑀

{𝑑 (𝑥𝑖 , 𝑔𝑘)} (1.139)

where the metric 𝑑 (𝑥𝑖 , 𝑔𝑘) represents a measure of similarity between the 𝑖-𝑡ℎ
observation xi and the center of gravity of the class Ω𝓁

𝑘 𝑘𝜖(1,…,𝑀). The variable 𝓁
designates the 𝓁-𝑡ℎ iteration.
The K-means algorithm of Forgy [1965] is the most used algorithm in

partition classification. It has four stages:

● Step 1: Choose a number of𝑀-observations among the set of𝑁-observations
to be partitioned and consider them to be the centers of gravity of the 𝑀-
classes.

● Step 2: Assign each observation 𝑥𝑖 to its closest center of gravity using eq.
1.139.

● Step 3: When all the observations are affected, recalculate the centers of
gravity of the𝑀-classes by:

𝑔𝑘 =
1

||||Ω
𝓁
𝑘
||||

∑

𝑥𝑖∈Ω𝓁
𝑘

𝑥𝑖 , 1 ≤ 𝑘 ≤ 𝑀 (1.140)

where ||||Ω
𝓁
𝑘
|||| denotes the number of observations in the class Ω

𝓁
𝑘 .

● Step 4: Repeat steps 2 and 3 until the centers of gravity of the 𝑀-classes no
longer vary.
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Figure 1.49 K-means algorithm for the partitioning of two classes

An example showing the execution of the K-means algorithm is given in
Figure 1.49. At each iteration, the observations are assigned to the closest cen-
ter of gravity (shown in color, the observations take on the same color as the
center of gravity of the class to which they are assigned). The center of gravity
of each class is then recalculated as a function of the average of the observations
attributed to it. The final partitioning gives us a good separation between the
two classes by giving a distinct color for each of them. As we can see in Figure
1.49, observations are represented by points and the centers of gravity of the
two classes are represented by crosses. (a) represents the set of observations.
(b) represents randomly chosen centers of gravity. (c) and (d) illustrate the dis-
tribution of the set of observations after four and ten iterations of the K-means
algorithm.

1.4.3.3 Self-organizing Map
Designed by McCulloch and Pitts in 1943, the neuron model derived from the
biological model experienced a major boom in the 1980s. This emergence is
closely linked to its ability to process incomplete, uncertain or noisy data and
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also to its application in various fields ranging from decision support, plan-
ning and even to the fields of pattern recognition and classification (Dumolard
[1994]). Kohonen self-organizing networks are competitive and dynamic net-
works, in the sense that they tend to elect a winning neuron and favor it, on the
one hand, and create or destroy neurons, on the other hand. The topological
mapmodel proposed byKohonen is a self-organization process that will project
the initial data onto a discrete and regular space of low dimension (generally 1,
2, or 3D). The spaces used are regular trellises. Each node is occupied by a neu-
ron. The notion of neighborhood between neurons then follows directly from
the structure and defines a topology of themap. Thanks to the self-organization
process, the topology which links the initial data is preserved at the level of the
responses proposed by the network (IFTENE and Mahi [2003] and Kohonen
[1989]).
Kohonen topological maps consist of two layers:

● the input layer is only used for the presentation of the shapes to be classified
and the states of all its neurons are forced to the values of the input data;

● the adaptation layer is formed by a network of neurons. The choice of the
geometry of the network used is made a priori. The neurons used at this level
are linear neurons, each of them plugged into all elements of the input layer.
In order to enable the process of self-organization, the weights that link the
two layers are adaptively determined.

(1) Structure and operation
In Figure 1.50, we present a network organized in a one-dimensional layer.
Each output neuron 𝑁𝐸𝑗 𝑗∈(1,…,𝐾) is connected to a number 𝑥𝑖 𝑖∈(1,..,𝑁) of input
neurons through N connections (𝐾 * 𝑁) of respective weight𝑊𝑗,𝑖 . When pre-
senting an input, a neuron on the map is selected based on the minimum
distance separating it from that entry.

(2) Description of the algorithm
Here we describe the 5 steps of the algorithm which are composed of:

● Step 0:
– Initialization of the weights of the output neurons (low random values);
– Choice of map shape;
– Initialization of the learning parameters:
∗ Learning rate 𝛼(𝑡):

𝛼(𝑡) =
𝛼0

1 + 𝐾𝛼𝑡

𝐾𝛼, 𝛼0 ∶ Positive constants.
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Figure 1.50 Architecture of a self-organizing map (1D network)

∗ 𝜈(𝑠,NEf, 𝑡): Neighborhood function.
𝑠: Neuron neighborhood of NEf f∈(1,…, 𝐾).
The neighborhood function 𝜈(𝑠,NEf, 𝑡) is a Gaussian, evolving with
time, of the form:

𝜈(𝑠,NEf, 𝑡) = 𝑒−
𝑑2(𝑠,NEf)

2𝜎2(𝑡)

d (𝑠,NEf): distance between the winning neuron NEf and its neighbor-
hood identified by the index 𝑠 defined by:

‖‖‖‖‖𝜔𝑁𝐸𝑓 -𝜔s
‖‖‖‖‖

𝜎(𝑡) is defined by:

𝜎(𝑡) = 𝜎𝑖𝑛𝑖𝑡𝑖𝑎𝑙(
𝜎𝑓𝑖𝑛𝑎𝑙
𝜎𝑖𝑛𝑖𝑡𝑖𝑎𝑙

)
𝑡

𝑡max

where 𝑡𝑚𝑎𝑥 is the total number of iterations.
● Step 1: For 𝑡 = 1 to 𝑡𝑚𝑎𝑥
● Step 2: For each input vector 𝑥𝑖 𝑖∈(1,.., 𝑁)
● Step 3: Find in 𝑥𝑖 the most closest output neuron NEf f∈(1,…, 𝐾) according to
the following criterion:

𝑁𝐸𝑓 ∶
‖‖‖‖𝜔𝑓,𝑖 − x𝑖

‖‖‖‖ ≤
‖‖‖‖𝜔𝑗,𝑖 − x𝑖

‖‖‖‖ ∀𝑗 ∈ {1, ..., k}

𝜔𝑓,𝑖 is the weight associated with the output neuron NEf.
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● Step 4: All neurons in the neighboring of the winning neuron are adapted:

𝜔𝑗,𝑖(𝑡 + 1) =𝜔𝑗,𝑖(𝑡) + 𝛼(𝑡).𝜈(𝑠,NEf, 𝑡).(𝑥𝑖 −𝜔𝑗,𝑖(𝑡))

𝛼(𝑡) is a learning function which decreases slowly and linearly with time
(0 < 𝛼 (t) < 1) (see Figure 1.51).

● Step 5: Adjust the learning parameters.

1.5 Prognosis Methods

1.5.1 Prognosis Process

The prediction of the remaining useful life or the forecasting of impeding fail-
ures allows for maintenance scheduling. This has been the subject of many
research works. The theoretical basis will be presented in this section. Many
prognosis methods have been developed. Figure 1.52 gives an overview of the
different approaches:
They can be classified in three categories:

● model based methods;
● data driven techniques;
● hybrid prognostics approach.

Model-based methods deal with physical representation of the aging pro-
cess. They do not require historical date but they need a accurate representation
of the degradation process. These models can then be exploited by Kalman fil-
ters, particle filters, etc. These methods are used, in particular, in mechanics or
for electronic components.
Data-drivenmethods extrapolate the behavior of the system fromhistorical

data which come from similar components and working conditions. It can be
used to determine the remaining useful life (RUL). They do not require any
specific physical knowledge ormodel. These data, based on the history, are used
to extract the parameters which are sensitive to the faults. These later must be
able to vary monotonically with aging. The prognosis can be a combination of
the extrapolation of these parameters and a diagnosis of the future state from
these extrapolated parameters (Figure 1.53).
These methods can be based on belief rule (Zhou et al. [2014]), neural

networks (Soualhi et al. [2018], Cui et al. [2017]), Bayesian networks and
their derivatives (Bartram and Mahadevan [2013], Medjaher et al. [2012]), on
similarity-instance based approach (Khelif et al. [2014]), core methods such as
support vector machines (Tao and Zhao [2016], Satishkumar and Sugumaran
[2016]).
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Figure 1.51 Evolution of the learning rate over time

Figure 1.52 Prognosis methods (Soualhi et al. [2020]) with the permission of Elsevier

Hybrid prognostics approach combines model-based and data-driven
methods (Figure 1.54).
In the serial hybridmethod, the parameters of a physicalmodel are estimated

by a data-based method (Mangili [2013]). In the parallel hybrid method, the
outputs of a physical model and a data-based method are combined to estimate
the RUL (Sachin Kumar et al. [2008]).
We will detail in the next paragraphs some of these techniques:

● the extrapolation of time series (Subsection 1.5.2);
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Figure 1.53 Prognosis process

● the Bayesian inference (Subsection 1.5.3);
● the Markov chains (Subsection 1.5.4);
● the rain flow (Subsection 1.5.6).

Diagnostic methods based on supervised classifiers (1.4.2) and Neural Net-
works (Subsection 1.4.2.3) have been previously described.

1.5.2 Time Series Extrapolation Methods

Time series allows to evaluate the evolution of a variable over the time. The first
objective is to find amodel that best describes or represents the data. It consists
of extracting the signal structure and eliminating the noise. The second objec-
tive is to predict the behavior of the process. On the basis of the observations
(𝑋1,…𝑋𝑇) of the time series at the first T time steps, the value 𝑋𝑇+ℎ with ℎ > 0
has to be predicted.
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Figure 1.54 Hybrid Prognostics approach. (Pecht and Jaai [2010]) with the
permission of Elsevier

(1) Definition
A time series is a series of data points indexed in time order (Wikipedia con-
tributors [2020b]) and Chat�eld and Xing [2019]). A time series is a random
process such as:

𝑋 ∶ Ω 𝑋 𝑇 → R (1.141)

where Ω is a set of events and 𝑇 ⊂ R a discrete set or an interval of R.
Let us note 𝑋𝑡 the event at time 𝑡 ∈ 𝑇, a time series (or chronological series).

It is a sequence of events in ascending order. The set of measurements of a
random variable are the realizations of the random variable 𝑋. They are noted:

(𝑋𝑖)1≤𝑖≤𝑇 (1.142)

Figure 1.55 gives an example of time series from the Time SeriesData Library.
All the functions are written with MATLAB [2020]. These functions are also
available in R Core Team [2020].
A time series can be represented with an additive model and split into three

terms:

𝑋𝑡 = 𝑚𝑡 + 𝑆𝑡 + 𝜀𝑡 (1.143)

where:
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Figure 1.55 Example of time series with monthly counts of airline passengers
(Hyndman [2005])

● 𝑚𝑡 a deterministic function (called the trend)which describes the “long term"
behavior such linear, exponential, logarithmic increase or decrease ... ;

● 𝑆𝑡 is a periodic deterministic function (called seasonality) of period𝑚 with
𝑚∑

𝑖=1
𝑆𝑡+𝑖 = 0, ∀𝑡 ∈ 𝑇;

● 𝜀𝑡 is a random variation in the series and it could be autocorrelated
(c𝑜𝑣(𝜀𝑡, 𝜀𝑡+ℎ) ≠ 0) .

Next, Figure 1.56 gives the linear trend plus a seasonal component of the
previous time series (Hyndman [2005]).
The time series is stationary if:

𝐹𝑋(𝑋𝑡1 , 𝑋𝑡2 ,… , 𝑋𝑡𝑛 ) = 𝐹𝑋(𝑋𝑡1+ℎ, 𝑋𝑡2+ℎ,… , 𝑋𝑡𝑛+ℎ), ∀(𝑡1,… , 𝑡𝑛) ∈ 𝑇𝑛,∀ℎ ∈ 𝑁

(1.144)

where 𝐹𝑋(𝑋𝑡1 , 𝑋𝑡2 ,… , 𝑋𝑡𝑛 ) is the cumulative distribution function.
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Figure 1.56 Example of the trend and seasonability of a time series (MATLAB [2020])

The time series is weakly stationary if:

𝐸(𝑋𝑡) = 𝜇

c𝑜𝑣(𝑋𝑡, 𝑋𝑡+ℎ) = 𝜈𝑘
(1.145)

where 𝜇 is constant and 𝜈𝑘 is independent of the time 𝑡.
To study a time series, it is necessary to:

1. Write a statistical model ( eliminate the trend, periodicity, and test if it is a
stationary model);

2. Estimate the parameters of the model;
3. Perform statistical tests to validate/reject the hypotheses;
4. Predict the series of events (𝑋1+𝑇, 𝑋2+𝑇,… , 𝑋𝑛+𝑇) from (𝑋1, 𝑋2,… , 𝑋𝑛).

(2) Estimation of the trend (Weber [2001])
(2)1 Time series in the absence of seasonality The objective is to discriminate
the trend from the time series. First approach: the trend can be evaluated by
assuming that it is a linear combination of known functions:
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𝑚𝑡 =
𝑛∑

𝑖=1
𝛼𝑖𝑚𝑡

(𝑖) (1.146)

where 𝛼𝑖 are unknown coefficients and the 𝑚𝑡
(𝑖) are time functions with a

known structure.

1. linear trend:𝑚𝑡 = 𝛼0 + 𝛼1𝑡;
2. polynomial trend:𝑚𝑡 = 𝛼0 + 𝛼1𝑡 + ... + 𝛼𝑛𝑡𝑛;
3. exponential trend:𝑚𝑡 = 𝑐0 + 𝑐1𝛼𝑡;
4. Gompertz’s trend:𝑚𝑡 = 𝑐0.𝑒𝑐1 .𝑒

𝑐2 .𝑡 ;
5. Gompertz’s trend:𝑚𝑡 =

1

𝑐0+𝑐1𝑒𝑐2 .𝑡
;

6. or a combination of these different functions.

The unknown coefficients can be determined by themethod of least squares.
Second approach: the trend can can also be estimated by moving average

filtering. The moving average is defined by the operator:

𝑌𝑡 =
𝑚2∑

𝑖=−𝑚1

𝜃𝑖𝑌𝑡+𝑖 with (𝑚1, 𝑚2) ∈ NxN and 𝜃𝑖 ∈ R (1.147)

It is often given by:

𝑌𝑡 =
1

2𝑙 + 1

𝑙∑

𝑖=−𝑙
𝑌𝑡+𝑖 (1.148)

Themoving average is a non-parametric estimator of trend, that is trend has no
a priori structure.
Figure 1.57 gives an example of the output from themoving average of a time

series.
Third approach: to eliminate the 𝑘𝑡ℎ order polynomial trend of a time series,

a differentiation of order 𝑘 can bemade. The differentiation operator is defined:

∆𝑌𝑡 = 𝑌𝑡 − 𝑌𝑡−1 (1.149)

and for the 𝑘𝑡ℎ order differentiation operator is:

∆𝑘𝑌𝑡 = ∆(∆𝑘−1𝑌𝑡) (1.150)

(2)2 Time series with trend and seasonality The previous methods can be
extended in the case of trend with seasonality. In the first approach, the time
series can be represented by:
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Figure 1.57 Example of a time series moving average filtering (MATLAB [2020])

𝑋𝑡 =
𝑛∑

𝑖=1
𝛼𝑖𝑚𝑡

(𝑖) +
𝑝∑

𝑗=1
𝛽𝑗𝑠𝑡(𝑗) + 𝜀𝑡 with 𝐸(𝜀𝑡) = 0 (1.151)

where 𝑠𝑡(𝑗) are periodic time functions with a known structure.

(2)3 Auto-Regressive Models Many time series can be modeled by auto-
regressive process such as:

● Moving average process;
● Auto-Regressive-Integrated-Moving Average process;
● Auto-Regressive-Integrated-Moving Average;
● ...

An auto-regressive model is defined by the equation 1.152.

𝑋𝑡 =
𝑞∑

𝑟=1
Φ𝑟𝑋𝑡−𝑟 + 𝜀𝑡 (1.152)

where {𝜀𝑡} are uncorrelated random variables following a Normal law
(𝜀𝑡 ∼ 𝑁(0, 𝜎2)) and Φ𝑟 are constant parameters.
Let us consider some of the auto-regressive processes:
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MA : Mean average (eq 1.153).

𝑋𝑡 =
𝑞∑

𝑠=0
𝜃𝑠𝜀𝑡−𝑠 (1.153)

where {𝜀𝑡} are uncorrelated random variables following a Normal law
(𝜀𝑡 ∼ 𝑁(0, 𝜎2)) and 𝜃𝑖 are constant parameters with 𝜃0 = 1.
ARMA - Auto-regressive moving average process (1.154).

𝑋𝑡 =
𝑝∑

𝑟=1
𝜙𝑟𝑋𝑡−𝑟 +

𝑞∑

𝑠=0
𝜃𝑠𝜀𝑡−𝑠 (1.154)

where {𝜀𝑡} is a white noise. This process should be stationary for appropriate 𝜃
and 𝜀.
ARIMA - Auto-regressive integrated moving average Average. If

𝑋𝑖 the is not stationary, we can consider 𝑌𝑡 = ∇𝑋𝑡 = 𝑋𝑡 − 𝑋𝑡−1 or
𝑌𝑡 = ∇2𝑋𝑡 = 𝑋𝑡 − 2𝑋𝑡−1 + 𝑋𝑡−2 or an higher order differentiation.
If the differenced process is a stationary process, 𝑋𝑡 is said to be an auto-

regressive integrated moving average process.
Figure 1.58 gives an example of an ARIMAmodel of a scalar time series with

linear trend.

(2)4 Other approaches Manyothermethods can beused to predict the behav-
ior of time series such as Kalman filters (paragraph 1.2.3.1) with state model,
neural network (paragraph 1.4.2.3). They also can be associated with clustering
techniques (Maharaj et al. [2019]).

1.5.3 Bayesian Inference

Bayesian networks, initiated by Judea Pearl in the 1980s, are among the mod-
els of probabilistic analysis. They propose a mathematical formalism and solid
theoretical bases for the modeling of complex systems. A Bayesian network is
made up of two components:

● A graphic component which consists of a directed graph without circuit. The
nodes represent the relevant variables of the domain and the arcs represent
the dependency relationships between the variables.

● A numerical component which consists of a set of conditional probability
distributions of each node in the context of its parents.

The graph is always directed and acyclic. Directed arcs represent a direct
dependency relationship (most of the time this is causation). Thus an arc going
from the variable 𝑋 to the variable 𝑌 will express the fact that 𝑌 depends
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Figure 1.58 Example of ARIMA model (MATLAB [2020])

directly on 𝑋. The absence of an arc only informs about the nonexistence of a
direct dependence. The parameters express the weights given to these relations
and are the conditional probabilities of the variables knowing their parents
(example: 𝑃(𝑌|𝑋) or the a priori probabilities if the variable has no parents.
It is possible to achieve e¦cient classi�ers thanks to Bayesian networks

(Friedman [1989]; Langley et al. [1992]; Pernkopf [2005]). A Bayesian classi-
�er of a problem with 𝑝 observations (variables) has the particularity of having
𝑝 + 1 nodes. All Bayesian classi�ers model the membership of a class by a
discrete node called “class node,” noted Ω, Ω is a multinomial discrete node
with 𝑘 modalities, where 𝑘 represents the number of classes of the problem
(Ω1, Ω2, ..., Ω𝑘). This class node does not have a parent node. The other nodes,
𝑝-numbered, represent the observations of the classi�cation problem and are
noted Oi. There are two main types of Bayesian classi�ers: naive Bayesian
network naive Bayesian network augmented by a tree.
The naive Bayesian network has the simplest structure. Also called the Bayes

classi�er, it is called naive because it makes the very strong assumption that
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each observation is, conditionally on the class, independent of the others. The
observation independence assumption makes it easy to write the posterior
probability of each class as shown in the following equation:

𝑃 (Ω𝑖|𝑂) = 𝑃 (Ω𝑖)
𝑁∏

𝑗=1
𝑃
(
𝑂𝑗|Ω𝑖

)
(1.155)

𝑁 is the number of observations.
The structure of a naive Bayesian network can be represented as in

Figure 1.59:

Figure 1.59 Naive Bayesian network

In order to improve the performance of the naive Bayesian network in the
case of not completely independent observations, Friedman [1989] suggests
adding arcs between the different descriptive observations of the naive clas-
sifier. The algorithm starts from a naive Bayesian network and adds an arc
between the observations that share the most important mutual information.
But, in order to respect the topology of the tree, the algorithm prohibits each
node fromhavingmore than two parents (i.e. one parent in addition to the class
node). Thus, the solution proposed by Friedman [1989] results in a complete
structure, that is all nodes are taken into account in the model. The structure
of an augmented naive Bayesian network can be represented as in Figure 1.60:

1.5.4 Markov Chain

In this model, a series of random states 𝑋 = {𝑋𝑡, 𝑋𝑡−1, ..., 𝑋0} in a finite
state space 𝐸 is a Markov chain if the following property is satisfied (Markov
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Figure 1.60 Augmented naive Bayesian network

property):

𝑃(𝑋𝑡|𝑋0, ..., 𝑋𝑡−1) = 𝑃(𝑋𝑡 = 𝑗|𝑋𝑡−1 = 𝑖) for all i, j ∈ 𝐸 (1.156)

This definition generalizes the notion of a deterministic dynamic system: the
probability distribution of the present state𝑋𝑡 depends only on the immediately
past state 𝑋𝑡−1. It follows that a Markov chain is a sequence of states 𝑋 which
is fully characterized by:
The initial state probability 𝜋 = (𝜋i)

𝜋𝑖 = 𝑃 (𝑋0 = 𝑖) for all 𝑖 ∈ E (1.157)

The transition matrix 𝐴 =
(
𝐴𝑖𝑗

)

𝐴𝑖𝑗 = 𝑃 (𝑋𝑡 = 𝑗 | 𝑋𝑡−1 = 𝑖) for all 𝑖, 𝑗 ∈ E (1.158)

Therefore, the probability distribution of the Markov chain in a sequence of
states 𝑋, of initial state probability 𝜋 and a transition matrix 𝐴, is given by:

⎧
⎪

⎨
⎪
⎩

𝑃(𝑋0, ..., 𝑋𝑡−1, 𝑋𝑡) = 𝑃(𝑋𝑡|𝑋0, ..., 𝑋𝑡−1)𝑃(𝑋0, ..., 𝑋𝑡−1)

= 𝐴𝑡
𝑖𝑗 𝑃(𝑋0, ..., 𝑋𝑡−1)

= 𝜋0𝑖 𝐴
0
𝑖𝑗 , ..., 𝐴

𝑡−1
𝑖𝑗 , 𝐴𝑡

𝑖𝑗

(1.159)
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1.5.5 Hidden Markov Models

In this model, we do not directly observe the sequence 𝑋𝑡, but we have obser-
vations 𝑜𝑡 with values in a finite observation space 𝑂, or in Rd. We suppose
that conditionally to the states 𝑋𝑡, observations 𝑜𝑡 are mutually independent,
and each observation 𝑜𝑡 depends only on the state 𝑋𝑡 at the same time. This
property is expressed as follows:

𝑃(𝑜0, ..., 𝑜𝑇|𝑋0, ...., 𝑋𝑇) =
𝑇∏

𝑡=0
𝑃(𝑜𝑡|𝑋𝑡) (1.160)

It follows that a hidden Markov model for (𝑋𝑡, 𝑜𝑡) is entirely characterized
by:

● The initial state probability: 𝜋i = P(𝑋0 = i) for each 𝑖 ∈ 𝐸
● The transition matrix: 𝐴 = (𝐴𝑖𝑗) with 𝐴𝑖𝑗 = P(𝑋𝑡+1 = 𝑗|𝑋𝑡 = 𝑖) for each
i,j∈ 𝐸

● The observation probability: 𝑏 = (𝑏0, ..., 𝑏𝑡) with 𝑏𝑡 = 𝑃(𝑜𝑡|𝑋𝑡)

A local datum is therefore sufficient (the transition probabilities between
two successive instants, and the emission probabilities at a given time) to
characterize a hidden Markov model globally.
The probability distribution of (𝑋𝑡, 𝑜𝑡), with an initial state probability 𝜋, a

transition matrix 𝐴 and observation probabilities 𝑏 is given by:

P(𝑋0 = 𝑖, ..., 𝑋𝑡 = 𝑗, 𝑜0, ..., 𝑜𝑡) = 𝜋0𝑖 𝐴
0
𝑖𝑗 ...𝐴

𝑡
𝑖𝑗 𝑏0...𝑏𝑡 (1.161)

We denote by 𝜆 = (𝜋,𝐴, 𝑏) the characteristic parameters of a hidden Markov
model. We are interested in the following three problems:

1. Evaluate the model 𝜆: This involves efficiently calculating the probability
distribution of the series of observations (𝑜0, ..., 𝑜𝑡) (or likelihood function)
according to the parameters of the model.

2. Estimate the state of the observation series: Given a series of observations
(𝑜0, ..., 𝑜𝑇), the objective is the estimation of the present state 𝑋𝑇 , or the
estimation of an intermediate state 𝑋𝑡 for 𝑡 = 0,… , 𝑇, or to estimate glob-
ally the sequence of states (𝑋0, ..., 𝑋𝑇), for a given model 𝜆. The answer to
this problem is provided by the forward and backward equations of Baum
which allow to calculate the conditional probability distribution of state𝑋𝑇
knowing the observations (𝑜0, ..., 𝑜𝑇). The answer to the second problem
is provided by a dynamic programming algorithm, the Viterbi algorithm,
which maximizes the conditional probability distribution of the sequence
of states (𝑋0, 𝑋1, ..., 𝑋𝑇).
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3. Identify the model 𝜆: Given a series of observations (𝑜0, ..., 𝑜𝑇), it is a ques-
tion of calculating the maximum likelihood estimator for the unknown
parameters of the model. The answer to this problem is provided by the
Baum–Welsh re-estimation formulas, which define an iterative algorithm
to maximize the likelihood function.

To justify the introduction of Baum’s forward and backward equations, we
start by presenting a first method to calculate the probability distribution of
the observations (𝑜0, ..., 𝑜𝑇).
The probability distribution of the observations (𝑜0, ..., 𝑜𝑇) is given by:

𝑃(𝑜0, ..., 𝑜𝑇) =
∑

𝑖,𝑗∈𝐸

𝜋0𝑖 𝐴
0
𝑖𝑗 ...𝐴

𝑇
𝑖𝑗 𝑏0...𝑏𝑇 (1.162)

Equation 1.161 is used to calculate the probability distribution of the obser-
vations (𝑜0, ..., 𝑜𝑇). We obtain:

𝑃(𝑜0, ..., 𝑜𝑇) =
∑
𝑖,𝑗
∈𝐸

𝑃(𝑋0, ..., 𝑋𝑇 𝑜0, ..., 𝑜𝑇)

=
∑
𝑖,𝑗∈𝐸

𝜋0𝑖 𝐴
0
𝑖𝑗 ...𝐴

𝑇
𝑖𝑗 𝑏0...𝑏𝑇

. (1.163)

This method provides a first expression for the conditional probability distri-
bution of the state’s sequence (𝑋0, ..., 𝑋𝑇) knowing the observations (𝑜0, ..., 𝑜𝑇):

𝑃(𝑋0, ..., 𝑋𝑇|𝑜0, ..., 𝑜𝑇) =
𝜋0𝑖 𝐴

0
𝑖𝑗 ...𝐴

𝑇
𝑖𝑗 𝑏0...𝑏𝑇

∑
𝑖,𝑗∈𝐸

𝜋0𝑖 𝐴
0
𝑖𝑗 ...𝐴

𝑇
𝑖𝑗 𝑏0...𝑏𝑇

(1.164)

And for the likelihood function of the model (obtained by using the series of
observations (𝑂 = 𝑜0, ..., 𝑜𝑇):

𝑃(𝑂∕𝜆) = 𝐿𝑇 =
∑

𝑖,𝑗∈𝐸

𝜋0𝑖 𝐴
0
𝑖𝑗 ...𝐴

𝑇
𝑖𝑗 𝑏0...𝑏𝑇 (1.165)

Remark:
The number of operations necessary to calculate the probability distribution

of the observations (𝑜0, ..., 𝑜𝑇) from the given formulas (1.141) is considerable.
For each possible trajectory from a state (𝑖) to a state (𝑗) of the Markov chain,
we must perform the product of 2(T+1) terms and there are |E|𝑇+1 different
possible trajectories. The total number of elementary operations (additions and
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multiplications) to be performed is therefore of the order of: 2(T+1) |E|𝑇+1. This
number grows exponentially with the number 𝑇 of observations.

∙ Forward equation: We define the forward variable 𝛼𝑡(𝑖) by:

𝛼𝑡(𝑖) = 𝑃(𝑜0, ..., 𝑜𝑡, 𝑋𝑡 = 𝑖|𝜆) = 𝑃(𝑋𝑡 = 𝑖|𝑜0, ..., 𝑜𝑡) 𝐿𝑡 for each 𝑖 ∈ E

(1.166)

The sequence 𝛼𝑡 satisfies the following recurrent equation:

𝛼𝑡+1(𝑗) = 𝑏𝑜𝑡+1𝑗

∑

𝑖∈𝐸
𝐴𝑖𝑗 𝛼𝑡(𝑖) (1.167)

with the initial condition: 𝛼0(𝑖) = 𝜋𝑖 𝑏0 for each 𝑖 ∈ E

∙ Backward equation Conditionally to (𝑋𝑡 = 𝑖), the sequence 𝑋𝑡+1, 𝑋𝑡+2, ..., is
a Markov chain, with an initial probability state 𝜋𝑖 and transition matrix𝐴. We
then deduce that the probability distribution of the observations (𝑜𝑡+1, .., 𝑜𝑇)
given (𝑋𝑡 = 𝑖) is expressed as follows:

𝑃(𝑜𝑡+1, ..., 𝑜𝑇 , 𝑋𝑖|𝜆) =
∑

𝑖,𝑗∈𝐸
𝐴𝑡+1
𝑖𝑗 ...𝐴𝑇

𝑖𝑗 𝑏𝑡+1...𝑏𝑇 (1.168)

And we define the backward variable as the likelihood function of the model
(obtained by using the series of observations (𝑜𝑡+1, ..., 𝑜𝑇).

𝛽𝑡(𝑖) =
∑

𝑖,𝑗∈𝐸
𝐴𝑡+1
𝑖𝑗 ...𝐴𝑇

𝑖𝑗 𝑏𝑡+1...𝑏𝑇 (1.169)

And especially:

𝛽𝑇−1(𝑖) =
∑

𝑗∈𝐸
𝐴𝑇
𝑖𝑗𝑏𝑇 (1.170)

𝛽𝑡(𝑖) =
∑

𝑗∈𝐸
𝐴𝑡
𝑖𝑗𝑏𝑡+1𝛽𝑡+1(𝑗) (1.171)

with the initial condition: 𝛽𝑇(i)= 1 for each 𝑖 ∈ E.

∙ Viterbi algorithm (dynamic programming)
It results that the forward and backward variables, studied previously, make
it possible to calculate the conditional probability distribution of the present
state𝑋𝑇 , or of the state𝑋𝑡 at an intermediate instant, knowing the observations
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(𝑜0, ..., 𝑜𝑇), defined by:

𝑃(𝑋𝑇 = 𝑖|𝑜0, ..., 𝑜𝑇) =
1
𝐿𝑇
𝛼𝑇(𝑖) (1.172)

and

𝑃(𝑋𝑇 = 𝑖|𝑜0, ..., 𝑜𝑇) =
1
𝐿𝑇
𝑞𝑡(𝑖) (1.173)

with

𝐿𝑇 =
∑

𝑖∈𝐸
𝛼𝑇(𝑖) =

∑

𝑖∈𝐸
𝛼𝑡(𝑖)𝛽𝑡(𝑖) =

∑

𝑖∈𝐸
𝑞𝑡(𝑖) (1.174)

We define the posterior maximum estimator, which minimizes the probabil-
ity of the estimation error given the observations (𝑜0, ..., 𝑜𝑇) of the present state
by:

𝑋𝐿𝑀𝐴𝑃
𝑇 = argmax

𝑖∈𝐸
𝑃(𝑋𝑇 = 𝑖|𝑜0, ..., 𝑜𝑇) = argmax

𝑖∈𝐸
𝛼𝑇(𝑖) (1.175)

and for the state at an intermediate instant by:

𝑋𝐿𝑀𝐴𝑃
𝑡 = argmax

𝑖∈𝐸
𝑃(𝑋𝑡 = 𝑖|𝑜0, ..., 𝑜𝑡) = argmax

𝑖∈𝐸
𝑞𝑡(𝑖) (1.176)

However, it can happen that the sequence (𝑋𝐿𝑀𝐴𝑃
0 , ... , 𝑋𝐿𝑀𝐴𝑃

𝑇 ) thus gener-
ated is inconsistent with the model, in the following way: it can happen that
one obtains 𝑋𝐿𝑀𝐴𝑃

𝑡 = 𝑖 and 𝑋𝐿𝑀𝐴𝑃
𝑡+1 = 𝑗 for two successive times, while 𝐴𝑖𝑗 = 0

for this same pair (𝑖, 𝑗). This means that the transition from state 𝑖 to state 𝑗
is impossible for the model. For this reason, we instead use another estimator
defined by:

(𝑋𝐿𝑀𝐴𝑃
0 , ..., 𝑋𝐿𝑀𝐴𝑃

𝑇 ) = argmax 𝑃(𝑋0, ..., 𝑋𝑇|𝑜0, ..., 𝑜𝑇)
𝑖0,...,𝑖𝑇∈𝐸

, (1.177)

whichminimizes the probability of the estimation error of the sequence of hid-
den states knowing the observations (𝑜0, ..., 𝑜𝑇). The efficient calculation of this
estimator is provided by a dynamic programming algorithm, called the Viterbi
algorithm.
If the following sequence, (𝑖∗0, ..., 𝑖

∗
𝑡 ) reaches the maximum of the function:

(𝑖∗0, ..., 𝑖
∗
𝑡 ) → 𝑃(𝑋0 = 𝑖0, ..., 𝑋𝑡 = 𝑖𝑡|𝑜0, ..., 𝑜𝑡) (1.178)

Then necessarily 𝑖∗0 reaches the maximum of the function:

𝑖 → max
𝑖0,...,𝑖𝑡−1

𝑃(𝑋0 = 𝑖0, ..., 𝑋𝑡−1 = 𝑖𝑡−1, 𝑋𝑡 = 𝑖|𝑜0, ..., 𝑜𝑡) (1.179)

and we therefore define:

𝑉𝑖
𝑡 → max

𝑖0,...,𝑖𝑡−1
𝑃(𝑋0 = 𝑖0, ..., 𝑋𝑡−1 = 𝑖𝑡−1, 𝑋𝑡 = 𝑖|𝑜0, ..., 𝑜𝑡)𝐿𝑡 (1.180)
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The sequence 𝑉𝑡 checks the following recurrence:

𝑉𝑗
𝑡+1 = 𝑏𝑜𝑡+1𝑗 max

𝑖∈𝐸
[𝐴𝑖𝑗 𝑉𝑖

𝑡] (1.181)

with the initial condition: 𝑉𝑖
0 = 𝜋𝑖 𝑏

𝑜0
𝑖

We deduce that the optimal trajectory ends up in the state : 𝑋𝐿𝑀𝐴𝑃
𝑇 =

argmax
𝑖∈𝐸

𝑉𝑖
𝑇 .

∙ Baum–Welch re-estimation formulas
It follows from eq. 1.165 that the likelihood function of the model 𝜆 =

(𝜋,𝐴, 𝑏) admits the following expression: 𝐿𝑇 =
∑
𝑖,𝑗∈𝐸

𝜋0𝑖 𝐴
0
𝑖𝑗 ...𝐴

𝑇
𝑖𝑗 𝑏0...𝑏𝑇 and we

propose to study an iterative algorithm to maximize the likelihood function 𝐿𝑇
with respect to the parameters 𝜆 = (𝜋,𝐴, 𝑏) of the model.
Let 𝜆′ = (𝜋′, 𝐴′, 𝑏′) be another model, for which we have already evaluated

the likelihood function:

𝐿′𝑇 =
∑

𝑖,𝑗∈𝐸

𝜋′0𝑖 𝐴′0
𝑖𝑗 ...𝐴′𝑇

𝑖𝑗 𝑏′0...𝑏′𝑇 (1.182)

The likelihood ratio between the model 𝜆 and the model 𝜆′ can be
written as:

𝐿𝑇
𝐿′𝑇

=

∑

𝑖,𝑗∈𝐸
𝜋0𝑖 𝐴

0
𝑖𝑗 ...𝐴

𝑇
𝑖𝑗 𝑏0 ...𝑏𝑇

∑

𝑖,𝑗∈𝐸
𝜋′0𝑖 𝐴′0

𝑖𝑗 ...𝐴′𝑇
𝑖𝑗 𝑏′0 ...𝑏′𝑇

=

∑

𝑖,𝑗∈𝐸
𝜋′0𝑖 𝐴′0

𝑖𝑗 ...𝐴′𝑇
𝑖𝑗 𝑏′0 ...𝑏′𝑇

𝜋0𝑖 𝐴
0
𝑖𝑗 ...𝐴

𝑇
𝑖𝑗 𝑏0 ...𝑏𝑇

𝜋′0𝑖 𝐴′
0
𝑖𝑗 ...𝐴′

𝑇
𝑖𝑗 𝑏′0 ...𝑏′𝑇

∑

𝑖,𝑗∈𝐸
𝜋′0𝑖 𝐴′0

𝑖𝑗 ...𝐴′𝑇
𝑖𝑗 𝑏′0 ...𝑏′𝑇

. (1.183)

the log likelihood checks

𝑄𝑇 = 𝑙𝑜𝑔 𝐿𝑇
𝐿′𝑇

= 𝑙𝑜𝑔

∑

𝑖,𝑗∈𝐸
𝜋0𝑖 𝐴

0
𝑖𝑗 ...𝐴

𝑇
𝑖𝑗 𝑏0 ...𝑏𝑇

∑

𝑖,𝑗∈𝐸
𝜋′0𝑖 𝐴′0

𝑖𝑗 ...𝐴′𝑇
𝑖𝑗 𝑏′0 ...𝑏′𝑇

≥

∑

𝑖,𝑗∈𝐸
𝜋′0𝑖 𝐴′0

𝑖𝑗 ...𝐴′𝑇
𝑖𝑗 𝑏′0 ...𝑏′𝑇 𝑙𝑜𝑔[

𝜋0𝑖 𝐴
0
𝑖𝑗 ...𝐴

𝑇
𝑖𝑗 𝑏0 ...𝑏𝑇

𝜋′0𝑖 𝐴′
0
𝑖𝑗 ...𝐴′

𝑇
𝑖𝑗 𝑏′0 ...𝑏′𝑇

]

∑

𝑖,𝑗∈𝐸
𝜋′0𝑖 𝐴′0

𝑖𝑗 ...𝐴′𝑇
𝑖𝑗 𝑏′0 ...𝑏′𝑇

. (1.184)

where the quantity𝑄𝑇 vanishes when themodel 𝜆 coincides with themodel 𝜆′.
Maximizing𝑄𝑇 with respect to the parameters (𝜋,𝐴, 𝑏) of the model 𝜆 there-

fore guarantees that the likelihood 𝐿′𝑇 of the model 𝜆′ where the maximum of
𝑄𝑇 is reachedwill be greater than the likelihood 𝐿′𝑇 of themodel 𝜆′. The Baum–
Welch re-estimation formulas make it possible to explicitly find the parameters
(𝜋′, 𝐴′, 𝑏′) of the model 𝜆′ as a function of the parameters (𝜋′, 𝐴′, 𝑏′) of the
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model 𝜆′. By repeating this procedure, we construct a series of increasing like-
lihood models, and ideally this series converges to a model which reaches the
maximum of the likelihood function.
The iterative algorithm for the maximum likelihood estimation of the model

parameters in view of the observations (𝑜0, ..., 𝑜𝑇), is given by the explicit re-
estimation formulas:

𝜋′

𝑖 =
𝛼′0(𝑖) 𝛽′0(𝑖)

𝐿′𝑇
(1.185)

𝐴′

𝑖,𝑗 = 𝐴𝑖,𝑗

𝑇∑

𝑡=1
𝛼′

𝑡−1(𝑖) 𝑏
′

𝑡 𝛽
′

𝑡−1(𝑗)

𝑇∑

𝑡=1
𝛼′

𝑡−1(𝑖) 𝛽
′

𝑡−1(𝑖)

(1.186)

𝑏𝑡 =

𝑇∑

𝑡=0∩ 𝑦𝑡=𝓁
𝛼′

𝑡(𝑖) 𝛽
′

𝑡(𝑖)

𝑇∑

𝑡=0
𝛼′

𝑡(𝑖) 𝛽
′

𝑡(𝑗)

(1.187)

For each 𝑖, 𝑗 ∈ 𝐸 where the two sequences 𝛼′𝑡 and 𝛽′𝑡 are the respective
solutions of the forward and backward equations for the values (𝜋′, 𝐴′, 𝑏′) of
the parameters.

1.5.6 Rainflow

The rainflow algorithm (also called Pagoda roof method) was introduced in T.
Endo and M. Matsuishi in 1968 (Matsuichi and Endo [1968]). This method is
often used to study material fatigue in association with theMiner’s rule (Miner
[1945]).
This algorithm extracts, from a loadtime profile/stress, the number of rever-

sals. These last are the local minima and maxima where the load changes sign.
Thus, it builds half-cycles. The rainflow algorithm relies to the flow of water
down a series of pagoda roofs.
Let us consider a stress profile with peaks and valleys. The algorithm is

detailed in Ariduru [2004]:

1. Extract a representative profile with peaks and valleys. This one begins with
the point of the largest value and ends with a point with the same stress.

2. Consider this profile as rigid sheet. Turn the Figure clockwise 90◦ with the
origin of time at the top. Thus we have a vertical time axis.
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Figure 1.61 Different cases for the rainflow algorithm

3. Let us imagine a flow of rain starting at each successive extremum point.
4. If we start from a peak

(a) the drop will stop if it meets an opposing peak larger than that of
departure (Figure 1.61a).

(b) the drop will stop if it crosses the path traversed by another drop,
previously determined (Figure 1.61b).

(c) the drop can fall on another roof and continue to slip according to rules
4.a and 4.b.

5. if we start from a valley
(a) the fall will stop if the drop meets a valley deeper than that of departure

(Figure 1.61c).
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Figure 1.62 Example of the rainflow algorithm (Lee and Tjhung [2012])

(b) the fall will stop if it crosses the path of a drop coming from a previous
valley (Figure 1.61d).

(c) the drop can fall on another roof and continue according to rules 5.a and
5.b.

6. Repeat from 3 until the end of the profile
7. Pair up half-cycles of identical magnitude (but opposite sense) to count

the number of complete cycles. Typically, there are some residual
half-cycles.
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Let us consider the following example (Figure 1.62):
The different steps of the algorithm are described below:

1. Take point A1 as the starting point with the greater amplitude (largest peak).
The end point is A2 with the same magnitude.

2. Identify the greater reversal A1 to D. We stop at the smallest valley D.
3. Identify the greater reversal D to A2. It starts from A and finishes at the end

of the profile A2 (which is the same point as A1 as we describe a full cycle).
4. Within the cycle A1–D, identify the reversal BC that begins at B and ends

at C (D is a larger maximum than B – case 4.a).
5. Within the cycle A1–D, identify the reversal CB that begins at C and ends

at B (The flow meets a previous one at B – case 5.b).
6. Within the cycle D–A2 (where A1 and A2 are merged), identify the

reversal EH that starts at E and ends in the roof H.
7. Within the cycle D–A2, identify the reversal HE that begins at H and ends

at E (The flow meets a previous one at E – case 5.b).
8. Within the cycle D–A2, identify the reversal FG that begins at F and ends

at G (H is a larger maximum than F – case 5.a).
9. Within the cycle D–A2, identify the reversal GF that begins at G and ends

at F (The flow meets a previous one at F – case 4.b).

Thus, we obtain the following reversals (half cycle) on Table 1.23 (Lee and
Tjhung [2012]):

Table 1.23 Rainflow reversals

No of reversals From point To point From load To load Range Mean

1 A D −7 7 14 0

1 D A 7 −7 14 0

1 B C 2 −5 7 −1.5

1 C B −5 2 7 −1.5

1 E H −6 5 11 −0.5

1 H E 5 −6 11 −0.5

1 F G 4 0 4 2

1 G F 0 4 4 2
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Table 1.24 Rainflow cycles

No of reversals From point To point From load To load Range Mean

1 A D −7 7 14 0

1 B C 2 −5 7 −1.5

1 E H −6 5 11 −0.5

1 F G 4 0 4 2

Figure 1.63 Hidden semi-Markov models

After pairing up these reversals, the cycles are given Table 1.24) (Lee and
Tjhung [2012]):

1.5.6.1 Hidden Semi-Markov Models
Hidden semi-Markov models (Levy [1954]) are a generalization of hidden
Markov model. In this case, each state can emit a sequence of observations.
They allow a variable duration for each state and the number of observations
emitted in a given state is determined by the duration spent in this state.
The detailed description of Hidden Semi Markov Model is beyond the scope

of this book. The reader will find a very good description in Yu [2010].
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